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Under certain cardinal arithmetic assumptions, we prove that for every
large enough regular A cardinal, for many regular K < A, many stationary
subsets of A concentrating on cofinality x has the “super BB”. In particular,
we have the super BBon {6 < A: cf(d) = «}. This is a strong negation of
uniformization.

We have added some details to Case 2 in the proof of Claim 1.11. Works
continuing it are [Shel3] and [She20]. We thank Ari Brodski and Adi Jarden
for their helpful comments.
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Annotated Content

80  Introduction, pg. 3.

[We state concise versions of the main results: provably in ZFC there are
many cases of the super BB, for many triples (A, T, ) where x < A are
regular, 2 < T < \ we can give for any § € S a function fs from some
subset Cs of ¢ of order type x unbounded in ¢ into Y such that any f: A - T
extends fs for stationarily many &’s. We also review some history.]

§1  Super black box: sufficient conditions for cf(2#), pg. 7.

[We define families of relevant sequences C' = (Cs: § € S) and properties
needed for phrasing and proving our results (see Definition 1.5) and give
easy implications; (later in Definition d.12A, 1.25 we define other versions
of super BB). Then (in Claim 1.10) prove a version of the super BBfor
(A, T,0, k) guessing only the colour of f [ Cs when A = cf(2#), the number
of possible colours, 6, is not too large and x belongs to a not so small set of
regular cardinals k < p (e.g., every large enough regular x < 3, if 3, < p).
The demand on k says 2* is not the number of k-branches of a tree with
< 2* nodes. We then prove that a requirement on (u,d) is reasonable (see
Claim 1.11, 1.9, 1.13). In Claim 1.20 we get the version of super BBgiving
f1Cs from the apparently weaker one guessing only the colour of f [Cs.
We quote various needed results and definitions in Definition 1.3, Claim

1.24)]

62  Upgrading to larger cardinals, pg. 23.

[Here we try to get such results for “many” large enough regular A. We
succeed to get it for every large enough not strongly inaccessible cardinal.
We prove upgrading: i.e., give sufficient conditions for deducing super BBon
A2 from ones on A; < Ay (see Claim 2.2) and Claim x.21A (many disjoint
ones), Claim 2.12, 2.14). We deduce (in 2.5) results of the form “if \ is
large enough to satisfy a weak requirement, then it has super BBfor quite
many k,0”, using upgrading claims on the results of §1 and generalization
of [EK65] (see Claims 2.6, 2.8, and 2.9). We deal with such theorem more
than necessary just for the upgrading.]
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§ 0. INTRODUCTION

Using the diamond (discovered by Jensen [Jec03]) we can construct many objects;
wonderful but there is a price - we must assume V = L or at least instances of
G.C.H. (see Gregory [Gra82], Shelah [She79]). In fact A = pt =2+ > 3, =
Qrs<x: cf(s)=r} for every regular large enough  depending on p (see [She0Ob] and
citations there). Naturally, we would like to get the benefit without paying the
price. A way to do this is to use the weak diamond (see [DS78], [She98, AP, §1],
[She85], [She21] and lately [She02], see on the definable version in [She98, AP, §3],
[She01]). In the diamond principle for a stationary S C A, for § € S we guess
n |6 for n € *2. In the weak diamond, for stationary S C A for § € S we do not
guess 1|6 for n € 2, we just guess whether it satisfies a property - is black or
white, i.e., the value of F(n[4) € {0,1} for a pre-given F. Many times it is just
enough in constructions using diamond to “avoid undesirable company”: whatever
you will do I will do otherwise. This is, of course, a considerably weaker principle,
but for N; it follows from CH (which does not imply $w,) and even WCH (i.e.
2%0 < 281 In fact, it holds for many cardinals: 2* > 2<* = 29 suffices. Having F
with two colours (= values) seemed essential. In [She21], we get more colours for Ry
if the club filter on w; is Ny-saturated but this is a heavy assumption. In [She02], if
A = A< = 2# it is proved that for “many” regular x < X, if S C {6 < \: cf(6) = &}
is stationary then we have the weak diamond for S. Now what does “many” mean?
For example, if A > 3,, “many” includes every large enough regular x < J;
note that it is for “every stationary S” unlike the situation, e.g. for 8; under CH
(see [She98, V]). We get there more cases if the colouring F on °2 depends only
on n | Cs, where C5 C § = sup(Cs) and Cjs is “small”. Here we get more than
two colours and moreover: we guess 7| Cs,Cs € § = sup(Cs) and so can choose
(Ms: 6 € S) such that My is a model with universe Cs and relations only (and e.g.
vocabulary C 2 (Np)) such that if M is a model with universe A and relations only
(and vocabulary C (X)) then for stationarily many 6 € S, M [ Cs is Ms. Of
course, if (3p < A)[2# > A] then we cannot have Cs = § so this is a very reasonable
restriction. (It would be even better to have My < M below but we do not know).
Also for “almost” all A large enough the result holds for many regular .

The motivation has Abeen trying to get better principles provably in ZFC. We use
partial squares and I[)\], see [She79], [ASS87], [She86], [She93a, §1] and [DS95]. We
prove (in fact in Theorem 0.1 we can replace S2 by for quite “many” stationary
S CSY).

Theorem 0.1. For every u strong limit of uncountable cofinality, for every reqular
A > u which is not strongly inaccessible, for every large enough regular k < u,
for every x < u, S} has the x-BB (called later “\ has the (k,xt)-MDy-property”),
which means:

Bk for some stationary S C {6 < X: cf() = x} for every relational vocabulary
T of cardinality < x (so T has no function symbols) we can find M =
(Ms: 6 € S) which is a T-MD-sequence such that:

(a) Ms is a T-model,

(b) the universe of My is an unbounded subset of 6 of order type x X Kk
including x,

(¢) if M is a T-model with universe X\ then for stationarily many 6 € S we

have Ms C M.



Paper Sh:775, version 2023-05-01_2. See https://shelah.logic.at/papers/775/ for possible updates.

4 SAHARON SHELAH

It seems that this is stronger in sufficient measure from the weak diamond to justify
this name; there are many properties between the weak diamond and the property
from Theorem 0.1 and we have to put the line somewhere. We shall use the adjective
middle diamond to describe even cases with coloring of *2 (ov < A) or just functions
with domain « for o < A (justified by Claim 1.20).

I thank Todd Eisworth and the referee and Adi Yarden for their helpful comments.
Some improvements and elaborations are delayed to [S*]. This work is continued
in [She06].

Theorem 0.2. In 0.1 we can have also f = (fs: § € S) where fs: us — §,us C
85, Ausl = X such that:

(d) if M is a T-model with universe X and f: X — X and u C X\, A" =\,
then for stationarily many § € S we have Ms CM A (fs = fluC f) A us = u.

Now, we prove Theorem 0.1 and Theorem 0.2:

Proof. By Claim 2.11(1) if A > p is regular and not strongly inaccessible, then for
every large enough regular x < p the following holds (see Definition 1.19(4)):

(%), if @ < p then some (), k, kT )-parameter C has the §-BB-property; let C' =
(Cs5:6€8).

Now without loss of generality d € S = (x x 0)¥ |9, and let
Cy={v:y<xor (IBeC)B<y<B+x).

Lastly, let § = 2xt5+I7l and by Claim 1.20 we get the conclusion of Theorem 0.1.
As for Theorem 0.2, Clause (d) is easy by having a pairwise disjoint sequence of
suitable (S;: ¢ < A) which holds by Claim 2.11(2). O

Note that having Mjs’s is deduced in Claim 1.20 from “C has the #-BB-property”
with 6 large enough. Note that Theorem 0.1 has obvious applications in various
constructions, e.g., the construction of abelian groups G with Ext(G, K) # 0.

Note that in Theorem 0.1, Claim 2.11 instead of using “large enough k < p...”,
u strong limit and quoting [She00b] we can specifically write what we use on s
(and on #). Also in Theorem 0.1, if we omit cf(p) > Rg (but still 4 is uncountable)
the case \ successor is not affected and in the case p = J5 when w? divides §, the
statement instead “every large enough k” can be replaced by “for arbitrarily large
regular k < p”, or even: “for arbitrarily large strong limit p’ < p, for every large

enough regular x < u'”.

A consequence is (see more on this principle in [She03]).
Conclusion 0.3. 1) If \k,x,S,(Ms: 6 € S) are as in Theorem 0.1 and v <

KV 7y < X, then we can find 7 = (ns : § € S),ns is an increasing sequence of length
K of ordinals < § with limit § such that:

B if F': X\ — ~, then for stationarily many 6 € S we have i < k = F(ns(2i)) =
F(ns(2i 4+ 1)).

2) In fact it is enough to find a (A, k, x)-BB-parameter (Cs: 6 € S) which has the
('y,2|V|+)—BB—pmperty (see Definition 1.6(1)).
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Proof. 1) By (2).

2) Let 7 = {P:: ¢ < |y|*},pi a monadic predicate. Let (Mj: § € S) be as in
Theorem 0.1 for 7. Let F': A — v and we let M be the following 7-model with
universe \: Pé” ={a: (=pr(, 1), < ¢ < |y|T and F(a+¢) = Fla+(),a €
Ms = a+ |y|T < min(Ms\«). Without loss of generality otp(|Ms|) = k,6 € S =
|y|* /6. Let (n5(2,1),m5(2i +1)) = (a +¢3, af +¢3) when af is the i-th member of
M&O[? e P. Cos

Note that if a naturally quite weak conjecture on pcf holds, then we can replace J,
by R, (and similar changes) in most places but still need A > \; > \s, 2% > 2% >
28w in the stepping-up lemma; e.g. for every regular large enough )\, for some n, we
have super BBwith A colours on ngn - is helpful for abelian group theory. (Under
weak conditions we get this for Ry, see [ST].

Even without this conjecture, it is quite hard to have the negation of this statement
as it restricts 2# and cf(2#) for every u!

Definition 0.4. 1) Let “S C X has square” mean that A is regular uncountable, S
a Stationar_y subset of A\ and: for some club E of A and S, SNE C S C X there is
a witness C' = (Cs: § € S’) which means:

(x) C = {Cs: 6 € S') has the square property which means:
(a) Cs C 4 is closed,
(b) 6 € S’ limit = ¢ = sup(Cs),
(¢) a € Cs=C,=anCs and,
(d) § € S = otp(Cs) <.
1A) We say “S C X has a strict square” if we add:
(e) 0 € SN E = otp(Cs) = cf(9).
2) We say “S C X\ has a (< 0*) square” if we replace (d) above by:
(d) 6 € S = otp(Cs) < §*.

If we replace square by (< 0*)-square this means we add otp(C,) < 6*.

3) We say (< k, ©)-square if above the demand « € C5 = C,, = aNCj is restricted
to the case cf(a) € ©.

4) S = {8 < A: cf(d) = K}.

On I[)\] see [She93a, §1].

Definition 0.5. 1) For A regular uncountable let I[A] be the family of sets S C X
which have a witness (E, 2) for S € I[\], which means:

() Eisaclubof A\, Z = (Py: a < A), P, C P(a),|P| < A, and for every
6 € ENS there is an unbounded subset C of ¢ of order type < § such that
aceC=Cnae Z,.

2) Equivalently there is a pair (F,a), E a club of \;a = (an: @ < A),an C , 5 €
o = ag =ag NP and § € ENS = 6 = sup(as) > otp(as) (or even § = sup(as),
otp(as) = cf(d) < 4.



Paper Sh:775, version 2023-05-01_2. See https://shelah.logic.at/papers/775/ for possible updates.

6 SAHARON SHELAH

Notation 0.6. 1) Let A\, p, &, x,0, o denote cardinals, © a set of cardinals, let
a, B,7,0,¢,(, 1,7, Y denote ordinals but T > 2 and € > 2 and J is a limit ordinal if
not said otherwise.

Clearly Claim 1.10 and some results later continue Engetking Kartowicz (see [EK65])
which continue works on the density of some topological spaces, see more history
in [She93a].
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§ 1. SUPER BLACK BOX: SUFFICIENT CONDITIONS FOR cf(2/)

As background recall:

Definition 1.1. 1) For a regular uncountable A, an ordinal T > 2 and cardinal
0 > 2wesay S C \is (T, 0)-small if it is F-(T, 8)-small for some (A, T, §)-colouring
F, also called a 6-colouring of *> Y, that is: a function F from *>Y to # where:

2) We say S C )\ is F-(Y,0)-small if (F is a f-colouring of *>T) and

(¥)§.g for every ¢ € 50 for some 1 € *Y the set {§ € S: F(n[48) = c¢5} is not

stationary.

3) Let DYy 5 == {A C X: A\ Ais (T,0)-small}, we call it the (T, 0)-middle diamond
filter on X\. If 8 = 2 we call this weak diamond filter and may write DX\V’qr.

4) In part (3),

(a) We omit T if T = 6, writing 0 instead of (Y, 6),
(b) We may omit 6 from “S is F-6-small”, and (*)%75 when clear from the
context.

Claim 1.2. 1) If A = c¢f(A) > Rg, A>T > 2 and \ > 0 then Dﬁ\n’i}ﬁ is a normal
filter on .

2) Assume S CAN2< Ty < AN2<O<\ forl=1,2. then S is (Y1,0)-small iff S
is (Y2, 0)-small *.

3) In fact Y, € [2,2<*] is enough.

Proof. Straightforward. U2

Recall (very relevant here).

Definition 1.3. 1) Let x<°” = min{|#?|: & C [x]” and every A € [x]° is included
in the union of < ¢ members of Z}.

2) Let x[?l = min{|22|: & C [x]” and every A € [x]° is equal to the union of < o
members of Z}.

3) trp,(x) = x<77% = sup{|lim,(t)|: t is a tree with < x nodes and o levels},
where trp stand for tree power, x{?* is an older notation.

4) For J an ideal on 0 let U ;(p) = min{|2|: 2 C [u]? and for every f: dom(J) —
w for some u € & we have {i € dom(J): f(i) € u} #0 mod J}; we say an ideal J

is an ideal on a set dom(.J) of cardinality 6. If J = [0]<? we may write @ instead of
J.

Remark 1.4. 1) On trp,(x) = x<°7= see [She00a], on x<?~ see [She96], on
x <>, x!° see there and in [She00b], [She06] but no real knowledge of these refer-
ences is assumed here.

2) Note that when Y = X only F [ {°§: § € S} is relevant in Definition 1.1 because
for any n € *\ for some club E of A we have § € E = 1] 6 € %5. So we may restrict
the colourings to this set.

3) In Definition 1.1, if g < A = cf()\), 2# = 2* even for § = T = 2, the set \ is small
(as noted by Uri Abraham, see [DS78]).

Lso T seems immaterial, but below when using C this is not so (see Definition 1.5).
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Below we may usually restrict ourselves to T = A.
Definition 1.5. 1) We say C is a A-BB-parameter if:

(a) A is regular uncountable,

(b) S is a stationary subset of A,

(c) C={(Cs:6¢€8S)and? C5 C § = sup(Cy).
1A) We say C is a (A, k, x)-BB-parameter if in addition (V¥ € S)(Va € Cs)[cf(8) =
kA |CsNal < x].
2) We say that F is a (C,Y,0)-colouring if: § > 2, T > 2,C = (Cs: 5§ € S) is a
A\-BB-parameter and F is a function from *>Y to 6 such that:

e if § € S and g, m €°Y and 1y [ C5 = ny | Cs then F(ng) = F ().

2A) If T = 6 we may omit it and write (C, )-colouring.
2B) In part (2) we can replace F by F = (Fs : 6 € S) where Fs : (3T — 6 such
that n € °Y AS € S — F(n) = F5(n[Cs). If ¥ = X\ we may use Fs: (¢9)§ — 6
(as we can ignore a non-stationary S’ C S); so abusing notation we may write
F(n|Cs). Similarly if cf(T) = A, (T4: a < A) is increasing continuous with limit
YT we may restrict ourselves to (¢5) ().
3) Assume F is a (C, Y, 6)-colouring, where C is a A-BB-parameter.
We say ¢ € °0 (or & € M) is an F-super BBsequence, or an F-BB-sequence if:

(%) for every n € Y, the set {§ € S: F(n[4) = cs} is a stationary subset of \.

We also may say that ¢ is an (F, S)-BB-sequence or an (F, C)-BB-sequence; note
that YT can be reconstructed from F.

3A) We say ¢ € ® is a D — F-BB-sequence or D — (F,C)-BB-sequence if D is a
filter on A (no harm to assume that S belongs to D, or at least S € D) and

(%) for every n € *Y we have
{6€S:F(nld)=cs} #0 mod D.

4) We say that C is a good (), \;)-BB-parameter, if C' is a A\-BB-parameter and
for every o < A we have Ay > [{CsNa:0 € S A a€ Cs}|. If Ay =\ we may write
“a good A-BB-parameter”. Similarly for a (A, A, Ky X)-good-BB-parameter and a
(A, K, x)-good-BB-parameter (i.e. adding that C' is a (A, k, x)-BB-parameter.

4A) We say that C is a weakly good A-BB-parameter if it is a \-BB-parameter and
for every o < A we have A > |{Cs5Na: § € S A a € nacc(Cs)}|. Similarly, we define a
weakly good (), k, x)-BB-parameter and a weakly good (A, A1, k, x)-BBparameter.
4B) We say C'is a good ™ — A-BB-parameter if C = (Cs: 6 € S) is a \-BB-parameter
and a € Cs5, N Cs, = Cs5, N = Cs, N . Similarly we define a good™ — (A, k, x)-
BB-parameter.

4C) We define a weakly good™ — A\-BB-parameter or (), s, x)-BB-parameter anal-
ogously, i.e., a € nacc(Cys, ) Nnacc(Cs,) = Cs, Na = Cs, Na.

4D) For a set © of regular cardinals we say that C = (Cs: § € S) is ©-closed if each
Cj is; where a set C' of ordinals is ©-closed if for every ordinal o, cf(a) € © A a =
sup(C Na) < sup(C) = a € C.

2we can omit the requirement § = sup(Cs) but then we trivially have super BB if A = A<#
when x = U{|Cs|T: 6§ € S}.
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4E) We say ((Cs,C5): 6 € S) is a good (A, k, x)-BB.-parameter if (Cs: d € S)
is a (A, K, x)-BB-parameter, C5 C 4, sup(Cj) = ¢ and for every a < A the set
HCs Na: o€ Cf,6 € S}| has cardinality < A.

Definition 1.6. 1) We say that C (or (\,C)) has the (D, Y, 0)-BB-property if:

(a) C is a A-BB-parameter,

(b) D is a filter on A,

(c) if Fisa (C,Y,0)-colouring,
then there is a D-F-BB-sequence, see Definition 1.5, part (3A).
We may omit D if it is the club filter on A.
2) We say that C has the (D, 6)-BB-property as in part (1) only that F is a (C, 6, 6)-
colouring. We may omit D if D is the club filter. We may omit 0 if § = 2.
3) We say that S C X has the (Y, 6)-BB-property when some C = (Cs: 6 € S) has,
and then we say the 0-BB-property if T = . In Definition 1.5(2),(2A) we replace
“colouring” by “colourings” if we have all n: A\ — T (or n: “7(Cs) — T); and
let “colouring;” be the original notion (so in Definition 1.5(3),(3A) we have new
meaning when we use such F’s).

4) We write BBy-property if we use colourings F and we write BBj-property for
the BB-property.

Remark 1.7. We may consider replacing Cs by (Cs, Ds), Ds a filter on Cj, that is
F5(n) would depend on (1| Cs)/Ds only. For the time being it does not make a
real difference.

Claim 1.8. 1) The restrictions in Definition 1.5(2B) are O.K. That is in Definition
1.5(2B), the first sentence is obvious; for the second sentence (if T = A) recall that
for every n € MY, for some club E of \,6 € E = 1] € %6; and similarly in the
third sentence.

2) In Definition 1.5(4), if A1 > X then goodness holds trivially.

8) If C = (Cs: 6 € S) is a weakly good (X, k,x)-parameter, then for some club E
of A there is C' = (C§: 6 € SN E) which is a good™ (A, K, x)-parameter.

4) If C = (Cs : 6 € S) has the (D, Y, 0)-BB-property, and C'=(Ci:6€8),04 C
Cs, then also C' has the (D, T, 0)-BB-property.

Proof. 1), 2) Easy.

3) Note that the Cj’s are not required to be a club of d, see [She93a, §1] but we
elaborate.

Let (Ag: 8 < A) list without repetition {Cs Na: § € S and a € nacc(Cs)} and be
such that Ag = A, Na=>Age{A.:e <A}l Let E={d< X iff<dandac S
and § € nacc(Cy) then Cy NS € {Ay: v < d}}, clearly E is a club of A

Lastly, for 6 € SNE let C§5 = { < §: for some o € nacc(Cs) we have CsNa = A4}
Now (C5: 6 € SN E) is as required.
4) Should be clear. Ui s

From the following definition the case Sep(y, 6) is used in the main claim below.

Definition 1.9. 1) Sep(x, s, 6,0, Y) means that for some f:
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(a) f=(fere<x),

(b) f: is a function from #(6y) to 0,

(c) for every o € X0 the set {v € #(6p): for every ¢ < x we have f.(v) # o(¢)}
has cardinality < T.

2) We may omit 6y if 8y = 6. We write Sep(p, ) if for some T = cf(T) < 2+ we

have Sep(u, i1, 6,0,7) and Sep(< p,0) if for some T = cf(T) < 2# and 0 < p we
have Sep(o, u,6,6,Y).

Claim 1.10 (Main claim). Assume,

(a) A =cf(2#), D is a p+-complete filter on A extending the club filter,

(b) k=cf(k) < x <A,

(c) C = (Cs:5 € 8) is a () ~,x)-good-BB-parameter, or just weakly good or
Just ((Cs,C5): § € S) is a good (A, K, x)-BB.-parameter and S € D,

(d) 2<X < 2* and 0 < p,

(e) a <2t = trp,(la]) < 2,

(f) Sep(u,0),

then C has the (D,2",0)-BB-property (recall that this means that the number of
colours is 6 not just 2).

We may wonder if clause (f) of the assumption is reasonable; the following Claim
gives some sufficient conditions for clause (f) of Claim 1.10 to hold.

Claim 1.11. Clause (f) of Claim 1.10 holds, i.e., Sep(u,0) holds, if at least one
of the following holds:

0

(a) p=p

(b) Ug(p) = p+2° < p,

(¢) Ujs(u) = p where for some o we have J = [0]<9,0 < 0,0% < p,
(d) w is a strong limit of cofinality # 0 = cf(0) < p,

(€) p=>3u(0)

We shall prove this later.

Remark 1.12. 1) Note that A = A<* = y,k = cf(k) < A\, = S}, Cs = 6§ is
a particular case (of interest) of the assumptions (a)-(b) of Claim 1.10 and that
(Cs: 6 € 8))is a () K, \)-goodt- BB-parameter.

2) We can replace the requirement “S C S2” by (implicit in (c) of Claim 1.10)
(%% %) [0 € S =0 is a regular cardinal].

Then clause (e) of Claim 1.10 is replaced by “0 € S = trpes(s)([0]) < 297.

3) We may consider finding a guessing sequence ¢ simultaneously for many colour-
ings. In the notation of [She98, AP,§1] this is the same as having large p(0). We
may reconsider the problem of A*-entangled linear ordering where A = AYo, see
[She97a].

4) For 6 = 2, (i.e. weak diamond) the proof below can be simplified: we can
forget .# and choose g5 € *0\{p,: n € P} such that for some ¢ < p the sequence
(05(7): 0 € S) is a weak diamond sequence for F.

5) Note that the “minimal” natural choices for getting 6-MD property are k =
Rg, 0 = 280y =20\ = cf(2H).
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6) Note that in the main claim (Claim 1.10) if 2* is regular, T = 2* is allowed.

Now we prove Claim 1.10:

Proof. In clause (c) we can assume ((Cs5,C5): 6 € S) is a good (A, K, x)-BB.-
parameter (in the other cases we choose C§ = nacc(Cs) and use 1.8(3)).

Let F be a given (C, 2", §)-colouring.

By assumption (f) we have Sep(u,#) which means (see Definition 1.9(2)) that for
some T = cf(T) < 2" we have Sep(u, i, 6,0, 7).

Let F = {fe: € < u} where F exemplify Sep(u,u,0,6,7T), see Definition 1.9(1)
and for p € #6 let Sol, := {v € ##: for every ¢ < p we have p(e) # f-(v)} where
Sol stands for solutions, so by clause (c) of the Definition 1.9(1) of Sep it follows
that:

(¥) petd=|Sol,| <.

Let h be an increasing continuous function from A into 2# with unbounded range;
if 2 is regular, we can choose h = id) Recall that A = cf(2#) > 2<X. Let cd be a
one-to-one function from #(2#) onto 2* such that:

a=cd({a:: e < p)) = a>sup{ac: € < pu},

and let the function cd;: 2# — 2# for i < p be such that cd;(cd({ae: € < p))) = ;.

Let ¥ = {CsNa:d € SAa € Cy}, (recall that trivially |%] < A < 2#) and let
T = {n: for some C € € (hence C is of cardinality < x), we have n € ¢(2#)}.
By assumptions (c) + (d) clearly |T]| = > o 2716 < |€] x (2#)<X < 2¢ but
|T) > 2# hence |T'| = 2*. So let us list T possibly with repetitions as {n,: o < 2#}
such that [o < h(8) = ran(n,) C h(B)] and let Ty, = {ng: 8 < h(a)} for a < A.
For 0 € S let P5 == {n: n is a function from Cs into h(d) such that for every
a € C} we have n[(Cs Na) € T<s}, clearly n € Ps = n € (©Ih(5). Clearly
N (CsNa):n € Ps,a € Cy} is naturally a tree with s the set of otp(Cs)-
branches and cf(otp(Cs)) = k and set of nodes C T<s hence with < 2* nodes hence
by assumption (e)

(xx) | Ps| < 2m.
For each 1 € &5 and € < p we define v, . € “5(h(6)) by v, (o) = ed.(n(a)) for
« € C(s.

Now for n € &5, clearly p, = (F(v,.): € < p) belongs to #§. Clearly {p,: n €
Ps} is a subset of #0 of cardinality < |&s| which as said above is < 2#. Recall
the definition of Sol, from the beginning of the proof and remember (x) above,
son € Ps = Sol, has cardinality < T = cf(T) < 2#. Hence we can find
05 € 0\ U{Sol,, : n € Ps}.

[Why? if T < 2# then |U {Sol, :n € Ps}| < E{|Sol,, |:n € Ps} < T x|Fs| <
2t = o' = |*f] and if T = 2" then 2" is regular, | Z;| < 2,9 € P5 = |Sol,, | < 2*
and again |U {Sol, :n € Ps}| < 2! =["0]]

Let € < p. Recall that of € #6 for § € S and f. from the list of .% is a function from
10 to 0 so f-(0%) < 6. Hence we can consider the sequence & = (f-(0}): § € S) € 0
as a candidate for being an F-BB-sequence. If one of them is, we are done. So
assume towards a contradiction that for each ¢ < u there is a sequence 7. € *(2H)
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that exemplifies the failure of ¢® to be an F-BB-sequence, so there is a E. € D such
that:

Xy 6 € SNE. = Fn[Cs) # f(05)-

Define n* € *(2#) by n*(a) = cd({(n:(a): € < u)). Now as X is regular uncountable
it follows by choice of h that E := {d < A: for every o < ¢ we have n*(a) < h(J)
and if 0’ € S, € €5, N and C" = Cs N then n* | C” € T.s5} is a club of X (see
the choice of T and T.s, and recall as well that by assumption (c) the sequence
((C5,C%): 6 € S) is good, see Definition 1.5(4) + (4D)).

By clause (a) in the assumption of our Claim 1.10, the filter D includes the clubs of
A so clearly E € D; also D is pu-complete hence E* :== N{E. :== ¢ < u}NE belongs
to D. Now choose § € E* NS, fixed for the rest of the proof; clearly n* | Cs € Ps;
just check the definitions of &5 and E, E*. Let € < . Now recall that vy« ¢y ¢ is
the function from Cs to h(d) defined by:

Ve 1 ¢5.0(0) = cde (" ().
But by our choice of n* clearly a € Cs = cd.(n*(a)) = n-(«), so
a€Cs = vy cse(a) =n(a) 80 vpejcose =11 Cs.

Hence F(vp«1c;) = F(ne1Cs). As § € E* C E, clearly F(n. [ Cs) # f-(0})
and as n* [ Cs € Ps clearly p,- ¢, € *0 is well defined. Now easily p,- ¢, () =
F (v« ¢y,) by the definition of p,« | ¢;, so we have py- ¢, (€) # f=(0}).

As this holds for every e < p it follows by the definition of Sol, ., s that of €
Soly,. o, - But " [Cs € &5 was proved above so py- ¢, € {pn:n € Ps} hence
05 € Sol,,. o, € U{Sol,, : v € Fs} whereas gj has been chosen outside this set, a
contradiction. U110

We return to looking at Sep (see Definition 1.9) which appears in assumption (f)
of Claim 1.10. There are obvious monotonicity properties:

Claim 1.13. If Sep(x, i, 6o, 61, Y) holds and x' > x, (05)"* < (60)*,0, < 01 and
Y > 7T, then Sep(x', i/, 00,601, Y") holds.

Proof. Let h be a one-to-one function from #'(6))) into #(6g). Let f = (fo: e < x)
exemplify Sep(x, i, 60,01, T). For e < x' we define f/: W)(0h) — 0} by: fl(v) =
fo(h(v))if e < x A fo(h(v)) < 0} and f/(v) = 0 otherwise. Let o' € X)(¢}) and
let A, = {v € ) (@) for every e < x' we have f/(v) # o'()}. Let o :== o | x
so o € X(0]) C X(#;1), hence by the choice of (f.: e < x) the set A, = {v € #(6y):
for every ¢ < x we have f.(v) # o(e)} has cardinality < Y. If v € A}, then
v e ®(6)) and h(v) € #(6), and for ¢ < ' we have f/(v) # ¢'(¢) hence for
e < x(< x') we have either fo(h(v)) < 01 A o(e) = 0'(e) # fi(v) = fe(h(v)) or
fe(h(v)) > 01 A o(e) = 0'(e) < 0 so fe(h(v)) # o(e). Hence v € A}, = h(v) € A,
and as h is a one-to-one function we have |A),[ < |4,] < T < T and we are
done. [y 13

To show that Claim 1.10 has reasonable assumptions we should still prove Claim
1.11:
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Proof. Our claim gives sufficient conditions for Sep(u, 8), i.e. Sep(u, u,6,60,T) for
some T = cf(T) < 2¢. Clearly, if T < 2# we can waive “T regular” as TT can
serve as well. Let 6; = 0.

Case 1: u=p?, T =0,0y € [0, ] and we shall prove Sep(u, pt, 0o, 61, Y). Let .F be
the set of f such that for some u, p we have:

(a) f is a function with domain #(6y), 0,

(b) w e [u]’

(¢) p= <,0Z i < 6) is with no repetition,
(d) pi € “(60),

(e) (VV € M(bo)[pi Cv = f(v)=1l,

(£) (Vv € (00)[(Nicylpi £ v)) = f(v) =0].

We write f = f 5, if u, p witness that f € 7 as above. Recalling p = u?, clearly
|.Z| = p. Let F = {f.: e < p} and we let f = (f.: e < p). Clearly clauses (a),(b)
of Definition 1.9 (with p, u, 09,601 = 0 here standing for x, i, 6,6, there) holds and
let us check clause (c). So suppose g € #0 and let R = R, :== {v € #(fy): for every
e < p we have f.(v) # o(¢)}. We have to prove |R| < 6 (as we have chosen T = 0).

Towards contradiction, assume that R C #(fy) has cardinality > 6 and choose
R’ C R of cardinality . Hence we can find u € [u)? such that (v [u: v € R') is
without repetitions.

Let {v;: ¢ < 6} list R’ without repetitions and let p; = v; [u. Now let p =
(pi: i < 0), so fu,5 is well defined and belong to .#. Hence for some ¢ < p we
have f; 5 = fc. Now for each i < 6,v; € R’ C R hence by the definition of
R, (Ve < p)(f-(vi) # 0(¢)) in particular for e = ¢ we get fc(v;) # o(¢). But by the
choice of ¢, f¢(vi) = fi ;(vi) and by the definition of f; - recalling v; [u = p; we
have f 5(vi) =i, s0 i = f¢(vi) # o(¢). This holds for every i < § whereas ¢ € 10,
Contradlctlon

Case 2: 2¢ <y and Ug[y] = p.

Let T = (29)% or just (2<%)* hence YT = cf(Y) < ut < 2%, Let {u;: 4 < pu} C [p]?
exemplify Up[p] = p. Define .# as in case 1 except that for notational simplicity
6o = 6 and we restrict ourselves in the definition of # to u € J{P(u;): i < p}.
Clearly |#| < p and choose f = (f.: e < p) as there.

Assume that ¢ € 6 and R = R, C #0 is defined as in Case 1, and toward con-
tradiction assume that |R| > (2<%)T, hence we can find p*, ((a¢, pc): ¢ < 6) such
that:

(x) (a) p*,pc € R,
(b) pc [{ag: & <} =p"[{ae: § <},
(¢) pelac) # p*(ac).

[Why? T had thought it should be clear but we elaborate. Let x. = (2*)" hence
0M R, f € #(x). Now by induction on ¢ < 6 we choose M, such that:

()" (a) M < (A (x),€),
(b) M; has cardinality 211 R,
(c) w0, f, o belongs to M.,
(d) [Mc]Iel € M,
(e) if e < ¢ then M. < M, and M, € M,.
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Clearly possible and the cardinality of M := U{M,: a < 0} is 3(2' + Rg) = 2<Y.

Now choose p* € R\M, possible because ||M| = 2<¢ < (2<%)* < |R|. Next, we
try to choose a pair (p¢, a¢) by induction on ¢ < 6 such that:

) [M]l € M,

) pes ¢ € My,

) if e < ¢ then pe(ae) # p*(ae),
) p*(ac) # pelog).

Why can we carry the induction on ¢? Arriving to ¢ the set X¢ = {(pe, a): € < (}
is a subset of M, of cardinality < |(| hence it belongs to M¢. Consider the set
Z¢ = {p € R: for every pair (p,a) from A, p(a.) # p-(cc)}.

Now obviously this set belongs to M¢, also p* € Z¢ by the induction hypothesis
on ¢. But p* being not in M hence not in M¢; hence |Z¢| > 1 (and much more
hence we can choose p’ # p"” € 2" in M¢. As p' # p” are members of Z; and
e € R C M, there is a < p such that p/(«) # p”(«) and as p/, p”" € M, without
loss of generality a € M. As p'(a) # p”(a) necessarily for some p € {p’,p"} we
have p*(a) # p(a). So we can choose (p¢, a¢) = (p, ).

(pc,ac): ¢ < ) are as required.

~— —

~

Having carried out the induction clearly p*,
Clearly (a¢: ¢ < 8) is with no repetitions.

So by the choice of {u;: i < u} as exemplifying Ug[u] = p, i.e., the definition of
Up[p], for some i < p the set u; N {a¢: ¢ < 0} has cardinality 6, call it u. So
{plu: p € R} has cardinality > 6 and we can continue as in Case 1. If we wish to
use 6y € [0, u] instead of 8y = 6 above let pr be a pairing function on . Without
loss of generality each u; is closed under pr and its inverses, and f; ; is defined iff
for some e < p we have v C u, and ¢ < § = Rang(p;) C u.. In the end, choose ¢
such that u; N {pr(a¢, pr(pc(ac), p*(ac)): ¢ < 0} has cardinality 6.

Case 3: Uj[u] = u where J = [0]<% for o such that ¢ < ju,0 > 6.

Let T = [2<9]". The proof is similar to Case 2, only find now p* and ((a¢, p¢): ¢ <
o) and choose ¢ < g such that u; N {pr(ac, pc(ac)): ¢ < o} has cardinality 6.

Case 4: pu > 0 # cf(p) and p is strong limit.

Follows by case 2.

Case 5: p > 3,(0).

By [She00b] we can find a regular o < 3,,(0) which is > 6 and such that U, [u] = g,
so Case 2 applies.

Note that in case 2, we can replace 2/ < u by: there is .# C %0 of cardinality < u
such that for every A € [0]? for some f € . we have § = Rang(f [ A). The proof
is obvious.

Similarly in case 3. 0111

There are some obvious monotonicity properties regarding the BB-property.

Claim 1.14. 1) If (A, C) has the 0-BB-property (see Definition 1.6(1)) and C =
(Cs: 6 € 8) and C} is an unbounded subset of Cs for § € S then (\,(C}: 6 € S))
has a 6-BB property. We can also increase S and decrease 6; we can deal with the

(T, 0)-BB-property.
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2) Assume A = cf(A) > Vg, S C {0: 0 < A\, cf(d) = k} is stationary and k < x < A.
Then some (Cs: § € S) is a (A, K, x)-BB-parameter.

Proof 1) Obvious.
2) Easy (note: goodness is not required). 0114

We may consider the following generalization.
Definition 1.15. 1) We say C is a A\-BB3-parameter if:

(a) A is regular uncountable,

(b) S is a stationary subset of A (consisting of limit ordinals),

(¢c) C=(Cs5,C4,Cs.: 6 € S,e < cf(5)),

(d) Cs € 6 = sup(Cs) and C§5 € 0 = sup(Cj), otp(C§) = k and C5 =
U{Cs.: e < cf(d)},

(e) ¢ <cf(0) = sup(U.Cs,) < 6 and Cj increase with e.

2) We say that a A-BBsz-parameter C is® good if « < A = A > [{Cs¢: 6 € S,( <
cf(d) and the ¢-th member of Cj is < a}|.

3) The (D, Y, §)-BBs-property for C' means the (D, Y, #)-BB-property for (Cs: § €
S), similarly for the other variants of this property (so the (D, Y, 8)-BBs-property
for A for a stationary S C S} is the same as the (D, Y, #)-BB-property).

DI {Cs5e: e <cf(d)} ={CsNa: a € nacc(Cs)} we may write just (Cs: 6 € S) (so
BB; is like BBin this case).

We may consider the following variant.
Claim 1.16. If (A) then (B), where:

(A) (a) X is regular uncountable, S C {§ < A: cf(§) = K} is stationary and
X <A,
(b) B is a model with universe X such that A € [A\|X = clg(A) € [N]<X;
we may allow infinitary functions provided that:
(%) if (At i < K) is increasing, A; € [N]<X then cly(J
B UZ‘<KC€<B (Az)
(c) C=(Cs:6€S8) is agood (A K, sT)-BB-parameter,
(d) S* ={6 € S: for every o < §,cls(a) C &},
(e) C’;{E = as. N (Cs Nase) for § € S* and € < Kk where a5 € Cs
is increasing with ¢ with limit 6 and C5 = U{Cj_ : ¢ < cf(d)} and
Cs ={ase: e <ct(d)}.
(B) (C5,C5,C5.: 6 € S*,e < cf(8)) is a good (S, k,x)-BBs-parameter (and
S\S* is non-stationary); if x < k then . .C5 . = cls(Cs).

Ai) =

1<K

e<k

Proof. Easy. 0116

Claim 1.17. 1) Assume C = (C5,C},Cs.: 8 € S,e < cf(0)) is a good (A, K, X)-
BBj-parameter. Then Claim 1.10 holds (i.e. we get there the (D, 0)-BBs-property).

2) In part (1) hence in Claim 1.10, we can weaken clause (e) to:

3if (C5: 6 € S) is a good (A, K, X)-BB-parameter Cj§ C 6 = sup(Cy), otp(C§) = k and we let
Cs,.e = {a € Cs: otp(anCf) < e+1} fore < k then (C5,Cs.: 6 € S, < k) is a A-BB;-parameter.
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(e) (if A = 2* we can use h = idy): there is h: A — 2 increasing continuous
with limit 2# and there is a set T = {ny: o < 2} and function g: X — A
such that if n € (2") then for stationary many § € S we have:

(a) n1Cs € {na: o <h(g(5))},
(b) ¢ <cf(8) = n 1 (U.ccCse) € {np: B <6}

Proof. Same proof as Claim 1.10.

We give details, we are assuming;:

® (a) A=cf(2"),D is a pT-complete filter on A extending the club filter,

)
) C=(Cs,C5,C5.: 6 € S) is a good (A, Kk, x) — BBg-parameter,
) 2<X < 2% and 6 < pu,

) < 2K = o< < 20 or,

) clause (e)" above,
(g) Sep(u,0).

So we have to deduce

O C* = (Cs: 6 € S) has the (D,2,0)-BB-property recall that this means
that the number of colours is 6 not just 2).
Why [ holds? Let F be a given (C*, 2", #)-colouring.
By assumption (f) we have Sep(u,#) which means (see Definition 1.9(2)) that for
some T = cf(T) < 2" we have Sep(u, i, 6,0, 7).
Let F = {fe: € < u} where F exemplify Sep(u,u,0,6,7T), see Definition 1.9(1)
and for p € #0 let Sol, := {v € ##: for every ¢ < p we have p(e) # f-(v)} where

Sol stands for solutions, so by clause (c) of the Definition 1.9(1) of Sep it follows
that:

(¥x) petfd=1]Sol,| <.

We now assume that sub-clause (a) of clause (e) of ® holds and we shall find
h,g,(Na: @ < 2*) as required in sub-clause (e)(83) of ®. Let h be an increasing
continuous function from A into 2# with unbounded range; if 2* is regular, h = id,
is O.K. Recall that A = cf(2#) > 2<X. Let cd be a one-to-one function from *(2*)
onto 2# such that:
a=cd({a:: e < p)) = a>sup{ae: € < pu},

and let the function cd;: 2# — 2 for i < p be such that cd;(cd({ae: € < u))) = a.
Let € = {CscNa: § € S,¢ < k and a is the (-th member of Cj}, recall that trivially
|| <A <2F andlet T = {n: for some C € € (hence C is of cardinality < x), we
have n € ©(2#)}. By assumptions (c) + (d) clearly |T| = 3 e 2¢1¢1 < 9] x
(2#)<X < 2# but |T'| > 2* hence |T| = 2*. So let us list T" possibly with repetitions
as {na: a < 2"}, without loss of generality such that [ < h(8) = Rang(n.) C S
and let Teo, = {ng : B < h(a)} for « < A. For 6 € S let &5 = {n: n is a function
from Cs into h(d) such that for every ¢ < x we have [ Cys setq € T<s}, clearly
ne Ps=mnc @) Clarly {n[Csc:n € Ps5,¢ < Kk} is naturally a tree with
Ps the set of otp(Cys)-branches and cf(otp(Cs)) = k and set of nodes C T<s hence
with < 2# nodes hence by assumption (e),

(k) | Ps| < 2+
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If A\ = 2 then there is a function g: A — A as required in sub-clause (e)(8) of
®, just let g(a) = Min{y < A: 7y > « and for every § € SN (y+ 1) we have
Ps C{ng: B < h(y)}. If X = cf(2*) < 2* we should choose (n,: a < 2¥), by
letting 7%, = 7o and making, e.g. 6 € S = P5 C {Nhpr1: a < |Fs|T (< 2#)}. In
any case,

(x% %) h,g, (Na: a < 2*) are as in (c)(B) of ® and let P5 = {n.: a < h(g(a))}.

For each € &5 and € < p we define v, . € “5(h(6)) by v,.(a) = cd.(n(a)) for
a € C5. Now for n € &5, clearly p, = (F(vpc): € < p) belongs to #8. Clearly
{pn:n € Ps} is a subset of 0 of cardinality < |Z;| which as said above is < 2*.
Recall the definition of Sol, from the beginning of the proof and remember (x)
above, so n € Ps = Sol,, has cardinality < T = cf(Y) < 2#. Hence we can find
05 € 0\ U{Sol,, : n € Hs}.

[Why? if T < 2# then |U {Sol,, :n € Ps}| < E{|Sol,, |:n € Ps} < T x|Fs| <
2t = ot = |#f] and if T = 2" then 2" is regular, | Z;| < 2,9 € X5 = |Sol,, | < 2*
and again |U {Sol, :n € Ps}| <2t = ["0|]

Let € < p. Recall that of € #6 for § € S and f. from the list of .% is a function from
10 to 0 so f-(0%) < 0. Hence we can consider the sequence &€ = (f-(0%): 0 € S) € 59
as a candidate for being an F-BB-sequence. If one of them is, we are done. So
assume towards a contradiction that for each ¢ < u there is a sequence 7. € *(2")
that exemplifies the failure of ¢ to be an F-BB-sequence, so there is a F. € D such
that:

Xy 6 € SNE. = F(n. [ Cs) # f-(0}).

Define n* € *(2#) by n*(a) = cd((n:(a): € < u)). Now as X is regular uncountable
it follows by choice of h that E = {0 < A : for every oo < § we have n*(a) < h(0)
and if 0’ € S, < k,a the ¢-th member of C§, N J then n* [Cs ¢} is a club of
A (see the choice of T and recall as well that by assumption (c) the sequence
((C5,C5,Cs.¢) 1 0 € S,¢ < k) is good, see Definition 1.15(2).

By clause (a) in the assumption of our Claim 1.10, the filter D includes the clubs of
A so clearly E € D; also D is u"-complete hence E* :== N{E.: ¢ < u} N E belongs
to D. Now choose § € E* NS, fixed for the rest of the proof; clearly n* | Cs € Ps;
just check the definitions of &5 and E, E*. Let € < . Now recall that vy« ¢, ¢ is
the function from Cs to h(d) defined by

Vi 1 05.e(@) = cd=(n" ().
But by our choice of n* clearly a € Cs = cd.(n*(a)) = n-(«), so
a€Cs = v cse(a) =n(a) 80 vpejose =1 1Cs.

Hence F(vp«1cs,) = F(n-1Cs). As & € E* C E, clearly F(n. [ Cs) # f-(0})
and as n* [ Cs5 € Ps clearly p,- ¢, € *0 is well defined. Now easily p,-c;(e) =
F(vy- 1 ¢5,c) by the definition of p,« | ¢y, so we have p,« ¢, (€) # f-(05).

As this holds for every e < p it follows by the definition of Sol, ., o5 that of €
Soly, -\, - But " [Cs € &5 was proved above so py-¢; € {pn:n € Ps} hence
05 € Sol, . oy © USol,, : v € &5} whereas g5 has been chosen outside this set, a
contradiction. Oy a7 U7
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Claim 1.18. In the proof of Claim 1.10 instead of f: X — T and fs: Cs — 0
we can use f: A<V = Y and f5: [Cs]<N0 — 0 (so get the §-MDy-property for
0=0,1,2).

Proof. Let cd, be a one-to-one function from “~\ into A\ and without loss of gen-
erality oy < cdy({ao, a1,..., 1)) < Max({w} U{war (o) + ... warm_1): T a per-
mutation of n}). We are given C = (Cs: § € S), without loss of generality every
d € S is infinite and divisible by ().

Let C1,5 = {cd.(n): n € “7(Cs)} and O] ; = nacc(Cs). Oi 18 0118

Definition 1.19. 1) For a set A of ordinals and an ordinal « let

Axa:={B: 8 < aor for some v € A we have § € [y,v+ a)}.

2) The pair (A, C) or just C has the (x,8)-MDq-property (or use MD instead of
MDy) if we can find (fs: d € S) such that:

(a) fsis a function from C§ = Cs * o to 6 for some o < ¥,
(b) if f is a function from A to 6 and « < x is non-zero then for stationary
many 0 € S we have f5 C f and of = a.

If we omit x we mean x =2 so aj =1 for every € S.
3) (D, x,0)-MDs-property means: if 7 is a relational vocabulary of cardinality < 6,
then we can find (Ms: § € S) such that:

(a) M; is a T-model with universe C§ = Cjs * o for some o < x,
(b) if M is a 7-model with universe A and o < x then the set Apr o = {0 €
S: M | Cs = Ms and af = a} is stationary and even belongs to DT.
If we omit x we mean x =2 so aj = 1 for every 6 € S. Similarly with D.
4) We say (A, S) has the (x,0)-MDy-property if for some C = (Cs: § € S) the
pair (A, C) has the (x,8)-MDy-property. We say that A has the (k, x, #)-property
if (A, S2) has the (x, #)-MD,-property.

The following claim shows the close affinity of the properties stated in Theorem 0.1
in the introduction and the #-BB-property with which we deal in this section here.
This claim is needed to deduce Theorem 0.1 from Claim 1.10.

Claim 1.20. 1) Assume (X, C) has the 0-BB-property where C = (Cs: § € S) is a
(A, &, X)-BB-parameter. If k < x,0 = 0<X then (X, C) has the (x,0)-MDg-property.

2) Assume in addition that C is a good™ (\, k, x)-BB-parameter then (\,C) has the
(D, x, 0)-MDg-property.

3) In part (2) we can allow T to have function symbols but have:

(a) Ms is a T-model with universe 2 C§s = Cy x o for some af < ¥,
(b) if M is a T-model with universe A\ and a < X then the following set belongs
to DF:

Ma=10€S: a5 =a and (M | clr(C5), ¢)eccy = (Ms,¢)cecy }-
4) In part (2) we can replace good™ by good if we add:

Gl each Cs is closed under pr, where pr is a fixed pairing function on .
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Proof. The proof consists of a translation of one version of super BBto another
(note: “r is a relational” is a strong restriction).

1) First fix a* < x and deal with (C§': § € S), C{ = C5\[0, a*) recalling C§5 = Cs *
o*. Let cd be a one-to-one function from X~ 6 onto 6. Define (Fs : § € S) as follows:
if f€ (@90 then F5(f) = cd({f(Bs.): € < otp(Cs))) where (Bs.: € < otp(Cs)) list
Cs in increasing order so Fj is a function from (©9)@ into #. As we assume “(\,C)
has the -BB-property”, we can apply its definition, hence for F = (Fs5 : 6 € S)
there is a diamond sequence (cs : 0 € S).

We now define f§: C§ — 6 as follows: if 5, is a member of Cs and « € [By, Bo+ ™)
and o« < min(C§\(Bo+1)) and ¢5 = cd(({5: € < otp(Cs)) and &5 = cd(((56,i: 7 <
a*) then f5(a) = C5otp(CsnBo),a—p0; Otherwise fi(a) = 0. So fi: Cf — 6. Why
is (fy:0 € S) as required for (C§: 6 € S) (and o*)? Assume that f: A — 6, so
we can define f': A — 0 by f/'(a) = cd((f(a+¢€): e < a*}), hence for stationarily
many § € S we have ¢ = F5(f' [ Cs). Now we check that f[CY is equal to fy
defined above.

Let &5 = f'(Bse) and (seqi = f(Bse +14) for i < a*,e < otp(Cs) so & =
' (Bse) = cd({Gsei: @ < a*)),c5 = F5(f' [ Cs) = cd((§5,c: € < otp(Cs)). Hence by
the definition of f§ we have: if 8 = 5. € Cs, a0 € [B, B+¢) and a < min(Cs\(5+1))
then fi(a) = (se,a-8 = f(Bs,e + (a—B)) = f(B+ (oo — B)) = B as required.

To have “every o < x” (and guess also f [ (C5\C¥) C f10,a*)) we just have to
partition S to (S, : a < x) such that each C'[ S, has the §-BB-property which we
can do by 1.23(3) below (or work a little more above, i.e., f'(a) = cd({f(a+e¢): € <
as) {f(e): e < ay))).

2), 3), 4) Left to the reader. U120

Claim 1.21. 1) Assume A = cf()\) > k = cf(k),S C S} and
(a) C:’e is a A\-BB-parameter for £ = 1,2,
(b) C' =(C}: 6 € S) has the (Y,60)-BB property,
(c) Ag € [@]X A XYMl =7 fora<Xandd € S = CZ=U{A,: acC}},
then C? has the (Y, 0)-BB-property.
2) If C is a (\ k,x+)-BB-parameter with the (Y,0)-BB-property, YX = YT and

Ciy={a+I:aeCsVa=0andi< x}, then C' = (Cs: § € Dom(C)) is a
(A, &, xT)-BB-parameter with at he 0-BB-property.

Proof. Easy by coding (as in the proof of Claim 1.20). [y .01
Definition 1.22. Assume X > « are regular and C' = (Cs: § € S) is a (A, k, x)-BB-
parameter with the (Y, 6)-BB-property. Let IDy .y, v,0(C) ={A CAX: C[(SNA)

does not have the (T, 0)-BB-property}. If T = 6 we may omit it.

Claim 1.23. Let C, A\, k, X, T, 0 be as above in Definition 1.22 and J = IDy . . v.0(C).
1) J is an ideal on X such that N\S € J, A ¢ J if T > N,.
2) J is A-complete and even normal if T > X (if Rg < T < A it is still T+ -complete).

3)If S CXand S # 0 mod J, then for anyf‘i = (Fi:0€8),Fi: (©)g - 0, A
can be partitioned to 6 subsets each having a F*-BB-sequence.
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Proof. 1) Let ¢d: T x T — T be one-to-one onto and cdy: T — Y be such that
cdg(cd({ao, ar))) = ap. Clearly J is a subfamily of 92()\) and it is closed under
subsets, so we need just to prove that it is closed under union of two. So suppose
A=A UAy Ay € J for £ = 1,2. As J is closed under subsets, without loss of
generality AN Ay = (). Let the sequence F* = (Ff: § € SN Ay) exemplify Ay € J.
Now we define F' = (F5: § € SN A) as follows:

®if 6 € SNAand f e (©)Y then: § € Ay = Fs(f) = Fi(edg o f), ie.,
F5(f) = FE(f*) where a € Cs = ff(a) = cdo(f(a)).

2) Straight as the sequence (Fy: 6 € S) is not required to be nicely definable.

3) Guessing 6 x 0 is the same as guessing 6. 003

* * *

Well, are there good (A, s, ™ )-parameters? Some version of this is crucial for

having interesting consequences of Claim 1.10, but we shall have to quote (on I [A]
see Definition 0.5; see on it [She93a, §1]).

Claim 1.24. 1) If S is a stationary subset of a reqular cardinal A and S € I[N,
see Definition 0.5, and (V6 € S)[cf(d) = k], then:

(o) for some club E of A, there is a good™ (S N E, k, k1)-BB-parameter. (Of
course, we can replace the K by any x < \) (recall that we do not required
the Cs’s to be a closed subset of §),

(B) for some club E of X there is a weakly good™ (S N E, k, xT)-BB-parameter
consisting® of clubs (this is of interest when K > Rg),

() for some club E of X\ there is a good (S N E,k,xT)-BB-parameter C =
(Cs: 6 € SNE) such that:

(i) C is weakly good*, i.e., o € nacc(Cjs, )Nmacce(Cs,) = Cs, Na = Cs,Nay,
(ii) C is good, i.e., for each a < X\ we have A > [{aNCs: § € S,a € Cs}|,
(iii) C is ©x-closed that is each Cs is ©x-closed which means o = sup(CsN

a) A cf(a) € Oy = a € Cs where ©y = {o: 0 =cf(o) and a < X\ =

trpg (Jor]) < A}
2) If k = cf(k), kT < X = cf()), then there is a stationary S € I[N with (V5 €
S)[ef(6) = x).
3) In part (1), moreover, we can find a good (S N E,k, " )-BB-parameter and a

A-complete filter D on X such that: for every club E' of X, the set {§ € SNE: Cs C
E’' N EY} belongs to D.

Proof. 1) By the definition of I[\] see Definition 0.4 and Definition 1.5 above (see
more in [She93a, §1]) and for clause () the definition of trp, (|a|).

2) By [She93a, §1].
3) By [8}16947 III] 51.24
Definition 1.25. Let C be a (), , x)-BB-parameter.

For a family .%# of C-colourings and & C *2, let ide gz 2 be the set of W C A
such that: {W C \: & for some F € .Z for every ¢ € & for some 1 € *\ the set
{6 e WNS:F(nlCs)=cs} is a non-stationary subset of A.

4this means: the parameter C' = (Cs: § € SN E),Cs a club of 4.
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If .7 is the family of all C-colouring we may omit it. If we write Def instead of .%
this mean as in [She01, §1] (not used so the reader can ignore this).

We can strengthen Definition 1.5(2) as follows:

Definition 1.26. We say the A-colouring F is (S, k, x)-BB-good if:

(a)
(b)

S C{d < A: cf(d) = K} is stationary,
we can find E and (Cs: 6 € SN E) such that:
(o) Eis a club of )\,
(8) Cs is an unbounded subset of §, |Cs| < ¥,
(7) if p,p €°6,06 € SNE, and p/ | Cs = p| Cs then F(p') = F(p),
(0) for every a < A we have A > [{CsNa:d € SNE and o € Cs},
(6) 6 € S = trpeg)([6]) < Aorjust 6 € S = A > [{C:C C 4§ is
unbounded in § and for every a € C for some v € S we have CNa =
CyNaand a € Cy}.

We can sum up (relying again on some quotations).

Conclusion 1.27. If A = ¢f(2") and we let © = {6: 0 = c¢f(f) and Va <
2M) (trpg (Jao]) < 2#)} then:

(a)
(b)

(c)

O is “large” e.g. contains every large enough 6 € Reg N3, if 3, < A,

if 0 € ©Ox A0t < X then there is a stationary S € I[N such that § € S =

cf(d) =0,

if 0,5 are as in clause (b) above then for some club E of \, we have that:
(i) there is a weakly good (X, K, kT )-BB-parameter C = (C5: 6 € SN E),
(ii) there is a good (A, Kk, kT )-BB-parameter (Cs: 6 € ENS),

(iii) there is a good™ (A, k, kT)-BB-parameter C = (Cs: 6 € EN S).

(d) for 6,S,C as in clause (b), (c) above and Y < 2%, if F is a (C,Y,0)-

(e)

colouring and D = Dy (or D is a u™-complete filter on X extending D)),
and lastly S € D% then there is a F-super BBsequence for C and there is
an D — F-BB-sequence; see Definition 1.5(3), (34),

if 0,5,C as in clauses (b), (c): Y < 2#, then C has the (Y, 0)-property,

(f) for 6,S as in clause (b) above Y < 2F if 0 > Ry C' = (C}: 6 € S),C5 a

(2)

stationary subset of § for each § then we can find C" = (C§{: 6 € ENS)
such that C§ is a club of § for each 6 and (C5NCY: 6 € S) has the (T,0)-
BB-property (really C" does not depend on C'),

in clause (f) if @ = 07,0 > k,2X < 6 we can conclude also that (C5NCY: 6 €
S) has the (x,0)-MDs-property.

Proof. Clause (a) holds by [She00b], clause (b), (¢) holds by Claim 1.24, clause (d)
by the major Claim 1.10 and clause (e) is a rephrasing of clause (d), and lastly for
clause (f) use above case (iii) of clause (c) and use the obvious monotonicity (and
C5 N C§ is unbounded in ¢ being stationary). O .97

Note some open questions.

Question 1.28. 1) Assume X is a weakly inaccessible which is not strong limit (i.e.
a limit regular uncountable cardinal but not strong limit) and (27: < \) is not
eventually constant.

See https://shelah.logic.at/papers/775/ for possible updates.
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Does A have the weak diamond? Other consequences? In this case cf(2<*) = X as
(29: 0 < \) witness it hence 2* > 2<* := 2{2%: § < A\}. If A = 2<% then A = A<?
and such X’s are investigated in [She02] (for weak diamond on many stationary
sets).
2) Consider generalizing [She98, AP,§3] to our present context. Also, we may
consider {c,: 7 € A" x AT(=3) 5 x ) where ¢, € 6.
Claim 1.29. Assume,
®H,9 (1) 0 < 1y
(ii) if & C H0 has cardinality < 2% then there is p € 6 such that (Vf €
F)(Fe < p)(p(e) = f(e))-

1) Sep(p, i1, 0,2") hence if 2" is a regular cardinal then Sep(u,8) holds so clause
(f) of Claim 1.10 is satisfied.

2) Even if 2" is singular still in Claim 1.10 we can replace clause (f) in the as-
sumption by ®,.0.

Remark 1.30. On relatives of ®, ¢ see ¢,, see [MPS16].

Proof. 1) Clearly #0 has cardinality 2/, so let (v,: a < 2") be a list without
repetitions of ##. For a < 2, let T', = {vg: B < a} and we choose f* by induction
on a < 2* such that:

(a) f*=(fee<p),

(b) f& is a function from Iy, to 6,

(c) f& is increasing continuous in a, ie., B < a = f2 = f&| Dom(f?),

(d) for every v < 8 < a the set {e < p: f&(vg) = v,(€)} is not empty.
If we succeed, then we let f. = f2" that is f. = J{f%: a < 2#} for ¢ < p and
(fe: e < p) is clearly as required.
For clause (d) it is enough to consider the case o = 3 + 1, as the non-trivial case
in the induction is @ = B + 1. We can choose (f2+1(vg): e < u) € #6 such that it
holds by the assumption (x).
2) In the proof of Claim 1.10, now p € #8 = | Sol, | < 2# does not suffice. However,
before choosing (f.: € < pu) we are given F and we can choose cd, (cd.: € < p) and
define T', (1o : a < 24, T, and (Ps: 6 € S). Note that a < A = trp,.(|h(a)]) < 2
hence a < A = |U{P5: § € SNa}| < 2*. We can also choose (v, .: n € P5,e < )
and define p, € #6 for n € 5,5 € S.

Now we can phrase our demands on (f.: € < p), which is in fact weaker than the
full generality of Sep(u,0); it is

() #0 # {v € "§: for some n € P5 we have (Ve < pu)(f-(v) # py(e))}-

For this, it is enough that for the list (v, : @ < 2*) chosen in the proof of part (1),
for each 6 € S, for some v < 2# we have {p,: n € Ps} C {vo: o < v} which is
easy to obtain. [y .09

Observation 1.31. If u > No,0 = 2, then ®,¢ holds.

Proof. If # C 10, |F| < 2", let v € PO\F and let p = (1 —v(e): € < p). O1.31
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§ 2. UPGRADING TO LARGER CARDINALS

In §1 we get the §-super BB property for regular cardinals A of the form cf(2#) on
“most” S C S2 for “many” k = cf(k) (and #). We would like to prove Theorem
0.1. For this, we first give an upgrading, which is a stepping-up claim (for MDy)
given as Claim 2.2 below. Then we prove that it applies to Ag (for quite a few
A1), when As is a successor of regular, then when A, is a successor of singular, and
lastly when A is weakly inaccessible (not strong limit). We can upgrade each of
the variants from §1, but we shall concentrate on the one from Definition 1.5(5A)
because of Claim 1.20. The main result of this section is claimed in Claim 2.11.

Question 2.1. What occurs to Ay strongly inaccessible, does it have to have some
BB-property?

Possibly combining §1 and §2 we may eliminate the Ay > 2M+Y+¢ in Claim 2.2,
but does not seem urgent now.

Claim 2.2. 1) Assume

(a) A\ < g are regular cardinals such that Ay > 22+ Y40 (this last condition
can be waived for “nice” colourings, see Definition 2.3 below),
(b) for some stationary S; C S, some sequence C = (Ci: 6 € Sy),
(¢) Ao > /\f, A2 is a successor of regqular.
then for some stationary Sy C S22, there is C = (Cs: 6 € Ss), a good ® (A2, K, X)-
BB-parameters which has the (Dy,, Y, 0)-BB-property.

2) We can in part (1) replace clause (¢) with any of the following clauses:

(c) thereis a < A1 square on some stationary S C Si‘f, (see Definition 0.4(1A);
this holds if Ay = p™, u™ = p),
(¢)” Aa has a (M1, S1)-square (where Sy is from clause (b)) which means:
Eﬁiisl A1 < Ag are regular, S1 C A1 is stationary and there are So C Sif
stationary and C? = (CZ: 0 € S3) satisfying C3 C § = sup(Cg),C?
is closed, otp(C3) = A1 and if o € C§ N C3 {61,062} € Sy and a =
sup(C3, Na) and otp(aNC3)) € Sy, then aNC3 =anCj .
()" X2 has a (A, Cy)-square Cy (where Cy is from clause (b)) which means:
Af,C‘l,C‘z a) Cy=(C;: 6 € 5,),
B) Sa C Si‘f is stationary,
) C2 is a closed unbounded subset of § of order type A1,
) if « € C3 NC3, (so {61,0,} C S), otp (N Cf) € Sy, and
a = sup(C§, Na), then otp(aNC3 ) = otp(aNC,), call it y and
{BeC3 otp(BNCE)eCly={BeC] :otp(BNC}) e Cl}.

3) Assume £ € {0,2} and,

(
(
(

Y
(6

(a) A1 < A2 are regular uncountable,
(b) some (A1, K, x)-BB-parameter has the 6-MD,-property,
(c) at least one of the variants of clause (c) above holds.

Then, some (Aa, Kk, x)-BBg-parameter has the 6-MD,-property.

5the goodness is a bonus.
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Definition 2.3. We say that a (T,0)-colouring F = (Fs : § € 5) for a \-BB-
parameter C' = (Cs: § € S) is nice when:

® if d1,02 € S and otp(Cs,) = otp(Cs,) and n; € ()Y g € (©52)Y and
a1 € Cs, Nag € Cs, Aotp(Cs, Nar) = otp(Cs, Naz) = mi(an) = n2(az2),
then Fy, (m) = Fs, (n2).

Proof. 1) If clause (c¢) holds then clause (¢)" of part (2) holds by [She91, §4], so it
is enough to prove part (2).

2) Trivially clause (c)’ implies clause (¢)” and clause (c)” implies clause (c)”; so
assume (c)”’; and let C? = (C%: § € S3) be as there.

Let h = (hs : 6 € S3) be such that hs is an increasing continuous function from
A1 onto CZ recalling clause (7), i.e., C% is a closed unbounded subset of § of order
type A\1. Let S = {hs(i): 0 € Sp and i € Si} and if a € S, a = hs(i), € Sz and
i € 51 then we let C; = {hs(j): j € C}}; and let C* = (C}, : a € S). Why is C,
(hence C*) well defined? We shall check that, if & € S, = hs, (i), ¢ € Sa,i¢ € S
for £ = 1,2 then {hs,(j): j € C}.} = {hs,(j): j € C}}; this holds by clause (§) of
the assumption (c)””. We should check the conditions for “C* is a good (Az, &, X)-
BB-parameter with the (Dy,, T, §)-BB-property.

The main point is: assume that F is a (C*, Y, #)-colouring, find a ¢ as required.
For each § € Sy we define a (C*,T,6)-colouring F® by F(n) = F(no h;') that
is for i € S and n € %Y we define F*() as F(v) where v € Chs Y, where v is
defined by V8 € Cj_ ), we let v(8) = n(h;'(8)). As® Az > MY H0 hecause

02{|T\|c3‘: 5651} S 20)\12{‘T|‘ali OéSX} = 2>\1+|T‘<X —+ 0’ for some Stationary S; g S2

we have § € S = F° = F*, so F* is a (C', T, #)-colouring, hence it has a good
(Dy,, Y, 0)-BB-sequence &' = (c} :i € Sy).

We define ¢* = (¢, : @ € S) by 6 € S2 Ai € S1 = ¢,y = ¢;. By clause () of
(¢)" it is well defined. Now for any n € *2)T and club E of Ay, we can find ¢ €
SoN acc(Fs), hence By = {a < A : hs(a) € Ey}isaclubof A and let 7, € )T be
m () = n(hs(a)), so by the choice of ¢ for some 6, € S1NEy, cj, = F*(n; [ C§ ) and
let 09 = h5(61), S0 0o € F5 and 832 = C% = F*(Ul [C%l) = F6(771 [Cgl) = F(77 [C’;Q),
so we are done.

3) Similar only easier (or see the proof of Claim 2.12). Oo3

Claim 2.4. We can strengthen the conclusion of Claim 2.2(1) and Claim 2.2(2)
to: we can find a sequence (S ;: i < Ao) of pairwise disjoint stationary subsets of
A2 and for each i < Ao a sequence (Ci: & € So ;) which is a (A2, k, X)-BB-parameter
having the (Dy,, Y, 6)-BB-property.

Proof. By the proof of Claim 2.2, without loss of generality clause (¢)” of Claim
2.2(2) and clauses (a), (b) of Claim 2.2(1) hold. For some ¢ < A; for un-boundedly
many i < A\g theset Sy ; := {§ € Sy: i is the (-th member of C#} is stationary. a4

Claim 2.5. 1) If p is a strong limit, A is a successor cardinal, A\ = cf(\) > 2H,
moreover X\ > 22" (superfluous for nice colourings, e.g., for MDy, ¢ € {0,2}), then

6only place this is used, if F is nicely defined this is not necessary.
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for every large enough regular k < p, some good™ (X, k, k+)-BB-parameter C' has
the (2#,0)-BB-property for every 6 < p.

2) We can add: C has the -MDy-property for £ = {0,2}.

3) We can find o sequence (S;: i < \) of pairwise disjoint stationary subsets of S
such that for each i < X there is C* = (C} : 6 € S) as in parts (1) and (2).

Proof. 1) Let kg < u be large enough such that [0 € {\,2*} AN a <0 A kg < k=
cf(k) < p] = |a|i*! < 6, (see Definition 1.3, exists by [She00b]).

By Claim 1.10, for any regular k € [ko, 1) and 8 < p we have the result for cf(2+)
in place of A. If X is a successor of regular we can apply Claim 2.2(1), i.e., for
clause (c) there is a square as required by [She9l, §4]. In the case that A is a
successor of a singular cardinal, by 2.9 below, clause (¢)” of Claim 2.2(2) holds for
A2 = A, A1 = cf(2) so we can apply Claim 2.2.

2) Follows by Claim 1.20.

3) In the proof of parts (1) 4+ (2) above, instead of Claim 2.2 we use Claim x.21A.
Ua.s

Below we generalize Engelking Kartowicz theorem (see [EK65]) (which says that if
u = p X =2 then there are f.: A — p for € < p such that every partial function
from A to p with domain of cardinality < , is extended by f. for some e < p); we
do more than is necessary for the super BB.

Claim 2.6. 1) Assume

(a) p=cov(p,0F,0%, k"),
(b) 2° <,
(c) p<A<2,

there is F' such that:

then
(@) F=(F.:e<p),
(B) each F; is a function from X\ to p,
(7) if u € [N|<Y then we can find E such that:
(i) E=(E;:i< k) is a sequence of equivalence relations on u,
(ii) a cu={a} =nN{a/E;: i < K},
(iil) of f: uw — p respects some E; (i.e. aE;5 = f(a) = f(5)) then we can
find a partition (u¢: & < k) of u such that £ < k = flug C F. for
some € < L.

2) In part (1) we can strengthen clause (y)~ to (vy) below if (d)¢ for some £ €
{1,...,5} below holds, where:

() if u € [N=Y and f: u — p, then we can find 4 = (u;: I < k) such that:
(i) u=W{u;: i<k} and,
(ii) for every i < k for some & < u we have f|u; C F..

(d)y there is a sequence f = (fo: o < ) of pairwise distinct functions from p
to p such that: if u € [N|<Y then we can find sequences @ = (u;: i < k) and
(Bi:i < k) such that u = U{u;: i < k}, B; € [u]<®° fori < k and for each
i < K the sequence (fo | Bi: a € w;) is with no repetitions,

(d)y there is a sequence f = (fo: a < A) of functions from r to u and an ideal
J on k such that f is 0% -free modulo J, i.e., (0%, J)-free (which means that
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for u € [N=9, we can find a sequence @ = {a: o € u) of subsets of r such
that a, = k mod J and i € an Nag N a # B = fo(i) # fs(I)),

(d)s like (d)2 but an € JT that is aq ¢ J,

(d)s (Vo < p)(|al® < i) and X < pp, () for some ideal J on k,

(d)s p=po <A< pr

3) If we weaken the conclusion of the part (2), replacing () by:

"

(7)9’,{ for every club E of A\ for some closed w C E of order type 0 there is
(uj: i < k) such that u; Cu and ¢ € u A cf(¢) > k = ¢ € W{u;: i < K}
and (Vi < k)(Ze < pw)[f Tu; C F.),

then we can weaken the assumption in a parallel way, e.g.

(d)l_,a,,@ there is f = (fo: a < A), fa € *u such that for any club E of \ we can find
a closed e C E of order type 0+1, and @ = (u;: i < k), B = (B;: i < k) such
that B; € [pu1] < No,u; SO and (€ u A cf(() > k=€ U{u;: i <k} and
for each i, {fa I Bi: o € w;) is with no repetitions (and in (d)s it becomes
easy).

Remark 2.7. We can replace A (as a domain) by [)]?

, ete.

Proof. 1) Let <7 be a family of < p subsets of u each of cardinality < 6 such that
any A € []=? is included in the union of < x many of them; it exists by assumption
(a). By assumption (b) without loss of generality A € & A BC A= B € & sowe
replace “included” by “equal” and also without loss of generality A; € & A A €
o = A1 UAs € o7. Let pr be a pairing function on p.

As p < A < 2# there is a sequence (ff: ¢ < A) of pairwise distinct functions from
pto {0,1}. Let & = {(A,B,3,8): B€ &,5= (g1 < 0)&g; € B2andi < j <
0 = g; # gjand S = (B;: i < 0) satisfies {§;: i <0} C A e &}

Clearly |#| < pu x 2% = p. For each z = (A,3,3) € % we define a function
Fp: A — p as follows:

F,(¢) is B; if gi C f¢ and is 0 if there is no such 7 (clearly we cannot have ig # i1 <
0N gio © 2 A g C F2):

Let F = (F.: e < p) list {F,: 2 € %}, clearly F satisfied demand (a) + (3). As for
demand (y)~ let u € [A\]=? be given. For any (1 # (2 € u let o = a(C1,{2) < p be
minimal such that f7 (o) # f7, (), exists as ff, # ff € #2 and let B = {a(¢1,¢2) :
(1 < (o are from u}. By the choice of &7 we can find pairwise disjoint B € o for
¢ < k such that B = [J{B¢: £ < k}. Lastly, we define E = (E¢: £ < k) by

® for C17C2 € U7C1E5C2 ﬁ fzfl ng = fg; FB&

Assume that f: u — p respects Eg, then we can find non-empty A¢ € & for £ < K
such that Rang(f) = U, A¢. Now for any pair (£1,&2) € £ xk, let ug, = Min{( €
u: f(¢) € A£1}7 let (¢;: 1 < 0) list Ug,, let x¢, ¢, be (A§27B§1 U Bg,, <f<*1 [ Be, i1 <
0y, (f(¢;): i < 0)). Now check.

2) Naturally the proof splits into five cases, but first, let &/ be as in the proof of
part (1), pr(...,...) be a pairing function on u, let (ff: ¢ < A) be a sequence of
functions from p to p (chosen separately in each case). Let 2" the set of elements
x = (A, g,B) such that:



Paper Sh:775, version 2023-05-01_2. See https://shelah.logic.at/papers/775/ for possible updates.

SUPER BLACK BOX, (EX. MIDDLE DIAMOND) 775 27

) Ae o,
(il) g = (g:: i <0),
) each g; is a partial function from A to A and,
(iv) B=(Bi:i<0)andi <0 = f; € A.
Clearly |2°| < u and for each z = (A, g,3) € 2 we define F,: A\ — p by

F.(¢) = Bi iff i = i,(¢) = min{e < 0: if e <O then g. C f}.

So let u € [\ and f: u — p be given and let (v;: i < &) be such that u =
(U{vi: i < K} and (A4;: i < k) be such that i < x = A; € & and Rang(f") C A;.
Case 1: Clause (d); holds.
We choose ff = f¢ for every ¢ < A where f¢ is from clause (d)1. Let ((ui, B;): i <
k) be as guaranteed to exist for u in clause (d);. For each 4,5 < & such that
u; Nwj # 0 and let (Ch9 e < 0) list u; Nv; (possibly with repetition) and let
T = (AZ 2 (gh7 e < 0),(BL7: e < 6)) where:
(a) AY, =B;UA,,
@)%J* i | Bi,

()W”—f@”)
We can check that

(o) z;; € 2 and,

B) U{winw;:i,j <k} =u,

(7) szj 2 f T(Uz m’Uj).
[Why? Let ((x) € u; Nv; so ((x) = Ci’(i) for some (%) < 6 so gi’(j*) = f;,’j [ B; by

e(*)

clause (b) above hence e(x) € {¢ C 6: if € < 0 then g. C fg(*)}. But (ff [ B;: (€

u;) is a sequence without repetitions, so

€<€():>Ca,]€ulm<.:ga7] fClJrB#fclJ _gg()

(the middle inequality holds by the choice of {(u;, B;): i < k) above, i.e., by clause
(d)1).

S0 iy, (C(x)) = e(x) so FIH(C(*)) = ﬁz’(i) = f(CE’(J*)), the last equality holds by
clause (c). So we are done.

Case 2: Clause (d)2 holds.

Follows from Case 3.

Case 3: (d)s holds.

Let fé be any function from g to p extending f¢. It suffices to show that ( fé (<A
satisfies clause (d)1. So let u € [A]<?, so by (d)3 we can find a sequence @ = (a¢: ¢ €

u) of subsets of x such that a, ¢ J and

® G F#FQEeuNi€ay Nae, = fali) # f3(4).
Let B; = {i} € [u]<®° and u; = {¢ € u: i € ac}, clearly they are as required.
Case 4: Clause (d)4 holds.
This implies Clause (d)3 by [She94, I1,1.3,p.46+1.4](3),p.50 (or see [She97b]).
Case 5: (d)s.



Paper Sh:775, version 2023-05-01_2. See https://shelah.logic.at/papers/775/ for possible updates.

28 SAHARON SHELAH

Let 3 = min{d: 0" > A}, so clearly p; < pu. As k < 6,27 < 1 we have 2% < py,
hence k1 = cf(p1) is < k and (Va < p1)(|a|® < p1). By (d)s we have k1 > Rg. So
by [She94, VIII], PP jba (1) > (p1)" = " > A so Clause (d)4 holds. Os g

Claim 2.8. 1) Assume

(a) p= cov(p,0",07 k%) so u> 0>k,

(b) 2° < p,

() p<A=cf(N) < p~,

(d) 0 = cf(0),S C S} is stationary and S € I[N,
() TCOanda<AASET = trpy (lal) <Al

then there is F' such that:

() F=(F.:c< ),
(8) F: is a function from X to p,
(7) for a club of § € S, there is an increasing continuous sequence {ce: € < 0)
with limit § such that:
(%) for every function f from {a.: e € T} to p we can find a sequence
(ui: i < k) of subsets of T with union T such that (Vi < k)(3e <

w(f Hay:j € ui} C Fe).

Proof. 1) Let @ = (aq: o < ) and Ejy as in Definition 0.5(2) witness S € I[A]. Let
M = (M, : o < \) be an increasing continuous sequence of elementary sub-models
of (H(x),€,<%), each of cardinality < A satisfying M | (o + 1) € Mo, | Mo =
ty MiyaNA € Xand {\,0,T,S,a, Eg}U(u+1) C My. Let E = {6 < X\: MsN\ =6},
clearly a club of A and E C Ey as Ey € M.

Now we choose by induction on « < A a function f, from k to p such that:
(¥)1 if b € [a]SY A b€ M,y then ran(f,) € U{ran(fs): B € b}.
(%)2 fa is the <}-first object satisfying (*);.

This is clearly possible as k < 20 < w< A<t

For every i < r and u € My N [u]=% and g: u — p from My, let Fy,; be the unique
F,;: A — p and it satisfies: if f,(i) € dom(g) then F (o) = g(fua(?)). [Why
F,; € My? As p+1C My and u,g € My.]

Let ((ge,ic): € < p) list the set of all such pairs (g,7) and let F. = F,_; . We shall
show that (F.: e < u) is as required; so clauses () + () hold trivially.

Now if § € nacc(E)NS C SN Ep so as € § = sup(as), otp(as) = cf(d) = 6
and let (a. : € < 0) list the closure in ¢ of as in the increasing order. So for
some club C' of 6 consisting of limit ordinals we have ¢ € C' = a. € E. Let
O = cf(d): § € T}, now suppose € € C is a limit ordinal with cofinality € ©. So for
every ( < &,0¢41 € Gq, 50, a5 @ € My < Mo, A acq1 € M, clearly Gocyy € M,
but (see Definition 0.5(2)) cl(aa,,,) = {ae : € < ¢} hence {ac: e < (} € M,,.
Now the tree ({v: v € M, is a sequence of ordinals of length < 0}, <) is a tree
which belongs to M,_41, has € levels and || M,_|| < A nodes so by assumption (e) it
has < A e-branches. As this set (of e-branches) belongs to M,,_1, every e-branch
of this tree belongs to M, 41 but (a¢: ¢ < €) is (essentially) such a branch; so
together e € C Acf(e) € © = (ac: ( <€) € My 1.
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Let
v; ={e € C: &cf(e) € © and& f,_ (i) ¢ U{Rang(f3): B € {a¢: ( <e}}.

So (v;: i < k) is a sequence of subsets of C' with union D 7. For each i < k by
assumption (a) there is (v; ;: j < k) be a sequence of subsets of v; with union v;
such that for every j < k{fuo.(i): e €v;;} C v ; € My.

Let h be a function from {a.: e € T} to p. So by assumption (a) we can find a
sequence (w;: j < k) of subsets of u each of cardinality < 8 such that Rang(h) C
Ujcowj and {w;: j < s} C Mo. Let u;j, 5, = {e:¢ € v, fa (i) € v;rj and
h(ce) € wy, }. Hence for 4, j1,jo < K there is ¢ = ¢ 4, o {fa. (1) € € Ui jy ju} — 1
satisfying ¢ € uwl,]2 = g(fa.(?)) = h(oze) see the choice of v;, v; j,, Wj,, Wi jy -
Now as v; C 6,29 < p,u+1 C My and v]"; ,wj, € My are subsets of u of cardinality

Z]’
+

< 0 clearly the set of partial functions from v;"; to wj, belongs to My and has

cardinality <"l |w;| < 6% = 27 < ;i hence is included in My. So g; ; belongs to
My for every i,j < x. Also easily Fy, .. extends h[({ac: e € ujj;}). So ({a.: e €
wij}t: 4,7 < k) and (o : € € C) are as required (modulo some renaming). But
dom(gi,;) = {fa.(i): € € us;} € wj. Das

Compare the following with [She86].
Claim 2.9. 1) Assume

(a) A= ;ﬁ and k= cf(p) < p and Ry < 0 = cf(8) < u,
(b) (1) © =1{0: R <0 = cf(a) < and trp, () = i},
(if) Ty = {6 < 0: cf(9) € B},
(iii) T;—TQU{O}U{C—Fl ¢ <6},
(v) T, = T\,
(c) P C {A: A a sequence of length < u of subsets of 0 each included in T+
and including T, },
(d) 9 C [W=? has cardmality <,
(e) if ae < p for e < 6 and (w}:i < K) a sequence of subsets of T,” and
including T, , then for some A € P we have:
(i) for some ¢ < (lg(A) and j < K, A; C w},
(ii) ¢ <lg(A) A j<r ANACw;={ac:ecA}eP

Then we can find (C;, A%, S;) for i < u such that:

(a) {0}U{C+1:¢ <0} CAFCo,
(B) C; = (Ci:6€8:);8 C\and

[otp(aNCH € Af ANCECS AN aeCi=ac S ACL=anCl,

(v) Sf={6€S;: ct(d) =0} is stationary,

(8) for every club E of X there are §* € E and a sequence (w}: i < k) of subsets
of T(f including T, with union T;r such that for each j < k there is A € P
satisfying: (V¢ < Lg(A))(A¢ Cw) — (i < p)[6* € S; A A7 = A¢))

(¢) if B € I[)] is stationary and B C S} then we can demand B\U{S:: I < u}
is not stationary and in clause (0) any § € B satisfies the requirement on

0*.
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2) Assume, in addition o < p = ||’ < p, T) = {6 < 0: cf(8) # k} and we let
P = {A: A= (A;:i < k) is a sequence of sets with union T, }. Then T} = T,
and for some & all the assumptions hence the conclusion of part (1) holds.

3) Assume py is strong limit < p,k = cf(pu) < p, A\ = u™, then for some 0y < i,
for any regular 6 € (0o, j1.) the set Tp include {6 < 0: cf(8) > 61 or & non-limit}
and for P =_{A: A is a sequence of < Oy subsets of 0 with union Ty such that
{A¢: ¢ < lg(A)} is closed under finite unions}.

Then for some & the assumptions hence the conclusion of part (1) holds.

4) In (1) (and (2), (3), if A = (A.: e < &(x)) € P we can replace it by A’ =
(AL: e < e(x)), AL = A U {0 < 0: cf(6) > Rg and A N4 is stationary in 0} and
still obtain an element of P.

Remark 2.10. 1) If X is (weakly) inaccessible we have weaker results: letting
O ={0:0 =cf(o) and a < A = trp,(|a]) < A}, there is (Z,: a < ), P, C
[]<%,|Z4| < A such that for regular § < A for every stationarily many § € Sy
for some increasing continuous sequence (. : € < «) with limit §,[e < 8 A cf(e) €
O = {ac: ( <e} € P,_] (see [She93a, §1]).

2) Can we restrict ourselves to: (wr:j < k) is increasing continuous in part (1)
and similarly in (2).

It seems very reasonable (if A = u*,k = cf(u) < p) that we can find (\;: @ <
k), an increasing sequence of regular cardinals < p with limit g such that AT =
tfe([[;<pAiso <ypa) and j < k= A; > max pef{);: i < j}. Why? This is trivial
if Kk = Vg and if K > Vg, it follows by the weak hypothesis (see [She93b]), whose
negation is not known to be consistent and which has large consistency strength.

3) If there is (\;: i < k) is as above then in part (1) of Claim 2.9 we can strengthen
clauses (), (¢) in the conclusion. By demanding that “(wj: j < k)" is increasing
continuously. Why? Choosing (f,: a < A) we add:

Bl if fo, (i1) = fa,(i2) then iy =iz A fa, i1 = fa, [ t2.
So there is a sequence (g;: ¢ < k),8;: p — p and g;, (fo,(71)) = fa,(f0) when
1o < i1 < K, < A and a function I: y — k such that i(f, (7)) = 7.

Now at the end of the proof we replace ol = cd(j, fa.(4),&(a)) (so fixing j) by
ol = cd(€).

Proof. There is B as in clause (¢), that is B € I[\] and B C S} is a stationary
subset of A, see Claim 1.24(2). So let B be such a set; clearly omitting from B a
non-stationary subset of A is O.K. as if B’ C B, B\B’ is non-stationary and the
demands in clause (¢) for B’ are exemplified by the sequence (C;, A, S¥): i < p)
then the same sequence exemplifies it for B.

We can find @ = (aq: o < \) witnessing B € I[)] see Definition 0.5(2), so (possibly
omitting from B a non-stationary set) we have: o € B = ao C oo = sup(aq) A 0 =
otp(aq) and [B € ap, = ag = BNay) and [@ € A\\B = ao C a A otp(ay) < 6].

Let x = AT and M = (M,: a < )) be an increasing continuous sequence of
elementary sub-models of (J(x),€,<}) to each of which {a,u,P,#} belongs,
and satisfying M [ (a+ 1) € Myy1, 10 C M, and || M, || < A

As X = pt clearly @ < X = ||M,|| = p. For any o < A let (ba,c: ¢ < p) list
Ma+1 n [Oé]<9.
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Let (\;: i < k) be an increasing sequence of regular cardinals with limit u, \; > 6
with A = tef([]; . Ai, <ypa) and let f = {fa: @ <)) be an increasing sequence in
(ILis Ais <yva) cofinal in it and obeying @ (i.e. i < r A B € ang = f5(i) < fa(i))
and ( < M AT < j<KEABEbac = fa(j) < falj) (there is such (A\;: I < k) by
[She94, T1]); there is such f by [She94, I]. For notational help later without loss of
generality each f,(7) is divisible by 6.

Now for any © = (hq, ha, A,1) = (h{, h3, A®,i") where h; is a partial function from
i to 0, hy a function from A to p where T, C A C T9+ and i < k, we define:

(x) S, is the set of « such that:

¢ = h1(fa(i)) € A satisfies:
i) ba,hsy(c) is a subset of a of order type ¢,
ii) bq,hy(¢) is unbounded in « if ¢ is a limit ordinal and,
(iii) ifee AN¢ B € ba,hz(() £= Otp(ba’hz(o N gB),
then e = hi(fg(i)) and B N banyc) = b hye) and for o € S, let
C& = bahs (hi (fali))-

For x as above let S¥ = {§ < A: cf(4) = 6 and there is an increasing continuous
sequence (a.: e < ) with limit § such that e € A = a. € S, A CL_ = {a¢: ( <
0}}. Now for any such z, for § € S% choose {a.: e < ) witnessing it and let
Cy =U{C5 e € A}; note that S, N SE = () because [« € S, = cf(a) # 0], [a €
S = cf(a) = 0).

Let (x.: e < e* < p) list the set of € My which are as above and S} is stationary,
and for each £ < e*, let S, =S5, US; , C. = (CZ: a € S.), A. := A . We have
to check the five clauses of Claim 2.9(1):

Clause (a): See the demand on z above.

Clause (8): Holds by clause (iii) in the definition of “a € S,” and of CZ for a € S,
and similarly for a € S7.

Clause (y): Holds by the choice of (z.: e < &*).

Clause (0) + (¢): Let ¢ € B, and we shall show that § € U{S;: i < p}, this clearly
suffices for (&) hence for (§). Let (o : ¢ < 0) list the closure of a; in the increasing
order by the choice of @, as is a set of non-limit ordinals hence cf(a¢) =0 < (=6
and ag = 0.

Now for every ¢ € T, for some £(¢) < p we have {ag: £ < (} = b g(c) (£(C) exists
as trpgg(¢y (1) = p by the definition of Tp) and let j(¢) = min{j < r: fo,(j) > fa. (i)
for every € < j}.

For each j < r let w; = {(: (€ Ty, or ( € Tp A j(¢) = j} and apply clause (e) of
the assumptions to the sequence (a;: ¢ < 6) where ag = cd(j(C), fac (4¢), E(ac)),
cd a coding function on y so (by (e)) we can find A € P satisfying clauses (i) and
(ii) of assumption (e). So by (i) of (e) there are i(x) < £g(A) and j(*) < s such
that A C w;‘(*). For any pair (4,) such that i < £g(A),j < r and 4; C w} we
shall define x = x; ;. By (ii) of (e) we have {al: e € A;} € Z.
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We now define x = (h{, h%, A*,i%) as follows: we let i* = j, A* = A;, dom(h¥)
{fozE (]) €€ Az}vh:f(fag (])) =5 dom(hQ) = A7, h2(€) - §(a<). Easily z = Li,j
My (as & € My, | 2| < p,u+1C M) and o € S, so we are done.

2) Let & = {A : A is a bounded subset of u of cardinality < 6}. Clearly |Z?| <
Slal?: a < p} < 2{|al: a < p} = p, so clause (d) holds.

Now if 0 = cf(0) < 0 and o # & then trp,(u) = p. [Why? For completeness if T'
is a tree with set of nodes C p and o levels, then every o-branch of T includes a
<p-unbounded subset which is bounded as a subset of y hence belongs to &2, and
clearly the branch is determined by any <r-unbounded subset hence the number
of o-branches of T is < | 2| < p.]

So Ty = Ty and the non-obvious clause to check is (e). So assume . < p for e < 6
and (wj: i < k) is a sequence of subsets of T;". Let = X{yu;: i < K}, ;s < p and
let A= (A;: i< k) list the family {{a.: ¢ € w} and a. < p;}: I,j < Kk}

3), 4) Left to the reader. Oy g

m

Claim 2.11. 1) If X is regular and not strongly inaccessible and p < X is a strong
limit singular of uncountable cofinality, then for every large enough regular r < u,
for every Y,0 < u, some (A, ~, kt)-parameter C has the (Y, 0)-BB-property (see
Definition 1.19(4)); in fact, C is a sequence of clubs.

2) Moreover, we can find such C* for a < X\ satisfying: (Dom(C®): a < \) are
pairwise disjoint.

3) Moreover for every large enough reqular k < p for every x, o < p some (A, k, k™)-
parameter has the (x,o)-BBy-parameter for £ = 0,1, 2.

Proof. 1) Let A\; < A be such that A < 2% and let kg < u be large enough such
that:

(¥)1 (i) if X is not a successor of regular, then oo < A = cov(|al, i, ft, ko) < A,
(ii) if A is inaccessible, then cov(Aq, p, p, ko) = A1 (exist by [She00b]).

Note that A; is needed only if A is (weakly) inaccessible.

Let p. € (ko,u) be strong limit; this is possible as p is a strong limit of un-
countable cofinality. Let k1 = k1[u«] < p« be > kg and such that o < 2+ =
cov(|al, p, 1, k1) < 2+ (such k; exists by [She00b]).

Let k € Reg N p.\k1 and we shall prove the result for x and every Y,0 < ., so
without loss of generality T = 6. By Fodor’s Lemma on p this is enough. Let
A« = cf(2#+). By Claim 1.24(1) for every stationary S C {0 < A.: cf(d) = s}
from I[\,] (and there are such, see Claim 1.24(2)) there are C = (C5: 6 € S), D
such that C'? is a weakly good™ (\., x, k7 )-BB-parameter, D is a \,-complete filter
on \, containing the clubs of A, and by Claim 1.10 + Claim 1.11 S € D%, (e.g.,
D = 2,), the pair (C®, D) has the §-BB-property.

For the case X is (weakly) inaccessible we add “each Cs is a club of 6”. This is
permissible as we can use clause (3) of Claim 1.24(1). Fix such $; C S+ and
C=(Cs:0€8)=C%.

Note that we actually have:
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K (a) if ' C S is stationary, C5 C Cs C 6 = sup(Cj) for § € S’ then
C' = (C}: § € §') is a weakly good™ (A, k, kT)-BB-parameter and C’
has the (D, 6)-BB-property,

(b) if Ax = U{4;: i < i(x¥) < k} then for some 7,5 < i(x),C’ is a good
(A« K, kT)-BB-parameter and C’ has the (D, )-BB-property where
S'={6€ 51:6€ A; and § = sup(nacc(Cs) N A;)} and for 6 € S” we
let C§ == nacc(Cs) N A4;.

[Why? Let S;;, = {0 € S1:6 € Ajandé = sup(nacc(Cs) N A;)}. Clearly
(Sij: I,j < i(x)) is a sequence of subsets of S; with union S;. By Claim 1.23,
for some i,j < i(*) the sequence C'[S; ; has the (D, §)-BB-property. By mono-
tonicity, i.e., by Claim 1.14(1), the sequence (nacc(Cs) N A;: § € S; ;) has the
(D, 6)-BB-property.]

Now, we consider several cases:

Case 1: ) is the successor of regulars.

We apply Claim 2.2(1) with (A, A.) here standing for (A2, A1) there; there is suitable
partial square (in ZFC by [She91, §4]). Note that we do not “lose” any x < p
because of “the lifting to” A.

Case 2: ) is the successor of a singular.

The proof is similar only now we use Claim 2.9(3) to get the appropriate partial
square using X to derive the C’ used as input for it (recalling that each sequence
A € P is closed under the union of twol)

Case 3: A is (weakly) inaccessible.

Really the proof, in this case, covers the other cases (but A; in this case, contributes
to increasing kg). This time we use Claim 2.8 + Claim 2.12 which is proved below.
Let Sy be a stationary subset of Sj\\* from I[}], it exists, see Claim 1.24(2). Let
(Fe: e < A1) beasin Claim 2.8 with (A, A1, A., k) here standing for (X, i, 6, k) there.
Let g* be a function from A; onto %, (\). Possibly replacing Ss by its intersection
with some club of A, there is a good A.-BB-parameter C? = (C%: § € Sp). Let
€= (eq: a € S)), e, aclub of a of order type k.

Clearly,

(*) for some ¢ < Ay for any club E of A for some increasing continuous se-
quence (a;: i < A.) of member of E the set B.({a;: 1 < Ay)) = {i €
S1: g*(Fo(ay)) = {(i,C,otp(aCOC’g%),otp(agﬁeai)): ¢ <ianda¢ € eq, }}
is a stationary subset of \,.

[Why? For every club E we can choose o; € E (i < \,) increasing continuous so
for some € the set B.({a;: 4 < A.)) is a stationary subset of A.. As the number of
possible € is A\ < A = cf(X), there is € as above.]

For this ¢ let
(x) (1) 53 ={a < A:cf(a) =k and g*(F:(a)) has the right form},

(ii) 6 € S5 let CF = {8 € e5: (i, ¢, j,0tp(B Nes)) € gu(F=(9))},
(iii) let F’: A — A be defined by F'(«) = ¢ if: ¢ = (3 for some ((1, (2, (3,(4) €

g*(Fe(a)).

Finally, we apply Claim 2.12.
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2), 3) Similarly using Claim 2.4 when using Claim 2.5. 0511

We now state another version of the upgrading of super BB.

Claim 2.12. 1) Assume

(a) A1 < Az are regular cardinals,

(b) S1 C S is stationary, C' = (C}: 6 € S1) is a (M1, K, x)-BB-parameter
which has the (Dy,,T,0)-BBy-property, Dy, is a filter on Ay to which Sy
belongs, -

(c) Sy C S22 is stationary and C? = (C2: § € Sa) is a (\a, K, X)-BB-parameter,

(d) F: Ao — A1 satisfies: for every club E of Ay there is an increasing con-
tinuous function h from A1 into Ao with sup(Rang(h)) € acc(E) such that
{6 € S1: h(5) € Sz and C’fl(&) C {h(a): a € C}} and F(R(5)) = &} belongs
to D)\l,

(e) 22 < Ay,

then C? has the (Y, 6)-BBg-property.

2) Assume that in part (1) we omit assumption (e) and replace the BB-property by
MDy-property where £ € {0,2}. Then C? has the (Y, 0)-MD;-property.

3) In part (1) if we omit assumption (e) and strengthen clause (d) by demanding
{6 € S1: h(d) € S2 and C;‘)L(O) ={h(a): a € C}} ade F(h(6)) = &} belongs to Dy,,
then we can still conclude that: for every nice (C?%,Y,0)-colouring F (see below)
there is an F-super BB sequence.

Remark 2.13. 1) Is clause (d) of the assumption reasonable? Later in [ST, 4.5] we
prove that it holds under reasonable conditions.

2) This + 2.14 are formalized elsewhere.

Proof. Similar to Claim 2.2.

First, assume ¢ = 2 (so we are in part (2)) and let 7 be a relational vocabulary
of cardinality < Y and by clause (b) of the assumption there is a sequence M' =
(M}: 6 € Sy), M} at-model with universe C§ such that:

®1 if M is a 7-model with universe Aq, then the set of § € Sy for which
M} =M |C}is # 0 mod Dy,.
Now for every § € Sy if F(8§) € Sy and {F(a): a € C3} C C}(é) is an unbounded
subset of f(d), then let MZ be the unique 7-model with universe C% such that
F | C2 is an isomorphism from M? onto M}w((;) [{F(a): o € C2}. If 6 € S; does
not satisfy the requirement above let M 52 be any 7-model with universe Cg.
Now it is easy to check that M? = (M?: 6 € S5) is as required.

Second, assume £ = 1 (and we are in part (1)) and let F? be a (C2, 7, 6) colouring.
For each (C*!, Y, #)-colouring F! we ask:

Question on F': Do we have, for every club E of Ay an increasing continuous
function h: A1 — Ao such that:

(i) sup(Rang(h)) € E,
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(ii) the following set is a stationary subset of Ay {6 € S1: h(d) € Sy and C}%(é) C
{h(8): o € C1} and F(h(5)) = & and (Vi € DY) (¥ € (Ch)T)[(Var €
C5)(mi(a) = n2(h(@))) = Fl(n) = F*(n2)}.

If for some F! the answer is yes, we proceed as in the proof for £ = 1. Otherwise,
for each such F! there is a club E[F!] exemplifying the negative answer. Let
E = ({E[FY]: F' is a (C, T,6)-colouring}. As there are < 22 such functions
F! clearly E is a club of Ay and using (d) of the assumption, there is h: A\; — Ao
as there. We can define F! by h, F? naturally and get a contradiction.

The case ¢ = 0 and part (3) are left to the reader. 0512

Trying to apply Claim 2.12, clause (d) of the assumption looks the most serious.
By the following, if each Cj is a stationary subset of § (so k > Rp), it helps.

Claim 2.14. In Claim 2.12, if 2** < Xy, and we replace (d) by (d)~ + (f) below,
then we can conclude that some C® = (C3: 6 € S) has the 8-MD,-property where
C’g € Ds where:

(f) D = (Ds: 6 € S2), Dj is a filter on C2 containing the co-bounded subsets
of C% (or just Ds C 2(C2)\{A C C?: sup(A) < 6},
(d)~ F: Ay — A1 satisfies: for every club E of \ for some increasing continuous
function h from A\ to Ao with sup(Rang(h)) € acc(E) the set {§ € Sy :
h(8) € Sz and {h(a): o € CL} N C? € Dj} belong to Dy, .

Proof. Let ¢ = {e: &= (es: 6 € S1),es is a subset of C2}. So |€| < 2™ < A and
for each € € E we define C°¢ := (C$: § € S§) by S§ = {6 € S2: C¢ € Ds}, where
C§ = {a € C§: otp(C3 N ) € ep(s)}. If there exists some € € €, then C° is as
required, so we are done. If not, continue as in the proof of Claim 2.12 014
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§ 3. GLOSSARY

60 Introduction:

Theorem 0.1: Many cases of MD-diamond.

Theorem 0.2: With division to A.

Conclusion 0.3: Connection to the principle from [She03].
Definition 0.4: Having (partial) squares.

§1 Super black box: sufficient conditions for cf(2*):

Definition 1.1: Definition of S being F — #-small and the normal filter.
Claim 1.2: The filter is normal and T does not matter.
Definition 1.3: Recalling pcf definitions.
Remark 1.4:
Definition 1.5: The main notions are defined:
— (' is \-BB-parameter, (), s, x)-BB-parameter,
— Fis a (C,u,0)-coloring,
— C'is a (D, F)-super BBsequence,
— C is good and C has the (D, u,#)-BB-property or the (D, u,)-BB-
property, also (good™-BB-property and BB;.
e Definition 1.6:
e Claim 1.8: Easy implications.
e Major Claim 1.10: Sufficient conditions for C having the (D, #)-BBor prop-
erties (D a filter on A\, A = cf(2#)).
e Claim 1.11: E.g., = u? implies Sep(y, #), one of the assumptions of Claim
1.10.
Remark 1.12: On variants.
Definition 1.9: Sep(x, 1,6, 61, ), Sep(i, 6).
Claim 1.13: Monotonicity properties of Sep.
Claim 1.14: On some implications.
Definition 1.15: A-MD-parameter.
Claim 1.16: Existence of good MD-parameters.
Claim 1.17: Like Claim 1.10 for MD-parameters (1.14 - 1.17 are not central).
Claim 1.20: Getting, e.g., (D, T, 8)-MD-property, i.e., (Ms: § € S),|M;s| =
Cjs, which guess (as in Theorem 0.1) for having C' with the (D, §)-property;
also md-properties MD-properties are defined.
e Definition 1.22: §-MD,-property and the ideal ID)\’,{’X;I"Q(CY).
e Claim 1.23: Non saturation ideal above (needed in Claim 1.20)
Claim 1.24: Quotations on the existence of good BB-parameters (by quot-
ing).
e Definition 1.25: A related ideal.
o Definition 1.26: F is (5, &, x)-good (1.25, 1.26 not central).
[ ]
[ ]

Conclusion 1.27: Phrasing some conclusions.
Question 1.28: A weakly inaccessible, (2: 6 < )) is eventually constant.

62 Upgrading to larger cardinals:

e Claim 2.2: For suitable Ay > 21 we construct (Mg, K, x)-BB-parameters
C which has the (Dy, T, #8)-property from (A1, &, x)-BB-parameters which
has the (Dy, T, #)-parameters.
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e Claim 2.4: Getting C* = (Cf: § € S;) sets S; pairwise disjoint for i < A in
Claim 2.2.

e Conclusion 2.5: If 4 is strong limit, A = cf(\) > 22" is successor of singular,
then for every large enough x < p, some good (A, k, k1)-BB-parameter has
the (Dy, 2", 0)-BB-property for every 6 < p.

e Claim 2.6: A generalization of Engelking Karlowicz theorem. [no pf].

e Claim 2.9: Dealing with the successor of singulars. [3 pf].

e Claim 2.11: We advance the picture in 2.5 dealing with weakly inaccessible
(i.e. regular limit) not strong limit cardinals; at a minor price - u is of
uncountable cofinality.

e Claim 2.12: This is a stepping-up lemma used in Claim 2.11 above.

e Claim 2.14: Sufficient conditions for the “lifting” used in Claim 2.12.
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