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ANNOTATED CONTENT

§1 Jonsson algebras on higher Mahlos and id, ()).

[We return to the ideal of subsets of A C X of ranks < - (for self-containment;
see [Sh:g, TV],1.1-1.6) for v < AT; we deal again with guessing of clubs
(1.11). Then we prove that there are Jonsson algebras on A for A inaccessi-
ble not (A x w)-Mahlo (0.1, 0.25)].

§2 Back to Successor of Singulars.

[We deal with A = ™, u singular of uncountable cofinality. We give suf-
<n

ficient conditions for u* - {;ﬁ} , (2.6, 2.7), in particular on J} there
0
is a Jonsson algebra and if cf(u) < p < 2<¢ < 2* then on u™ there is

a Jonson algebra. Also if cf(p) < &, 257 <, id,(C,I) is a proper ideal
not weakly xT-saturated and each I is r-based, then A is close to being
“cf(p)-supercompact” (note that such C' exists if A — [A]2,)].

63 More on Guessing Clubs.

[We prove that, e.g. if A =Ny, S C {§ < Ry : cf(d) = Ny} is stationary, then
we can find a strict A-club system C = (Cs : 6 € S) and

hs : Cs — w such that for every club E of Xy for stationarily many 6 € S,
nacc(Cs) N E N hy'{n} is unbounded in § for each n. Also we have such
C with a property like the one in Fodor’s Lemma. Also we have such C’s
satisfying: for every club E of A, for stationarily many 6 € S Nacc(E) we
have {sup(FNCsNa):a € EN nacc(Cs)} is a stationary subset of 4.

The sections are independent.

This paper is continued in [EiSh 535] getting e.g. Pri (A, A\, A, Rg) fore.g. A = 3. Tt
is further continued in [Sh 572] getting e.g. Pry(Ng, Ro, Ny, Rg) and more on guessing
of clubs. We thank Todd Eisworth for detecting various mistakes and errors.
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§1 JONSSON ALGEBRAS ON HIGHER MAHLOS AND id], (\)

We continue [Sh:g, II1], [Sh:g, IV], see history there, and we use some theorems
from there.

Our main result: if A is inaccessible not A x w-Mahlo then on A there is a Jonsson
cardinal. If the reader is willing to lose 0.29 he can ignore also 0.6(1), 0.7, 0.8(2), 0.9,
0.11, 0.12, 0.13, 0.15, 0.16(2), 0.28, 0.29; also, 0.12 is just for “pure club guessing
interest”. Why “< A <w” justas y #ZA+v =77 < A X w.

0.1 Theorem. 1) Suppose X is inaccessible and X is not (A x w)-Mahlo.

Then on X there is a Jonsson algebra.

2) Instead of “\ not (A x w)-Mahlo” it suffices to assume there is a stationary set
A of singulars satisfying (on id]| (X) see below):

{6 < X: 6 inaccessible , ANJ stationary} € id) (N), A ¢ id} (A) and v < A X w.

Proof. 1) If X is not A-Mahlo, use [Sh:g, IV,2.14,p.212]. Otherwise this is a partic-
ular case of 0.25 as there are n < w and F C A, a club of A such that e £ & p
inaccessible = p is not pu x n-Mahlo. So S = {§ € E : ¢f(d) < ¢} is as required in
0.25.

2) Look at 0.25. Oo 1

0.2 Definition. We say é is a strict (or strict* or almost strict) A*-club system if:

(a) €= (e; 11 < AT limit),
(b) e; a club of

(c) otp(e;) = cf(i) for the strict case and otp(e;) < A for the strict* case
and i > X\ = otp(e;) < i for the almost strict case (so in the strict® case,
cf(i) < A = otp(e;) < A and cf(i) = A = otp(e;) = ).

0.3 Definition. 1) For A inaccessible, v < AT, let S € id], (\) iff for every! strict*
At-club system e, the following sequence (A; : i < ) of subsets of A defined below
satisfies “A, is not stationary”:

(i) Ag=SU{d < A:S5nN§ stationary in d}
(ii) A;41 =4{d < A: A; N4 stationary in ¢ so cf(d) > Np}

(iii) if 7 is a limit ordinal, then for the club e; of i of order type < A we have?®:

Lequivalently some — see 0.4

2We may consider adding a second clause: (b) if f is inaccessible, Rg < i < A then cf(§) > 4;
this influences 0.5(6); true, it has only “local” effect that is the two definitions agree for v except
when for some inaccessible i, g < ¢ < < i+ w < A; in [Sh:g, IV] we use the version with clause

(b)
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Ai={6<X: ifj€e, and [cf(i) = A= otp(jNe;) < §] then 6 € A;}

2) We define rky(A4) as Min{vy: A € id] (\)} for A C .
3) id5) (A) = | idg.().

B<y
4) Let Al?l be A; from part (1) for our & and S =: A; if i < A X w we may omit &
meaning es = {j : A+ j > §} for limit § <.
5) For X a cardinal of uncountable cofinality and ordinal v < X we define id)} (), rky(A)
and Al as above (so es = ¢ for limit § < )

0.4 Claim. Let )\ be inaccessible or a limit cardinal of uncountable cofinality.
0) If a < B < \*t, S, e, A¢ are as in Definition 0.3 then AP\ Al*E s o non-
stationary® subset of X and {¢ < X : ¢ ¢ Al cf(¢) > Ny but Al is a stationary
subset of (} is not stationary in A, (in fact, both are empty if B < o+ \).
1) If v < A, S C X and for some strict \*-club system €, the condition in
Definition 0.3 holds, then S € id], (\) (i.e. this holds for every such ).
2) If €,(A; 1 i <) are as in Definition 0.3 then i+ rky(A;) = rka(Ao).
3) If 6 € AV s0 a limit ordinal and X\ >~y > 0, then cf(§) > R, and if v > X then
A is inaccessible.
4) Let € be a strict* \T-club system. If v < p = cf(u) < cfi\) and (A; 11 < p)
is an increasing sequence of subsets of X with union A and (V6 € A)(cf(d) > p) or
(V6 < M) (cf(6) = p — AN S not stationary in §), then AP = U AE’Y’E], note also
1< pt
that (Ap’é] i < ) 1S increasing.
5) Let € be a strict* \T-club system. If \ is inaccessible, (A; : i < A) is an
increasing sequence of subsets of X and A ={J < \X:J € U A;} and v < cf(N)
<9
then ADA\(y+1) CU{d <A:de | JATT and 6 > 4},
1<6
6) If cf(X) <N, < A, then id) (X)) = P(N).

Proof. 0) By induction on £.
1) For £ = 1,2 let &° be a strict* club system and let (A% : i < v) be defined as in
Definition 0.3 using €. We can prove by induction on 3 < ~ that

(x)s there is a club Cg of A such that for each o < 3, the symmetric difference
of AL, N Cjs and A2 N Cps is bounded (in \).

3in fact, bounded
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2) Check.

3) By induction on ~.

4) We prove this by induction on . For v = 0 this is trivial. For ~ successor, by

Definition 0.4(1)(iii) this is easy by the last assumption. For v limit, by clause (a) in

0.3(1)(iii), if 6 € Ae then (Vj € e,)[0 € APF], recalling v < 1 < \. So for j € e,

as <A£.j < 1) is increasing with union AU-¢ by the induction hypothesis for some

i(4,0) < p we have i € [i(j,0),u) = d € A,Ej’é]. As |ey| <7 < p= cf(p) necessarily

i(0) = sup{i(4,0) : j € es} < p, 80 d € ﬂ AEJ(’;} which means 6 € Agz(’;)g]. As 6 was
JjEes

any member of A7 we can conclude that A€ C U AEV’E], but by monotonicity

i<p

of the function B — B¢ we get Ag%é] C A€ hence we are done.

5) Similar proof.

6) By part (3). Uo.a

0.5 Claim. Let \ be inaccessible or a limit cardinal of uncountable cofinality.

0) For v < X*t, the family id}, ()\) is an ideal on X\ including all non-stationary
subsets of .

1) If S C N\, y =1k)(S),( <7, 8" = SI$€ (€ as in Definition 0.3(1)) then

1k (3) = 7.

2)In (1)ifC<y=C(+7v (e.g. ¢ <X<) then rky(S5") = 7.

3) Assume S C X\, ¢ < X and 6 is a limit ordinal 6 € SI$° and let e = ( + 1 except
that when ( <w or( =i+mn & 0<i< X & [i inaccessible] we let e = (. Then
we have: cf(d) > N, moreover

cf(8) > Min{cf(a)™¢ : a € S}.

4) Assume

(a) p < X inaccessible
(b)) y=Axn+pn<wf<p
(c) ACA.

Then ADV N = (AN p)#x7 481 recalling Definition 0.3(4).

5) Assume v < cfip) < p <X\ ACNthen AV np=(An )b,

6) If n = cflu) < cfiN) and v < p then id} (N) + {0 < X : cf(6) < p} is p-
indecomposable (see Definition 0.6(2) below and Claim 0.4(4) above).

7) If v < cf(N) then id), (N) is a weakly normal ideal (see Definition 0.6(1) below,
possibly it is P(N)).

8) For X\ inaccessible and v < X* we have: X is y-Mahlo iff X ¢ id} ().

9) For X inaccessible, n < w, B < X and A C X\ we have: rkx(A) < A xn+ S iff for
some club E of X\ we have p € E & cf(p) > No = 1k, (ANp) <A xn+p.
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Proof. Straight (parts (6), (7) like the proof of 0.11(6)). Oo.7
Recall

0.6 Definition. 1) An ideal I on a cardinal A of uncountable cofinality is called
weakly normal if it contains all bounded subsets of A and: for every f : A — A
satisfying f(a) <1+ a and A € I'", for some 3 < XA we have {a € A : f(a) < B} €
It.

2) An ideal I is p-indecomposable when: for any sequence (A; : ¢ < pu) of subsets
of \ if U A; € I then for some w C pu of cardinality < p we have U A eIt

< AT
clearly if p is regular then without loss of generality (A; : i < u) is increasing.

0.7 Observation. Suppose (I; : i < A) is an increasing sequence of
p-indecomposable ideals on the regular cardinal A, each including the bounded
subsets of A, u < A is regular and

1= {A C )\ : there is a pressing down function A on A such that

for each a < A\, {f € A: h(B) < a} € U IZ-}.
i<

Then I’ =: I 4+ {6 < X : cf(§) < p} is weakly normal and p-indecomposable.

Remark. If I is an ideal on A and I is k-indecomposable for every regular k < pu,
then I is p-complete.

Proof. I' is weakly normal by its definition (first note that for every club C' of A
the set A\ C belongs to I: use h¢ where heo(a) = sup(anC'); then we use a pairing
function < —, — > such that (o, ) < Min{d: a, < d =w x § < A}).

For p-indecomposability, assume (A; : i < p) is an increasing continuous se-
quence of members of I', A4, = U A; and we shall prove that A, € I’, this suffices

1<p

as p is regular. Without loss of generality A, is disjoint to {§ < A : cf(0) < p}
hence ¢ < u = A; € I. Let h; be a pressing down function witnessing A; € I, so
for o < A for some ((a, i) < A we have {8 € A; : h;(B) < a} € Ir(q,)-
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For each a < A let ((a) = U ((a, i), so as u < A clearly ((a) < A. Let us
<p

define a function h with Dom(h) = A,, by setting h(a) = U{h;(e) : @« € A; and i <
pt. Let o < A, so for each i < p we have {8 € A; : h(B) < a} C {B € A; :
hi(B) < a} € I¢(a,i) € I¢(a) (remember (I; : 4 < A) is increasing). For ¢ < pu let
By = {pf € A, : h(B) < a}, so (B : i < p) is increasing continuous, and for
i < pwe have B C {B € A;: hi(B) < a} € I¢(a). So as I¢() is p-indecomposable
{BeA,:h(B) <a} €l Soif a € Ay, as A, is disjoint to {6 < A : cf(d) < p}
then h(o) < a hence h witnesses A, € I C I'. Soclearly I’ = I+{6 < X : cf(d) < pu}
is pu-indecomposable. Lo 7

0.8 Observation. Let (I; : i < ) be an increasing sequence of ideals on A, each I;
is p-indecomposable, p regular.

(1) If cf(d) # p, then U I; is a p-indecomposable ideal.
1<d
(2) If each I; is weakly normal, § < X then U I; is a weakly normal ideal
1<d
on A.

Proof. Check.

0.9 Definition. 1) Let A be a limit cardinal of uncountable cofinality, v = Axn+f
(where [cf(A) <A =n=0 & v =< cf(A)] and [cf(N) = X = B < A]). We
define id7(\), an ideal on A (temporarily — a family of subsets of A, see 0.11); this
is defined by induction on A:

(a) if v = 0 it is the family of non-stationary subsets of A
(b) if v < A it is the family of A C X such that:

{p<A:Anpé¢ U id“(p)} is not a stationary subset of A.
a7y
(¢c) If n > 0, 8 =0 it is the family of A C X such that for some pressing down
function h on A, for each i < A the set

{,u : i < A inaccessible, h(p) =i and ANy ¢ U ida(u)}

apuXn
is not a stationary subset of A.
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(d) If n > 0, B > 0 it is the family of A C A such that

{,u : i < A inaccessible and ANp ¢ U id”xn+°‘(u)}

a<p
is not a stationary subset of .

2) rki(A) = Min{y: A€ id"(\),y <A xworvy=A"}
3) id<7(\) = U{id?()\) : B < A}, an ideal too (well for v > 0)

0.10 Remark. 1) If in clause (¢) we imitate clause (d), we get the ideal from
Definition 0.3. We can continue this to all v < AT.

2) Also this definition can be continued for v € [A x w, AT]| using a strictly* A*-
club system €, proving its choice is immaterial, id), (A) € id”())) and other parts
of 0.11.

3) We can replace the closure to normal ideal to one for weakly normal ideal.

4) Also we can divide the ordinals < A xw differently between those three operations:
reflecting, normality and weak normality. All are O.K. in 0.16, but no need here.
5) Trivially, id”(A) increase with  and is an ideal on A (possibly equal to Z(\)).

0.11 Observation. 0) id”(\) is an ideal on A.

1) For X of uncountable cofinality, v < A, .S C X\ we have:

Seidl (\) & S e id(\), ie id, () = id7(N).

2) If A is inaccessible, A <y < A x w and S C A then id), (A) C id7(A).

3) Assume A\ is inaccessible (> Rp), A <y < Axw, v = rky(A) and 6 = cf(0) < A,
S ={0 < \:cf(d) = 0} then we have (x)s where

(¥)s for some B < A x w we have S ¢ U id?T4(\), but
i<\
{u : u inaccessible, S Ny stationary} € id?(\).

4) For A inaccessible, S C A and rk)(S) < A x w then Min{\,rk}(S)} < rkx(S5).
5) Let A be inaccessible and S C {§ < A : cf(d) = 0} be stationary

(a) if A <~ = rki(S) < A x w then (x)g from part (3) holds

(b) if A < rky(S) < A x w then for some v, A < v = rk}(S) < A x w hence
(x)s of part (3) holds

(c) if A is 7-Mahlo not (y + 1)-Mahlo and A < v < A X w then for some
Y, A <7y <7 < AXw we have (x)g from part (3).
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6) For X inaccessible and v = Axn+p, 8 < A, the ideal id"(A)+{6 < A : cf(d) <o}
and also id<7()) is o-indecomposable for any o = cf(c) € [|5|T,\) and is weakly
normal.

7) If X is inaccessible, S C A, rk}(S) = A x n* + 7,y < X then we can find a club
E of X\ such that

(a) if 6 € E, cf(§) > R then rkj(S) < d xn* + v
(b) if y>0,0 € E, cf(0) > Ry then rkj(S5) <0 x n* + 1.

8) Assume S C X and ST = {§ : § is inaccessible and § € SV (§ N S is stationary)}.
Then rk3 (S) < rk}(5) + A

9) If rk}i(S) = v + 1 then for some club C of X\, {0 < A: tk}(SNC) > ~} is a
stationary nonreflecting subset of A.

Proof. Let € be a strict AT-club system as in 0.3(4).
0) Should be clear.
1) Clearly also id” () is an ideal which includes all bounded subsets of \. We prove
the equality by induction on A and then by induction on 7.

Soify < X\, A C X; let for any B, Bl be defined as in Definition 0.3 (for €), we can
discard the case v = 0; and without loss of generality A = sup(4) & AN(y+1) = 0;
now (ignoring the case + is inaccessible for simplicity)

Aecid’(\) &

{u <A:p>vyand unNA¢ U ida(u)} is not stationary <
a<y

{u < A:p > and /\ [WNA¢ ida(u)]} is not stationary <
a<ly

{u < A:p>vand /\ [WNA¢ idf‘k(u)]} is not stationary <
a<ly

{,u <A /\ (N A is stationary in u]} is not stationary <

a7y

{,u <A /\ [(nn A) N ALYl is stationary in ,u]} is not stationary <
a<y
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{u <A /\ [N Al°l is stationary in ,u]} is not stationary <
a<y

{u <A:p€ ﬂ A[O‘+1]} is not stationary <
a<ly

ADT not stationary <
Aeid) (N).

2) We prove this by induction on A, and for each A by induction on . For v < A
use part (1). For v > X successor ordinal, read the definitions (and 0.10(3)). So
assume v € [\, A X w) is a limit ordinal. For every A € id}, (\), we know Al is
not stationary, so for some club E of X\, AN E = . So if we define h : E — X
by h(6) = Min{otp(jNe,):j€ey,d ¢ AU otp(j Ne,) < 0}, by the definition of
Alel it is well defined, and h(§) < & & h(J) < otp(e,). Let y = Axn+ 5,8 < A,
son > 1.
Clearly, possibly replacing E by a thinner club of A

X for every 6 € E
() 6> B 1is alimit cardinal and § = sup(A)
(8) if cf(5) > No & v =Athen Ané e id"(5)
(v) if ¢ is inaccessible, v = A xn,n > 1 (so f = 0) then ANJ €
1% (D) (§) and h(5) < &
() if § is inaccessible, v = A xn+f > A xn,n > 1 then ANJ €
id2 ") () and h(5) < B.

Now we can case by case prove that A € id”(\), using the induction hypothesis on
A and on v (or part (1)) and the definition of id”(—).

3), 4) Check.

5) For the second statement note that by parts (1) + (2) we have A < rk3}(S5) <
rk(S) < A x w so v =: rky(5) is as required.

6) We prove this by induction on A and for a fix A by induction on +.

Case 1: v < A.
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By part (1) we know that id”(\) = id}} (A) and the latter +{6 < X : cf(0) < o}
is weakly normal by 0.5(7) and is o-indecomposable for any regular o € (|1, \)
by 0.5(6). Alternatively, the proofs are similar to those of case (3).

Case 2: y=Axn,1<n<w.

By Definition 0.9 clause (c) obviously id”(A) contains the family of bounded
subsets of A and is even normal hence A-complete hence o-indecomposable for any
o< A\

Case 3: y=Axn+,1<n<w,1 <<

First we prove the indecomposability part, so let ¢ = cf(o) € [|3]",\) and
assume (A; : i < o) is an increasing continuous sequence of subsets of A and assume
A, ¢ id7(A) and we should prove that for some i < o we have A; ¢ id7(\).

Let us define for 7 < o

B; =: {;t < A : p inaccessible and A, Ny ¢ U id#xmte ()},
a<pf

For each inaccessible p < A which is > ¢ and o < [ we apply the induction
hypothesis with A = u,7 = pxn+aand (A, : i <o) = (A, Np:i <o) and
get: for every pu € B, for some i(p, ) < o we have A, o) Np ¢ id**" (), but
v < o hence i(p) =: sup{i(u, ) : @ < v} < o, and clearly pu € B;(,), as the A;’s
are increasing. As o0 < A and B, stationary (by assumptions) we have: B, is a
stationary subset of A and B, C U B; Uc™, hence for some i(x) < o the set B
<o

is stationary, hence A;(,) ¢ id* "+ (\) is as required.

Second we prove the weak normality part. So let A C \;A ¢ id”Y(\) and h a
function with domain A, h(i) < 1+, and let A; = {a € A: h(a) < j}. We define
B; =: {u < X\ : pinaccessible > i, and A ¢ U i e, B = {u < A

a<p
w inaccessible and A; Ny ¢ U idHxme ()}
a<

Again we assume that B is stitionary and has to prove that some Bj is stationary.
For every inaccessible u € B and a < 8 applying the induction hypothesis to pu, AN
p,h T (AN p) for some i(p, o) < p the set {u' < p: ' inaccessible, Aét(u,a) Ny ¢

ide xnta (1)) is stationary where Al ey = 1C€ Anp: (A T (ANW))(Q) <i(p, )}
Let i(u) = sup{i(u, o) : a < B} so it is < p, and clearly A;,)n, & U idHxn B ().
a<pf

So B C U Bj, and we easily finish.
<A
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7) By induction on the rank.
8) By induction on A.
9) Easy. Uo.11

* * X*

0.12 Claim. Suppose X is inaccessible, S C X\ a stationary set of inaccessibles > o,
S1 C {0 < A : 6 alimit cardinal > o of cofinality > Rg and # o} is stationary,
A > o = cf(o) and for § € S the ideal Is is a weakly normal o-indecomposable
ideal on 6 NSy and J is a weakly normal o-indecomposable ideal on S, (and of
course both are proper ideals which contains the bounded subsets of their domain;
of course we demand § € S = 0 = sup(S1NJ) sod €S =8> c). Further let
Cl = (CL:a€8)) be a strict Sy-club system satisfying:

(x) for every club E of A
{5 €S:{ae S Nd: ENS\CL unbounded in o} € Ij}e JT.

Then: (1) We can find an S-club system C? = (C2 : o € S1) such that for every
club E of X the set of 6 € S satisfying the following is not in J:

{a <d:a€ 8 NE and {cf(B) : B € nacc(C?) and B € E}

1s unbounded in a} € Igr.

(2) Suppose in addition U{cf(a) : a € S1} < A. Then we can demand that for some
<\ aecS = |C2|<0. Also if C! is almost strict then we can demand that C?
s almost strict.
(3) Suppose U{cf(a) : « € S1} < A\ and for arbitrarily large regular Kk < X\ we have
{6 € S : Is not k-indecomposable} € J.

Then we can strengthen the conclusion to: C? is a nice strict Si-club system
such that for every club E of X the set of d € S satisfying the following is not in J:

{a <d:a€ S NE and C’i\E 1s bounded in a} #+ (0 mod Is.

(4) In part (1) (and (2), (3)) instead of “Is weakly normal o-indecomposable” it
suffices to assume: if & belongs to S and hy : 6 NSy — § is pressing down and
ho : 6 M ST — o then for some j1 < 0, ( < o we have
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{aednSi:hi(a) <jand ha(a) <} eI .
5) We can replace ({5 :0 < X\, cf(0) >0} :60 < X) by (Sg: 0 < \) such that

(i) () Se =0,
o<
(ii) Sy decreasing in 6 and
(7i7) for no 6 € XN\Sy do we have cf(§) > Ng and Sp N stationary subset of §;
and

(iv) Min(Sy) > 0.

6) Assume A C X is stationary such that Al%¥ = A (any e will do).
Then in part (1) we can add nacc(C2) C A and waive § € S = cf(§) > Ng.

0.13 Remark. 1) This is similar to [Sh:g, IV,1.7,p.188]. We can replace “S is a
set of inaccessibles > ¢” by “S is a set of cardinals of cofinality # ¢” and get a
generalization of [Sh:g, IV,1.7,p.188].

2) Note that (*) of 0.12 holds if S; is a set of singulars and otp(Cl) < « for every
a €Sy

Concerning (x) see [Sh 276, 3.7,p.370] or [Sh:g, 111,2.12,p.134], it is a very weak
condition, a strong version of not being weakly compact.

3) This claim is not presently used here (but its relative 0.14 will be used) but still
has interest.

Proof. 1) Let € be a strict A-club system.

It suffices to show that for some regular # < X and club E? of A the sequence
C2E 0 = (C2F*0 = gly(CL E? €) : 0 < a € Sy) satisfies the conclusion (on g}
see [Sh 365], Definition 2.1(2) and uses in §2 there). So we shall assume that this
fails. This means that for every club E? of A and regular cardinal # < )\ some
club E = E(E?,0) exemplifies the “failure” of C2E%0  This means that for some
Y =Y (E?,0) € J for every 6 € S\Y we have

{a <d:ae€ S NEand {cf(B):p € naCC(C’i’EQ’O) and g € E} is

unbounded in a} e Is.

We now define by induction on ¢ < o a club E; of A:
for (=0: E¢;=:)\
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for ¢ limit: K, =: ﬂ Ee
§<¢

for(=€&+1

Ee =: {5 :0 a limit cardinal < \,0 € E¢,0 > o and :

0= cf(d) <d=9d¢€ E(Eg,e)}.

Let Et =<i < \:iacardinal ,i € E,, moreover i = otp(E, N z)}
By (%) (in the assumption)
B={§€S:Aselj}eJt

and let

A:UA(;

0es

where for 6 € S
As = {a € S8,Nd: E*Na\C. unbounded in a}.
: note also that A C S,

Note that if § € B or § € A then § = sup(6 N ET) € ET;
and B C S. Now as a € S; = cf(a) # o, for each a € A there are ((«) < o and

0(a) = cf[f(ev)] < a such that:

cf(f) <a & ((a)<(<o=

a= sup{cf(ﬁ) 1B € naCC(Ci’EO@) N ECH}'

(*)o  O(a) <0

[Why? We can find an increasing sequence (a;, §; : i < cf(«)), o; increasing with ¢

with limit o, ; € CL, 8; € E, a5 < cf(B;) < B3; < Min (C’é\(ai + 1)) (possible by

the definition of the set As and of the club ET). For each i < cf(«a) we can find

G <o,0; < Uaj and 7; such that (; < (<o & 0, <0< Uaj & 0= cf(f) =
j<i j<i

Min(C2 7N\ 8;) = v,
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(check definition of gf}!). So by the definition of gf; we have a; < v; < B; and
cf(y;) > U ajand (; < (<o & 0; <0= cf(f) < U o = 7; € nacc (C’g’ECﬁ),

j<i j<i
this implies the statement (x)q].
Now if § € B, we have: A5 € I and A; is the union of ({a € As : (o) < (}:
¢ < o) which is increasing.
As Iy is o-indecomposable, and As € Igr for some £ = £(6) < o,

Ase = {a € As:((a) <&} eI

Similarly, as I is weakly normal, for some regular cardinal 7 = 7(d) < §, we have

fe={a€ds:¢(a) <€and b(a) < T} I

Similarly, as the ideal J is o-indecomposable weakly normal ideal on S C A, for
some € < ¢ and 7* < A\ we have:

Bt =: {(SEB:A(E’*6 elf}eJt.

In particular BT cannot be a subset of Y (E., 7*) (as the latter is a member of
J, it was chosen in the first paragraph of the proof). Choose 6 € BT\Y (E,, %),
which is > 7.

By the definition of Y (E., 7*),

{a <d:w€S1NE(E,T") and
a = sup{cf(8) : B € nacc(C2F=7 )N E(E.,7%)}} € I;.

If a e AE’Z\T* + 1 then a € S; N E(E.,7) and since ((a) < ¢ and 0(a) < 7", we
have by (x)o

o = sup{cf(B) : B € nacc(C>F=" YN E. 1}
hence
o = sup{cf(B) : B € nacc(C>FP=7")n E(E., %)}

Since Ag;\T* + 1 ¢ Is5, we have a contradiction.
2) By the proof of part (1) for some regular # < X and club E? of \,C? = O2.B%.0
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is as required. So |C2| < 6 + |CL|* as we repeat the proof of part (1) for such C?,

so the second phrase (in 0.12(2)) follows. For the first phrase 6 + sup |CL|*T < X is
a€Sy

as required (remember C is a strict Sj-club system).
3) Let C2,0 be as in part (2). Let s be regular be such that § < k < \,a € S =
|C2| < k and {§ € S : Is not k-indecomposable} € J.
For any club E of A we define C3¥ = (C3¥ : o € S;) as follows: if C2NE is a club
of a and o = U{cf(B) : B € nacc(C2 N E)} then C3¥ = C2 N E, otherwise C3F
is a club of a of order type cf(a) with nacc(C2F) consisting of successor cardinals
(remember each o € S is a limit cardinal).

If for some club E of A\, C>¥ satisfies: for every club E' of X the set {(5 SV

{BeSina: CE’E\E1 bounded in 8} € I} € J* then we essentially finish, as we
can choose C2 C C2F which is closed of order type cf(a) and

(B8 € mnacc|C3| = cf(8) > sup(C3 N B)], and (Cg : B € Sy) is as required. So
assume that for every club E of A for some club E’ = E’(F) this fails. We choose
by induction on ¢ < &, a club E¢ of A, as follows:

Ey =)
E¢y1 = E'(E)

E¢ = () Eg for ¢ limit
£<¢

and recalling the choice of k we easily get a contradiction.
4), 5) Same proof.
6) In the proof of part (1) choose € such that:

for limit « < \,a ¢ A= e, NA=10.
Then we replace the definition of C§;E2a9 by C%EQ’A = gl (CL, E? e). Oo.12

0.14 Claim. Assume

(a) A inaccessible

(b) A C X\ is a stationary set of limit ordinals and § < A\ & (ANJ stationary
ind)=0€cA

(¢) J is a o-indecomposable ideal on A containing the nonstationary ideal
(d) SeJt and SNA=10

() o =cf(o) <A and § € S = cf(d) # 0.
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Then for some S-club system C = (Cs : § € S) we have

X for every club E of A
{6 € S:6=sup(EFNnacc(Cs)NA)} e .

Proof. As usual let € = (e, : @ < A) be a strict A-club system but such that for
every limit § € A\\A we have es N A = (). For any set C C X and club E of \ we
define g2 (C, E, &, A) by induction on n < w as follows: for n = 0, g¢2(C, E, e, A) =
{sup(e N E):a € C} and

gEfH_l(C’, E.e A) =gl*(C,E, &, A) U {sup(a N E) : for some
B € mnacc(gl?(C,E, e, A)) we have 3 ¢ A, and
sup(a N E) > sup(BN gl (C,E,e,A)) and
sup(a N E) > sup(aNeg) and o € eg}

and

gl*(C,E,e,A) = | | g£%(C, E e, A).

nw

If C is a club of some § € acc(E), clearly gf2(C, E, e, A),gl*(C, E, &, A) are clubs
of 9.
If for some club E of A, letting Cs g be gl*(es, E, e, A) when § € acc(E), and
letting Cs g be es otherwise, the sequence Cp =: (Cs g : 6 € 5) is as required, then
fine, we are done. Assume not, so for any club E of A for some club E(E) of A the
set Yp =:{0 € S:J =sup(E(E) N AN nacc(Cs g))} belongs to J.

As we can replace E(E) by any club E' C E(FE) of A\, without loss of generality
E(E) C E.
We choose E. by induction on € < ¢ such that:

(i) E. is a club of A
(’L’L) C<€:>EEQEC
(13i) if e = (+ 1 then E. C E(E;).

For £ = 0 let E. = A, for £ limit let E. = () E, for £ = (+ 1 let E. = E(E¢) N E.
(<e
This is straightforward and let £ = ﬂ E., it is a club of A hence EN A is

e<o
stationary hence ' = {§ € E : 6 = sup(EN ANJ)} is a club of X\ hence
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MNE" € J. Now for each 6 € E' NS, choose an increasing sequence (85, : i <
cf(§)) of members of AN EF N § with limit §; as § € S clearly § ¢ A hence
es NA = ) hence {Bs5; : i < cf(6)} Nes = 0. Now for each i < cf(d) and
e < o, we can prove by induction on n that g¢2(es, F-,€, A) N Bs,; is bounded
in Bs5; and (min(gl?(es, E-,€, A)\Bsi) : n < w) is decreasing hence eventually
constant say for n > n(d,e,i) hence min(gf?(es, Ec, €, A)\Bs;) is a member of
Csp. = Ugfi(e(;, E.,e, A) moreover of nacc(Cjs g, ) and so necessarily € A as only

n
the demand “8 ¢ A” prevent g/2 41 having unboundedly many members below

min(gl? (es, E-, €, A)\Bs.i)-

Also as usual for each ¢ < cf(d) for some ¢;5 < 0 we have ¢, < ( < 0 =
Min(Cs g, \Bs,i) = Min(C&Esm \Bs.i) as for each n, the sequence (Min(g¢? (es, E., &, A)\Bs.i) :
€ < o) is nonincreasing hence eventually constant. But cf(d) € {cf(d’) : ' € S}
hence cf(0) # o, so for some £;5 we have cf(d) = sup{i : €;5 < es}. So easily
es<le<o=0€Yg,.

Let Y. = N{Yp, : ( > cand ( < o}. Clearly Y. C Y, € J so Y. € J and

€1 < e =Y, CY.,. As J is o-indecomposable, necessarily U Y. € J, but by

e<o
the previous paragraph § € E'NS & /\ 0eYg =0€Y, =0¢€ U Y., so
e>ES e<o
E'NnS C U Y. € Jbut S € Jt,A\E' € J, a contradiction. 0o 14

e<o

0.15 Claim. 1) Suppose X\ > 0+0, \ inaccessible, 0 regular uncountable, o reqular,
o# 0,5 C {0 < \:cf(d) =0} stationary, J a weakly normal o-indecomposable
ideal on S (proper, of course).

Then for some S-club system (Cs:6 € S):

(a) 0 € S & a € nacc(Cs) = cf(a) > sup(an Cy)

(b) for every club E of \, {6 € S : § = sup(E Nnacc(Cs))} € J*+
(c) sup|Cs| < A.
0esS

2) If in addition {x < X : cf(k) = K, J is k-indecomposable} is unbounded in \ we
can demand C' is nice and strict.

Proof. Like 0.12 or 0.14 but easier (and see [Sh:g, I11,2.7,p.128]). More specifically
part (1) is proved like 0.12(1) (but simpler) and part (2) like 0.12(3).
Uo.1s
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0.16 Claim. 1) Assume X is an inaccessible Jonsson cardinal, n* < w,0 = R,y <
A S CA, and ST = {6 < X:SN4 is stationary and § is inaccessible}, satisfy
deS=60<cf(d) < and

(%)(a) A xn* <rky(S) < Ax (n*+1) and
(8) tka(ST) < rka(S)
(7) if 0 > Ny then n* > 0 or at least y(x) X w < rky(.5),
(note: if @ = Vg this holds trivially; similarly for clause (6))
(8) if 0 > Ng, then for some a(x) we have y(x) + 1k (ST) < a(*) < rky(9)
(recall 0 = R.,)), and idf‘k(*)()\) [S is §-complete (of course, 0 = R, (,)).

(%) (a) C is an S-club system,
(B) A ¢id,(C,I), see definition below, where I = (I5: 6 € S), 15 = {A C Cs :
for some o < § and a < §,(VB € A)(B < aVcf(B) < oV B € acc(Cs)},
moreover

(y) for every club E of A we have a(x) < rky ({6 € S : for every o < 6 we have § =
sup(E Nnacc(Cs) N{a < d : cf(a) > o})).

Then idjé(C’) is a proper ideal (see 0.18 below).
2) Like part (1) using id”, vk} instead of id]|, rky respectively.

0.17 Remark. The ideals idj(é),idg(é) are defined below; they are from [Sh:g,
IV, Definition 1.8(2),(3),p.190]* but id;(A) = id{ (A) and the definition of rkj ()
is repeated in the proof below, and the ideal id,(C, I) in [Sh:g, 111,3.1,p.139] is.

0.18 Definition. For \ regular > No,C' = (Cs5 : § € 5),C5 € 6 = sup(Cs),S C
A =sup(S),I = (Is:6 €5),Is an ideal on Cj let id,(C, I) be the family {A C X :

for some club E of A for no § € Dom(C) N acc(F) do we have AN ENCs ¢ Is}.

0.19 Definition. 1) For A an inaccessible Jonsson cardinal, C = (Cs : § € S),Cs C
9,S C A =sup(S) and 0 = cf(f) < A let idg(C’) be the family of A C X such that:
for every x > A and x € J#(x) there is a sequence M exemplifying A € idg()\) for
x (and C', x) where:

2) M exemplify A € id)(\) for z € J(x) (and x > A and ) if:

Mo M = (Mg :( <€),¢<0,

4but the “same z” in line 4 should be “every z”
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Xy £<0,0+1C Me < (5(x),€,<y) and [M¢ N Al = A and
x € M¢ which means A\ € M¢,C € M¢,S € M¢ and A € M
Ko for some a* < A for no § € S\a* do we have:
(a) 6 =sup(M¢NJ) for ( <&
(b) for every 8 < ¢ for some o we have: a € nacc(Cy)\3, cf(a) > 8 and

® for every ( < £ we have: o € M¢ or Min(M¢\«) is singular.

Proof of 0.16. 1) Recall 6 = R ,),
by clause (x)(0), if 6 = Nq trivially.
Without loss of generality 6 < A = rks(SNJ) < 6 x w and even rks(S NJ) <
d xn* + (rka(S) = A xn*) < § xn* 4+ (in part (2) the first inequality is <).

Toward contradiction assume A € id}(C) let x = (\,C, S) and let (M, : ¢ < €)
exemplify X € id}(C) for x which means that Xy, Xy, Xy of Definition 0.19(2) hold
and let o* be as in K.

Let: E={6 <X:0 & M and 6 = sup(M, N §) for every ¢ < & and 6 > a* for
the a* from Xy of 0.19(2)} and let

note that v(x) + rk(S1) < rky(S), if 6 > R

S*={6€S: for every o < J,{a € EN nacc(Cs) : cf(a) > o} is unbounded in §}.

So FE is a club of A with every member a limit cardinal, S* C S is stationary (as
A ¢ id,(C,I)) and even S* ¢ idﬁ{(*)()\) (see clause (x)(7) in the assumption) and
using Xy of Definition 0.19(2) we shall look only at § € S*.

For each i < A and ¢ < & let ¢ =1 Min(M¢\i). As (M : ¢ < &) exemplifies
A € 1d)(C), we have

K3 for each § € S* for some ( < S,ﬁg = Cf(ﬁg) > 0 hence ﬁg is inaccessible.
Proving this will take some steps. First for some §* < ¢ we have:

X, a € nacc(Cs)\B* & cf(a) > B* — (3¢ < &)[Min(M¢\) is an inaccessible
> al.

[Why? In the definition of idg, i.e. clause (b) of Xy of Definition 0.19(2) we do not
speak on Bg for § € S, we speak on S¢, for o € nacc(Cs) N E. As § € S* we have
d € E so d > a* hence ¢ cannot satisfy (a) + (b) of Xa, but as § € F it satisfies
(a) hence for some * < 0, we have X,.]

Next note

X5 Bgzé & a € EN nace(Cs) = B¢ = o
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[Why? So we have § = Bg € M. hence Cs € M¢ so (Vy € 6§ N M )[Min(Cs\y) €
M¢], and now for every a € E N nacc(Cs) we can find v € M N « satisfying
v > sup(Cs Na) so « = Min(Cs\7y) € M, as required in X5

X Bg singular & a € EN nacc(Cs) & cf(a) > cf(ﬁg) = B¢ =«

[Why? Fix such a. There is a club e of Bg of order type cf(ﬁg) which belongs
to M¢; also cf(ﬂg) € M; N4 so Cf(ﬁg) < §. Also for every ¢ € eg = {0’ €
enNS : a ¢ acc(Cs)} there is s such that sup(Cs N a) < 75 < «, hence
v =sup{ys : ¢ € eg} < a (as cf(a) > cf(ﬁg) by assumption). As a € acc(E)
there is y! € M¢ Na,y' > v*. So « is the minimal ordinal o’ satisfying
Y <ad & (30 € enS)a € nacc(Cs)] & (V8 € enS)[§ € nacc(Cs) —
sup(af N Cpr) < ']
hence v € M hence ¢ = a as required.]
Of course, [Bg singular = cf(ﬁg) < 0] as cf(ﬁg) e M:N Bg = M. N §; so together
X3 actually holds.

Letting Sf =: {0 € S*: 62 = cf(ﬁg) > ¢}, we have S* = U S¢, hence for some

(<€
((*) < & the set S* | is stationary. Moreover, if 6 > Xy by clause () of (x) in our
¢(*)

assumption and if § = Ry by 0.5(0) (for the id), case) or 0.11(0) (for the id” case)
we can choose ((*) such that rkx(S7,)) > a(x).

So to get the contradiction it suffices to prove rky (SZ(*)> < «(*). Stipulate

By =M
é . + 6
Let () = rkﬁg(*) (S ﬂﬁg(*)> for § < .

Let ag(*) = Bg(*) X ng(*) + ’yg(*) where ’yg(*) < Bg(*) (see the assumption in the
beginning of the proof). For § < A, as {A, S} C M, and ,Bg(*) € M¢ (s clearly
ag(*) € M () hence ’yg(*) € M¢(x) N d hence ’yg(*) < 4.

We now prove by induction on i € EU {\} that

This suffices as for i = A\ (as aé(*) < ax)) it gives: rky (SZ(*)) = k(57

I'k)\( Z(*
(and a(x)).

) NE) =

yNANE) < O‘Z\(*) < 1ky(ST) < a(x), contradicting the choice of ((x)

Proof of ®. The case cf(i) < Xg Vi € nacc(F) Vi € nacc(acc(E)) is trivial; so we
assume
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®1 1 € acc( acc(F)) & cf(i) > Ry hence rk; (S&“(*) NinN E) = rk; (ng(*) N z)
For a given i, clearly for every club e of ﬁé(*) which belpngs to M) we have
i = sup(eni) (as My “think” e is an unbounded subset of B(wy and i = sup(iN M)
as i € F) and for a given 4, by the definition of rk there is a club e of ﬁé(*) satisfying

Min(e) > 'yé(*) such that one of the following occurs:

(a) ag,y=0ande€e= 1k (St Ne)=0 & St Ne=10

(b) aé(*) >0and e €e= rk.(STNe) <ex né(*) + ’yé(*).

As S+,Bé(*) € M,y without loss of generality e € M(,) hence i € acc(e). Neces-
sarily

® if € €M acc(e) N acc(E), then B, € e.

[Why? Otherwise sup(f¢,, Ne) is a member of e (as e is closed, 57, > € € acc(e)
s0 B,y > Min(e)), is > € as € € acc(e)) and is < 5, and it belongs to Mc(x)
(as e,ﬁz(*) € M¢(s)), contradicting the choice of ﬁg(*).]

Hence one of the following occurs:

(A) aé(*) = 0 and e is disjoint to ST

(B) aé(*) > 0 and rkge (S+ ﬂﬁg(*)> < Biy X né(*) + 72(*) for every ¢ €
acc(e) N acc(E).

First assume (A). Now for any § € acc(E) NS¢, we have ﬁg(*) is inaccessible (as
6 € S,y and the definition of S¢,) and Bg(*) NS is stationary in Bg(*) (otherwise
there is a club €' € M, of ﬁg(*) disjoint to S, but necessarily § € e’ but our
present assumption is § € SZ(*) C S, contradiction); together Bg(*) € ST hence

ﬁg(*) ¢ e (e from above, after ®1), so necessarily § # Bé(*) = 0 ¢ acc(e). So
acc(e) N acc(E)Ni is a club of 4 disjoint to S¢(x) hence rk; (SZ(*) N @) = 0 which

suffices for ®.

If (B) above occurs, then for € € acc(e) N acc(E) we have ¢,y X ng(, + V) <
Be () X M) + - o

Since ¢, < Mm(e), we have (nz(*),vg(*)) <lex (nz(*),’yé(*)), hence & x ng ) +
V) < EXNE e foralle € acc(e)N acc(F). Using the induction hypothesis,
we see for € € e N acc(E)\ Min(e) that
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tke (8¢ Ne N E) < € X ) + ) <€ X M) T Ve

hence by the definition of rk; the statement ® holds for ¢; which as said above is
enough.

2) We repeat the proof of part (1), replacing rk; by rk} up to and including the
phrasing of ® and the explanation of why it suffices. For any ordinal + < A and
¢ < & let M¢; be the Skolem Hull in (J(x), €,<}) of Mc U{j : j < B¢}. But
0 €55, = cf(ﬁg(*)) = 62(*) > § hence clearly

X7 Mc,; increases with i, M¢ ; < ((x), €, <} ), and
My 0 € Mg & cf(d) > B; = sup(Mc; N §) = sup(M¢ N 6).

But § € S;(*) = Cf(ﬂg(*)) = Bg(*) > 0 hence clearly j < 0 € SE‘(*) =j<d & 6=
sup(Me(x) N 52(*)) = j < & §=sup(M¢y; N Bg(*)) = 52(*) = Min(M¢ () ; N
A\d). Now for j < X let #; = {w : w belongs to M, ; and w C S} and for
w € #; welet wh = {§ < \: ¢ inaccessible and w N § is a stationary subset of d},
let 62(*)’“” = 62(*“ = Min(M¢(.),;NA\E). Also for j < A\, w € #j and i > 52(*)73‘@

*

let g, ., = tk (wt N 52‘(*),]',11;)7 so as wt C ST necessarily aé(*)

BZ(*)’ij 7j7w -
Bey g X ey o T Ve g0 VIR i 50 < w and g 50, < Bg(y) ;- By the
definition of M. ; and 62(*) w clearly 62(*) w decrease with 7 and by Kg we have
Bg(*) <ieE & cf(i) > ﬁg(*) = Bé(*)’j’w = ﬁé(*). Now we prove by induction on

i € EU{\} that

@t if j < A,Bg(*) < i€ E,w € #; then
rki(SE NwNiN E) <iXngy i+ V)

This clearly suffices (for w = S we shall get ® for each M, ; which is more than
enough).

Proof of @*. The case cf(i) < Xg Vi € nacc(E) Vi € nacc(acc(E)) is trivial; so we
assume

®3 1 € acc(acc(F)) & cf(i) > Vg hence rk} <SZ‘(*) NwNinN E) = rk ( S Nw N z)

For a given w € % and i € E\ﬁg(*) iw clearly for every club e of 52(*) ;. Which
belongs to M¢(.); we have i = sup(i N e); (this because “M; thinks” e is an

unbounded subset of Bz_(*) and ¢ € F implies ¢ = sup(i N M¢) as a limit ordinal);
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so i € acc(e) even i € acc(acc(e)), etc. By the definition of rk7; , for our ¢,
, , HOFRY
there is a club e of B¢, ;, with Min(e) > ¢, ; ,, and h (for case (c)) such that

one of the following cases occurs:

7.j7w

(a) ”Yé(*),j,w =0 & né(*)’ij = 0 that is aé(*)’ij =0and wrNe=10so
e€e= rk¥(wtNe)=0 &
(b) Yy jw > 0and e € e= tki(w™ Ne) <e X nfiyw+ Vi) s
(c) 'yé(*) jw =20 & né(*) jw > 0,h a pressing down function on wt N such
that for each j < i we have j < e € e & h(e) =j = rki(w'Ne) <
& XM g V)
For j ‘< Aw € W and @ < A, clearlhy Bé(*),j,w and w belongs to M, ; hence
also ag(, ., € Mc(x),; and so also (ng (), and) ¢, ; ,, belongs to Mc(,) ;. So
without loss of generality to clauses (a), (b), (¢) we can add:

®4 e € M¢(,y and h € M¢(,) when defined (and 7 = sup(iNe)).
Necessarily

®s5 if e €4M acc() N acc(E) then ¢, ., € €.
[Why? Otherwise:

(7) Béay g <1 (ase <i & i € acc(F) and the definition of B (s jw and the
choice of F)

(1) sup(B¢(,) ;.0 N €) 1s a member of e (as e is a closed unbounded subset of
Beay.dow a0 Min(e) < B2 5 <8 < Bay )
(112) sup(B¢(,) ;.0 Ne€) =€ (as e € accle) & € < B, ;.,)
(1) By jw € Me(x),; (by its definition)
(v) SuP(B¢(uy s N €) € Meu),j (as € B¢,y € Me(a,5)-
S0 sup(B¢(4) j.w M€) € AN M) j\e hence is = Min(AN M) ;\e) = B¢, ;. DUt
trivially Sup(ﬂzf(*) jwne) < B (x).jw SO We get the B¢, = sup(ﬁg(*)’j ., Me) and

it belongs to e by (ii) so we have proved ®s.]
So by the choice of e, one of the following cases occurs:

(A) ag() . =0 and e is disjoint to w*

7 * + A %
(B) Y(u) g > O and rke (“’ N 5§<*>,j,w> < BE ),y X () o V) o
for every € € acc(e) N acc(F)
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(C) 72(*)7“” = O,né(*m,w > 0,h € M), ; a pressing down funtion on e such
that: ¢ < p € e & (p inaccessible) = vk, ({y <p:v€whNeand h(y) =
e}) < px T () (read Definition 0.9(1) clause (c) and use diagonal inter-
section; remember that for singular p, rk},(u) = vk, (1) < p).

First assume (A). Now for any § € acc(FE) N 5% () Nw necessarily ﬂg( o), jaw 1S IDAC-
cessible (as d € S*( . and the definition of SC( )) and 6((*) j.ao MW is stationary in
Bg(*m,w (otherwise there is a club e’ € M¢(,) ; of ﬁC(*),JﬂU disjoint to w, but neces-
sarily § € €’ and ¢ € w, contradiction); together Bg(*)’j,w € w™ hence Bg(*”’w ¢e
(e from above), so as e € M, ; necessarily 6 # Bewyjuw = 0 ¢ acc(e). So
acc(e) N acc(F)Ni is a club of i disjoint to 5% (x) Nw hence rk} (SZ(*) Nw N z> =0
which suffices for ®7.

Secondly, assume clause (B) occurs; then for every ¢ € acc(e) N acc(£) we have
Bé ey, gaw X () g +7<< g < Be g X ey T Ve g SO Vo) s S
Min(e) we have (n¢(,) ;02 V() ) <ter (M¢(e) g V(e),g) BEBCE € X NE(y 50, +
V) g < EXT () jw T VE(w) g TOT €VETY € € acc(e)N acc(E). Using the induction
hypothesis we get for every € € acc(e) N acc(E) that

rkZ (S¢ ey, g0 V0N E) < €XN¢0) 5w T V) g < € X M) gw T V() g

Lastly, assume that clause (C) holds and let e,h € M) ; be as there, without
loss of generality 7 is inaccessible (otherwise the conclusion is trivial), so eNi, ENi
are clubs of i, and let j* =: h(i),j1 = Max{j,j*} so j < j1 < ¢ and Me(s),j, s
well defined (and j1 € M¢(,) ;). Clearly BC(* ) Bg(*),g,w [because BC () oo is

inaccessible (as otherwise aé(*) iw < 62( contradicting our case) hence j <

: : *)2dw
j<i= Be(wy oo = Bé(s) juw S In previous cases.]

Let uj; = {a € wnNe: h(a) = j*} € My, and as j1 < i < Bé(*m’w
6 € e = rk5(S7, ; Nu; NO) < né( o),jw X 0 hence by the induction hypothesis

d €in acc(e)N acc(E) = rkj( Sy MU Nd) < nc( o), jw X 05 hence rki(Sz‘(*)Jl N

wni) < né(*)’j’w X i as required. Uo.16

clearly

0.20 Claim. Assume
(a)(i) cf(A) > p
(i) S {5<)\ < cf(d) <o}
(iii) ka(S) =7* = A xn* + " where (* < A\,n* <w
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(b)(i) J an Xy-complete ideal on p containing the singletons
(ii) if AeJt, (ie. ACpu,A¢ J)and f €4\ then ||fllsa < A
(if e.g. J = Jﬁd,,u regular, then A = p suffices as J [ A= J)

(iii) if A€ J* and f € A(C*) then || flls1a < C*.

Then idﬁj* (N) 'S is J-indecomposable (see Definition 0.21 below).

0.21 Definition. An ideal I on A is J-indecomposable where J is an ideal on pu,
if: for any S, C \,S, ¢ I, and f : S, — J there is i < pu such that S; =: {a €
S, i ¢ f(a)} ¢ I; note that given S, f can be defined from (S; : i < ) and vice
versa.

Clearly

0.22 Claim. 1) IfJ = Jlfd, w regular then “I is J°d-indecomposable” is equivalent
to “I is p-indecomposable”.

2) If J is a |C*|"-complete ideal on u, then the assumption (b)(ii) of 0.20 holds
automatically.

Proof of Claim 0.20. We prove this by induction on v*. Assume toward contradic-
tion that the conclusion fails as exemplified by S,,, f,S; (for i < p),so f:S, = J
we have S; = {a € S, : i ¢ f(a)} and without loss of generality S, C S such that
S, & id57(A), but S; € idY (A) for each i < . Now let tky(S;) = A xny+¢; with
G <XNclearlyd € S, = {i<p:0¢S5;} = f() € J. Without loss of generality
S =S, and clearly S; C S, = U S;. By our assumption toward contradiction
i<wp
clearly n; <n*V (n; =n* & ¢ < ") for each i < p.
As we can replace S by SN E for any club E of A\, without loss of generality

(%)o if & < A then rks(SNJd) < d x n* 4+ (rkx(S) — A xn*) = x n* 4+ ¢* and
ks (S; Nd) < d x n; + ¢; and Min(S) > ¢*,¢; for i < p.

Recalling 0.3(1),(4), for § € SLO] U{ andn < n*let: A2 ={i <p:6xn<
rks(S;N0) < §x(n+1)} and let f0 : A% — § be defined by f2(i) =: rks(S;Nd)—6xn
and let n(8) = Min{n : A% & J} so by (%) clearly n(6) is well defined and < n*.

Fori < prand § < Alet rks(S;NS) = d xmgs,i+e5,i, where ms; < n* and €5, < 9;
so for some Ej

()1 Epis aclub of \, and if § < A\, A% ¢ J and n < n*, then
1foll 7145 < Min(Eo\(0 + 1))
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(possible as f9 : A2 — § C X\ and hypothesis (b)(ii)).
Now we shall prove for § € SI% U {\} that recalling Sl = {§: 6 € Sor SN§ is
stationary in d}:

®s 1ks(Su N EoN6) <6 xn(0) + | f5)lls1as,, <8 n(d) +0.

(s
Why does this suffice? For § = A, first note: if n(A) < n* then rk)(S,) < A x
n(A) + Hfg((;)HJrAg@ <Ax(n®—1)+ ||fg(5)|’J[Ai(5) <AX (=1 +A<Axn” <
rky(S) = rka(S,) [why? first inequality by ®,, second inequality by n(\) < n*
(see above), third inequality by assumption (b)(ii), as for i € A, ), fg(é)(i), that
is fﬁb‘( )\)(i) is (; < A by our assumption toward contradition; the fourth inequality
is an ordinal addition and the fifth we have assumed] and this is a contradiction.

So we can assume n(\) = n*, but then by ®,, we know rky(S5,) < A x n(\) +
Hfg(a)HJrAfl(é)-

But for i € Ai(a) = A)., by the definition of the A2’s we know that n; = n(5) =
n(A) = n*, and so we know A x n; + ¢; = rky(S;) < rk(Sy) =v=Axn*+*
so we know fg((s)(i) = 1ks(5;N0) — 6 x n(d) = ¢; < ¢* so by assumption (b)(iii),

Hfg(é)HJrAi(é) < ¢*, 80 by ®x, rkx(Su) < A x n* 4+ ¢*, contradiction.

So it actually suffices to prove ®s. We prove it by induction on 4.

If cf(6) = Vg, or § ¢ acc(Ep) or more generally S, N is not a stationary subset 0,
then rks(S, N d) = 0, and rks(S; N d) = 0 hence Hfg(S)H = 0 so the inequality ®;
holds trivially.

So assume otherwise; for each i < pu, for some club e; of § we have:
(*)2 (5(1) €ce = (m(;(l),i < m(;,i) V (m(;(lm =Ms; & €5(1),i < 8571').

Without loss of generality e; C Ey. As S,,Nd is a stationary in § (as we are assuming
“otherwise”) by hypothesis (a)(ii) of the claim, cf(6) > Min{cf(a) : @ € S} > p,
SO e =: ﬂ e; is a club of 4.
€AY 5

As e5; < 0 (see its choice) and cf(§) > p (by hypothesis (a)(ii)) clearly ¢ =
s_,1<1p557i < ¢, hence Sup(Rang(fg(é))) < ¢ hence ||f3(5)||J[A;sl(6) < 6§ (see (%)1, as
) g Ep), so the second inequality in ®; holds; so without loss of generalityes; <
min(e) and Hfg(é)HJrAi(é) < min(e).

Suppose the first inequality in ®; fails, so rks(S, N Ey N6) > 6 x n(d) +
Hfg(a)”JrAi(é)a hence
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5= {0(1) € ¢tk (S Eon13(1)) 2 81 x n(0) + 15 L, |

is a stationary subset of J; note that

5(1) € B=6(1) € e = |5 ly1a,, < min(e) = |55 lynas,, < 5D
But by the induction hypothesis

5(1) € B= rk5(1)(S N E() N 5( ))

(1) % n0(L) + 1250y s < 0(1) x n(8(1)) + (1)

Let 6(1) € B; putting this together with the definition of “6(1) € B” we get
5

() 6(1) X 18) + 125 s, < 50) X B + 1 Futatuy lypasey, -

Now by ()2 necessarily n(5(1)) < n(d) so by (x)3 we have n(§(1)) = n(d) (remem-

ber Hf(sg(lszl))HJ s < 0(1) by the induction hypothesis). So
51

0
() 1520 s < WnGanllspazey -
Now by (x)2 (as we have n(d) =n(d(1)))

6(1
{’L € Ans) i ¢ An(é(n)} c U av
n<n(8(1))

now as n(d6(1)) = Min{i : A ¢ J} and J an ideal, clearly U A ¢ .

n<n(6(1))
So we have shown Afz(é)\Ai((?u)) € J. Also for ¢ € A‘S(é) N A(S((?(l)), we have
: b .
fg(g)(@) = 52,2- > €5(1),i = fngzl))(z). Together (and by the properties of || — ||-)
b 5(1)
[FA a5 5 = I fa) 1(A o) N A )||Jf(Ai<5)ﬂAi((?(1)))
6(1) § 5(1)
> Hf (6(1)) (A () N An(5(1)))HJr(Afl(s)mAi((lé)(l)))
4(1) 5(1
> 1
I fnisry) T AnGapllsra Az

contradicting (). Uo.20
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0.23 Claim. If J is an ideal on p, u < \,7y a limit ordinal, J is p-complete, v < u,
then I =id3)(\) | S is J-indecomposable.

Proof. Assume S, € IT and f: S, —» Jand S, = {a €S, :i ¢ f(a)}.

Now we prove by induction on < «v that: if 6 < A, rks(S, Néd) > 28 and
cf(6) # p, then Ag =: {i : rks(S; N ) > S} = p mod J. Note that we have “> 23"
in the assumption but > ( in the conclusion; we can “get away” with this as v is
a limit ordinal. As J is u-complete, u > || this implies that {i : rks(S; N J) >
~v} = p mod J. So let us carry the induction; if 5 = 0 this is trivial and for 8 limit
use f < v < p and the induction hypothesis (and J being p-complete). So assume
B=a+1,6 <A cf(d) # p, tks(S, NJ) > 28 = 2ac + 2, hence S’ =: {§' < 4:
ks (S, Nd’) > 2ac+ 1} is a stationary subset of 4.

Sod € 8 & cf(d') # p = § € Asny1 by the induction hypothesis so if
{6/ € 5" : cf(8') # u} is a stationary subset of § we are done. Otherwise, still
[0/ € 8" = {§" < ' : 0" € Ag,} is a stationary subset of §'] hence S” = {§" < § :
cf(8”) < p and 6" € A, } is a stationary subset of §, and we can finish as before.

Uo.23

0.24 Remark. 1) It is more natural to demand only J is k-complete and x > v; and
allow v to be a successor, but this is not needed and will make the statement more
cumbersome because of the “problematic” cofinalities in [k, p].

2) We can prove more in 0.23:

® if B < p, tkx(Su) > B then {i < p:rky(S;) > B} = p mod J.

0.25 Theorem. Assume X\ is inaccessible and there is S C \ stationary such that
rkyx({x < A\ : Kk is inaccessible and S N K is stationary in k}) < rky(S).

Then on A there is a Jonsson algebra.

Proof. Assume toward contradiction that there is no Jonsson algebra on A. Let
St =: {6 < X : J inaccessible and S N4 is stationary in §}.
Note that without loss of generality

® S is a set of singulars and rky(S) is a limit ordinal.

[Why? Let S’ = {0 € S : § a singular ordinal },S” = {6 € S : § is a regular cardinal},
so tky(S) = rky(S"US") = Max{rk(S"),rk(S”)} by 0.5(0). Now if rky(S"”) <
rky (.S), then necessarily rky(S’) = rky(S) so we can replace S by S’. If rky (S”) =
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rk(S) then rky(S”) > rtk (ST) and clearly S” N ¢ stationary = 6 € ST, so neces-
sarily rky(S”) is finite hence A has a stationary set which does not reflect and we
are done; see [Sh:g]. If rky(.9) is a successor ordinal we are done similarly.|

By the definition of rky, 7* =: rk)(S) < A + rk,(ST), but we have assumed
rky(S1) < rky(S) so rkx(S) < A+ rky(S), which implies rky(S) < A X w. So for
some n* < w we have A x n* < rk)(S) < A xn*+ A
Let tky(ST) = 8* = Axm* +&* with ¢* < A. We shall now prove 0.25 by induction
on A. By [Sh:g, Ch.III|, without loss of generality 8* > 0. By 0.5(9) we can find a
club E of A such that:

(A) 6 € E= rks(SNd) <6 xn*+ (rkx(S) — A xn*)
(B) § € E= 1ks(STNH) <dxm*+e*.

Note that § x m* +¢* > 0 for § € E (or just § > 0) as 5* > 0. Let A=:{d € E:
J inaccessible,e* < § and rkg(SNd) > 6 x m* +&*}.

Clearly 6 € A implies SN§ is a stationary subset of §. By the induction hypothesis
and the choice of A and clause (B) every member of A has a Jonsson algebra on it
and by the definition of A (and 0.5(9)) we have [« < A & AN« is stationary in
a = a € AJ; note that as A is a set of inaccessibles, any ordinal in which it reflects
is inaccessible. If A is not a stationary subset of A\, then without loss of generality
A =0, and we get tky(S) < A x m* +&* = §* < 1k,(95), a contradiction. So
without loss of generality (using the induction hypothesis on A):

@ A is stationary, Al C A ie. (V5§ < A\)(AN§ is stationary in § = § € A),
each § € A is an inaccessible with a Jonsson algebra on it.

So by [Sh:g, TV,2.12,p.209] without loss of generality for arbitrarily large k < A
(even k inaccessible):

X, k= cf(k) > Vg, k < A and for every f € "\ we have || f[| jpa < A.
So choose such k < A satisfying k > rk)(S) — A x n*. We shall show that
(%) idij*()\) I S is JPd-indecomposable
hence it follows by 0.22(1)
(%) idij*()\) I S is k-indecomposable.
Why (%) holds? If v* > X by 0.5(1),(3) we know that rky ({0 € S : cf(§) > k}) =

rky(.9), so without loss of generality Min{cf(d) : 6 € S} > k and we can use 0.20
and the statement &) above to get (x). If v* < A use 0.23. So (%) and ()" holds.
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Note that ST satisfies the assumptions on A in 0.14, i.e. clause (b) there and letting
o = K, the ideal id}) ()) is k-indecomposable by ()’ above. Hence by 0.14 applied
to J = idfg*()\), o =k,S, A, we get that for some S-club system C we have:

(a) 6 € S= macc(Cs) C A
(b) for every club E of A,
rky({0 € S : 0 =sup(E N nacc(Cs))}) > ~*.

We now apply 0.16(1) for our S, S*,n* X\ and § = Xy. Why its assumptions hold?
Now A is a Jonsson cardinal by our assumption toward contradiction. Clauses
(x)(a) + (x)(B) hold by our choice of S, ST, clauses (x)(7) + (x)(d) holds as 8 = Ny,
clause (x*)(a) holds by the choice of C, clause (x#)(3) holds by (x*)(v). Last and
the only problematic assumption of 0.16 is clause () of (xx) there, which holds
by clause (b) above because nacc(Cs) C A, each o € A is inaccessible. So the
conclusion of 0.16 holds, i.e. A ¢ idéo(@). Now if § € S,a € nacc(Cs) then «
is from A but by the choice of A (and the induction hypothesis on \) this implies
that on « there is a Jonsson algebra, so we finish by 0.26(1) below.

Uo.25

0.26 Claim. 1) Assume

(a) )\ is inaccessible
(b) C=(Cs:6€S5),S a stationary subset of A
(c) id ( C) is a proper ideal

)

(d) if a € U nacc(Cys) then on « there is a Jonsson algebra and « is inacces-

6esS
sible.

Then on A there is a Jonsson algebra (so we get a contradiction to (c)).

2) We can replace (c) + (d) by

()t idp(C,I) is a proper ideal® and 0 < § & § € S = {a € Cs : a €
acc(Cs) Vcf(a) < o} € Is

(d) ifa € U nacc(Cs) then on cf(«) there is a Jonsson algebra.
6eS

3) In clause (d) of part (1) we can omit “a is inaccessible”.

Proof. 1) Very similar to the proof of [Sh:g, TV,p.192].

5see [Sh:g, IV,Def.1.8(1),p.190], only in line 4 replace “some” by “every”; but not used
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Let x be large enough, M an elementary submodel of (J#(x), €, <;‘<) such that
A€ M,|MNA =), and it suffices to prove A C M; assume toward contradiction
that this fails. Without loss of generality C € M and let E = {§ < X : § a limit
ordinal, § ¢ M and 6 = sup(MNJ)}. Clearly E is a club of A, so by the choice of C,
ie. “id{zo(C_’) a proper ideal” there is § € SN acc(E) such that 6 = sup(Bs) where
Bs = {a € nacc(Cs)NE : By = aV cf(Ba) < Ba} where 5, =: Min(M N A\«),
it exists as |[M N A| = A and clearly cf(85) < 0 = cf(8s) < Bs. But for a € Bs we
know that « is inaccessible so 3, cannot be singular so 5, = «, that is « € M. But
for a € Bs,a € acc(F) by the definition of Bs hence: o € M,sup(aN M) = a, «
is inaccessible on which there is a Jonsson algebra hence o C M. But § = sup(By)
so 6 C M, contradicting § € E.

2) Similar.

3) In the proof of part (1) we use E = {1 : p a limit cardinal, up =R, = [MNu|,pu €
M?}. Now if 3, is singular (hence « is singular) we consider M’ the Skolem Hull
of MU{i:i< cf(Bs)} as in the proof of 0.16(2). Oo.26

Minimal cases we do not know are
—> MARTIN WARNS: Label 1.16 on next line is also used somewhere else (Perhaps
should have used scite instead of stag?

0.27 Question. 1) Can the first A which is A x w-Mahlo be a Jonsson cardinal?

2) Let A be the first w-Mahlo cardinal; is A — [A]3 consistent?

3) Is it enough to assume that for some set S of inaccessibles rky (S) < AT to deduce
that there is a Jonsson algebra on A (or even have Pri(\, A, Ng))?

0.28 Remark. 1) Instead of J?4 we could have used [u]<*, k < p, but there was no
actual need.

2) We can replace in 0.25, rky by rk3. We can also axiomatize our demand on the
rank for the proof to work.

0.29 Theorem. Assume

(a) A is inaccessible,

(b) S C X\ is stationary, and let ST = {u < X\ : SN p is stationary and p is
inaccessible}

(e) if k3 (ST) < rki(9).

Then on A there is a Jonsson algebra.

Proof. In essence, we repeat the proof of 0.25, replacing rky by rk}, and 0.16(2)
instead of 0.16(1) only the proof is shorter.
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As in the proof of 0.25 without loss of generalityd € S = c¢f(d) < ¢ and we
prove this by induction on A.
If rk}(S) < A, then also rk}(ST) < X so rky(S) = rk}(S), tka(ST) = rki(ST)
and so 0.25 apply so we are done, so we can assume rk3(S) > A. Let v* =
rk}(S) be A x n* 4+ ¢*,¢* < X and let 0 € (Ng + [¢*|T,\) be regular. Now
rlc; (SIoFU) > 4* as 4* > A, so without loss of generality we have (V3 € S)(cf(5) >
o). By 0.11(6), the ideal id<"" is o-indecomposable. Let A = St = {u < A : p
inaccessible and S N p is stationary}, without loss of generality A is a stationary
subset of A\ (otherwise we are done by [Sh:g, Ch.Ill]), as in the proof of 0.25,
without loss of generality p € A = on pu there is a Jonsson algebra. Now we can
apply claim 0.14 to \, A4, S,id<?" (), o; its assumption holds as § € S = cf(§) < 4,
while 6 € A = 4 inaccessible). Now we can repeat the last paragraph of the proof
of 0.25, using 0.16(2) + 0.26(1). Oo.29

Remark. By 0.11(7), clause (b), usually assumption (d) of Theorem 0.29 holds.



Paper Sh:413, version 2001-10-05_10. See https://shelah.logic.at/papers/413/ for possible updates.

34 SAHARON SHELAH

§2 BACK TO SUCCESSOR OF SINGULARS

Earlier we have that if \ = pu*, > cf(p) and p is “small” in the alephs sequence,
then on A there is a Jonsson algebra. Here we show that we can replace “small in
the aleph sequence” by other notions of smallness, like “small in the beth sequence”.
This shows that on 37 there is a Jonsson algebra. Of course, we feel that being a
Jonsson cardinal is a “large cardinal property”, and for successor of singulars it is
very large, both in consistency strength and in relation to actual large cardinals.
We have some results materializing this intuition. If A = p™ is Jonsson u > cf(u),
then p is a limit of cardinals close to being measurable (expressed by games). If in
addition cf(z) > R, 2(f)™ < 14 then A is close to being cf(j)-compact, i.e. there
is a uniform cf(u)-complete ideal I on A that is close to being an ultrafilter (the
quotient is small).

2.1 Definition. We define the game Gm,, (A, i, ) for A > u cardinals, v an ordinal
and n < w. A play last v moves; in the a-th move the first player chooses a function
F, from [A]<" = {w C X : |w| < n} into p, and the second player has to choose

a subset A, of A\ such that A, C ﬂ Ag,|As| = X and Rang(F, | [A.]<") is a

B<a
proper subset of p. Second player loses if he has no legal move for some a < ~;

wins otherwise.
2.2 Claim. We can change the rules slightly without changing the existence of
winning strategies:

(a) instead of Rang(F,) being C u, just |Rang(Fy,)| = p and the demand on
A, is changed to: Rang(F,, | [A.]<") is a proper subset of Rang(F, ).

and/or

(b) the second player can decide in the a.—th move to make it void, but defining
the outcome of a play, if otp({ax < v : a-th move non-void}) < ~ he loses

and/or

(c) in (a) instead of |Rang(F,)| = pu, we can require just |Rang(Fy)| > p.

Proof. Easy.
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2.3 Claim. 1) If 0 - [0]5%, (where > Kk > Ry > n) then first player wins
Gmy, (0, k, k) (where “9 - [0]57,.” means: there is F : [0]<" — K such that if
A CO,|A| =0 then |[Rang(F | A)| = k).

2) If 0 - [0]5L, (where @ > Kk >0 >Ny > n) and k > o then for some T € [0, K]
first player wins Gmy, (0, 7,77) (where 0 - [0]5", means: there is F : [0]<" — &

such that if A C 0,|A| =0 then |Rang(F | [A]<")] > 0.

Proof. 1) Let F exemplify 6 - [f]5" .. For any subset A of x of cardinality « let

ha:k — Kk be hg(a) = otp(aNA)soha | Aisone to one from A onto k. Now a
first player strategy is to choose F,, = hp_ o F' where

B, =: Rang(F | [ﬂ Ag]<™) so Fo(z) = hp, (Fa(z)) (note: we can instead use

B<a

(a) of 2.2). Note that |Rang(F, )| = x by the choice of F. So if (F,, Ay : @ < kT) is
a play in which this strategy is used then (Rang(F' | [A4]<™) : a < k™) is a strictly
decreasing sequence of subsets of x, contradiction; i.e. for some « the second player
has no legal move hence he loses.

2) Let F : []<" — & exemplify 6 - [0]5",, and let B C 6,|B| = 6 be with
|[Rang(F' [ [B]<")| minimal, so let 7 =: |Rang(F [ [B]<")|, so B,F exemplify
0 - [0]=7 ., and use part (1). O3

2.4 Claim. 1) If 0 < 2% but (Vu < K)2* < 0 then 6 - [0]2

K, <K"

2) Ifcf(k) < 0 < Kk < 0,ppf (k) > 0 = cf(0) then 6 - [0]2, _,., for some k1 € [k, 0).
8) If 0 = p* and p - [M]:,@w then 6 - [9]2,—21&- If 30(k) < A < Jpya(k) and
0 < k= Tp1:1(0) <\ then A = AR 12

4) If K+ |T| < 0,T is a tree with k levels and > 0 k-branches and for any set
Y of k-branches |Y| > 0 = |[{nNv :n # v € Y} > ko, then - [0]2 .
for some k1 € [ko,|T|] C [ro,0) hence the first player has a winning strategy in
Gmy (0, k1, k7).

5) Assume: fo: Kk — 0, fo(i) <0y <o fora<,i<k and 0> k,7 < o; and for
noY C0,|Y| =0 do we have i < k = 0; > |{fa(i) : @« € Y}|. Then the first player
wins in Gmy (0, 7,0 +1). Hence if ¢f(k) <o <7<k < 0= c¢f(0) < ppt(0) then
first player wins in Gmgy (6, 7,0 + 1).

6) If the first player does not win Gmy, (A, k,7),k < 0 and [ < v = B+ 60T <4,
(equivalently, there is a limit ordinal B such that 0% x 3 =) then the first player
does not win in the following variant of Gm,(\,60,v): the second player has to
satisfy |Rang(Fy | [Aa]<™)| < k.

7) k1 < ke & 71> 7 & np >ny & second player wins Gm,, (0,k1,71) =
second player wins Gy, (0, k2, ¥2).

8) If k1 < Ko,71 > 7Y2,n1 > ng and first player wins Gy, (0, ka,72) then it wins
Gm,,, (0, k1,71)-
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Remark. On 2.4, 2.6, 2.7 see more in [EiSh 535], particularly on colouring theorems
(instead of, e.g., no Jonsson algebras).

Proof. 1) Let (Aq : o < ) be a list of distinct subsets of x, and define

F(a,p)=: Min{y:y€ A, =+ ¢ Ag}.
2) Easy, too, but let us elaborate.

First Case. There is a set a of < o regular cardinals < #, with no last element,
o < min(a) and sup(a) € [k, ) such that k; € a = max pcf(a N k1) < k1 and
max pcf(a) = 6. Clearly it suffices to prove 8 - [0]2,, 4 <upa-

Let J be an ideal on a extending JP9 such that 6 = tcf(Ila, <) and let (f, : a < 6)
be a < j-increasing cofinal sequence in Ila such that for p € a,|[{fo [p:a <0} < pu
(exists by [Sh:g, I1,3.5,p.65]). Let F(«,B) = fg(i(a, 5)) where i(c, ) = Min{i :
fa(i) # f3(i)}-

The rest should be clear after reading the proof of Pry(u™, u™, cf(u), cf(u))

in [Sh:g, I11,4.1].

Second case. For some ordinal® § < k we have pp}ﬂod (k) > 0.
5
Hence (by [Sh:g, 11,2.3(1)]) for some strictly increasing sequence (o; : i < 9) of
regulars with limit x such that tcfH 0;/JPd is equal to @ and let fo(a < 6)
1<6

exemplify this. Let F(«, ) = fz(i(c, 8)) where i = i(a, §) is maximal such that
a < B = fa(i) > fa(i) if there is such ¢ and zero otherwise (or probably more
transparent ¢ = sup{j +1:j < d and a < f = f,(i) > fs(i)}). The proof should
be clear after reading [Sh:g, 11,4.1].

We finish by

2.5 Observation. At least one case holds.

Proof. As ppt (k) > 6, by [Sh:g, I1,2.3] there is a' C k = sup(a’), |@’| < o such that
a’ is a set of regular cardinals > o and there is an ideal J extending J2¢ such that
tcf(Ila’/J) = 0; without loss of generality max pcf(a’) = 6 and 6 N pcf(a’) has no
last element. If Jop[a’] C JP we use the second case. If not, we try to choose
inductively on ¢ < 0", 7; € pcf(a’)\{6}\k, such that 7; > max pcf{r; : j <i}. As
J<gla’] € J24 we can choose for i = 0, for i successor pcf{r; : j < i} has a last

6of course, without loss of generality, § is a regular cardinal
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element but pcf(a’)\{6}\x does not, so we can choose 7; recalling that pcf({7; : j <
i}) C pcf(a’) by [Sh:g, I]. By localization (i.e. [Sh:g, VIII,3.4]) we cannot arrive to
i =|d'|t < o™, so for some limit § < |@/|T < ot we have: 7; is defined iff 1 < §. So
{7 : 1 < ¢} is as required in the first case. So we can apply the first case.

Continuation of the proof of 2.4.
3) — 6) Left to the reader.

aif a < K
7) Let h : ky — K1 be h(a):{

0if k1 < a < Ko.

During a play (F, Ay : @ < y2) of Gmy,, (0, k2, ¥2), the second player simulates (an
initial segment of) a play of Gm,,, (6, k1,71), where for ¢t C 0,ny < |t| < ng we let
hoF,(t) = 0 and in the simulated play (ho F,, A, : @ < 72) the second player uses
a winning strategy.

8) During a play of Gm,,, (6, x1,71), the first player simulates a play of the game
Gm,,, (0, k2,72). The simulated play is (F,,, A, : @ < 1), the actual one (hoF,, A, :
a < 1) (so first player wins before he must, if v; # 72). 0o 4

2.6 Theorem. 1) If A = pt,cf(u) < p,v* < p,k < p and for every large enough
reqular 0 € Reg N u the first player wins Gmy, (0, k,v*) then A - [A|S¥.

2) Instead of Gm,, (0, k,~y) we can use Gmy, (0, k(0),7*) with k = lim k(0) < p;
6€ Reg Nu

e.g. (k(0):0 € RegNpu) is non-decreasing with limit k < p (so possibly k = p; and
then we can get X - [A]5%).

Proof of 2.6. (1) Compare with [Sh:g, 111,§2,83]. If £ < cf() we know this (see
[Sh:g, 11,4.1(1),p.67]) so let & > cf(u). Solet S C {6 < X : cf(d) = cf(u)} be
stationary. If cf() > Ng let C! be a nice strict S-club system with A ¢ id,(C?),
(exists by [Sh:g, 111,2.6]) and let J = (Js : § € S),Js = Jg;ll. If cf(p) = N,
without loss of generality S is such that [§ € S = p divides §],let C* = (C} : 6 € S)
be such that: C} C § = sup(C}), otp(C}) = u,C} closed and A ¢ id,(C',J)
where J = (J5 : 6 € S),Js = {A C C} : for some 8 < § and § < pu, we have
(Va)la € A & a > B,a € nacc(C}) — cf(a) < 0]}, (exists by [Sh:g, II1,p.131]).
Let C? = (C? : § < ) be a strict A-club system such that for every club E of ),
we have:

{5 <X: (V8 <6)(3a € E)|a € nacc(C3) & a> 6]} ¢ id,(C*,J).
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[We can build together C!, C? like this as in the proof of 0.12 or use [Sh:g, III,2.6]
as each Js is cf(u)-based.]

Let u = Z w; where u; < p. Let o7 < p,v* < o©,0 regular > cf(u). Let
1<cf(p)

w* < p be such that first player has a winning strategy in Gm,, (0, k,v*) if p* <
0 = cf(f) < p. For each § < A, if the first player has a winning strategy in
Gm,, (cf(d), k,v*), let Sts be a winning strategy for him in the variant of the play
where we use nacc(C?) instead of cf(8) as domain, and allow the second player to
pass (see 2.2(b)); we let the play last o™ moves (this is even easier for first player
to win). So Sts is well defined if cf(d) > p*.

We try successively ot times to build an algebra on A witnessing the conclusion,
while at the same time for each § < X of cofinality > p* playing on C% a play of
Gmy, (cf(d), k,0™) in which the first player uses the strategy Sts. In stage ¢ < o™
(i.e. the ¢-th try), initial segments of length ¢ of all those plays have already been
defined; now for § < A, cf(§) > u*, first player chooses Fj . : [nacc(C?)]<¥ — k.
Let F¢ code all those functions F¢ : [A]<“ — X (so ¢ is viewed as a variable) and
enough set theory; specifically we demand:

®; if t € [\]<“ and then
(i) Fe(t) belongs to A¢ s, the Skolem Hull of tU{Fs ¢(s) : 0 € t,s C tNC3}
in (A1), €, <34, CY, C% k)
(13) if x € Ac¢ ¢, then for infinitely many k < w we have:

tatt € (\F = Fe(t7) = =

Now let F C/ be

Fr(t) if Fr(t) €
0 otherwise .

Let B¢ € [A\]} exemplify that F/ is not as required in 2.6, that is k € {F'(t) : t €
[B:]<®0}. Without loss of generality B¢ is closed under F; (possible by the choice
of Fc).

Let B = {5 :0 ¢ Be and § = sup(éﬂBC)} N ﬂ E;.

J<¢
It is a club of A. For each 6 € E; such that cf(§) > u*, in the game Gm,,(CZ, k,07),
second player has to make a move. The move is {« € nacc(C§) : a € E¢} if this is
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a legal move and 0 € Bg; otherwise the second player makes it void; i.e. pass (see
2.2(b)).
Having our o™ moves we shall get a contradiction. Let E be ﬂ acc(FE¢), this is
(<ot
a club of A, hence by the choice of C'*, C? for some §(x) € S we have §(x) = sup(4;)
moreover A; € ng*) where

A = {(5 10 € nacc(C’g(*)) and (V3 < §)(3a € E)|a € nacc(C3) & a > ﬁ]}

For ( < o™ define
i(¢) = Min{i : p; > cf [Min(B¢\d(*))]}-

Since B¢ is closed under F; and F¢ codes enough set theory, the proof of [Sh:g,
I11,1.9], (similar things are in §1 here) shows that

() if 6 € Ay, cf(8) > py(c) then 6 € Be and (Vo) € nace(Cy) N E¢ = o € Be].

Now as o > cf(u) (whereas there are cf(u) cardinals p;) for some i(x) < cf(u) we
have

ot =sup(U) where U =: {¢ < o™ :i(¢) < i(x)}.

Choose 0 € Ay with cf(d) > g (why is this possible? if cf(u) = g as 6(x) =
sup(A4;) and C! is nice; if not as A; € J;E*) see [Sh:g, II1,1.1]). By () we have ¢ €
U = ¢ € B¢ and by the choice of E and 6(x),  clearly E:N nacc(CZ) has cardinality
cf(8); so for every ¢ € U the second player (in the play of Gm,,(CZ,x,0")) make
a non-void move. As |U| = o™, this contradicts “Sts is a winning strategy for the
first player in Gm,, (CZ, k,07)”.

(2) Similar proof (for k = p see [Sh:g, 11,355].) (o6

An example of an application is

2.7 Conclusion. 1) On 37 there is a Jonsson algebra.

2) If 3,,11(k) < A < 3,42(k) then the first player wins in Gm,, 2 (A, kT, (27)7).

3) If u is singular not strong limit, 0 < k<7 < u < k% and A = pt but /\ 0% <
0<rK
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then A - [A[5¢.

4) If p singular not strong limit, A = p*, u* + k < p < k7,0 < k and there is a
tree T k= |T| < u, T has > p o-branches, and T" C T&|T'| < k = T has < p*
o-branches then \ » [\]2.
5) Assume A = puT, cf(pu) < p, and for every po < p there is a singular x € (uo, 1)
satisfying pp(x) > p. Then on A there is a Jonsson algebra.

6) Assume A\ = pt,pu > cf(pu),cf(x) < K < x < xT < A ppf(x) > A Then
A A9

7) If u singular not strong limit, 2<% < 4 < 2% k = Min{o : 29 > p} < p then
pt e [

8) There is on u™ a Jonsson algebra if cf(u) < p < 2<# < 2# (i.e. p singular not
strong limit and (2* : A < u) is not eventually constant).

Proof. 1) Tt is enough to prove for each n < w that JF - [JF]5*. By part 2) (and
monotonicity in n - see 2.4(8)) for every regular § < J, large enough, first player
wins in Gm,, (0, 3;},3;7, ;). So by 2.6 we get I - [IF]5, and as said above, this
suffices.

2) Let k1 be Min{o : J,41(0) > A}, so k1 > k (as Jp41(k) < A) and 27 > Ky
(as J,+1(2%) = J,42(k) > A), also A < 3,,41(k1) (by the definition of k1) and
Jo(k1) < A (as k1 <27 and 3,,11(k) < A), moreover pu < K1 = J,411(n) < A by
the choice of k1. By 2.4(3) the second phrase we have A - [A]”+2, . By 2.3(1) the

K1,<K1°®
first player wins Gm,,2(\, k1, %] ). By monotonicity properties (2.4(8)) the first
player wins Gm,, 1o (A, k™, (27)T).
3) By 2.4(4) for every regular 0 € (k<7, k%), first player wins in Gmy(6, &, (k<7)™).
Now apply 2.6.
4) Similar to (3).
5) If ¢f(x) < x, ppT(x) > 0 = cf(f) > x and 7 < x then the first player wins the
game Gmgy(0,7,x + 1) (by 2.4(5)). So by 2.6 if cf(x) < x < u < ppT(x) we have
T < X = A = [A]= hence easily we are done.
6) Similar to (5).
7) If 2<% < p we apply 2.4(1) and then 2.3 + 2.6. So assume 2<" = p, so necessarily
K is a limit cardinal < p and cf(u) = cf(k) < K < p. Now for every regular
0 € (k, ) letting k() = Min{o : 27 > 0} we get k(0) < k hence by the regularity
of 8, 2<%(9) < g, so by 2.4(1) + 2.3 player I wins Gmy (0, 5(6), x(0)) hence he wins
Gms (0, k(0), k). Use 2.6(2) to derive the conclusion.
8) By part (4) and [Sh 430, 3.4]. Oa 7

2.8 Remark. In 2.9 below, remember, an ideal I is f-based if for every A C Dom([),
A ¢ I there is B C A,|B| < 0 such that B ¢ I; also I is weakly k-saturated if
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Dom(I) cannot be partitioned to k sets not in I. The case we think of in 2.9 is
A = ut, u singular of uncountable cofinality.

2.9 Claim. Suppose

(@) A=cf(\) > (28T and 6 = &

(b) C is an S-club system, S C X stationary and I = (I5: 6 € S), I5 an ideal
on Cs containing Jg‘; and id,(C, I) is (see 0.17, a proper ideal and) weakly
k1 -saturated and

(c) (*)?Z’e if AC Dom(Is), A ¢ Is then for someY C A/ |Y|<0,Y ¢ I

hence | 2(Y) /15| < 2°.

(i) 2(\)/id,(C,I) has cardinality < 2%

(ii) for every A € P(M\id,(C,I), there is B C A, B € 2(M\id,(C,I) and
an embedding of P(N\)/ [id,(C,I) + (AN\B)] into some P(Y)/I5 with § €
S7Y’g C%;yr¢‘L%

(iii) moreover, in (i) we can find h : B — 6 such that for every B' C B for some
A" C 0 we have B' = h™'(A")mod id,(C,I). (In fact for some g : Y — 6
and ideal J* on 0 for every B’ C B we have: B’ € id,(C,I) < g '(h(B’)) €
J*.)

2.10 Remark. 1) The use of # and k though 6 = & is to help considering the case
they are not equal.

2) The point of 2.9 is that e.g. if X = p,u > cf(u),S € A, then we can find
C=(Cs:6€S)yand I = (I; : § € C) such that A ¢ id,(C,I) and Is is
(cf(u ))basedand(5€SB<50<,LL=>{O¢€C’5:ae acc(Cs) or a < f3 or
cf(a) < 0} € I5. Now if id,(C,I) is not weakly x-saturated then A - [X|S* and
more; see [Sh:g, III].

Proof. There is a sequence (A; : i < i*) such that: Ag =0,4; C\[i #j= A; #

A; mod id,(C, T)] and: i* = (2%)" or: i* < (2%)" and for every B C \ for some

i <" we have B = A; mod id,(C, I). Let & be the closure of {A; : i < ¢*} under

finitary Boolean operations and the union of < k™ members. So in particular &

includes the family of sets of the form (A4;\A4;)\ U ic \AJC (where 1, j, i¢c, je <
(<kT

i*), clearly | 22| < 25" 4 (2%)" < p and if |i*| < 2% then | 22| < 2~
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For each A € & which is in id,(C,T), choose a club E4 of \ witnessing it (and if
A€ P\id,(C, 1) let B4 = \).
As (287)F < A clearly | 22| < A hence E =: ﬂ E, is a club of A.

Aez
So S* ={d € S: ENC;s ¢ Is} is a stationary subset of A. For proving (i) suppose

1= (2"‘)Jr and eventually we shall get a contradiction. We now choose by induction
on ¢ < kT ordinals i1(¢),i2(¢) < i* and §; € S* and sets Ye C A;, )\ As, ()NENCs,
such that Yg ¢ I5C’ |’-@(YC)/I5§’ < 2“, |YC| < eﬂAiz(C)\Ail(C) ¢ ldp(é,j) and f <
¢ = (Aiy\Ai ) N Ye = 0.

Why can we choose i1((),92(¢) and Y7 There is a natural equivalence relation ~
on ¢*:

i ~2¢ jiff for every £ < (,A;NYe =A;NY;

and it has < (2%)" = 2% equivalence classes. So for some j; # j2 we have j; ~¢ ja.
By assumption A;, # A;, mod id,(C, I), so without loss of generality

Aj, € Aj mod id,(C,I), hence A;,\A;, ¢ id,(C,I). By this for some J; €
S* N acc(E) we have (A4;,\A4;,) N Cs, N E ¢ Is., so there is Y C (A4;,\4;,) N Cs,
satisfying |Y¢| < 6 and |2 (Y¢) /15| < 2% and Y¢ & Is..

Let i2(¢) = Jj2,41(¢) = jr-

S0 (As,(¢), Aiy(¢)> 0¢, Y : ¢ < k) is well defined. Let B =: A, 0)\ A4, (), Be =

Bé\ U Bg (for ¢ < k*). So each B¢ is in &, and they are pairwise disjoint.

ge(wt)

Also Y: € B} (by the choice of Y¢) and ¢ < £ < kT = Y:NB{ = {) (see the inductive
choice of A;, ¢y, As (¢)) hence Yo C Be. Next we prove that B¢ ¢ id,(C, I), but
otherwise £ C Ep,, and d¢,Ye € E contradict the choice of Ep.. Now (Be: ¢ <
k1) contradicts “id,(C, I) is weakly x*t-saturated”. So i* < (2%), i.e. (i) holds.
Let B be the Boolean Algebra of subsets of A generated by {A; : i < i*}. Now we
prove clause (ii), so let A C\, A ¢ id,(C,I).

Let iy < i* be such that A = A;, mod id,(C,I), choose § € S N acc(E)
such that AN A;,, NCs N E ¢ Is, and choose Y C AN A;, N Cs such that
Y| < 0,Y ¢ I5,|2(Y)/Is| < 2%. Now we try to choose by induction on { <
kT, (i1(C),i2(C), d¢, Ye) as before, except that we demand in addition that ¥ N
(Aiy)\Aiy ) = 0. Necessarily for some ((x) < kT we are stuck. Let B =
A\ U (Aiy)\Aiy (), it belongs to P (as A;, = A;,\Ag, remember Ay = 0),

¢<¢(%)
also Y C B, but E C Ep hence B ¢ id,(C,I). The mapping H : (B) — 2(Y)
defined by H(X) = X NY induce a homomorphism Hy = H | B from ‘B
into 2(Y). Now if X € BN id,(C,I) then X € & (as B C & because
A; = A\Ap € & and & closed under the (finitary) Boolean operations). Hence
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(< ((*)&X € BN id,(C,I) = X NY € I;. Hence H; induces a homomorphism
Hs from B/id,(C,I) into 2(Y)/Is. By the choice of B, this homomorphism is one
to one on (Z(B) N B)/id,(C
equal to (2(B)N*B)/id,(C, T
We are left with clause (iii).

Let B* be the closure of {A; : i < i*} under finitary Boolean operations and
unions of < @ sets. So |B*| < 2%. For each A € B* N id,(C, I) let E4 witness this,
and let E* =: N{E4 : A € B* N id,(C,I)}. Without loss of generality E* = E.
For any A € 2(\)\id,(C, I) choose 6,Y, B as in the proof of (ii), fix them.

LetB*:{aeB:fornoveYdowehave /\aeAiEfyeAi}.

1<e*

,I) and as 2(N)/ [idp(C,I) + (A\B)] is essentially
), we have finished proving clause (ii).

Now

(+) B* € id)(C, )
[why? if not, there is §(1) € S such that B* N E* N Cs1) ¢ Is1) hence
there is Y1 C B* N E* N Cs1y such that Y1 ¢ I50,|Y1| < 0. By the
definition of B* for every o € Y1, € Y (as necessarily o € B*) there is
Aap € {4, 11 <i*} CB* such that « € Ay s & B ¢ A, p. Hence
Al =Bn U ﬂ A g belongs to 8" and Y; C A7,

acY) Bey

(asaeY, & feY = ac Ayp) and Y N A} = 0 (because for each
BeYwehaveaeclY, & feY =p0¢ Ayp). As A CB)YNAT =
by the choice of B we have A} € id,(C,I). But Y7 (and E*) witness
At ¢ id,(C,I), contradiction.]

Define hg : (B\B*) — Y/ =~ by h(«) is {’y €eY: /\ a€c A, =€ Ai} where for
i<i*
V1,72 € Y we let 11 = 72 & /\ v1 € A; = v € A;. The rest should be clear.
i<i*

Ua.g

2.11 Remark. 1) In 2.9 we can replace k™ by k, then instead of 2 < \ we have
2<% < X and in (i) we get < 29 for some 6 < k.
2)If Is = Jb;icc(cay 0 =k, and [0 € S = cf(J) < k] then the demand “6 based ideal

n
on Cs containing Jg?” on I holds.
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§3 MORE ON GUESSING CLUBS

Here we continue the investigation of guessing clubs in a successor of regulars.

3.1 Claim. Assume e.q.

S C {6 <Ny :cf(d) =Ry and § is divisible by (w1)?} is stationary.

There is C = (Cs : § € S), a strict club system such that Ry ¢ id,(C) and [ €
nacc(Cs) = cf(a) = Ny]; moreover, there are hs : Cs — w for § € S such that for
every club E of Ry, for some §,

/\ § = sup [hy ' ({n}) N E N nacc(Cs)] .

nw

Proof. Let C' = (Cs : 6 € S) be a strict S-club system such that A\ ¢ id,(C) and
[ € mnacc(Cs) = cf(d) = Nq] (exist by [Sh:g, 111,2.4,p.126]). For each 6 € S let
(ng : o € Cs) be a sequence of pairwise distinct members of “2. We try to define
by induction on ¢ < wy, ¢, (TS : o € E¢) such that:

E¢ is a club of Ry, decreasing with ¢,

T(;C = {V €“?2:0 =sup{a:a € E;N nacc(Cs) and v < ng‘}}

E¢41 is such that {6 €S T§ = T(SG'1 and § € acc(EHl)} is not stationary .

We necessarily will be stuck say for ( < wy. Then for each § € SN acc(E¢) let

{0 :n<w)C T(;C be a maximal set of pairwise incomparable (exist as T(;C has > N4

branches), and let hs(a) = the n such that v an§ if there is one, zero otherwise.
ER

3.2 Remark. 0) Where is “§ divisible by (w;)? used? If not, then there is no club
C of § such that « € nacc(Cs) = cf(a) = V.

1) We can replace Rg, X1, Rg by 0, A, AT when A = cf(\) > k > o and for some tree
T,|T| = k, T has > X branches, such that: if 7" C T has > X branches then T’ has
an antichain of cardinality > o. We can replace “branches” by “f-branches” for
some fixed 6. More in [Sh 572].

2) In the end of the proof no harm is done if hs is a partial function. Still we
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could have chosen 12 so that it always exists: e.g. if without loss of generality

{n® : a € Cs} contains no perfect subset of “2, we can choose 1° € “2\{n? : a € Cs}
such that n <w = 1° [ n € Tg(*) & (3p)[v° | nap € T(;C(*) & —(p<ar?)], and then
we can choose {n§ : a € Cs} be n¢ = (V° | k) (1 —1v°(k,,)) where k,, < kp11 <k
and (10 | k)" (1 — v (k)) € TS™) iff (3n)(k = kn).

3.3 Claim. Suppose \ is reqular uncountable and S,Sy C {6 < AT : ¢f(§) = A}
are stationary. Then:
1) We can find C = (Cs : § € S) such that:

(A) Cs is a club of §

(B) for every club E of A\t and function f from At to AT satisfying f(a) < 1+«
there are stationarily many § € S Nacc(E) such that for some ¢ < AT we
have § = sup{a € nacc(Cs) : € ENSy and ¢ = f(a)}

(C) for each a < At the set {CsNa:§ € S} has cardinality < X<*; moreover,
for any chosen strict A\ -club system € we can demand:

() A Hesna:6 <At} <a= A |{C’5ﬂa:5<)\+}]§>\] and

a< At a< At

(B8) [ /\ {es N :a € nacc(es),d < AT}H < A

a< At

= /\ HCsNa:a €mnacc(Cs),d < AT} < )\}.

a<At

2) Assume A = A\<*. We can find C = (Cs5 : 6 € S) such that:
(A),(B),(C) as above and

(D) For some partition (S : &€ < A\) of Sy, for every club E of AT, there are
stationarily many 6 € S Nacc(E) such that for every & < X\, we have § =
sup{a € nacc(Cs) : a« € EN S¢}.

3.4 Remark. 1) The main point is (B) and note that otp(Cs) may be > A.

2) In clause (B) we can make ¢ not depend on §.

3) In clause (D) we can have nacc(Cs) N E N S® has order type divisible say by A"
for any fixed n.

Proof. 1) Let € be a strict AT-club system (as assumed for clause (C)); note
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(x) 6§ < AT & a € acc(es) = cf(a) < A
a=0+1<A" =e, ={0,0}.

For each 8 < AT and n < w we define C, by induction on n : Cg = eg, C’g“ =
cip U {a ta € @Min(cg\a)}- Clearly 8 = UCg (as for a € B\ UCE, the sequence

(Min(Cj\a) : n < w and a ¢ Cf) is a strictly decreasing sequence of ordinals
hence is finite), [also this is a case of the well known paradoxical decomposition as
otp(C’gH) < A" (ordinal exponentiation)]. Also clearly Cj is a closed subset of 3
and if § is a limit ordinal then it is unbounded in f.

Note:

(x) B< AT & a<f & cf(a)=X= (3n) {a € O\ U Ch & ac naCC(Cg)}
£<n

Now for some n < w, (C§ : § € S) is as required; why? we can prove by induction

on n < w that for every a < AT we have [{C? Na:§ € S} < A<*, moreover also

the second phrase of clause (C) is easy to check; we have noted above that clause

(A) holds. So clause (C) holds for every n; also clause (A) holds for every n. So if

the sequence fails we can choose E,, f, such that E,, f, exemplify (C§ : § € S) is

not as required in clause (B).

Now E =: m E, is a club of AT, and f(§) =: sup{f.(d) + 1 : n < w} satisfies:

n<w

(%) if § < AT, cf(8) > Ng then f(§) <6 :

hence by Fodor’s Lemma for some a* < AT we have S; =: {a € Sy : f(a) = a*}
is stationary (remember: § € Sy = cf(d) = A > Ny). Let a* = U Ac |Ael < A A¢
C<A

increasing in (, so easily for some ¢ we have Sy =: {5 €S n<w= f,(0) € A¢

is a stationary subset of AT (remember A\ = cf(\) > Rg). Note that if (Va)[a <
A — |a|®o < \] we can shorten the proof a little.

So also E'N .Sy is stationary, hence for some § € S we have: § = sup(EN.Ssz). Hence
(remembering (x)’) for some n, § = sup(ENSzNnacc(Cy)). Now as cf(d) = A > |A¢|
there is B C EN.S; N nacc(Cy) unbounded in 6 such that f,, | B is constant, con-
tradicting the choice of F,.

2) For simplicity we ignore here clause (B). Let €,(< C" :n < w >: a < A7) be
as in the proof of part (1). We prove a preliminary fact. Let k < A, let k* be & if
cf(k) > Rg, T if cf(k) = Np and (S : € < £*) be a sequence of pairwise disjoint
stationary subsets of Sy. For every club E of AT, let



Paper Sh:413, version 2001-10-05_10. See https://shelah.logic.at/papers/413/ for possible updates.

MORE JONSSON ALGEBRAS 47

E' = {6 < A : foreverye < *,6 = sup(E N Sp.)}, it too is a club of AT.
Now for every 6 € E' NS and ¢ < x* for some ng(d,e) < w we have § =
sup(So.e N E N nacc(C’gE(é’E))) hence (as cf(k*) > Ny, see its choice) for some
ne(d) < w,uy =: {e < k* :ng(d,€) = ng(§)} has cardinality x*. Without loss of
generality, ng(d,¢),ng(d) are minimal. So for some n* for every club E of At for
stationarily many 6 € E NS, we have § € E' and ng(J) = n*. Now if cf(k) = Ny,
for some €(x) < x* for every club E of At for stationarily many § € E NS we
have ng(§) = n* and |uf, Ne(x)| = k. If cf(k) > Vg let €(x) = k. Now there is a
club E of AT such that: if Eq C E is a club then for stationarily many § € SN E,
np(6) = ng,(6) = n*,uyNe(x) = uf Ne(*) and it has cardinality £ (just remember
£(x) < X in all cases so after < X tries of Ey we succeed). As kK < A = A<, we
conclude:

(x) for some w C k*,|w| = &k (in fact w C g(x)), for every club E
of AT for stationarily many § € S N E, for every
€ € w we have 6 = sup{a € nacc(Cy ):a € Sy.NE}.

Let (S1¢: & < A) be pairwise disjoint stationary subsets of Sy. For each ¢ we can
partition S ¢ into |§4w|t pairwise disjoint stationary subsets (S ¢ . : € < [E+w|T),
and apply the previous discussion (i.e. S1¢, [ + w|, S1,¢. here stand for Sy, k, Sy -
there) hence for some ng, (S1¢.e: € <¢)

(%) g <w,(S1,¢,e 1 € < &) is a sequence of pairwise disjoint stationary subsets
of S1.¢ such that for every club E of A" for stationarily many
0 € SNE, for every € < £ we have

Ne

0= sup{a € nacc(Cs¢):a € SieeN E}

This is not what we really want but it will help. We shall next prove that

(x)" for some n, for every club E of A*, for stationarily many
0 € SN E we have; letting So e = U{S1 ¢ : £ € (¢, \)}: for every e < A,

0= sup{a ta € EN nacc(Cy) N Sg,g}.

If not for every n, there is a club FE,, of AT such that for some club E;, of A no
d € SN E! is as required in ()’ for 6.
Let E =: ﬂ E,N ﬂ E! . it is a club of A*. Now for each £ < A, by the choice of

nw nw

(S1,e,e 1 € < &) we have

.
L3

S = {5 € S : for every e < £ we have § = sup{a € nacc(Cs°) : a0 € S1 ¢, OE}}
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is a stationary subset of AT, so

ET = {6 < \":6 € acc(E) is divisible by A> and 6N S* N E
has order type ¢ for every £ < A}

is a club of A™.

Let us choose §* € SNE™, and let es« = {a : i < A} (o increasing continuous).
We shall show that for some n,d§* is in E/, and is as required in (%)’ for E,, thus
deriving a contradiction. Let for & < A

Ae={i < X:(af,af)NSE#£0}.

As §* = otp(6* NS¢ N E) clearly A¢ is an unbounded subset of A; hence we can
choose by induction on £ < A, a member i(§) € A¢ such that i(§) > ¢ & i(§) >

U i(¢). Now for each ¢ we have (ai(g),ai(g)ﬂ) C U C’gi(g)ﬂ hence for some
(<€ n<w

m(§) < w we have (ai(g), ai(g)ﬂ) NSéN mg))H\ U
L<m(§)

8¢ in this intersection; as d¢ € S¢ C S clearly cf(d¢) = A. Looking at the induc-
m(§)+ng+1
N

# () so choose

Z(5)4—1

tive definition of the C§'’s, it is easy to check that (ai(g), Oéi(g)+1) N Cs.

d¢ contains an end-segment of C’;L; hence for every € < &, (ai(g),ai(g)H) NnNEN

naCC(C’nZ(angH)ﬂSl ¢,e 7 0 hence by the definition of Sy . we have (cv(¢), ai(g)41)N

E N nacc(C *(€)+n5+1) N Syc # 0. Now for some k < w we have B = {& < X :
m(§) +ng + 1=k} is unbounded in A, hence for each € < A, Sz N EN nacc(C¥.)
is unbounded in §*, contradicting 0* € £ C Ej. Os 3

3.5 Claim. If A = pt,up =kt and S C {§ < )\ cf(6) = p} stationary then
for some strict S-club system C with Cs = {as¢ : ¢ < p}, (where as ¢ is strictly
increasing continuous in ) we have: for every club E C X for stationarily many

0es,

{¢ < p:asc41 € EY} is stationary (as subset of ).

Remark. So this is stronger than previous statements saying that this set is un-
bounded in p. A price is the demand that p is not just regular but is a successor
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cardinal (for inaccessible we can get by the proof a less neat result, see more [Sh
572]).

Proof. We know that for some strict S-club system C° = (C9 : § € S) we have
A ¢ id,(CY) (exists, e.g. asin 3.1). Let CY = {ag : ¢ < p} (increasing continuously
in ¢). We claim that for some sequence of functions h = (hs : 6 € S) with hs : u — &
we have:

(x);, for every club E of X for stationarily many § € SN acc(E),
for some € < k the following subset of u is stationary

A%E = {C < 042 € E and the ordinal Min{odéS 1€ > (hs(§) =€}

belongs to E}

This suffices: for each € < K let Ccs be the closure in C’g of {Oég e F:¢<
i, h(;(ag) = €}, so for each club E of A for stationarily many 6 € SN acc(E) for
some ordinal € the set A%E is stationary hence for one g this holds for stationarily
many 6 € E; but By C Es implies e, is O.K. for E5 hence for some € the sequence
(Ce5: 6 €8) is as required.

So assume for no h does (*); holds, and we define by induction on n < w, E,,, h" =
(hy :6€5),e” = (e : § € S) with E,, a club of A, e} club of yx and A} : p — k as
follows:
let Eg = A\, h3(¢) =0,¢e? = p.

If Eg,..., By, h°,...,h", €%, ...,e" are defined, necessarily (*);. fails, so for some club
E,+1 C acc(E,) of A for every 6 € SN acc(E,41) and € < k there is a club
e€s,.e,;n C €3 of p, such that:

CEesen = Min{ag &> Cand hs(§) =€} ¢ Epyr.

Choose h™! :  — K such that {h?“(g) = h}THE) = hR(() = hg({)] and

(#£¢ & (<K & E<k & \/Min{76657n76:7>§}: Min{y € esn,e : 7 > £}

e<K

S () # h:;*l(g)} .
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Note that we can do this as yu = ™.
Lastly let ef ™! = m es.en N acc(ey).
e<K
There is no problem to carry out the definition. By the choice of C for some

d € acc( ﬂ E,) we have 6 = sup(A’) where A" = acc( ﬂ E,) N nacc(CY). Let
n<w n<w

A C p be such that A’ = {ag : ¢ € A} with ag increasing with ¢ and let

£=: Sup{sup{ﬁ € A:hy(B) =€} :n<w,e<kand {f€A:hj(B)=¢€}

is bounded in A}.

(so we get rid of the uninteresting &’s).

As A’ is unbounded in 4, clearly A is unbounded in g and p = cf(p) = kT > k&,
whereas the sup is on a set of cardinality < Ry x k < p, clearly £ < sup(A) = p,
so choose ¢ € A,( > £ and ¢ > Min(e}) for each n. Now (sup(ef N¢) : n < w)
is non-increasing (as ey decreases with n) hence for some n(x) < w : n > n(x) =

sup(ey N¢) = sup(e?(*) N (¢); and for n(x) + 1 we get a contradiction. Os.5

3.6 Remark. If we omit “4 = k™" in 3.5, we can prove similarly a weaker statement
(from it we can then derive 3.5):

(%) if X = pt, p=cf(n) > No, S C {6 < \:cf(§) = p} is stationary, C° is a
strict S-club system, CY ={as¢: ¢ < p} (with as strictly increasing with
(), and A ¢ id,(C") then we can find € = (e5 : § € S) such that:
(a) es is a club of & with order type p

(b) for every club E of X for stationarily many 6 € S we have § € acc(F)
and for stationarily many ¢ < pu we have:
(€esand (FE)[C <&+1< Min(es\(C+1)) & aseqr € E]

3.7 Remark. In 3.5 we can for each § € S have hs : © — k such that for every
club E of A, for stationarily many 0 € S, for every € < k, for stationarily many
¢ € hy'({e}) we have as 11 € E.

Use Ulam’s proof.
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3.8 Claim. Suppose A = put, S C X stationary, C = (Cs : 6 € S) an S-club system,
A ¢1d?(C), n > k =: sup{cf(a)™ : @ € nacc(Cs),d € S}.
Then there is e, a strict A-club system such that:

(x) for every club E of X, for stationarily many § € S,
d = sup{a € nacc(Cs) : a € E, moreover e, C E}.

Proof. Let € be a strict A-club system.

Clearly for some 6 < k for every club E of \, for stationarily many 6 € S,§ =
sup{ar : @ € E,a € nacc(Cs) and cf(a) = 0}. For any club E of A and ¢ < 0
we let e = <€6E’a ta < A) be: {sup(yNE) : v € e; and otp(yNe;) < e} if
a € acc(F) & cf(a) =6 and e, , = e, otherwise. It is enough to show that for
some club E of A and € < 0 the se’quence €% is as required. If this fails, we choose
by induction on ¢ < k a club E¢ of A such that (; < (2 = E¢, C acc(Eg,).

For ¢ + 1, for each ¢ < k,e < 0, let E; . be a club of A such that é‘j;c is not as
required. Let E _ a club of A disjoint to {6 € S : § = sup{a € nacc(Cs): cf(a) =0
and €%, , € E\ min(sup(Cs Na)} and lastly Eeiq = ﬂ E.:N ﬂ EL N acc(Eg).

e<0 0<0
By the choice of § we can find 6* € SN ﬂ E¢ such that the set A = {a €
(<
nacc(Cs«) : cf(a) = 0,a € ﬂ E.} is unbounded in 6*. We can easily find ¢ <

e<k
6,( < k giving contradiction. Us.8

3.9 Claim. Let A\ = pt,pu > cf(pu) = k,0 = cf(0) < p,0 # K and S C {6 < X :
cf(6) = 0 and § divisible by p} be stationary.

1) For any limit ordinal v(x) < p of cofinality @ there is an S-club system C7*) =
(C’g(*) : § € S) satisfying A ¢ id® (C7™)) with otp (C?™)) = ~(x). Let Cg(*) =
{oz;-y(*)’é ti<y(x)}, az(*)’é increasing continuous with i.

2) Assume further k > Ng, and y(x) is divisible by k and let € be a strict A-club
system.

Then for some o reqular o < p, and club E° of \,C' = Cr(),0.8 B - (gé},(Cg(*), E°e):
d € S) satisfies:

(%) for every club E C E° of X for stationarily many § € S, for arbitrarily large
i < (%) we have p = sup{cf('y) : v € nacc(Cs) N [az(*)’(s, aZJ(;)’é) N E}

3) We can add in (2): for some club E* C E° of X,
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(%)b for every club E C E' of \ for some § € S we have ENCs = E* N Cj
and for arbitrarily large i < (%),

= sup{cf(’y) v € CsN o)™ a;ﬁg’é) N E}

4) In part (1), if S € I[\] then without loss of generality ]{C’g(*)ﬂa €S and a €
naCC(C’g(*))}] < A for every a < A.

Proof. 1) Let p = Z)\g with (A; : € < k) increasing continuous, A. < u. Let
e<K
for each o € [, A), (a2 : € < k) be an increasing sequence of subsets of «, eS| =

Ae, 0 = U ag. Now
e<Rk
(%)1 there is an € < K such that

(%)1, for every club E of A we have
SHE] =: {6 € S :a° N E is unbounded in §
and otp(a® N E) is divisible by ()}

is stationary in A
[Why? If not, for every e < & there is a club E! of A such that S[El] is not
stationary, so let it be disjoint to the club E? of \. Let F = ﬂ (BN E?),

e<K

clearly it is a club of A\, hence E' = {6 < X\ : otp(6 N E) = § and is divisible
by 1 hence by ()} is a club of A and choose §* € E* N S. Now for every
e < k,as 6" € B' C EC E? clearly sup(al” N E}) < § or otp(ad” N EL) is
not divisible by (%) hence sup(a®” NE) < 6V [otp(a?” N E) not divisible by
v(*)]. Choose v. < 0* such that " N E C B, or otp(ad” N E\B:) < v(*),
so always the second holds.

As 0 # k are regular cardinals, and cf(d) = 6 necessarily for some g* < §*

we have: b* = {e < k: . < *} is unbounded in k. So
Eno\g < [J(BnaZ\8)
eeb*
hence

BN\ < Y IENal \B*| < [b*] x [y(+)] < .

eeb*

But 6* € E' hence otp(ENd*) = §* and is divisible by i, so now EN§*\3*
has order type > pu, a contradiction.]
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Let ¢ from ()1 be e(x).

(¥)2 There is a club E* of AT such that for every club E of A the set {§ €
Sco[E] ag(*) N E* C E} is stationary recalling

S.[E*] = {0 € S :a° N E* is unbounded in §
and otp(al N E*) is divisible by v(*)}

[Why? If not, we choose by induction on ( < )\;r(*) a club E¢ of AT as

follows:
(a) EO =
(b) if ¢ is limit, B = () E¢

£<¢

c) if ( =&+ 1 as we are assuming (), fails, F¢ cannot serve as E* so
g
there is a club Eg1 of A such that the set

{0 € S.[Ee]: a? N E; C E}}
is not stationary, say disjoint to the club Eg of A, (Sc[E¢] is defined
above).
Let Bc = Egy1 = EcNE{NEZ So E= ()| E¢isaclub of A. By the
C<A
choice of £(x) for some § € E we have § = sup(ag(*) NE) and otp(ag(*) NE)
is divisible by 7(%). Now ((ag(*) NE:):(¢< )\j(*)> is necessarily strictly

decreasing sequence of subsets of ag(*), but \ag(*)\ < Ae(s), @ contradiction. ]

Let E* be as in (x),.

Let 8" = S.(,)[E*] and for § € S’ let Cg(*) be a closed unbounded subset of ag(*)ﬁE*
of order type ~y(x) (possible as otp(ag(*) N E*) is divisible by 7(x), has cofinality 6
(as sup(ag(*) N E*) = 0 has cofinality #) and cf(y(x)) = 6 (by an assumption). For
d € S\Se(+)[E£*] choose any appropriate C’g(*), so we are done.

2) Assume not, so easily for every regular o < p and club E? of X there is a club
E = E(E°,0) of X such that:

()1 the set Sg po, = {6 € S : for arbitrarily large i < y(x), u = sup{cf(y) :

_ 0
v E nacc(C’g(*)’a’e’E )N [042(*)’67 0‘24(—?’6) NE}} is not a stationary subset of

A so shrinking F further without loss of generality

(*)IL the set Sg go , is empty.
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Choose a regular cardinal x < p,x > & + 6 + |y(x)|. We choose by induction on
¢ < x aclub E¢ of A as follows:

for ( =0,Ey =\

for ¢ limit, Ec = ) B

§<¢

for (=¢&+11et B =nN{E(E.,0): 0 < pregular}.

Let E = m E(,E' = {6 € E : otp(E N &) = §} both are clubs of A and by the
¢<x

choice of C7(*) for some §(x) € S we have Cg((:)) C E" and p? x p divides §(x). For

each i < y(x), the set bsg« ; = {8 € e_s- : otp(£N Min(e“fjr*l)\(ﬁ + 1\B).

i1
Let j < 7y(x) be divisible by x (e.g. j = 0). For each ¢ < kK and 0 < A\;,{ < x we
look at

. * _ O(*
Yieca = Min(gfy (03], Ee.el\(05{ +1).

If we change only ¢ < x, for ( < x large enough it becomes constant (as in old
proofs). Choose (* < x such that ;. ¢, is the same for every ¢ € [(*, x), for any
choice of j < y(x) divisible by k,e < k,0 € {\¢ : £ < e}. Also cf(Vjec,0) > 0 and
(Vj.e.cae + € <€) is nonincreasing with £ so for € limit it is eventually constant say
VietAe = Viecone for & € [€*(,&,(),e). By Fodor for some £** = £**(4,() < k,{e :
£ (j,e,¢) = €*(4,()} is a stationary subset of k; and for some £*** = £**(¢) < k

(%) = sup{j < (%) : j divisible by ,£**(j,¢) = £**}

(recall cf(y(x)) = 0 # k). Now choosing o = £***(¢*) we are finished.

3) Based on (2) like the proof of (1).

4) Assume S € I[)\], so let E' bt = (bl : @ < \) witness it, i.e. bl, C « closed in
a, otp(bl) < 0,a € nacc(bé) = bl = bgla Na and E' a club of X such that § €
SNE! = § =sup(bs). Let k+0+~(x) < x = cf(x) < u; by [Sh 420, §1] there is a
stationary S* C {§ < A : cf(d) = x},S* € I[\] and let E2,b? = (b2 : a < \) witness
it. There is a club E? of X such that for every club E of X the set {§ € S* : § €
acc(E?), gl(b2, E3) C E} is stationary. Let S** = S* N acc(E?),C?% = gl(b?, E?)
for a € S**; clearly C? is a club of «a of order type x and

(+) HC& Ny v € mace(CI}H < {CF: B < Min(E*\7)}| < p.

Let bl = {Ba.c : € < 0}, Ba.c increasing continuous with €. Fix f3 : 8 — u be one to
one for 5 < . For each a € S and club E of A let b), = b9, [E] = b, U{C3\(Bs.+1) :

€ <6,8 € [Bse, Bs.e+1) and C’g C E and for no such 8" is fg,..,(8') < B}. We
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shall prove that for some club E of ), (b0 [E] : o € S) satisfies: for every club E’ of
\ for stationarily many § € S, B’ Nb°[E] is an unbounded subset of § of order type
X X #; this clearly suffices.

First note

(%) for some ¢ < k for every club E of A for some § € SN acc(FE) we have:

0 = sup{e < 0 :for some 5 € [Bs5 + 1, B5.+1) we have
CE C E and f65+e+2(/6) < )‘E}

[Why? If not, then for every ¢ < k there is a club E. of A\ for which the
above fails, let £ = ﬂ E., itisaclubof \. So E/ = {4 < A: 4 a limit

e<k
ordinal and for arbitrarily large a € § N S** we have C2 C E}.
Now E’ is a club of A\ and so for some 6* € S divisible by u? we have
otp(E' Né*) = §* and we easily get a contradiction.

Fix (%), now:

(¥) for some club E° of \ for every club E* C EY of A for some 6§ € SN acc|E]
we have
(a) 6 =sup{e < k: for some 5 € [B5c + 1, B5+1] we have
0[23 C E°N E' and JB5.cs0 (B) < )\5(*)}

(b) ifeis asin (a) then
Dol E'] = ba[E").
[Why? We try /\;'(*) times.|
Now it is easy to check that (b0 [E°] : a € S) is as required. Os o

8.10 Conclusion. Assume X = p*,pu > cf(u) =k > No,k # 0 = cf(§) < N\, 7" <
Aef(v*) =60,5 C {6 < \:cf(6) = 0}. Then we can find an S-club system C' such

that:
(a) A ¢ id*(C)

(b) Cs = {a? : i < k x y*} increasing, and for each 1,
(cf(ad, ;41) : j < k) is increasing with limit 4
(c) it S € I[\] then [{CsNa:d €S and o € nacc(Ch)}] < A
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