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2 CHANOCH HAVLIN AND SAHARON SHELAH

1. INTRODUCTION

There had been much study of equivalence relations between models. When
we study such an equivalence relation, the basic question is whether this
relation is actually trivial, i.e., if equivalent models are isomorphic. For
example, countable models which are elementary equivalent in L, ., are
isomorphic. (Scott showed this in [10] for countable vocabulary, and Chang
generalized it in [1] for any vocabulary). For A = c¢f(\) > Ry, Morely gave
(without publishing) a counter example - a pair of L, » equivalent models
of size A which are not isomorphic. Shelah [9, Ch. II, §7] gave such an
example for almost every singular A .

Those questions also relate to classification theory: The existence of
”strongly” equivalent models which are not isomorphic is a non-structure
property for a class of models. On the other side, if a "not too strong”
equivalence relation is actually the isomorphism relation, this is a structure
property.(See [8] and [2]).

One of the equivalence relations studied in this context, is equivalence
under EF (Ehernfeucht-Fraisse) games. A detailed discussion of EF games
and their history can be found in [3] and in [11]. The general structure
of an EF game on a pair of models is as follows: There are two players -
isomorphism player, who we call ISO and anti-isomorphism player, who we
call AIS. During the game, AIS chooses members of the models, and ISO
defines ”interactively” a partial isomorphism between the models - in every
move he has to extend that partial isomorphism so that the elements chosen
by AIS will be contained in the domain or in the range. The isomorphism
player loses the game if at some point he cannot find a legal move. If he
does not lose, he wins. We limit the length of the game and the number
of elements that AIS may choose at each move. (Because, if AIS can list
all the members of one of the models, then the game is not interesting).
In [4], the games were with fixed length. In this paper, we deal with EF
games approximated by trees - the length of the game is limited by adding
the demand that in each move, AIS has to choose a node in some fixed tree
T (with certain properties) such that the sequence of nodes formed by his
choices is strictly increasing in the order <7. If AIS cannot choose such
node - he loses.

We say that two models are equivalent with respect to some EF game O if
ISO has a winning strategy in O played on those models.

In [4] it was proved that if A = cf(\) = AR, then there are non-isomorphic
models of size A which are E'F, \ equivalent for every a < A, where FFy, \
equivalence means that they are equivalent under every EF game with «
stages, such that AIS has to choose < A members of the models at each
stage. There was also a result for A singular, with a necessary change of the
equivalence relation.

Here we generalize the results in two ways: First, we move to EF games
approximated by trees instead of fixed-length games(see Hyttinen and Tuuri
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in [2] who investigated such games in the context of classification theory).
Second, we give results also for A > I, without the assumption A = A0,
where we use PCF theory to have some ”approximation” instead of A = AXo.

In Section 2 we prove that for regular A = AX0 for some class of reasonably
large trees (see detailed discussion justifying the choice, in the beginning of
Section 2) for every tree from that class there are non isomorphic models of
size A which are equivalent under EF games approximated by that tree such
that in each move AIS is allowed to choose < A members of the models (see
Definition 2.1). (Secl-Def-Game-

In Section 3 we do the parallel for singular A. But for singular A, if we With-Tree)
allow AIS to choose < A elements in each move, and the tree has a branch
of length cf()\), then the game is not interesting, because AIS can choose
all the members of the models during the game. So we have to be more
careful - we allow AIS to choose only one element in each move. This is
still a generalization of the result for such A in [4] - see the discussion at the
beginning of Section 3.

In Section 4 we prove that for regular A > J,, for every tree of size A
without a branch of length A there are non-isomorphic models of size A which
are equivalent under the EF game approximated by that tree such that in
each move AIS is allowed to choose < A members of the models.

In Section 5 we prove a similar result for A > cf(\) > J,,. As we explained
above, because of the singularity of A, we have to restrict the number of
elements that AIS is allowed to choose at each move - in stage a, AIS has to
choose < 1 + a members of the models. For a further work in preparation
of the second author on this subject see [She08, She] on his web.

2. GAMES WITH TREES FOR REGULAR \ = \X0

In [2] there is a construction of non-isomorphic models of size A which are
equivalent under EF games approximated by trees of size A with no A branch,
when A = A<*. In [4] there is such a construction under a weaker assumption
on A : A = cf(\) = AR, but there the result is for games of any fixed
length < A, not for games which are approximated by trees. We want to
generalize this result to games approximated by trees.

Now, which trees should we consider? If we limit ourselves only to trees
of size A, it seems that the set of trees will be "small”. Why? Assume for
example that A = cf(\) = AR < A®1. A tree of size A must drop at least
one of the following conditions:

1. Above every node there is an antichain of size .
2. Every chain of size < RN; has an upper bound.

If A > Ny, this kind of trees seem to be too degenerate. We could have
demanded that the size of the tree will be < 2<*. But it is possible that
2<A = 2} and it is reasonable to assume that the result will not be true in
this case.
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We take the middle road: we do not limit explicitly the size of the tree,
but we demand that the tree will be ”definable” enough - the cause of not
having a branch of length A is that the nodes of the tree are actually partial
functions from A to A which satisfy a certain local condition. By "local” we
mean that a function f satisfies the condition iff any restriction of f to a
countable set satisfies it. The tree order is inclusion, and there is no function
from A to A which satisfies the condition. By Remark 2.4 this result is indeed
a generalization of ”for every tree of size A and without a A branch”.

Definition 2.1. For a tree 7, a cardinal u, and models with common vo-
cabulary M, M>, we define the game o7 (M7, M) between the players
ISO and AIS as follows: After stage a in the game we have the sequence
(fs : B < a), which is an increasing continuous sequence of partial isomor-
phisms from M; to M, and the sequence (z3 : § < o) which is an increasing
continuous sequence in 7T .

Stage « in the game is as follows : First, AIS chooses z, of level o of T
such that for every 8 < a 24 >7 zg. Then:

1. If « = 0, then f, = 0.

2. If o is limit, then f, = Ug<q f5.

3. If « = B+ 1, then AIS chooses A1 C My and As C M such that
|A1 U As| < 1+ p. Then ISO should choose f,, such that f, is a par-
tial isomorphism from M to Ms, fg C fa, A1 € Dom(fs), A2 C Rang(fa)

The first player who cannot find a legal move loses the game. If the

isomorphism player ISO has a winning strategy for o7, (M1, Ma), we say
that My, My are EFT ,, equivalent.

Definition 2.2. We say that Xz y holds, if
1. F is a set of partial functions from A to A;
2. if f is a partial function from A to A, then f € F iff flu € F for

every countable v C Dom( f);
3. there is no f € F such that Dom(f) = A.

Definition 2.3. If Xz ) holds, we define a tree 7 in the following way:
The nodes are functions f such that f € F and Dom(f) is an ordinal;
the order is inclusion.

Note that this tree Tr does not have a branch of length > .

Remark 2.4. If T is a tree of size A with no A-branch, we can assume without
loss of generality that 7 C A. Define F by f € F if f is a partial function
from A\ to A such that x < y implies f(z) <7 f(y). We get that Kz \ holds,
and T can be embedded (as a partial order) in Tr.

Theorem 2.5. Suppose
cf(\) = A = ARo,
Xz x holds,
T="Tr.
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Then there are non-isomorphic models My, My of size X which are EFy
equivalent.

Proof. First, we shall define a tool for constructing models.

Definition 2.6. t is a structure parameter if it consists of the following
objects:
aset I,
a set Js for each s € I, such that if s; # s9, then Jg, N Js, = 0
(denote J = Uyes Js),
sets S, T such that SCIxTandT CJ x J,

Definition 2.7. For a given structure parameter ¢ we define a model M = M,
in the following way: First for each s € I let G5 be an abelian group gen-
erated freely by {x; : t € Js} except of the relation Vz(2x = 0). (We could
have also used a free group or a free abelian group, but this choice makes the
proof a bit simpler). We demand also that if s; # sg, then G,, NGy, = 0.
For (si,s2) € S, let Gy, 5, be the subgroup of Gy, x Gg, generated by
{(@4y,24,) = (L1,t2) € TN (Js; X Js,)}. The universe of M is (J,e; Gs. The
vocabulary of M consists of

1. for each a € M, a unary function symbol Fy;

2. for each s € I, a unary relation symbol Ps;

3. for each (s1,s2) € S, a binary relation symbol Qs s,-
The interpretation of the symbols in M is as follows:

1. foreach b€ M, s € I, a € Gy, if b € Gy, then FM(b) = a + b, else

FM(b) =0;
2. for each s € I, PM = Gg;
3. for each (s1,s9) € S, QM

51,80 651752'
Lemma 2.8. Suppose I' C I and f is a function, f: U,cpp Gs — M. Then
f is a partial automorphism of M iff the following hold:
1. For each s € I', f(0g,) € Gs.
2. For each s € I' and a € G4 we have f(a) = f(0g,) + a.
3. For each s1,89 € I', if (s1,82) € S, then (f(0g,, ), f(0c,,)) € Gs s, -

Proof. Suppose f is a partial automorphism. Then we have:

1. For each s € I’, Og, € Gy = PM which implies f(0g,) € PM = Gs.
2. For each s € I’ and a € Gs, f(a) = f(FM(0g,)) = FM(f(0g,)) =
f(0g,) + a.
3. For each s1,s9 € I', if (s1,82) € S, then (Og,,0G,,) € Gs s, (be-
cause it is a subgroup of Gy, x Gy,) but Gy, 5, = QY . therefore
we have (f(Og,, ), f(0g,,)) € Gs, s,
Similar arguments show the other direction. o g

Now we shall define a structure parameter ¢ and put M = M;. Then we will
choose elements ay, b, € M, define My = (M, a.), My = (M,b,), and show
that My, Ms are as required in Theorem 2.5.

See https://shelah.logic.at/papers/866/ for possible updates.
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Let r = ) 7 be the following structure parameter:
1. I =[N
2. For u € I, J, consists of the quadruples t = (u, g, h, (), where:
(a) g,h are functions from u into A;
(b) ¢ is a function from supRang(g ) Nwu into A;
(c) C€F;
(d) g,h are weakly increasing;
(e) if g(x) = g(y) then h(x) — h(y);
(f) h(z) >
rt=(u, g,h ¢) we will denote u = u', g =g', h=ht, (=t
3. 8 ={(u1,u2) : ur,us € I and u; C ug}.
4. T ={(t1,t2) : t1,t2 € J, ult Cut2, gt C g'2, Bt C hl2, (Bt C (P2 ).
Let M = M) 7 = M, be the corresponding model. Note that |I| = A% = )
and for eachu € I, |J,| = AY = A, therefore |[[M|| = \. Define a, = Og,, bs = z(p00,0),
M1 = (M, a*), M2 = (M, b*)

Claim 2.9. My, M> are EFr ) equivalent.
Proof. We start with

Definition 2.10. We define a set of functions G = G(\) with a partial order
<Y in the following way:
1. For an ordinal a@ < A, G, is the set of functions g which satisfy
(a) g:y—=a,y <X
(b) g is weakly increasing.
2. g = Ua<)\ ga'
3. For each g € G such that Dom(g) = v we define hy : v = v+ 1 by

hg(z) = Min({y : y <y A g(y) > g(x)} U{~}).
4. g1 <Y g2 if g1 C g9 and hy, C hy,.

Claim 2.11. L. If g(z) = g(y), hg(x) = he(y).

2. hg(x) > z.

3. hg is weakly increasing.

4. For every g1,92 € G, g1 <Y g9 iff
(a) Dom(g1) = v <2 = Dom(g2) and g1 C ga;
(b) if y1 < 2, then ga(y1) > g2(x) for every x < 1.

5. If g1 € Go, and Dom(gy) < v < A, then there is go € Goy1 such that
g1 <Y g2 and Dom(g2) = 7.

6. If 0 < X\ and we have (go : a < &) such that g, € Go and f < «
implies gg <Y go, then g = Ua<s 9o satisfies g € Gs and gq <Yy
for each av < 9.

Proof.
1.-3. Easy.
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4. Ifthereis < 1 such that ga(v1) = go(x), then hg, () = hy, (1) > 71 > hg, (),
so g1 9 go. On the other direction, if g1 C go and ga(y1) > go(2)
for every x < 71, then for every such x: If there is y < v such that
91(y) > g1(z), let ¢ be the minimal y which satisfies this. We get
hg,(z) = hg,(x) = /. If there is no such y, we get hg, (x) = hg, (z) = 1.
Therefore we have hg, C hyg,.

5. Define g2 : v = a+ 1 by

(x) if x € Dom(g1),
R e

By 4. we get that g; <Y go.
6. Remember that X is regular, therefore |J, ;5 Dom(g.) < A. This

completes the proof of Claim 2.11. O2.11  (Secl-Claim-G-of-
Now we will describe a winning strategy for ISO in the game o7 x (M7, M>). lambda)
In stage a of the game, ISO will choose a function g, such that (Sec1-Claim-G-of-
L. ga € Ga; lambda)

2. if B < «, then gg <Y Gus
3. if « is a successor ordinal and in stage o AIS chose the sets Ay, A
then for each u € I such that (4;UA2)NG,, # () we have u C Dom(gq,).

The choice of g, is done in the following way:

1. go = 0.
2. If « is limit, then g, = Ug<q gp. By Claim 2.11, g, € G, and if (Secl-Claim-G-of-
B < a then gg <Y g,. lambda)

3. If @ = f+1 and in stage a AIS chose the sets Ay, Ay, ISO will choose
v < A such that Dom(gg) < v and u C v for every u € I such that
(A1 U Ay) Nu # 0 (such v exists sence |A; U Ag| +Rg < A) . By
Claim 2.11 there is g € G, such that Dom(g) = v and gz <9 g. ISO  (Secl-Claim-G-of-
will choose such a function as g,. lambda)
Now remember that if « = 41, then in stage o AIS has to choose a node on
level «, which is actually a function (, : a« — X\, {4, € F. Then he chooses
Ay C My and Ay C M,. Then ISO has to choose a partial isomorphism
fa from M; to My such that fz C f,, A1 € Dom(f,), A2 € Rang(fa)
(see Definition 2.1). So, ISO chooses g,, and then defines f, according to (Secl-Def-Game-
f8, A1, A2, ga, (o in the following way : With-Tree)

Dom(fo) = Dom(fg) U| J{Gu: u € I, (A1 U A3) NG, # 0}

Then, for each u € I we have G,, C Dom(f,) or G, N Dom(f,) = 0.
If G, € Dom(f,), we define fo(0g, ) = x¢, where t = (u, go [u, hg, [u, (o [(u N supRang(ga[u))).
(Note that because g, € G, we have Rang(g,) C o = Dom((,).)
Next, for every a € G, we define f,(a) = fo(Og,) + a. By the construc-
tion we get that if (u1,uz) € S, then (fo(0g,, ); fa(0g,,)) € Gu, u, (because
the corresponding couple of t’s lies in T'). Therefore by Lemma 2.8, f, is a (Secl-
partial automorphism of M. We also have: LemmaCondOfBeingAut

1. If B < «, then gg C ga, hg, C hy, and (g C (4. Therefore fz C fq.
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2. For each a > 0,

falas) = fa(Ocy) = (9,0,0,0) = bs-
Therefore f, is a partial isomorphism from M; = (M, a,) into My =
(M, by).
(Sec1-Claim- This completes the proof of Claim 2.9. O
Equiv-Models)

(Sec1-Claim-
Equiv-Models) Proof. It is enough to show that M is rigid (i.e. it does not have a non-trivial

LABEL Secl- automorphism).

ClaimNotIso>< e Assume towards contradiction that f # id is an automorphism of M. For
each u € I we define ¢, = f(0g,). By Lemma 2.8, for each u C w € I we

(Secl-Lemma- have (cu, cw) € Guw.

Cond-Of- For each u Cw € I and t = (w, g, h, () € J, we define my, u(t) € Ju by
BeingAuto)

Claim 2.12. M, My are not isomorphic.

Twu(t) = (u, glu, hlu, {[supRang(gu) Nu).
By the definition of T" we have that if t € J,, and r € J,,, then (r,t) € T iff
r = Twu(t). We define a homomorphism 7y, 4, : Gy — Gy, by Ty u(2t) = 2,
where 1 = my, 4, (t). We get that G, ,, is the subgroup of G, x G, generated
by {(Twu(zt), @) : t € Jy}. Since {x; : t € Jy,} generate G, we get that

Guw = {(Twu(c),c) : c € Gy}

Now define n(u) to be the length of the reduced representation of ¢, as a
sum of the generators {z; : t € J,}. For u C w € I we get n(u) < n(w),
since ¢, = Tyu(cw) and 7, , sends one generator to one generator. If for
every u € I there is w € I such that n(w) > n(u), we can find a sequence
(upn : n < w) such that u, € I and n(u,) < n(up41). Define w =, ., un,
we get that n(w) is infinite - contradiction. Therefore, there is u, € I such
that n(uy) is maximal. Since we assumed f # id , n(u.) > 0.

Choose t, € J,, such that z;, appears in the reduced representation of c,, .
For each u, C w € I there is a unique t(w) € Jy, such that m,,, (t(w)) = t.
and ., appears in the reduced representation of ¢,. Such t(w) exists
because ¢,, = Twu,(Cw). It is unique because if there were two such t’s,
t1,to, then

T s (z1,) = Tw,u. (71,) = x4,
Since in G, Vz(2z = 0), it implies n(w) > n(u), which contradicts the
maximality of n(u.).

Note that if u C w C z € I, then 7, = Ty 07, . Therefore, by unique-
ness of t(w), if ux C w C z € I then t(w) = 7, 4, (t(2)). For each u, Cw € I,
define g% = gt@), pw = ptw) ¢w = W) If 4, C wy,ws € I, then the
functions g**, A%, ("t and ¢g“2, h"2, ("2 are respectively compatible, since

t(wr) = T2, (6(2)) and t(w2) = 720, (£(2)),
where z = wy U wsy. Define

g=W{g"  u, Cwel}l,h=U{h": u, Cwel}, (=U{C": uxs Cwel}
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We get:
1. Dom(g) = Dom(h) = A.

2. g, h are weakly increasing.

3. h(z) > x.

4. If g(x) = g(y), then h(xz) = h(y).

5. ¢ € F (this is by Definition 2.2(2)). (Secl-Def-Square-
6. supRang(g) € Dom((). F-lambda)

By Definition 2.2(3), Dom(¢) # A. Therefore by 6., supRang(g) < A. Since (Secl-Def-Square-
g is weakly increasing and X is regular, there is ag < A such that for every F-lambda)
ap < a < A g(a) = g(ap). By 4. we get that for every ap < @ < A\, h(a) = h(ay).
Choose a > h(ap) > ap and get that h(a) < a, contradicting 3.
This completes the proof of Claim 2.12. U212 The proof of Theorem (Secl-

2.5 is now finished. 025 ClaimNotlIso)
(Secl-
3. GAMES WITH TREES FOR SINGULAR A\ = \Y0 ClaimNotIso)

It is clear that for A singular we cannot expect the same result as in the (Secl-Theorem-
previous section, since the AIS player would be able to list all the members Eq-T-lambda)
of My, M>. Thus, we prove a weaker result - we allow AIS to choose only (Secl-Theorem-
one element in each turn. We also remark in Remark 3.2 that this result Eq-T-lambda)
generalizes the result in [4] for such .

(Section2-
Theorem 3.1. Suppose Generalize-866)
cf(A) < A= AN, LABEL (Sec2-
Xz x holds, Theorem-Eq-T,1)
T ="Tr.
Then there are non-isomorphic models My, My of size X\ which are EFr
equivalent.

LABEL (Section2-
Remark 3.2. We can show that Theorem 3.1 generalizes the result in [4] by Generalize-866)

choosing appropriate F. The result there shows the existence of two non- {Sec2-Theorem-
isomorphic models of size A which are equivalent under every EF game of Eq-T,1)

length < cf(\), which consists of sub-games of length < A, such that AIS ’

chooses the length of each sub-game before it starts, and in every sub-game

he chooses one element in each move - see the definitions there. Now, an

appropriate F can be chosen by looking at the proof there, but we will take

a shortcut - we will use the result instead of the proof. Let us choose a pair

of models M7, Ms as in the result in [4]. Without loss of generality assume

that the universe of Mj is A x {1} and the universe of My is A x {2}. We can

take F to be the set of functions f which satisfy the following conditions:

1. Dom(f) C A\, Rang(f) C A.
2. The partial function f’ from M; to My defined by

Dom(f") = Dom(f)x{1}, where for every a € Dom(f), f' (o, 1)) = (f(«),2)

is a partial isomorphism.
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Now, it is not hard to see that EFy, 1 equivalence implies equivalence as in
the result of [4].

Proof of theorem 3.1. Denote k = cf(\). (k > Rg because A = AN0.) Let
(ui =1 < k) be an increasing and continuous sequence such that py = 0,
1 < piv1 = cf(pipr), gui > No for i > 0, and |J;,, i = A. For every
a < X there is a unique ¢ < k such that o € [, pi+1). We denote i = i(a).
We define a structure parameter ¢ = rr ) in the following way:

L I=\
2. For u € 1, J,, is the collection of quadruples t = (u, g, h, ¢) such that
(a) g, h are functions from w into A, ¢ is a function from some subset

of u into A;
(b) ¢ € F;
(c) for every z € u, g(2) € [Hita), )]s 1(@) € (i), i) 415
(d) g,h are weakly increasing;
ggﬁ%ﬂ—(wJMnM@Zh@%

h(zx) > x;

(g) Dom
For t = (u,g,h,() we denote u = u, g = g*, h = h', ( = .

3. 8= {(u17u2) DU, U € I u; € u2}

4. T = {(ti,ta) € T ult Cu2, gh C g2, W C A2, ¢ C (P2},

(€) = unU{ki(z) : © € u and h(z) = pi(m)41}

Let M = Mz x = M, be the corresponding model. Define a. = Og,,, b« = z(9,0,0,0)-

Define My = (M, a,) and My = (M, b,).

Claim 3.3. My, M> are EFr 1 equivalent.
Proof. We start with

Definition 3.4. A partially ordered set of functions (W, <"), which de-
pends on the sequence (u; : i < k), is defined in the following way:
1. we define a set B such that 3 € B iff
(a) B = (Bi i <)y i < PBi < s )
(b) there is j = j(8) < & such that i < j(5) iff 5; = pi+1-
2. For 3 € B we define Ws to be the set of functions g which satisty
(a) Dom(g) = Uics [pi, Bi);
(b) g is weakly increasing;
(c) for every i < K, x € [, Bi), we have g(z) € [, pf], and if
g(x) = pf, then i <j(5).
3. For j < k we define W; = J{W5: j(B) < j}.
4. For g € Wz we define a function hy as follows: Dom(h,) = Dom(g)
where for i < xand x € [;, ;) we have hy(x) = Min({y : s <y < B A g(y)

Claim 3.5. 1. If g(x) = g(y), then hy(x) = hy(y).

2. hg(x) > z.
3. hg is weakly increasing.

4. If © € [pi, pi1), then hg(z) € (i, piya]-

See https://shelah.logic.at/papers/866/ for possible updates.

> g(z)} U {Bi})-
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5. Suppose that g1 € Wa , g2 € Was. Then g1 <™ ¢ iff
(a) g1 C g (therefore for everyi < k B < 52);
(b) for everyi < k if B} < B2, then for every x € [p;, B}), ga(x) <

92(53) _ _

6. If g1 € Wj and B € B, j(B) < j, then there is go € W; such that
g1 <V g2 and U, [1ts, Bi) € Dom(gz).

7. If6 < ,uj and (g : a < 0) is such that go € Wj and oo < 5 implies
Ga <V g then there exists g € W; such that if a < §, then gq <Wgq.

Proof.

1. - 4. Easy.
5. Like in the proof of Claim 2.11. (Secl-Claim-G-of-
6. We may assume that Dom(g1) C {,_,, [, Bi). Define for i < & lambda)

Yi = pi + Sup{gi(x) : & € Dom(g1) N [, piy1)}-
Since g1 € W; we have v; < u;r for ¢ > j. Define for i < k&,
x ,uj if i<y,
VT 1 i iy
Now define go with Dom(g2) = ;. [, Bi), where for every i < &
and x € [u;, i),
[ gi(z) if ze€Dom(g),
92(7) = { % if ¢ Dom(gy)
Since j(B8) < j we have g € W;. By 5. we have g; <" gs.
7. Define for every i < k,
B = sup(|_J Dom(ga)N i, pis1) )+, v = sup( | Rang(ga (i, piy1))+1,
a<d a<d
For every a < 9, go € W;. Therefore for every i > j,

sup(Dom(ga) N [, ti1)) < pit1, supRang(gal[wi, piv1)) < pi
Therefore, since § < ,u;“ < i < piv1 = cf (i), we get that for i > j
we have 3; < pir1 and v; < ,uj.
Define for i < k,
g [ i<y o [ i<,
PTG ifizg, T\ wl ifixg

Denote ¢ = (J,<s5 ga- Define g € W; with Dom(g) = U, . 14, 5;)
for i < k and = € [p;, BF) by

[ ¢(x) if x € Dom(g’),
9(x) = { vf  if z ¢ Dom(¢g').

By 5. we get that o < § implies g >" g,.
This completes the proof of Claim 3.5. Os5 (Sec2-Claim-W)

(Sec2-Claim-W)
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Now we will describe a winning strategy for ISO:
In every stage o in the game ISO will choose a function g, such that

L. ga € Wia)+1;

2. if ¢ < a, then g. <V go;

3. if in stage o AIS chose an element from G, then v C Dom(g,).

ISO can choose such g, in the following way:
1. For a = 0,90 = 0.
2. For a limit, since o < pi3(0)41 and for every € < @, g- € Wj(a)41, We
(Sec2-Claim-W) can use Claim 3.5(7).

3. If a = e+ 1 and in stage a AIS chose an element from G,,, then we
choose B = (; :i < k) in the following way : If i < i(a) + 1, then
Bi = pit1- Else, pi11 > . We choose 8; < pi+1 such that

w O [, pig1) C [, Bi)-

(Sec2-Claim-W) Now j(8) = i(a) + 1, so by Claim 3.5(6) we can find g € W)
such that

ge <" g and | J [mi, Bi) € Dom(g).
<K
Define g, = g.
Now if @« = ¢ 4+ 1 and in stage a AIS chose an element from G, and the
node (4, € T, ISO will define the automorphism f, according to ga,Cn
with Dom(f,) = Dom(f;) UG,. For every w such that G,, C Dom(fq),
fa(0g,, ) = x+ where

L= (w,goz [w, hga [w, Ca f(w N {Mi(z) txewA hga (x) = :ui(a:)—&-l}))

(Note that v C a = Dom((s), because go € Wia)+1-) As in Section 2,

we get that f, is a partial isomorphism and ¢ < « implies f. C f,. This
(Sec2-Claim- completes the proof of Claim 3.3. O3 3
Equiv-Models)
(Sec2-Claim-
Equiv-Models) Proof. We imitate the proof of Claim 2.12. It is enough to show that M
LABEL (Sec2- is rigid. Assume towards contradiction that f # id is an automorphism of
M. For each w Cw € I and t = (w, g, h,() € Jy, we define m,,(t) € J, by

Claim 3.6. M, Ms are not isomorphic.

ClaimNotlIso

g > ﬂ'w,u(t) = (u>gt [u, ht [, Ct [v), where v = U{Ml(w) T eui ht(x) = Hi(z)+1 PN
( egl— We proceed as in the proof of Claim 2.12, and we get that we can find
ClaimNotlso) functions g, h, ¢ such that the following hold:

(Se?l— 1. Dom(g) = Dom(h) = A, Dom(¢) C A.

ClaimNotIso) If i(z) = i, then g(x) € [, 7], h(x) € (i, piy1].

g, h are weakly increasing.

If g(z) = g(y), then h(z) = h(y).

h(z) > .

If h(x) = pi(z) 41, then pj(z) € Dom(().
CeF.

NSO N
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By 7. we get that Dom(({) # A, therefore by 6. there exists i < k such that
if i(z) = 4, then i(h(x)) = i. By 2., i(z) = i implies g(z) < uj. By 3., g is
weakly increasing. Since p;41 = cf(ui+1) > pi, we can find ap such that if
ap < x < fit1, then g(x) = g(ap). By 5., h(ap) > ap. By the choice of i we
get that h(ag) < pit1. Choose h(ap) < = < pir1. We get h(xz) >z > h(ap)
but g(x) = g(ap). This contradicts 4. Therefore we proved that M is rigid.

This completes the proof of Claim 3.6. O3

Ths proof of Theorem 3.1 is now also completed. O3

4. X REGULAR >

In this section we show a result which holds for every A regular > J,. In
the previous sections we used the assumption A = A®0. Here we use instead
of it the existence of a set P C [A]N0 of size A which is “dense”. By ”dense”
we mean that for every A € [\]? there is B C A, B € P.

Remark 4.1. 1. Looking at the proof, one can see that instead of A\ > 3,
it is enough to assume the following:
(a) A > 2%,
(b) There is P C [A]*0 such that
i Pl =X
ii. for every A € [A\]*, there is B € P, such that B C A.
2. It is possible that it can be proved in ZFC that every A > 280 satisfies
1.(b) (it is a problem in cardinal arithmetic).

Theorem 4.2. Suppose
A=cf(N) > 3,
T is a tree of size A with no branch of length .

Then there are models My, My of size X which are EFr \ equivalent but not
isomorphic.

Proof. Let x be large enough cardinal (for example x = J7())).

Claim 4.3. We can find I such that the following hold:
1. 9 is elementary sub-model of H(x).
A+ 1O
) = A
. For every ((zi,zi) 1 i < \) such that x; € M and z; € T for every
i < X\ there exists an increasing sequence (i, : n < w) such that
(a) ((zi,,2i,) :n<w)e€M;
(b) if in addition for i < j < X the level of z; (in T ) is strictly less
than the level of z;, then (z;, : n < w) is an antichain in the
order <7 .
In the proof Claim 4.3 we use a partial version of the RGCH Theorem
(see Shelah [5]).

Theorem 4.4. (RGCH Theorem, partial version). If X\ > 3, then there is
reqular k< 3, and P C [\|<> such that

=~ W N

(Sec2-
ClaimNotIso)
(Sec2-
ClaimNotIso)
(Sec2-Theorem-
Eq-T,1)
(Sec2-Theorem-
Eq-T,1)

LABEL (Sec4-4.1)

LABEL (Sec3-
Theorem-Equiv)

LABEL (Sec3-
Claim-exists-
inner-model)

(Sec3-Claim-
exists-inner-
model)

LABEL (RGCH-
Theorem)
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(Sec3-

(Sec3-small-1)
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1. |P| = A,
2. for every A € (N7, we can find (A; : i < €) such that e < k, A; € P
for every i <€, and A =], A;.

Corollary 4.5. If A > 1., then we can find a set P* C [AR0 such that
|P*| = X and for every A € [\J> there is B € P* such that B C A.

Proof. Choose x and P as in Theorem 4.4 and define P* = J{[A]™ : 4 €
P}. Uas

Proof of Claim 4.3. We construct 2, for every n < w such that

1. My is an elementary sub-model of 7 (x) such that |[Mp|| = A, A+1 C
My, and for every A € [\]?* there is B € MyN [\ such that B ¢ A
(this is possible by Corollary 4.5);
HDﬁnH =X\
M, is an elementary sub-model of H(x);
if Ae M, and |A| < A, then A C M, 11;

5. ?Jﬁn S mn+1, and S)ﬁn C ,’Jﬁn_H.

Now, let 9 =
of Claim 4.3.

Suppose that ((z;,2;) i < A) CTM x T for every i < A\. We may assume
without loss of generality that there is ng < w such that {(i,x;, %) : i <
A} € My,,. If the condition in Claim 4.34.(b) is not satisfied, then we are
done, because we can find A € [A]*0 such that {(i,2;,2) :1 € A} € Myyi1.
(because in My, 41 there is a one to one correspondence between A x My, x T
and ), and every subset of A of size 3, has infinite countable subset that is
a member of My).

If the condition in Claim 4.34.(b) is satisfied, then we have two cases:
Case (1): We can find A € [\]? such that (z : i € A) is an antichain in
<T.

Case (2): We cannot find such A.
If we are in Case(1), then we are done in the same way as before.
Suppose we are in Case(2).

- W

M,. We will prove that 9 satisfies the conclusion

n<w

Claim 4.6. For every j < A, we can find j < ig < i1 < ig < A, such that
Zig <T Ziys Zip and z;i, , 2z, are not comparable in <7,

Proof. Assume towards contradiction that there is jx < A such that we
cannot find j* < g < 41 < 43 < A which are as in the claim. Define
C = {z; : j* < i < A}. Then comparability in <7 is an equivalence relation
on C'. Since A is regular, either there are A equivalence classes or there is
an equivalence class of size A. In other words, C' contains an antichain or a
chain of size A\. Both options are not possible, the first since we are in Case
(2) and the second since 7 does not have a A branch. Contradiction. Ogg

By Claim 4.6 we can choose for every j < A a triple io(j),41(j),i2(j) such
that

See https://shelah.logic.at/papers/866/ for possible updates.
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Loig(y) <i1(d) <i2(j) < A;

2.5 <7 Z;Zé(j) <io(j");

3 Zioj) <7 () Zia();

4. z;,(j) and z;, () are not comparable in <T.
We choose A € [A]* such that {(4,i0(4),41(4),42(5), zj, 2j) : j € A} € Mypg41.
Using the Ramesy Theorem in 91,41, we can find an increasing sequence
(Jn : n < w) such that

1. jn € A for every n < w;

2. (jn: n <w) € Myyt1;

3. {zi,(ju) : m <w} is a chain or an antichain in 7

4. {zjy(j,) : M < w} is a chain or an antichain in 7.
Now we are done, since either {2; (;,): 7 <w} or {2;(j,) : n < w} must be
an antichain. Because if both are chains, we get that z;, () <T Zi1(j1)» Ziz (o) <T Zin(j1)-
Since zj,(;,) is on higher level then z and it is <7 z
we get that z;, (o) i, (jo) <T z
they are not comparable.

i1(jo)> Zi2(jo) i1(j1)> Fia(51)

o(jr) - contradiction, since by the construction

This completes the proof of Claim 4.3. Os3  (Sec3-Claim-
We choose Mt as in Claim 4.3 and we define a structure parameter ¢ = r(9t) exists-inner-
in the following way: model)
Definition 4.7. 1. I consists of the objects of the form (u, A), where <S§c3-gla1m—

(a) ue )\<N0; exists-inner-
(b) A € M, |A| < Ng, A is a set of partial functions from A to A model)
with finite domain. (Sec3-Claim-
For s = (u,A) we denote u = u® and A = A®. We define I'(s) = exists-inner-
u® U [J{Dom(f) : f € A®}. Note that this a countable set. model)
2. For s = (u, A) € I, J; consists of all the objects of the form t = (u, A, g, 1. ABHL (Sec3-Def-
where Parameter)

(a) g,h are functions from u to A;

(b) F is a function from A? to {0,1};

(c) z€T,;

(d) the level « of z in the tree 7 is minimal under the condition
a > y for every y such that y € Rang(g) or there are f1, fo € A
such that F(f1, fo) =1 and y € Rang(f;):

(e) there is a witness (g, h) for ¢, which means that

i. Dom(g) = Dom(h) C A\, Rang(g) U Rang(h) C A,

ii. I'(s) € Dom(g).

iii. g,h are weakly increasing,

iv. h(z) > z,

v. if g(z) = g(y), then h(z) =h(y),

vi.gCg,hCh,

vii. for every (f1, f2) € A*, F(f1,f2) = 1iff fi C g and

f2 C h.
3.5=1I"
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4. T consists of the pairs (t1,t2) € J?, where
(a) t1,te have a common witness;
(b) 2%, 2*2 are comparable in the order <7

Fact 4.8. sel,zeT,
g, h satisfy conditions i.-v. from Definition 4.72.(e),
Dom(g) C «, where « is the level of z.
Then the following hold:
1. There is unique t € Js such that (g, h) is a witness fort and 2t <7 2.
We denote t = t(s,g, h, z).

2. If
(a) g, 1,2 also satisfy the conditions in 1.,
(b) z,2" are comparable in <7,

(¢c) g',h’ are compatible with g, h respectively.

then t(s,g,h, 2z) = t(s,g’,h’, 2’).

Let M = M, be the corresponding model. We can check that ||[M|| = .
Let ax = 0G4, b« = 2(0,0,0,00,2.) Where, z, is the root of T (without loss
of generality there is a root). Define My = (M, a.), My = (M, b,).

Claim 4.9. My, M> are EFr ) equivalent.

We describe a winning strategy for ISO - this is very similar to the proof
of Claim 2.9, so we will omit the details. We are using the definitions in
Definition 2.10.
In every stage a of the game ISO will choose a function g, such that the
following hold:
1. g0 = @
2. g4 € Gy (see definition of G, and <9 in Definition 2.10).
3. B < a implies gg <Y g,.
4. If in stage « AIS chose the sets Aj, Ao, then for each s € I, if
Gs N (A1 U Ag) # 0, then I'(s) C Dom(g,).
Now if & = f+1 and in stage « AIS chose the sets A1, A2 and the node z,,
ISO will define h, = hg, and then define f, by
1. Dom(fy) = U{Gs : I'(s) € Dom(g,)},
2. for each s such that G; C Dom(fs), fa(Og,) = ¢, where t =
t(57 ga7 hOé7 ZOC)’

Claim 4.10. My, My are not isomorphic.

Proof. It is enough to show that M is rigid. Assume towards contradiction

that f # id is an automorphism of M. Denote ¢ = f(Og,) for s € I.

Denote Wy = {t € Js : x; is in the reduced representation ofcs}. Since

f # id there is s* = (u*, A*) such that Wy« # ). Note also that if u®" C u®

and A* C A%, then there is a natural projection 7y ¢« from Jg into Jg+ such

that W+ C Rang(ms s« | W) (see the proof of Claim 2.12), therefore W # 0.
Choose s;, t;, a; for ¢ < A such that the following hold:

See https://shelah.logic.at/papers/866/ for possible updates.
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si €1, 8= (u*U{a;}, A¥)

t; € Wsi

ap < A

i<y htl(al) < aj.

Case (*1) : sup{g(a;) : i < A} = X. Then, since the level of z% in 7 must

be greater then g (c;), we may assume that if i < j, then the level of 2% is

strictly less than the level of z%.

Case (*2): sup{g’(a;) : i < A} < X. Then by regularity of A, we may

assume that for every i, j < X, g'(a;) = g% (a;).

Now, no matter in which case we are, we proceed in the following way:

By the properties of 9 (see Claim 4.3) we can find a set A C A such that  (Sec3-Claim-
1. |A| = No; exists-inner-
2. {W,, :ie A} e M; model)
3. if we are in Case (¥1), {z% : i € A} is an antichain (we can have

that because in Case(*1) the level of 2% is strictly increasing with 4

Ll

- see Claim 4.3). (Sec3-Claim-
We define st = (u*,{g",h' : t € W,,,i € A} UA*). (Note that J;cq Wi, € exists-inner-
9, therefore st € I.) model)

LABEL (Sec3-
Claim 4.11. For everyi € A, ifr € Jo+, t € Wy, (r,t) €T, then we have: Claim-unique-

1. If (g, h) is a witness for r, then gt C g, ht C h. projection)
2. Ift#t e Js,, then (r,t') ¢ T.
Proof.

1. Let (go,ho) be a common witness for 7,¢. Then we have g¢ C

g0, bt C hg. Now ¢, ht € As", therefore (¢*, ') € Dom(F™). Since

(g0, hp) is a witness for 7 and g* C go, h' C hg, then F" (g%, ht) = 1.

Therefore for any witness (g, h) of 7, we have ¢! C g, h! C h.

2. There are three cases:

(a) gt # g" or ht # h'. Then, since all those functions have the
same domain, we get that r,# cannot have a common witness
(g,h) because by 1. we must have g* C g, h C h.

(b) F' # F. Then, since Dom(F') = A* C A*" = Dom(F") and
(r,t) € T we know that F* C F”. Since F* # F' and Dom(F*) =
Dom(F'), we get that F" and F* are not compatible (and
therefore there is no common witness).

(c) 2t # 2 By the previous cases we may assume that F! =
FY, gt = gt', and ht = h'', therefore 2!, 2!’ are on the same level
(see Definition 4.7,2.(d)). We can also see that z" must be on (Sec3-Def-
a greater level (remember that F* C F" and F"(g%,h') = 1). Parameter)
Since (r,t) € T, 2%, 2" are comparable in <7. Tt follows that
2!, 2" are not comparable, thus (r,t') ¢ T.

Os11 (Sec3-Claim-
unique-projection)
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Claim 4.12. For every i € A there isr € W+ such that (r,t;) € T.

Proof. Since (cs,cs+) € Gy 4+ and this group is generated by {(z¢,zy) :
(t,t") € TN (Js x Jg+)}, there are representations(not necessarily reduced)
Cs; = Ty, + -+ + T,y Cs+ = Tpy + -+ + Xy, With (rp,wy) € T
We may assume that if 1 < ¢; < l9 < n, then either 1y, # 1y, or wy, # we,.
(Otherwise, we can reduce both representations - remember that in those
groups 2z = 0). Since x;, appears in the reduced representation of cs,, t;
must appear among the w’s. Let £ be such that w, = t;. Now we show that
it £ # ¢, then ry, # ry. Assume toward contradiction that ry, = r,. By our
assumption, wy, # wy. Now, we have:
L (r€1awf1)7 (re, we) €T,
2. wy € W3
3. Wy 7& wgl.
This contradicts Claim 4.11.
We got that for every ¢y # ¢, ry, # r¢, which implies that x,, does not
cancel. Hence ry € W+ and we are done. 0419
Now choose r; € W+ for each i € A such that (r;,t;) € T

Claim 4.13. Ifi < j, then r; # r;.

Proof. If we are in Case (*1), then {z% : i € A} is an antichain. So, 2%, 2
are not comparable. Since 2z >7 2% and 27 >7T 2% (see the proof of
Claim 4.11 - 2" 2% are comparable and 2" is on greater level), we must
have r; # r;.

If we are in Case (*2), assume toward contradiction that r = r; = r;. Let
(g,h) be a witness for r. Then by Claim 4.11, g%, g% C g, h'i h% C h.
Since we are in Case (*2) we get that g(o;) = g(a;) but by the construc-
tion h(o;) < oj < h(e;), which contradicts the definition of a witness (see
Definition 4.7,2.(e)). (413
We got that W+ is infinite - contradiction. Therefore M must be rigid, and
hence the proof of Claim 4.10 is finished.. U410

With the proof of Claim 4.10 the proof of Theorem 4.2 is also completed.
U2

tj

5. A>cf(N) >3,

Clearly, for A being singular and > 3, we cannot prove the same result
as for regular A > 3, (since in such game AIS will be able to list all the
elements of the two models). Therefore, we define another type of game.

Definition 5.1. Let My, M5 be models with common vocabulary. Let 7 be
a tree. The game O%-(My, M) is defined in the same way as the definition
of 07, (see 2.1) except that in stage a we demand that the sets A, Ay
chosen by AIS will satisfy |A; U A2| < 1+ « instead of [A; U Aa| < 1+ p.
We say that My, Ma are EF3 equivalent if ISO has a winning strategy for
EF7(My, Ma).

See https://shelah.logic.at/papers/866/ for possible updates.

LABEL (Sec3-
Claim-exists-
projection)
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Remark 5.2. Note that in Theorem 3.1, if we replace EFy; with EF}
we do not get a stronger result, because for every tree 7 which satisfies
the conditions there, we can construct another tree 7’ which satisfies the
conditions, so that EF7 1 equivalence would imply FFx equivalence.

Theorem 5.3. Suppose that:

1. A>cf(\) =k >3,;
2. T is a tree of size X\ without a A branch.

Then there are non-isomorphic models My, Ma of size X which are EFT}
equivalent.

Proof. Let x be a large enough cardinal(for example x = J7())).

Claim 5.4. We can find 9 such that the following hold:

1. 9M is elementary sub-model of H(x).
2. 0+1C.
3. For every ((x;,z) : i@ < k) such that x; € M and z; € T for every
i < X there exists an increasing sequence (ip : n < w) such that :
(a) ((x;,,2i,):n <w)€M;
(b) if in addition for every o < X there is i < k such that the level
of z; is greater than o, then we can also have that (z;, : n < w)
is an antichain in <7 .

Proof. The same proof as the proof of Claim 4.3 (we are using the fact that

k is regular and x > 3,). Os.4

Let 9 be as in Claim 5.4. Let (u; : 4 < k) be an increasing and continuous

sequence such that po =0, g + No < pis1 = cf(pit1), and U, i = A
For every a < A there is a unique i < k such that a € [u;, pit1). We

denote this ¢ by i(«a).

We define a structure parameter ¢ in the following way:

Definition 5.5.
(a) u € A<No;
(b) A € M, |A| < Ro, A is a set of partial functions from A to A
with finite domain.
For s = (u,A) we denote u = u®, A = A®. We define I'(s) =
U{Dom(f) : f € A®}. Note that this is a countable set.

1. I consists of the objects of the form (u,A), where:

us U

See https://shelah.logic.at/papers/866/ for possible updates.

AR 5

Eq-T,1)

LABEL (Sec4-
Theorem-EF*-T-
Equiv)

LABEL (Secd-
Claim-exists-
inner-model)

(Sec3-Claim-
exists-inner-
model)
(Sec4-Claim-
exists-inner-
model)
(Sec4-Claim-
exists-inner-
model)
LABEL (Sec4-Def-
Parameter)

2. For s = (u,A) € I, J, consists of the objects of the form ¢ = (u, A, g, h, F, z),

where

(a) g, h are functions from u to A;

(b) F is a function from A? to {0,1};

(c) zeT,;

(d) the level a of z in the tree 7. then « is minimal with regard
to the condition that a > pj(, for every z such that h(z) =
Mi(z)+1 or there are fi, f» € A such that F(f1,f2) = 1 and

f2( ) Hi(z)415



Paper Sh:866, version 2007-03-01_12. See https://shelah.logic.at/papers/866/ for possible updates.

(Sec4-Def-
Parameter)

LABEL (Sec4-
Claim-Equiv)

(Sec2-Claim-
Equiv-Models)
(Sec2-Def-W)

20 CHANOCH HAVLIN AND SAHARON SHELAH

(e) there is a witness (g, h) for ¢, which means that
i. Dom(g) = Dom(h) C A, Rang(g) URang(h) C A,
ii. I'(s) € Dom(g),
ii. g C g hCh,
iv. for every (f1, fo) € A?
F(fi,f2)=1iff fi CgA f2 Ch,
v. g,h are weakly increasing,

viii. g(x
ix. h(z
3. 8=1I%
4. T consists of the pairs (t1,t2) € J?, where :
(a) t1,te have a common witness;
(b) 2%, 2*2 are comparable in the order <7

)
(i) if ggm) = g(y), then h(z) = h(y),
)

Fact 5.6. Suppose

sel,zeT,

g, h satisfy i-ii, v-iz from Definition 5.52.(e),

U{ticz) = B(z) = pia)+1} C @, where a is the level of z.
Then the following hold:

1. There is a unique t € Jg such that (g, h) is a witness for t and
2t <T 2. We denote t = t(s, g, h, 2).

2. If

(a) g, W', 2 satisfy the conditions in 1.,

(b) z, 2" are comparable in <7,

(a) g',h’ are compatible with g, h, respectively,

then t(s,g,h,2) =t(s,g’,h’, 7).

Let M = M, be the corresponding model. We can check that ||[M|| = A.
Let ax =0y g)» b« = (0,0,0,0,0,2.), Where z, is the root of T (without loss
of generality there is a root). Define My = (M, ay), My = (M, b,).

Claim 5.7. My, Ms are EFY equivalent.

We describe a winning strategy for ISO - this is very similar to the proof
of Claim 3.3, so we omit the details. We use the definitions in Definition
3.4. In every stage o of the game ISO will choose a function g, such that:

1. go = 0.
2. 8a € Wia)+1-
3. ﬂ<a:>g5§Wga.
4. If in stage o AIS chose the sets A1, Ao, then for each s € I, if
Gs N (A1 U Ag) # 0 then T'(s) C Dom(g,).
Now if a = 841 and in stage o AIS chose the sets Ay, Ao and the node zq,
ISO will define hy, = hg, and then define f, by

1. Dom(fs) = U{Gs : T'(s) € Dom(g,)},
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2. for each s such that Gs C Dom(f,),
fa(0g,) = ¢, where t = (s, 8a, ha, 2a)-

Claim 5.8. My, Ms are not isomorphic.

Proof. It is enough to show that M is rigid. The proof is very similar to
the proof of Claim 4.10. Assume toward contradiction that f # id is an
automorphism of M. Denote

Ws={teJs:

Since f # id there is s* = (u*, A*) such that W # ().
Case (*1): We can find (sg, tg, o : 0 < k) such that
1. sg € J, s = (u* U {ag}, A*);
2. tg € W,;
3. h'(ag) = i(ag)+1;
4. if 0 < e < K, then i(ag) < i(ae).
In this case, note that the level of ¢ must be > Hi(ap)-
Case (*2): We cannot find such a sequence. Therefore, for every large enough
i < K, for every a such that i(a) = i, for s(a) = (u* U {a}, A*), for every
t € Wy(q), we have h'(a) < piy1. Choose i* which satisfies this and pg« > k.
We can find (tg, sg, o : 0 < p=41) such that
1. sp €1, tg € W,
2. i(ap) =%
3. if 0 < e, then h'%(ay) < a. (< h'=(az)).
Since pi+1 = cf (ui=+1) > p;+ and for every 6 we have gi(x) < pi (this is
by Definition 5.52.(e)viii.), we may assume that g'(cy) is constant.
Now, in both cases, we proceed in a similar way to the proof of Claim
4.10. Using Claim 5.4, we choose A C k such that
L |A] = Ry;
2. (W, : € A) € M
3. if we are in case (*1), then (2% : § € A) is an antichain in <7 (we
can demand this because in Case (*1) the levels of the z!¢’s are not
bounded in A - see Claim 5.4).

Define st € I by s™ = (0, A* U{g",ht : t € W,, 6 € A}).
Claim 5.9. For every 6 € A the following holds: If r € Jg+, t € Wy, (r,t) €
T, then
1. if (g, h) is a witness for r, then g' C g and h* C h;
2. ift £t € Js,, then (r,t') ¢ T.

x4 is in the reduced representation of cs}.

Proof. See the proof of Claim 4.11. Us.9
Claim 5.10. For every 6 € A there is r € Wyt such that (r,tg) € T.
Proof. See the proof of Claim 4.12. Us.10

Now, using Claim 5.10, we choose for each § € A an rg € W+ such that
(te, 7'9) eT.

updates.
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Claim 5.11. If 0 < ¢, then rg # r..

Proof. If we are in Case (*1): 2%, 2% are not comparable. But 270 >7 2t
because they are comparable and 2™ is on greater level, since that level

(Sec4-Def- is determined by Definition 5.5,2.(d). By the same argument, 2" >7 zte.
Parameter) Therefore, z"=, 2" are not comparable, so rg # r..

If we are in Case (*2): Assume towards contradiction that r = ry = 7.
(Sec4-Claim- Let (g, h) be a witness for 7. Then by Claim 5.9, g, g'= C g and h'¢, hts C h.
unique-projection)  Since we are in Case (*2) we get that LABEL (Sec4-

g(09) = g(0<) and h(ag) < az < h(ac) e

(Sec4-Def- which contradicts the definition of a witness (see Definition 5.5,2.(e)).  Os.11
Parameter) We got that W+ is infinite - contradiction. Therefore, M must be rigid,
(Sec4-claim-r-ies- which proves Claim 5.8. Os 5
distinct) The proof of Theorem 5.3 is now complete Us.s
(Sec4-Claim-Not-
Isomorphic)
(Sec4-Claim-Not-
Isomorphic)

(Sec4-Theorem-
EF*-T-Equiv)
(Sec4-Claim-Not-
Isomorphic)
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