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Abstract

We consider a version of k-Miller forcing on an uncountable cardinal x. We show that
under 2= = « this forcing collapses 2 to w and adds a k-Cohen real. The same holds
under the weaker assumptions that cf (k) > w, 227 = 2% and forcing with ([«]<, ©)
collapses 2“ to w.

Keyword Forcing with higher perfect trees

Mathematics Subject Classification Primary 03E05; Secondary 03E04 - 03E15

1 Introduction

Many of the tree forcings on the classical Baire space have various analogues for
higher cardinals. Here we are concerned with Miller forcing [4]. In the classical case,
a Miller condition is a superperfect subtree of w=®. The subtree is ordered by the
end-extension relation on w=®. The forcing order is simply C. A tree is superperfect
if each node has an extension that has infinitely many immediate tree successors. Such
a node is called a splitting node. We can assume that each node has just one direct
successor or infinitely many.

For a «-version of Miller forcing, superperfectness and splitting are usually inter-
preted as follows: Above each node r € p C k=¥ there is a node splitting node s. The
common interpretation of “s is a splitting node of p” is:
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{a € k : s"(a) € p} contains a club subset of «.

In order to gain (< «)-closure of the notion of forcing, in addition to the club version
of superperfectness one usually requires for conditions that (see, e.g., [2, Section 5.2])
limits of length less than « of splitting nodes be splitting nodes as well.

In this paper we investigate a version of «-Miller forcing where the conditions on
superperfectness and (< «)-closure of splitting nodes are kept and the definition of “s
is a splitting node of p” is weakened to

Ha @ s™(a) € p}l =«.

We show: If cf (k) > w, cf(k) = k or cf(k) < 2°F®) <k, 227 = 2¢ and there is
a k-mad family of size 2%, then this variant of Miller forcing is related to the forcing
([«]*, ©) and collapses 2 to w. In particular, if < k=% = «, then our four premises
are fulfilled. Thus we provide some mathematical justification of the customary choice
of higher Miller forcing.

Throughout the paper we let k¥ be an uncountable cardinal. We do not make the
general assumption that 2<% = k, nor do we assume that « is regular.

We denote forcing orders in the form (P, <p) andletg <p p mean that q is stronger
than p.

If dom(7), i are ordinals, we write (i) for the concatenation of 7 with the singleton
function {(0, i)}, i.e., t"(i) = ¢ U {(dom(¢), i)}. For cardinals «, A, we write <*« for
the set of functions f: @ — « for some @ < A. Fors,t € k<* we write s < ¢ if
s =t | dom(s), and the corresponding strict order is written as <. The domain « of f
is also called the length of f. The set of subsets of « of size « is denoted by [«].

Definition 1.1 (1) Q! is the forcing ([«]*, ©).

2) Q,% is the following version of x-Miller forcing: Conditions are trees T C ““k
that are « superperfect: for each s € T there is s < t such that 7 is a x-splitting
node of 7. Anode t € T is called a k-splitting node if

set, () ={a <k : t"(a) e T}

has size «. The set of splitting nodes of T is denoted by spl(7').
We furthermore require for p € Q,zc that the limit of an <-increasing sequence of
length less than « of k-splitting nodes is a k-splitting node if it has length less
than «.
For p,q € Qﬁ we write g <@ P if ¢ C p. So subtrees are stronger conditions.
(3) For p € Q% and n € p weletsuc,(s) ={tr € ““k : Qu < k)(t = s"(a) € p)}.
4) Letse pe Q2. Weletp® ={tep:t<dsvs <t}
(5) Fora,b €k wewritea € bif |a\b| <«.

Each of the two forcing orders P has a weakest element, denoted by 1p. Namely,

Q! has as a weakest element lgr = «, and Q? has as a weakest element the full tree
“> . We write P I- ¢ if the weakest condition forces ¢.
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2 Results about Q}

In this section we consider Q}(. The purpose is to provide standardised Q}(—names for
collapses. Later these particular Q}( -names shall be translated to (@% -names.

Definition 2.1 A family A C [«]* is called a k-almost disjoint family if for A # B €
A, |ANB| <«k.

Observation 2.2 [f2<X = k, there is a k-ad family A C [«x] of size 2.

Proof We let f: “~2 — K be an injection. We assign to each branch b of “~ 2 a set
ap = {f(s) : s € b}. The resulting family {a; : b branch of “~2} is x-ad. O

Observation 2.3 If Q}( collapses 2 to w, then there is a k-ad family of size 2.

Proof Q}( cannot have the 2*-c.c. Hence there is an antichain of size 2. Since p Lg1 ¢
means |p N¢g| < k, the antichain is a x-ad family. O

We will apply the following result for y = 2.

Theorem 2.4 [5, Theorem 0.5] Suppose that there is an antichain in Q}C of size x.
Then the following holds.

(1) Forcing with Q,l( collapses x to R if Ry < cf(k) =k orifRy < cf(k) < 2¢f() <
K.
(2) Forcing with Q,& collapses y to Ry in the case of Xg = cf(k) < k.

Now we start defining tree structures from @,1( -names for collapsing functions.
Those trees will later be used to define dense suborders Q7 of Q?{. The idea of Q7 is
that the sets set, (t), t € spl(p), for p € Q7 will be sufficiently strong Q,l( conditions.

Lemma 2.5 Suppose that Q! collapses 2° to w. Then there is a Q} -name t: Ry — 2¢
for a surjection, and there is a labelled tree T = ((ay, ny, 0y) : n € “7(2°)) with
the following properties

(a) ay = k and for any n € ©~(2Y), a, € [«]*.

(b) n1 < ny implies ay, 2 ay,.

(¢c) ny € [dom(n) + 1, w).

(d) Ifa € [« then there is some n € “~(2°) such that a 2 a,,.

(e) If n"(B) € T then a,r gy forces T [ ny = 0,7 p) for some 0,y € " (2°), such
that the 0,7y, B € 2, are pairwise different. Hence for any n € “~(2%), the
family {a,r oy : a < 2} is a k-ad family in [a,]*.

Proof Let T be a Q}-name such that Q! I 7: R8¢ — 2 is onto. For @ < 2¢ let AP,
be the set of objects m satisfying
G (L) m =(T,a,n, 0) = (Tin, @i, Ny, Oin)-
(1.2) T is a subtree of (“~(2¥), <) of cardinality < |¢| 4+« and () € T.
(13)a={ay : neT)tulfilsn<v - a, Ca,anday =« and a, € [«]*.
(1.4) n = (ny : n € T) fulfilsdom(o,(p)) = n, > dom(n) forany n"(8) € T.
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(1.5) If n°(B) € T, then a,y g, forces a value to t [ n, called g,gy, and for

B # vy we have 0,75y # 0y (y)- Hence for any n™(B), " (y) € Tw, B # v
implies a,~gy N a,y () € [K]™*.
(1.6) For n € T;;, we let

Pos(ay, ny) = {0 € "1(2°) : ay ¥y T [ ny # o},

and require that the latter has cardinality 2.
In the next items we state some properties of A P, that are derived from (x).

()2 AP = |J{APy : « < 2%} is ordered naturally by <4p, which means end
extension.

(x)3 (a) AP, is not empty and increasing in .
(b) For infinite o, A P, is closed under unions of increasing sequences of length
< |a|T.

()4 Lety <2“.If m € AP, and n € T;; and n"(«a) ¢ T); then there is m’ € AP,
such thatm <ap m’ and T;;y = T U {n"(a)}.
Proof: For n € Ty,

U = Pos(ay, ny) ={o € "(2) : ay W T [ ny # o} has size 2,
whereas
Ay =A{oyp [ny 2 BE2ZAN(B) € Tin}
is of size < |Tj| < |y |+ k. Hence we can choose 9« € U \ A, and b, € [a,]*
such that b, lh@i 0+ =T | n,. We let 0,74y = 0« Since b, forces a value of
[ ny that is incompatible with the one forced by a, g, for any n"(8) € T,

the set by is «-almost disjoint from a,gy for any n"(B) € T;;. We take b, =
a,;,/’,f@o g a,;,,,,.

Since c¢f(2¢) > R and since
l{range(o) : 0 € “7(2°) Ay g T [ n # 0} =27,
there is an n such that
Pos(by,n) = {0 € "(2) : b, ¥qi T [n#o}

has cardinality 2“. We take the minimal one and let it be 72,14

(x)s5 Ifm € AP, and a € [«]* then there is some m’ > i, such that there is n € Ty
with @, C a.
Let
U ={0 €7 (2" s alkg o T},
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ie.
U ={0 € (2 : @b =g a)blFgr 0 <D}

This set has cardinality 2¢ because Q! IF 7: @ — 2¢ is onto. We take n minimal
such that

Upp={0 €2 : (3D >q! a)(b “_Qi 0<1)}
has size 2¢. We let
set;} (m) = {oy : n € T;n, dom(gy,) > n}.

Clearly |set! (m)| < |Ta| < |y| + «. Thus we can take o, € U, , that is
incompatible with every element of set;f (m). We take some b, € [a]* such that
b, “_@L 04 < 7. The set

Au:{neTnﬁ:bag,tan}

is <-linearly ordered by (%) clauses 1.3 and 1.5 and () € A,. Since b, does
not pin down t, A, has a <-maximal member 71,. Now we take o, = min{f :
na"(B) ¢ Ti}. For any n,"(B) € Tz we have g, ~p) and g, are incompatible,
and hence a,,~g) N b, € [k]=*. Now we choose b; € [by]¢ and @] such that
b} IFqi 07 <7 and dom(oy) = nj,y, > dom(na).

We let

T = Tin U {na"(ax)},

1
Ay, (ay) = ba>

We let n,, ~(,) be the minimal n such that |Pos(bé, n)| > 2¥. So (%)5 holds.

Now we are ready to construct 7 as in the statement of the lemma. We do this by
recursion on @ < 2. First we enumerate [«]* as (¢, : o < 2), and we enumerate
@Z(2%) as (ny : o < 2¢) such that n, < ng implies o < B. We choose an increasing
sequence m,, by induction on o < 2. We start with the tree {()}, a(y =k, 0¢ = ¥, ny
be minimal such that |Pos(x, n)| = 2. In the odd successor steps we take m24+1 >4p
mgy so that a; C ¢, for some € T4 1. This is done according to (*)s. In the even
successor steps we take moy42 >ap Mag41 such that ny, € Toy4o. Since all initial
segments of 7, appeared among the ng, 8 < o, ma42 is found according to (x)4. In
the limit steps we take unions. Then 7 that is given by the last three components of
mo« has properties (a) to (e). O

Since T = [G]is notin V, for any 7 as in Lemma 2.5, for any f € “(2“) NV,

the branch ((a s, nfim, 0f1m) © m € w) of T has ano Cf-lower bound for its first
coordinate.
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3 Transfer to Q2

In this section we use the tree 7 from Lemma 2.5 for finding Q2-names. First we
establish a dense subforcing Q7 of Q,z(. Then we construct Q-7-names that are based
on a Q,l{ -name of a collapse and on the equation 227 = oK,

Definition 3.1 Let 1, A be cardinals. For v, v' € *> 1 we write v L v/ if v ¢ v and
v L.

Typical pairs (A, p) are (@, 2°) and (x, k).

An important tool for the analysis of Q% is the following particular kind of fusion
sequence (py : @ < k<F)in Q,%. Since we do not suppose k <* = k, a fusion sequence
can be longer than «. An important property is that for each v € “~« there is at most
one o < k= such that set, (v) 2 set,, ., (v).

Lemma3.2 Let (v, : o < k=X) be an injective enumeration of k =¥ such that
Vg <vg = o < B 3.1

Let (py, Vg, co @ o < k=X) be a sequence such that for any a < A the following

holds:

@ po € Q.
(bl) Ifa =B+ 1 <k~ andvg € spl(pg), then

cp € [sucy, (vp)]* and
pa = ppp.cp) = Jlpy" " i ey UUpY : n g Avp £
(b2) Ifa =B+ 1 <k~ andvg ¢ spl(pg) then p, = pg.

©) pa =(Mpp : B <a}forlimita < k=~

Then for any A < k=X, p) € Q,z( and VB < A, px <@ Pp-

Proof We go by induction on A. The case A = 0 and the successor steps are obvious.
So we assume that A < x=* is a limit ordinal and p, € Q% for « < A. Since ¥ € p;,
Py is not empty, and p; clearly is a tree. Let 7 € p;. We show that there is ¢’ ™ ¢ that
is a splitting node in p;..

We fix the smallest o such that v, >, 7 is a splitting node in pg. Then in pg there
are no splitting nodes in {s : + < s <v,}. Hence v, € spl(pg) forany g € [0, A].

Now we show that the limit of splitting nodes in p; is a splitting node. Let y < A
and let (V' : i < y) be an <-increasing sequence of splitting nodes of p; with
union v € « =¥, Then v is a splitting node of each p,, @ < A, and also in p, since
(setp, (V) : a < A) has at most two entries and their intersection has size «. m|

We use yet another, richer type of fusion sequence.

Definition 3.3 Let p € Q,% and let v € spl(p).
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(1) We say 1 is the shortest splitting node above v in p and write 1 = sucspl ,(v) if n
is the shortest splitting node in p such that n O v. Equality is allowed and occurs
if v is a splitting node.

(2) We say F C p is the front of next splitting nodes above v in p, if

F ={n"espl(p) : 3(n € suc,(v))(n" = sucspl,,(n))}.
Lemma3.4 Let (v, : @ < k=X) be an injective enumeration of k = such that
Vg <V = a < B. (3.2)

Let (py, Vg, Car Fy : o < k=) be a sequence such that for any o < X the following
holds:

@ po € Q.
() Ifao =B+ 1 <k~ andvg € sp(pp), then cg € [sucp, (vg)]“, Fp contains for

eachi € cg exactly one n € spl(p;vﬁ (i>>), and

pa = pp(vg, cp, Fp) := U{Pfg") 1 i €cpg,n € Fp}

ULJ{p/(S77> cndvg Avg Al

Note that this implies that Fg is the front of next splitting nodes of py above vg.
(b2) Ifa =B+ 1 < k=" andvg ¢ spl(pg) then p, = pg.
(©) pa =(Mpp @ B < a} forlimita < k=¥,

Then for any » < k=¥, p; € Q> and VB < A, p;. <@ Pp-

Proof We go by induction on A. The case & = 0 and the successor steps are obvious.
So we assume that A < x=* is a limit ordinal and p, € Q% for @ < A. Since ¥ € p;,
Py is not empty, and p; clearly is a tree. Let t € p;. We show that there is ' > ¢ that
is a splitting node in p;..

We fix the smallest o such that v, >, 7 is a splitting node in pg. Then in pg there
are no splitting nodes in {s : + < s < v,}. Hence v, € spl(pg) for any 8 € [0, A].

Now we show that the limit of splitting nodes in p; is a splitting node. Let y < X
and let (V) : i < y) be an <-increasing sequence of splitting nodes of p; with
union v € x<¥. Then v is a splitting node of each p,, @ < A, and also in p, since
(setp, (V) : a < A) has at most two entries and their intersection has size «. m]

In the special case Fg = {vg"(j) : j € cg}, the construction of Lemma 3.4
coincides with the simpler construction from Lemma 3.2.

Definition 3.5 We assume Q,lc collapses 2“ to w. Let T and 7 = ((ay,ny,0) : n €
@=>(2)) be as in Lemma 2.5. Now let Q-7 be the set of x-Miller trees p such that for
every v € spl(p) there is 1, , = 1, € “7(2) such that

set,(vV) ={e ek : V() € p} =ay,. 3.3)
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By the properties of 7, the node 7, is unique.

Lemma 3.6 Assume that Q! collapses 2 to w, let T be chosen as in Lemma 2.5, and
let Q7 be defined from T as above. Then Q7 is dense in Q,%

Proof Let po =T € Q,%. Let (v, : o < k=¥) be an injective enumeration of x =¥
with property (3.1). We now define fusion sequence (py, vy, cq : @ < k) according
to the pattern in Lemma 3.2 in order to find p,<« > T such that p,<« € Q7.

Suppose that p, and v, are given. If v, is not in p, or is not a splitting node in py,
then we let py41 = po. If vy € spl(py), then according to Lemma 2.5 clause (d) there
is n € “7(2°) such that suc,, (v4) 2 a,. We choose such an 1 of minimal length and
call it n(a).

Then we strengthen py to

Part =PV =0 i) Al € ag@)U

U{pén) n ﬂ Vo N Vg ﬁ n}.

(3.4)

Now we have that

npa+1,va = 77(05)v Ca = dp(a)-

For limit ordinals A < =¥, we let p = (\{pg : B < A}. Since the sequence
(Pas Va» Cq = o < k=) matches the pattern in Lemma 3.2, we have p,<« € Qi. By
construction, for any « < k=¥ forany § € [a + 1, k=), vy € spl(ps) implies

setpy, (Vo) = setps (Vo) = dy(a)-

Hence the condition p = p,<« fulfils Equation (3.3) in its splitting node v, with
witness 7, = n(a). Since all nodes are enumerated, we have p,<c € Q7. O

We use only the inclusion set, (v) € ay, from Definition 3.5.

Definition 3.7 We assume that Q! collapses 2¢ to w and the 7 is as in Lemma 2.5.
For T € Q7 and a splitting node v of T we set o7, := 0y, € 7 (2°). Recall n7 ,,
is defined in Def. 3.5, and g is a component of 7.

For p € Q7, the relation v < V' € p does neither imply n, < 5, nor g, < o,.
However, n, < 1,y implies a;, D a;, and o), <0y

Observation 3.8 We assume that (@,1( collapses 2“ tow. Let p1, pa € Q7. If p1 =@
then for v € spl(p2) we have v € spl(p1) and 0p, v < 0p,,v-

We introduce dense sets:

Definition 3.9 We assume that Q! collapses 2 to w. Let n € w.

Dy ={p e Q1 : (Vv € spl(p))(dom(p,y) > n)}.

@ Springer



Sh:1154

A version of k-Miller forcing 887

D,, is open dense in Q7 and the intersection of the D), is empty.

Recall, by Lemma 3.6 we can work with the dense subforcing Q7 of Qf. The
following technical lemma is the next step of a transformation of a Q.-name of a
surjection from w onto 2“ into a Q7 -name of such a surjection. The coordinate y,
and the clauses (d), (e), (f) are used for a counting argument in the induction steps.
Later, only the coordinates p,, 1y, and clauses (a), (b), (c) and Remark 3.11 will be
used.

Lemma 3.10 We assume that Q,l( collapses 2° to w, cf (k) > w and 20T) = 2K et
(T, : a < 2¢) enumerate Q2 such that each Miller tree appears 2* times. There is
((pas Ny Vo) = @ < 2%) such that

(@) ny <o,

(b) po € Dy, € O7 and py > T,.

(©) If B <aandng > ny then pg L pq.

(d) 7701 = (Va,v LV E SPI(Pa))'

(e) (Vv e Spl(Pa))(an,,a_v ”_Q}( Ya,v € range(0p, v))-
() Voo € 2°\ Weq , with

Wy = U{range(gpﬂm) i B <oa,vesplpg)l.
Proof Assume that ((pg,ng,yg) : B < a) has been defined and we are to define
(Pa» 1o, Vo). Note that the pg need not be increasing in strength.

(@)1 The choice of the a; in Lemma 2.5 and the choice Q7 and of 7, , for v €
spl(pg), B < a, imply that the set W4, is well defined and of cardinality
< |a| + Ro < 2. Hence we can choose Yy, € 2 \ Weqg, .

()2 With the fusion Lemma 3.2 we choose g4 > Ty, g0 € Q7, such that

(Vv € spl(qa))(ay,, , IFQ} Ya,v € range(Qg,.v))-
()3 Letg € Qz. Forn € wand v € spl(qg) we let

U vn(q) ={B <a : ng=n,v e spl(pg) A|sety(v) N set,,ﬂ(v)| =K}.
Uav(q) = | JUav.n(@) : 1 € 0},

(®)4 (@) If n € wand v € spl(gy) then

B e ua,v(‘]a) — Opg,v g Qqq,v-

This is seen as follows. We leta = set, (v) Nsety, (v). Since f € Uy, v(qa),a €
[«]¢. Clearly a IFQ; T > 0pg.vs Ogy.v- So either Opp.v 0qy,v OT Opp.v B 0gy,v-
However, since yy,» € range(0q,,v) \ W<q,v, only 04, > Opp.v is possible.
(b) So for v € spl(ga), the set {0,5,0 : B € Uq,v(ga)} has at most dom(og,.v)
elements.

(c) The assigment 8 — Opp.v is is defined between Uy, , (q,) and {Qpﬂ‘v : B e

@ Springer



Sh:1154

888 H. Mildenberger, S. Shelah

Uy.v(qqa)}- According to properties (e) and (f) in the induction hypothesis, the
assigment is injective, and hence

Iuot,v(‘]oz)| =< dom(Qqa,v)~
(d) We state for further use that 4y , (g ) is finite and for any g < g, Uy v (q) <

ua, v(qa)-
()5 We look at the cone above ¢, and show:

(Vq = o) (Vv € spl(q)) Fra,v =q2 q)
(3c € [setyI)EF C {n € spl(g) : 7> v)) (3.5)
(raw = g, c. F) A (VB € Unou (g $ L pl" v pl) = 1)),

How do we find ry,, = r4,,(q)? Given g =2 o>V € spl(g) we enumerate
Uy v(ga) as Bo, ..., Pk—1. We let rp = g and by induction on i < k we define r;,
increasing in strength, with v € spl(r;) and ¢; = set,, (v). Thus the ¢; are C-decreasing
sets of size k. Given r;, we distinguish cases:

First case: B; ¢ Uy, (r;). Then there is ¢;11 € [set,, (V)]“, ciy1 N set g, v) = 0.

We let ri41 = ri (v, ci+1) and thus have ri<fr>1 L pg;-
Second case: B; € Uy, (r;). We let

ci = {j esety )t rl” I < p U UG e set, () 1YY £ pEUy,

Ifc;1 ={j €set,;(v) : rl.(vA(m < pgA<j>)} has size «, then we let ¢;41 = c¢1; and
rip1 = ri(v, ci41) and thus get rffl > pg,-

If [c; 1] < Kk, then ¢; 2 = {j € set,, (V) : ri(UAm) £ pgl_mj))} has size «, and we
let ¢;+1 = cio. For j € ciy1, rfUA(m pis pgf(m. Thus we can find a node in the

P pgj ) and above this node we find a splitting node of r;. We take this latter
splitting node into r; | as the direct successor splitting node to v"(j). Doing so for
every j € cj4+1 we get F,,;, a front strictly above v in ri41 = r; (v, ¢i+1, Fy,;). Again
we get rfi)l L pg,.

In the end we let ry,, = r¢. There is a front F that contains for each j € ¢ the
shortest splitting node of r; above v"(j). Thus we have ry = ro,, = q(v, ¢k, F) and
rq.v fulfils (3.5).

(®)s Now we use ()5 iteratively along all v € «=¥ to find a fusion sequence
(Fav, v, cy, Fyy o v < =) with starting point g, = ro,y,. In this sequence,

v 18 chosen as ry ,(q) in @5 for g = ﬂﬁ<o{ rg, if v € spl(q). If v ¢ spl(q),
then o, = g. Then we apply the fusion Lemma 3.4 and get an lower bound ry

of r4 v, v € k. Note r(iw L pgiff r()(,w 1 pg)) and r&v) < pgiff ré,w < p<v>.
Hence r, > g4 and

(Vv € spl(re)) (VB € Un,v(qa))r L pp v pp = 1.
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()7 Finally we choose ny and py. There are k and v such thatn < wand v € spl(ry,)
such that py, = r(iv) fulfils

(VB <a)(ng =k — py L pg).

Proof of existence. By induction on k € w we try to find (v, B : k € w) such
that

(@) v € spl(ra),

() v < vy, fork < m,

(©) B <aandng, > kand rd’™ < pg,.

If we succeed, then v, = | J{vx : k € w} = v* € spl(ry) by Definition 1.1 (2).
Here we use that cf(x) > w. Hence

k)

r;"*) eQdrn ﬂ{Dk : k < w} and

ap,, determines in “_@i for any k < w the value of 7 [ k.

This is a contradiction.

So there is a smallest k£ such that v, cannot be defined. We let n, = k. We let p,

be a strengthening of révk*l) such that p, € D,,,. For finding such a strengthening we

again invoke the fusion Lemma 3.2.

We show that p, L pg for B < a withng > k. Otherwise, having arrived at P

we find some By, @ such that ng, > k and r}*~" is compatible with pg,. Then we

can prolong v;_1 to a splitting node v € spl(pg,) N spl(ry). By the choice of r, the
latter implies that r(i”" ) < pg,- However, now we would have found v, By as required
in contradiction to the choice of k. O

Remark 3.11 Conditions (a) to (c) of Lemma 3.10 yield: For any k < w,
{pa : ng > k}isdense in Q,%.

Proof Let k and p be given. There is g such that Ty, € Do and Ty, <@ P- Then
DPay < Ty, andny, > 0. Then thereis oy > «g suchthat Ty, =Q2 Pay- Then py, < Ty,
and hence by condition (c), nq, > ng, > 0. We can can repeat the argument k — 1
times. O

Now we drop the component y,, from a sequence (pgy, g, Yo : @ < 2) given by
Lemma 3.10. Then we get a sequence with properties (a), (b), and a weakening (c)
with the property stated in the remark. This sequence, combined with 22~ = 2
allows to define a Q2-name of a collapse.

Lemma 3.12 We assume that Q}( collapses 2% to w, cf(k) > w and 2@~ = 2~
Let (Ty : o < 2°) enumerate all Miller trees that such each tree appears 2° times.
Assume that ((py, ng) : @ < 2X) are such that

(@) nyg <o,
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(b) po € Dnu C Q7 and py > Ty,

(c) if B <aandng = ngy then pg L pq,

(d) forany k € w, {py : ng > k} is dense in QE.

Then there is a Q% -name t' for a surjection of w onto 2¥.

Proof Let G bea Q,% -generic filter over V. We define 7 (n), a Q,% -name by 1 (n)[G] = o
if po € G and ny = n. The name 7 is a name of a function by (c). By (d), the domain
of 7 is forced to be infinite. For any p € Qf welet U, = {a : Ty = p}. Upis of
size 2, in particular for € 2* we have |Up,| = 2" and U, contains the antichain
{Ps@.i) © i < 2}. Hence there is f: 2 — 2% in V[G] such that for any y, o € 2
there is B = §(a, y) € Up, for some function 6: 2 x 2 — 2¢ with f(B) = y
forced by ps(a,y). We let

‘,L:/ = f(I) = {((nou V), Pé(a,y)) : a’ )/ € 2K}
Next we show
Q? IF range(z') = 2°.

Suppose p € Q7 and y < 2 are given. By construction the sequence {pg : B < 2}

isdense. Let p < py. Thenthereis 8 = §(a, y) € Up, Ps,y) < py,wWith f(a) = y.

However, §(a, y) = B € Up, means Tg = p, > pg by construction. By the definition

of 7, pg IF T(na) = a, 50 pg I= (f (1)) () = y. o
So we can sum up:

Theorem 3.13 We assume that Q}( collapses 2¥ to w and cf (k) > w and 2~ = 2.
Then the forcing with Q% collapses 2 to N.

4 k-Cohen reals and the Levy collapse

Many « -tree forcings add a k-Cohen real, sometimes even if their w-version does not
add a Cohen real. Also our forcing Qf is of this kind. Classical Miller forcing preserves
P-points and hence does not add a Cohen real. In this section we show that under the
above conditions, Qf add a x-Cohen real and is equivalent to the Levy collapse of 2
to Np.

Lemma 4.1 If@,z( collapses 2¢ to Vo, cf (k) > Ro, and 22~ = 2, then Q,% adds a
k-Cohen real.

Proof Let G be Qf—generic over V.Let f: w — 2<% be a function in V[G], such that
(Vn € 2=%)(3%°kf (k) = n). Such a function exists since 2= < 2%,

Since 227" = 2¢ , we can enumerate all antichains in C(k) in o, < 2 many steps.
In V[G], a4 is countable. We list it as (&, : n < w). Now we choose 7, € (C(/()V by
induction on n in V[G]: n9 = @. Given n, we choose k, such that f(k,) = n, and
then we choose 1,41 > n,, such that n,4| € I,. Then {n : 3Fn < w)(n < f(k,))}
is a C(k)-generic filter over V and it exists in V[G], since it is definable from { f (k,) :
n < w}. O
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Two forcings P1, [P, are said to be equivalent if their regular open algebras RO(P;)
coincide (for a definition of the regular open algebra of a poset, see, e.g., [3, Corol-
lary 14.12]). Some forcings are characterised up to equivalence just by their size and
their collapsing behaviour.

Lemma 4.2 [3, Lemma 26.7]. Let (Q, <) be a notion of forcing such that |Q| = A >
Ro and such that Q collapses A onto Xy, i.e.,

1o IFg Al = Ro.
Then RO(Q) = Levy(Rg, A).
Lemma 4.3 If@,]( collapses 2 to N, then Q}( is equivalent of Levy(Ro, 2).
Proof Q}( has size 2“. Hence Lemma 4.2 yields RO(Q,&) = Levy(Ro, 2). O

Definition 4.4 A Boolean algebra is (6, A)-nowhere distributive if there are antichains
p® = (p, : a < a.) of Pfor e < 0 such that for every p € IP for some ¢ < 0

Ho <ae @ p L pgll = A

Definition 4.5 Let B be a Boolean algebra. We write B™ = B\ {0}. A subset D C BT
is called dense if (Vb € BY)(3d € D)(d < b). The density of a Boolean algebra B is
the least size of a dense subset of B. A Boolean algebra B has uniform density if for
every a € BT, B | a has the same density. The density of a forcing order (P, <p) is
the density of the regular open algebra RO(PP).

Lemma 4.6 [1, Theorem 1.15] Let 6 < A be regular cardinals.
(1) Suppose that P has the following properties (a) to (c).

(a) Pisa (0, A)-nowhere distributive forcing notion,

(b) P has density A,

(c) in case 0 > Ry, P has a 6-complete dense subset S. The latter means: (VB €
[S1=9Y(3s € S)(Vb € B)(b <p s).

Then P is equivalent to Levy(6, A).
(2) Under (a) and (b) P collapses A to 6 (and may or may not collapse A to Ro).

Proposition 4.7 Ifthere is a k -mad family of size 2 the forcing Q,l( is (Ro, 2°)-nowhere
distributive.

Proof Lemma 2.5 gives 7 such that p" = {a, : n € "(2“)}, n € w, witnesses
(R, 2¢)-nowhere distributivity. O

By Lemma 4.2 and Theorem 3.13 we get:
Proposition 4.8 If@,l( collapses 2 to Rg, cf(k) > Rg and 26 = 2K then Q,% is

equivalent to Levy(Ro, 2).
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