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2 SAHARON SHELAH

§ 0. INTRODUCTION

Why and how are we looking for logics?

One motive (and way) is in order to find examples in “soft” model theory; there
we look for logics with prescribed properties, better with nice definitions, immaterial
if they can express really interesting things. Another is looking for logics which have
significant expressive power on the one hand while having good model theoretic
properties which we can use on the other hand: this is interesting in its own right
and is desirable if we hope to find applications. Among “good model theoretic
properties” compactness is very natural a priori (and has been prominent so far in
applications). Other motive is the naturality of the example and, of course, there
are other reasons as well.

Concerning applications, we may have a specific application in mind, but we
may first have discussed logics which look natural (or our ability to prove indicate
them), they were investigated and later an application was found.

After Mostowski [Mos57] suggestion, cardinality quantifiers were a center of in-
terest, in particular the quantifier 32 received much attention (see on them Kauf-
man [Kau85] and Schmerl [Sch85]). In particular after works of Furhken, Vaught
and Keisler we know that the logic L(32"1) is Rp-compact and has a complete-
ness theorem for finitely many (very nice) axiom schemes. Among the exten-
sions considered, many of them Np-compact, we mention L(aa), stationary logic
— introduced in [She75] from general considerations, and then throughly investi-
gated (mainly proved to have the good properties of L(32%1)) by Barwise Kaufman
Makkai [BKMT78]. It was used in [She86] to prove in ZFC the existence of uni-serial
rings R which are domains with non-standard uni-serial R-modules (we use com-
pleteness theorem of L(aa), hence absoluteness of consistency). We shall from now
on concentrate on fully compact logics.

The logic L(Q%,) is good as an example; the first fully compact logic (stronger
than first order, answering a question of Keisler; [She72]) this quantifier says that a
given linear order has cofinality < A. Moreover the logic [IL(G < xo)]Be™ (the Beth
closure) may be considered even better — has the Beth property, (see [She85]). Both
exemplify the first way but their expressive powers are not impressive. Compact
logics stronger than first order even on countable models were found in [She75]
— but the proof uses weakly compact cardinal (or diamonds), and it has weak
expressive power and not so nicely defined.

L(QP") (the quantifier: there is a branch in a leveled tree) was introduced in
[SheT8¢c] and proved to be compact and complete (and stronger than first order
even on countable models, all properties provable in ZFC, first in this sense), thus
fully answering a question of H. Friedman. In Fuchs Shelah [FS89] it was used to
disprove a conjecture of Kaplansky (see more Eklof [Ek192]). Later Osofsky [Os092],
[0s091] worked quite hard to give “logic free” proofs.

Let us go back to a more direct predecessor. Rubin (see [?]) proved various results
on the ability to reconstruct the Boolean algebra B in AUT(B) (the automorphism
group of a Boolean algebra B), by first order interpretations; he reconstruct not
just B but even higher order logics on it (he has continued to develop this — see his
exposition in [Rub89]). This lead to the question whether various restrictions on B
were necessary. This question was largely answered in Rubin Shelah [RS80]; proving
mainly, consistency of, Downward Lowenheim-Skolem to W; and Ry-compactness
results, i.e.
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1) Assume <y, , for any Boolean algebra B there is a Boolean algebra B’ of cardi-
nality N; such that (B, AUT(B)) = (B/, AUT(B’)) (i.e. elementarily equivalent in
first order logic).
2) Assume Oy, for any first order sentence v speaking on models of the form
(B, AUT(B)) let Qy be the quantifier: (2yx,y)p(z, y) say that {(z,y) : p(z,y)} is
the partial order of a Boolean algebra on its domain which satisfies ©. The result is:
adding to first order logic the countably many quantifiers 2y, gives an Xp-compact
logic. This gives Ng-compact logic stronger than first order logic even on finite
structures (partially answering a question of H. Friedman). Those quantifiers are
characteristic Lindstrom quantifiers (see definition in 0.1(1) below).
3) Assume {y,; for any atomic, non-meagre Boolean algebra B and sentence ¢ €
L., . there is an atomic non-meagre Boolean algebra B’ of cardinality N; with
(B,AUT(B)) = v = (B, AUT(B’)) = ¢. If B has Xy atoms (B is possibly in
another universe), {x, can be replaced by CH.

In [She78b] this was continued; but

(a)’ we have changed the question to a stronger one: does any first order T has
model M in which every, say, automorphism between Boolean Algebras
which are definable in M, is definable (so we are not allowed to add Skolem
functions!)

(b) point the interest in compactness of logics where we extend the syntax by
adding a quantifier on automorphism of Boolean algebras (such quantifiers
look to me more natural ones). Note that now (i.e. in [She78b]) we have a
fully compact logic stronger than first order even on finite structures rather
than Rg-compact; (for example we can say that an atomic Boolean algebra
has an automorphism of order two mapping no atom to itself, on finite
Boolean algebras this says that it has an even number of atoms). Still
also here the proof was not in ZFC; there was a set theoretic assumption
needed: A strongly inaccessible and {5 x+.cf(5)=x} holds, subsequently we
have used less — see [She83]

(¢) deal with higher cardinals

(d) point out that for any unstable theory we have such constructions, hence
suggest dealing also with other quantifiers and structures. Specifically we
have dealt with the strong independence property (prototype is random
enough bipartite graph) and (this really appears only in [She83]) ordered
fields.

If we look at the proofs, a major problem was how to build a A-compact models
of cardinality AT by AT successive approximations with omitting types (of size ),
which have no “support” of cardinality < \), using, when necessary, (s« x+:cf(5)=x}
and, of course, A\ = A<*. Parallel difficulties had been encountered in Chang two
cardinal theorem. The problem was in limits of cofinality < A.

The solution in [She78b], [She78¢c] was dealing with special types (we shall return
to this in Chapter XI).

In [She81] we succeed with a very reasonable set theoretic assumption on A to
prove that such constructions generally work ( the price was < which holds for
A successor # Np if GCH holds by works of Gregory and the author. Lately, in
[She00], we proved that for A > 3, for A successor ¢y iff A<*, and for \ regular
(D) iff A<*, and really (DY), suffice — see [She81], [HLS93]).

See https://shelah.logic.at/papers/384/ for possible updates.
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In [She83] we have dealt with those constructions more generally, got the or-
dered fields case, and got the strong independence property case (which include
the Boolean Algebra case). For the ordered field case we use $x + & rsaatict(5)=2}s
for the strong independence cases (and Boolean algebras) we use just instances of
GCH.

The next stage was carried out in Mekler and Shelah [MS93]. The construction
of a A-saturated model in AT using diamonds is replaced by using a black box
(introduced in [She84a], [She84b], extracting general construction principles from
[She78a, VIII 2.6]), which had been used mainly for constructing abelian groups
and modules; see systematic treatment in Chapter IV which include the black
boxes needed in [MS93] and here. So the construction is in ZFC, the types omitted
are of small cardinality, and diagonalization on A is replaced by “being definable
over a small set”; so non-splitting (see [She78a, §2,Ch.I]) or finite satisfiability
([She78a, §4,Ch.VII]) are natural to be used (in abelian groups this is automatic
as their theory is stable). For inherent reasons we could not “kill” undesirable
automorphisms of structures considered finite, and the results on Boolean Algebras
were not satisfactory — we have to add a special monadic predicate. However,
for automorphisms of ordered fields (or isomorphisms onto) the results were as fine
as we can want: compactness in ZFC. We also improve the result on “trees with
no undefinable branches” (to all uncountable cardinals rather then just for A™,
regular).

Here we get by a similar construction compactness for £°*P = [(2ceab)
quantifying over complete embeddings of one atomless Boolean ring into another.
Our motivation was the problem on “can the automorphism groups of a 1-homogeneous®
Boolean algebra be non-simple®”? Much is known on this group and, in particular,
that it is “almost” simple — see Rubin and Stepanek [RS89]. It was known that
there may exist such Boolean Algebras as by [She82, Ch.IV] in some generic ex-
tension, all automorphisms of &?(w)/finite are trivial and van Dowen note that the
group of trivial automorphisms of & (w)/finite is not simple (see the proof of 3.9).

Alternatively, Koppelberg [Kop85] has directly constructed such Boolean Al-
gebras of cardinality N; assuming (the more natural assumption) CH. So by the
completeness theorem here (which is absolute), as the relevant facts are expressible
in L(2°2P)_ the existence is proved in ZFC. Some may want to derive a direct
proof. It almost certainly will give more specific desirable information.

* * *

We now explain what are the logics we use; here they are always extensions of
first order logic by some generalized quantifiers in the sense explained below.
First recall the classical:

Definition 0.1. 1) A Lindstrom quantifier has the form Zf, where for some
n=n(K) < w, K is a class of models of the form (A, R) with R an n-place relation,
closed under isomorphism; for notational simplicity we identify (A, R) with R when
A=U{a1,...,a,}:{a1,...,a,) € R and we can without loss of generality restrict
ourselves to clauses where this holds. So actually K is a class of n-place relations.

1A Boolean algebra is 1-homogeneous if it is atomless for every a, b € B\ {Op} we have
B | a= B | b (equivalently for a, b € B\ {0p, 15} for some automorphism f of B, f(a) = b)
2That is has no normal subgroup which is not trivial
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2) The logic Ly, (. .., Zk;, . . .)ier is defined as follows: Ly, (..., Zk;,...)[r] for a
vocabulary 7 is the following set of formulas: it is the closure of the set of atomic
formulas by the usual f.o. (= first order) operations and if ¢ is a formula, so is
Y = (2,21, .., 2n(k,))e and FVar(1)), the set of free variable of v, is FVar(y) \
{xl,...,xn(K)}. B

Defining satisfaction M = (2, @1, ., Tp(k,))P(T1, - -+, Ty, , b) HE {{a1, ... an(k,))

M ': go(al,..‘,an(Ki),l_))} € K;.

This is sufficient to get all logics with finite occurence number, which is natural
in our context as the full compactness implies it.

But we prefer to add quantifiers which are restricted second order ones, so the
syntax is similar to the one of second order logic, but quantification is restricted.
We can reinterpret this as adding many Lindstrom quantifiers but in a way hiding
the point; in particular adding a quantifier below entails adding infinitely many
Lindstrom quantifiers to the logic, moreover adding two such quantifiers is more
than adding Lindstrom quantifier capturing each of them.

Definition 0.2. Consider a first order sentence v, 1 = ¥(P,Q), which means
Q = {(Qy : £ <1g(Q)), where Qy is an n(Q)-place predicate, P is n(P)-place predi-
cate (and no more non-logical symbols occurs in 9), we write P = P¥,Q = Q¥. We
treat function symbols similarly (preferably partial) and we use symbols not occur-
ring in the usual vocabularies, for predicate symbols used as variables P, ), writing
¢(P,Q). For a vocabulary 7, we define the language Ly o[..., 25, ,.. Jics[7], as
we define ﬁrst order language but we have also second order Varlables we have
variables over® n-place relations iff \/n(P¥!) = n. Defining the formulas of the

K3
language Ly o[- .., 2y, .. Jier [7], it is the closure of the set of atomic formulas
(including P(z1,...,2,), P a variable on n-place predicates, x1,...,x, are vari-
able over elements or are terms if we have function symbols e.g. individual con-

stants), under the usual first order operations, and (2, (P Q)P .oz, ¢l

where 9 = (9, : £ < ég@> Yy = ﬁg( ), 7 is a sequence of individual variables with
not repetitions not occurring in z*, (for k # ¢), and not occurring in ¢ and P is a
variable on n(P)-place relations, P does not occur freely in any ¢, and ¢, but ¢
may have other individual variables or predicate variables or members of 7.
Defining satisfaction, let M | (2 Pzt . 3™)[0, ¢] iff there is an n(P)-

place relation P* on |M|, for which

w(P Ok

(a) ¢ is satisfied when we substitute P* for P and

(b) letting Q, = {a’ : M | 94(a’)} we have (P*,Qo,...) E 1 (again we
identify a model with a sequence of relations).

Remark 0.3. We can translate the problem on the logic L[..., 2*

H(P.Q) ...] to one

on f.o. logic, see 3. More elaborately
1) We can replace in Definition 0.2 M by MM as in the proof of 3, so apply f.o.
logic to this derived model (there — specific for our quantifier).

3We can use different variables for each Q:L
k2
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2) We can repeat this closure operation w times (each time every new sort comes
from finitely many previous sorts) getting (M o] ;o < w); we can allow our vari-
ables each on one of those sorts, so we get a corresponding stronger language
L*[.., 27 ... J[r]. In this case we look for P not only among the n(P)-place
relations on the elements of the original models but also on the set P’’s satisfying
some “earlier” formula.

Concluding Remarks 0.4. 1) Why have we restricted in the quantifier embedings of
Boolean algebras to complete embedding? Suppose h is an embedding of an atomic
Boolean ring B; (see Definition 2.17) into a Boolean ring By and a € By \ {0p, }

satisfies A h(z) Na = Op,; let # be any maximal ideal (= complement of as
z€B;
ultrafilter) on B; and define the embedding the g = gx, # : B; — By by

g(z) ={h(z)ifz € B,z € 7, h(z)UaifzeB,z e 7}

(This is a very reasonable assumption and the use of Boolean ring and not Boolean
algebras is just for notational convenience.)

Now if By has an independent subset of cardinality u,2* > ||M||, then there are
too many _#'s hence too many g’s (i.e. not all of them can be f.o. definable in M).
So we can express many second order properties and so can prove the compactness
theorem fails.

2) Note that we shall use freely

® “the following property of (Bi1,Bq, f) is first order: B, B2 are Boolean
algebras (or just Boolean rings), f an embedding of B; into By which is a
complete embedding”.

(Many people notice that ® is expressed in a non-first order way: every maximal
antichain is mapped to one hence think that it is a second order property; however it
can also be expressed by: “fornoy € Bo\{0p,}is {xr € By : 2 # 0B, },{f(x)Ny =
OB, } dense in B;”, this is first order).

Definition 0.5. A Boolean ring B is defined like a Boolean algebra but it has no
distinguish element 15 (still a — b is well defined).

* * *

We thank J. Baldwin and A. Siton for helping to clarify this work. See more
[ST]. On f.s. (finitely satisfiable) amalgamation (see 2.4(3)(a) and on non splitting
(2.4(3)(b) see here [She90, §4,Ch.VII],[MS93]).
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§ 1. THE CONSTRUCTION

We first give a quite general model theoretic context (in the next section we
make it more specific). Second, we give the set theoretic assumption (those are
cases in which a suitable black box from Third, we state the theorem of the section:
a construction of a model; in its proof we phrase the relevant black box. We finish
discussing some variants.

Let me stress: this section deals with the abstract construction; readers who
would like to have something more concrete can start with §2, taking on themselves
to believe at least temporarily in 2.8 (which is based on §1). The reader can also read
this section with the following interpretation (which is enough for §1) in mind: %" is
the class of models of a fixed first order countable theory T with Skolem functions,
M < N (i.e. M <, N) means M < N, M; ||J M** means rtp(My, M, M) does

My
not split over My (see Definition 2.4(3)(b) and of course My < M, < Mj3) and
clar(A) is the Skolem hull of A in M. So it is natural in 2.8 to demand somewhat
more.

Explanation 1.1. Concerning the set theory the case we are mainly thinking of
(see Theorem 1.11 (and for its context 1.7)) is A = (2#)*, u large enough, © =
{No},a* = 1, Dy, the filter of compounded subsets of w, Ty = w. E.g. the case
A= (2)T, = Ry, k = Ng is not really harder — we still have the right black box
(with Yo = w?,0p = Ry, a* = 1; see below) but we have to be more careful in the
bookkeeping, in some clauses. Also in the construction of the models “|J#53¢| < \”
suffice, |.#%*| < X being not necessary but in the application we have in mind the
later case is better (if you prefer the first, change < to < in 1.2(C)(3), 1.7(B)).

Definition 1.2. 1) We say that s is a model theoretical context ifs = (\, p, 5, #, <
, 53l gen) satisfies:

(A) k < p < X are regular cardinals

(B) ¢ almost is an a.e.c. which means that K is a class of models (of, fixed
vocabulary 7 = 7(.%")) closed under isomorphism, |7(%¢)| < .

2) <=< is a partial order on %, M < N implies M C N and depends just on
the isomorphism type of (M, N), (so f is a J#-embedding of M into N if f is an
isomorphism from M onto M’ for some M’ <, N).
3) M1 é N7M2 S N,Ml Q MQ 1mphes M1 S Mg.
4) If (M; : i < §) is <-increasing (in J¢) then |J M; € # and j < § = M; <
<4
U M.
<8
5) If (M; : 1 <) is <-increasing (in ¢") then |J M; < Ms.
1<d
6) If AC M € % and |A| < k thenfor some N € ¢ we have A C N < M and
NI < p.
(C) o= C{(N,M): N < M} is closed under isomorphism and £ = {N :
(N, M) € K%t}

7) (N, M) € 2 = |[M|| < p.
8) If (N, M) € ™" and M* € ¢ ,||M*|| < A then |{f : f is a #-embedding of
N into M*}| < A; this follows from (D)(7) when:
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(1) [a < A= |a|<" < A)], and
(1) if N = cln(A) (see below) and |A| < k then f: N — M* is determined
by flA, ie. if fr is a <-embedding of N into M* for £ = 1,2 and
filA = fon A then f; = f5; will be used for M* of cardinality A.
(D) For AC M € % ,clp(A) is a subset of M.

9) If AC N < M then c¢lp(A) = cln(A).

10) If ACBC M e % then A C cly(A) C cly(B).
11) IfA g M @ CKN[[CEA/[(A)] = CKM(A)

12) For A C M, gen,; A =: Min{|B|: BC A C ¢/);(B)}.
13) For A C M, gen);A = Min{|B| : A C clp;(B)}.
14)
15)

If (N, M) € 2% then gen,,;(N) < k.
The operation ¢/ is preserved by isomorphism.
We may omit M in cly(A) and gen,;(A4), geny,(A) if clear from the context.
We may also write cl(A, M), gen(A, M), gen’(A, M) and let gen(M) = gen(M, M).

(E) || is a 4-place relation on the set of members of % preserved under iso-

morphism written M; () M2"* or \J(Mo, My, My, M3).

My
16) My | M2M3 implies My < M, < Ms for £ =1, 2.
My
17) [Monotonicity] If M; | MQM?’,MO < M < Mp, My < My < Mg and Ms < MY
My
v
for £ =1,2 then M] ||J M3.
My
18) [Base enlargement] If M, \|J M2*, My < M} < My, M} = ct(My U M}) then
My
Ms
M} e ¢ and My \|J M.
Mj
19) [Existence] If My < My, Ms then for some M3 and g we have My < M3, g is a
M
Sgg—embedding of MQ into Mg, M1 UJ g(Mg) and M3 = CE(Ml U g(Mg))
My

M;
20) If My \[J My and || M| + || M| < p then |clar, (M U Ms)|| < p.
My
21) [Transitivity] If (M; o : o < a(x)) is increasing continuous for ¢ = 0,1 and
Mio \J Mg for a < a+) then Mo (J My,o5
Moo 0,0
Ng
22) [Continuity] If M, |J Ny for a < 0, (M, : a < §) is increasing continuous
M

Ns
(Ny : @ < 0) is increasing continuous then Mj; (JJ N.
M
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Remark 1.3. Used only when gen,,; (Mg)<x,gen(Msy) < p so we can add parallel
restriction in the other clauses, e.g. in (E)(7) we add gen(My o(x)) < p we write
(E)’ for this version the rephrase ?7. Then revise 1.6(2).

Convention 1.4. s is a fixed model theoretic context.

Definition 1.5. 1) A construction & (for the model theoretic context s) is a
sequence & = (M;, N; , N;,w; : i < o, j < ) such that:
(a) (M;:i < a) is <-increasing continuous chain in J¢,
M;ty
() M; |J N; and M1 = cl(M; UN;)
N
(¢) w; Ciis closed for o (see clause (2)(a) below) and |w;| < u
(d) N7 C M,, (see below)
(e)
)

(f
2) For a construction & = (M;, N; ,N;,w; 11 < o, j < a):

HMOH < H,
(N;7, N;) belongs to ¢,

(a) wis o7-closed (or just closed) ifu C v and [i € u = w; C u]
(b) My, = M,[</] is defined by induction on sup(w) for any «/-closed w as
follows:
() if w =0 then M,, = M
(#9) if w=wvU{j} and u C j (hence u is &7-closed) then

M, = clyr, (M, U Nj)

(#4i) if w has no last element then M,, = | Myni
1Ew
(note that w N is @/-closed and sup(w N i) < i < sup(w)).
3) Let w = ¢g(&/) and for B < a welet & | B = (M;,N; ,N;,w; : 1 < 3,5 <)
and lastly let My, = M,,.
Note: the construction has local character so, e.g. Ms = |J M, and not just

a<d
Ms = cly, (U M,).
a<d

Fact 1.6. Let &/ be a construction.
1) If u C lg(<7) is closed for the construction &/ then M, < M, and M, € % of
course.

2) If ug C wg,ug C ug, and wp, u1, ug are &/-closed A N ¢ < j then
1€u1 jEuz\uo

M, | M=
u9 “o
3) If I is a directed partial order and w is «7-closed and u; C w is &/-closed for

teland s <jt= us Cu then u= J uy is &/-closed and
tel

Mu = UMut < Mw < Ma*
tel

4) If w is @7-closed and |u| < p then ||M,|| < p.
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5) The ordinal £g(«7) is o/-closed, and for 8 < lg(<7), also o/ | 8 is a construction
and (8 is «7-closed.

Proof. By induction on the length of the construction. Oig

Definition 1.7. sett is a set theoretic context if sett = (\, u, 5,0, 5,5, Y, D*, 8%, S~, 87 7 N, Y, p)
satisfies:

(A) A > p> kareregular, © C [k, i) is a non-empty set of regular cardinals such

that

/\ /\ la)? + |a|<F < A
€0 a<

(B) X > 2 or at least A > |52t B

(C) S C {0 <A:cf(d) € O} is a stationary subset of \, S = (S¢ : ( < a*) is
a sequence of pairwise disjoint stationary subsets of S, T = (Y¢ : ( < a),T¢ <
py N\ cf(6) = cf(Y¢), D* = (D¢ : ¢ <a’), Df a k-complete filter on T¢ containing

0€S,
all co-bounded subsets of Y.
Note that necessarily cf(Y¢) € ©, we call it 6.

(D) S~ a stationary subset of A, SNS~ = (),5~ = (Sc + ¢ < A) is a sequence
of pairwise disjoint stationary subsets of S~ such that [§ € S™ = cf(d) > x]. Also
S* = (S¢ : ( < a¥) is a sequence of stationary subsets of A such that [0 € S =
cf(6) = x]; S¢ appear in clauses (1)1,¢(6), (1)2,¢(9)-

(E) Foreach ¢ <o, |J SeUS™ does not reflect in Se.

€#C

(F) 7is{rc:(<a*),N=(N¢:(<a*), X =(Y¢:(<a") and for ( <a*, 7 is
a vocabulary of cardinality < x, N¢ = <J\7§ 10 € Scyand X = <T§ 10 eS8 for ¢ <
a* are such that Tg C <)§ and for every n € Tg we have: 7 is strictly increasing
with limit 6, 75 = {nli:i < 0c,n € X5}, Ny = (Ng, :n € ), Ny,
with universe € ., (N),[nav e ﬂf = Ngm - Ngy]n <lg(n)=nl(i+1) € Nén
and Nin is C-increasing continuous with 7, () <7 € Fy = Ng,n = U{Ngnr(iH) :
i <lg(n)} and Lg(n) < 6c and n € Ty = (Ja < §)(Ny, € Hpu(a))).

(G)  We have p = (p, : n € U{Tg s delta € S¢,¢ < a*}) such that for n €
Tg, rhoy, is a strictly increasing sequence of ordinals < ¢ with limit 6, £g(p,) = T¢
and i < T¢ = p,li € Ny, .

(H) Forn# v from Y§ we have {i < Y¢ : [p,(5i+1),p,(5i+4)) NN, = 0} € D}
(I) For ¢ < a* clause () of (I)1,¢ or clause (a) of (I)2,¢ holds and we have (I)1 ¢ +
(I)2,c where I ¢] [the guess]

Assume:

() (<a*0=0,="7¢
(B) 7 €9\ () € 7,7 closed under initial segments

(v) 7 is (< 0)-closed, which means: if n € 7),j < 6 is a limit ordinal, and
N\ nl € 7 then ne g

i<j

is a 7,-model

4pote that the Tg-s are pairwise disjoint as from n € 'I‘g we can reconstruct ¢ as sup Rang(n)

and ¢ can be reconstructed from ¢ as (S¢ : { < a*) is a sequence of pairwise disjoint sets.
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(6) for every n € 7, for some club E of \,[a € ENSE = n"(a) € T]

(e) for n € I, N, is a model of cardinality < p with vocabulary 7¢,|r¢| < &,
universe; note:Recall that () is the family of sets of hereditary cardi-
nality < p considering the ordinals < X as atoms, i.e. x € L, (N)if f (Fy)[z C
y and |y| < p and (Vt)[t € y and ¢t not an ordinal = t C y|] € L, (N),

A nl(@@i+1) €N, and v<an = N, C N, and: if n has limit length then
i<lg(n)
Ny = U{Nypi 2@ < Lg(n)}-

Then for stationarily many § € S¢ for some 1 € Tg we have

/\ nli e 7
<6
/\ Nopi = Ny
nli sl
i<
Py =1
moreover, for every club E of A there are such (,d with rang(n) C EN S¢.
()2.¢
Assume:

(a) 0 =0,6% divides T¢, (7€ + € < 0) a strictly increasing sequence of ordinals
with limit Y¢,a € 6 = sup(a) such that {6 € S : cf(d) = cf(y§)} is
stationary (for each € < §) and A C T¢ and (Ve € a)(V*§ <§) (£ € A) =
A € D;. (Recall that (V*e € a) means for every large enough € € a.

(B) 7 C 9>\ () € 7,7 closed under initial segments

(v) 7 is (< 6)-closed i.e. for j limit ordinal < 0, if n € A and A nli € 7
then n € 7 ~

(6) for every n € 7, for some club E of A we have [« € EN St = n"(a) € T

(e) for n € 7, N, is a model of cardinality < p with vocabulary 7, universe

€ A u(N), N nl(i+1) € Ny, and i < Lg(n) = pyiit1) € Ny, v an =
i<lg(n)

N, € N, and if n has limit length then N, = (J{Ny; : ¢ < lg(n)}

(¢) forn € 7, p" € T¢> ) is strictly increasing £g(p") = sup{y€ : e € aNflg(n)}
and [e€antg(n) =nle) = U p"(j)],p" is <-increasing and for some

i<tg(pm)

€< 0 wehave nav € I NA=p"e€N,.

Then for stationarily many ¢ € .7 for some 7 € Tg we have®

/\ nli e g
i<
_ n¢
N\ Napi = Ng
i<
Py = U pnrj.
<0

5n0rmally, we also get rang(p,) C E we thus require choosing the “right” Ny, p".



Paper Sh:384, version 2016-02-29_12. See https://shelah.logic.at/papers/384/ for possible updates.

12 SAHARON SHELAH
Moreover, for a given club F of A\ we can demand

rang(n) C S N E.

Remark 1.8. 1) A natural case is o* = 1,0p = 0 = To = V.
2) We can replace 7¢ by (7¢  : € < 6), increasing continuous sequence of vocabularies
and Ngn is a 7¢ yg(y)-model in clause (F) and N, is a 7¢ gg(,)-model in subclause

(€) of (I1,a¢, (D2
Definition 1.9. We say that (s,sett) is an m + s context if s is a model theoretic
context, sett is a set theoretic context and (X%, u®, k) = (ASeW Sett | setty,
Claim 1.10. 1) If A\, u,5,0,(Y¢,Df :+ ( < @) satisfy @ below then there is a
set theoretic context sett with A% = X\ 5% = 5% = x O = @, a*sett =
o, (TE®, DEY) = (T¢, D) and 5%, e.g. is Ty x,
® (a) A>p >k are reqular cardinals
(b) O C [k, u) a non-empty set of reqular cardinals
(¢) (A\7)<H = X" where A\~ is the predecessor of \ that is A = (A\7)T
(d)  for each ¢ < a* at least one of the following:
(@) O =No, ¢ < pis divisible by O¢ x 0¢c, and cf(Y¢) =0,
(B) A~ = 2X,x strong limit singular > p and . = T, = cf(x)
(v) inducting from (B) (see

2) We can add the following demand on sett: if ¢ < a*,0, = Ry then forn,v € Tg,
Nﬁc,n is isomorphic to Ngy by an isomorphism preserving €, (so being an ordinal
and their order) mapping p"'" to p’1* for i < T§ and map Ngmi onto N(;CV“- for
i <0 and Nén N Néu = Nénﬂu forn,v e Tg.

Proof. See [Shea, 3.xx]. O
Theorem 1.11. Assume that (s, sett) is an m+s conteat, that is A, <z, 2 ),

A p, kareasin 1.2 and \, b, K, O, 5, <9<7T<,DZ,NC (<a*), S, (S¢: ¢ <a’),
(Sc:¢< NS*, {py:in € U{Tg (¢ <a* €S} are asin 1.7.
Then there are I,B = (B, : a < \) (and we let B = B ) such that:

(a) B is a < -increasing continuous sequence of members of K

(b) for a < A, the universe of B, is an ordinal Yo, @ < yo < A

(¢) I is a directed subfamily of {N : N <, B and |N| < u} such that
(Va € ®>B)(AN € I)[a € " N| and I is closed under unions of increasing
chains of length < k, so I is (< k)-directed

(d) if Nel, (N,M) € %" and ( < X then for stationarily many 6 € 5S¢,
there is a <_y-embedding g of M into Bsi1 satisfying g|N = idy and
Bs | g(M) (you can add cleg(Bs UM) = Bsi1)

N

(e) if « € S~ or « is a successor N ordinal and a € B then for some N,
N eI we have N~ <,y N < BN~ < B,,a €N and B, |J N
N-
(f) Assume
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(@) (<a*,0=0¢,D=D¢,Dom(D) =T ="T¢ socf(Y) =0
(8) 7 <7ZX () € T,T closed under initial segments and for every n €
T for some club E of \,[a € ENSE] = [n"(a) € T] and eachn € T
strictly increasing
(v) T ={n:ne A\ T and A\ nlac 7}
a<f
(8) (Ny,pn:n€ T UMY is such that:
(1) Nyel,
(ii)  forn € T we have (Nyy; : i < Lg(n)) is < -increasing
continuous and (pn; : ¢ < Lg(n)) is <-increasing continuous,
(i) form € THNYN and i < Lg(n) we have NyNB,5iva) C
NT] N %77(51""1) and

B (5i+4) U Ny
Nyn %n(5i+1)

(6) we have BT, B < B+ and (N} : n € T") such that: N, <,
N <x BF, |INF| < p and NS computable continuously from
Nytiy By (for i < Lg(n)), that is: <N;rZ 11 < 0) is increasing wz'.th
union N; and for every i < 0 for some j € (i,0), for every v € Fim
such that m | 5 = v | j we have: there is an isomorphism g from
cl(By iy U N;l) onto ct(N,f UBs) = U CK(NL- UB,i). Then for

<0
every club E of A\, for some 6 € S, there are n € T, g such that:

(€) i< tg(n) =n(i) € E

(n) g is a < -embedding of N; into Bs1 over Ny

(0) Bs U 9(N,)

Ny
(9) If (< a*,0 € S¢c andn € Tg then for every My € I there is My € I such
that My, < My and g(Nn*) C M and the following set belongs to DZ :

{i < 0: %77(5i+4) U,J MZ}'
cl(Ma U By, (5i41)) U (Ny(5i41))

Proof. Straightforward. 0111

Claim 1.12. 1) In 1.11 we can have instead " a family F = {f, : a <
a*}, a* < A, the domain of each f € F is C {(N,NT): N € '}, and for every
M € & of cardinality < X the number of < -embeddings of N into M is < ),
N < N*,N* has universe an ordinal < X\ and N*T < f(N,NT) € #_,. So the
change is in clause (d) of 1.11.

2) We can add in 1.11

(h) there is a construction of = (M;, Ni, N ,w; 11 < X), Mgy =B =B, B, =
M, ,ifde Se,¢<ar
(@) Tg,%¢,N§,ﬁ = (py 11 € T§> are as in clauses (F), (G) of 1.7,
T'={ne %C : (Nén[T)[(|N§n| N A)} has the form M 5., where
wl[(,m, 8] is closed for the construction o .
Either the conclusion of clause (€) holds or
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(B) for some list <77§7i 11 < i*) of some X C (im(2)) N 954 and Bs (i <
i*,1* zero or limit) we have: Bso = Bs, Bs i+ = Bor1, B, increasing
continuous Bsj = Ma,4j,

Bs,ip1 = cl(Bs,; U N:c )
<

Bs. U N;:g,i (in fact Noyij = Nnéi’N;_é-i‘j = Nflﬁ,i)
”g,i
(v) For every M € I, for some w C £*,|w| < 0¢ and M',M < M’ € I we
have:
(i) Bst U
M'N %5+1
) (1) N, CM foricw

Ns,:

(#it)  for every large enough successor a < ¢

Bsi1 W M.
cl(B,U U NT)
icw o

Remark 1.13. 1) Note 1.14(1) will cover the existence of 2210 _tybe definition
over a model N.

2) In 1.14 we can even waive closure under isomorphism choosing .%,, together with
B, by induction on «a.

Claim 1.14. 1) We can weaken the black box in 1.7 by replacing clause (H) by:
(H) ifn# v are from Tg,& € S¢ then

{i < 0:[n5i+1),n(5i+4) N | J¥(55+1),v(5) +4) =0} € De.
j<6

The results are:

(A) in clause (f) of 1.11 we have to strengthen in the assumption (§) the state-
ment (x) to

()t Ny <or Brgivr) and By sitr) ) Ny
Ni1(55+3)

i<t
(B) We have a stronger existence theorem: in 1.10(d) we can add the cases:
code by (h(n(7)) : ¢ < Lg(n)), where for x € ., (N),{8 < X : cf(B) =
0,8 € S™,h(B) ==a} is stationary.

2) For 4) this weakened the version of the set theoretic context (called it 1.7 ) in
1.10(d)(B) the case §; = Ng can be omitted [use [Shea, 3.17]].

Claim 1.15. Assume that we add to the assumptions in 1.11

(x) if N < N € o, N~ < M € JH. then there are < A pairs in

{(M*,9) : M < M™%, g a <,-embedding from N into M over N~ such
MT

that M | g(N) up isomorphism over M (i.e. (M, g1) = (M3, g2) iff
N-
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there are M|, My such that M1+ <y M{,M; < M}, fi an isomorphism
from M{ onto M} over M with g5 = fog).

Then in 1.11 we can add:

(a) if N € I,N™ <, N € J., then for some o < A\ we have: if for
0 =1,2,g0 is a <y-embedding of N into B over N~ , B, ) ge(N) then

N
for some B < X and M, f we have Bg < M € H_y, f an automorphism of
M owver B, such that go = f o g;.

(b) Suppose g is a function from the set of (N~, N, a) as above, into A\, depend-
ing only on (N, ¢)cen-/ = and « then for some club E of A\: 6 € EN S~
we have:

(*) f N e I,N~ <Bs and N~ < N € J,, then for some oo < & we
have (N~,N,a) € Dom(g) and g(N—,N,a) < 4§
(xx) for every a € *>B for some (N, N,a) € Dom(g),a < §,a € "N,
sog(N—,N,a) <4.

Proof: See Stage C of the proof of 2.16.

Remark: This is O.K. when A~ = (A\™)™"; |7.| < u; when we want otherwise our
bookkeeping should be more careful.

Claim 1.16. We can add in 1.11 the condition (%) provided we make the other
changes listed below:

(%) if 6 € S™,a € "B then for some N~ < N < B, gen(N) < k,gen(N~) <
Kk, N <Bs and Bs |J N but
N-
(a) p=r",0={x}
(b) in clause (f) we add: for ifn € T gen(N,") < k and § = U{n(i)+1:
i < Lg(n)} is a limit ordinal, then for arbitrarily large successor a < &
we have gen(N, NB) < k.

Remark 1.17. 1) We have sometimes to consider not just N < N’; say that a free
extension NW/ is realized stationarily often but also in the cases that there are quite a
few but boundedly many such extensions; we may, for example, consider all triples
N < N' < N% N'(J N? and extend 7.

2) The COHStI‘U.CtiOIJIVShOU.Id be such that (¢)(xx) of 2.7 can be deduced — better,
but not necessary here.

3) We may reconsider [§4,Ch.VII|Sh:c, we use there almost symmetric cases of ||J
nsp

(see Definition 2.4).

4) We may consider constructions &7 where the index set is not in an ordinal and is
not well ordered. In particular for the 8 we construct we may consider, for 6 € S
limit, adding (Nn+ in € %C> in a natural lexicographic order. It may be useful.
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§ 2. ANALYZING THE COMPLETE EMBEDDINGS OF BOOLEAN RINGS

In this section we specify our construction (in 2.1-2.9). Then we investigate the
properties of the model B, till we conclude our main result: in B all complete
embeddings of one atomless Boolean ring to another (both are considered as “sets”
by %) are definable.

Context 2.1. 1) Let x* be a strong limit cardinal, 2* an ultrafilter on 52 (x*) such
that for every x € 5 (x*), the set {w : w a finite subset of F(x*), (so w € I (x*))
and x € w} belongs to Z*.

2) Let € be a model with countable vocabulary expanding (J(x*), €, <}.), <}
a well ordering of J#(x*), (notice that it follows that €* has definable Skolem
functions) such that every definable relation/function is equal to a relation/function

of the model; even allowing the quantifier “for the Z*-majority of z's”; i.e.

(¥)o for every formula ¢(z, ) for some predicate R, () for any a € 9 (¢*) we
have: €* = R [a] iff {x € H(x*) : € = ¢z, a]} € Z*.

Let T = Th(¢*).

Let T} denote an expansion of T such that 774) \ 7(T") consist of individual
constants only. Let T* be our fixed T}". For M = T*, A C M, let Skps(A) be the
Skolem Hull of A in M. We assume for simplicity (on 77 see 2.2(2)):

()1 [Sk(D)] = T[] = Ro.

3) To avoid confusion, the predicate of T* corresponding to € will be &.

4) Let geny; A = Min{|B| : B C A C Sky(B)},geny;A = min{|B| : BC M,A C
Skas(B)}. (If M is clear or its choice among the reasonable candidates immaterial,
we may omit it).

5) In a model M of T*,w € M is pseudo finite if M “thinks” it is finite (so we may
say w and mean {a € M : M = a&w}). We may forget to say “in the sense of M”
when clear from the context.

Fact 2.2. There are such €*, T with countable vocabularies.

Remark 2.3. 1) Of course, we shall use the syntactical properties of T* only, but
thinking on S (x*) is supposed to clarify.

2) In particular €* (and 4#(x*)) may be chosen in another universe of set theory
(e.g. one obtained by forcing) with the same sets of natural numbers, hence T* € V.
We can even just use “ T* is any completion of a theory T’ such that:

(a) every finite subset of T, has in some generic extension of V such a model
(but ¢(z,y) — R,(y) is constant)

(b) T’ is “rich” enough i.e. satisfies all what we shall use.

3) Note that because of (x); from 2.1(2): if M is a f-saturated model of T*, A C
M, |A| < 6,|A| <|T*| then gen),(A) < No.

Note: if M is a f-saturated model of Tf, A C M, |A] < 6,|A| < |T1| and |7(T*)| <
0 then M can be expanded to a model of T*.

Again for this section
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Definition 2.4. 1) For x € {fs,nsp} and regular cardinals A\ > pu > « (and T*
as above) we define s = s%., (\, y, k) with the intension that it is a model theoretic
context:

(@) (A%, 0%, 5%), is (A, i, )
(b) Let & = Jtp+ be the class of models of T* and M <, N iff M < N (and
are in %)

(c) ct°(A, M) is Skps(A), the Skolem hull of A inside M

s oz
(d) ) is | (among model of T*), as defined in part (3) below

(e) A = A2 = JFL, be the class of models of T* generated by < &
elements. Let £ = {(N, M) : N < M are both in JZ3F  }.

2) We use only one of the following choices of (|J:

[recall that tp(A, B, M) = {¢(za,,...; Ta,,b) : a1,...,an, € A,b € B} and M |=
elay, ..., an,b] (so A,B C M)

(a) I = U means: M, ||J My"* if and only ifMy < M; < Mz, My < My <

fs Mo
M, all of them models of T* and tp(Ms, My, M3) is finitely satisfiable in
Moy
() U= U means M; |J My" if and only if My < M; < Ms, My < My <
nsp M, -

M3, all of them models of T* and tp(Ma, My, Ms) does not split over My
which means: if @ € ™(Ms) and by, by € ™(M;) and tp(bg, My, M;) =
tp(b1, Mo, My) then for any formula ¢ = @(xg, ..., Tn_1;Y0s-- -, Ym,) We
have M3 | “p(a,by) = ¢(a, by)”.

M
We use |[J = |J except in 2.5. For z € {fs,nsp} the extension to A; || A2
nsp M,

(M() =< M3,A1 - Mg,AQ - Mg) is natural.
M,y
We could have extend those definitions to the case B ||J C but if My has Skolem
A

M, My
functions, My = Sk(A) we abuse our notation by letting B ||J C' mean B || C
A My
My M,
(note B ) C'iff MyUB |J MouUC).
Mo Moy

4) We say p is a type-definition over N (speaking on types with the a variables,
(@ i < a)), if:

(a) Y= and p is an ultrafilter on *N, and if N € A C M, or just N < M
fs _ _
and A C M then p# = {p(7,a) :a € “>Ayand {b € *N : M = p[b,a]} € p

or
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() U = U and p is a function from {{(x(Z,7),q(7)) : ¢} a formula, ¢(7)
nsp

a complete type over N to {truth,false} and if A C M,N < M then
pd = {p(7,a) : a € “> A} and p((p(%,7),tp(a, N, M))) = truth}.

We may write p = £(z,¢) if T = (x; : i < a) and a C N and: in Case (a), for
every u < « the set {b € *N : blu € “(Rang(¢)} belongs to p and in case (b), a list
N (or we demand ((77), a()) € Dom(p) = q(§) € #*97(Rang(c), N).

We say p is of kind (| or of kind ||J respectively. So we should have written

fs nsp

pAM in both cases.

Claim 2.5. 1) UJ7 (MO,Ml,MQ,Ms) implies LU ,(Mo,MhMg,Mg).
fs nsp

M, M
2) B UJ4C iff Sk(B) UJ4 Sk(C) (recalling that we are assuming the existence of
A Sk(A)
Skolem functions).
M, _
3) [finite character] B ||) C if and only iffor every b € “”B,¢ € “>C we have
A

_M,
b \|J ¢ this implies continuity, see 1.2(8).
A

M4 M4
4) [monotonicity] if B \) C, B’ C B,C" C C,AUBUC C My < M} then B" ||J C".
A A

My My
5) [monotonicity] if B \|) C,AUBUC C Mj < My then B ||J C.
A A

M M M
6) [transitim'ty/ ’Lf BO UJ Al,Bl UJ AQ,AO Q A1 Q AQ, BO Q Bl m BO UJ AQ.

A Ay A
7) If A, C M(a < 0) increases with a, o € Aat1,tP(Ga, Aa, M) does not split
over Ay and is increasing with a then (a, : « < 0) is an indiscernible sequence

over Ag.
Ms
8) [base enlargement] If My ) Ma and Moy < M} < My and M} = Sk, (M{U M)
Mo
M;
then My \J Ms.
M/

0
9) [existence] if My < My for £ = 1,2 then we can find Ms, f such that My < M3, f
is an elementary embedding of My into Ms and \|J(Mo, My, f(Ms), Ms).
fs

Proof. Straightforward. Oo 4
We now become more specific.

Claim 2.6. If A > > &k are reqular and (Yoo < p)(Joo|<* < A) and = € {fs,nsp},
then s = s§%..(\, (1, k) is a model theoretic context, see Definition 1.2.

Proof. The non-trivial part is clause (E) of 1.2 which follows from 2.5. Oa.6
So by 1.11
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Theorem 2.7. Assume (s, sett) is an m+s context, s = st (A, i, k) and a5 =1
(and® O < Kk = 927* 1! <X\AN0,k,Y,D;,S, 8 are as in 1.7 (and cf(T) = 6) and
T as in 2.1.

Then we can find (By : oo < N), B =By as in 1.11 for (s, sett).

Actually the properties we shall use are:

(I) the set theoretic properties:
(A) X = cf(N),Y an ordinal, cf(T) = |T| =k =0, > 22" 5 92"

B<kK

and [ < A= |a|<F < )]

(B) SC{d:6 <X and ct(6) =0} is stationary, S~ C {5 < X:cf(d) > 0}
is stationary and disjoint to S

(C) T* is as in 2.1

(D) Dj is a filter on T containing the co-bounded subsets, there are > 2
disjoint sets of successors # () mod

(II) the model theoretic properties:

(@) (Bo:a < A)is an increasing continuous elementary chain of models
of T*, [a < A= ||Ball < A, B =B

(b) B is k-saturated; moreover if p is a type-definition over N < B,
gen(N) < k then for stationarily many 6 € S, some a € Bsy
realizes p®° and Bsy1 = Sk(Bs U a) and for some b € *>B we have

B
B, a
b
(c) ifa €">B,a € S~ then some a,b are as in clause (b)
(d) This is for the case T =0 = k.

Assume that we have M, (N, oy, By i n € 2N, <N7‘,*‘ :m € %)) such that:

(i) n € X = N, < Bg, and gen(N,)) < 0 and n € °X = (Ny; : i < 0) is
mcreasing continuous
(it) n<av = Ny < N,, and if n € °X then N, < N}t <M

(i3d) form € O\, (auypi 1 @ < 0) is increasing continuous and for i limit B,y; = cupi

(v) nav = oy < a, and a, < By < ay, < Py,
(v) B <M, AN} <M, gen(N,") <0
7
] M
(vi) forn € (HYN i <0 we have B,,,, ) Ny
Ny
(vii) for each n € 9> X the sequence (ov,-(,y : v satisfies sup Rang(n) <y < A) is
strictly increasing

M
(viii) forn € %X and i < 0 we have B,,,, I N,
nli

Swe omit this if in (I1)(b) for each N we restrict the family of p we use to be of cardinality < X
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(izx) NﬂL U 0 + N, ; increasing continuous and the isomorphism type of N,
over N77 is computed continuously which means: for every i < 0 for some
j € (i,0) wehaven | j < v e€N= tp(Nn“%an L M) = tp(NM,%aW, M)
. +M
and non forkinB,, NWN,,L

Then for stationarily many § € S, for some n € X such that (n(i) : i < 0) strictly
increasing with limit 6, there is an elementary embedding g : Skps(Bs U N;‘)
Bsi1,9Bs the identity, and

(¥) for every a € 9>B, for some N < B we have gen(N) <6, N,Ua C N and
the following set belongs to Dj

B
{i <0: we have (Bpg,,,) W a and gen(N N*B,,,,) <0} €
(Nﬂ%ami) UNn[z

(e) Assume

() (N;:i<0+1) is an elementary increasing continuous chain of models

of T*,a; € "7 (Nix1),Ni = Skn,,, (U a;), fori < j < 0+1,p;; =
7<i
(U Ze,..o,ac, .. )c<i 15 a type-definition, andtp( |J  @e, Ni, Nijt1) =
€€li,j) €€li,5)

pf\yg’f, and for i < 0 the sequence (p;; 11 < j < 6+ 1) commute which
means: if ig < i1 < i, and Ny < N1 < No < N3, and a. € Ny for
€ < g, Qe € Ny fO’]" € € [io,’il),(_le € Ny fO?” € € [il,ig) and <C_l€ €€

lig,i041)) realizes (Pi i, (U Teyoonye, .. De<ig)No for £ = 0,1
€€ig,ips1)
then (@ : € € [ig,i2)) realizes (Pig.in( U Teyevry by )ecin)™®
€e€lig,iz)

(B) T C 92X\ is non-empty, closed under initial segments
(v) {ay, By :n € T NI>N) satisfies
(1) formave T, ay < pfy <vlgn) <oy, < B,
(i) form € T NN (a0 < Lg(n)) is increasing continuous
(ay :m € T), BT satisfies
(1) B<BT
(it) @y, € Bp, whenne T NN
(iii)  form € T NN i <0,a, realizes p; iv1(Tiy .o Qypjy - )j<i
(iv) forme TNNa, € BT and U  aye realizes p;Bé’H.
e€li,0+1) ’
Then:
(e) for every club E of A, for some strictly increasing continuous sequence
(e = € < 0) of ordinals” from E (in fact listing the set Cy, from 1.50):

if ¢ < 0 is limit and n € S\ we have: N\ nle € T, \ ac < n(e) < iy
e<¢ e<¢

7if we add Z¢ is empty for limit ¢ < 0 the phrasing is simplified
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then there is a € By 1 realizing over B, the type required from a, and
(<0,n¢ T andif ( =0 then

(x) for every b € *> B for some A € "> (Bs) the following set belongs to

Dj:
{i <0: we have B,,,, W (AUubu c’z)% and
U anp; U(ANBapi)
J1<1t
|ANDB,,,.| < kappa (or at least gen(Skys (AN B, ,,)) < k).

We now further specialize the theorem stating the properties we shall subsequently
use.

Theorem 2.8. Assume

(@) 6 = cf(§),\ = cf(\) = N, cf(Y) = 0,D a filter on T containing the co-
bounded subsets of T and the black box from IV 3.x exist, A > 22" and
[ < A= |a|<? < )

(8) T* = Th(€*) is as in 2.1.

Then there are B,B = (B, : a < \), S such that:

(a) B is a 0-saturated model of T*

(b) B is an < -increasing continuous chain of models of T*,[a < X = || B, || <
A, B =D

() SC {0 < A:cf(6) =0} is stationary and S~ = {§ < A:cf(6) = 0,6 ¢ S}
is stationary disjoint to S

(d) if 6 € S™,a € "B then for some b € *>(Bys) the type tp(a,Bs,B) does
not split over b

(e) if a € 9>B,p is a type-definition over Ske(a@) then for stationarily many
§ €87, Bsy1 = Sk (Bs U bs), bs realizes p™° and a € 9> (By),

(f) if a,p are as in clause (e) and
() by € 9>B realizes pT= for a € W, W a stationary subset of \,b, €

>(Bg) when 8 =Min(W \ (a+1)) and @ € * Bpinw)

(B) B’ is as elementary extension of B,ad € W fori < 6, \ of < oz?

%

i<j
and ¢ € 9> (B') are such that for i < 0,tp(¢,B,0) does not split over
au Y an
j<i

then we can find 0 € S, < of < B < By fori < Y from W satisfying
N Bi <aj and § = {11 < YO} and & € “>(B) such that:

i<j
(a) @a” ... ABQ?A ...°canda... Al_)a;A ... T realizes the same type
(8) fori<O,tp(au U Ea; ue, By, B) does not split over a U J ba,

Jj<T J<i
() for every d € 9>B, for every j < Y large enough tp(cz,%ﬁé,%) does
not split over %a} U Ea;.

Proof. By 2.7, choose p = k. Las
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Remark 2.9. 1) If we say “in B, a structure B is definable” we mean defined by
a first order formula with parameters in B, necessarily finitely many. I.e. the set
of elements, relations and functions of B are definable. We can assume the set of
elements of B is a subset of B as using €*4 (see [She90]) add no generality.

2) We say “b is a structure in B” or “b representable in B”, if B “think” it is such
a structure.

3) In clause (c) of 2.8 only the strictly increasing 7’s count so we may ignore the
rest.

The rest of this section is dedicated to investigating properties of 8 where

Hypothesis 2.10. For clause (a) of 2.8 holds and B is as in the conclusion 2.7
or 2.8 (if it matters we are in the context of 2.7 or 2.8, we shall say; so in 2.8 let
k = 0) and for simplicity T = 0; so A\, 0, T*,€*, 2* and 5,5 C {§ < A: cf(d) =6}
are fixed.

Claim 2.11. For some stationary S1 C S~ there is w, € Byt1 for a € Sy such
that:

) Bot1 E “wy is finite”
(b) Bot1 | “acw,” for every a € B,
(€) Bat1 F “w Cwy” iff B | “w is a finite set”
) Bt is the Skolem Hull of By U {wy}

s;Boz-‘,-l

(e) Ba U {wa}
Sk(®)

(f) if in Ba, p(x,y,a) define a partial order (on {x : (3y)p(x,y,a)}) which is
directed (i.e. every pseudo finite subset has an upper bound) then for some
b€ Buy1,b is an upper bound of {x € B, : (Fy)p(x,y,a)} by the partial

%a
order (z,y,a) and B, UJ+1<b> (really b € (G, w,))
(@)
(g) there is a type definition pys over Sk(0), such that a € S =
tp(Wa, By, B) = pu%}"‘.

Proof. Use the ultrafilter 2* and (x)o of 2.1(2) to define pys. Oo.11

Observation 2.12. 1) If S; C S~ is stationary, for each § € S; we have @ € *>B
then for some stationary So C S1 and N < B, satisfying gen(N) < 6 and type
definition p over N, we have for every § € Sy, tp(a’, B, B) = pTs.

2) If above, a property 9 is such that for every § € Sy for some a € *>B,9(a’, B, B)
and o < B < X and 9(a®,Bp,B) = 9(a’,B,,B) then for some type definition
p over some N < B,gen(N) < i, for every a < A such that N < B, there is
b € V>B realizing pT e for which 9(b*, B, B) holds.

Proof. By Fodor’s Lemma. Ua12

See https://shelah.logic.at/papers/384/ for possible updates.
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Claim 2.13. Suppose M is a model of T*, N < M and I is a dense (infinite) linear
order {(as : s € I) is an indiscernible sequence in M over N such thati < § =¢ N.
Then there are M*,w,u such that:

(a) M < M*

(b) w,ue M*

(¢) M* = “w and u are disjoint finite sets”
(d) M* = “asew” forsel

(

(as : s € I is an indiscernible sequence over N U {w,u}
tp({w), M, M™*) is fs (finitely satisfiable) in Skps({as: s € I} UN)

)
)
)
e) M* = “bCuw if M |E “b is a finite set” and M | “—ageb” for s € 1
)
)
) tp({w, u), M, M*) does not split over Skyr({as:s € I} UN).

Proof. We shall show below that by transitivity of “does not split”, by 2.11, as

U= WU and as the existence of difference (among “finite” members of B)® that
fs  nsp
it suffices to show that

[ A is finitely satisfiable in M, where X is the union of the following: (the
subscript is according to the clause of the claim this set of sentences is
concerned with):

A := {“x is a finite set” }

Ay = {“aséx” : s €I}

Ac={bNnaz=0":b€ M,M = “b a finite set” and M £ “-aseb” for
sel}

Ap = {o(x,as,,...,as,,d) = @p(x,a1,,...,a1,,d) :d € “>N,81 < ... <
Sp<dandt; <...<t, <}

Ay = {-¢(z,¢) : ¢ € M,9(x,¢) not realized by any member of Skys({as :
sel}b)}.

[Why [ suffice? Let M* be an elementary extension of M which is || M || T-saturated.
So some w € M* realizes A, and some u* € M* realizes plslff(M'Fw) where py is from
clause (g) of 2.11. By the choice of T* there is u € M™* such that M* = “u = u*\w”.
Now clause (a) holds by the choice of M*, clause (b) holds by the choices of w, u*, u.
Also M* = “w is finite” as w realizes A, C A, M* = “u* is finite” by the definition
of pu, and M* = “u is finite disjoint to w” by the choice of u, so clause (c) holds.
Clause (d) holds as w realizes Ay C A. Clause (e) holds as if M = “b is finite, —a€b”
for s € I then M* = “bNw = () as w realizes A, C A and M* | “b C u*” by the
definition of pu¢; now as M* = “u = u* \ w” combining the last two statements we
have, we are done. As for clause (f), the sequence (a; : s € I) is indiscernible over
NU{w} as w realizes Ay C A, and as tp(u*, M U{w}, M*) does not split over @ (by
the definition of pyu¢) clearly (as : s € I) is indiscernible also over N U {w} U {u*}
hence over Sk(N U{w, u*}) hence over N U {w, u} as required in clause (f). Clause
(g) holds as w realizes Ay C A.

Lastly tp(w, M, M*) does not split over Skps({a; : i < §} U N) because it is
finitely satisfiable in it (by clause (g), using 2.5) and tp(u*, M + w, M*) does not

8Note: tp(w, M, M*) is not fs in N by clauses (c)+(b)+(e) if some a € M\ N\ {a; : i < 8}
realizes tp(ag, N, M).
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split over Sk (@) hence it does not split over NU{a; : i < §} so as u € Skps+ (M +w)
we can deduce clause (h).]

So it is enough to show that A =: AcUAqUA. UA; UA, is finitely satisfiable in
M. Let a* = {(a; : i < 8) and A, = A,[M,a*] for x = ¢, d,e, f,g.

First note that A, U AgzU A, is finitely satisfiable in M: if A is a finite subset of
the union we let C'; be the set of as such that “aséx” € AgN A.

Let w be the unique w € Sk(N U {as : s € I}) satisfying M | “w = {as : as €
C1}”. Clearly w realizes A, so A, U Ag U A, is really finitely satisfiable in M.

Secondly, even A, U Ag U A, U A, is finitely satisfiable in M as the element we
have chosen above is in Sk({a; : i < 0}).

Thirdly, we shall show that Ac UAg U A, UAfUA, is finitely satisfiable with

M; let A be a finite subset of the union. Let Ay = {p(z,21,...,2,,d): some
o(z,as,,...,as,,d) = p(z,a4,...,a,,d) belongs to ANT; for some s < ... <
sp €Lty <...<t, €I, and p,d}.

There is a homogeneous linear order J (i.e. any finite partial order preserving
function f from J to J can be extended to an automorphism of J) and an order
preserving. Let 6 = way, so 1 < a, < 61 — J such that J is of cardinality || + Rg
and I N.J = @ for notational simplicity. We can find My, M < M; and a; € M; for
t € I such that:

)1 at = Ap(4) fori <o
*)o (as :t € I) indiscernible over N in M; (by the order I)
)3 M, is strongly || M| *-saturated
)4 if M = “vis a finite set and —(a; - €v)” for i < 0 then M; E “—(a; - év)”
fort e I.

The A’s were defined for M and (as : s € I), but the previous argument can be
applied with M; and a' := (a; : t € J) replacing M and (as : s € I), so A, is
replaced by A,[Mi,al] so there is M*, M; < M* and w* € M* which realized
Ac[My,a YU Ag[My,a | UA[My,a']UAy[M,a']. Without loss of generality M* is
strongly || M || T-saturated. Now trivially w* is O.K. also for M, (as : s € I), i.e. w*
realizes AcUAqUA UA,. Let AT = {o(w*, 21, ... iy d) (T, 21, 2, d) € Aq ).
By Ramsey theorem for some infinite U C 6, {(as : s € U) is an A*-indiscernible
sequence. As J is homogeneous linear order extending ¢ there is an automorphism
f of J which maps {s € I : a5 appear in A} into U. Because “(a; : t € J) is an
indiscernible sequence over N, (x)3 and the definitions of A¢, Ag, A, Ap, Ay we see
that some automorphism A of My over N, maps a; to ay(;) for t € I. Hence h map
{as : as appear in A} into a subset of {a; : t € U} and map {a; : t € J} onto itself.
We can extend h to an automorphism g of M* as M* is strongly || M || T-saturated.
Clearly g (and g—1) maps A,[M;,a'] onto itself for x = ¢, d, e, f, g. So g~ (w*)
realizes A (ie. for x € {c,d,e,g},ANA, C g~ (Az[My,a]) = Ay[M;,a] and for
AN Ay we use the choice of h). Hence AcUA;UA. UAfUA, is consistent with M
as required. U213

Observation 2.14. Assume M < N are models of T*. Assume I is a dense

(infinite) linear order, and (as = (al,a?) : s € I) is an indiscernible sequence in

M over N and a‘ ¢ N. Assume further that p = p(x) (or p(...,z,...)) is a type
definition over N. Then we can have (a)-(c),(f)-(h) from 2.13 (omitting (d),(e))
and then there are M*,wy,uy for £ = 1,2 such that:
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(a) M < M*

b)z we,up € M*
Ve M* = “Wwy,up are disjoint finite sets”

(d)e M* = “aéw,” fors e I, =1,2

(€)e M* = “bC " if M =" b is a finite set, and —(a’%¢b)” for s € 1
)

(F)e {(al,a?): s € I) is an indiscernible sequence in M over N U{w1,wa, us, us}

(9) tp({w1,wa), M, M*) is fs in Sk,,({al,a? : s € I} UN) in fact is Sk, ({al :
s€I}UN) x Sky({a?2:s €I} UN)
(h) tp({wr,wa,ut,u1), M, M*) does not split over Skas({al,a?:s€ I} UN}
(1) tp(we,ue), M, M*) does not split over Skys({a’:s € I} UN).
Proof. Similar to the proof of 2.13.
Let bs = as,0, ¢s = as,1, 50 (< ¢5,bs >: s € I) is an indiscernible sequence over
N (and bs # ¢, 8 #t = bs # by and s # t = ¢ # ¢;), and repeating the proof of
2.13 we can get M*,u, v, w such that:

(a) M < M*

() u, v, we M*

(¢) M* = “u,v,w are pairwise disjoint finite sets”

(d) M* = “bsév and cgséw” for s € T

(e) M* |= “béu” for b € M\ {bs,cs : s € I} moreover, if M = “b is finite” then
A —bséb = M* E=bC (uUw)” and A\ —cséb = M* |= “b C (uUwv)”

S

~

(f) < {bs,cs): s €1 > is an indiscernible sequence over N U {u,v,w}

(9) tp({v,w), M, M*) is finitely satisfiable in Sk ({bs:s € I} UN)

(h) tp({u,v,w), M, M*) does not split over Sky;({bs : s € I} UN).
Clearly “zéw” € pM" or “=(zéw)” € pM”, and similarly for zév. It is impossible
that “zév” and “zéw” both belongs to pM~ as M* = “v,w are disjoint”. Now if
“rév” ¢ pM we let v/ = uUw (i.e. M* satisfies this) and w’ = v, so for £ = 0 they
are as required; and if “zéw” ¢ pM" then we let v/ = uUwv,w’ = w, they are as
required. U214

Observation 2.15. As in 2.13 without loss of generality M is strongly (|| N||+]6])* -
saturated, so in 2.14 we can replace (d~) + (e*) by (d) + (e).

Proof. Trivial. Ua1s
Our main lemma is (see Definition below):
Main Lemma 2.16. Assume

(a) by is an atomic Boolean ring in B, i.e. by € B,B = “b; an atomic
Boolean ring” (see 2.17(1) below)
(b) ba is a Boolean ring in B (as above)
(¢) £ is a complete embedding (see 2.17(2),(3) below) of by into by.
Then for some x € by[B]:

() B | “x is a finite member of by, i.e. a finite union of atoms”



Paper Sh:384, version 2016-02-29_12. See https://shelah.logic.at/papers/384/ for possible updates.

26 SAHARON SHELAH

(B) fl{y € bi': by = “ynz =07} is definable with parameters in B.

Definition 2.17. 1) A Boolean ring is just an ideal of a Boolean algebra (so the
operations are x Ny,z Uy,x —y, and we have the individual constant 0 (but not
1)).

2) An embedding f of by into bs is an isomorphism from b; onto a subalgebra of
by (so h(0p,) = h(0s,)).

3) Such an embedding is called complete iff it maps maximal antichains of by to
maximal antichains of bs.

4) For a Boolean ring B, the derived Boolean algebra ba(B) is the unique derived
(up to isomorphisms) Boolean algebra B’ whose set of elements is B x {0, 1} with the
order (b17€1) S (b27£2) iff b1 SBl b2 and 51 = EQ =0or b2 SBl b1 and f1 = 62 =1
or by Np, ba =0p, ¢;1 =0 and ¢» = 1. We identify b and (b,0) for b € B.

5) .# is a maximal ideal of B the Boolean ring B If for some uf D of ba(B), .7 =
B\ D.

Proof. We may below write by, for b,[*B].
A Stage: Assume

(a) N <B,gen(N) < k, by and bs belongs to N,p a type-definition over N and
“z an atom of by” “c pB, we may add®” —2¢Eb” belongs to p™ whenever
N < M, M = “bis a finite set”.

Then for some a = a, < A,

(%) for every x € B realizing p®= and y € B we have:
tp(y, Bo U {z},B) = tp(h(z), Bs U{x},B) = y = h(z).

Assume the conclusion of stage A fails. Choose oy < A such that N C B,,.

As we are assuming that the conclusion of stage A fails, for every a < A\, a > «p
there is a, € 9B realizing p®= such that tp(f(aa), BoU{aa}, B) is realized not only
by h(aq) but also say by by € B,bs # h(aa).

(Note: if we agree to restrict ourselves to onto isomorphisms we can somewhat
simplify the proof).

By 2.11 we can for § < A choose ¢s a member of B, such that B = “c; is a finite
member of by, x <y, ¢;” for any x such that Bs = “z is finite member of b;” and

%5 UJC(;.
N

Without loss of generality

B, U,J <aou f(aa)a baa Cas f(ca)>
B,

moreover, for some type definition p; over some Ny < B,,,gen(N1) < k we have
tp({aa, £(aa), ba, Cas £(Ca)); Ba, B) = p1 2 (see 2.12(2)).

Let E = {d < A:J > ap a limit ordinal and (3o < §)[N UN; C B,] and
[@ < 0 = ag,ba,ca € Bs] and (B, f) < (B,f) and [for every a < §, N < B;
satisfying gen(N’) < k and gr a type definition over N’, for some 8 € (a,d) we
have gr®s is realized in Bs;1]}.

Let u € Dj. u a set of successor ordinals with no two successor members. Let
the linear order I = X{I; : i < 0} be such that: i c u=I; = {s;},i € 0\ u=1I; is

9vvhy we may add? otherwise the conclusion is trivial
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isomorphic to the rationals but may have I; = () for ¢ limits and let I, = > {I; :
i < 0} (instead using u we can act as in stage B).

We shall use 2.7 though we could just as well use 2.8. So E is a club of A by
the assumptions and we can define Ny, oy, B, and ay (s € Lygy)) (let ay s = apyis
if i < £g(n) and s € I;) for n € ®>\ by induction on £g(n) as in (d) of 2.7 such
that oy, 8, € E,(Np; ¢ < j) is increasing continuous, N = N and for n of
length i = j + 1, Ny = Sk(Nyj; U{ays : s € I;}) and j € u = a5, = aq;, and
ay < ay < By < B, and also oy, B € E.

such that: if £g(n) =i = j+1,t € I; then for some B,B < B’ and b from B the
sequence (a;) ~ b realizes (p1)B” where B” = Skes(Ba,,, U {ays : s <; t}. Note:
if n € 9\ then (a, s : s € I) is an indiscernible sequence in B.

Forn € YAlet N,, = J Ny, let a; = | s and M* be At -saturated extension

i< i<0
of B, and N," = Skas«(Ny, wy,uy,) be as guaranteed by 2.13 (with (a,, : s €
I),N,B,, here standing for (a; : i < §), N, M there). Now w, can be interpreted
as a member of b;. More exactly there is w; € B definable from w; and the
parameters defining by, (C N) such that B |= “w, € by, is finite and z <y, w; =
xéw,” for every x € B, such that B, = “réb; is a finite union of atoms of by”.

Note that for every i < 6 the type tp((wy,w;) ~ (a :j€1[i,0),Ba,,Ba, 1)

does not split over N U {a, s :s € I}) (easy manipulgt(i];n)).

By clause II(d) of 2.7 we can find § € S, increasing n € ?§ and elementary
embedding h : N;f — B, as guaranteed there. So v; := h(w}) is a member of
b2 [B], so there is N* < Bs, gen(N*) < 0 as guaranteed by (x) of II(d) of 2.7 for

q e— * *
a = (wy,vy), S0
W := {i < 0 : i is a succcessor ordinal and

(Bs,1.) U at € Dp
((’Bami ﬂN*) UNn[i

hence

W' :={i < 6 :1iis a succcessor ordinal, i € u and

(Bgs:,,) U a} € Dy.

nli
(%a; ; ON) UNn“;

!

Let i = j+1 € W. Now as ba:«”i € %5;“ realizes (recalling that the b,’s were
chosen in the beginning of the proof)

q= tp(f(aa:”i), Sk(‘Ba;H +ag+_),B)

nresti

clearly

()1 (baz,,saz ) (F(aar ), ar ) realize the same type over Bar .

nli

But ca,,;, f(ca,;) € Bar ,, ompi < o), hence from (x); we deduce:

(*)2 <ba* i Ao

nt nti’

type over B, ;.

Cappir E(ca,)) and (f(aaz ), aar , Cayypi £(cCay,, ) Tealize the same
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But Bg- W (cgr,,»£(cp:,,)) and the two sequences in (x)z are C B ., hence:
@Q
(*)s the sequence (bar ., aar

<f(aa:” ), Qo

As i€ W', by ()3 and as the two sequences above are from Bg, .

2o Cagpis £(Cayy) ez, £(Cpxy,y,)), and the sequence
s Cayrir £(Cayy)s oz, Eepr ) realize the same type over ‘B

nli Qnpit

(*)a the sequence (bar .;@ar ;s Ca,, E(Ca,,)s oz, Eesr ) wy,vp), and the se-

quence (f(aar ), aar s Caypis £(Cay ) car  Eep: ) w v}) realize the same

nti nn
type over B, ;.

By the various choices, b1 [B] = “w;Ncg:  —ca,, = daryyi”, s0 as his an embedding
of Boolean rings we have ba[B] = “vy ﬂ fcp ) f(ca,) = faaz,,)” so by (%)4
above ba[B] = “v; N f(Cﬁ;H) —f(ca,, 1) ba,,”, contradicting the choice of bq:

as # f(aaz ).

B Stage: Under the assumption of Stage A, there are oy < A\, N* < B, ,gen(N*) <
k,N < N* and q a 2-type deﬁnltlon over N* such that for some club Ep of A for
every a € E, and x € B realizing pP the pair (z,f(z)) realizes q® 017

Proof. Let W C X be the set of @ < A such that: N < B, and for some ¢, €
S?(B,), we have: z € B realizes pPe = (z,f(x)) realizes q,. Clearly if N <
By, a < B <AaeWandfeW, then qo C g (as if = realizes p®s it realizes
pPe too). Also W is a closed subset of A. So if A = sup(W) then W is a club of
A and by 2.12 we can get q such that {a € W : ¢, = q®=} is stationary, and as
ga (for @ € W) increases with a, we get the desired conclusion. So assume N <
B (), sup(W) < a(x) < A. Now for o € [a(x),\) choose @4, Yo € B realizing p®e
such that, tp((za, £(7a)), Bar B) £ tD((ar F(a)), Ba, B). S0 by 2.12 for some N*
and type definition pg over N*, N* < 9B, we have gen(N*) < « and for stationarily
many o € S™,cf(a) > K and

(*)a tP((Tas F(Ta), Yar F(Ya))s Ba, B) = pg

Note that for limit ordinal o, (24, ya) can serve as (zg,yg) for every large enough
B < a. So without loss of generality, by Fodor lemma, possibly increasing «(x), for
every [a € (a(x), A], the assertion (%), holds.

So without loss of generality for some N* < By, N < N*, gen(N*) < 6 and

a € [a(x),A) = tp({za, £(2a)), N*, B) # tp((ya, £(ya)), N, B).
We can find a 3-type definition p; such that:

® for every « € [a(x), \) any (equivalently some) triple (a1, az, a3) realizing p;
we have: tp((a1, a2}, Ba,B) = tp((Ta, f(2a)), Ba, B) and tp({(ay, as), By, B) =
tP((Yas £(Ya)), B, B). (exists by ?7!1)
[ezists by the existence of amalgamation of types and of non-splitting.]

Let po be a type definition over N such that for every «, if ¢ realizes p? « then
B | “céby, c a finite union of atoms of by”, and if B, | “zéb; is a finite union
of atoms of by” then B | “[by =z < ¢]” (use 2.11, used also in stage (A)). Now
possibly increasing N* we can find a type definition gr over N* such that for every
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o > a(*) there is ¢, realizing p3 © such that (ca, f(cq)) realizes gr®«. Let E be thin
enough club of A. In particular for « € [a(*), A) we have cq, f(ca) € Btin[E\ (a+1)]-

Let I = 3{I; : i < 0}, for non-limit ¢1; is a countable dense linear order with a
first element s; ;s;, no last element and s; ; < s € I;. We choose by induction on
i <@ forne XNy oy <op <B; < B, and B, and @0} 02 for s € Iy, but
O}l,s :01 15’07275 :0 [i,s° 1f£g( ) >i,s€1l;)ifi =0,acs = a(x) +1,Nes = N¥,
ifi=3j —|— 1,n €7\, We choose Ny <es,and ay ey < a;A@ < 5;,\@ < By~(e) and
af],\@_’t(t € I;) by induction on e: arriving to € let a,~<> be the minimal ordinal
a such that:

a € E\ sup[{a2A<C> +1:¢(<eandl<w}U{a,,suprang(n)}].

* 2 3 4 5 *
Next choose « < al e <0 <0y < g < ap o < By <

n~(e > n
By~(ey from E and a; (for s € I;) be such that:

(%)

(a) Ozn,\(e) < O[;/_\<F> € E

n~(e),s%n~(e),s’ nﬂ(e) s

1 _ 2 _ 2 3
(b) np~e),sa,d — xo‘:,n@ and An(e)s1,d — h(zq o (e >) and < Anp~e),s1,5 nmde) 1, an“<€>’81>
B 1
is from ‘B, 2 0 and realizes p, """
2 .
(c) fort € (s1,5,52,)1, the triple < ()82 T (6 17 nA(G%t) is from %aiwd

and realizes pP where B’ = Sk(%az u{a ts<t,s€l;and

~(©) ~(ehs
¢=1,2,3})
1 _ 2 _ :
(d) np~e)s2,d — ya2n<e>’a77’\(6),82;j - h(ya%m<e>> the triple ®
a3
(a}%@’sg’j, %27,\(5),52,]-»@?7,\(5) s ]> is from B, 5o and realizes p, "'

(e) fort € I;, above sg ; asin (c) replaces (a?%(@, ag,\@) by (ozé,\<€> , 04245))

(f) Ny~ie) = Skes (N, U {a’ :sel;)and £ =1,2,3}.

n~(e),s
Lastly for ¢ limit, n € "\, N, := |J Nypj. o = U aypj and 8, = oy + 1.
i<i j<i
Let M* be a A*-saturated elementary extension of 9. For any increasing se-
quence n € X let 6, = U{n(i) : i < 0} and let ¢, = (a, ,a2 ,,a} ) for t € I

(recalling afhs = aszJ}s if s € I;).
Now by 2.14 realizing the pair (a7 ,a? ) as an element, for some (w,, u,) from
M* we have:

) M* |= “w, is finite set of atoms of by and a}, ;éw,” for t € I
) M* |= “u, is finite, b C u,)” whenever B [ “b is finite”
(€ M g 00y =0

(d) {(a} al ;) : s € I) is indiscernible in M over B4, U {uy, wy}.

7,8 ns’ 0,8

Let N = Skaz+ (NyU{uy, w,}) < M. So by 2.711(d) there are § € S,n € ?6 increas-
ing, such that § = suprang(n) and g : Sky-(Bs U N,F) — B, 1, an elementary
embedding, g[*Bs; = the identity.
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We can consider w,, as a “member” of by so f(w,,) is well defined. Clearly for some
every large enough i < 6, the sequence ((a; ., a2 ,,a3 ) : s € I;) is indiscernible
inside B over B, U {wy, f(wy), ca, ;. f(ca,,), ¢z E(cpr )} As in the proof of
stage A this gives a contradiction ?? (using [Sheb, 2.7(e)].

C Stage: For some w*:

(a) B = “w* is a finite set”
(b) if n <w,¥= (Yo, Yn—1) then: if a,b,c € bi* and A(b, c)0(a, h(a)) then
©

¢ = h(b) where letting for all (first order) formula and ¢ = ©(¥; 21, ..., 2, ),

Ny

@ﬂﬂggg = (Vz1... z%)[/_\1 zeéw* = ©(J1, 21, - Zn,,)

= So(g%zlv . ',Zn(,,)}
so 07, is 03 (97, 9%, w*).
U

Proof. By stage B if N* < 9B,gen(N) < k,p a type definition over N*, (so
“[zéb3*]” € pIV7) then there is ay, as there.
So as

[ < A= |o|<F +227 4 > 22° < )|
O<k

the set Fy is a club of A\ when we let Ey = {6 < A : ¢ is a limit ordinal and if
a <8, N* < B,,gen(N*) < k,p 1-type definition over N* such that “zéb?” € pV'
and the parameters in the definition of b" are in B then 6 > ay}.

Choose §(x) € Ep \ S such that cf(§(x)) = k.

Easily: if a € bi*[B] then

(%)1 y realizes in B the type tp(f(a), Bs(x) U{a},B) = y = f(a)
(x)2 (b, c) realizes in B the type tp((a,f(a)), B, B) = ¢ = £(b).

Let w* € B be a pseudo finite member of by “including” all pseudo finite members
of B, (see 2.11); check it is as required.

noindent D Stage: There is a member eg of B such that:

(o) B E “eg is an equivalence relation over b', the set of atoms of by, with
finitely many equivalence classes”
and

(B) for each (first order) formula ¢ = ¢(y, z) in B, ey refines the equivalence
relation (D}p (for the parameter w* from stage C) recalling that (), is defined
as:

allb = (V2 C w")lp(a,2) = (b, 2.
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Proof. By stage C.
As B is k-saturated hence Ng-saturated (and as b is represented in B not just
definable there).

E Stage: There is s*,B | “/n* a natural number” and a member f of % such that:
B |= “f is a function, Dom(f) = b2, f(z) = (fn(2) : 1 < m*) and zegy — f(z) =
f(y)”, and for each zeq, (where x € bi*[B], of course) there is an 1 = 171, /e, such
that:

® if B = “zegy and f,(y) = 27 then z = h(y).

[Note: we did not say yet that we can find in B such a choice function (1, /e, :
xéb?) | a pseudo finite sequence]. O

Proof. There is e? € B, considered by B as an equivalence relation over bi® x by
with finitely many equivalence classes, refining each (Z)i for ¢ = p(x,y, Z) where:

(x17y1)® (x2)y2) 7 (;27"')[ < éw ¢($1)y17z ?) —%(x27y2727"')]
2]
e<£g(z)

(exists as in Stage D). Now each e?-equivalence class A defines a function fa

fal@)=y: if possible (z,y) € A and (Vy)[(z,y)e*(z,y) =y = y/]
if not possible y = 0.

Now clearly f exists in B and f is as required.

F Stage: First there is e; € 8,8 & “e; an equivalence relation on b?* refining e
with finitely many equivalence classes” such that B |= “xe;y” implies x, y realizes
same type over w* U{k: B Ek<mIU{v:B = 0 C{k:k<m*PYU{f}
(those sets — in the sense of B and are considered by it finite).

Hence if x,y € b3[B], ze1y then

11, <Th*
and
N\ [f@) = di(2) < £y) = fiu()]
<
(remember the choice of w* in stage D) and more generally

@® for every w C {rh : 7 < 1h*}, in B’s sense, we have:

vaiy=[ () ful@)— U fu(e)=0Op, if and only if

méw m<r*,~rméw

N fily) - U Fin(y) = Op,].

mdotew m<m* ,—rméw



Paper Sh:384, version 2016-02-29_12. See https://shelah.logic.at/papers/384/ for possible updates.

32 SAHARON SHELAH

Let A= {z € b? : B = “(z/e;) has > [bj'/e;|!!! members'?”}; so A is definable in
B hence is represented in B, so we consider it a member of B, clearly B considers
bit \ A a finite set. Let in B the sequence (A4;, : n < n*) be a list of the e;-
equivalence classes C A.

Let in B, z* be the union of the atoms from b?* \ A, (it is pseudo finite). So it
suffices for proving 2.16 to find in B a definition of h[{z € bi*'[B] : z Nz* = 0},
as required. So it suffice to prove that the following sequence is in 98: find in B a
sequence (1, : 1 < %), where 1h;, < m* and: for every z € An, h(xy) = fin, (2).
We already know that for each n < n* there is such ;. This is done in stage G.

G Stage: We shall reconstruct in 8 a sequence (1, : 7 < n*) as above (hence

h|A® is definable.) .
We can find in B, @, k* and a function ¢, Dom(g) = bi*[B] such that

B forxebi:g(r)is (af k< k*),
k* the natural number 2™ — 1,
w = (wy, : k < k*) list the non-empty subsets of {ri : 1 < 1*}
and afeby is N {fin(2) : méwi } \ U{ fin(z) : e < n*
and —(rhéw;,)}” in by’s sense.

As each Ay is large enough (i.e. B = “[4;] > |bi® /e1 1) there is in B a sequence
(x(n,£) : n < n*, € < £*) such that (B satisfies):

(o) x(n,0)éAy;, C b3t f* natural number
(B) < n* and f; < by < * = by = “x(n,01) # x(n,l3)” (hence they are
disjoint as members of by)

(7) if ny,n2 < n* and kl,kg < k* and there are z!,x?2 satisfying “z'éAy;, \

{x(n1,0) : € < %} and 22éA,, \ {z(g, 0) : £ < £*}7, and by = “azi N

2 . . . .
aj # Op,”, then for some “even” ¢ < (* (in B’s sense) by |= 4q (16

n1
aﬁinﬂﬂ) # Op,”.

Note: by (a)+ (B) : x(hl,él) = l‘(ﬁg,éz) = fy = ny and ¢; = f5; so the x(n,ﬁ) are
pairwise disjoint in by’s sense.

We can find in B elements yo, y1 such that: B = “yoéby, yo = U{z(n, f) : 1 < n*
and ¢ < ¢* even},y; € by, y1 = U{x(n,é) ch < n* and £ < 0% is odd}”.

Let 2y, = h(ym) for m = 0,1 (note: h is not assumed to be definable in B, but
we can use zg, 71).

Hence

®; in B for { < ¢*,;m < 2 and ¢ = m mod 2 we have x(n,ﬁ) < Ym; hence:
£l = fu[Bl14n = B = Sz 0) <zm= A al™) <z,
k<k* mméw,

But by [B] = “yo Ny1 = Op,” hence ba[B] = “f(yo) Nf(y1) = Op,” hence by |=
“zo N z1 = Op,” hence

1O0Note: ! is factorial; we could just as well say “finite large enough” and did not bother to
make the exact computation.
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®9 in B, for £ < /* m < 2,0 #m mod 2 we have (1, £) Ny, = Op, ; hence:

f1A;y = fin[B]1An = B = fin(z(7,0) Nz = Op, .
=B = “f k < k*, ~méw;, then az(h’l) Nz = 0p,”.

Note also

®s3 hlAjy = finl Ay implies:
(a) for every z € Ay, fin(2) # Op,
(b) for every © £ y € Ag, balB] = “fin(2) N fnly) = 0
(¢) for every z € An,bo[B] = “frn(x) NE(z*) = Op,”.

Now the conclusions of ®1,®3, ®3 can be viewed as properties of (n,r) which
follows from “h[A; = f;[Az”, they can be expressed by first order formulas in 9.
Hence

Y ={(n,m): n<n*andm <m* and (n,m) satisfies the conclusions of
®1,R2, 3}

is a pseudo finite set in B, and so we can define in B, f' € B such that B = “fr

is the function f': A — by defined by f'(z) = U{fn(2) : 2éA; and (1, ) € Y}7

(union in WB’s sense). If for every z € A[B] (C bi*[B]), we have f'(z) < f(z)

then by ®1,®2,®3 themselves equality holds and we finish. So it is enough to

assume (n,1m) satisfies those three properties but (3z € A4;)( A = # z(n,£) and
f<i*

fin(z) £p, () and eventually get contradiction.

Let 2 € Ay [B]\{z(n,£) : € < e*} and foi,(x) b, f(2). As AU{z*} is a maximal
antichain of by, clearly {f(x) : B E “z¢A C bi'} U {f(2*)} is a maximal antichain
of by, and x € A[B] = f(v) # Op,. Now for every x € Ay[B], f,i(z) € b2[B]\{0p, }
(by ®3(a)) and fy,(2z)Nf(z*) = Op, (by ®3(c)) and as f is a complete embedding of
b1 [B] into by[B], by the previous sentence necessarily for some y € A[B], b2[B] =
() — B(2)) N () # Op,” 50y £ 2.

Lastly, let nt < n* be such that y € A;1[B]. Let ry be such that € A1 [B] =
f(z) = fin, (z). o L

By the choice of w and of (af : k < k*) (for z € b2'[B]) there are k, k; < k*
such that B |:.“b2 )= “n(z) N E(y) > aj ﬁ azl — f(x) # 0p,”. By the cho}ce of
w and of (af : k < k*) necessarily by |= “fy(z) = af > Op,”; also £(y) is fin, (¥)
and as for x we get f(y) = frna (y) > azl > Op,. Clearly fi(z) = af > Op, implies
B = meéw;; and £(y) = fin, (y) > ayiCl > 0 implies B = 1 éwy .

By clause () in the choice of the x(n,f)’s, we know there are ¢,¢* < ¢* such

. . - -1 51
that B }= “/ # ' mod 2" and by[B] = “af ™" azf" ) £ 0p,”.

Let m < 2 be such that m = ¢ mod 2, then by the conclusion of ®1 (for 0,0, m)

as B |= “rnéw;” we have by[B] = “a:(m’e) < zm”. By @, applied to nt, 0, iy,
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-1 51
we have @3 we have bo[B] = “az(n ) A Zm = Op,” hence by the last sentence
1

B; az(ﬁl) N a0 = Op, -
This contradicts the previous paragraph so we are done. ([l

Observation 2.18. Assume B = “b; is an atomic Boolean ring and by is a
Boolean ring” and £ is a complete embedding of b1[B] into ba[B].

1) If £1b3*[B] is definable in B then so is f.

2) If x5 € by[B], 25 and £]{x € bi*[B] : x disjoint to x} (in by[B])} is definable in
B then so is f[{z € b1[B] : x disjoint to x7 (in b1[B])}.

Proof. Easy. Uas
Claim 2.19. Assume

(a) by is a Boolean ring in B (as in 2.16(a)) i.e. B = “by is a Boolean ring”
(b) bg is a Boolean ring in B
(¢) £ is a complete embedding of b1[B] into ba[B].

Then for some x € by[B]:

() B = “x is finite i.e. finite union of atoms (of by) or is zero” (so if by is
atomless then x = 0p, )
(B) £I(OEH{y:yNz =0p,}) is definable in B.

Proof. Without loss of generality b is atomless.
[Why? Otherwise apply the proof below to b} = {z € by : = atomless} and
2.164-2.18 to

b} = {éby : x is atomic (i.e. below every non-zero y <p, x
there is an atom of by)}.

Now from definition of f[b/ [B] and of f[b}[B] we can define f].

In B let P = {E: = is a maximal antichain of by (in particular Oy, ¢ =)}. Now P
is partially ordered by: Z; <p Z3 iff (Vx € Z3)(3y € Z1)(z < y) (i.e. Ezis “finer”).
Clearly (P, <p) is a directed set definable in 98 so by 2.11 for every a < A there is
Ea € P[B], which is in (P, <p)[B] an upper bound of B, NP. In B, for each =P
let bl = {x¢b;: for every yéZ,y < xVynz = 0}. So bL[B] is a Boolean subring of
b1 [B], even a complete subring, hence f[bL[%B] is a complete embedding of bl [B]
into bo[®B]. So by 2.16 there are ag and ¢(z,y,c=z) such that B = “az is a finite
union of members of Z” and ¢z(—, —,¢=) define f[{zé= : £ Naz = 0}. Hence by
2.18 f|bL[B] being a complete embedding is defined too outside ag so without loss
of generality ¢(—, —,cz) defined f[{zébl : z Naz = 0}.

For o € S~ satisfying cf(a) > &, we have 2, as above (i.e. an upper bound of B, N
P) hence we have az_, p=_(—, —, ¢z, ) as above, so for some N, < B, gen(N,) < &,

and so by 2.12 for some model N* < B, gen(N*) < &,

B

B

we have B, ([J{az, ) ¢=
N

formula ¢ and type definition p over N* we have:

S'={a: a<\aé¢Sccf(a)>0,N,=N* =, =¢ and
tp(aEaAéEaa%avsB) :p%a}

is stationary.
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Now if a € by[B],b = f(a) and « € S’ is large enough then
(1)2, B b= “a iblz pla— oz

Ea

b— f(aga), C=,, )”

so we can read this from p; i.e. this can be determined from tp({a,b), N*,B).
On the other hand assume a € b1[B],b € ba[B],b # f(a) and (x)g, holds for
sufficiently large and we shall get a contradiction.

Note:

(a) any non-zero member z of b;[B,] is not included is any finite (even in B
sense) union of members of E, in particular in az,, .

[Why? By our assumptions on 7% and by as bi[B] is atomless, there is E € B,
such that 9B, E“Z is a maximal antichain of by, every member of Z is below = or

is disjoint to x in by, and x is not a finite union of members of =”. By the choice
of 2, we have B |= “E < E,”, so we are done.]

(b) if (B, F1Ba) < (B, f),d € (by)Bel\ {0p,} then d is not included in any
member of =/, := {f(c¢) : ¢ € £, or is just a pseudo finite union of members
of 2, in B and cNaz, =0, } U{f(az,)}.

[Why clause (b)? As f is complete embeddings of by[®B] into by[B] there is a
¢* € (by)[®al\ {0y, } such that:

Op, < <c*=by[B] =f(d)Nd#Op,.

Now 9B E “there are infinitely many ¢ € Z, which are < ¢* and d' € Z, =
d'Nf(c*) € {d',0p,}”, and so B = “céZ,, cNay = Op,, f(c) Nd # Op, for infinitely

many ¢”.]

So via p we get a definition of f, but not first order, just according to type over
N.

The desired conclusion follows by the following claim 2.20. O 19

Claim 2.20. Assume B is a k-saturated model of a complete first order theory
T,b1, by are Boolean rings definable in B, and £ is a complete embedding of b1 [B]
into ba[B] definable in B by an Lo . -formula with < k parameters (equivalently,
for some ¢ € *> M, tp({(a1,b1),¢ B) = tp({ag, b2), ¢ B) f(a1) = by = f(az) = ba).
Then f is definable in B.

Remark 2.21. 1) Similar to [She78b, 1.9.1], [She83, 4.10].

2) For the purposes of this chapter alone we can assume b; is atomless, so the
reader can read the proof this way, simplifying somewhat. Still our theorem 2.19
seemingly is weaken compared to [She78b, 107]: the use of T*, i.e. the expansion
of the theory, but see [S*]; for such generalization see 3.5 we shall need 2.20.

3) This claim is more than needed in 2.19.

Proof. Without loss of generality B is p-saturated, p > 2/71+% x > |T|, and let
€ € "B be as required in the claim. So without loss of generality rang(¢) is the
universe of some N* < 98B and f maps N* onto N*.

If a type q over C C B,|C| < « is realized by a unique element in 8B then some
¢(z) € ¢ define the element; hence we have (¢, : p € &%), where Z* := {p €
St(e) : “zéby” € p} such that: if a € by[B] realizes p € P* then p,(a,y) defines
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f(a) in B [i.e. B |= pla,f(a)] and (Vy)(pla, y]) =y = f(a)]. Let o, = @p(z,y,6)
so ¢, C Rang(c).
Let

J ={c: ceby[B]is in Sky(c), c a real finite union of
members of bi*[B]}.

Note that possibly bi*[B] = 0.
Let

P~ ={pe P*: pisnot realized by any c € # and if x realizes p,
y €bi[B]\ # and 0 < y < x then for some z € by [B],
z realizes p and 0 < z < y}.

Now £~ C 2* C S'(¢) is closed (hence compact) in the natural topology on S'(¢).

[Why? Because if p € S'(¢) \ &~ then ¢/(z)® = —(zéb;) € p or ¢'(z) =
(x = Op,) € p or for some @(z) € p also ¢/(z) = (xéby) and (x # Op,) and ¢(z)
and (Jy)(0 < y < z and (V2)(0 < z < = — —p(x))) belong to p; and in cases
o'(x) € p e SHe) = p ¢ P Also {z € bi[B] : tp(z,N,B) € P} is a
downward closed dense subset of by [B]\ #.

[Why? Let a <p, b be from b [B]\ ¢ and b realizes p € &7, and ¢ <y, ] a be
such that ¢ € bi[B]\ . Now there is b’ € by[B]\ ¢ such that v’ <y, () c and V/
realizes p (because ¢ <y, 3] a,c ¢ £, and p € #7), so there is a’ € B such that
(a’,0"), (a,b) realizes the same type over N, so a’ <p, b' <p,,c hence a’ <y, 3] ¢
and a’ realizes tp(a, N,B) so we are done].

We shall later prove:
Observation 2.22. There is p € S'(¢) = S!(¢,B) such that p € & and:

(x)o {x1 Nao : @1, 22 realizes p} U 7 is a dense subset of b1[B] (and ¢ € B
realizes p,b € # = bi[B] =EbNc=0p,).

Now we shall show that this suffices. Letting ¢ = ¢,, without loss of generality

B = (Vr,y, 2)[p(x,y, 2) = 3%)p(z,t,Z2) and zéby and yébs)];

let ) (x) == (3y)p(x,y,¢) and so there is in B a definition of a function hp from
YI[B] into by[B] such that:

(¥)1 d realizes p implies £(d) = h,(d).
Note (the meaning of N is clear from the context, - is inside B ):

()2 p(z1) Up(x2) Up(zs) Up(za) - [(z1 Na2) N (23 Nas) = 0p,] =
[(hp(z1) N hp(22)) O (hy(22) N hp(24)) = Ob,]

(#)3 p(z1) Up(x2) Up(xs) Up(za) - [21 Naa <p, 23N 24] =
[hp(21) N hy(22) <, hp(@s) N hy(24)]-

So by compactness there is V¥, (x) € p(x) such that in (x)2, (*)3 we can replace p(x,)

by Yp(ze) (and Yp(z) 1/)2(:16)),
Now
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(¥)a f induces a complete embedding £/ 7 of b1/ ¥ into by /ide z) whereide ) =
{d€by[B]: (Fa e #)d<f(a)}, it is an ideal of by [B].

[Why? Being embedding is trivial so let us prove completeness of the embedding.

Let b € bo[B] \ idg( gz, as idg( ») is generated by < |T|* + Kk = K elements, there

is ' € ba[B] satisfying Op, < b’ < b and A V Nf(a) =0p,. Asf is a complete
ac ¢

embedding, there is ¢ € by \ {0} such that [0p, < < c= ()N # Op,]. So we

are done (see the proof of 0.4(2))]].
Next we claim

()5 if c € b1[B] (and /\/ anc = Op, ) and ¥y (c) then f,(c) < f(c) mod f(_7)

[Why? If not, hy(c) — f(c) # On, and even ¢ £f(_#), so as fide ) is a complete
embedding, for some d € by[B] we have £(d) N (hy(c) — £(c)) ¢ Z, moreover,
Op, <d <d=f(d)n (f,(c) —f(c)) ¢ Z]. So without loss of generality dNc =
Op, and a € ¢ = dNa = Op,, recalling | 7| < |T| < k. By (*)o possibly
decreasing d (legitimate by the previous sentence), we find dy,ds realizing p(x) such
that b1[B] E dyNdy = d. Letd3s = dy = ¢ so dyNdy < dye = dy Nda, so
(dinNda)N(dsnNds) < dnNec = 0p, so by the version of (x)2, for 1, we know
(hp(dy) N hy(da)) O (By(ds) N hy(ds)) = Op,; now the right side is hy(c) N hy(c) =
hy(c), the left side is (as dy,dy realizes p) £(dy) N £(da) = f(dy Ndy) = £(d) s0
f(d) Nf,(c) = On,; contradiction].

(x)6 if c € bi[B]\ £ and B = 1,(c) then hy(c) > f(c) mod f(_7) in bo[B].

[Why? If not f(c) — hy(c) ¢ £(_#) so as £/ _# is a complete embedding for some
deby\ Z wehave [d' ¢ # and d < d= £(d) N (£(c) — hy(c)) & £(_7)].

As f(d) N f(c) & £(_7) necessarily dNc ¢ # and without loss of generality
below d there is no member of # \{Op, }. By (x)o we can find d1, ds realizing p(x)
such that 0 < dyNdy < dNec. Letds = dy = ¢ so dy Nde < ds Ndy hence by
the version of ()3 with 1, we know hy(dy) N hy(da) <by[B] hy(d3) N hy(dy). Now
the right side is hy(c) N hy(c) = hy(c) and the left side is (as dy, dy realize p) just
£(d1) N £(ds) = £(dy Nda); s0 h(di Nd2) <pypem) hp(c). But 0 < dyNdy <d, so by
the choice of d we have £(dy Nda) N (£(c) — hy(c)) # Op, contradicting the previous
sentence].

By (%)5 + ()¢ without loss of generality

(5 i ¢ € DalBI\ {00}, dyle) and N\ end =, then £(c) = (c).

[Why? If not, this fail even if we strengthen 1, (note the without loss of general-

ity/,) so by ()5 + ()6 for every i (z) € p there is cy € b1[B] satisfying ¥ (cy) and

Yp(ey) and N\ dNey = O0p, and hy(cy) # £ey). Now by (x)5+ (x)g for some dy €
de 7

I, B (cy)—£(dy) = f(cy) —f(dy); however £(cy)NE(dy) = Op, as cyNdy = Op, by

the definition of # hence hy(cy) —h(dy) = h(cy) —f(dy) = £(cy) # hp(cy). So as

hp(cy) # fey) necessarily there is d, € _# Nb3[B] such that £(d,)Nhy(cy) 7 Op, -

By saturation we can find ¢ € bi[B], satisfying N\ cNcy = 0p, but A d <p, ¢
pep de ¢
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(the finite satisfaction is exemplified by members of 7). So N\ By (cyp)NE(C) # O, ;
bep

by saturation for some ¢ € by[B] realizing p, ¢ N ¢ = Oy, and hy(c) NE(c) # Op,
(the finite satisfaction is exemplified by the cy’s) but hy(c) = £(c'), hyc) = h(c)
and £ an embedding, contradiction.]

Now we can, in B, define a partial function h;r : b1[B] — ba[B] as follows:
ht () is the <p,-minimal element y of ba[B] such that:

Yp(21) and y(z9) and 2y N2y <p, T = hp(21) N hp(22) <p, Y-

Let 7* = {a € by[B] : £ [{b € by[B] : b < a} is a complete embedding into
bo[B]}. This set is definable into B by 0.4(2) and by (x)7 (and (%)) it include
every a € by[B] such that A bNa =0, so by saturation there is b* € _# such
be #
that a* € b1[B] and a* Nb* =0, = a* € 7*.
Now

(x)s F' ={ac #: acbi,anb* =0y, ,f(a) # hy(a)} is really finite.

[Why? If a, (n < w) are distinct members; thinning the sequence {(a, : n < w)

by Ramsey theorem without loss of generality if for some n,f,(a,) — f(ay) # Op,

then hyp(an) Zu,m) U hplag) for any n,k hence there are non-zero d: <by[B]
L<k

£,(a,) disjoint in ba[B] to f(ax) for any n,k otherwise df = Op,, Similarly if
£(am)—7?hy(am) # Op, for some m, then there are non-zero d2, < f(a,) disjoint
to hyp(ax) for n,k <w. Now we get a contradiction by saturation so (x)g hold].
So without loss of generality (possibly increasing b*) 7' =0, so we can finish
asf(x) =y < (x € by andy € by and £ (x —b*) =y — (£(B*) and A (zNb* =
b<p, b*
b—ynf*) =1£(b)).

Proof of the Observation 2.22: For each p € &~ let .#, be the ideal of by [B] which
{d € b1[B] : d realizes p} generates. Let {p; : i <i*} C £~ be maximal such that
i #j = Ip # I, (equivalently i # j = I,, NI, = {Op, } and also equivalently,
there are ¢; <y, ¢; with ¢; realizing p;, ¢; realizing p;). We can find, for ¢ < ¢* and
n < w an element d, ,, of B realizing p; such that [(i,n) # (j,m) = d;, Ndj, =
Op,]. By partition theorems and compactness (i.e. B quite saturated) without
loss of generality: for each i, (d;, : n < w) is an indiscernible sequence over
cU U{djm :m<w,j<i*and j#i}.

J#i

Let us define A

A ={o(xie) = @(xjm) :4,j <i* and £,m < 2 and ¢ a formula over ¢}
U{Ii,gébl 1< Z*} U {zi,O Nx;1 = d@o 1< ’L*}

If A is realized in B by an assignment x; ¢ — ¢; ¢, then p := tp(c; ¢, ¢,B) (which
does not depend on i,¢) is a type as required. So it suffices to show any finite
A’ C A is realized in 9B, so let w be the set of ¢ < ¢* such that z; , appears in A’
(clearly it is finite).

We choose the following assignment x; ¢ — ¢; , where:
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ci7g=U{dj7m:j:iandjewandm:()orj;é and j € w and m = ¢}

(it is a really finite union in by).
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§ 3. COMPACTNESS FOR THE BOOLEAN RING COMPLETE EMBEDDING
QUANTIFIERS

We present here the compactness results (we can add more quantifiers; see §4).

Theorem 3.1. 1) Adding to first order logic quantification on complete embeddings
of an atomless Boolean ring to a Boolean ring getting £ (see 3.3(1) below) result
in a compact logic.

2) If every finite subset of T C £° (see 3.3(1) below) has a model in some
generic extension of V. (or any model of set theory with the same natural numbers)
and X\, 0, k are as in 2.7, then T has a k-saturated model of cardinality .

Remark 3.2. Note that by 3.7(1) we have a completeness theorem for £(Qc*P):
a sentence v has model iff ) U {the reasonable axioms for €* (of 2.1) in suitably
expanded vocabulary} is consistent (first order) — see 3.7(1). If we would like to
have a nice set of axiom schemes, we need 3.5, below see 3.7(2).

Definition 3.3. The logic .Z°°*" is gotten from first order logic by allowing free
variables on partial unary functions, and allowing the quantifier (chab o) [t (@, y), v (z,y), o(f))
where 91, ? are formulas (with parameters) in which f does not appear freely and
is a variable on partial unary functions, the individual variable x, y does not appear
freely in ¢, the free variables of this formula are those of 9!, 92, except z, y and
those of ¢ except f.
Lastly, M = (Q f, z ) [, 2, o] if ' (z,y), ¥?(x,y) define Boolean rings,
the first atomless (i.e. the ¢¢ define the corresponding partial orders) and there
is a complete embedding f from the Boolean ring which ! defines (in M) to the
Boolean ring which 92 defines (in M) which satisfies ¢ when we substitute f for e

Remark 3.4. Note the “f is a complete embedding of the Boolean ring B, into the
Boolean ring By” is a first order property (see 0.4(2)).

Proof. 1) Let T be a theory in .£°4P let Ma be a model of A for any finite subset
A of T. Let x* be strong limit cardinal to which (Ma : A C T finite) belongs.
Expand 52(x) as in 2.1 and get €*, T* such that each Mx is an individual constant
as well as T. Now get B by 2.7. For some M,B = “M is a model of a finite set of
sentences t”, such that for every ¢ € T we have M = “iét”. By 2.19 the quantifier
chab has the same interpretation in the universe and in B, so we are done.

2) Same proof. Us.a

The following is not in our main line, but helps in axiomatization.

Lemma 3.5. 1) In the theorems [She83, 4.9] and [She83, 5.2(2)] (for every P, Q,
R definable with parameter) we can add complete embeddings of Boolean rings. Ie.
let T be a complete first order theory. Assume (DE)x,|T| < X and {gscx+ci(s)=r} -
Then if an \-saturated model M of T' of cardinality AT is constructed in the game
(IShe83, 2.8, 2.12]) the second player can guarantee in addition that:

(A) If by, by are Boolean rings definable M (no atomlessness assumed), f a
complete embedding of by into by then f is first order definable with pa-
rameters from M.

(B) If Yu(x,y,c¢) define in M a dense linear order I, for £ = 1,2 and f is
an isomorphism from Iy onto I then every interval I] of I contains a
subinterval I} such that £ | I} is definable in M with parameters.
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(C) Similarly for the strong independence property.

(D) In clause (B) we can weaken the demand on f to ‘€ : I — I is order
preserving with dense range (in Iz)”.

Proof. Follows by [She83] and 2.20 (and degenerate version of the proof of 2.16,
2.20). Us.s

Remark 3.6. 1) Player II has time enough for all such assignments.
2) We can weaken the set theoretic demands (but no real need here).

Lemma 3.7. 1) L(Q®) is complete, i.e. the set of sentences have no models is
recursively enumerable and is absolute.

2) In fact the natural axioms schemes suffice (in addition to the first order ones).
3) If you have a definition o(z,y) of a complete embedding from the atomless
Boolean ring defined by ' (z,y) to the atomless Boolean ring defined by 1?, then

Qe f, 2, y) [0 (z, ), ' (2, ) (Yo, y) [f (z) = y < oz, y)]].
4) (QeaP £z ) [l (2, ), 2 (2, ), o(f)] — [ (x,y) defines an atomless Boolean

Ring and ¢*(x,y) defines a Boolean ring and (Q°**" f,z, y)[' (x,y), *(x,y), ¢'(f)]
where @' (f) = o(f) and “(f is a complete embedding from the Boolean ring which

Y1(—, —) defines into the one which v¥o(—,—) defines)].
5)(Q*Px,y, )l (@, y), ¥a(z,9), ()] = (Q*Pxr,y1, f)[1 (1, 91), 5 (21, 91), ¢ (f1)]
when:

“f is a complete embedding of the atomless Boolean ring which ¥ (z,y) defines to

the atomless Boolean ring which *(x,y) defines” and o(f) and }(—,—) define

an atomless Boolean ring and ¥4(—,—) defines a Boolean ring b (3f")[¢'(f') and

1’ is a complete embedding from the Boolean ring which ¥} (—,—) defines into the
Boolean ring which ¥5(—,—) defines”].

Proof. 1) By the proof of 3.1.

2) For a sentence 1 in our logic L(Q?") for applying 2.11 we need essentially
Skolem function. How this relate to our axioms? Proof theoretists has done such
things but we prefer other ways. So we have to use another proof.

We need to pass to the theory T® which is T4 the axiom used from 2.1 i.e. with
“Skolem functions” for (Q°®*P f) (which is described below). So we shall prove the
consistency of this relevant theory by supplying a model of ¢) by 3.5. However, in
our universe V there may be no cardinal to which it applies. Choose A > |T®|
suitable to 3.5. Choose A C Jy(A\)* such that T' € L[A] and even (A1) € L[A].
Now 3.5 apply in L[A] as for z > (J2(\)?)VY, u a regular cardinal of L[A] we have
20 =t p = p<t,$, and Ols<puci(s)=pys 50 T has a model by 3.5. Apply 2.1 in
L[A] to get the consistency of the first order T® € L[A] and apply 2.7, 2.19 to get
a model in A, so it belongs to V. a7

Discussion 3.8. However we may like to allow applying the new quantifier not
just to Boolean rings defined on a set of elements but also to ones defined on sets
of triples of elements, or even to triples consisting of elements, complete embedding
of one definable atomless Boolean rings etc. The definition of the logic should be
clear, but we can translate the model.

Formal Description of the Translation Let the vocabulary of ¢ be C 7; for every
r-model M we construct a model M. We define by induction on n, MM, M0l =




Paper Sh:384, version 2016-02-29_12. See https://shelah.logic.at/papers/384/ for possible updates.

42 SAHARON SHELAH

M. For each n, let {(op(z,y, 1), ¥p(z,y,22)) : k < w} is a list of the pairs of the
first order formulas for the vocabulary of M, of the indicated form in Definition
3.3.

Let SP'(k < w) be new sorts, the universes of M+ are: for sorts of M the
same as before, for S7', {(f,c',2%) : 7 (z,y,c") define in MM an atomless Boolean
ring, Y7 (z,y,c?) define in M ("] an atomless Boolean ring, f is a complete embedding
of the first Boolean ring into the second}.

Relations:

(a) the old one:

(b) for each k unary functions mapping (f, ¢!, é?) to ¢!"¢?

(¢) binary function mapping ((f,c',&%),b) to £(b).

Let T7* be the set of first order sentences describing the construction of M ] from M,
except that we replace the definition of the universe S}, by demanding the scheme
saying: if a formula with parameters in M defining a complete embedding of
the atomless Boolean ring defined by ¢} (z,y,¢") into the Boolean ring defined by
Y7 (z,y,c%), then for some (f,c',?) in the interpretation of S, f is the complete
embedding mentioned above.

Note that models M* of T* gives in general non-standard interpretation of Qeeab,
Now if 7 is consistent according to the axiom scheme described above then there is
a model M* of T* (in the vocabulary of T'*) such that in the interpretation of QP
in this model M* (which in general is non-standard), 1 holds. Now we would like
to use 3.5 (multisortness does not matter) to get there is a standard model of the
first a model M® of the first order theory T'® of M*, which is standard for chab.

Conclusion 3.9. There is a 1-homogeneous atomless Boolean Algebra B, such that
Aut(B) is not simple, where

Definition 3.10. 1) A Boolean Algebra B is 1-homogeneous if whenever in B, 0 <
x < 1,0 <y <1, then there is an automorphism f of B such that f(z) = y.

2) A group G is not simple if it has a normal subgroup # G, with at least two
elements.

Proof. Clearly thereis ¢ € L(chab) which has a model iff there is a 1-homogeneous
atomless Boolean Algebra. So by 3.7 (or directly by 3.1(2)) it suffices to have some
generic entension of V (or just a model of set theory with the same natural numbers)
in which v has a model.

Now from this we can just quote one of the following:

It is proved in [She82, Ch.IV], that in some generic extension any automorphism
f of (#(w)/finite) is trivial; this means that some one to one function f with domain
and range cofinite subsets of w, induced f = [f], i.e. f (A/finite) = {f(n) : n €
AN Dom(f)}/finite (this involves detailed analysis that this Boolean Algebra has
no automorphism which are “simply defined”). Van Dowen notes that this group
is not simple!!

HThe subgroup is G := {f : f is induced by a permutation of w}. More fully if f, g are as above
and induce the same f, i.e. [f] = [g] then |w\Dom(f)|—|w\Rang(f)| = |w\Dom(g)|—|w\Rang(g)|
(those numbers are integers) so n([f]) =: |w\ Dom(f)| — |w\ Rang(f)| is well defined and f — n(f)
is a homomorphism from Aut(Z(w)/finite) into Z; the kernel is a normal group as required.
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By [She83] we can replace mere consistency by GCH; the proof is very indirect.
However, S. Koppelberg [Kop85] proved the existence of such Boolean Algebra A
if CH holds (this involves detailed analysis of the specifics of the case).

The sentence 1 can be:

(i) (P, <) is an atomless Boolean Algebra
(7i) (Q,o0,e) is a group
(74i) F(—,—) is such that for z € Q, F(x,—) is a permutation of P which is an
automorphism of (P, <)
(iv) x — F(z,—) is an embedding of (@, o, e) into the group of permutations of
P
(v) @' is a proper normal subgroup of (Q,0,¢€),|Q’| > 1
(vi) if x,y € P are neither the maximal element of P nor the minimal element
of P then for some z € Q, F(z,x2) =y
(vit) every automorphism of (P, <) has the form F(z,—) for some z € Q.
(ERS
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§ 4. ADDING MORE QUANTIFIERS

We show here for completeness that we can ncorporate the results of [MS93] for
trees and for ordered fields but we somewhat strengthen the statement: we can
quantify over embedding of one order field F'; onto some dense subfield of another
F, (rather than onto isomorphism).

Claim 4.1. Assume (T*,B as in 2.7 and)

(a) (I,P,<;,<p,h) is a leveled partial order; i.e.
(i) (I,<y) is a partial order
(#7) (P, <p) is a directed partial order (with no mazimal element)
(#91) h: I — P satisfies: x <py = h(x) <p h(y)
() ifx € I,t <p h(x) then for some uniquey € I,y < x,h(y) =1
(b) (I,P,<1,<p,h) is first order definable in B with (finitely many) parameters
so without loss of generality I, are subsets of B

(¢) B C 1 is a full branch, i.e. (B,<y |B) is directed and h|B is one to one
onto P.

Then B is first order definable in B (with parameters).
Remark 4.2. Clearly h is a homomorphism from (B, <; |B) onto (P, <p).

Proof. For each a € S~ let b, € P® be such that [b € P[B,] = b <p b, (exists
by 2.11(g)), and let ¢, € B(C I) be such that h(t,) = by. For some N, <

B
B, gen(Ny) < £ and By, | (Nayta). As {0 < A:cf(0) = 0,6 ¢ S} is stationary,

A regular and (Vo < A\)[a<F < A, clearly for some N,
Sy :={6 € S7 : Ns = N} is stationary and even for some p € S(NV)

SR :={6 € Sn : tp(ts, N,B) = p} is stationary.

Without loss of generality the parameters defining (I, P, <;, <p,h) are in N. Now
if @ < 8 are in SX,, then t, <7 tg (as h is an isomorphism from (B, <, |B) onto
(P, <p)), but tp(ts, B, B) does not split over N, hence if ¢t € INBg realizes p then
t <7 tg. As this holds for any 8 € SK \ {Min(S% )}, clearly p(z)Up(y) U{—(32)[z <;
z and y <y z]} is not realized in B.

But N is generated by < k elements and B is k-saturated so the type is not
finitely satisfiable in 98, so for some ¥ (x) € p

Bl (Vo,y) [f(x) & P(y) = (32) [v <1 2 &y <1 2]}

m and without loss of generality ¢(8) C I. So ¢'(z) = (Jy)(z <; y&i(y))
defines the branch B. Ulrefa.1

Conclusion 4.3. In 5.1, 3.5 we can add to the logic quantification over full branches
of leveled partial orders, QP (see 4.6(2)). Also adding the reasonable axiom schema,
we can add this quantifier in 3.7.
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Claim 4.4. Assume B as in 2.7, by, by are Boolean rings representable (or just
first order definable with parameters) in B, h : by — by is a homomorphism and
a; € by1[B] for i < X are pasrwise disjoint.

Then for some a < X for every i € [a,N), f(a;) is the unique member of B
realizing tp(f(aq ), Bo U{a;}, B).

Proof. Similar to 2.16 (but we have to replace the use of the ¢,’s by poorer means:

which « € Bpg, \ B, is below f(as.,0)). Oag
Claim 4.5. In 3.1, 3.5 (and 3.7) we can add to the logic the quantifiers Q°M° and
Qbr'

where

Definition 4.6. 1) (Q°M°f,z,7)[4(Z),v*(7), o(f)] (defined syntactically as in

3.3) means: M = (Q° £, 7, )[u (2), ¥ (5), (/)] if ¥!(2), 12(7) defines ordered

field F', F2? respectively such that there is an embedding f of F! into F? with dense
range satisfying o[h].

2) [Q"y, z][¥(x), p(y)] (defined syntactically as in 3.3) means: M = (Q 'y, &) [(Z), ©(y)]
iff ¢(Z) defines a leveled partial order (as in 4.1(a)) and there is a full branch of it

y (see 4.1(c)) such that M E ¢y

Proof. By 3.5. Uas

Concluding Remarks 4.7. For ordered field we cannot prove the theorem for em-
bedding, but we can for dense embedding; i.e. the range is dense.

Why not? Suppose we have an ordered field Fy, an ordered real closed field
fg and an embedding f : F; — Fy such that the interval (—e, +€)p, is disjoint to
Rang(f)(e € Fa,e > 0). Let {a; : i < ¢*} C F; be a maximal family of algebraically
independent elements, (b; : i < a*) be such that b; € Fo, —e < b; < e. We “correct”
f by letting f'(a;) = f(a;) + b;, and completing f(a)(a € F) by algebraicity.
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8 5. CONTINUING [Shel5]
In [Shel5] assuming ¢y, , for any countable model M of PA we find N such that:

(*)M,N (a) M <N
(b)  for a,b € N the linear orders N—,, N}, are isomorphic iff aE3;b.

Discussion 5.1. We wonder: (see [Shel5, xxx]): can we deal with larger cardinal?
ie.

Question 5.2. : 1) Assume p strong limit of cofinality Ny, A = ™ = 2#,00,, holds,
&3 or so.
Can we find N as above:

(%)1 (a) solet pp=>" pn, 2" < ppy1 when p, = > e + No.
n £<n

We consider

()2 K is the set of (M,TI') such that:
(@) M = (M, :n < w)
(b) My < Mpi1
() M, is a pu,-saturated model of T of cardinality 2+~
(d) T is a set of countable type omitting by UM,
o p={ap, <z <ag,:n<w} where
o Muy1 Fapn < apny1 < Gy
L4 [ap,n,bp,n]M,,LJrl N M, =0.

So our problem is (T countable for transparency)

()3 a problem x consists of:
(a) a term o(z,y)
(0) n(*) and ax,be € My (s, ax > ba, b /ES JE3D
(©) @ = (01(@). p2(@)) € B, ., is 2 in?
()4 a solution is @', ay, as
(a) ¢ <ap @' € Pur,, s
(b) if d € My, then ¢’ Ik “a; < 2 < ap”
o if b€ My, then ¢'(z) - o(x,b) & [F(a1), F(az)).

Naturally

(¥)5 we can find w € M,,(,)4; such that:
(@) My(y41 [ “w is a very small set”
(b) de Mn(*) = Mn(*)+1 ): “dew”.

So in ()4 we shall try to replace “b € M, (441" by My )41 = “b € w”. So now we
can hopefully repeat the proof of [Shel5, 3.7=Ld31=pg.4.7].
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Second Way: discussion

1) Question: The first way assume “Rjy; = R” is compatible with 3-rigidity. Is this
so?

2) Try to force a model of T' generated by a perfect set (X, : n € “2), with the set
of AP of approximations being ¢(z,),Z, = (z, : 7 € "2). Even find a, > b, (so a
weaker result, just fixing the complete 2-type), e.g.

() p(Zn) F Ny < an
"

o Cr E “gp(QﬁT)/ai(") is > 1,, for some m or is > 3,d € €7 standard
small enough

(x) we have (@', ¢?) parallel to [Shelb, §3].
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