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Appendix: On stationary set

We represent the relevant facts from [Sh 6] (hopefully in a better way) and add slightly.

This was written essentially by accident.

1. Definition: 1) For A regular, a set S < A is called good if there is a sequence

a ={a; : i <A}, a; a subset of &, such that for some closed unbounded C C A:

CASc Sx@l={y:3Ga CNY=sup a A op(a)<y A VoW(di<a~e = ail or Y= cf y}
We say {a; : i < A) witness the goodness of S, and C exemplify this (p stands for positive, g for
a variant n for negative.) '

2) I [A] is the family of good subsets of ¢.

2. Lemma: 1) We canin 1.1 replace @; by P;, | ;1 <A, P; < {a:a X isbounded,
and "a~o = g;" by "a (0. € P;" (and get an equivalent definition). [see 4) and 5) below]

2) we can demand in 1(1) that ¢ has order type cf (y)and a; < i.

Le. if for A, & as in Definition 1(1) we let $37 [a] = {Y < A: there is @ < 7y of order type ¢f ¥
such that op(a) = ¢f(y), supa =7 and (Vo <G <yla o =a]} we can use S;j? [al
instead of S;‘f’ {a] in defining "a good set" (and hence I{A]).

3) if {a; : i < A) witness the goodness of S cA and {a;:i <A} ={b;ii<A c PQ)
then (b; : i < \) witness the goodness of S. In fact SPP({b; 1 i < A)) &< S ((q; 1i < A)) mod D,

4) {a; 1 i <L) witness that § ¢ A is good iff {{a;} : i < A) witness that S is good.

5 IF PP =¢( Ptii<Ayareasin2(1) for £ = 1,2 and U Pl < U P? and P witness

that § < A is good then also P witnesses it.

6) For A uncountable regular, {& < A :8 a (weakly) inaccessible cardinal} belongs to
ITAL

Proof: Trivial, e.g.

2) Let{a; : i < A) witness § ¢ A is good.
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For every limit & < A choose a closed unbounded subset Cg of & of order type cf 0; let for
i<\ d<A a;5={ € a;: theorder type of a;  j belongs to C5}.

Let {fa;5:1 <AO<AUffiti<o) a<)M ={b;:i <3}, let C exemplify {(g; :i <A)
witness the goodness of S.

Let Co = {ooe C: for every i < o and limit 6 < « there is { < & such that by = g; 5 (if
defined and o is a limit ordinal)}.

Clearly Cy < C is closed unbounded in A. Now for any ye Cpy 5 we know there isa
set @ ¢ ¥ such that sup(a) = v, ofp(a) < v, & Ny a = a;() for 0 € a and i(x) is an ordinal <.
Leta' ={ica: opla) € Cop(a)}. Now a” is as required.

3. Lemma: 1) /[A] is a normal ideal, which include all non-stationary subsets of A.

2) If A = A<*, then for some ;3" < A:
IA}={S < A:S§ ~ S, is not stationary} = {S CA:{g; :i < A) witness S is good}

forany {(g; : i < A) enumerating fa A : lal <A}.

3)  Always there is S CThM/S<A:A¥®=2}  such that
SeIMASCT) S chAS 5" not stationary.

Proof: Easy.

4. Lemma: 1) If A is regular, x < A, (Vo < Mol <€ < A (e.g.,, A =p*, p = p<¥) then
< h:cf(®)<x}e I[A]

2) Suppose A=, of(W) <k <p and (VO < x)(Vy < w)x® <pl. Then there is
S e I{A] such that:

() if 8<AB<x, and ¢f 8 = 2%)* or even just (Vo < ¢f (8)) [lo!® < cf(8)] then for
some closed unbounded C5 ¢ 8, (Vo[ e Csgacflop <8 - ae S
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3) For A, 1, K as in (2), there is a 2-place function ¢ from A to ¢f [t such that:
(a) for a < B <, c(,y) < Max{c (o, B),c (B,Y)}.
(b) o < B:c(a,B) =¥} <.

(c) S3 [c12 {8 <A: § has cofinality <k and there is an unbounded a < & such that
¢ Tais bounded incfp (ie. @y < of W(Va,Be a) [ < B —c(o,B) <y} belongs to I[A].

Proof: Note that 4(1), is easy, and 4(2) follows from 8(1), 4(3). It is easy to satisfies

(a), (b) of (4) and (c) follows [choose an increasing sequence (W, :i < ¢fp) such that
B = Z{W; : i < ¢f 1}, and then define by induction on BB, {c(ct,B) : o < B)such that (a) holds and

b Ha<B:cB) =y =p,.

Why (c) follows from (a) + (b)? Clearly for a <A, i <cf(1), B;={a:a asa subset

of {B:P <o and c(B, o) < i} of cardinality < x} has cardinality <y,s0 Py = | Pq, has
i<ef
cardinality <. Now Sy [{ P, : & < A)] is a subset of S3” [c].

There are no problems].

5. Remark: 1) In 4(2), 4(3) we can replace A = p* by A = p*%, as « increases we get
less information. See [Sh 6] xx.

2) In (3) really (a) + (b) implies (c) and note (7) below.

6. Definition: 1) A two place function ¢ from an ordinal { to an ordinal & is called
subadditive if:

fora<P<y<l c(o,y) <Maxfc(aB),c(B,v)/
and ¢ (a,B) = c(B, @), c(a,a) =0

2)A —>p(S)% mean: (for A, 0 regular cardinals, § < A.)

Suppose
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{*} ¢ is a two place function from A to 8, ¢ subadditive.
Then for some closed unbounded C < &, for every 8 € S ~ C of cofinality > 6,

(¥*)s there is A < 8, such that sup A = 8, and supfc(a,B):a < P,axe A,Be A} <6.

3) We say A is 8-sawc (sub-additively weakly compact} if: for every subadditive two
place function d from A to O, there is an unbounded subset A of A such that
supfc(o,B) o< B, e A, e 4) <96.

7. Fact: In Definition 6(2) the following demand on 8 € § /~ C is equivalent to (*¥)3
when ¢f(0) > 6:

(**)5 there are o;,pB; <6 for I < cf(d), d=o=h and

sup{c(oy,B;) 1 i < j < cf(d)) < 6.

Proof: If A is as in (**); choose o;.BieA st Jd=yfoy:i<cfd),

sup{B; : j < i} < a; < Py, they are as required.

If o, Bi(i < ¢f(8)) are as in (**)5, w.lo.g. [j <i = < B; < @; < B], so as ¢f(8) > 6 for
some y; < 6

BEfi:cBioin) =1/
is unbounded below ¢f(8). Let

Yo = supfe(oy,B;) i < j < fB)} <.

NowA = {B; :i € B} isasrequired: forj < iin B

c(Bj,Bi) < Max{c (Bj, 0 41),c (041,80 <

Max {Ylvyb}

8. Lemma: 1) Suppose A,l,k are as in 4(2) (so 4(3)) and kmap(S)zf(u),
Sc{d<h:cfOd<x}thenS € I[A].

DIf(vo)ot <u—29<AlL, Scid<ric¢fd< ), S e I[A] and A,0 are regular then
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A _)P(S)%'

3) Suppose A, L, K are as in 4(2), ¢ as in 4(3) (a),(b). Then for any 8 <X and § < ¢f 3,
there is an increasing continuous function A : ¢f(8) — 8, & = sup{h (i) : i < ¢f(5)}, and a club

¢ < 6 such that

lef 8= p()gru = A (S) SR [e]]

9. Remark: Particularly assuming G.C.H. 4(3), 8(1), 8(2), 8(3) fits nicely.

Proof of 8: 1) Let ¢ be a two place function satisfying 4(3) ( a) + (b). By Definition 6,

there is a closed unbounded C C A such that for 8 € C ~ S of cofinality > ¢f(l), (*¥);5 hold.
Now {S<A:¢f8<cfu)ycTr [by 42 as p9*< 3 %< ¥ % hence

A<H xA<H
O<cf u

AR = (uh<TR = pt = A) so we can assume ¢f(8) > ¢f(1). Now (**)5 implies 8 e Si?[c]
(see 4(3)(c)), so by 4(3) we finish.

2) Let ¢ be a two place function from A to 0, subadditive. Let ¢ be regular large enough,
and w.lo.g. let {g; :i < A) exemplify § € I[A] witmessed by Cy with otp(a;) < 1 (see 2(2)
above). Let (N; : i <A) be increasing continuous such that N; < (H(y),€), {g; : i <A) € Ny,
Ni A is an ordinal, WN;ll <X, and (N;:j<iye N;yy. Let C={i<h:N;A=iand
i e Co} (it is closed unbounded). Suppose e C ~ S, ¢f(8) > 6, then there is a £ 8 = sup &
such that (Vo e a)la o e {aj:j< 01 hence (Vo€ a) [a o€ N, and we also know
otp(a) = ¢f (8); and let {o; : i < ¢f(3)} be an increasing enumeration of a. So there are ¢; < 9,
[[<j=0;<al, 8= yfoy:i<cfd} and for i <cf(0), {fo;:j <i} € Np, for some [§; < 8.
Asfori<¢f8, l{a;:j<ijl <gfd<y, 502/ 7 <V < % hence {: C <2< Ny,
so every subset of {o:j<i] belongs to Np  <Ns. As ¢f(d) >80 for some y<¥9,
A = {i < ¢f(d): ¢(;,d) <y} is unbounded below ¢f(d), so by the previous sentence w.l.o.g.
A =¢f(8). So Ngyy E@N(Vye foy:j<ily [c@, x)SyYao; <x] (as & witness the 3x) so

there is such x in Ng 4 callis B;. So o, B; are as required in (**y5 of Fact 7, so by 7 we finish.
3) Follows.

10, Lemma: 1) If S € I[A] is stationary, and (V8 e $)[cf(0) <pul, and P is a p-
complete forcing notion (1L > Rg) then " I#p"S is a stationary subset of the ordinal A"
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2) If S < {8 < A:c¢f(8) < W is stationary but included in S3* (see 3(3)), K regular and
A = A<H then for some J-complete forcing notion P, I#p”S is not stationary” (in fact P = Levi
(L,A)is O.K)

Remark: As for 10(2), it repeats Theorem 21, p. 366 of [Sh 6], Donder and Ben David

note a defect: in the case A = A< (really A =A") in the definition of the forcing P

(= flo; :i <C) oy increasing continuous B, , = {a; : j <iJ) we forget to demand { < p.

[Note however that automatically £ < pt as each B; has cardinality < Ji, so we should just omit
the maximal elements of P which make P totally trivial].

For the general case (A < A*") note that if some weak form of it fails, our definition of the
set S3" make it empty. Le. by Definition 8, p. 36 of [Sh 6], 53" make it empty. Le. by Definition
2(1),2(1), p. 359 of [Sh 6] relaying on Definition 1, p. 358 of [Sh 6]. This demand
"Sa* < gcf(x)" is reasonable, as otherwise we cannot prove there is such a set. See here later.
[18,19]

Proof: 1) Use (Vs)(s € I[A] = 5 € I7[A]) from 16(2) (see Definition 15)

2) Let {a; : i < A) list the subsets of A of cardinality < j, each appearing A times. If
P = Levi (W,A), in VP X has cofinality 1, so let {ot; : i < J) be increasing, o; < A, %= A

i<k
But forcing with P add no sequences of ordinals of length <p, so we can find inductively
JO <A jO > UG 1€ <i), ajy = {og 1§ < i}. Now {8 < A:the set fj (i) :i <p} O

is unbounded in 8} is a club of A in V¥, included in a good subset of A from V.

10A Remark: It is natural to force with
Oai:i<M)=fig:L<&D: 0 <x,ig<h, [6(1) < §2) = iy < igey), and
g, =(g:E<.
* * *

In [Sh 6] we define 3" inside a larger set than {8 < A: ASTS = 0 (see 3(3)). We will
present this addition, improved, i.e. G¢f [A], g¢f(A) are bigger sets here than in [Sh 6, Definition
21.

11 Definition: 1) For a family F of subsets of 0 let
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rF)={A~a:AeF,a<b}

2) For 9 regular uncountable let club, (0) = Min{ itr(F)| ; F is a family of closed
unbounded subsets of 8 such that: every closed unbounded subset of © contains some members
of F}.

Let club,[¥p] = Ry and let F g exemplify club,(8) = |Fgl.
3) G¢fTA] = {0 : O is regular 2 Rg and, A = A<® or club, (8) < A}

4) gcflA] = {8 < x:¢f 8 geflA], ¢f(8) < 8} \ {8 <A : 8 a (weakly) inaccessible car-

dinal} (U {& <A :a =0, or o successor ordinal}
4) gcfac M) = {0 € gcflA] 1 ¢f & <)
12 Fact: 1) If GCH, A > R regular then G¢flA] = {0 : O regular < A}, g¢ffA] = A.
2) For regular uncountable 8, 0 < club, (8) < 2<® <29,

3) If 2<% <A, (8,\ regular) then 8 e Gof(L) [as this implies either A = 2<% hence
A =2%% or A > 2<% hence A > club, (6)].

13 Definition: 1) We call @ an enumeration for A if a = {a; : i < A}, each a; a bounded
subset of A.

2) We call a a rich enumeration for A if:

(1) a is an enumeration for A

(ii) if L = A?, (hence @ < A) then every subset of A of cardinality < appears in a

(iii) if O is an uncountable regular cardinal, and club,,(8) < A then letting F g exem-
plify club, (8) < A, for every limit ordinal 8 < X of cofinality 9, there is a closed unbounded sub-
set { B? :i <8)of 8 (B! increasing continuous) such that

(*)foreveryA € Foand{ <8, {BY:ie A ~ {} appearina.



Sh:88a;

490

3) In (1) (and (2)) we replace "enumeration”" by (< y)-enumeration if we restrict our-

selves to subsets of A of cardinality <y i.e. in (i) 6 <y, in (iii) 8 < p.
4) For an unbounded subset S of A, we say a is a rich enumeration for (S, ! if:

(i) a is an enumeration for A
(i)if¢=1, A=A"®andeveryb ch, Ibl <@appearina
(1ii) if € =2 club,(8) <A, then for every & € § of cofinality 6 the condition in (2)

(iii) above holds.
14 Fact: 1) For every regular uncountable A there is a rich enumeration;
2) For every A = ¢f A > |, A has a rich g-enumeration,

15 Definition: For A regular uncountable

I*[A] = {§ < \: for every cardinal ¥ > A and x € H (%), for some closed C A, for every
de C~S there are a limit y<3, and N; <(H(y),e,x,A), for i<y, such that
(Nj:j<iye N;, Ni\M\isanordinal o; < 3 and & = o).
i<y

16 Fact: 1) I 7{A] is a normal ideal on A and in its definition w.Lo.g. ¥ = ¢f 3,

2)ITA 17 [A]

DNIS cecfiilthen: S e IfAl & S e IT[A]

4) There is 3" < gcfTAl, such that for every rich enumeration & for A and § < Gcf[AlL:
Sel[\] if and only if Se I*[\] if and only if S Sy =@ mod Dy, if and only if
S Sy [@l mod Dy. Welet Sy = {8 < L : ¢f(8) = 8, 8§ e 53} (this replace 3(3)) and

St S <hicf6<8,5e S}

5) for every rich enumeration a for A, ged[A] — $37[@1 =539 mod D,

6) for any 8 < A, suppose (A) A = A%, {b < A : 1bl <8} < {a; : i <M} (like 11(2)(ii) or
(B) «club,(®) <A, Fg exemplify it and a satisfies 11(2)(iii) for every
S8e Sc{8<Ahicf8 >cf0).ThenS ~ $3% = S - S¥¥ [a).
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Proof: 1) The normality is easy, the "w.l.o.g. ¥ = ¢f 8" is proved as in 2(2).

2) Let S € I[A], so for some enumeration @ = (@; :i < A) for A, C ~ S < Sx¥{a) for
some closed unbounded C C A. Let y >A, x € H()). We can find (N¢ : { < A) increasing con-
tinuous, N¢ < (H (X),€, x), such that Ny (~ A is an ordinal HIN¢ I <X, (N;:j< D e Nga
andC,2e Ny.SoC ¥ 8<h:0e Cand N A = 8} is a closed unbounded subset of A.

Now for every 8e C" ~ S, there is ¢; from a, otp(a;) < sup(a;) =90 and for o€ g,

g€ {a;:j<d). Asae Nyclearly {a; :i <8} ¢\ Ng. Letg; = {Y, 1 € < ofp a;}. Now
{8

we try to define by induction on € < ofp(g;) an ordinal {; < &:
fore=0:{.=0

for € limit: G =\ Cp,
1243

for € successor: C; is the first ordinal  satisfying § is bigger than ¥ and (N, : B < €) belongs

tONQS.

The only reason for stopping is: € limit \_y {p = &; once this occurs at gy, (N, : € < &) is
p=<e

as required [otherwise for limit and for zero there is no problem, and for € successor, (o ; is
defined and < 8, so for some B, {1 <vg <& [where a; = {y3 : B < otp @;}) now (g : f < &)
is definable inside the model (H(y),€) from the parameters (N; : j < ¥g), {Yj 1 j < B) only; as

both are in \_y N}, is (Cp : B < o), and similarly so is {].
j<&

3) Fix § < g¢fAl; by 16(2) it is enough to assume S e [ ¥{A] and prove § € I[A], we

prove more in 16A below.
4) §37 is gcfIA] — 537 [a] for any rich enumeration @ for A.
5), 6) Should be clear.

16A Subfact: If § cgcflA]l, (A regular uncountable) S belongs to I*[A] and

a = {a; : I <A)is arich enumeration for A, then § < Sy [@] mod Dy,



Sh:88a;

492

Proof of 16A: Let x =4, x = 2)*, so as S € /*[A] (see Definition 15), there is a
closed unbounded C < A such that (see 16(1)):

(*) forevery 8 € C ~ O there is N = (N, : i < ¢f(8)) as in Definition 15.

Fix 8eCAS and N and let ©=¢f 8 o =N; A Remember that
Nila;:j <M ={a;:j< oy} We shall show that 8 e $3P [a], thus finishing.

Case : A<% = A (e.g. ¢f 8< Ry).

In this case for each i(*) < 8, {o; : i < i(*)} belongs to {a; : j <A} (as 4 is rich) and to
Ni(*)+1 (as (N;:i<i(®*)e N;(*)+1, and A e Nj(*)+1); hence {o; :i < i(*)} belongs to their

intersection which is {a; : j < o}, So (g; :i < i(*)) exemplify d e § 2P (@), as required.

Case 2: ¢f & < 8, club, (8) < A where & = ¢f § > Ng).

Let F 5 exemplify club, (8) = lir(Fg)!, and let {B? : i < 8} be as in Definition 13(1) (ii).
SoAg={i<9: 5? = ¢;} is a club of 0, hence for some club A € Fg, A € Ag. By 13(1) (i)
for every i(¥) < 6, {[3?i tie A, i <i(*)} belongs to {a;:i <A}, but A ~i(*)e (UN; [as

i<
0<® hence wlog Fge \UN;, hence w(Fg)e (YN;, but lwr(Fg)l <A hence
i< i<B
tr(Fg) < Ni]. Hence {o; : i € A ~i(*)} € (U Ni, so we finish.
i< i<8

Case3: 0 =¢f d.
Trivial.

17 Lemma: Suppose in V, A > R, is regular, 6 € G¢fTA], so S';if‘e is defined.

Suppose further V! is an extension of the universe V (say same ordinals), ViE"A> Rg is

regular”, and

*), V! E "every subset of A of cardinality < 8 belongsto V", V k "A=1®" or
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(*) vige ”Fg satisfies for every club C of 6, there is A € F g , AcC" (but maybe
V! E "6 notacardinal) and V E "IF§ | = club,(8) < "

Then
V! E“cf0e GeflA) orcf © = Rg”; and
@ V! E"Sire N(5:V Ecf8=0}=(S"%)" mod Dy" or equivalently: in V1,
(S3%)V /D 4 is disjoint to every S/D 5, S e I[A].

Proof: Let @ be a rich enumeration for A in V.

By (*), @ is still a rich enumeration in V! for § = {8 <A:V k ¢f 8 = 8}. By 16(6) we
finish.

18 Lemma: If A > Rg isregular, S € I'[A], S {3 <A:¢f <}, Pisap-complete

forcing notion then

IH-p"S is a stationary subset of A (as an ordinal, A may or may not be a cardinal)"

Complementary to 18 is
19 Lemma: Suppose 0 € Ggf(A), g <O<pu=¢fu<isoS ;fe is well defined.

DIfp=6, A=1%, Hrevigu,ny "(S;fe )V is not stationary (as a subset of the ordinal A,

(remember Levi(8,A) = {f : f a function from some o < 8 to A/, it is 6-complete).
IS =@, A=A, Wrmigu "GVe) is not stationary”.

3) In (1) and (2) we can replace Levi (8,A), by any forcing notion P which adds to A no
new subset of power < pand p "cf A ="

4) In (1),(2) we can replace "A = A<®" by club,, (8) < A, if we replace Levi (L,A) by
Levi(A, A<9) * Levi(u,A).

Remark: A more general forcing is as follows: Let 8 <), x £6, b ={b; 1i < A) exem-
plify that Sge 7[0] and [8<8Ade Sog=>¢fO<x] or just for some O=¢fG<KX,
Se={8<8:cfd=0}, Sc{d<h:¢fd=a} and Q%% = (i : {<{H: L <86, ig<h,
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iC(I) < C(Z) ﬂi{;{l) < fg(z)}, agc e {lé N E, & bg}}

20 Claim: Suppose 0 = ¢f 8 > Ry for the regular cardinals A and g, A >p and
club, (8) < .

1) Given Sy, § :", there is a club C ¢ A such that: for every & € C of cofinality |, there

is an increasing continuous sequence {o; :i < W), (y o; =0 and a club ¢ of y satisfying
‘ i<p

. . . * . *

iccancfi=0nie S =ie Sl

2) If a is a rich enumeration for (A,0), then {6 < A :¢f & = u implies that for some
o;,B; (E<p) (o :i <My is increasing continuous with limit 8, PB; < i and defining for

i<Wy, b;={j:aje apf, {b;:i < isarich enumeration for (1,0)} € D;.

21. Lemma: 1) If k is supercompact and e.g. A > ¥ > ¢f A, then I[A™] is a proper ideal:
AT e ITAT].

3) After suitable collapses, e.g. ¢f A = Rg < A burstil A" ¢ I[A*].

22, Problem: ) IsG.CH. + {3 < Ng.p 1 ¢f 0 > Ry} & [[Xg.1] consistent with ZFC.

2 1Is
(*)28" > N .1+ "there is no stationary § € /[ Ry ]”

consistent with ZFC?

3HIis

) 2% 5 X +1+ for no ultrafilter D on w, ¢f(7(R,,, <)/D) = Rpiq
n

consistent with ZFC.

Remark: "R 4.1 is a Jonson cardinal" implies (*) of (3) (see [Sh 9] which implies (*) of
(2) (see [Sh)).
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Having F cause slight inconvenience.

We define by induction on & < A*, (M, No,a), and Ny, Ny, My, fy.g: for suitable ¥’s
such that

(A) M o,N o, My, Ny, are isomorphic to M,

ByM 3(5 < @) is <g- increasing continuous and similarly Ng,M g N g

(O FMi)=Mi

(D) F (Ni11) = Nisa

(E) (Mp,Np,a) < (My,Ng,a) for B < o

(F) for 7y limit or zero fy is an isomorphism from M; onto M., gy is an isomorphism
from N; onto No.

(G) for 7y limit or zero, n > 0: fy is an isomorphism from N;ﬂ, onto Nyy2,, g 18 an iso-

morphism from M ;+n onto Myson.1.



