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ANNOTATED CONTENT

60  Introduction
§1  Relevant identities

[We deal with the 2-identities we shall use.]
§2  Definition of the forcing

[We define (historically) our forcing notion, which depends on I', a set of
2-identities and on a model M* with universe A and X, functions.

The program is to force with (the finite support product) H}P’pn where

n
the forcing Pr, adds a colouring (= a function) ¢, : [A\]? — N, satisfying

ID2(c,) NID* =T, but no ¢ : [A\]? = Ry has IDy(c) too small.]

83 Why does the forcing work

[We state the partition result in the original universe which we shall use (in
3.1). Then we prove that, e.g., if I' contains only identities which restricted
to < m(x) elements are trivial, then this holds for the colouring in any
p € Pr (see ?7); which really compares Pr,, Pp,.

—> scite{3.1A} undefined
We prove that Pr preserves identities from IDy (A, 1) which are in I' (because

we allow in the definition of the forcing appropriate amalgamations (see
3.2(1)). We have weaker results for H]P’pn, (see 3.2(2)).
n

On the other hand, forcing with Pr gives a colouring showing relevant 2-
identities are not in IDy(A, u). Lastly, we derive the main theorem; e.g.
incompactness for (R4, Ng), (see (3.4).]

64 Improvements and Additions
[We show that we can deal with the pair (Ng,Rg) (see 4.1 - 4.6).]
85 Open problems and concluding remarks

[We list some open problems, and note a property of ID(X,,,Ry) under the
assumption MA +2% > X . We note on when k-simple identities suffice
and an alternative proof of (R, Ng) — (2%, Rg).]
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§0 INTRODUCTION

Interest in two cardinal models comes from the early days of model theory,
as generalizations of the Lowenheim-Skolem theorem. Already Mostowski [Mo57]
considered a related problem concerning generalized quantifiers. Let us introduce
the problem. Throughout the paper A\, 1 and  stand for infinite cardinals and n, k
for natural numbers.

We consider a countable vocabulary 7 with a distinguished unary relation symbol
P and models M for 7; i.e., 7-models.

0.1 Notation: We let

Koy = (M : [M]| =X & [PV|=p}.

0.2 Definition. 1) We say that K, ,) is (< k)-compact when every first order
theory T' in the vocabulary 7 (i.e., in the first order logic L(7)) with |T| < &,
satisfies:

if every finite subset of 7' has a model in K, ,), then T has a model in Ky ).

We similarly give the meaning to (< k)-compactness. We say that (A, u) is
(< k)-compact if Ky ) is.
2) We say that

(A ) =i (Ns)

when for every first order theory T in L(7) with |T'| < k, if every finite subset T’
has a model in Ky ,), then 7" has a model in K/ Instead “<*” we may write
“< K”. Similarly in (3).

3) We say that

)

(A ) = (N, 1)

when for every first order theory T" of L(7) with |T'| < , if 7" has a model in K, ,,,
then 7" has a model in K/ 1.
4) In both —/, and —, we omit & if K = Ny.

Note: Note that — is transitive and —/ is as well. Also note that —y, and —},
are equivalent.

We consider the problem of K ,) being compact. Before we start, we review
the history of the problem. Note that a related problem is the one of completeness,
ie. is
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{¥: ¢ has a model in K, ,)}

recursively enumerable? and other related problems, see in the end. We do not
concentrate on those problems here.

We review some of the history of the problem, in an order which is not necessarily
chronological.

Some early results on the compactness are due to Furkhen [Fu65]. He showed
that

(A) if p® = p and X > p, then Ky ,) is (< K)-compact.

The proof is by using ultraproducts over regular ultrafilters on s, generalizing the
well known proof of compactness by ultrapowers. A related result of Morley is

(B) ([Mo68]) If Mo < i/ < N < A, then (A, p) —<x (N, 1').
Next result we mention is one of Silver concerning Kurepa trees,

(C) (Silver [Si71]) From the existence of a strongly inaccessible cardinal, it fol-
lows that the following is consistent with ZFC:"

GCH+ (N3,N1) —HNO (Ng,No).

Using special Aronszajn trees Mitchell showed

(D) (Mitchell [Mi72]) From the existence of a Mahlo cardinal, it follows that it
is consistent with ZF'C' to have

(N1, Rg) »r, (Ng,Ny).

A later negative consistency result is the one of Schmerl

(E) (Schmerl [Sc74]) Con(if n < m then (N,41,R,) - (N1, Nin))-
Earlier, Vaught proved two positive results

(F) (Vaught [MV62]) (AT, X) =%, (R1,Ro).
Keisler [Ke66] and [Ke66a] has obtained more results in this direction.

(G) (Vaught [Va65]) If A > J,,(u) and X' > g/, then (A, ) =%, (N, 1).
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In [Mo68] Morley gives another proof of this result, using Erdés-Rado Theorem and
indiscernibles.
Another early positive result is the one of Chang;:

(H) (Chang [Ch65]) If yu = p<# then (AT, \) =, (ut, ).
Jensen in [Jn] uses O, to show

(I) (Jensen [Jn]) If V =L, then (A", ) =L (u", ). (The fact that 0% does
not exist suffices.)

Hence, Jensen’s result deals with the case of p is singular, which was left open
after the result of Chang. For other early consistency results concerning gap-1 two
cardinal theorems, including consistency, see [Sh 269], Cummings, Foreman and
Magidor [CFMOx]].

In [Jn] there is actually a simplified proof of (I) due to Silver. A further result
of Jensen, using morasses, is:

(J) (Jensen, see [De73] for n = 2) If V = L, then (A\™",\) =, (u*", ) for all
n <w.

Note that by Vaught’s result [MV62] stated in (F) we have: the statement in (I),
in the result of Chang etc., (A", \) can be without loss of generality replaced by
(N1, Ng).

(K) ([Sh 49]) (Rw,Ro) =, (2%, Ro).

Finally, there are many more related results, for example the ones concerning
Chang’s conjecture. A survey article on the topic was written by Schmerl in [Sc74].
Note that typically the positive results above (F)-(J), their proof also gives com-
pactness of the pair, e.g., (N1, Rg) by [MV62].

We now mention some results of the author which will have a bearing to the
present paper.

() (Shelah [Sh 8] and the abstract [Sh:E17]). If Ky , is (< Rp)-compact, then
Ky, is (< p)-compact and (A, u) =<, (N, ') when A <N < < pu.

More than (< p)-compactness cannot hold for trivial reasons. In the same work we
have the analogous result on — and:

(8) (Shelah [Sh 8] and the abstract [Sh:E17]) (A, u) —y, (N, p) is actually
a problem on partition relations, (see below), also it implies (A, ) —% o
(N, 1) see 0.4(1) below.
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We state a definition from [Sh 8] that will be used here too. We do not consider
the full generality of [Sh 8], there problems like considering K with several \,-like
(P?,<¢) and |P}| = pe were addressed.

(We can use below only ordered a and increase h, it does not matter much.)

0.3 Definition. 1) An identity® is a pair (a,e) where a is a finite set and e is an
equivalence relation on the finite subsets of a, having the property

bec=|bl =|c|.

The equivalence class of b with respect to e will be denoted b/e.

2) We say that A — (a,e),, if for every f: [A]<¥0 — pu, thereis h: a =% X such

that
bec= f(h"(b)) = f(h"(c)).
where
h'(b) = {h(a) : a € b}.
3) We define

ID(A, 1) =: {(n,e) : n <w & (n,e) is an identity and A — (n,e),}.

4) For f: A<M — X we let

ID(f) =: {(n,e) :(n,e) is an identity such that for some one-to-one function
h from n ={0,...,n — 1} to A\ we have

(Vb,c Cn)(bec= f(h"(b)) = f(h"(c)))}

lidentification in the terminology of [Sh 8]
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0.4 Claim. (Shelah [Sh 8] and the abstract [Sh:E17]) (A, ) —%, (N, p') is equiv-
alent to the existence of a function f: [N]<N0 — u' such that

ID(f) € ID(A, p)

more on this see [Sh 74, Th.3] statement there on —{, , see details in [Sh:E28]).
Ny

0.5 Remark. The identities of (3,,,N¢) are clearly characterized by Morley’s proof
of Vaught’s theorem (see [Mo68]). The identities of (N, Ng) are stated explicitly
in [Sh 37] and [Sh 49], when R, < 2% where it is also shown that (R,,Rg) —’
(280 Rg). For (R, RNp), the identities are characterized in [Sh 74] (for some details
see [Sh:E28]). The identities for A\-like models, A strongly w-Mahlo are clear, see
Schmerl and Shelah [ScSh 20] (for strongly n-Mahlo this gives positive results,
subsequently sharpened (replacing n + 2 by n) and the negative results proved by
Schmerl, see [Sch85]).

We generally neglect here three cardinal theorems and A-like model (and combi-
nations, see [Sh 8], [Sh 18], the positive results like 0.4 are similar). Recently Shelah
and Vaananen [ShVa 790] deal with recursiveness, completeness and identities, see
also [ShVa:EA47].

In Gilschrist, Shelah [GeSh 491] and [GeSh 583, we dealt with 2-identities.

0.6 Definition. 1) A two-identity or k-identity? is a pair (a, e) where a is a finite
set and e is an equivalence relation on [a]*. Let A — (a,e), mean A\ — (a,e™),
where betc < (bec) V (b= ¢ C a) for any b,c C a.

1A) A (< k)-identity is defined similarly using [a]<F.

2) We define

IDg (A, ) =: {(n,e) : (n,e) is a k-identity and A — (n,e),}.

2A) We define IDo(f) when f: [\]? — X as

IDy(f) = {(n, e) :(n,e) is a two-identity such that for some h,

a one-to-one function from {0,...,n — 1} into A
we have {{1, ls}e{kq, ko} implies that ¢1 # f € {0,...,n — 1},

b # ks € {0,..on — 1} and F({A(61), h(£)}) = f({h(k1),h(k2)})}-

2it is not an identity as e is an equivalence relation on too small set
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2B) We define IDy(f) when f : [A]¥ — X as {(n,e) : (n,e) is a k-identity such that
if uev so u,v C{0,...,n—1} satisfies |u| = |v| < k then f({h(¥) : ¢ € u}), f({h(¥) :
lev})}.

2C) We define ID<x(f) when f: [\]S¥ — X similarly.

3) Let us define

IDS =: {("2,e) : ("2,e) is a two-identity and if
{n,m}, {v1,v2} are C ™2, then
N, MN25€V1, V2 mnne =viNugg.
[msmebedvrva} = m O = v N}

By [Sh 49], under the assumption X, < 2%, the families ID2(X,,, Rg) and ID$ coin-
cide (up to an isomorphism of identities). In Gilchrist and Shelah [GcSh 491] and
[GcSh 583] we considered the question of the equality between these IDy(2%0, Ry)
and IDY under the assumption 2% = X,. We showed that consistently the answer
may be “yes” and may be “no”.

Note that (X,,,Rg) = (X, Rg) so ID(R,,,Rg) # ID(R,,, Xg), but for identities for
pairs (i.e. IDs) the question is meaningful.

The history of the problem suggested to me that there should be a model where
K () ) is not Rg-compact for some A, y; I do not know about the opinion of others
and it was not easy for me as I thought a priori. As mathematicians do not feel
that a strong expectation makes a proof, I was quite happy to be able to prove
the existence of such a model. This was part of my lectures in a 1995 seminar in
Jerusalem and notes of the lecture were taken by Mirna Dzamonja and I thank her
for this, but because the proof was not complete, its publications were delayed.

I thank the referee for various corrections and Peter Komjath for detecting a
problem in the previous proof of 5.13 and Alon Siton for some corrections.

The following is the main result of this paper (proved in 3.4):

0.7 Main Theorem. Con(the pair (R,,Rg) is not No-compact +2%° > N,,) for
n > 4.

Later in the paper we deal with the case n = 2 which is somewhat more in-
volved. This is the simplest case by a reasonable measure: if you do not like to use
large cardinals then assuming that there is no inaccessible in L (or much less), all
pairs (u", p) are known to be Rg-compact and if in addition V = L also all logic
L(322), X > R are (by putting together already known results; V = L is used just
to imply that there is no limit, uncountable not strong limit cardinal; so adding
G.C.H. suffice).
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How much this consistency result will mean to a model theorist, let us not
elaborate, but instead say an anecdote about Jensen. He is reputed to have said: “
When I started working on the two-cardinal problem, I was told it was the heart of
model theory. Once I succeeded to prove something, they told me what I did was
pure set theory, and were not very interested”; also, mathematics is not immune to
fashion changes.

My feeling is that there are probably more positive theorems in this subject
waiting to be discovered. Anyway, let us state the following
Thesis Independence results help us clear away the waste, so the possible treasures
can stand out.

Of course, I have to admit that, having spent quite some time on the indepen-
dence results, I sometimes look for the negative of the picture given by this thesis.

The strategy of our proof is as follows. It seems natural to consider the sim-
plest case, i.e., that of two-place functions, and try to get the incompactness by
constructing a sequence (fi : k < w) of functions from [N,]? into Ry such that
for all k& we have IDo(f) 2 IDo(fxs1), yet for no f : [X,]? — RNy do we have

IDo(f) C ﬂ ID5(f%). This suffices. Related proofs to our main results were [Sh
k<w

522].
Note that another interpretation of 0.7 is that if we add to first order logic the
cardinality quantifiers (32*z) for A = Ny, Ry, N3, X4 we get a noncompact logic.
We thank the referee for many helpful comments and the reader should thank
him also for urging the inclusion of several proofs.
This work is continued in [ShVa 790] and [Sh 824].
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§1 RELEVANT IDENTITIES

We commence by several definitions. For simplicity, for us all identities, colorings
etc. will be 2-place.

1.1 Definition. 1) For m,/ < w let

domy,, = {n € “w:nct2andnl) <m}

ID; ., = {(domg,,, €) : € is an equivalence relation on [domy,,,]?

such that {ny,na}e{v1, 2}
=mn1Nne=v1Nug Alg(n Nnz) < £}

2) Let

ID; = U{ID;,, : m < w}

ID' = U{ID} : ¢ < w}.
3) For s = (domy,,,e) € ID} , and v € 22 let

dom%n = {p e domy,, : v <p}

and if v € 2 we let
ecp=(s)=e | {{no,m}:v" <i>am fori=0,1}.

We use s to denote identities so s = (domg,e(s)); and if s € ID! then let s =
(domg(s)m(s), e(s)).

4) An equivalence class is non-trivial if it is not a singleton.

Note that it follows that every e-equivalence class is an e, ~-equivalence class for
some v. We restrict ourselves to
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1.2 Definition. 1) Let IDZm be the set of s € ID%’m such that for every v € >2
the equivalence relation e.,~ (s) has at most one non-singleton equivalence class,
which we call e, = ep(s).

So we also allow e.,~(s) = empty, in which case we choose a representative
equivalence class ef,] as the first one under, say, lexicographical ordering.
2) ID? = U{IDim :m < w}.

1.3 Definition. 0) We say % is a closure operation on a set W when: % is a
function from the family of subsets of W to itself and 23 C % C W = € (%) C
C(U) =C (€ (%)) CW and €(%) = U{€(u) : u C % finite}.

1) We define for k, ¢, m < w; € a closure operation on domy ,,, when s = (domy ,,, €)
is (k, %€ )-nice: the demands are

(a) s €IDy,,

(b) ifvef2and (v i) {(1—v(i))<p; € domy,, for each i < £ then {n:v<an e
domy ,,, and for each i < ¢ the set {p;,n}/e is not a singleton} has at least
two members

(c) if w € domyg,, and |u] < k then we can find a(s, ¢)-decomposition of
(u1,usz) of u which means that:
(@) u=wuy Uugy
(8) €(ur Nuz) N (ur Uuz) €
(7) if @ € ug\uz and B € ug\uy then {a, B} is not an edge of the graph

H]s|, see below.

(d) for each v € >2 the graphs ({p € domy,, : ¥ < p},e,) has a cycle but no
cycle with < k nodes

2) We can interpret s = (domy,,,e) as the graph H|[s| with set of nodes domy ,,
and set of edges {{n,v} : {n,v}/e not a singleton (and of course n # v are from
domy )}

3) We may write e(s) instead of s if domy ,, can be reconstructed from e (e.g. if the
graph has no isolated point (e.g. if it is O-nice, see clause (b) of part (1)). Saying
nice we mean [logs(m)]-nice.

1.4 Claim. 1) If (A, p) is Ng-compact and c,, : [\]<N° — pu and T',, = ID(c,,) for
n < w, then for some c : [A\|<¥ — u we have ID(c) C ﬂ Iy (in fact equality

nw

holds).
2) Similarly using ID,.
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Remark. By the same proof, if we just assume (A, 1) —>§Q1 (A2, p2) and ¢, :
[A1]<R° — 11, then we can deduce that there is ¢ : [Ao] <N — py satisfying ID(c) C

() ID(cn).

n<w

Proof. Straightforward.
1) In details, let F},, be an m-place function symbol and P the distinguished unary
predicate and let 7' = {9, : n < w} U {15 : s is an identity of the form (n,e) not

from ﬂ ID(c,,)} where

n<w

(a) ¥y = Veo)(Vay) ... Ve,—1)(P(Fa(xo, ...y 2n-1)) & AN(Vzo)...(Vop—1)
Fo(zo, . Tn-1) = Fu(Tr(0), -+ Tr(n—1)) : 7 is a permutation of

{0,...,n—1}}
(b) if s = (n,e) is an identity then ¥s = (Jzo) ... (Frp_1)| /\ To # Ty &
f<m<n

/\ F|b1\<- ey Ly, .. .)gebl = F|b2|<- ey Lpy . 7)éeb2]-
b1,b2Cn,biebs

Clearly T is a (first order) countable theory so as by the assumption the pair (A, p)
is Ng-compact it suffices to prove the following two statements Xy, K.

X, if M € Ky, is a model of T, then there is ¢ : [\]<® — p such that

ID(c) € () T

nw

[Why does Xy hold? There is N = M such that N has universe |[N| = A
and PN = u. Now we define c¢: if u € [\]<%0, let {a¥ : £ < |u|} enumerate

u in increasing order and let c(u) = FIJXI (ag,af,...,ap,_;).- Note that
because N = 9, for n < w clearly c is a function from [A]<®° into u. Also
because N | ¢, if n < w and ag,...,a,—1 < A are with no repetitions

then FN(ag,...,an_1) = c{ag,...,an_1}. Now if s € ID(c) let s = (n,e)
and let u = {ag,...,a,_1} € [A]* C [\]<R° exemplify that s € ID(c), hence
easily N |= 15 so necessarily =) ¢ T hence s € ﬂ I',,. This implies that
n<w
ID(c) C ﬂ T, is as required. |
n<w

Xy if 77 C T is finite then 7" has a model in Ky ;.

[Why? So T" is included in {t,,, : m < m*} U {9, : k < k*} for some m* <
w,k* < w,s = (ng, er) an identity not from ﬂ ID(¢y), so we can find £(k) < w
I<w
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such that s, & ID(cq)). Let H be a one-to-one function from * i into . We
define a model M:

(a) its universe | M| is A

(b) PM=p
(¢) if n < w,{ag,...,an_1} € [A\]" then
Fé\/l(a(b e 7an—1) = H(Cg(o){Oé(), s 7an—1}7
Cg(l){Oéo, ce ,Oén_l}, N 705(1@*—1){040; e ,Oén_l}).
If n <wand ag,...,a, 1 < X\ are with repetitions we let Fé\/f(ao, ceyap_1) = 0.

Clearly M is a model from K, ,) of the vocabulary of T. Also M satisfies each
sentence 1), by the way we have defined FM . Lastly, for k < k*, M |= —)s, because
(nk, ex) ¢ ID(cqm)) by the choice of the F,’s as H is a one-to-one function.] ;4

Of course

1.5 Observation. 1) For every { < w,k < w for some m there is a k-nice s =
(domy , €).
2) If s is k-nice and m < k, then s is m-nice.

Proof. 1) Choose m large enough and choose random enough appropriate graphs.
2) Easy. Uis

1.6 Definition. We say that (vs, : s € YT and ¢ < 2) is a special I-system (and
we let vy = U{vs, 10 <2}, Y; =Y T NI} for j € {0,1,2}

(@) V{a},0 = V{a,p} NV{0,c}
(B) Vit = V{a,e} NVpe}

(e) if a,b,c,d € I with no repetition then vy = vy, 43 N V{c.ay
(f) if I E “a <b,e<d then OP

’U{c,d},O,v{a,b}
() maps v{a},0 onto viey o and

(8) maps vy 1 onto vgy 1

(v) is the identity on vy
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(9) if a,b € I then OP
identity on vy.

U{a},v(py MAPS Ugpy, ONtO Viay, for + = 0,1 and is the
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62 DEFINITION OF THE FORCING

We have outlined the intended end of the proof at the end of the introductory
section. It is to construct a sequence of functions (f, : n < w) with certain
properties. As we have adopted the decision of dealing only with 2-identities from
IDy, all our functions will be colorings of pairs, and we shall generally use the letter
¢ for them.

Our present theorem 0.7 deals with N4, but we may as well be talking about
some ,,(,) for a fixed natural number n(x) > 2. Of course, the set of identities
will depend on n(x). We shall henceforth work with n(%), keeping in mind that the
relevant case for Theorem 0.7 is n(x) = 4. Also we fix (%) = n(*) + 1 on which
the identities depend (but vary m). Another observation about the proof is that
we can replace Xy with an uncountable cardinal x such that k = k<" replacing N,,
by k™. Of course, the pair (k7" k) is compact because [k = kY0 < X\ = (), k) is
< k-compact], however, much of the analysis holds.

We may replace (R,,,Rg) by (k17 k) if xT7(*) < 2%0: we hope to return to this
elsewhere.

To consider (kT, k) we need large cardinals; even more so for considering (u™, 1),
strong limit singular of cofinality X, and even (k77 k), u < Kk < K" < pRo,

We now describe the idea behind the definition of the forcing notion we shall
be concerned with. Each “component” of the forcing notion is supposed to add a
coloring

c: [N? = pu

preserving some of the possible 2-identities, while “killing” all those which were
not preserved, in other words it is concerned with adding f,; specifically we con-
centrate on the case A = N, (), = No. Hence, at first glance the forcing will be
defined so that to preserve an identity we have to work hard proving some kind of
amalgamation for the forcing notion, while killing an identity is a consequence of
adding a colouring exemplifying it. By preserving a set I' of identities, we mean
that T' C ID(c¢), and more seriously I' C IDy (A, pu); we restrict ourselves to some
ID*, an infinite set of 2-identities.

We shall choose ID* C IDS@ below small enough such that we can handle the iden-
tities in it.

We define the forcing by putting in its definition, for each identity that we want
to preserve, a clause specifically assuring this. Naturally this implies that not only
the desired identities are preserved, but also some others so making an identity be
not in IDy (A, 1) becomes now the hard part. So, we lower our sights and simply
hope that, if I' C ID* is the set of identities that we want to preserve, than no
identity (a,e) € ID* \ T is preserved; this may depend on T
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How does this control over the set of identities help to obtain the non-compactness?
We shall choose sets I';, C ID* of possible identities for n < w. The forcing we re-
ferred to above, let us call it P add a colouring ¢, : [A\]*> — w such that IDy(c,)

includes I';, and is disjoint to ID*\I',;; also it will turn out to have a strong form of
the ccc. We shall force with P =: H P, where the product is taken with finite

new
support. Because of the strong version of ccc possessed by each P', also P will
have ccc. Now, in VF we have for every n a colouring ¢, : [A\]? — w which preserves
the identities in T',,, moreover V¥ =T, C ID(¢, ) N ID*.
We shall in fact obtain that

ID* =Ty 2T & I 2Ty & ... & [ Tn=0 & ID(c,) NTg =T,

nw

If we have Np-compactness for (A, Ng), then by 1.4(2) there must be a colouring
c: [A? = w in VF such that

IDy(c)NTo C () T =10.

nw

We can find a name ¢ in V for such ¢, so by ccc, for every {a, 8} € [A\]?, the name
c¢({a, 8}) depends only on Xy “coordinates”. At this point a first approximation to

what we do is to apply a relative of Erdos-Rado theorem to prove that there are an
n, a large enough W C A and for every {«, 5} € [W]? a condition p;, g3 € H Ple

£<n
such that pg, gy forces a value to c({a, 8}) in a “uniform” enough way. We shall be

able to extend enough of the conditions py, g} by a single condition p* in H Ple,
{<n
which gives an identity in IDs(c) which belongs to ﬂ 'y \ Ty, contradiction.

I<n
Before we give the definition of the forcing, we need to introduce a notion of

closure. The properties of the closure operation are the ones possible to obtain for
(A, Rp), but not for (N, Ng). We of course need to use somewhere such a property,
as we know in ZFC that (R,,No) has all those identities, i.e. ID§ = IDy(R,,, R).
On a similar proof see [Sh 424] (for w-place functions) and also (2-place functions),
[Sh 522]. The definition of the closure in [GeSh 491] is close to ours, but note that
the hard clause from [GcSh 491] is not needed here.
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2.1 Definition. 1) Let IDj ) =: {s € ID}, : s is 0-nice}.
2) We say that s1,s; € IDj, are far when: s is |doms, |-nice or sy is |doms, [-nice.

Remark. We can consider {s,, : n < w}, which hopefully will be independent, i.e.
for every X C w for some c.c.c. forcing notion P, in V¥ we have A — (s,), iff
n € X. It is natural to try {s, : n < w} where s,, = (domy(y) m,, ,€n) Where m,, =n
(or 22" may be more convenient) and e,, is [log log(n)]-nice.

2.2 Definition. [\ is our fixed cardinal.|

1) Let M* (or Mj) be a model with universe A, countable vocabulary, and its
relations and functions are exactly those defined in ((x), €, <}) for x = A* (and
some choice of <}, a well ordering of J#(x)).

2) For a € Y7 (M) let clo(@) = {8 < X : for some first order ¢p(y,z) we have
M; E p[B,a] & (3=¥x)p(z,a)} and cf(a) = {8 < A : for some first order ¢(y, T)
we have M; E ¢[B,a] & (3<Nox)p(z,a)}.

3) For a model M and A C M let ¢fp;(A) be the smallest set of elements of
M including A and closed under the functions of M (so including the individual
constants).

Note that
2.3 Fact: If Bo, f1 € clps1(@) then for some i € {0,1} we have §; € cly(a”(B1-;)).

Proof. Easy.

The idea of our forcing notion is to do historical forcing (see [RoSh 733] for more
on historical forcing and its history). That is, we put in only those conditions which
we have to put in order to meet our demands, so every condition in the forcing has
a definite rule of creation. In particular, (see below), in the definition of our partial
colourings, we avoid giving the same color to any pairs for which we can afford this,
if the rule of creation is to be respected. We note that the situation here is not as
involved as the one of [RoSh 733], and we do not in fact need the actual history of
every condition.

We proceed to the formal definition of our forcing.

Clearly case 0 for k£ > 0 is not necessary from a historical point of view but it
simplifies our treatment later; also case 1 is used in clause (1) of case 3.
Note that in case 2 below we do not require that the conditions are isomorphic
over their common part (which is natural for historic forcing) as the present choice
simplifies clause (¢)(iv) in case 3.

Remark. Saharon, check if you want to add the definition of weakly far here.
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2.4 Main Definition. Let n(x) > 2,n(x) < £(x) < w, A = N,,(,), u = g be fixed.
All closure operations we shall use are understood to refer to M;;n(*) from 2.2(1).
Let I' C IDj,, be given. For two sets u and v of ordinals with otp(u) = otp(v), we
let OP, ,, stand for the unique order preserving 1-1 function from u to v. For finite
uwC Mg let €., a closure operation on u be defined by %,(v) = u N CfMgn(*) (v)

for every v C u.
We shall define P =: Ppr = IP’%, it is C Y.
Members of P} are the pairs of the form p = (u,c) =: (u?, cP) with

u € N<N0 and ¢: [u]? = w.
The order in P} is defined by
(u1,c1) < (uz,¢2) & (w1 Cup & c1=cz | [w]?)

For p € P} let n(p) = sup(Rang(c?)) + 1; this is < w.
We now say which pairs (u,c) of the above form (i.e. (u,c) € P%) will enter P.

We shall have P = U P, where P, =: Pz’r are defined by induction on k < w, as

k<w
follows.

Case 0: k=40. If k =0 let Py =: {(0,0)}.
If k=40 >0, a pair (u,c) € Py iff for some (v/,c) € U P,, we have u C o’
m<k

and ¢ = ¢ | [u]?; we write (u,c) = (uv/,c) | u.
Case 1: k =40+ 1. (This rule of creation is needed for density arguments.)
A pair (u,c) is in Py, iff (it belong to P} and) there is a p; = (u1,¢1) € U P
m<k

and a < )\ satisfying « ¢ u; such that:

(@) u=u U{a},
(b) ¢ | [u1]? = ¢; and
(c) For every {3,7} and {f’,7'} in [u]? which are not equal, if ¢({3,~}) and

c({B,v'}) are equal, then {3,~v},{B’,7'} € [u1]?>. (Hence, ¢ does not add
any new equalities except for those already given by ¢;.)

Case 2: k=44 + 2. (This rule of creation is needed for free amalgamation, used in
the A-system arguments for the proof of the c.c.c..)
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A pair (u, ¢) is in Py, iff (it belongs to P} and) there are (u1, ¢1), (u2, c2) U P,
m<k
for which we have

(a) u=up Uus
(0) ¢ [w]* =ciand c | [uz]® = ¢z

(¢) ¢ does not add any unnecessary equalities, i.e., if {8,v} and {f’,y'} are

distinet and in [u]* and c({8,7}) = c({#',7}), then {{B,7},{8",7'}} C
[u1]? U [us]?.
Note that [u1]? N [ug]? = [ug N ug)?

(d) clo(ur Nug) N (ug Uug) C uy (usually clo(ug Nug) N (ug Uug) C ug Nug) is
0O.K. too for present §2, §3 but not, it seems, in 4.6).

Main rule:

Case 3: k =40+ 3. (This rule® is like the previous one, but the amalgamation is
taken over (s, %) where s = (domy(,) m,e) € T').

A pair p = (u,c) € Py iff there are (s,%) € I';s = (domy(,) m(«), ) and objects
LY1 Yy, Y1, Ys, 0t for £ < £(x),w,p (actually I,Y Yy, Y1, Ys depends on s only)

X(A) (a) I is domy(y)m(«) linearly ordered by <jex

(b) Y+ = Yb UY1 U Y2 where YO = {@},Yl = [I]l,YQ = {t € [I]Q . t/e
not a singleton}

c) v = (vs, : s € YT and ¢ < 2 is a special system of sets and recall that

(= |s| = vtis
Vs, 0 = Us,1 if s € YyUY5 and Vs,0 U Vs1 ifsel;

(d) w= (wp:l<LU(x))
X(B) (a) wy,vt are finite sets of ordinals < A
(b) wy Cweyq and vt Colt for £ < l(x),s €Yt 1 <2
(¢) we=U{ve, :t €Y 1 <2} for £ < ()
(d) vinvf Col, fors,te Yt
(€) v nw =0t
(f) 1f s,t € Y,,|s| = [t| then otp(vl) = otp(vf) and otp(vf,) = otp(vf,)
(9) cl(vf,) e =1,
X(C) (a) pi, € P;whenseY; <2orseYyUYs, =0 when

seYyUY,

3you may understand it better seeing how it is used in the proof of 3.2
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(b) uPer = vf, and if s € Yy then pf o | (vioNvl ) =pS, 1 (vhonoly)
and call it v’

(C) ift = {777 V} €Y and n<rv thﬁpf rvfn}’o = pfn}apf rvfy}7]_ = p?,,}

(d) ifnp€ domyiy m(x) thﬁp@} | vy = pj

(e) ps, <pgf!

(f) ifn,ve domyiymx) andn [£=v [ L and ¢ <2 then OP
maps pfn}yb to p‘{}y}’b

(9) if{no,vo},{m,n}eYoandn [L=vy[l=m =11 ] and
770(@ =0= 771@) 7£ l/o(f) =1= 1/1(£) then OP

¢ ¢

p{’flo,lfo} to p{m,z/1}

(h) ifve t)>2 1" < 0> any,vo and v~ <1 > <y, vy and £ < £(x) then
OP{"?O,"]l}v{VO,Vl}

maps pfllo,vl} onto p?ﬁoﬂh}

V{v}{vn ).

Ving 1} V{ng,woy APS

)

(8) maps pfyo}’o onto pfno}’o
) maps pfyl}’l onto pfm},l
)

maps pjy onto itself (actually follows)

X(D) (a) u=wp)

b)) pl vf(*) = pf(*) when t € Y, (hence p | vf’L = pgb whent e YT,
t=0orteY;,t=1)

(c) if P{ay, 1} = P{aq, B2} where a; < ap are from u, 81 < (35 are from
u then {ay, Bo} € U{[uf )2 1 t € Y3}

(d) pf, € P<i when defined

(e) ifwCW,yve€W\wand [w\y| <1 then v,y \vy is disjoint to
U{v : t € [w]=2}

(f) ifwCW,B<aarefrom W,{8,7} € w and |w\7y| <1 then
Vg1 \(vgpr Uvgyy) is disjoint to U{v : ¢ € [w]=2}.

2.5 Claim. 1) P} satisfies the c.c.c. and even the Knaster condition.
2) For each o < \ the set I, = {p € P} : a € uP} is dense open.
3) Ibpy “c=U{c" : p € G} is a function from A2 to w”.

Proof. 1) By Case 2.
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In detail, assume that p. € Pp for ¢ < w; and let p. = (u,c.). As each
u. is a finite subset of A, by the A-system lemma without loss of generality for
some finite u* C A we have: if ¢ < ¢ < wy then u. Nu¢ = w*. By further
shrinking, without loss of generality & € u* = (Jus N | : € < wy) is constant and
£ < (¢ <w = |ug| = |uc|]- Also without loss of generality the set {(¢,m,k): for
some « € u. and 5 € u. we have £ = |aNu|,m = |fNu| and k = c.{a, B} } does
not depend on e. We can conclude that ¢ < ( <w; = OPy, . maps pe to p; over
u*. Clearly for ¢ < wy, the set c¢f(u.) is countable hence for every { < w; large
enough we have u¢ N cly(us) = u* so restricting (p. : € < wy) to a club we get that
£ < (¢ <w = clo(ue) Nue = u* (this is much more than needed). Now for any
£ < ¢ < w; we can define . ¢ = (ue ¢, e ¢) With ue ¢ = usUue and co ¢ @ [ue ¢]? = w
is defined as follows: for o < 8 in u. ¢ let c. ¢{c, B} be c.{a, B} if defined, cc{c, B}
if defined, and otherwise sup(Rang(c:)) + 1 + (|uc,c Nal + Jucc N B + Jue e Nal.
Now ¢ ¢ € P2 by case 2, and p. < Qe,c,Pc < qe,¢ by the definition of order.

2) By Case 1.

In detail, let p € P} and o < A and we shall find ¢ such that p < q € .Z,. If
a € uP let ¢ = p, otherwise define ¢ = (u?,¢?) as follows u? = wP U {a} and for
B <€ ul welet c?{f,~v} be: ?{B,~} when it is well defined and sup(Rang(c?)) +
1+ (|8Nu?|+|yNud])?2+|8Nul| when otherwise. Now g € Pp by case 1 of Definition
2.4, p < q by the order’s definition and g € .Z, trivially.

3) Follows from part (2). Oa s
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63 WHY DOES THE FORCING WORK

We shall use the following claim for pu = Ry

3.1 Claim. 1) If f: [\J*> = u and M is an algebra with universe \,|mp| < pu and
wy €\ |wg| < Vg fort € [N? and X > Da(u™)™, then for some special system
(v, 1t € [W]S2,1 < 2) of sets we have:

OP,

ViB}, 1 V{a},e maps « to /8 when a)ﬁ € W L < 2

we have {s,t} = {{«, 5},{58,7}}.

2) If u € \<R0 = clpr(u) € [M]<H, then X\ = (J2(n)) T is enough.

Remark. 1) See more in [Sh 289]; this is done for completeness.
2) We can use (vy, : 7 € dimy(,) m(+)) being as required just when necessary.

Proof. 1) Let wy Ut = {(; ¢ : £ < n;} with no repetitions and we define the function
¢, co, c1 with domain [A]? as follows: if a < 8 < < A then

cofa, B, v} = {(l1,02) : t1 < nga gy, le < Niayy and Capye = Clan) )

ci{a, 8,7} ={(l1,62) : 41 < n{a,v}7€2 < N8y} and C{Ow}yfl = C{ﬁﬁ}’%}

cla, 8,7} = (co{a, B,7}, e, B}, fao, BY).

By Erdos-Rado theorem for some Wi C ) of cardinality and even order type pu™+
for part (1), u™ for part (2) such that ¢ | [W;]? is constant. Let {a. : ¢ < ut+}
list W7 in increasing order. If 2 < i < u™T, let
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V{a,} = {C{ai,aii1},e, : for some £ we have

(01,€2) € co{a, iy, ipa}}U
{¢{ao,as1,6 : for some €5 we have
(617 52) S Cl{a07 aq, az}}

(clearly a; € vgq,y)-

For i < jin (2,u*") let via, 0,3 = V{a;} U V{a,} U W{a,a,}- Now for some
unbounded Wy C Wi\{ap, a1} and Y € [A\]S* we have:

if a # 8 € W5 then CKM(U{Q}) N CKM(U{ﬂ}) cY.

Now by induction on € < u™+ we can choose v, € Ws strictly increasing with
g,7 large enough. It is easy to check that W = {v. : ¢ < u*t} is as required.
2) The same proof. Os ¢

3.2 The preservation Claim. Let n(x),{(x),\,u = Rg be as in Definition 2.}
and assume X\ > Jo(u™).

1) If P =Py and (domy(y),m,e) €T C IDE(*) then in VF we have (domyg(yy,m,€) €
D2 (A, Ro).

2) Assume that P = H Pén, the product with finite support where I'), C IDZ*) and

n<y
v < w and p* € P forces that c is a function from [\ to w. Then for some finite

d C v foranys € ﬂ I',, we have p* ¥p “s ¢ IDa(c)”.
ned

Proof. 1) Follows from (2), letting v = 1,Tg =T.
2) Assume p* € P and p* IFp “c is a function from [A]? to w”. Assume toward

contradiction that 3s,s € ﬂ [, and p* IFp “s & IDo(c)”. Let k(x) = 2¢*) —1 and
ned

let k(v) = |{p € {)>2: p <oy v}| for v € ¥¥)>2. For p € P let ulp] = U{uP(™ :

n € Dom(p)}, so u[p] € [A\]<N and for any ¢ € P we let n[q] = sup(U{Rang(c?™) :

n € Dom(q)}). For any @ < 8 < A letting t = {«, B} we define, by induction on

k < k(x) the triple (n¢x, w k, di k) such that:

(%) neg < w,wy g € A<V and d; x C 7 is finite.
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Case 1: k=0:n4 =n[p*] +2 and w x = {a, B} UnuP" and d;x = Dom(p*).

Case 2: k+ 1:

Let P = {q € P: p* < q,ulq] C wei and nfq] < ngr and Dom(q) C dyr}s
clearly it is a finite set, and for every ¢ € &, j, we choose p; , such that ¢ <p;, € P
and p; 4 forces a value, say (; 4 to ¢(t). Now we let

Wt k+1 = U{U[pt,q] 1q € Pt Uwg.
de i1 = U{Dom(pyq) 1 ¢ € Py Udip

N k41 = MaX{|wt,k+1|2ant,k +1nprg+1:qg€ Pk}

We next define an equivalence relation E on [\]? : t; Et, iff letting t1 = {ay, 81}, t2 =

{az, Ba}, 1 < Brya2 < B2 and letting h = OPy . 5 5 ) wia, 5,300 WE have

(1) Wy, k(+)» Wiy k(x) has the same number of elements
(77) h maps oy to ay and Sy to [y and wy, , onto wy,  for k < k(x) (so h is
onto)
(191) diy ) = diy ke for k < E(x). )
We define also h, in the next way: h(q1) = g2 if Dom(q;) = Dom(gz) and
h maps u[q] onto u[gs], and for every «, 5 in u[q;] we have c? ({«, 5}) =
c?({h(a),h(B)}), so h maps P onto Py, i

(iv) if g1 € Py, x and k < k(x) then h maps ¢, to some gy € Py, and it maps
Pti,q1 1O Dts g and we have Cth‘h = <t2,fI2'

Clearly E has < Ny equivalence classes. So let ¢ : [\]> — Ny be such that c(t;) =
c(tz2) < t1 Bty and let wy = wy j(x)-

By Claim 3.1, recalling that we have assumed A > J5(X;) we can find W C A
of cardinality Ne and o = (v;, : t € [W]S%,1 < 2) as there; i.e., we apply it to an
expansion of M5 such that clo(—) = cla(—).

Let dj = d; ), Cw for t € [W]? and k < k(x), now we choose d = disy € 7> and

we shall show that it is as required in the claim. Let s = (domy() m(«),€) € ﬂ I'y.
led
Let I be domy(,) m(+) = domg ordered lexicographically, Yy = 0,Y; = [I]',Y; =
{t € [I]* : t/es is not a singleton}. We choose a,, € W for n € I increasing with 7.
Let v}, =: v{a, et} and wy =: U{vf, : t € Y, < 2}. Now we choose pj, for
t € YT 1 <2 by induction on ¢ < k(*) such that

®¢ (a) péb € Pl):, Dom(pf,b) C d{a,mety, fort € Y*,1<2 (and pf’L = pf if
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teYpUYs
(b)) wri®) = vf, fort € Y+, 1< 2,8 € dia,met}
(c) pf’L € Pra,met},e implies (a)+(b)
(d) if k < £ then pf, =pf, | vf,
(recall ¢ = p | uw mean Dom(q) = Dom(p), q(5)

= (p(8) I (un Dom(p(B)))
(e) ift={n,v}n <iex v then
() pgn},o - pinﬂ/} f Ufn},O
(B) Pluya = Plgay 19010
(f) if{n,v}eYsand £ ="Lg(nNv)+1 then pfn ,y forces a value to
c{ay, a, } (which in fact is (o, 003,459 pr;’ly})
(9) the demand on commuting with OP from Definition 2.4, Case 3 holds.
There is no problem to carry the induction.
[For ¢ = 0 we already know only p* and u?~ C vy and the demand we have to satisfy
are from clauses (a),(b),(c),(e),(g). This is straight.
For ¢ = k + 1, we choose n* <jex v* such that {n*,v*} is as in clause (f) and

then continue as before.]
Lastly, let p* be such that Dom(p™) = dk(*) and for each (€ dk( )

cp+(*3) extend each cp’fj(*)(’g) otherwise is 1 — to — 1 with new values.

So pt > p* forces that {a, : 1 € domy(s) m(x) } exemplify s = (domy(x) m(«),€) €
ID2(c), a contradiction. HEP)

3.3 The example Claim. Let n(x) > 4,£(x) > n(x), A = N, (), 0 = Rg. Assume

(a) s™ = (domy(x),m(x),€") € IDy,,, (see Definition 2.1)
(b) T C 1D},

(c) fs € F then s and s* are far (see Definition 2.1)
(d) P

(e) cis the P-name U{cP : p € Gp}.
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Then IFp “c is a function from [N? to p exemplifying (domgcs) m(x),€*) does not
belong to 1Dy (A, Ng)”.

Proof. So assume toward contradiction that p € P and o,y < A for n € domy(,) 1 ()
are such that p forces that n — «a, is a counterexample, i.e. (a;, : 1 € domy() m(x))
is with no repetitions and p forces that t1e*ty = c({a, : n € t1}) = c({ay, 1 p € t2}).
By 2.5(2) without loss of generality {a, : 7 € domg(y) m(«)} € uP.

Let Y =Y, = {y : y € Dom(e*) and y/e* is not a singleton} and for v € **)>2
let Y, =Y, e« = {{no,m} € Y= : v~ < i > m; for i = 0,1} as in the previous
proof. We now choose by induction on ¢ < n(x) the objects ng, vy, Z; and first
order formulas @¢(z,yo, ..., ye—1) and <} (,y) in the vocabulary of M}
such that:

05+ Ye—1

X(a) ve € 2,m, € domy(,) m(x) and My = (F=Nner—ex)pp(@, Qs+ -y Oy )
(b) <! is a well ordering of {x : M} = @[z, oy, ..., ap, ,]} of order

Qngseees ay

type a cardinal < V,,(,)_y
(¢) vg =<>,p0 =[x = x]
) Vg1 = Mo [ £)" (1 —ne(f)) and vy <amy
(e) Zg = {n:ve<dn € domy m) and {ns,n} € eypq for s =0,1,...,0 -1}
) n S Zf :>a77 < {B M* ): @f[ﬂvanoa---vawa}
) me is such that:
(a) Vp <Ny € Zy
(B) if v, I n € Zy then oy g‘;m

(See similar proof with more details in 4.3).

Let v* = Vya), Z = Zp(s), ZT = {ne : £ < n(*)} U Z; note that by Definition 1.3(1),
clause (b) and Definition 2.1 we have |Z| > 2, i.e., this is part of (domy () m(«),€")
being O-nice. For v € {vy : £ < n(x)} let s, be such that: py Nps = v &
p1,p2 € ZT = s, = ¢{a,,,q,,} (clearly exists). By case 0 in Definition 2.4,
without loss of generality

u? ={a, :ne€ Zt},

that is, we may forget the other a € uP; by claim 3.2 we have p € IP’@\ so for some k

we have p € ]P’z’@.
So we have
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B (ne:l<nx),Z,Z", vy : £ < n(x)), (sy,e : £ < n(x)) and p are as above,
that is
(1) (@) me€ domy(e)m(s)
(B) vo=<>wer1 = (ne [ £)"((1 = ne(0))),
() ve<ne
(0) Z={p€ domy()m() : Vnx)<p and {1, p}/e is not a singleton
for each £ < n(x)} and let ZT = ZU{n,: £ < n(x)}
) pely’
(it1) «a, € uP forne Z+
) {ay :n € ZT) is with no repetitions
) [ {a, :n € ZT} satisfies:
if ¢ <n(x)andve ZU{n : £ <t <n(x)}sonNv=mn | {then
(v, # ay, and) c{ow, oy, } = S, e
(vi) {ay:ne Z} Cclo{ay, 1 €< n(x)}
(vii) Z has at least two members (actually follows)
(viii) Z = ZyU Zy where Z; = U {p € Zs:p(n(x)) =1} fori =0,1.
£<n(*)

For t = {p1, p2} € domy(y) m(x) let £ = Lg(p1 N p2) [necessary]

e; =t {{p1,p2} :p1,p2 € domy(s) m(x) and Lg(p1 N p2) =i < £(x) and

{p1,p2}/€p,np, is nOt a singleton}

T *
e; =e; U{{n}:n€ domyg)me}U{0}

Among all such examples choose one with k& < w minimal. The proof now splits
according to the cases in Definition 2.4.

Case 0: £k =0.
Trivial.

Case 1: k =40+ 1.

Let p1, a be as there, so recall that {a, B}eP {c/, 5’} = {a, B} = {/, 5'}. Hence
obviously, by clauses (v) and (vii) above, n € Z* = «a, # «, so {a,, : p € ZT} C
uP1, contradicting the minimality of k.
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Case 2: k=40 + 2.
Let p; = (us,¢) € U IP’?’@ for i = 1,2 be as there. We now prove by induction

i<k
on { < n(x) that o, € ug Nug. If £ < n(x) and it is true for every ¢ < ¢, but

(for some i € {1,2}), oy, € u;\us—,, it follows by clause (v) of H that the sequence
(c({an,, anu}) : v € Z;) is constant where we let Z; = {ne11, 0042, -, Mp(s)—1}UZ,
hence {a, : v € Z;} is disjoint to ug_;\u;, so {a, : v € ZT} C w;, so we get
contradiction to the minimality of k.

As {ay, : £ < n(*)} C uzNug necessarily (by clause (vi) of H) we have {a, : v €
Znioyt ={ow,v € Z} C clo{oy, : £ <n(x)} C clo(uz Nur). But {ay, :v e Z; )} C
ug Uwy by H(7ii), and we know that clo(uz Nuy) N (ue Uug) C uy by clause (d) of
Definition 2.4, Case 2 hence {a, : v € Z;(*)} C u; contradiction to “k minimal”.

Case 3: k =44+ 3.

Solet s € T',p,(wy : £ < L(x)),{(vf € YT £ < U(x)),{qe : £ < K(*)},(fﬁb 1t e
Y*,. < 2) be as in definition 2.4. Let j < £(x) be minimal such that {a, : n €
ZJr} g wj.

Subcase 3A: j =0 and {a,, : £ < n(x)} is included in v% then (recalling t € Yt =
cﬁ(vg)‘ Nwp = vl by clause (B)(g) of definition 2.4 we have {a, : p€ ZT} C v% but
p | vy = py (by (D)(b)) and pj € U{Pw : k' < k} and this is impossible by the
induction hypothesis.

Case 3B: j = 0 but not Case 3A.
So for some ¢ < n(x),ay, ¢ U% hence by (B(x)) we have (c?{a,,,a,} : p € Z) is
constant, and p € Z = «, ¢ v%.
Now we use {{ng,m} € ein(*)
equivalence class of e¢* and by 2.1 we get contradiction to the clause (c) of the
assumptions on s and I.

: o € Zo,m € Zi}. It is included in some

Subcase 3C: j =i+ 1 < n(x) and t € ef = {a,, : £ < n(*)} € w; Uv;T" (but is
C U{v] : t € y;} Uw; [necessary?]) not really or we demand equality).

For ¢ < n(x) such that a,, ¢ w;, let t; € e be minimal such that a,, € vge.
By the assumption of this subcase, for some £(1) < ¢(2) < n(x) we have t € ef =
{an,1)s Qnyay } € w5 U viT!. But this implies that c{, .y Qnyoy | @ppears only one
in ¢?, easy contradiction.

Subcase 3D: j = i+ 1,t € e}, {ay, : £ < n(*)} C w; Uv;T! but for every s €
i, {an, : LS ()} & it
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This implies that for some £(1) < £(2) < n(x), {av,,,, @, } 18 not in U{[vi1]? :
s€eltUlw]*

By clause (B)(x) it follows that c?{ay,, ,ay,,, } is not in U{Rang(cP«' ) : s €
er}.

By clause (B)(y) this implies that p1 # ps € Z = {p1,p2} ¢ U{[vT1]? : s €
er} U [w;]?>. We are done by s being I' and st being far, i.e., clause (c) of the
assumption.

Subcase 3B: j =i+ 1,t € e and {ay, : £ < n(¥)} Covjth

Recall that {a, : p € ZT} C cl{a,, : £ < n(x)}
ZT} Cofttbut gigr ot = pitt € Pey.

Together we have covered all the cases. L33

Cv
by B(vi), so together {a, : p €

3.4 Theorem. Let n(*) = 4 (or just n(*x) > 4), A = Ny, £(x) = n(x) + 1 and
28 = Ny for £ < n(x).

1) For some c.c.c. forcing P of cardinality X in V¥ the pair (\,Ng) is not No-
compact.

2) If in addition x = x™° > X there is a forcing notion P of cardinality x such that
VP = R0 = 7 and the pair (\,Rg) is not compact.

3) There is an infinite T C IDZ o which s recursive and for every I' C T'* for

some forcing notin P, in fact Pr, in V¥ we have I' = IDy(A, Rg) N IDe(*)

Proof. 1) Let I'y, = {s € IDe( R is m-nice}, see Definition 2.1 and 1.3, clearly
I €T, and Ty # 0 (see 1.5) for n < w and ) = ﬂ T, and let P, = P} and

nw
let ¢, = U{c? : p € Gp, }, it is a P,,-name and P is the product H P,, with finite

n<w
support. Now the forcing notion P satisfies the c.c.c. as P, satisfies the Knaster

condition (by 2.5(1)). By 3.3 we know that I- “ID2(¢c,) NID7, ) € T',” for P, hence

for P, in fact it is not hard to check that equality holds. If Ry-compactness holds

then in V¥ for some ¢ : [A\]? = w we have IDy(c) N D7, € ﬂ I', = 0 by claim 1.4.

But in V¥, if ¢ : [\]> — w then by 3.2(2) it realizes some s € U{T',, : n < w} C ID}
(even k-nice one for every k < w).

Together we get that the pair (\,Rg) is not Ng-compact.
2) We let Q be adding x Cohen reals, i.e. {h: h a finite function from x to {0,1}}
ordered by inclusion. Let P be as above and force with P™ = P x QQ, now it is easy
to check that PT is as required.

£(%)
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3) Choose sy, € IDj,, by induction on k < w such that sy is sup{|doms,| : £ < k}-
nice let I' = {sj, : k < w} and use P = Pr. Os .4
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§4 IMPROVEMENTS AND ADDITIONS

Though our original intention was to deal with the possible incompactness of the
pair (Rg, Rg), we have so far dealt with (A, Xg) where 2% > )\ = Ny & n(*) > 4.
For dealing with (X3, ®), (Rg,Rp), that is n(x) = 3,2 we need to choose M} more
carefully.

What is the problem in §3 concerning n(x) = 27
On the one hand in the proof of 3.3 we need that there are many dependencies
among ordinals < A by M7; so if A is smaller this is easier, but so far the gain was
only enabling us to use smaller ¢(x) which really just make us use larger £(x) help.

On the other hand, in the proof of 3.2 we use 3.1, a partition theorem, so here if
A is bigger it is easier. But instead we can use demands specifically on My. Along
those lines we may succeed for n(x) = 3 using 3.1(1) rather than 3.1(2) but we still
have problems for the pair (Xg, Rg); here we change the main definition 2.4, in case
3 changes (v, : y € Y1), i.e. for n € doms we have vzrn}m{n} instead vy,. For
this we have to carefully reconsider 3.2, but the parallel of 3.1 is easier. Note that
in §2, §3 we could have used a nontransitive version of ¢f;(—).

4.1 Definition. We say that M* is (A, < p,n(x), £(x))-suitable if:

(a) M* is a model of cardinality A

(b) <A< p™™) and n(x) < £(x) <w

(¢) Tar+, the vocabulary of M*, is of cardinality < u
)

(d) for every subset A of M* of cardinality < p,
the set clps+(A) has cardinality < pu.

(e) for some m* < w we have:
if s = (domy(s)m,e) € IDZ(*) and a, € M* for n € domy(,, and s is
m*-nice, m > m*, then we can find (n, : £ < n(x)) and (v, : £ < n(x)) such
that
(Oé) ne € domf(*),m

(B) vo=<>,vet1=(ne [ £)"(1 —ne(l))

(V) ve<me

(0) Z ={p € domy()m : Vnx) <p and in the graph Hle], p is connected
tomne for £ =0,...,n(x) —1}

(e) if £(1) < £(2) < n(*) then {nyu), N2} is an edge of the graph He]

Q) {ap:peZ} Cclpy-{ay, : £ <n(x)}.
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4.2 Definition. 1) We say that M* is explicitly! (\, < u, n(*))-suitable when:

(a) M* is a model of cardinality A

(8) A= o

(¢) Tar+, the vocabulary of M*, is of cardinality < u
)

(d) for A C M* of cardinality < p, the set cfys«(A) has cardinality < p and
AZ£DNAp>Rg=w Ccelps(A)

(e) for some (R, : ¢ < n(x)) we have

(@)

(¢)

Ry is an (¢/+2)-place predicate in 77+ ; we may write Ry(x, vy, 20, ..., 2¢-1)
AS T <zg,.,zpm1 YOI T <(zg,..,20 1) Y
for any cp,...,ce—1 € M*, the two place relation <. .., (ie.

{(a,b) : (a,b,c,...,co—1) € RM"}) is a well ordering of Aey. o, , =
Atco,neoyy = 4 (3r)(T <co,.oreooy OV <qq,...cp, T)} of order-type
a cardinal

R} " is a well ordering of M* of order type A

if ¢ = (cs: ¢ < k)and <; is a well ordering of A; of order type pu*™
then for every ¢ € M™ we have Az-(.,) = {a € Az : a <¢ ¢} so is
empty if ¢ ¢ Az so if £g(¢) = n(x) this is a definition of Az~ ., ~ as
it is not covered by clause (53)

if ¢=(cp: £ <k)cF(M*) and |Az| < p then Az C clys- ().

2) We say that M* is explicitly? (), < u,n(*))-suitable when:

(a) — (d) as in part (1)
(e) for some (R, : ¢ < n(x)) we have (like (e) but we each time add z’s and see
clause (0))

(@)
(8)

Ry is a (20+42)-place predicate in 7/« ; we may write Ry(x,y, 20, - - -, 220—1)
OF T <yg,..,z00-1 Y OT T <(z,. .. 200 1) Y
for any co,...,co—1 € M* the two-place relation <., . ., , (ie.,

{(a,b) : (a,b,co,...,co_1) € RM"}) is a well ordering of A

A(CO7'~~7C2£71) i
(bya,co,...,co—1) € RM} of order type a cardinal

COy--+C20—1 =
= {b: for some q, (a,b,co,...,co—1) € R;* or

RY " is a well ordering of M* of order type \; for simplicity R} =
cl A

if ¢ = (¢y : £ < 2k) and <; is a well ordering of Az of order type
pt™ then for any cog, copr1 € M* we have Az-(c,, ¢,y ) i empty if
{cok, cort1} € Az and otherwise is {a € Az : a <; co and a < cag41};

if £ = n(x) this is a definition of Az~ <c,; copyy>-
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4.8 Observation. 1) If M is an explicitly! (X, < u,n(x))-suitable model, then M is
a (A, < p,n(x) + 1,¢(x))-suitable model if £(x) > n(x) + 1.

2) If M is an explicitly? (\, < p, n(x))-suitable model, then M is a (\, < p, 2n(*) +
2,2n(x*) + 3)-suitable model.

Proof. 1) Straightforward, similar to inside the proof of 3.3 and as we shall use part
(2) only and the proof of (1) is similar but simpler, we do not elaborate.

2) Clearly clauses (a) - (d) of Definition 4.1 holds, so we deal with clause (e).
So assume £(x) > 2n(x) and s = (domy()m,e) € IDj,) and a; € M for n €
domy(,) ., are pairwise distinct. We choose by induction on ¢ < n(x) the objects
Noes V2u41, L2e, N20+1, Vort2, Zoe+1 such that node vy =<> and vyp49 is chosen in
stage ¢

R(a) ve € £2,m, € domy(y),m and M = (HSN"(*)*Z.%‘)QOg(.%',OénO, ey Oy, )

(b) A ) is a well ordering of A(ano \-

ano,...,anu_

Qe 1) T+ {1‘ M ): Qpﬁ[xv Qngy - - 705772271]}
of order type a cardinal < N,,(,)_y

(€) vo =<>,p0 = [z = z]

(d) veyr = (ne [ €)™ (1 —=ne(£))

(e) Zy = {77 voe < € domy(yy m and {ns,n} € e,y for s =0,1,...,0 -1}
(f)

(9)

€ Zy= ap € A (aun), k<20)

URS

ne is such that:
(a) Ve <ny € Zy
(

B) if vy 4 n € Z; then [l even = o, <,,
= O‘n S O‘m]-

ap,] and [¢ odd

Oy

How do we do the induction step? Arriving to ¢ we have already defined (v : k <
20y, (i = k < 20) and (Zy : k < 20), recalling vy =<>. So by the clause (e) (=
definition of Z},) also Zy, is well defined and {a,, : n € Z3,} is included in A<ank:k<2£>
and let 7oy € Zoy be such that n € Zyy = oy, <{an, k<26) Qo and vopy1 = v (1 —
N20(20)) = (n2e 1 (2€))" (1 — n20(20)) so Zopyq is well defined. Let n9p41 € Zap11 be
such that n € Zoy = ay < ay,,,, and vopyo = vopp1 (1 — 12041(20 + 1)) and we
have carried the induction. Oy 3
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Are there such models? We shall use 4.4(2), the others are for completeness (i.e.
part (3) is needed for A = X3 and part (4) says concerning A\ = R, it suffices to use
ID3):

4.4 Observation. 1) For p regular uncountable, there is an explicitly! (472, < u, 2)-
suitable model.

2) If u = N, then there is an explictly? (u*2, < u, 2)-suitable model.

3) If p is regular uncountable, t =1 or p =Ny & ¢t =2 and n € [3,w), then there
is an explicitly’ (™", < p,n)-suitable model.

4) If 2% = Ny, = Ny then for some Ny-c.c., X;-complete forcing notion Q of
cardinality Ny in V@ there is an explicitly (Ra, < R, 2)-suitable model.

4.5 Remark. Tt should be clear that if V = L (or just =30%), then this works also
for singular p but more reasonable is to use non-transitive closure.

Proof of 4.4. 1), 2) Let t =1 for part (1) and ¢t = 2 for part (2). Let n(x) = 2 and
A = ut2. We choose M, by induction on a < X such that:

(o) M, is a 77-model where 7= = {Ry, Ry, Ro} with Ry is (¢ + 2)-predicate
and x <z y means Ry(z,y, 2)
(B8) M, is increasing with o and has universe 1 + «
(7) Ry’ is <l a (and AYs = )
(8) for ¢ € *(M,),k = 0,1,2 we have <; is a well ordering of AY* =: {a :
M, | (3z)(a <z xVx < a)} of order type a cardinal < pt(t)+1=k)
(e)(@) if t = 1,6 € ¥(My),k = 0,1,2 and d € AL then AM, = {a € AM"
Ma ): a <g }
(i) if t = 2,¢ € 2(M,),k = 0,1,2 and dy,d; € AY then Aé\{((ldo,dl) = {a €
AMe |: “a <gdy & a<d”}
(¢) if A is a subset of M, of cardinality < u then cf3, (A) is of cardinality < u
and cly, (cly; (A)) = by, (A) where
X for A C M,,cl}, (A) is the minimal set B such that: A C B and
(Ve € 3¢ B)(|AY~| < u = Az C B); clearly B exists and i (0) =10

(n) for every B < a,k = 1,2 and & € ¥(Mp) we have AMe = AMs
(0) if AC B < a then cly, (A) = cly (A)

(v) ift =2 and p =Ny and A C « is finite, 5 is the last element in A, then for
some finite B C 8 we have cl}, (A) = {8} Ucly, (B).
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We leave the cases o« < p and « a limit ordinal to the reader (for (¢) we use (6)) and
assume o = 3 + 1 and M, for v < (3 are defined. We can choose (Bg; : i < u™),
a (not necessarily strictly) increasing sequence of subsets of 3, each of cardinality
< p,Bgo=0and U{Bg,;:i<ut} =/ and cli, (Bgi) = Bai-

For each i < u™ let (Bgic : € < p) be (not necessarily strictly) increasing
sequence of subsets of By ; with union Bg ; such that ¢y, (Bg,i.c) = Bg,i.e, Bg,io =
0. Let <j be a well ordering of {y : v < B} such that each Bg; is an initial
segment so it has order type u*. For v € Bg;+1\Bg,; let <}, be a well ordering
of Af; ) ={&:¢§ <j~} of order type < pu such that (Ve < p)(Bgiv1,e N A5 ) s
an initial segment of A?ﬁ,’v) by <3 .-

Now we define M:

universe is «

R =<l «

Case 1: t=1.
R = R U{(a,b,8) : a <} b}

Réw“ = R;Wﬁ U{(a,b,8,7) : v < B, and a <j. bhence a <j v & b <}~ and
a,b € Bg i+1 for the unique ¢ such that v € Bg ;+1\Bs,i }-

Case 2: t = 2.

RMe — Riwﬁ U{(a,b,8,7) :a <jband a <~,b <~ and, of course,
a,b, B € a}.

Ry = Ry U {(a,b, 8,70, B1,m) : a,b,70, /1 € a and a < B,

b < ﬂ?a' < 7076 < Y0, b7ﬂ17’yl S A<B,’Yo>
and a <j _ band a <~v,b <7}

To check for clause (() is easy if up = cf(u) > Ny and follows by clause (¢) if u = V.
Having carried the induction we define M: it is M) expanded by (F : i < ) such
that: if ¢ € 3\ = 3t(M)) and A; is a non empty well defined and of cardinality
< p (which follows) then {FM(€) : i < p} list Acgy.ey.co> U{0} otherwise {FM(e) :
i< p}is{0}.

3) Similar and used only for (X3, () so we do not elaborate.

4) Let Q be defined as follows:

peQiff
(o) pis a 77 -model, as in (a) of the proof of part (1)
(B) the universe univ(p) of p is a countable subset of A\, we let AL = univ(p)

(v) Rb =<[ univ(p) and <.>= R}
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(6) if ¢ € ¥ (univ(p)), k = 1,2 then <;=<2 is a well ordering of A = {a € p:
pE@z)(a<zxVr<za)} and ford € AL welet AL _, ={acAb:a<?
d}

(e) (AL, <z) has order type w if k =2

(¢) if A C univ(p) is finite, then cf;(A) is finite (is defined as in(2)).

the order:
QEp<qiff
(i) p is a submodel of ¢
(i7) if ¢ € 2(univ(p)) then AL = AZ
(ii7) if € € Y(univ(p)) then A? is an initial segment of AZ by <.

The rest should be clear. Ug.a

4.6 Claim. Assume (main case is n(x) = 2)

(%) 2 < n(*) <w, A=V, ), 2% <X (%) =2n(x) + 3 and XA < x = x™°.
1) For some forcing notion P* we have

(a) P* is a forcing notion of cardinality x

(b) P* satisfies the c.c.c.

(c) in VE the pair (N, (., Ro) is not compact

(d) in VP we have 2% = y.

2) There is an infinite I'* C ID;(*) which is recursive and for every I' C I'* for
some forcing notin P, in fact Pr, in V¥ we have I' = IDy(A, Rg) N IDZ(*).

Proof. We repeat §2, §3 with the following changes.
If n(x) > 3, we need change (A) below and using 3.1(2) instead of 3.1(1). For
n(x) = 2 we need all the changes below

(A) we replace M3 by any model as in 4.4(2) if n(x) = 2, 4.4(3) if n(*) > 3
(B) in 3.1

(a) we assume A > (2")T, u =R, (VA € [M]<*)(|clrr(A)| < )

(b) the conclusion: weaken |W| = u™* to W infinite

(¢) proof:
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Let g : [A]? — w be g(t) = |clar(t Uwy)| < w.

Let Wi € [AJ*" be such that g | [Wi]? is constant say k(x) and f | [Wi]? is
constantly 7. Let clpr(t) = {Civ : £ < g(t)}. By Ramsey theorem, there is an
infinite W C Wj such that:

® the truth value on ({a, ,1,6, = Cfas,8.1,6, depend just on £y, o, T.V.(ay, B;),
T.V.(8; < ay) for 1,75 € {1,2}.

The conclusion should be clear. Ua6
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85 OPEN PROBLEMS AND CONCLUDING REMARKS

We finish the paper by listing some problems (some are old, see [\CK ]).

5.1 Question: Suppose that A is strongly inaccessible, u > N is regular not Mahlo
and [J,. Then A — p in the A-like model sense, i.e. if a first order ¢ has a A-like
model then it has a p-like model.

If A is w-Mahlo, the answer is yes, see [ScSh 20] by appropriate partition theorems.
The assumption that p is not Mahlo is necessary by Schmerl, see [Sch85].

5.2 Question: (Maybe under V = L.) Suppose that A2=(**) = X and )\f’\l =\ >
k1. Then (AT, \ k) = (A, Ap, k1).

5.3 Question: (GCH) If A and p are strong limit singulars and A is a limit of
supercompacts, then (AT, \) — (u™, ).

5.4 Question: Find a universe with (32(Rg),Ng) — (ZZA, A) for every A.

(The author has a written sketch of a result which is close to this one. He starts
with Ng = kg < kK1 < ... < Ky, Which are supercompacts and let P,, be the forcing
which adds #,,11 Cohen subsets to &, in VFo*F1--Fr-1 for n < m. The idea is using
the partition on trees from [Sh 288, §4]).

5.5 Question: Are all pairs in the set
(w2 =pt & p=p" & p™ <A<207}

such that there is u™-tree with > A, u*-branches, equivalent for the two cardinal
problem?

More related to this particular work are

5.6 Question:

1) Can we find n < w and an infinite set I'* of identities (or 2-identities) such that
for any I' C T'* for some forcing notion P in V¥ we have T' = T'* N ID(R,,, Xy).

2) In (1) we can consider (A, u) with g = pR0, A\ = ut™, so we ask: can we find a
forcing notion P not adding reals such that for every I' C I'* for some p = u~* we
have T =T* NID(p™", p).

5.7 Question: 1) Can we get results parallel to 3.4 for (Na,R;) + 2% > Ry (s0 we
should start with a large cardinal, at least a Mahlo).
2) The parallel to 5.6(1),(2).
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5.8 Question: 1) Can we get results parallel to 3.4 for (W,11,8,)+ G.C.H. or
(u*, 1), u strong limit singular + G.C.H.
2) The parallel to 5.6(1),(2).

5.9 Question: How does assuming MA +2% > XN, influence ID(R,,,X()? (see be-
low).

We end with some comments:

5.10 Definition. 1) For k& < R, we say (\, 1) has k-simple identities when (a,e) €
ID(\, p) = (a,€’) € ID(A, u) whenever:

(%)r a Cw,(a,e) is an identity of (A, u) and €’ is defined by
be'ciff |b] = |¢| & (VO',)[Y Cb & [B| <k & ¢ =OP.,(b') = Ved].

recalling OPp s(a) =fifa e A & e B & otp(anA) = otp(fNDB).

5.11 Claim. 1) If (A, 1) has k-simple identities and there is f : [Aa]SF — o
such that ID<y(f) € ID<k(A1, 1), then (A1, pa) = (Aa, pa).
2) If cf(\1) > p1, then we can use f with domain [A2]SF\[Ao]=1.

Proof. Should be easy.

5.12 Claim. 1) [MA +2% >R, . The* pair (R,,,Ro) has 3-simple identities.

2) If u = p=* and x = x<X > u then for some p*-c.c., (< u)-complete forcing
notion P of cardinality x, in VE we have 2" = x and p*t™ < x = (u*", u) has 3-
simple identities; moreover, if X < x and c : [\]<®0 — u then for some ¢’ : [N]<2 —
i we have: if n < w,ag,...,an—1 < X\, 80y, 0n—1,< A and u CnAul <3 =
{ag:leul =c{Br:lcu} then c{ay: L <n} =c{fe: ¥l <n}.

3) Ifm <n < wp=pF, then (™™, ut™) has (m + 3)-simple identities in V¥
for appropriate put-c.c. (< p)-complete forcing notion.

Proof. 1) For any c: [R,]<Y — w we define a forcing notion P = P, as follows:
p € P iff:

(a) b= (uvf) :(up,fp)

40f course the needed version of MA is quite weak; going more deeply in [Sh 522]. There
original version say 2-simplicity and Peter Komjath note that its proof was wrong.
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(b) w is a finite subset of W,
(¢) fis a function from [u]=3 to w

(d) if k <w,k>3and ap,...,ar_1 are from u with no repetitions Sy, ..., Br—1
are from v with no repetitions and [£(0) < £(1) < £(2) < k = f({aw(0), w1y, Qe2)}) =
J{Be(oy, Becrys Bezy )], then c({ao, ..., an—1}) = c({Bo, - -, Br—1})-

The rest should be clear.
2), 3) Similar (use e.g. [Sh 546]). Us.12

We can give an alternative proof of [Sh 49], note that by absoluteness the assump-
tion MA is not a real one; it can be eliminated and (u*,pu) —' (2%°,Ry) can be
deduced.

We further can ask:

5.13 Question: Assume I'; C ID* for i < i*,Pis H{]P)l’li : 1 < ¢*} with finite support,
¢: [Ry0]? = w in VP then ID(c) is not too far from some U I, w C 4" finite.

1EW

5.14 Discussion: We can look more at ordered identities (recall)

(%)1 for c; : A<M — p let OID(c) = {(a,e) : a a set of ordinals and there is
an ordered preserving f : a — A such that byebs = c(f"(b1)) = c(f"(b2))}
and OID(\, 1) = {(n,e) : (n,e) € OID(c) for every c : [\]<¥0 — u}, and
similarly OIDs, OIDy.

Of course,

(¥)2 ID(A, 1) can be computed from OID(A, p).



Paper Sh:604, version 2005-08-03_10. See https://shelah.logic.at/papers/604/ for possible updates.

THE PAIR (Rp,Rg) MAY FAIL Ro-COMPACTNESS Sh604 41
REFERENCES.
[Ch65) Chen C. Chang. A note on the two cardinal problem. Proceedings of

the American Mathematical Society, 16:1148-1155, 1965.

[CFMOx] James Cummings, Matthew Foreman, and Menachem Magidor.
Squares, scales and stationary reflection. Journal of Mathematical
Logic, 1:35-98, 2001.

[De73] Keith J. Devlin. Aspects of Constructibility, volume 354 of Lecture
Notes in Mathematics. Springer-Verlag, 1973.

[Fu65] E. G. Furkhen. Languages with added quantifier “there exist at least
N,”. InJ. V. Addison, L. A. Henkin, and A. Tarski, editors, The Theory
of Models, pages 121-131. North—Holland Publishing Company, 1965.

[GeSh 491] Martin Gilchrist and Saharon Shelah. Identities on cardinals less than
N,,. Journal of Symbolic Logic, 61:780-787, 1996.

[GeSh 583] Martin Gilchrist and Saharon Shelah. The Consistency of ZFC + 2% >
N, + I (V) = FZ(R,). Journal of Symbolic Logic, 62:1151-1160, 1997.

[Jn] Ronald B. Jensen. The fine structure of the constructible hierarchy.
Annals of Math. Logic, 4:229-308, 1972.

[Ke66] H. Jerome Keisler. First order properties of pairs of cardinals. Bulletin
of the American Mathematical Society, 72:141-144, 1966.

[Ke66a] H. Jerome Keisler. Some model theoretic results for w-logic. Israel
Journal of Mathematics, 4:249-261, 1966.

[Mi72] William Mitchell. Aronszajn trees and the independence of the transfer
property. Annals of Mathematical Logic, 5:21-46, 1972/73.

[MV62] M. D. Morley and R. L. Vaught. Homogeneous and universal models.
Mathematica Scandinavica, 11:37-57, 1962.

[Mo68] Michael Morley. Partitions and models. In Proceedings of the Summer
School in Logic, Leeds, 1967, volume 70 of Lecture Notes in Mathemat-
ics, pages 109—158. Springer-Verlag, 1968.

[Mo57] Andrzej Mostowski. On a generalization of quantifiers. Fundamenta
Mathematicae, 44:12-36, 1957.

[RoSh 733] Andrzej Rostanowski and Saharon Shelah. Historic forcing for Depth.
Colloguium Mathematicum, 89:99-115, 2001.

[Sch85] J. Schmerl. Transfer theorems and their application to logics. In
J.Barwise and S.Feferman, editors, Model Theoretic Logics, pages 177—
209. Springer-Verlag, 1985.



Paper Sh:604, version 2005-08-03_10. See https://shelah.logic.at/papers/604/ for possible updates.

42 SAHARON SHELAH

[Sc74] J. H. Schmerl. Generalizing special Aronszajn trees. Journal of Sym-
bolic Logic, 39:732-740, 1974.

[ScSh 20]  James H. Schmerl and Saharon Shelah. On power-like models for hy-
perinaccessible cardinals. Journal of Symbolic Logic, 37:531-537, 1972.

[Sh:E28]  Saharon Shelah. Details on [Sh:74].

[Sh:E17]  Saharon Shelah. Two cardinal and power like models: compactness and
large group of automorphisms. Notices of the AMS, 18:425, 1968.

[Sh 8] Saharon Shelah. Two cardinal compactness. Israel Journal of Mathe-
matics, 9:193-198, 1971.

[Sh 18] Saharon Shelah. On models with power-like orderings. Journal of
Symbolic Logic, 37:247-267, 1972.

[Sh 37] Saharon Shelah. A two-cardinal theorem. Proceedings of the American
Mathematical Society, 48:207-213, 1975.

[Sh 49] Saharon Shelah. A two-cardinal theorem and a combinatorial theorem.
Proceedings of the American Mathematical Society, 62:134-136, 1977.

[Sh 74] Saharon Shelah. Appendix to: “Models with second-order properties.
II. Trees with no undefined branches” (Annals of Mathematical Logic
14(1978), no. 1, 73-87). Annals of Mathematical Logic, 14:223-226,
1978.

[Sh 289] Saharon Shelah. Consistency of positive partition theorems for graphs
and models. In Set theory and its applications (Toronto, ON, 1987),
volume 1401 of Lecture Notes in Mathematics, pages 167-193. Springer,
Berlin-New York, 1989. ed. Steprans, J. and Watson, S.

[Sh 269]  Saharon Shelah. “Gap 1” two-cardinal principles and the omitting
types theorem for .Z(Q). Israel Journal of Mathematics, 65:133-152,
1989.

[Sh 288]  Saharon Shelah. Strong Partition Relations Below the Power Set: Con-
sistency, Was Sierpinski Right, II? In Proceedings of the Conference
on Set Theory and its Applications in honor of A.Hajnal and V.T.Sos,
Budapest, 1/91, volume 60 of Colloquia Mathematica Societatis Janos
Bolyazi. Sets, Graphs, and Numbers, pages 637—-668. 1991.

[Sh 424]  Saharon Shelah. On CH + 2™ — (a)3 for a < ws. In Logic Col-
loguium’90. ASL Summer Meeting in Helsinki, volume 2 of Lecture
Notes in Logic, pages 281-289. Springer Verlag, 1993. J. Oikkonen,
J. Vaananen, eds.



Paper Sh:604, version 2005-08-03_10. See https://shelah.logic.at/papers/604/ for possible updates.

THE PAIR (Rp,Rg) MAY FAIL Ro-COMPACTNESS Sh604 43
[Sh 522] Saharon Shelah. Borel sets with large squares. Fundamenta Mathemat-
1cae, 159:1-50, 1999.

[Sh 546] Saharon Shelah. Was Sierpinski right? IV. Journal of Symbolic Logic,
65:1031-1054, 2000.

[Sh 824] Saharon Shelah. Two cardinals models with gap one revisited. Mathe-
matical Logic Quarterly, 51:437-447, 2005.

[ShVa:E47] Saharon Shelah and Jouko Véénédnen. On the Method of Identities.

[ShVa 790] Saharon Shelah and Jouko Va#dndnen. Recursive logic frames. Mathe-
matical Logic Quarterly, 52:151-164, 2006.

[Si71] Jack Silver. Some applications of model theory in set theory. Annals
of Mathematical Logic, 3:45-110, 1971.

[Va65| R. L. Vaught. A Lowenheim-Skolem theorem for cardinals far apart.
In J. V. Addison, L. A. Henkin, and A. Tarski, editors, The Theory of
Models, pages 81-89. North—Holland Publishing Company, 1965.



