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A DEPENDENT THEORY WITH FEW INDISCERNIBLES

ITAY KAPLAN AND SAHARON SHELAH

ABsTrACT. We give a full solution to the question of existence of indiscernibles in dependent
theories by proving the following theorem: for every 6 there is a dependent theory T of size 6
such that for all k and 6, k — (6)7; iff K — (8)5“. This means that unless there are good set

theoretical reasons, there are large sets with no indiscernible sequences.

1. INTRODUCTION

Indiscernible sequences play a very important role in model theory. Let us recall the definition.

Definition 1.1. Suppose M is some structure, A C M, (I, <) is some linearly ordered set, and «
some ordinal. A sequence @ = (a;|i € I) € (M*)" is called indiscernible over A if for all n < w,
every increasing n-tuple from a realizes the same type over A. When A is omitted, it is understood

that A = 0.
A very important fact about indiscernible sequences is that they exist in the following sense:

Fact 1.2. [TZ12, Lemma 5.1.3] Let (I,<;), (J,<j) be infinite linearly ordered sets, a some
ordinal, M a structure and A C M. Suppose b = (bj|g € J) is some sequence of tuples from
M®. Then there exists an indiscernible sequence a = (a;|i € I') of tuples of length a in some

elementary extension N of M such that:

* For any n < w and formula ¢, if M = ¢ (bjo, .. ~abjn71) for every jo <j -+ <j Jn_1 from

J then N )Zw(ai07~-~,ai,,L,1) for every ig <j -+ <pin—1 from I.

This is proved using Ramsey and compactness.
Sometimes, however, we want a stronger result. For instance we may want that given any set

of elements, there is an indiscernible sequence in it. This gives rise to the following definition:

Definition 1.3. Let T be a complete first order theory, and let € be a monster model of T (i.e.,
a very big saturated model). For a cardinal x, n < w and an ordinal ¢, the notation £ — (),
means:
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* For every set A C €™ of size k, there is a non-constant sequence of elements of A of length

6 which is indiscernible.

This definition was suggested by Grossberg and Shelah in [She86, pg. 208, Definition 3.1(2)]
with a slightly different form?.

As we remarked above, the mere existence of indiscernibles as in Fact 1.2 follows from Ramsey.
It is therefore no surprise that if a cardinal A enjoys a Ramsey-like property, then for any countable
theory 7" we would have A — (w),,.

For a cardinal , denote by [£]=“ the set of all increasing finite sequences of ordinals below .

Definition 1.4. For cardinals k, 6 and an ordinal 9, the notation x — (5);‘” means:

x For every function f : [5]~“ — 6 there is a homogeneous sub-sequence of order-type &
(i.e., there exists an increasing sequence {; |i < 6) € °k and (¢, |n < w) € “0 such that

f (aio,...,ain_l) = ¢, for every ig < -+ < i1 <9).

Proposition 1.5. Let k,0 be cardinals and 6 > w a limit ordinal. If Kk — (5)0<W then for every

n <w and every theory T' of cardinality |T| < 0, k — (8)7,,-
This will be proved below, see Proposition 5.1.

Definition 1.6. For an ordinal «, the Erdos cardinal x («) is the least non-zero cardinal A\ such

that A — (a)5”.
The cardinal k () may not always exist, indeed, it depends on the model of ZFC we are in.

Fact 1.7. [Kan09, Proposition 7.15] Suppose a > w is a limit ordinal, then:

<w

(1) For any v < k(a), £ (a) = ()]

(2) k(a) is an uncountable strongly inaccessible cardinal.

In [She86, pg. 209] it is proved that there is a countable simple unstable theory such that for a
limit ordinal § > w, if kK — (0)4; then k — (6)5. Tt is also very easy to find such a theory with
the property that if K — ((S)T,1 then k — (6)5“’ (T would be the model completion of the empty
theory in the language { R, m |n,m < w} where R, ,, is an n-ary relation).

There it is conjectured that in dependent (NIP) theories (see Definition 2.1 below), such phe-

nomenon cannot happen:

Conjecture 1.8. [She86, pg. 209, Conjecture 3.3] If T is dependent, then for every cardinal u
there is some cardinal A such that A\ — (1)1 ;.
IThe definition there is: r — (8)7 ., if and only if for each sequence of length s (of n-tuples), there is an

indiscernible sub-sequence of length 4. For us there is no difference because we are dealing with examples where

K # (1), It is also not hard to see that when § is an infinite cardinal these two definitions are equivalent.
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By Proposition 1.5, if  (u) exists then Conjecture 1.8 holds for 1 and every theory T' (regardless
of NIP) with |T'| < & ().
In stable theories, Conjecture 1.8 holds in any model of ZFC:

Fact 1.9. For any \ satisfying A = AT, At — (AF), .

This was proved by Shelah (See [She90]), and follows from local character of non-forking.

Conjecture 1.8 also holds in strongly dependent? theories:

Fact 1.10. [Shel2| If T is strongly dependent, then for all A > |T|, ipi+ () = (AF)4,, for all

n<w.

Conjecture 1.8 is connected to a result by Shelah and Cohen: in [CS09|, they proved that a
theory is stable iff it can be presented in some sense in a free algebra with a fixed vocabulary,
allowing function symbols with infinite arity. If this result could be extended to saying that a
theory is dependent iff it can be represented as an algebra with ordering, then this could be used
to prove Conjecture 1.8.

In the previous paper [KS12, Theorem 2.11], we have shown that:

Theorem 1.11. There exists a countable dependent theory T such that:

For any two cardinals 1 < K with no uncountable strongly inaccessible cardinals in [u, K], k #

(1) ;-

3

Thus, if V' is a model of ZFC without strongly inaccessible cardinals, then Conjecture 1.8 fails
in V (so this conjecture is false in general). Still, one might hope that this is the only restriction.
However, we show that in fact one needs Erdds cardinals to exist. Namely, we show that there is
a dependent theory, of any given cardinality, such that the only reason for which Conjecture 1.8

could hold for it is Proposition 1.5, thus getting the best possible result.

Main Theorem A. For every 0 there is a dependent theory T of size 0 such that for all cardinals

% and limit ordinals 6 > w, k — ()7 iff K — (8)5%.

Note that by Fact 1.7, Main Theorem A is a generalization of Theorem 1.11.

We also should note that a related result can be found in an unpublished paper in Russian by
Kudajbergenov that states that for every ordinal « there exists a dependent theory (but it may
be even strongly dependent) Ty, such that [T,,| = |a| +®g and s (|T4|) / (Ro)7, ; and thus seem
to indicate that the bound in Fact 1.10 is tight.

We would like to thank the anonymous referee for his very careful reading and many useful

remarks.

2For more on strongly dependent theories, see Section 6.
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1.1. The idea of the proof. The theory T is a “tree of trees” with functions between the trees.
More precisely, for all 7 in the base tree S = 2<“ we have a unary predicate P,, and an ordering <,,

such that (P, <;) is a discrete tree. In addition we will have functions G y i Py = Py for

nn”{i
i =0,1. The idea is to prove that if k 4 (5);“’ then k 4 (6)T71 by induction on &, i.e., to prove
that we can find a subset of Py of size x without an indiscernible sequence in it. For s regular
but not strongly inaccessible or « singular the proof is similar to the one in [KS12]: we just push
our previous examples into deeper levels.

The main case is when « is strongly inaccessible.

We have a function ¢ that witnesses that x /4 (8); and we build a model M. In this model,
the base tree will be w and not 2<%, i.e., for each n < w we have a predicate P, with tree-ordering
<, and functions G,, : P, — P,4+1. In addition, Py C k. On P, we will define an equivalence
relation E,, refining the neighboring relation (z,y are neighbors if they succeed the same element)
so that every class of neighbors (neighborhood) is a disjoint union of less than £ many classes of
E,. We will prove that if there are indiscernibles in Py, then there is some n < w such that in P,
we get an indiscernible sequence (t; |7 < &) that looks like a fan, i.e., there is some w such that
t; ANt; = u and t; is the successor of u, and in addition ¢; and ¢; are not E,, equivalent for ¢ # j.

Now embed M, into a model of our theory (i.e., now the base tree is again 2<“), and in each
neighborhood we send every E,, class to an element from the model we get from the induction

hypothesis (as there are less than x many classes, this is possible).

By induction, we get there is no indiscernible sequence in Py and finish.

1.2. Description of the paper. In Section 2 we give some preliminaries on dependent and
strongly dependent theories and trees. In Section 3 we describe the theory and prove quantifier
elimination and dependence. In Section 4 we deal with the main technical obstacle, namely the
inaccessible case.

In Section 5 we prove the main theorem. In Section 6 we give a parallel result for w-tuples in

strongly dependent theories.

2. PRELIMINARIES

Notation. We use standard notation. a,b,c are elements, and a, b, ¢ are finite or infinite tuples
of elements.

¢ will be the monster model of the theory (i.e., a very big, saturated model).

For a set A C €, S, (A) is the set of complete n-types over A, and S (A) is the set of all
quantifier free complete n-types over A. For a finite set of formulas with a partition of vari-
ables, A(Z;9), Sa(zy) (A) is the set of all A-types over A, i.e., maximal consistent subsets of
(b/A) as the set of

{o(z,a),~p(z,a)|¢(x,§) € A&kac Ale(®) }. Similarly we define tPA(z:7)

formulas ¢ (z,a) such that ¢ (z,7) € A and € = ¢ (b, a).



Paper Sh:975, version 2013-06-02_11. See https://shelah.logic.at/papers/975/ for possible updates.

A DEPENDENT THEORY WITH FEW INDISCERNIBLES 5

When « and 3 are ordinals, we use left exponentiation o to denote the set of functions from
B to a, as to not to confuse with ordinal (or cardinal) exponentiation. If there is no room for
confusion, and A and B are some sets we use AP instead. The set a<? is the set of sequences
(functions) | {"a|y < B}. Similarly, for a set A, A< =J{A7 |y < B}.

For a sequence 5 (finite or infinite), we denote by lg (5) its length. If f is a function from some

ordinal a, then lg (f) = a.

Dependent theories. For completeness, we give here the definitions and basic facts we need on

dependent theories.

Definition 2.1. A first order theory T is dependent (sometimes also NIP) if it does not have the
independence property: there is no formula ¢ (Z,7) and tuples <di, bs i <w,sC w> from € such
that € = ¢ (a@;, bs) iff i € s.

We recall the following fact, which is a consequence of both the so-called Sauer-Shelah lemma
(apparently first proved by Vapnik and Chervonenkis, then rediscovered by Sauer and again by
Shelah in the model theoretic setting, more or less at the same time) and the fact that if a theory

has the independence property then there is a formula ¢ (z,§) with lg (x) = 1 that witnesses this:

Fact 2.2. [She90, II, 4] Let T be any theory. Then for alln < w, T is dependent if and only if
O, if and only if O, where for alln < w,

O, For every finite set of formulas A (Z,y) with n = 1g (Z), there is a polynomial f over N
such that for every finite set AC M =T, |Sa (A)| < f(|A4]).

Strongly dependent theories. In [Shel2, She09], the author asks what is a possible solution to
the equation dependent / & = stable / superstable. There, he discusses several possible strengthen-
ing of NIP, namely strongly’ dependent theories for | = 1,2,3,4. These are subclasses of dependent
theories and each one refines the previous one. Strongly! dependent theories are usually just called
strongly dependent, and strongly? theories are sometimes called stronglyt theories. These two
classes and related notions (such as dp-rank) were studied much more than the other two, so we will
not mention strongly® or strongly? dependent theories. For instance, strongly? dependent groups
are discussed in [KS11|. The theories of the reals and the p-adics are both strongly dependent,
but neither is strongly? dependent.

Here are the definitions:

Definition 2.3. A theory T is said to be not strongly dependent if there exists a sequence of
formulas (p; (Z,9;)) (where Z,y; are tuples of variables), an array (a;;|¢,j <w) in € (where
Ig (a;,;) = 1g (7:)) and tuples (b, |[n:w —w) (Ig(by) =1g(Z)) in € such that = ¢; (b, a:,;) <
(i) =j.
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Definition 2.4. A theory T is said to be not strongly? dependent if there exists a sequence of
formulas (¢; (Z, ¥i, Yi—1,---,%0) |t <w), an array (G, ; |1,j <w) in € (where Ig (a; ;) =1g(¥;)) and
tuples <57, [n:w— w> (lg (57,) = 1g(Z)) in € such that = ¢; (Bn,di)j, Ai—1,p(i—1)s - - - 7@0,77(0)) &
(i) =j.

See [Shel2, Claim 2.9] for more details.

We will use the following criterion:

Lemma 2.5. Suppose T is a theory such that for every number n < w there exists some number
N, < w such that for every finite set of formulas A (Z,y) with n =g (&), there is a polynomial f
over N of degree < N,, such that for every finite set AC M =T, |Sa (A)| < f(|A]). Then T is

strongly® dependent.

Proof. Suppose not, then by Definition 2.4, we have a sequence of formulas {@; (Z, Ji, Ji—1,---,%0) | i < w)
and an array (@;; |i,j < w). Suppose N = Niy(z) < K < w. Let [ be a bound on lg (a; ;) for i < K,
and for j <wlet A; = U{Ua:i; |t <K,j’<j}. Let A(z;9) = {vi (Z,¥i,....%0) |t < K}. So
the number of A-types over A; is at least jX (as the number of functions n : K — j). By assump-
tion, |Sa (4;)] < c-|Aj\N < c(L-j- K)Y for some ¢ € N. But for big enough j, c-(1-j - K)~ < j&

— contradiction. O
Trees. Let us remind the reader of the basic definitions and properties of trees.

Definition 2.6. A tree is a partially ordered set (A, <) such that for all @ € A, the set Ao, =

{z |z < a} is linearly ordered.

Definition 2.7. We say that a tree A is well ordered if A., is well ordered for every a € A.

Assume now that A is well ordered.

e For every a € A, denote lev (a) = otp (A<,) — the level of a is the order type of A,.

e The height of A is sup{lev(a)|a€ A} .

e g € Ais a root if it is minimal.

e A is normal when for all limit ordinals §, and for all a,b € A, if 1) lev (a) = lev (b) = 6,
and 2) Ao, = A_yp, then a = b.

o If a < b then we denote by suc(a,b) the successor of a in the direction of b, i.e.,
min {c < bla < c}.

e We write a <gye b if b = suc(a, b).

e We call A standard if it is well ordered, normal, and has a root.

For a standard tree (A4, <), define a Ab=max{c|c<a&c<b}.
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3. CONSTRUCTION OF THE THEORY

In this section we shall introduce the theory Tg, attached to a standard tree S. Then, for
S = 2<%/ this theory (or a variant of it, given by adding constants) will be the theory that will
exemplify Main Theorem A.

In the first part, we construct the theory Tg which is universal (i.e., all its axioms are of the
form Vze where ¢ is quantifier free). As we said in the introduction, the idea is that for every
n € S, we have a predicate F,), and whenever 1; <g,c 12 there is a function from P,, to F,,. Then
we would like to take a model completion Ts of this theory (see below). If we put no further
restriction on the theory T, this is easily done (using AP and JEP, see below), and the model
completion will be the theory of dense trees with functions (if S is a finite tree, then it is even
w-categorical). This is what we did in [KS12, Theorem 2.11], but this does not seem to suffice to
deal with inaccessible cardinals. For that reason we further complicate the theory by making the
trees discrete, adding successors and predecessors. This require some constraint on the functions
involved — “regressiveness” — which is needed for quantifier elimination.

Recall that for a given (first order) theory T in a language L, a model companion of T is another
theory T” in L such that every model of T can be embedded in a model of 7" and vice versa and
in addition T” is model complete, i.e., if M; is a substructure of My and My, My = T’ then M;
is an elementary substructure of M>. A model companion of a theory is unique if it exists. A
model companion T" is called a model completion when for every model M of T, T' U Diags (M)
is complete (Diag,; (M) is the theory in the language L U {cq|a € M } that contains all atomic
formulas that hold in M). If T" is a model completion of T" and T is universal, then 7" eliminates
quantifiers for non-sentences. If in addition T" has JEP (see below) then 7" is complete. For more,
see e.g., [Hod93|.

A theory T has the joint embedding property (JEP) if given any two models A, B of T, there
is a model C and embeddings f: A —-C,g: B — C.

A theory T has the amalgamation property (AP) if given any three models A, B and C of T,
and embeddings f : A — B, g: A — C, there is a model D and embeddings h: B — D,i: C — D
such that ho f =iog.

By [Hod93, Theorem 7.4.1], if a universal theory T in a finite language is uniformly locally
finite (i.e., there is a function f : w — w such that for all M | T and finite A C M, the size
of the structure generated by A is f (J]A4|)) and has AP and JEP, then it has a model completion
T’ which is also w-categorical (this is related to Fraissé limits). In [KS12, Theorem 2.11] we used
exactly this criterion to construct the model completion. Here, however, substructures are not
finite (since we have the successor function), so we cannot apply this theorem.

Instead, we show that the the class of existentially closed models of T4 is elementary (recall

that a model M of a theory T is an existentially closed model of T if for any extension N O M
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such that N = T, every quantifier free formula ¢ (z) over M that has a realization in N has one
in M). In fact we show that every two existentially closed models of TSv are elementary equivalent
(this uses the fact that T§ has JEP). We call their theory Ts. In the process we show that T
also eliminates quantifiers. Thus, this is the model completion of TSv .

In the second part, we show that T is dependent, and that if S is finite then it is strongly?
dependent (using Lemma 2.5 and quantifier elimination).

Finally we add constants to the language so that its cardinality will be 6, and call the resulting

theory Tg.

The first order theory. The language:
Let S be a standard tree, and let Lg be the language:

{Pna <17) /\7]7 G’rh,nzasuc’mprer]a hmn | n,M1,M2 € S7 m <suc 72 } .

Where:
P, is a unary predicate, <, is a binary relation symbol, A, and suc,, are binary function symbols,

Gy ,na+ DT, and lim,, are unary function symbols.
Definition 3.1. Let L'y = Lg\ {pren,sucn [ne S}.
The theory:

Definition 3.2. The theory Tg says:

o (P, <y) is a tree.
e 1 75772:>P771HP772 =0.
e A, is the meet function: = A,y = max{z € P, |z <, v& 2 <, y} for z,y € P, (so its
existence is part of the theory).
e suc, is the successor function — for x,y € P, with « <,, y, suc, (z,y) is the successor of
2 in the direction of y. The axioms are:
— Vo <, y(z <, suc, (z,y) <, y), and
— Vo <, z <, suc, (z,y) [z =z V 2z = suc, (z,y)].
e lim,, () is the greatest limit element below z. Formally,
— lim,, : P, — Py, Valim,, (z) <, z, Vo <, y (lim,, (z) <, lim,, (y)),
— Vz <, y (lim,, (suc, (z,y)) = lim,, (x)), Vzlim, (lim, (z)) = lim,, (z).

o Let the successor elements be those x’s such that lim,, (z) <, x, and denote
Suc (P,) = {x € P, |lim, () <,z }.

e pre, is the immediate predecessor function from Suc (P;) to P, —

Va # limy, (z) (pre, (z) < z A suc, (pre, (z),z) = z).
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o (regressiveness) If 71 <guc 72 then G,, ., satisfies: G,, n, : Suc(P,;,) — P,, and if
x <y, Y, both  and y are successors, and lim,, () = lim,, (y), then Gy, n, () = Gy, . ().
e In all the axioms above, for elements or pairs outside of the domain of any of the functions
Apylimy,, Gy, 5y, suCy, or pre,, these functions are the identity on the leftmost coordinate,

so for example if (z,y) ¢ Pg, then z Ay y = .

Remark 3.3. We need the regressiveness axiom so that T' SV would have a model completion. Indeed,
suppose S = {0,1} and we remove this axiom, and suppose that T is a model completion of Tg .
Then every model of T is an existentially closed model of 7. Suppose M = T and a <}! b €
Suc (PJ1). Then if bis greater than suc)? (- - (sucj? (a,b))) for every finite number of compositions
then there is some a <¢' ¢ <§* bin M such that G§'} (c) # G, (b) (because there is an extension
of M to a model of TJ where such a c exists). So by compactness there is some n such that for
every model M |= T and every a <! b € Suc (P§?), if b is greater than n successors of a, then
there is some ¢ with a <’ ¢ <¢' b and G| (¢) # G{; (b). But there is a model M’ of T§ with
some a <01 b such that b is the (n 4 1)’th successor of a and Gé‘ﬂ/ is constant on the interval

(a,b]. Since every model of T can be extended to a model of 7' this is a contradiction.
Model completion. Here we will prove the existence of the model completion Ts of Tg .

Notation 3.4. If S7,S5 are standard trees, we shall treat them as structures in the language
{<suc, <}, so when we write S; C So, we mean that S; is a substructure of Ss in this language
(which means that if b is the successor of a in S, it remains such in S5).

M <1\/I

When M is a model of T, we may write <, suc, etc. instead of suc,, <, etc. or suc,’, <

etc. where M and 7 are clear from the context.

Remark 3.5. Let S be a standard tree. The following is not hard to see:

(1) T¢ is a universal theory.
(2) T¥ has the joint embedding property (JEP).
(3) If Sy C S5 then T C T¢, and moreover, if M = Tg, is existentially closed, M | Lg, is

an existentially closed model of Tgl.
We will need some technical closure operators.

Definition 3.6. Assume S is a finite standard tree.

(1) Suppose X is a finite set of terms from Lg. We define the following closure operators on

terms:

(a) o (2)=SUU{A, (Z2) [neS}=SU{tiAyta|ti,ta €X,ne ST
(b) g (£) = SUU{Crim (£) [ <sue 2 € S}

(c) cli (B) = TuU{lim, () [n € S}.
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(d) ¥ (2) =l (clﬁm (clf ( . (clf; (clﬁm (clf (E))))))) where the number of com-
positions is the length of the longest branch in S.
(e) 2. (2)=U {suc, (£%) Upre, (Z)[neS}uU.
(f) cl¥ (%) = c1®S (clfuc (2)).
(2) Denote el = 1 and for a number 0 < k < w, cl®5 (2) = c1° (cl(k_l)”g (S))
(3) If £ = (t; |4 < n) is an n-tuple of terms then cl¥ () is cI® ({t; | i < n}), and similarly define
the other closure operators for tuples of terms.
(4) For a model M |= TY¥, and a € M<¥, define c1”® (@) = (CIO’S (i‘))M (@) where T is a
sequence of variables in the length of a. Similarly define cI? (a),clf (a),cl (a),clS . (a)
and c1®¥ (). For a set A C M, define c1° (4) = c1”° (@) where @ is an enumeration of

A, and similarly for the other closure operators.
We will usually omit the superscript S when it is clear from the context.

Claim 3.7. Assume S is a finite standard tree. For A C M = T, cl” (A) is closed under A,, lim,,
and Gy, n, for all n and 71 <gue 72 in S. So it is the substructure generated by A in the language
Llg (recall that Ly = Lg\ {pre,,suc,|n € S}).

Proof (sketch). Note that cliim (cla (A)) is closed under lim,, and A, for all n € S.

For n < w, let c1>™ (4) = clg (clipm (cl (- - - (clg (chim (cla (A))))))) where there are n compo-
sitions. For n € S, let 7 (1) = [{v € §|v < n}], so cl® = ]®maxi{rmines}),

Let B 2 A be the closure of A in M under A, lim, and G, ,, for all n and 71 <guc 72 in S.
Then B is in fact 1> (4) = | {clo’(") (A)|n<w } Now, by induction on r (1) it is easy to see
that BN P, = c1>"M) (4) 0 P,. Hence B = cl’ (A). O

Claim 3.8. Assume S is a finite standard tree. For every k < w, there is a polynomial f; such
that for every finite subset A of a model M of T, ‘cl(k) (A)’ < f£ (JA]). Moreover, we can choose

f so that it is linear (i.e., of degree 1).

Proof. The fact that f,f exists is trivial. For the moreover part, letting U = {A, G, lim, suc}, it is
enough to show that there are {dg € N|O € U } such that for every finite A, O € U, |clg (4)] <
do - |Al.

We can choose djj, = 2 and dg = 2lSI%,

For O = A, note that for all a € M, cl\ (AU {a}) = clr (4) U {a,max{a A, b|b € A}} where
a € P, (this follows from the fact that if a Ab < bAD then a Ab = aAb). So by induction on |A],
el (4)] < 2|4,

For O = suc, note that for a € M such that for no b € 4, b > a, clsyc (AU {a}) C clsye (4) U
{a,pre, (a) ,suc, (a’,a)} where a € P, and o/ = max{b € A[b <, a} (it may be that this set is
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empty or that a is a limit element, so the closure may be smaller). Hence by induction on |A|,

|clsuc (A)] < 3[A]. U

Remark 3.9. Note that although the degree of f; in Claim 3.8 is 1, the coefficients do depend on
k and S.

Definition 3.10. Assume S is a finite standard tree.

(1) For a term t of Lg, we define its successor rank as follows: if suc and pre do not appear in
t, then 74, (t) = 0. For two terms 1, t2: Tsuc (SUC, (t1,%2)) = max {rsuc (t1) , rsuc (t2)} + 1,
Tsue (Pre,, (t1)) = reuc (t1) + 1, reuc (t1 A t2) = max {reuc (t1) , rsuc (t2)}, Tsue (Grym (t1)) =
Tsue (t1) and reue (limy, (1)) = Tsuc (t1)-

(2) For a quantifier free formula ¢ in Lg, let rg,. (¢) be the maximal rank of a term appearing
in ¢.

(3) For k < w and an n-tuple of variables Z, denote by Ai’s the set of all atomic formulas
¢ (%) in Lg such that for every term ¢ in ¢, t € cl®) (z). Note that since c1®) (z) is a finite

set, so is Ai’s

Claim 3.11. Suppose S is a finite standard tree. Assume that M = Tg, n<w,a€ Mm"and Z a
tuple of n variables. Then c1*) = {t" (@) | rouc (t(Z)) <k }.

Proof. The inclusion C is clear. The other direction follows by induction on k and t¢.

For instance, suppose ruc (t(Z)) = k and t = Gy, 4, (t1), then by induction there is some
ty € ™ () such that tM (@) = t¥ (a). If ¢, (a) ¢ Suc (P}), then t}' (a) is not in the domain
of G,]g 5o and so tM(a) =t} (a). If ) (a) € Suc( M), then by the proof of Claim 3.7, there
is some 3 (z) € c1("(m) ( lsu (Cl(k Y (z ))) such that 37 (a) = t} (a) (if k = 0, then t3 (7) €
A% (7)), Soty = Gy (3) € d® (z) and tM (@) = tM (a). Ift = s, An 82, then by induction
there are s3,s4 € cl® (Z) such that tM (a) = s (a) Ay ¥ (@). Since ™ (@) is closed under A
(by Claim 3.7), there is some s5 € cl®) (z) such that t™ (@) = sM (a). O

Definition 3.12. Suppose S is a finite standard tree and k < w. Let My, Ms = T3.

(1) Suppose n < w and a € M, b € M». We say that a = =y 3 b if there is an isomorphism of Ls-
structures from c1® (a) to c1®) (b) taking a to b (recall that Ly = Lg\ {pre,,suc, |n e S}).
In this notation we assume that M, My are clear from the context.

(2) If A C My, B C M, are two finite subsets of M; and My, we write A —= B when
f extends some L-isomorphism f/ : cI® (4) — 1™ (B) such that f’ (A) = B. So
this is equivalent to saying that B = {f (a)|a € A}, (a|a€ A) = (f(a)|a € A) and
F 1™ (A) witnesses this.

Recall (from the notation section in the beginning of Section 2), that for a finite set of formulas

A, by writing A (Z; ) we mean that we assign to it a partition of the free variables appearing in
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it. In that case, for b of the same length as z, tPA(z:7) (b/A) is the set of formulas ¢ (z,a) such
that ¢ (z,9) € A, a € A'®® and € |= ¢ (b, a). If the partition (Z;7) is clear, then we omit it from
the notation.

Recall also that AZ’S is the set of all atomic formulas ¢ (Z) in Lg such that for every term ¢ in

o, t € cd® (z).

Definition 3.13. Suppose S is a finite standard tree. For M =T, a € M<*, A C M a finite
set, and k < w, let tpy (a/A) = tppzo.s (a/A) where 1g (z) = lg(a) and 7 is of length |A|. This is
the k-type of a over A.

In Definitions 3.10, 3.12 and 3.13, we omit S from the superscript when it is clear from the

context.

Claim 3.14. Suppose S is a finite standard tree. Assume M, M = Tg. Assume that @ € M7, b €
M3 for some n < w, T a tuple of n variables and assume k& < w. Then the following are equivalent:
(1
(2
(3

(4) The tuples <t a ‘t € a® (55)> and <t (b) ‘t ea® (QE)> have the same quantifier free

) a
) tpk( ) = tpy, ().

) For every quantifier free formula ¢ (2) in Lg with ryc (¢) < k, My = ¢ (@) < M = ¢ (b).
)

type in L.

Proof. (1) implies (2): assume @ =5, b and f : dd® (@) — aA® (b) is an Lls-isomorphism taking a
to b. It is easy to see by induction on ¢ and k that for every term ¢ € cl®) (z), f (t(a)) =t (b),
and so tpy (@) = tpy, (b).

(2) implies (3): this follows from Claim 3.11 — for every term ¢ (Z) with rank rg,c (t) < k there
is a term ¢’ € cI® () such that M; =t/ (@) = ¢ (a). By induction on k and ¢, one can show that
since tpy, (@) = tpy, (b), M2 =t/ (b) = ¢ (b) and this suffices. For instance, suppose ¢ = s1 A, s2.
By induction, there are s3,54 € cI™ (Z) such that s} (a) = 53" (@) and s) (@) = s} (@) and
the same equations hold with M, instead of M; and b instead of @. Since aA® (@) is closed under

A, there is some s5 € cI® (Z) such that M; = s3 (a) Ay 84(a) = s5(a), so

s (a) = max {s™ (@) | s € A (2), My |= 5(a) <y 55 (@) 54 (@) |
By (2), the same equation holds if we replace M; with M and a with b. Since ¢ (b) is closed
under A, it follows that My |= s3 (5) Nn 84 (l_)) = S5 (l_))
(3) implies (4): since formulas in L’y do not increase the successor rank, this is clear.
(4) implies (1): the map taking ¢(a) to ¢ (b) for every term t € A® (z) is a well defined

isomorphism of LY structures. O

Similarly, we have:
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Claim 3.15. Suppose S is a finite standard tree. Let M = T, n < w, a,b € M™, & a tuple of n

variables and k, k1, ko < w.

(1) if @ =5, b then there is a unique isomorphism that shows it. Namely, for each ¢ € cl®) (z),
the isomorphism f must satisfy f (¢ (a)) =t (b).

2)

(3)

(4) If @ =141 b, witnessed by f, then cl (a) % cl(b).

(5)

Assume ko > ki. Then a =, b implies a =, b.

If aa’ =4, bb' then @ =, b.

If S’ C S, and @ =} b then a Ef, b (when @ and b are considered as tuples in M; | Lg

and Mg r LS/).

Before proceeding to prove the main quantifier elimination lemma, let us give two more impor-

tant definitions:

Definition 3.16. Suppose S is a standard tree. Suppose M = Tg, ne S anda,be Pflw. We say
that the distance between a and b is n if a <, b and b is the n-th successor of a or vice-versa. We

say the distance is infinite if for no n < w the distance is n. Denote this by d (a,b) = n.
For a set A C M = T¥, we denote by Suc (A) the set of all successors in A.

Definition 3.17. Suppose S is a standard tree, n € S, M =T and A C M. Let R;;‘ C Suc (A4)*
be the following relation: (z,y) € R;} iff lim () = lim (y) and  and y are comparable (x <, y or

y <p ). Let N;‘ be the the transitive closure of R;‘ (so it is an equivalence relation on Suc (A)).

So the equivalence relation ~,, determines the function G,/ for n <g,c 7' from S: if a,b € Prg‘/f

for M |= T¢ and a ~}' b then Gy, (a) = G (D).

Lemma 3.18. (Quantifier elimination lemma) For every finite standard tree S, and my,n, k < w,
there is mo = mg (m1,k,S) < w such that if:

o My, M E Tg are existentially closed.

e ac M and be My.

Then for all € € MY there is some d € MY such that ca =,,, db.

(Note that mq does not depend on n.)

Proof. The proof is by induction on |S|. Given S, we will show that the lemma holds for all
my and k. Without loss of generality ¥ = 1: by induction one can choose mqy (mq,k + 1,5) =
ma (ma (M1, k,5),1,S5). We may also assume that m; > 0.

We may assume that ms (my, k,S’) > max{mq,k,|S’|} for all S C S (by enlarging mo if

necessary).
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For |S| = 0 the claim is trivial because T is just the theory of a set with no structure.
Assume 0 < |S|. Let 1o be the root of S, Sy = {n} and partition S as S = |J{S;|i <m}
where for ¢ > 1, the S;’s are the connected components of S above 79 (note that S; C S, see

Notation 3.4). Let
mo = ma (m1,1,5) = max {2mg (m1, K, S;) |1 <i<m}+2m; +1

where K = 3.
Suppose M, Ms, @ and b are as in the lemma and let ¢ € M.
By assumption there is a unique Ls-isomorphism f : cllm2) (@) — cl(m2) (l_))
For i < m, let Ps, = \/ {P,|n € Si}, A4; = "™ (@) N P and B; = "™ (b) n PL".
Since @ =, b, it follows that c1(™2(m1K:50) (7) S ima(maKS) (b) and in particu-

ma(m1,K,S;)

lar A, —>2I 4 B, (see Claim 3.15 (4) and (5)).

mo(m1,K,S;)
We divide into cases:

Casel. c¢ Péwl for every n € S.
Here finding d is easy due to the fact that M; and M, are existentially closed.
Case 2. cepgl for some 1 < i <m.

A; % B; (as subsets of My | Lg, and My | Lg,), so by the induction
ma(mi, 0,9

hypothesis (and by Remark 3.5 (3)) we can find d € M, and extend f | ™) (4;) to
an Ll -isomorphism f” : ™) ({e} U 4;) — ™) ({d} U B;) taking ¢ to d. Note that

f" is also an L's-isomorphism. It follows that
Fre™ @uf 1™ (ca)

is an L/g-isomorphism from ¢l (ca) to c1™) (db) that shows that ca =,,, db (note
that Pé\fl N cl™) (ae) = Aj for j # i and that if z € 1™ (@c) N Pé\fl then x €
™) ({c} U 4;), and so the domain is indeed c1™) (ca)).

Case 3. c€ Py,.

For notational simplicity, let < be <, lim be lim,,, ~ be ~,, and A be A,,.

0
Let A = a1 (@) n PM1 (so this is the closure of a inside P, under A and lim),

Bl = (b) N P,%IQ, F=c™) (AL u{c})n Pé\g[l and n; = min (S;) for 1 < i < m.
Note that F is really just c1{™*) (cl(o) (AjU {c}))

Say that an element of I is new if it is a successor and is not ~f'-equivalent to any

element from Ay (note: Ay and not Afj). We will prove the following claim:

Claim I. (1) There are at most K many ~%-equivalence classes of new elements in F.

For each one choose a representative. Enumerate them as (¢; |1 < K') for K’ < K.
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(2) There is a model M} of Tgo, an LY -isomorphism f’ and d' € Mj such that
Mz 2 P>, f' 1 Ao = f, A U{c} % Bju{d'} and f’(¢) = d’' (so the domain
of f'is F).

(3) Moreover, for I < K', f'(¢;) are pairwise non-~™3-equivalent and they are not

Ms_equivalent to any element from Suc (P%[z).

Suppose first that Claim I holds.
For 1 <i<mlet ¢} = Gho i (1)

Fix 1 < i < m. By assumption, A; _Sef B;, so by the induction hypothesis

mg(ml,K S )
there are dj € M, for | < K’ and an L -isomorphism g; extending f | cl(ms) (A;) such

that g; (cf) = df and A; U {c}[1 < K’} =% Sugi, U {di |l < K').

Claim II. There exists a model My |= T¢ satisfying Phs = Pé\fé, M3 O M, and
GMs, (f'(¢r)) =dj for | < K" and 1 <i < m.

Proof. (of Claim II) Since Mj = T¢ , My = T§ and Py, Ms PM2 the only thing we
must show is that G, ,, defined in Claim II is well defined and can be extended to a

regressive function. This follows directly from Claim I (3). O
Define

g=f1cd™) @uf 1™ (ac)u U {gi I el™) (Ge)|1<i< m} .

We claim that ¢ is an Li-isomorphism extending f | ™) (@) from 1™ (ac) to
clm) (ad') sending c to d. It is easy to see that g is well defined as a function. To see
that it is an Ly-isomorphism we only need to show that if e € ™) (G@ce) is a successor

and 1 < i < m then GMs (f'(e)) = g; (GA, (e)). Suppose e ~'" b where b € A,

70,Mi 70,74
then f'(e) ~Ms f(b), Gy, (e) = Gyt (b) and G2, (f (€)) = G2, (f (b)). Now

we are done since:

Gootn, (F1 (0) = Gy, (f (0) = f (Ggly, (b)) = gi (G, (B)) -

Suppose e is new. Then e ~ ¢; for some I < K'. But then G} () = G), (¢1) = ¢f,
and g, (c}) = di, while f(¢) ~* f(cr), so G2, ((e)) = G2, (f' () = df by
Claim II.

So @ =y, d'b, i.e., tp,,, (ca) = tp,,, (d'b), and if ¥ is the conjunction of all formulas
appearing in tp,,,, (ca) then M3 |= 3x¥ ( ) As M, is existentially closed there is some
d € My such that ¥ (db), i.c., ca =p,, db.

We will be done once we prove Claim 1.

Proof. (of Claim I) Again we need to divide into cases:

Casei. ¢ € Aj: there is nothing to do.
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¢ is in a branch of Af, i.e., there is ¢ < y € A and assume y is minimal in

this sense (it exists since A} is closed under A). We again divide into cases:

Case a. There is no © € A{, below ¢. This means that ¢ < z for all
x € Aj, and even for all z € Ay (since for all z € A, there is
x’ € A} such that lim (z) = lim (2')) and that y = lim (y). There
is exactly one ~%'-class of new elements, which is [suc (¢, y)]_r.
In this case (2) and (3) are easy: just let d’ be a new element
below P> with the same distance from its limit as d (c, lim (c))
(which can be infinite, and if d (¢, lim (¢)) > 2m;, we can choose
d(d lim (d)) = 2mq + 1).

Case b.  There is some x € A} such that x < ¢. Assume z is maximal in
this sense.
If lim (z) < lim (y) then necessarily lim (z) <z < ¢ <lim (y) = y.
If lim (x) < lim (c), then there is one ~%-class of new elements
— [suc(c,y)]or. Again (2) and (3) are easy: let lim(d') be a
new limit element below f (y) and above all elements from M,
below f (y) and let d’ be with the right distance from lim (d'). If
lim () = lim (c), then there are no new ~-classes. Moreover,
we can choose M4 = M, | Lg, and d' € M.
If lim (z) = lim (y) (so also = lim (¢)), then again there are no
new ~%-classes. For (2) and (3), we must make sure that the
distance between f (z) and f (y) is big enough, so that we can
place d’ in the right spot between them. In F\ Ay we may add
my successors to ¢ in the direction of y and m, predecessors. This

is why we chose my > 2my + 1.

Case iil. c¢ starts a new branch in A, i.e., there is no y € Aj such that ¢ < y. In

this case, let ¢ = {max(cAb)|be Aj}. Note that if there is an element
in clp (Ap U {c})\Ap U {c}, it must be ¢’. Adding ¢’ falls under Case ii
above (if it is indeed new), so the ~'-classes of new elements will be those
which come from ¢’ as before, and perhaps more. Namely, it can be that
lim (¢) < ¢’ (so lim (¢) = lim (¢/)) in which case that is all, or we should add
[suc (lim (¢) , ¢)] _r and [suc (¢, ¢)]_r.

By the previous case, we can first find M5 2 PM2 an L -isomorphism

no ?
f" and d” € MY such that f” | Ay = f, Ay U{c} % Bj U {d"} and

f" (') =d”. Then we can just add a new branch starting at d” to construct

M.

See https://shelah.logic.at/papers/975/ for possible updates.
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g

Claim 3.19. Let S be a finite standard tree. For every formula ¢ (Z) (with free variables) there

is a quantifier free formula 1 (Z) such that for every existentially closed model M = Td, we have

M=y =

Proof. Tt is enough to check formulas of the form Jyp (y, Z) where ¢ is quantifier free and lg (Z) =
n > 0. Let k = rguc (p). Let m = ma (k,1,S) from Lemma 3.18. By Claim 3.14, if My, Ms = T4
are existentially closed and @ € My,b € My are of length n and @ =,, b, then M, |= Jyy (y,a) iff
M; = 3ye (y,b).

Assume |AZ | = N and let {p;|i < N} be an enumeration of AZ. For every n: N — 2, let
o (1) = Ny 21" (7) (where ¢° =~ and ¢! = @),

Let

R={n:N—=2[Jec METS&3ce M (M =g (¢) Ayp (y,0) }.

Let ¢ (z) =V, cg ¥y (). By Claim 3.14 it follows that ¢ is the desired formula. O

Corollary 3.20. If My and Ms are two existentially closed models of Tg then My = My and their

theory eliminates quantifiers.

Proof. Assume first that M; C Ms, then M; < Ms: for formulas with free variables it follows
directly from the previous claim, and for a sentence ¢ we consider the formula ¢ A (z = x).
Now the corollary follows from the fact that the theory is universal (so every model can be

extended to an existentially closed one) and has JEP. g

Definition 3.21. Let S be a finite standard tree. Let Ts be the theory of all existentially closed

models of Tg.
From Corollary 3.20 and the definition of model completion, we deduce:

Corollary 3.22. Let S be a finite standard tree. Then Ts is the model completion of Tg. The

theory Ts eliminates quantifiers. Thus T3 has AP.

NIP. In this section we will show that Tg is dependent. The idea is to count the number of
A-types for finite A over a finite set of parameters A, and to show that this number is polynomial
in |A|. Thus, from Fact 2.2 it follows that Ts is dependent. In fact, we will show that we can find

such polynomials fa such that their degree does not depend on A, but only on the number of free

variables and on S. From this, by Lemma 2.5 we will conclude that T is not just dependent but

even strongly? dependent.
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Definition 3.23. Suppose S is a finite standard tree. Assume A C M |= Ts is a finite set and
k< w.
(1) We say that a,b € M are k-isomorphic over A, denoted by a Ei’k b iff for some (any)
enumeration a of A, aa EE ba.

(2) Similarly for tuples from M<%.

Claim 3.24. Suppose S is a finite standard tree. Assume M | Tg, k < w, A C M is finite and
a,b € M<%. Then a =4, b iff tp, (a/A) = tp, (b/A) iff for every quantifier free formula ¢ ()
over A such that ry.c (p) <k, M | ¢ (a) < ¢ (b).

Proof. Follows from the definitions and from Claim 3.14. O

Proposition 3.25. Assume |S| =1 and k < w. Then there is a polynomial py over N such that
for every model M |= T and for every finite set A C M, |{M/ =} < pr (|A]). Moreover, we

can choose (pi |k < w) so that py is linear for all k.

Proof. As |S| =1, we can forget the index 7 and write <,lim, etc. instead of <,,lim,, etc.

Suppose M =T SV . Given a < b € M, the k-distance between them is defined by
di, (a,b) = min{d (a,b),2k + 1} .

Assume a € M and A C M is finite.
Let B = cl” (A) and [ = |B|. Recall that [ < f5 (JA]) where f§' is a linear function (see Claim
3.8). We will divide the possible k-isomorphism type of a over A into finitely many cases, and in

each case the number of possible types will be linear in [ (so linear in |A]).

Case 1. a ¢ P. Here there is no structure, so the number of types is |A| 4 1.
Case 2. a € P, and there is some b € B such that a < b. We further divide into sub-cases:
Casei. a € B. In that case there are at most [ types.
Case ii. There is no b € B such that b < a. In that case, since B is closed under
A, a is smaller than b for all b € B. In this case it is enough to know the
k-distance between a and lim (a). So there are 2k + 1 types.
Case iii. There is some b € B such that b < a. Choose by,b; € B such that by is
minimal with the property that a < b; and by is maximal such that by < a.
Since B can also be viewed as a finite graph-theoretic tree and as such has
I — 1 edges, we have at most | — 1 such pairs.
Case a. lim (by) < lim (b1). Note that it follows that lim (by) = b;.
Case 1. lim (by) < lim (a). Then the type is determined by the
k-distance between a and lim (a), so there are at most

2k + 1 types here.



Paper Sh:975, version 2013-06-02_11. See https://shelah.logic.at/papers/975/ for possible updates.

A DEPENDENT THEORY WITH FEW INDISCERNIBLES 19

Case 2. lim(byg) = lim(a). The type is determined by the k-
distance between a and by, so again there are at most
2k + 1 types.

Case b. lim (by) = lim (by). In this case lim (b;) = lim (a). The type is
determined by the k-distance between a and by and the k distance
between a and b;. So totally there are at most 4k + 2 types.

So in this case (Case iii) there are at most (I — 1) - (4k + 2) many types.
Case 3. a € P, and there is no b € B such that a < b. Let «’ = max{a Ab|b € B}. Since there
is some b € B such that a’ < b, the number of possible k-isomorphism types of a’ over
A is bounded by h (1) where h is a linear map. Fix tp; (a’/A).
Casei. lim(a) = lim (a’). Here the type is determined by the k-distance between a
and a’, so there are at most 2k + 1 types.
Caseii. lim(a) > lim (a’). Here the type is determined by the k-distance between a
and lim (a), so there are at most 2k + 1 types.
So in this case (Case 3) there are at most h (1) - (4k + 2) types.

O

Definition 3.26. Let S be a finite standard tree, and n < w. Say that S is n-nice if there is a
number N < w and a sequence of polynomials <pf |k < w> over N, whose degrees are bounded by

N such that for every model M |= TS and finite A C M, [{M"/ =41} < p? (|A]). Say that S is

nice if it is n-nice for all n < w.
From Proposition 3.25 we get:
Corollary 3.27. If |S| =1, then S is 1-nice.
Lemma 3.28. Suppose S is a 1-nice finite standard tree. Then it is nice.

Proof. We may restrict our attention to models of Ts (i.e., existentially closed models of TY),
since every model of Tg extends to a model of Tg, and the number of k-isomorphism types can
only increase.

The proof is by induction on n. For m = 1 this is the assumption, so assume it holds for
every | < n. Fix some polynomials (py; |k < w,0 <! <n) that witness [-niceness for all [ < n.
We will show that the polynomials defined by pf’nﬂ (X) = pron (X) - pra (X +1) with ¥/ =
ma (k,n,S) (see Lemma 3.18) bound the number of k-isomorphism types. By induction, their
degree is bounded by a constant number, regardless of k.

We use Claim 3.24, namely that we can identify the number of k-isomorphism types and the

number of k-types (see Definition 3.13).
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Suppose A is a finite subset of a model M = Ts. For every k,m < w let AT = Aiﬂ where
lg (Z) = m and lg (7) = |A|. Let Q = SAZH (A). For each type r € @, choose a realization (G, b,)
where 1g (@) = n. Let E be the equivalence relation on ) defined by r E ' iff b, =44 b,.
Without loss of generality, for all ;7" € @, if » E v’ then b, = b,: choose representatives (r; |i < 1)
for all the E-classes. Fix some i < [ and r E r;. Enumerate A as a. Since b,.a =y b,,a, by Lemma
3.18 there is some @, € M™ such that a,b.a = a..b,,a, i.e., Gb, =4 a,.b,,, so we can replace
(@,b,) by (a.,b,,). Now for each E-equivalence class C' C Q, the map r + tp§ (a,/AU {b,})
from C to San (AU {b,}) is injective, so |C| < pf’n (JA] 4+ 1). The number of E-classes is bounded
by pf/71 (|A]), so we are done. O

Theorem 3.29. Suppose S is a finite standard tree. Then it is nice.

Proof. The proof is by induction on |S|. For |S| =1 it follows from Proposition 3.25 and Lemma
3.28 (and for |S| = 0 it is obvious).

Assume 1 < |S|. By Lemma 3.28, it is enough to show that S is 1-nice.

Let 1o be the root of S, So = {no} and let S = U{S:|i <m} where for 1 < i < m the S;’s
are the connected components of S above ng. For i < m, let Ps, = \/{P,|n € S;}. For i < m,
let 7; = min (S;). Suppose <p§€n [kyn < w,i< m> witness that S; are nice. Suppose the degree
of p}‘cm is bounded by N, for all k,n < w and i < m. We may assume that p};m < p};m_H and
N, < Np4q for all k,n < w and i < m.

Assume A C M |= T is finite and a € M. We will divide the possible k-isomorphism types of
a over A into finitely many cases. In each case we will have a polynomial bound (in terms of |A])
on the number of types. This polynomial will have degree at most m - Nx where K = 3. Since
M, A and a were arbitrary this will show that S is 1-nice.

Let A; = 1™ (4) n PY.

Case 1. a ¢ P, forall ) € S. In that case there are at most [A| + 1 types.
Case 2. a € Pn]‘i/f for some 1 < i < m. It is enough to determine tpf"' (a/A;). T tpf" (a/A;) =
tpfi (b/Ai), then a =4, b (by Claim 3.24), so there is an L isomorphism f :
A® (4;a) — A® (4;b) taking a to b and fixing A;. Define f : cl® (Aa) — 1™ (Ab)
by
(7 1a® @aufapn P U (id Ta® (4)).
This is an isomorphism. Now, note that |A;| < f,fl (|A]) which is linear in |A| (see Claim

A|)).

Case 3. a € Py,. Let B= AN P} . First we determine tpy° (a/B), for this we have at most

3.8), and the number of types over A; is bounded by pj, ; (|4i|) < pj, , (f,;g (

Py (JA]) many possibilities. Fix one such type.
Suppose a E%(],k b. Let f’ be an LY -isomorphism such that B U {a} % B U {b},
f' fixes B and takes a to b. Let F' = cl® (AU {a}) N PM and F' = f'(F), so that
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[ is an LY isomorphism between F' and F’. By Claim I (1) in the proof of Lemma
3.18, there are at most K (i.e., 3) ~F -classes in F that are not already in ™ (A),
suppose there are K’ < K such classes. Let b be an enumeration of B, and ¢ a tuple

(k),So (

of variables of the same length. If (¢; (z,9) |7 < K’) are terms from cl zy) such

that the new classes are exactly [ti (a, E)]NF |i < K’ §, then the new classes in F’
no

are {[tz (b7 B)}Ng’ i < K’ } This means that we can fix such terms depending only
on tpy° (a/B). N(;)W it is enough to determine tpy* ((Gnom, (ti (a,b)) |1 < K') JA;) for
each 1 <i<m.

Indeed, suppose that a,b and f’ are as above and moreover for each 1 < i <
m, (Gros (t1(a,0)) [1 < K'Y =p.a, (Guou, (t1(b,0)) |1 < K'). Let g; be an L -

isomorphism fixing A; witnessing this. Then

idd®uru | (gi 1el® (AU {a}) npgff)

1<i<m

is an L's-isomorphism showing that a =X b. This follows from the fact that if e N,I; e’

then Gy, (€) = Gnop, (€).
In this case there are at most pg’l (AD Tli<icm Ph.xc (f,? (\A|)> types (here we used

the assumption that p2.7K/ < p}‘%K).

O
Corollary 3.30. Suppose S is a finite standard tree. Then Ty is strongly?-dependent.

Proof. We will apply Lemma 2.5.

Let A (Z;y) be a finite set of formulas. By quantifier elimination, we may assume that A is
quantifier free. Let k = max {reuc (¢)|¢ € A} and m = |Sa(z5) (4)|. Let {¢;|i <m} be a set
of tuples satisfying all the different types in Sa(z,5) (A) in some model M of Ts. If i # j then
tpy, (€i/A) # tp (¢;/A) (by Claim 3.24), so m < [{M'8®) /=, ;}
Theorem 3.29. u

, and hence we are done by

So far we mostly assumed that S is finite. Now we will let S be any standard tree.
Corollary 3.31. Suppose S is a standard tree. If M |= TS then since
Th(M) = J{Th (M | Ls,)| So C S& [So| <No},

by Remark 3.5, Corollary 3.20 is true in the case where S is infinite. So Ts is well defined in
this case as well and it is in fact |J{Ts, | So € S& |So| < Rg}. It eliminates quantifiers and is

dependent.
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Adding Constants. We want to find an example of every cardinality, and so we add constants
to the language. For a cardinal 6, the theory Tg will be Ts augmented with the quantifier free
diagram of a model of T4 of cardinality 6. The simplest thing to do is to add §-many constants
that do not belong to any P,. The problem with this approach is that the induction would not

work in the proof of the main theorem. So instead we put a tree of constants in every P,. Formally:

Definition 3.32. Let S be a standard tree. For a cardinal 6, let L% = Lg U {enili<O,mesS}
where {e,;|i < 6,n7 € S} are new constants. Let Tg’e be the theory T with the axioms stating

that for all 5,717,172 € S and 14, 5,7, 7/ < 6 such that 71 <guc 72,

® ¢y, € PU’

® i Fj=eniF ey,

o iF i F G = eniNyenj = eni Ayenj,
® 7 <suc M2 = G1717’r]2 (67717i) = €na,is

o lim, (e, Aey i) =en; Aey,,; and

o sucy (eni Aenj,eni) = en..

Corollary 3.33. Suppose S is a standard tree.
(1) T$? has JEP and AP.

(2) TSV’Q has a model completion — Tg — that is complete, dependent and has quantifier
elimination.

(3) Given any model M |= T, there is a model M' |= Tg,e satisfying M' | Lg D M.

(4) If S is finite then TS is strongly® dependent.

Proof. (1) This follows from Corollary 3.22 (noting that JEP for Tg’a follows from AP for TY).

(2) Since T is the model completion of T and Tg’g is the quantifier free diagram of a model
of T, SV , Tg =TsU Tg,e is a complete theory. Since we only added constants, Tg is dependent and
has quantifier elimination.

(3) This follows from JEP for T4.

(4) This follows from Corollary 3.30. O

4. THE INACCESSIBLE CASE

In this section we will deal with the main technical obstacle in proving Main Theorem A. The
proof, which will be described in Section 5, is by induction in the following sense: for S = 2<%,
cardinals k,0 and a limit ordinal § > w such that x /4 (5);*, we will find a model M = TSV’Q
and a set A C P{;/[ of size |A| > k with no non-constant indiscernible sequence in A%, We are
allowed to use induction since A /4 (5)6<w for all A < k. We divide into cases, namely « < 0 , K

singular and k regular but not strongly inaccessible. The main problem is in the remaining case,
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i.e., when k is strongly inaccessible. In all other cases, the proof will follow by induction without

using explicitly the fact that & /4 (8);.

Assumption 4.1. Assume for this section that 0 < k are cardinals, § > w is a limit ordinal and

that k is strongly inaccessible such that & / (8)5%

This section is divided into two subsections.

In the first subsection we define a class 7 of models of T.7¢ (here S = w, with the tree
structure being the usual order on w). We will analyze sequences of elements in models in T
that are close to being indiscernible. There are two main results here, the first (Proposition 4.13)
says that sequences (of singletons) that are closed to being indiscernible can have two forms:
“almost increasing” and “fan”. “Almost increasing” means that s; A s;41 < S;41 A Sit2, and “fan”
means that s; A s; is constant. The second result (Corollary 4.16) deals with applying a specific
definable map on sequences. Given an almost increasing sequence 5, let H (5) = ¢ where t; =
G (suc (im (s; A siy1),Si+1)) (where G is some G, n41, recall that here S = w). We will show
that if applying H again and again we always get an almost increasing sequence, then this almost
increasing sequence will satisfy suc (lim (¢; A t;41) ,t;) = ¢;.

In the second subsection we will construct a model in 7 that uses explicitly a witness of
K (5)9<w. For this model, Py = k. We will show, applying the analysis, that if we have
an indiscernible sequence in Py such that applying H to it again and again results in almost
increasing sequences, then there is a homogeneous sub-sequence of  of length §, contradicting the
assumption. So after applying H finitely many times we must get a fan. This model will come
equipped with equivalence relations on the trees P,, which refines the neighboring relation (z,y
are neighbors if they succeed the same element). The point is that the number of classes inside a
given neighborhood will be less than . This will enable us to use the induction hypothesis in the
proof of Main Theorem A.

The models in 7 will be standard in the following sense:

Definition 4.2. Suppose S is a standard tree. Call a model of T standard if for every n € S,
(P,,<y) is a standard tree, and A,,lim,, suc, are all interpreted in the natural way (so lim,, (a)

is the greatest element < a of a limit level).
Let us fix some notation:

Notation 4.3. Suppose S is the standard tree w with the usual ordering. Assume M = Tg and
T,y € P,J]”.

(1) When we say indiscernible, we shall always mean indiscernible for quantifier free formulas.

(2) We say that * = 0 (mod w) when z = lim(z). For n < w, we say that x = n + 1

(mod w) where z # lim, (x) and pre, (r) = n (mod w). Note that for a fixed n, the set
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{z|z=n (mod w)} is quantifier free definable. In addition, if M is standard, then for
every x there is some n < w such that © = n (mod w) (where n is the unique number
satisfying lev () = o + n for a limit ordinal «).
(3) Say that © =y (mod w) if there is n < w such that z =n (mod w) and y =n (mod w).
(4) Instead of Gy, ny1 we write Gy,

Analysis of indiscernibles in 7.

Definition 4.4. Let 7 be the class of models M = T\ that satisfy:

(1) M is standard (see Definition 4.2).

(2) For t € Py, lev (G, (1)) <lev (t).

(3) Gy, : Suc(P,) — Suc (P,) (i.e., we demand that the image is also a successor).

(4) If (s;|i < d) is an increasing sequence in Suc(P,) such that s; = s; (mod w) for all

i<j<dtheni<j= G,(s;) # Gpn(sj).

Notation 4.5. For M € T and n < w,

(1) We say that s,t € PM are neighbors, denoted by ¢+ E®*Y s when {x |z <t} = {z|z < s}.
This is an equivalence relation. As P, is a normal tree, for ¢t of a limit level its E™P-class
is {t}.

Let Suc (M) = J {Suc (PM)|n <w}.

5, t and 7 will denote d-sequences, e.g., § = (s; |1 < §).

—~ o~
w N
= =

(4) If 5 is contained in some PM and n is clear from the context or insignificant, then we write

< instead of <,, etc.

Definition 4.6. Recall that given §* > w and an indiscernible sequence § = (s;|i < "), its
quantifier free Ehrenfeucht-Mostowski type (or in short quantifier free EM-type) is defined as
<tqu (80y.-+-y8n—1)|n < w). In general, a quantifier free EM-type is a sequence p = (p, |n < w)
such that p, € S4t (0).

We need the following generalization of indiscernible sequences for 7

Definition 4.7. A sequence § = (s;|i < §) is called nearly indiscernible (in short NI) if:

(1) There is n < w and an EM-type p = <pk e ST )|k < w> such that if ip < -+ < ip_1 <9
and i;+n < ij41 forall j < k, then (Sz‘oa e, Sik—l) E pi. (So for §* < § every sub-sequence
<si_7. |7 < 5*> with 4; +n <i;11 < 6 is indiscernible and its quantifier free EM-type is p.)
We call this property sparseness.

(2) For 4,j < 0 and k < w, tpys (Siy---,Sivk) = tPgr (S4,---,8j4%). We call this property

sequential homogeneity.
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Definition 4.8. A sequence § = (s; | < d) is called hereditarily nearly Indiscernible (in short
HNI) if:
For every term o (zg,...,Zn—1), the sequence ¢ = (t; |1 < §) defined by t; = o (54, ..., Sitn—1)

is NI.

Remark 4.9. If 5 is HNI then it is NI, and for every term o (xg,...,T,_1), the sequence ¢ =

(t;|i < &) defined by t; = o (si, ..., Sitn—1) is HNI. Indeed, for any term 7 (xq,...,Tx—1), let

T (20 oy Tiak—2) = T(0(T0y e oy Tn—1) 5oy O (Tho1s ey Trtk—2)) s

then the sequence 7 = (r; | i < §) defined by r; = 7 (t;,. .., tivk—1) is equal to 7 (S, .. ., Sitntk—2)

thus it is NI.
Example 4.10. If 5§ = (s; |4 < ¢) is indiscernible, then it is HNIL.

Proof. Suppose o (xg,...,Tn_1) is a term. If t; = o (84,...,8;4n_1), then any sub-sequence of
t = (t;|i < §) where the distance between two consecutive elements is at least n is an indiscernible
sequence with a constant quantifier free EM-type. This shows sparseness.

For sequential homogeneity, note that for a quantifier free formula ¢,

(P(tia-“atiJrk) = SD(U (5i>~--;3i+n71>7~--70<5i+ka .- -75i+n+k71))-

Let i,5 < 0. As tpys (Si,- -+ Sitnth—1) = tPg (555 - - -5 Sj4ntk—1), it follows that

tqu (tia s 7ti+k?) = tqu (t]ﬂ s 7tj+k) .

Definition 4.11. Assume M € 7.

(1) ind (M) is the set of all non-constant indiscernible sequences § € Suc (M )5.

(2) HNind (M) is the set of all non-constant HNI sequences § € Suc (M)5.

(3) ai (M) is the set of sequences 5 such that for some n < w, § € (P,Jl\/[)é and s; A si41 <
8i+1 A Sito (al stands for “almost increasing”, note that if 5 is increasing then it is here).

(4) indy (M) is the set of all sequences 5 € ind (M) such that s; As; is constant for alli < j < §
(f stands for “fan”).

(5) ind; (M) is the set of all increasing sequences 5 € ind (M).

(6) inda; (M) =ind (M) Nai (M).

(7) Define HNindy (M), HNind; (M) and HNind,; (M) similarly, but we demand that the

sequences are HNI.

From now on, assume M € T.
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Remark 4.12. If 5 € ai (M), then s; A $;4n = $; A s;y1 for all 2 < n < w and i < § (prove by
induction on n, using the fact that if a Ab < bA b then a AV =a AD).

Proposition 4.13. HNind (M) = HNind,; (M) UHNind; (M).

Proof. Assume that § € HNind (M). Since 5 is NI, there is some n < w that witnesses sparseness.
As for i < j < k, s; A s; is comparable with s; A si, by Ramsey there is an infinite subset A C w
that satisfies one of the following possibilities:

(1) Foralli<j<keA, s; ANsj =5 A sy, or

(2) Foralli<j<keA, s;Ns; <sjAsp.
(note that it cannot be that s; A s < s; A s; because the trees are well ordered).

Assume (1) is true.

It follows that if i < j <k <l € Athens;As; =sjAsp=s,As. fn<j—ik—j1—k,
then by the choice of n, the same is true for all i < j < k < | < § where the distances are
at least n. Moreover, given ¢ < j,k < [ such that n < j —i and n < [ —k, then s5; A s; =
Smax{j,l}+n /\ Smax{j,l}+2n, and the same is true for sy A s;. It follows that s; A s; = sp A 51

Choose some 0 < i < n.

Assume for contradiction that sgAs; < s; A S2;, then by sequential homogeneity (s, | < ) €
ai (M). In this case, by Remark 4.12, so A s; < 8; A S2; = S; A Spiti- But So A Spivi = Si A Spiti,
and so on the one hand sy A s; < sg A Spi+4, and on the other hand sg A sp44 < s; — together it’s
a contradiction.

It cannot be that sg A s; > s; A s9; since the trees are well ordered.

So (again by the sequential homogeneity) it must be that sg A s; = s; A S2; =+ = Spi A Spiti-
So necessarily sg A s; < 80 A Spi, but in addition sg A sn; = S A Spiqs (since the distance is at least
n) and S0 So A $; = Sn;i A Spiti > So A Sni, and hence sg A 8; = Sg A Spi = So A Sp-

It follows that s;; A Sig4i = Sig A Sig+n = So A sy, for every iy < 6. This is true for all ¢ such
that 49 +¢ < 6 and so s; As; =sg A sy, for all i < j < 4. So in this case 5§ € HNind; (M).

Assume (2) is true. Assume that i < j < k € A and the distances are at least n. Then, as s; A
sj < 8;AS, it follows from sparseness that (s,q | o < ¢) € ai (M) and that (sg, Sp+1, S3n, San, - --) €
ai (M). In particular, by Remark 4.12, s9 A s, = 80 A S35 = S0 A Spt1-

If so As1 < $1 A sa, then § € HNind,; (M) by sequential homogeneity and we are done, so
assume this is not the case.

It cannot be that sg A s; > s1 A so (because the trees are well ordered).

Assume for contradiction that sg A s; = s1 A so. By sequential homogeneity it follows that
SoAS1 = SpASp+1. We also know that sgAs,, = sgAsp+1, and together we have soAs; = sgAsp+1,
and again by sequential homogeneity, s, A sapt1 = Sp A Spt1, and 80 Sy, A Sopy1 = So A S, — a

contradiction (because the distances are at least n). O
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Definition 4.14. Define the function H : HNind,; (M) — HNind (M) as follows: given s €
HNind,; (M), let H (5) =t where t; = G (suc (lim (s; A 8;41) , Si41)). (Recall that G = G,, where

the sequence 5 is contained in PM.)

Remark 4.15. H is well defined: if § € HNind,; (M) then H (5) is in HNind (M). This is be-
cause t = H () is not constant — by Clause (4) of Definition 4.4 (it is applicable: the sequence
(s; Asiy1]t < 0) is NI and increasing, so there is some n < w such that s; A s;+1 = n (mod w)

for all ¢ < §, and hence (lim (s; A s;4+1) |7 < J) is increasing).
As usual, we denote H® (5) = 5 and H™ (5) = H (H™=Y (5)) for n > 0.

Corollary 4.16. Let 5 € HNind,; (M). If for no n < w, H™ (5) € HNind; (M), then for all
n < w, H™ (5) € HNind,; (M). Moreover, in this case there exists some K < w such that for all
n> K, ift = H™ (5) then suc (lim (t; Atiy1),t;) = t;.

Proof. By Proposition 4.13, it follows by induction on n < w that H™ (5) € HNind,; (M) and so
H®HD (5) is well defined.

For n < w, let 5, = H™ (5), and let us enumerate this sequence as 5,, = (s,,;|i < 8).

lev (im ($p,0 A sp,1)) < lev(sy,0) because lev (s, 0) is a successor ordinal (by Clause (3) of

Definition 4.4) while lev (lim (z)) is a limit ordinal for all z € M.

So lev (suc (im ($p,0 A Sn,1)) 5 Sn1) < lev(sn0), and so by Clause (2) of Definition 4.4,
(lev (sp0)|n < w)

is a <-decreasing sequence.

Hence there is some K < w and some « such that lev (s,,9) = a for all K <n. Assume without
loss of generality that K = 0.
Let n < w. We know that
lev (Sn+1,0) <lev (suc (im (sp,0 A Sp1),s8n,1)) =
= lev (suc (im (S50 A Sn.1) , Sn,0))
< lev(sp0)
But the left hand side and the right hand side are equal and suc (im (8,0 A $5.1) , Sn,0) < S0, SO
suc (im (85,0 A Sn,1) 5 Sn,0) = Sn.0-

)

By sequential homogeneity, suc (lim (sy,; A S i+1) , Sn,i) = Sn,; for all ¢ < ¢ as desired. O
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Constructing a model in 7. By Assumption 4.1, we have a function c : [lﬁ:]<w — 0 that
witnesses the fact that x /4 (5);* (the letter ¢ stands for “coloring”). Fix ¢, and also a pairing
function (a bijection) pr : § x § — 6 and projections 71,7 : § — 6 (defined so that 7 (pr (o, 8)) =
a and mo (pr(a, 8)) = B). For us, 0 is considered to be a limit ordinal. For an ordinal «, let

Lim (o) = {f < a| f is a limit }.

Definition 4.17. F = Fy , is the set of triples f = (d, M, E) = (d¢, Ms, Er) such that:

(1) M is a standard model of TFV)} and M = P} (i.e., M is just a standard tree). Some
notation:

(a) We write <¢ instead of <£/[f etc., or omit f when it is clear from the context.
(b) Let Suciim (M) be the set of all ¢t € Suc (M) such that lev (¢) — 1 is a limit.

(2) E is an equivalence relation refining E™ (see Notation 4.5). Moreover, for levels that are
not o + 1 for limit « it equals E™P. By normality E is equality on limit elements, so it is
interesting only on Sucjiy, (M).

(3) For every E" equivalence class C, |C/E| < k.

d is a function from {7 € Sucyy, (M)~ |7 (0) < --- <n(lg(n) — 1)} to 6.

—
=~
~

(5) We say that f is hard if there is no increasing sequence of elements § of length § from
Suciim (M) such that:
For all n < w there is ¢,, < 0 such that for every ig < -+ <i,-1 <4,d (sio, cee Sinfl) =

Cn-

Example 4.18. Consider (x, <) as a standard tree. Let f. = (¢ [ Sucim (k) , &, =) € F. Then f.
is hard.

Definition 4.19. Let f = (d¢, Mg, Er) € F, let « be a variable and A C Sucyy, (Mg) be a linearly

ordered set.

(1) Say that p is a d-type over A if p is a consistent set of equations of the form
d(ag,...,an—1,2) =€ wheren < w, e <@ and ap < -+ < ap—1 € A.

(2) Consistency here means that p does not contain a subset of the form
{d(ag,...,an_1,2) =¢,d(ag,...,an_1,2) =€’}

for e £ ¢'.
(3) Say that p is complete if for every increasing sequence {ag, ..., a,—1) from A there is such
an equation in p.

(4) If B C A then for a d-type p over A, let

pl B={d(ag,...,an-1,2) =€ €plag,...,an—1 € B}.
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(5) For t € Sucjjy, (Mf),

dtp (t/4) = {d(ao,...,an—1,2) = €|

ag < - < ap—1 € Ayan—1 <t,ds(ag,...,an_1,t) =¢}.

For an element ¢ € Sucyiy, (M), t = p means that ¢ satisfies all the equations in p when we
replace d by d,.
(6) Let Sq(A) be the set of all complete d-types over A.

Now we define the function g from F to F.

Definition 4.20. For f = (Mg, df, E¢) € F, define g = g (f) = (Mg, dg, Eg) € F by:

o M, is the set of pairs a = (I',n) = (I'y,7,) such that:
(1) There is & < & such that  : @ — Sucjm (Ms) and T : Lim (o) — S4 (Mg). Denote
lg (I',n) =1g(n) = a. If a is a successor ordinal, let [y ) =1 (a — 1) € M;.
(2) For 8 < a limit, T (8) € Su ({n(3) | &' < 8)).
(3) If 0 < « then n (0) =T (0) | 0.
(4) For 8’ < B <o, n(B') <¢ n(B) (n is increasing in My).
(5) If f/ < B < « are limit ordinals then I' (8’) C " ().
(6) If 5/ < B < o and B’ is a limit ordinal then 1 (8) =T (8).
(7) For 8 < a, there is no t <g n(B) that satisfies
(a) t € Suciim (Mg),
(b) n(B') <¢ t for all B’ < B,
(c) tE=T(0) [0, and
() ¢ =T (8) for all limit #' < 5.
(8) The order on My is (I',n) <g (I, ') iff I'<I"” and n<n’ (where < means first segment).
This defines a standard tree structure on Mg.
It follows that for a = (T', n), lev (a) = lg (a).
o dg is defined as follows: suppose ag <g -+ <g @n—1 € Sucim (Mg) and a; = (I';,m;).
Let t; = 1o, = m; (1g(a;) — 1) and p = T'y—1 (Ig (an—1) — 1). Let € € 6 be the unique
color such that d (tq,...,tn—1,2) =€ € p. Then

dg (ag,...,an—1) =pr(e,c(lev(ag),...,lev(an-1))).

o Fg is defined as follows: (I'y,m1) Eg (I'2,72) iff
— 1g (m) =1g (n2), so equals to some a < &,
—m [ B=mB,T1[B=Ty|fforall §<a((sothey are E™-equivalent),
—T1(0) [0=T2(0) [0, and
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—Ifa=p+nfor f€Lim(a) and n < w then for all ap < a1 < -+ < ag—1 < B,

d(ﬁl (O‘O)v""nl (Oék—l)ﬂh (ﬁ)vx) =ecely (/B) <~
d(m2 (), n2(ak—1),m2(B),x) =c €2 (B)

Note that it follows that if 1 < n, and (T'y,n;) E®® (g, n2), then Ty (8) = I'z () and
m (8) = n2 (B), so they are E-equivalent.

In the next claims we assume that f € F and g = g (f).

Remark 4.21. lev (a) =1g(a) for a € Mg and a E™ b iff lev (a) = lev (b) and a | @ = b | « for all

a < lev(a).
Claim 4.22. g € Fg ,, and moreover it is hard.

Proof. The fact that My is a standard tree is trivial. Also, E refines E™ by definition.

We must show that the number of E-classes inside a given E™P-class is bounded.

Given a (partial) d-type p over Mg and t € Mg, let p! be the set of equations we get by replacing
all appearances of t by a special letter .

Assume that A is an E"-class contained in Sucyiy, (Mg), and that for every a € A, lev (a) = a+1
where « is limit. Assume a € A and let B = {*} Uim (1) \ {lo} (since A is an E"P-class, this
set does not depend on the choice of a). Consider the map ¢ defined by a — I’ (a)l“. Then,
a,b € A are E equivalent iff € (a) = ¢ (b). Therefore this map induces an injective map from A/FE
to this set of types. The size of this set is at most 2/51+0+®0 But |B| = |a| < &, and 6 < & by
assumption, so |A/F| < k (as k is a strong limit).

g is hard: if §= (s;|i < §) is a counterexample then (lev (s;) |i < d) would be a homogeneous

sub-sequence, contradicting the choice of c. O

Proposition 4.23.

(1) For all a € Suc (Myg), levyy, (a) < levay (la).
(2) Assume t € Sucim (M¢). Then there is some a = (I',n) € Suc (Mg) such that l, =t.

Proof. (1) Let levys, (a) = a. Then (preg (9, (8)) |8 < ) is an increasing sequence below I,
hence a < levyy, (1a).
(2) Let T be the set of ordinals «y for which there is a sequence ((I'y, ) | @ < v) such that for
every a < 1y
* (Ta,na) € Mg; 1g (o) = o it is an increasing sequence in <g; 7, () < t for f < « and if
8 is a limit then T (8) = dtp (t/ {na ()| 3" < 8}).
We try to construct such a sequence ((I'a, 74) | @ < 7) as long as we can. By (1), levag, (¢)+1 ¢ T,

so v < k and vy must be a successor ordinal. Let =~ — 1.
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Define n = ng U {(B,t)}, I’ = I'g unless § is a limit, in which case let I'(5) be any complete

type in z over {n(8’)| 8 < B} containing |J{I's (8') |6’ € Lim (8) } U{d (x) = d¢ (¢)}.
By construction, (I',n) € M. O

Now we build a model in 7 using F:

Definition 4.24.

(1) Define fy = f. (see Example 4.18), and for n < w, let f,11 = g (f,).
(2) Define P, = Mg, , d,, = dg, and E,, = F¥, .
(3) Let M. =J
(4)

new Pn (we assume that the P,’s are mutually disjoint). So PMe = P,,.

M, |= TY when we interpret the relations in the language as they are induced from each
P,, and in addition:

(5) Define GMe : Suc (P,) — Suc (P,41) as follows: let a € Suc (P,) and @’ = suc (lim (a) , a).
/

By Proposition 4.23, there is an element (I',7), € Suc(P,41) such that [, = o’

Choose such an element for each a, and define GMe (a) = (T, n),.
Corollary 4.25. M. € T.

Proof. All the demands of Definition 4.4 are easy. For instance, Clause (2) follows from Proposition
4.23. Clause (4) follows from the fact that if (s; | < d) is an increasing sequence in P, such that

s; = s; (mod w) then (suc (lim (s;),s;) |7 < J) is increasing, so lg, (s,) 7 la,(s;) for i # j. O

Notation 4.26. Again, we do not write the index f,, when it is clear from the context (for instance

we write d (s, ..., si) instead of dg, (so,...,Sk)).

The following lemma and corollary will show that starting with any HNI sequence in M., by

applying H to it many times, we must get a fan.

Lemma 4.27. Assume that § € HNind,; (M) and ¢ = H (5) € HNind,; (M) (see Definition
4.14) satisfy that for all i < 6:

e suc (lim (s; A si41),8:) = si, and
o suc (lim (t; Atiy1),t:) = t;.
Then, letting u; = suc (lim (s; A $41) , Six1) and v; = suc (im (¢; A tj11) 1) for i < o:
(1) (d(u;)|1 <4< §) is constant.
(2) d(uiy,...,u;,) = (d(vig,...,vi,_,)) for 1 <ig < -+ <i, <& (recall that m is defined
by 1 (pr (i, 7)) = 4)-
Proof. (1) By definition, t; = G (u;). Denote t; = (T';,n;). As (t; Atiy1]i < d) is an increasing
sequence (because t € HNindy; (M.)), 0 < lev (¢4 At2). Let p =T az, (0) [ 0. Then p =T (0) | 0

for all 1 <4 (it may be that t; Atg = 0 and in this case we have no information on ty). Assume
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that p = {d (x) = €} for some ¢ < 6. Then, by Definition 4.20, Clauses (3) and (6), d(n; (8)) =€
forall 1 <i<dand B <lg(n). As u; =1;, we are done.

(2) Denote v; = (I'},n}). By our assumptions on #, t; E®® v; hence if f is increasing then
0 = t. Assume that it is not increasing. Then #; A t;11 < t; so lim (¢; At;11) = t; Atiy1. Let
a; = B+ 1 =lev(t;) = lg(n}), then B; is a limit ordinal and ¢; | 8; = v; | Bi. So for 1 < 4,
L;0)10=T3(0)[0=pand I} [ B; =T [ Bi.

Note that for 1 < i, Iy, and [,, are both below w11 = ly,,, (as v; < tjp1 and Iy, = u; < uiy1),
that they both satisfy p and that they both satisfy the equations in I' (8) for each limit 8 < j;,
so if for instance I}, < l,,, we will have a contradiction to Definition 4.20, Clause (7).

So, in any case (whether or not  is increasing), we have [, = l;, = u;.

By choice of ¥ and the assumptions on ¢, ¥ is increasing so d is defined on finite subsets of it.

Assume 1 < iy < -+ < i, < d. Then for every o < 6, by the choice of d in Definition 4.20:
X ™1 (d (Uim [SPN 71}7;1171)) = o iff
gy r- e lnix) —oell (B, ,)iff

% d(

X d (Z'Uio Y x) =ocel} (Bi,_,) (because T [y, _, =T,  Tag_,)iff
X d (Z'Uio seeenlo, lvin) = o (this follows from Clause (6) of Definition 4.20) iff
X d(tig,...,u;, ) = o (because I, = u;).

O

Corollary 4.28. If 5 € HNind,; (M) then there must be some n < w such that H™ (5) €
HNind; (M.) (see Definition 4.14).

Proof. If not, by Corollary 4.16, for all n < w, H™ (5) € HNind,; (M.). Moreover, there exists
some K < w such that for all K < n, if £ = H™ (5) then suc (lim (t; At;41),t;) = t;. Without

loss, K =0 (i.e., this is true also for 3).

Claim. If 5 is such a sequence then for all n < w, d (uio, ... ,uin_l) is constant for all 1 < ip <

o <p_1 < § where u; = suc (lim (s; A 8;41) , 8i+1) for i < 4.

Proof. (of claim) Prove by induction on n using Lemma 4.27. O
But this claim contradicts the fact that for all £ < w, fj is hard. O
The next lemma and corollaries are the main conclusion of this section:

Lemma 4.29. If 5 € HNind,; (M) and t = H (5) € HNindy (M) then = (v; E vj) fori < j <o

where v; = suc (im (341 A t;) , t5).

Proof. Let t =tg Ati,s0t=1; At; forall i < j <d. Let u; =suc(t,t;). Ast; #t; fori < j <9,

u; # u;. In addition

lui S ltqy = suc (hIIl (Sl A 51'_;'_1) y 5i+1) S Si4+1 A Si+2
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and (s; A s;41 |7 < 0) is increasing so l,,, and I,,; are comparable.

First assume that a = lev(¢) > 0. Then I't (0) = I'y, (0) for ¢ < §. For all i < j < 4,
lu, E T, (0) [ 0, 1y, is greater than 7, (8) = n (B) for all § < a and I, =T, (B) =T (B) for
all limit 3 < . So by Definition 4.20, Clause (7), l,, = l;, 50 1y, = 1y, for all i < j < 0.

But since u; # uj, it necessarily follows that I'y, # I'y;. If @ = f + 1 for some j3, then by
definition of the function g, Ty, = T, | @ = T'; (because I' was defined only for limit ordinals).
So necessarily « is a limit, and it follows that lim () = ¢ so v; = u;. Now it is clear that
Iy, (@) # Ty, (o) and by definition of E, = (v; £ v;) for all i < j <.

If &« = 0, then as before v; = u; (because lim (¢t) = t). We cannot use the same argument
(because T'; (0) is not defined), so we take care of each pair ¢ < j < § separately. If T, (0) [ 0 =
Ty, (0) | @ then the argument above will work and = (v; E v;). If Ty, (0) [ 0 # T, (0) | 0, then
- (v; E vj) follows directly from the definition. O

Finally we have

Corollary 4.30. If 5 € HNind,; (M.), then there is some v € HNindy (M) such that v; =

suc (lim (v;) ,v;), v; E™ v; but = (v; E v;) fori < j <§.

Proof. By Corollary 4.28, there is some minimal n < w such that # = H™+1 (5) € HNind (M,).
Let v; = suc (lim (t;41 A t;) ,¢;) for i < 6. By Lemma 4.29, we have that v; E®® v; but — (v; E v;)

for ¢ < j < 0 (in particular v; # v;). So necessarily ¢t = ¢; A t; is a limit and v; = suc (¢, v;). O

Corollary 4.31. If there is some 5 € ind (M) such that s; € Py for all i < &, then there is
some v € indy (M) such that v; € Sucim (Me), vi E™ v; but = (v; E vj) fori<j <.

Proof. Since Py = k, any sequence § in ind (M) in Py must be increasing. So by the last corollary
there is some o € HNindy (M) like there. But then by sparseness (see Definition 4.7) there is

some n < w such that (v,; |4 < ) is indiscernible. O

Remark 4.32. In this section it becomes clear why we needed to use discrete trees and not dense
ones (as in [KS12]). In Corollary 4.31, we started with an increasing sequence in Py = x, and
then applied a definable map on it, to get a new HNI sequence §, but this sequence might be
almost increasing and not increasing (i.e., in indy;). Since we wanted the coloring function d to be
defined on increasing sequences, we needed again to get an increasing sequence, so this is done by
taking s; A s;+1. This sequence is increasing, but in order for the coloring d to affect the coloring
of the original sequence (as in Lemma 4.27), we need this definable map to give us a successor of
$i A 8;11. Trial and error has shown that adding the function “successor to the meet” instead of
just successor results in losing AP, so we needed the successor function. The predecessor function
is not necessary (in existentially closed models, if x > lim,, (x), « has a predecessor), but there is

no price to adding it, and it simplifies the theory a bit.
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5. PROOF OF THE MAIN THEOREM

In this section we prove Main Theorem A.

We start with the easy direction.

Proposition 5.1. Let k,0 be cardinals and 6 > w a limit ordinal. If Kk — (6);“ then for every

n <w and every theory T' of cardinality |T| < 0, k — (8)7,,-

Proof. For convenience, let z; for ¢ < w be disjoint n-tuples of variables and let L (T") be the set
of formulas in T in {Z; |i < w}.

Let (@; |i < k) be a sequence of n-tuples in a model M |= T. Define ¢ : [5]<“ — L (T)U {0} as
follows:

Given an increasing sequence ) € k<%, if lg(n) is odd, then ¢(n) = 0. If not, assume it is 2k
and that n = (o |1 < 2k). If Gop -+ Tay_y = Gay, ** * Gasy,_, then ¢ (n) = 0. If not there is a formula
¢ (Zo,...,ZTx—1) such that M = ¢ (dao, .. ,dakfl) A=p (EL%, e ,&a%fl), so choose such a ¢ and
define ¢ (n) = ¢. By assumption there is a sub-sequence (Gq, | ¢ < ¢) on which ¢ is homogeneous.
Without loss, assume that «; = i for ¢ < 4.

It follows that (a; |7 < ¢) is an indiscernible sequence:

Suppose there are some ig < i1 < --- < ig9p—1 < 0 such that a;, ---a;,_, # @i, - - Qs,,_,. Since
¢ is limit there are some ordinals is, ..., i3x_1 such that ign_1 < dgp < --- < igp_1 < 0.

Since ¢ is homogeneous, there is a formula ¢ such that ¢ ((ig,...,i3.-1)) = ¢ ({0, ..., l2p-1)) =

, meaning that

M lZ (p(dio,...,@ik_l) A1) (dik,...,di%_l)

and

M =@ (G, igyy) AN (@i - - -5 gy,

— a contradiction.
Now let ig < -+ < ir_1 < be any increasing sequence. Let j < d be greater than i;_;. Then

Qi Qi = Q5 -+ -Qjqyp—1 = Qg - -~ Gx—1 and we are done. O

From now on let S = 2<%,
As in Notation 4.3, when we say indiscernible, we mean indiscernible for quantifier free formulas.

The proof uses the following construction:

Construction A. Assume S’ C S is such that v € S’ = v [ k € §' for every k < lg (v). Assume
N = Tg,’g and that for every v € S, if v (e) ¢ S’ for e € {0,1}, we have a model M¢ |= TSV’Q.
We may assume all models are disjoint. We build a model M TSV’G such that M | L%/ O N
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and: for every v € S" and ¢ € {0,1} such that v~ (¢) ¢ S” and for every n € S, Pj\iI@An = Péws
6 M My T M — My

In general, for every symbol R, from Lg, let Rf(s)%, = R, v. For instance, € &) i = Cnit for

. ME
i < 6 and Gﬂ/{@)Am,I/A(E)Anz = Giy¥ne for 1 <gue 12

The last thing that remains to be defined is Gz])/[f<e>’ After we have defined it, M is a model.
Moreover, for every tuple a € Mg and for every quantifier free formula ¢ from L, there is a formula
¢’ generated by concatenating v” (€) to every symbol appearing in ¢ such that M: = ¢ (a) iff

M E ¢’ (a). In particular, if I C M¢ is an indiscernible sequence in M, it is also such in ME.
Main Theorem A follows immediately from Proposition 5.1 and:

Theorem 5.2. Let S = 2<“. For any cardinals 0, £ and a limit ordinal § > w, Kk — (5)T§9,1 iff

K= (8)5.

Proof. We shall prove the following: for every cardinal £ and limit ordinal § > w such that

K > (0),*, there is a model M |= TSV’O and a set A C P{;/I of size |A| > k with no non-constant

indiscernible sequence in A°. That will suffice (because M can be extended to a model of TY).
The proof is by induction on . Note that if k /4 (§); then also A 4 (8); for A < x. The

case analysis for some of the cases is very similar to the one done in [KS12], but we repeat it for

completeness.

Casel. Kk <0.Let M= Tg’g be any model and A = {eé”)[l |i < 9}.
Case 2.k is singular. Assume that k = |J{\;|i < o} where 0 < k and \; < k for all i < 0.
Assume that Ny, Ay are the model and set given by the induction hypothesis for o.
For all i < o, let M;, B; the models and sets guaranteed by the induction hypothesis
for A\;. Let N1 be a model of Tg,e containing M; as substructures for all i < o (it exists
by JEP) and 4; = J{Bi|li<o}.
Assume that {a;|i <o} C Ag and that {b; |J{N |l <i} <j <A} C B; are enu-
merations witnessing that |4g| > o, |B;| > M\ U{N |1 < i}
Let M' E T{Vo} be the standard model (see Definition 4.2) with ngl = k and
<M =e
Let N E T{V’f} be a model such that N [ Lgyy 2 M’. Use Construction A to build

(

a model M | TSV’Q with M<0> = Ny and M<1> = Ni, and define the functions G?)J@)

and Gé\)/{(l) as follows: for a limit & < x and 0 < n < w, define GK@ (a+n) =
Umin{j<o|a<i, } and GKM (a+n) =by.
Let A=k = P<J(\)4>,. Assume that § = (s; | i < 0) is an indiscernible sequence contained

in A.
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Obviously it cannot be that s; < sg. Assume that sy < s;. There are limit ordinals
«; and natural number n; such that s; = o; + ny, e, s; = n; (mod w). By indis-
cernibility, n; is constant, and denote it by n. So (suc (Sa;, S2i+1) = s2; + 1|1 < J) is
an indiscernible sequence of successor ordinals.

(G0 (52i +1)|i < &) must be constant by the choice of Ay, and assume it is a;,
for ig < o. It follows that aa; € A\, \[J{Ai |l <o }. This means that Gy 1y (s2; + 1) =
ba,; C By, for all i < o, and so ag; must be constant. This means that (sq; |4 < ) is
constant so also s.

Case 3.k is regular but not strongly inaccessible. Then there is some A < & such that 2* > k.

Let My =T Sv,e and Ag C PZ;/I" satisfy the induction hypothesis for A. Assume that
Ap D {a; i < A} where a; # a; for i # j.

Let M' E T&)} be a standard model such that ngl = 252 ordered by first segment.

Let N E T&’f} be any model such that N [ Ly 2 M’. We use Construction A to
build a model M = T§ using N and M<O> = M<1> = My. We need to define the functions
G(.q0) and Gy (1):

For f € Pg;/ﬂ such that 1g (f) = a+n for some limit o and n < w, define Gé‘;{/@ (f)=
G- There are no further limitations on the functions Gé‘;{ /<0> and G?;{ /<1> as long as they
are regressive.

Let A = 25* = ngl. Assume for contradiction that (s;|i < J) is a non-constant
indiscernible sequence contained in A.

It cannot be that s; < sg, because by indiscernibility, we would have an infinite
decreasing sequence.

It cannot be that sg < s1:

In that case, (s;|i <) is increasing. For all i < 4, let t; = suc(sa;,S2i41)-
The sequence (t; |7 < &) is an indiscernible sequence contained in Suc (sz ) and so
t; = n (mod w) for some constant n < w. Hence (lg (t;) —n|i < §) is increasing and
(G, 00y (ti) = @ig(t;)—n | i < §) is a non-constant indiscernible sequence contained in Ag
— a contradiction.

Denote r; = sg A s;41 for i < §. This is an indiscernible sequence, and by the
same arguments, it cannot decrease or increase. But since r; < sq, it follows that r; is
constant.

Assume that sp A s1 < $1 A s2, then s1 A s2 < $3 A s3 and 80 S9; A S2,41 < Sa3i+1) N
Sa(i+1)+1 for all i < J, and again — (sz; A s2;41) is an increasing indiscernible sequence

— we reach a contradiction.



Paper Sh:975, version 2013-06-02_11. See https://shelah.logic.at/papers/975/ for possible updates.

A DEPENDENT THEORY WITH FEW INDISCERNIBLES 37

Similarly, it cannot be that sg A s1 > s1 A s2. As both sides are smaller or equal to

s1, it must be that

50/\52280/\51251/\82.

But this is a contradiction (because if & = 1g (sg A s1) then [{so (&), s1 (@), s2 (@)} = 3,
but the range of these functions is {0, 1}).
Case 4. &k is strongly inaccessible.

Assume that My, Ay are the models and sets given by the induction hypothesis for
A < k. We may assume they are disjoint. Let N be a model of Tsvﬂ containing My
for A < k (N exists by JEP), and let A =|J{A4Ax| A <} C N. Recall that we have a
function ¢ : [x]°* — 6 that witnesses the fact that x /4 (§);*, and that in Definition
4.24 we defined a model M, of Tj. Let N = Tj’e be a model such that N. | L, O M,.
Let S = 1<% (finite sequences of zeros). We may think of N, as a model of Tg,’e.
Denote 0,, = (0, ...,0) where 1g (0,,) = n.

We use Construction A and S’ to build a model M of TSV’O:

e Tor all n < w, let Moln =N.

e Define GM

0n,0n " (1)
— Recall that Pd”f ) Péwc = Mg, . Assume that B C Sucjpy (P,ILVIC) is an E"P

as follows:

class. By definition, |B/E¢, | < k.

— Choose some enumeration of the classes {¢; |7 < |B/F¥,|}, and an enumer-

ation Ajp/p, | 2 {ai|i <|B/FEg,|} of pairwise distinct elements. Now,

GM

05,0, " (1)

to see that if @ E™ b are distinct in Sucim, (P,]L‘/[°)7 then a and b are not

maps every class ¢; (i.e., every element in ¢;) to a;. It is easy

~Me_equivalent (see Definition 3.17). This means that Géw 0." (1) is well de-
fined. Outside of P2, define G(I)V[ 0,7 (1) arbitrarily as long as it is regressive.

Let A = Sucim (Pé”“), i.e., A = Sucjiy (k). Assume for contradiction that A con-
tains a d-indiscernible sequence.

By Corollary 4.31, there is n < w and an indiscernible sequence ¥ in Sucyy, (P(ff )
such that for i < j < 6, v; E™ v; but = (v; Ev;). So <Ggi,o,f<1) (v)]i < 6> is a

non-constant indiscernible sequence in A“vo] o/Bey| @ contradiction.
En n

O

Remark 5.3. Why in the definition of g (Definition 4.20) we demanded that the image of 7 is in
Sucjiy, and that T' is defined only in limit levels? Had we given I' the freedom to give values in
every ordinal, then the “fan” (i.e., the sequence in ind;) which we got in Lemma 4.29 might not

have been in a successor to a limit level, so we would have no freedom in applying G on it. As T’
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is relevant only for limit levels, the coloring was defined only on sequence in Sucyy,, so we needed

7 to give elements from there.

6. STRONGLY DEPENDENT THEORIES

As we said in the introduction, in [Shel2| it is proved that 3,7+ (A\) — ()., for strongly
dependent T and n < w.

In [KS12] we show that in RC'F there is a similar phenomenon to what we have here, but for
w-tuples: there are sets from all cardinalities with no indiscernible sequence of w-tuples up to the
first strongly inaccessible cardinal. This explains why the theorem mentioned was only proved for
n<w.

The example we described here is not strongly dependent, but it can be modified a bit so that
it will be, and then give a similar theorem for strongly dependent theories (or even strongly?

dependent), but for w-tuples.

Theorem 6.1. For every 0 there is a strongly? dependent theory T of size 6 such that for all k

and 8, k& = (6)p,, iff & — (8)5¢.

Proof. Right to left follows from Proposition 5.1.

For n < w let S, = 25" and let T be the theory Tgn (see Corollary 3.33). Let T be the theory
> new TY: the language is {Qn |[n <w} U {R" | R e L%n } where Q,, are unary predicates, and
the theory says that they are mutually disjoint and that each Q,, is a model of T?. It is easy to
see that this theory is complete and has quantifier elimination. Denote S = 2<% as before. If M
is a model of T¢, then M naturally induces a model N of T' (where QY = (M x {n}) | Lgn). For
alla € M, let f, € [[ _., QN be defined by f, (n) = (a,n) for n < w. Now, if A C P{;/I is any
set with no d-indiscernible sequence then the set {f,|a € A} is a sequence of w-tuples with no

n<w

indiscernible sequence of length §.
By Corollary 3.33, it follows that each T, is strongly? dependent, and so also 7' (this can be seen
directly by Definition 2.4, or use an equivalent definition using mutually indiscernible sequences

[Shel2, Definition 2.3] and [Shel2, Claim 2.8 (3)]). O
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