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2 SAHARON SHELAH

§ 0. Introduction

Our aim is to get general non-structure theorems as in [She90, Ch.VIII] and
[She83] (see also [Shee], [Shea], and [Shed]) but we try to make the paper self-
contained. Those papers deal mainly with the class Kω

tr as the class of index models,
where Kω

tr is the class of trees with ω+1 levels and lexicographic orders. The thesis
is that if we can build complicated sequences of index models, we can deduce various
non-structure results for many classes.

In particular:

(A) Using K = the class of linear order is suitable for, e.g., dealing with the
class of models of an unstable theory via EM models where the skeleton is
linearly ordered by some formula ϕ(x, y).

(B) K = Kω
tr is suitable for, e.g., dealing with the class of models of an unsu-

perstable theorem T .

(C) Using K = Kθ
tr, i.e. trees with θ+ 1 levels, is suitable for e.g. dealing with

the model of T when κ(T ) > θ.

(D) In all those cases we can apply the methods to

PC(T1, T ) ..= {M1 � τT : M1 is a model of T2}

where T1 ⊇ T are complete first order theories and, e.g., T1 has Skolem
functions: and to more general situations.

(E) Sometimes we can deal with models of (or reductions of models of) a sen-
tence ψ ∈ Lλ+,ℵ0 .

Here we have three aims:

(A) Linear Orders (as the class of index models)
In [Shee, 2.29=L2.25] we get the desired properties for the formula

ϕor,α,β,π(x̄, ȳ), but we were able to prove it (i.e., prove so-called strong
(2λ, λ, µ,ℵ0)-bigness) only for the case where λ is a regular cardinal > µ

such that (∀γ < λ)
[
|γ||α| < λ

]
. For λ singular (> µ) we get there only 2λ1

for any λ1 < λ, rather than 2λ. We [would] like to get the full results. See
§2.

(B) Concerning Kω
tr, consider improving on [Shea, 2.20=L7.11].

The best outcome is to get the so-called full strong (λ, λ, µ, κ)6
+

-bigness
property, or similar; it seems that in the problematic case it suffices to have
just
(∗) µ+ > ‖Nn‖ℵ0 .

See below.
(C) Kθ

tr with θ not necessarily ℵ0.
Do we have the full strong (λ, λ, µ, κ)-bigness property? Using Mµ,κ, let

us review cases and see what they cover:
(a) λ = cf(λ) > µ

(α) κ = θ = ℵ0 (see [Shea, 1.11=L7.6(1),p.12]) [will] get super7
+

.

[CHECK] This implies “super4
++

”; moreover, [Shea, 2.13=L7.8I]
for ` = 7+.

(β) For θ ≥ κ+ ℵ1 such that λ� κ, which means

(∀α < λ)
[
|α|<κ < λ

]
.

(b) λ > µ + cf(λ), ∂ = cf(∂) ∈ [κ, θ], λ � κ, T a tree with ∂ levels and
< λ nodes, with | lim∂(T )| ≥ λ.
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BIGNESS PROPERTIES FOR κ-TREES AND LINEAR ORDERS E81 3

We choose χ ∈ (µ + cf(λ) + |T | + κ + ∂)+ and use a partial square C =

〈Cα : α ∈ S〉, S ⊆ Sχ
++

≤χ , otp(Cδ) ≤ χ, and C � Sλχ guesses clubs.

As in [Shea, 2.1=L7.8] we get

(∗) ` = 5 which has a weaker (vii), [CHECK — is ` = 5 well defined?
What is proved?]

For θ = κ = ℵ0 we get (see 1.1) 4++-bigness (so Mn ∩ µ = Nn ∩ µ, κ ⊆ µn),
ν ∈ I ∩ νε � k ∈Mn ⇒ ν ∈Mn.

Question 0.1. When do we [ask / require] [Mn]<κ ⊆ Mn? (Now n < θ, so θ = ℵ0
was the old case.)

(c) λ is strong limit of cofinality > θ, or at least equal to

sup{χ : χ strong limit of cofinality κ}.
If θ = ℵ0 see [Sheb, 1.11(3)=L7.6] for ` = 6 [Shea, 2.1=L7.8,pg.19] getting

` = 4++ (check). Choose 〈χi : i < cf(λ)〉 increasing to λ, χi strong limit, cf(χi) = κ
“or at least,” not clear, but if cf(λ).

[If cf(λ) is what, then what?]
First, try to build 〈Iα : α < 2λ〉, but choose Iα,i = IAα,i , Aα,i = Aα ∩ χi, etc.
Second, try to build 〈Iα : α < λ〉:

(d) λ = sup{χ : cf(χ) = κ < χ < λ, pp(χ) > χ+}.
[Is λ being defined in terms of itself?]

Like (a) using non-reflecting for θ = ℵ0, see [Shea, 1.16=L7.7].
Seems to generalize easily:

(e) cf(λ) < χ = χθ < λ ≤ 2χ.

If θ = ℵ0; see [Shea, 1.11(2) = L7.6] we get super6; what about getting 4++?

[Check?] If κ = κℵ0 then we get super6
+

.
Assume cf([χ]∂ ,⊆) = χ, θ < ∂ = cf(∂), and maybe cf([∂]θ,⊆) = ∂.
Can we get models of Mi, Ni of cardinality ∂?

Now if µ2ℵ0 < λ then let χ = min{χ : χ(2ℵ0 ) ≥ λ}, so cf(χ) ≤ 2ℵ0 we get ` = 4++

or more; find models of cardinality. [Of what cardinality?]

(f) Assume cf(λ) ≤ θ < χ < λ, cf(χ) = θ,pp(χ) = χ+, maybe χ = (2∂)+κ,
∂ < λ large enough, and ∂ = ∂θ.

See [Shea, 2.15=L7.9,pg.27] using
〈
ai : i < cf(χ)

〉
pairwise disjoint unbounded

subsets of Reg ∩ χ: say, ` = 4+. See also [Shea, 3.23=L7.14,pg.47]. Note that
without loss of generality, χ = χ+ω

∗ , pp(χ) = χ+
∗ , and χℵ0∗ = χ∗.

(g) The remaining case.

[It??] θ = ℵ0; this means λ = ℵα+ω is strong limit, see [Shea, 2.17=L7.109,pg.32]
for ` = 6, [Shea, 2.19=L7.10,pg.35] and [Mn]ℵ0 ⊆Mn which gives 4++; more?

Discussion 0.2. Can we improve [Shea, 2.15]?
1) E.g., we assume only

(∗) (a) λ > cf(λ)
(b) α < λ⇒ |α|ℵ0 < λ
(c) cf(λ) + µ < χn = cf(χn) = χℵ0n < χn+1 < χ =

∑
n
χn < λ

(d) pp(χ) = χ+

2) We choose
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4 SAHARON SHELAH

(∗) µ̄ =
〈
µε : ε < cf(λ)

〉
increases µε = cf(µε) = µℵ0ε ∈ (χ+, λ), µ+7

ε < µε+1,

λε = µ+2
ε , or λε = µ

+(ε+1)
ε .

3) Question: 2ℵ0 = ℵ1?
If not, then Υε satisfies: every Υ and did not contain a perfect set.
[This is not a sentence.]

4) Another direction:

(∗) (a) Without loss of generality, χn = χ+n
0 .

(b) We choose η̄ = 〈ηα : α < χ+〉, <Jbd
ω

-increasing cofinal in
∏
n
χn.

(c) Without loss of generality η̄ is (χ, χ0)-free r using λε = µ
+(ω+1)
ε (see

[She13]).
[What is r? Could’ve been a comma, I guess.]

(d) Look for models of cardinality χ0.

∗ ∗ ∗

Definition 0.3. We define Kδ
tr as the class of trees with δ + 1 levels and lexico-

graphic orders as in [Shee, §2] – [FILL].

Definition 0.4. We define Ǐθ[λ] (where θ < λ is regular) as follows:1 S ∈ Ǐθ[λ] if
there is 〈aα : α ∈ S+〉 which witness it, meaning:

(∗)1 (a) S ⊆ S+ ⊆ Sλ≤κ
(b) S+ = {δ ∈ S+ : cf(δ) = κ} = {δ ∈ S+ : otp(aα) = κ}
(c) aα ⊆ α has order type ≤ κ.

(d) δ ∈ S+ ⇒ δ = sup(aδ)

(e) For every α < λ, the set {aβ ∩ α : β satisfies α ∈ aB has cardinality
< λ [END OF LINE]

[There’s an open brace and no close brace. I could see it going
before ‘has cardinality < λ,’ but I have no idea what “β satisfies
α ∈ aB” is supposed to mean.]

By [She93], [Shec], more [She13].

Claim 0.5. (Existence and Existence with guessing clubs)
Let λ be regular uncountable.

1) If S ∈ Ǐ[λ] then we can find a witness (E, ā) for S ∈ Ǐ[λ] such that:

(a) δ ∈ S ∩ E ⇒ otp(aδ) = cf(δ)

(b) If α /∈ S then otp(aα) < cf(δ) for some δ ∈ S ∩ E.

2) S ∈ Ǐ[λ] iff there is a pair (E,P) such that:

(a) E is a club of the regular uncountable λ.

(b) P = 〈Pα : α < λ〉, where Pα ⊆ {u : u ⊆ α} has cardinality < λ.

(c) If α < β < λ and α ∈ u ∈Pβ then u ∩ α ∈Pα.

(d) If δ ∈ E ∩ S then some u ∈ Pδ is an unbounded subset of δ (and δ is a
limit ordinal).

1see [She09, §0,y14]
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§ 1. On Kθ
tr

We consider a strengthening of [Shea, 1.1=L7.1], but we give a self-contained
definition.

Definition 1.1. 1) I ∈ Kθ
tr is (µ, κ)-super+-unembeddable2 (or super4

++

-unembeddable)
into J ∈ Kθ

tr when as in [Shea, 1.1=L7.1] with n < θ, that is: for every regular
large enough χ∗ (in particular such that {I, J, µ, κ, θ} ∈ H(χ∗)) and well ordering
<∗χ∗ of H(χ∗) we have:

(∗) There are η,Mi, Ni for i < θ such that
(i) Mi ≺ Ni ≺Mj ≺ Nj ≺ (H(χ∗),∈, <∗χ∗) for i < j < θ.

(ii) Mi ∩ µ = M0 ∩ µ for i < t.

(iii) I, J, µ, κ belong to M0.

(iv) η ∈ P Iθ
(v) For every i < θ, for some j < θ, we have η � j ∈ Mi, η(j) ∈ Ni \Mi

(hence η � (j + 1) ∈ Ni \Mi).

(vi) If ν ∈ P Jθ and {ν � j : j < θ} ⊆
⋃
i

Mi then ν ∈
⋃
i

Mi.

Similarly,

Definition 1.2. We repeat [Shea, 1.4=L7.2], defining [full] super+-bigness. That
is:

(A) Kω
tr has the (χ, λ, µ, κ)-super-bigness property when: there are Iα ∈ (Kω

tr)λ,
for α < χ, such that for α 6= β, Iα is (µ, κ)-super unembeddable into Iβ .

(B) Kω
tr has the full (χ, λ, µ, κ)-super-bigness property when:

there are Iα ∈ (Kω
tr)λ, for α < χ, such that Iα is (µ, κ)-super unembeddable

into
∑

β<χ,β 6=α
Iβ (see [Shee]).

(C) We may omit κ if κ = ℵ0.

Exercise 1.3. Put 4++ in the diagram from [Shea] and see [Shea, 1.7=L7.4], [Shea,
1.8=L7.6].

Claim 1.4. If λ is singular > µ then in [Shea, 2.20=L7.11], not only does Kω
tr have

the (λ, λ, µ,ℵ0)-super-bigness property, but we can add the following to Definition
[Sheb, 1.1=L7.1]:

• For every n < ω, for some µ′ ∈ [µ, λ), we have ‖Mn‖ ≤ µ′ and Mn ∩ µ′ =
Nn ∩ µ′.

Proof. We should check the proof of [Shea, 2.20=L7.11]; that is, the cases each
treated by a claim there.

Case 1: λ regular > ℵ0 (see [Shea, 2.13=L7.8,pg.25]).

We can find η, 〈Mn : n < ω〉 as in “super7
+

” of Definition [Shea, 1.1=L7.1] so
Mn = Nαδ,n (with guessing clubs) [and] ηδ ..= 〈αδ,n : n < ω〉 lists Cδ.

Let N ′n be the Skolem hull of Nαδ,n ∪ {ηδ(n)} in Nαδ,n+1.

Case 2: λ = ℵ1 (see [Shea, 1.11=L7.6(1),pg.12]).
Similar.

Case 3: λ singular, (∃χ)[χℵ0 < λ ≤ 2χ].
See [Shea, 1.11(2)=L7.6(2),pg.12]; so, prove the models are countable.

2but below we omit the superscript + because we do not use any other version; similarly in
Definition 1.2.
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Case 4: λ is singular, λ = sup{χ : cf(χ) = ℵ0 and pp(χ) > χ+}.
See [Shea, 1.16=L7.7(1),pg.17].

Case 5: λ is singular and (∃χ)[χ < λ ≤ χℵ0 ].
See [Shea, 2.1=L7.8,pg.19].

Case 6: λ = ℵα+ω is strong limit.
By [Shea, 2.19=L7.10,pg.35]. �1.4
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§ 2. Back to linear orders

We complete [Shee, 2.27=L2.23,2.31=L2.27]; see there.

Definition 2.1. 1) For any I ∈ Kκ
tr we define or(I) as the following linear order

(See Definition [Shee, 2.24=L2.20]).
The set of elements is chosen as

{
(t, `) : t ∈ I, ` ∈ {1,−1}

}
.

The order is defined by (t1, `1) < (t2, `2) if and only if one of the following
holds:

• t1 C t2 ∧ `1 = 1
• t2 C t1 ∧ `2 = −1
• t1 = t2 ∧ `1 = −1 ∧ `2 = 1
• t1 <`x t2 ∧ (t1, t2 are C-incomparable.)

2) Let ϕor = ϕor(x0, x1; y0, y1) be the formula x0 < x1 ∧ y1 < y0.
3) Let ϕκtr = ϕκtr(x0, x1; y0, y1) be3

ϕtr(x0, x1 : y0, y1) ..= [x0 = y0] and Pκ(x0) ∧
∨
ε<κ

[Pε+1(x1)

∧ Pε+1(y1) ∧ Pε(x1 ∩ y1)]
∧ [x1 C x0 ∧ ¬(y1 C y0)] and y1 <`x x1].

[There are two open brackets and three close brackets after that first
conjunction.]

Recall [Shee, 2.28=L2.24].

Definition 2.2. We define the following (quantifier free infinitary) formulas for the
vocabulary {<}. For any ordinal α, β and a one-to-one function π from α onto β,
and we let ϕor,α,β,π(x̄, ȳ) (where x̄ = x̄α = 〈xi : i < α〉 and ȳ = ȳα = 〈yi : i < α〉)
be ∧

{xi < xj : i < j < α} and
∧
{yi < yj : i, j < α and π(i) < π(j)}.

Claim 2.3. Assume λ > µ.
1) For (α, β, π) as in 2.2, such that α, β ≤ µ+, the class Kor has the full strong
(λ, λ, µ, κ)-bigness property for ϕor,α,β,π(x̄, ȳ).

2) For (α, β, π) as in 2.2 such that α, β ≤ µ+, the class Kor has the strong
(2λ, λ, µ, κ) bigness property for ϕor,α,β,π.

3) In fact, in both part (1) and (2) we can find examples which satisfy the conclusion
for all triples (α, β, π) as there simultaneously.

Proof. 1) By 2.4 below.
2) By part (1) and [Shee, 2.27=L2.23(1)], [Shee, 2.20=L2.8(1)] or here.
3) Check the proof. �2.3

Claim 2.4. Assume µ < λ.
If I, J ∈ Kκ

or satisfies ~ below, α∗, β∗ ≤ µ+, and π is a one-to-one function from
α∗ onto β∗ then (recalling 2.1) or(I) is strongly ϕor,α∗,β∗,π(x̄α∗ , ȳα∗)-unembeddable
for (µ, κ) into or(J), where

~ (a) I, J ∈ Kω
tr

(b) I is (µ,ℵ0)-super unembeddable into J (see Definition 1.1). [check]

(c) I ∈ Kκ
tr is [equal to?] / [of the form?]

{ηδ � i : i ≤ ∂, δ ∈ S1} ∪ {〈α〉 : α < λ1}
(d) J ∈ Kκ

tr is [equal to?] / [of the form?]
{ηδ � i : i ≤ ∂, δ ∈ S1} ∪ {〈α〉 : α < λ1}.

[These two lines are character-for-character identical.]

3This is for Kκ
tr; for κ = ℵ0 see example [Shee, 2.9=L2.4A].
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Proof. So let f be a function from or(I) into Mµ,κ(or(J)) (so actually a function
from I ×{1,−1} into Mµ,κ(J ×{1,−1})) and let <∗ be a well ordering of Mµ,κ(J)
but we “forget” to deal with it, as there are no problems, and let χ be large enough.
Let χ∗ be large enough and let η∗,Mη, Nn (for n < ω) satisfy (∗) of Definition ??,
with η∗ here standing for η there. In particular, Mn ≺ Nn ≺ (H(χ),∈) such that
I, J, λ, µ,Mµ,κ(J), f,<∗ all belong to N0 and Mn ∩ µ = Nn ∩ µ. As it happens,
“α∗, β∗, π ∈ N0” is not needed. For any η ∈ I, clearly f((η, 1)) is well defined and
∈ Mµ,κ(J), so let f((η, 1)) = ση(ν̄η), ν̄η =

〈
(νη,ε, ιη,ε) : ε < εη

〉
, νη,i ∈ J , and

ιη,ε ∈ {1,−1} [for] ε < ω.
Let ε∗ = εη∗ , ιε = ιη∗,ε, i

∗
ε = `g(νη∗,ε) for ε < ε∗ and let

j∗ε = sup{j ≤ i∗ε : sup Rang(νη∗,ε � j) < δ}.

Let n∗ be large enough such that:

• If ε < εη and then {νη∗,ε � j : j ≤ `g(νη∗,ε)} ∩Nn∗ ⊆Mn∗ .

[Why? This is by clause (v) of Definition 1.1, where for j = `g(νη∗,ε), ε < ε∗ we do
it “by hand” as ε∗ is finite.]

[You’re mixing together ε and ε.]
Let ν∗ε = νη∗,ε � j

∗
ε ; it belongs to Mn∗ .

So {ν∗ε : ε < ε∗} ⊆ Mn∗ is finite, hence it follows that ν∗ = 〈ν∗ε : ε < ε∗〉 ∈ Mn∗ .
Let k∗ be such that η∗ � k∗ ∈ Mn∗ , η∗ � (k∗ + 1) ∈ Nn∗ \Mn∗ hence η∗(k∗) ∈
Nn∗ ∩ λ \Mn∗ and let νη∗,ε∗ = η∗, j

∗
ε∗ = k∗, and α∗λ = min(Mn∗ ∩ λ \ η∗(k∗)) hence

sup(Mn∗ ∩ λ) ≤ η∗(k∗) < α∗.
Let u∗ = u1 = {ε < ε∗ : j∗ε < i∗ε}. For ε ∈ u∗ let4

α∗ε = min
(
Nn∗ ∩ (λ+ 1) \ νη∗,ε(j∗ε )

)
,

so also ᾱ∗ ..= 〈αε : ε ∈ u∗〉 belongs to Mn∗ .
We define U1 as the set of η ∈ I [such that]:

(∗)η (a) η∗ � k∗ˆ〈β〉C η ∈ `g(η) = ω

(b) ση = σ∗, so εη = ε∗.

(c) `g(νη,ε) = i∗ε for ε < ε∗.

(d) ν∗ε = νηβ ,ε � j
∗
ε for ε < ε∗.

(e) ιε = ιη,ε for ε < ε∗.

Note

(∗)2 (a) η∗ ∈ U1 and U1 ∈Mn∗ .

(b) cf(α∗ε ) ≥ µ+ for ε ∈ u∗
(c) If ᾱ ∈

∏
ε∈u∗

α∗ε then for some η ∈ U1, we have

ε ∈ u∗ ⇒ νη,ε(j
∗
ε ) ∈ (αε, α

∗
ε ).

[Why? Clause (a) direct by our choice. If cf(α∗ε) ≤ µ then α∗ε is a limit ordinal
and there is in H(χ) an increasing function fε from cf(α∗ε) into α∗ε with unbounded
range. Without loss of generality, fε ∈ Mn∗ so

{
fε(β) : β ∈ Nn∗ ∩ cf(α∗ε)

}
is an

unbounded subset of Nn∗ ∩ α∗ε ; but this set is equal to {fε(β) : β ∈Mn∗ ∩ cf(α∗ε)},
so sup(α∗ε ∩M∗n∗) = sup(α∗ε ∩Nn∗), but this contradicts the choice α∗ε via νη∗,ε(j

∗
ε ).

Clause (c) follows.]

4Consider u2 = {ε < ε∗ : j∗ε = i∗ε = ω but νη∗,ε /∈ Mn∗}. Below we first assume u2 = ∅.

Second, if λ is regular or µ1 < λ ≤ µℵ01 for some µ1, by [Shea, xxx,yyy] this is to justify. If not,

then (by xxx) without loss of generality, ‖Nn‖ℵ0 . See §1.
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(∗)3 let U2 be the set of β < α∗ such that for every ᾱ ∈
∏
ε∈u∗

α∗ε , there is η such

that:
(a) η ∈ U1

(b) η(k∗) = β

(c) νη,ε(j
∗
ε ) ∈ (αε, α

∗
ε) for ε ∈ u∗.

(∗)4 η∗(k∗) ∈ U2.

[Why? Note that η∗(k∗) ∈ Nn∗ , but ε ∈ u∗ ⇒ νη∗,ε(j
∗
ε ) /∈ Nn∗ .]

Let α, β ≤ λ and π be a one-to-one function from α onto β.
Now first we choose ηζ ∈ I by induction on ζ < α such that

(∗)5 (a) ηζ,1 ∈ Uη

(b) If ε ∈ u∗ then νηδ(1,ζ),ε(j
∗
ε ) is < α∗ε but is > sub{νηξ,1,ε(j∗ε ) : ξ < ζ}.

This is easy.
Second, we choose ηζ,2 by induction on ζ < β such that:

(∗)6 (a) ηζ,2 ∈ U

(b) if ε ∈ u∗ then νηζ,2,ε(j
∗
ε ) is < α∗ε but is > sup{νηξ,2,ε(j∗ε ) : ξ < ζ}.

Let ā = 〈aζ : ζ < α〉, b̄ = 〈bζ : ζ < α〉 from αI be chosen as follows: aζ = (ηδ(1,ζ), 1),
bζ = (ηδ(1,π(ζ)), 1) for ζ < α.

Now check, e.g.:

(∗)6 aζ(1) <or(I) aζ(2) iff γζ(1) < γζ(2) iff ζ(1) < ζ(2).

(∗)7 bζ(1) <or(I) bζ(2) iff γπ◦ζ(1) < γπ◦ζ(2) iff π ◦ ζ(1) < π ◦ ζ(2).

�2.4

Conclusion 2.5. For (µ, λ, α∗, β∗, π) as in 2.3(1), the class Kor has the full strong
(λ, λ1, µ, κ)-ϕor,α∗,β∗,π-bigness property and the strong (2λ, λ, µ,ℵ0)-ϕor,α∗,β∗,π-bigness
property.

Proof. By 2.4 + 1.4. �2.5
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§ 3. Toward large “İ(T1, T, κ-saturated) so large” when κr(T ) = κ

We return to the non-superstable version (as in [Shee]). That is, we try to deal
with Kκ

tr, κ = cf(κ) > ℵ0 using Mµ,κ(−).
Compare with 2.1(3).

Definition 3.1. For the class of I ∈ Kκ
tr:

ϕκtr(x0, x1 : y0, y1) ..=
[
x0 = y0 and Pκ(x0) and∨
i<κ

[
Pi+1(x1) and Pi+1(y1) and Pi(x1 ∩ y1)

]
and[

x1 C x0 ∧ y1 6 y0
]

and y1 <lex x1

]
.

In other words, when for transparency we restrict ourselves to standard I ⊆ κ≥λ
[such that] x0 = y0 ∈ κλ, and for some ni < κ and α < β < λ we have

x1 = (x0 � i)ˆ〈α〉C x0
and

y1 = (x0 � i)ˆ〈β〉.

Claim 3.2. 1) Let κ = cf(κ) > ℵ0. There is a sequence 〈Iα : α < λ〉 which
witnesses full strong ϕ̄κtr− (λ, λ, µ,bigness) when at least one of the of the following
cases occurs (see inside the proof on the super version):

(A) λ = cf(λ) > κ++, µ<κ hence λ ≥ (2<κ)+,

(B) (a) λ > µ+ cf(λ)

(b) λ > χ > cf(χ) = κ and λ ≤ χ〈κ〉tr .

2) We have (A)⇒ �⇒ the conclusion of part (1), where

� There are Iε ∈ Kκ
tr for ε < λ, |Iε| ≤ λ and Iϕ is super7

+

-unembeddable into
Jε = Σ{Iζ : ζ ∈ λ \ {θ}, which means

[Two open braces and only one close brace.]

�λ,µ,I,J If χ∗ � λ, x ∈ H(χ∗) then we can find a pair (M,η) such that

(i) M = 〈Mi : i < κ〉, Mi ≺ (H(χ∗),∈, <∗χ∗), Mi is ≺-increasing contin-
uous, κ+ 1 ⊆M0, and Mi ∩ µ = M0 ∩N .

(ii) Mi ∩ µ = µ0 ∩ µ
(iii) {I, J, µ, κ, x} belongs to M .

(iv) η ∈ P Iκ and {η � i : i < κ} ⊆
⋃
j<κ

Mj.

(v) η � ji ∈Mi, η(ji) ∈Mi+1 for i < κ successor.

(vi) If η ∈ P Jκ , then for some j < κ, {η � i : i < κ} ∩
⋃
i<κ

Mi ⊆Mj

[or ∈Mj?].

(vii) See [Shea, 1.5=L7.3(B)(vii)].

Proof. 1) As λ = cf(λ) > κ+, there is a stationary S ⊆ Sλκ which belongs to Ǐκ[θ]
(see 0.4, 0.5). We can find ā = 〈aα : α ∈ S+〉 which witnesses it (see e.g. [She09,
0.7=L0.5]) so

(∗)1 (a) S ⊆ S+ ⊆ Sλ≤κ
(b) S = {δ ∈ S+ : cf(δ) = κ} = {δ ∈ S+ : otp(aα) = κ}

[I don’t think aα depends on δ.]

(c) aα ⊆ α has order type ≤ κ.

(d) δ ∈ S+ ⇒ δ = sup(aδ)
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(e) For every α < λ the set {aβ ∩α : β satisfies α ∈ aβ has cardinality < λ
[Same thing happened here.]

(f) ā guesses clubs.

[Why? See 0.5 or [She09, 0.8=L0.6].]

(∗)2 (a) (α) Let 〈Sε : ε < λ〉 be a division of S to stationary subsets of λ.

(β) Without loss of generality,
〈 ⋃
α∈Sε

aα : ε < λ
〉

is a sequence of

pairwise disjoint ηα ∈ κδ list[ing] aα in increasing order for
δ ∈ S+.

(b) Let
(α) Iε be the tree {ηα : α ∈ S+ \ S} ∪ {ηδ : δ ∈ Sε}.
(β) I+ε = {η : η E ν for some ν ∈ Iε}
(γ) Iε,α = Iε ∩ κ≥α, I+ε,α = I+ε ∩ κ≥α for α < λ.

(c) For ζ < λ and α < λ let
(α) Jζ = Σ{Iε : ε < λ and ε 6= ζ}
(β) Jζ,α = Jζ �

{
ν : for some ξ ∈ α \ {ζ} we have ν ∈ Iξ ∩ κ>α

}
.

[Are these Sigmas supposed to be sums?]

Note: if η ∈ I+ε \ Iε then `g(η) is a limit ordinal and member of I+ε \ Iε. [This
may] cause problems, as I+ε,α may have cardinality λ, whereas:

(∗)2.1 If α < λ, ε < λ then Iε ∩ κ≥α and Jε ∩ κ≥α have cardinality < λ. To prove
the claim assume [the following two bullets]:

(∗)3 ζ < λ and f : Iζ → κ>Mµ,κ(Jζ).

(∗)4 (a) For η ∈ Iζ , let f(η) = ση(ν̄η), ν̄η ∈ κ>(Jζ).

(b) Let ν̄ = 〈νη,i : i < iη〉, νη,i ∈ Iε(η,i), and ε(η, i) ∈ λ \ {ζ}.
(c) For δ ∈ Sζ , let jδ = sup

{
`g(ηδ ∩ νηδ,i) : i < iηδ

}
.

(d) Let

E =
{
δ < λ : δ a limit ordinal,

[
α ∈ δ ∧ η ∈ Iζ ∩ κ>α⇒ f(η) ∈ κ>(Jζ,δ)

]}
(∗)5 Now, for every ν ∈ Iε of length < κ, let

uν ..=
{
α < λ : there is no v ⊆ λ of cardinality (2<κ)+

such that α, β ∈ v ⇒ σνˆ〈α〉 = σνˆ〈β〉

and 〈ν̄νˆ〈β〉 : β ∈ v〉 is an indiscernible sequence in Kκ
tr

}
.

(∗)6 Above, uν has cardinality ≤ 2<κ + µ<κ.

[Why? Let Eδ,j = {(α, β) : α, β < λ and σ(ηδ�1)ˆ〈α〉 = σ(ηδ�1)ˆ〈β〉}. [This] is an
equivalence relation with ≤ µ<κ equivalence classes, hence it suffices to prove uδ,j
has ≤ 2<κ members in each equivalence class. So fix [an] equivalence class γ/Eδ,j .
If vi ⊆ γ/Eδ,j has cardinality (2<κ)+ then some v ⊆ v1 of cardinality (2<κ)+

satisfies the condition, in the “ ... for no ... v ...”, so we are done.]

(∗)7 (a) E is a club of λ, where

E =
{
δ < λ : δ a limit ordinal,

[
α < δ ∧ ν ∈ Iε,α ⇒ sup(uν) < δ

]}
.

(b) E′ is a club of λ, where E′ = {δ ∈ E : otp(E ∩ δ) = δ > κ}.

Now choose δ ∈ Sε ∩ E′ such that aδ ⊆ E′. Choose a successor ordinal j ∈ [jδ, κ)
so necessarily uηδ�j [does WHAT?]. �3.2

Comment 3.3. For the super version (i.e. as in [Shea, §1] rather than [Shee, §2])
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(∗) Generalizing [Shea, 1.1], on (η,M) we should add:
• η(i) ∈Mi+1 \Mi; moreover, η(i) /∈

⋃{
u ∈Mi : |u| ≤ 2<κ

}
.

• The proof above shows how bigness implies the bigness properties.

Claim 3.4. The conclusion of [3.2 or so] holds when:

(B) (a) λ > θ = cf(θ) > κ+ + µ<κ and λ is singular.

(b) λ = Σ{λζ : ζ < cf(λ)}, λη increasing, λζ regular.

(c) Sζ ⊆ S
λζ
κ is stationary, Sζ ∈ Ǐκ[λζ ].

(d) η̄ζ = 〈ηζ,δ : δ ∈ Sζ〉, where ηζ,δ ∈ κδ is increasing with limit δ.

(e) If ζ < cf(λ) and α < λ then {ηζ,δ � i : δ ∈ Sζ satisfies ηζ,δ(i) = α} has
cardinality < λζ .

(f) η̄ζ guesses clubs.

(g) η̄ζ is (θ, θ)-free (see [She20] and [She13]). Moreover, if T ⊆ κ>(λζ)
[is] a sub-tree [with] |T | = θ then

Λ =
{
δ ∈ Sζ(1) : ηζ(1),δ ∈ lim(T )

}
has cardinality ≤ θ and there is an h : Λ→ κ such that

(∀η ∈ Λ)(∃<θν ∈ Λ)
[
ν � h(ν) = η � h(η)

]
.

Proof. Without loss of generality,

(∗)1 If ζ < cf(λ), δ ∈ S − ε, and i < κ then θ+ divides ηζ,δ(i).

Let S∗ ∈ Ǐκ[θ] be stationary and let ρ̄ = 〈ρδ : δ ∈ S∗〉 (with ρδ ∈ κδ increasing
with limit δ) guess clubs and θ > |{ρδ � i : ρδ(i) = α}| for every α < θ. Choose
〈S∗ε : ε < cf(λ)〉 as a sequence of pairwise disjoint stationary subsets of Si.

For δ ∈ Sε, let η∗ε,δ,β = 〈ηε,δ(i) + ρε,β(i) : i < κ〉. Let 〈Sε,α : α < λε〉 be a
partition of Sε to stationary subsets of λε.

Now, if α ∈ [λ<ζ , λζ) we define

(∗)2 (a) Iα = {η∗ζ,δ,α � i : i ≤ κ and δ ∈ Sλ,α} ∪ {〈γ〉 : γ < λ}
(b) Jα = Σ

{
Iγ : γ ∈ λ \ {α}

}
.

So assume

(∗)3 χ∗ regular � λ, α(1) ∈ [λ<ζ(1), λζ(1)), and (Iα(1), Jα(1), µ, κ, . . .) ∈ H(χ∗).

We can choose N1
β by induction on β < λζ such that:

(∗)4 (a) N ′β ≺ (H(χ∗),∈, <∗χ∗) is increasing continuous with β.

(b) If γ′ < β then 〈N1
γ : γ ≤ γ′〉 ∈ Nβ .

(c) {Iα, Jα, µ, κ} ∈ N1
β

(d) ‖N1
β‖ < λζ(1) and N1

β ∩ λζ ∈ λζ .
(∗)5 Choose δ(1) ∈ Sζ(1),α(1) such that N1

δ(1) ∩ λζ(1) = δ(1); moreover,

{ηζ(1),δ(1)(i) : i < κ} ⊆ {β : N1
β ∩ λ = β}.

(∗)6 we choose Mγ,i for i < κ by induction on γ < θ such that:
(a) Mγ,i ≺ Nηζ(1),δ(1)(i+ 1) has cardinality < θ.

(b) j < i⇒Mγ,j ∩Nηζ(1),δ(1)(i+ 1) ⊆Mγ,i

(c) ηζ(1),δ(1) � i ∈Mγ,i

(d) Mγ,i ⊇ µ<κ + 1 and j < i⇒Mγ,j ⊆Mγ,i.
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Let Mi =
⋃
{Mγ,i : γ < θ}, M = V }Mi : i < κ}.

[I assume that’s supposed to be M =
⋃
i<κ

Mi?]

Let Λ =
{
η ∈ P Jκ : (∀i < κ)[η � i ∈ M ]

}
and [let it] be as in clause (B)(f),

so |Λ| ≤ E = {γ < θ: if η ∈ Λ and h(η) ∈
⋃
i

Mγ,i then {η ∈ Λ : (η � h(η) ∈⋃
i<κ

Mγ,i} ⊆
⋃
i<κ

Mγ,i.

[More open braces than close, and also more open parens than closes.]
So E is a club of θ and we can choose γ(r) ∈ S∗ζ(1) ∩ E.

The rest should be filled. �3.4

Claim 3.5. If λ > µ<κ then (λ, λ, µ) has the super bigness property (see 3.2),
except possibly when

(∗) λ ≤ (µ<κ)+κ.

Proof. Case 1: λ is regular.
Use 3.2.

Case 2: λ > (µ<κ)+κ.
Let θ = (µ<κ)+4. Now by [She13] for arbitrarily large regular λ′ ∈ [µ<κ, λ) there

are S′, η̄′ as in 3.4(B)(d) for (Sζ , η̄ζ) [FILL].

Case 3: λ ∈
(
µ<κ, (µ<κ)+κ

)
is singular.

If κ = ℵ0 this is empty. Can we imitate [Shea, 2.19=L7.10,pg.35]? �3.5

Discussion 3.6. Can 3.4 be improved to get N � (i+1) ∈ Ni+1 for all/all successor
i? Probably

(∗) α < λζ ⇒ cf([α]θ,⊆) < λζ .

Claim 3.7. 1) If (A) then (B), where:

(A) (a) λ > θ > µ<κ + cf(λ)

(b) cf(θ) = ℵ0
(c) Optional: there is a sequence 〈aε : ε < cf(λ)〉, aα ⊆ Reg∩ θ \ (µ < κ)+,

sup(aε) = θ+, otp(aε) = ω, ε 6= ζ ⇒ ℵ0 > |aε ∩ ≥ζ |, (πaε)
[I have no idea what was intended on that line.]

(B) Kκ
tr has the (λ, λ, µ, κ)-bigness property.

2) Debt: define a super-bigness version.

Proof. Step A:

(∗)0 (a) let ā =
〈
aζ : ζ < cf(λ)

〉
be as in 3.7(A)(c).

(b) S∗ζ ⊆ Sθ
+

κ is stationary and belongs to Ǐθ[θ
+] for ζ < cf(λ).

(c) ρζ = 〈ρζ,γ : γ < θ+〉 is a <Jbd
aζ

-increasing cofinal in (πaζ , <Jbd
aζ

).

(d) ρ̄ζ = 〈ρζ,γ : γ ∈ S∗ζ 〉, ρζ,γ ∈ κγ is increasing, clearly with limit γ.

[Both these guys are a sequence of ρζ,γ-s. It could be what
was intended, but should be verified.]

(∗)1 ρδ � (i+ 1) ∈ Nρδ(i+1) for δ ∈ S, i < κ.

[Why? Should be clear.]

Stage B:
Now we imitate the proof of 3.4.

(∗)2 (a) We choose
〈
(λζ , Sζ) : ζ < cf(λ)

〉
and as in 3.4(B)(c).

(b) we choose η̄ζ such that:
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(α) η̄ζ = 〈η1ζ,δ : δ ∈ Sζ〉

(β) η1ζ,δ ∈ (θ+·κ)δ is increasing with limit δ.

(γ) i < θ+ · κ ∧ α < λζ ⇒
∣∣{η1ζ,δ � i : δ satisfies ηζ,δ(i) = α}

∣∣ < λζ

(δ) Let
〈
S1,α = Sζ,α : α ∈ [λ<ζ , λζ)

〉
be a partition of Sζ to station-

ary subsets.

(ε) η̄ζ � Sζ,α guesses clubs.

(∗)3 (a) If ζ < cf(λ), α ∈ [λ<ζ , λζ), δ ∈ Sζ,α, [and] γ ∈ S∗ζ then we define
η∗ζ,α,δ,γ ∈ κδ by

η∗ζ,α,δ,γ(ωi+ n) = η1ζ,δ
(
θ+ · i+ θ · ρζ,γ(i) + %ζ,γ(n)

)
.

(b) For ζ < cf(λ) and α ∈ [λ<ζ , λζ), let

Iα =
{
η∗ζ,α,δ,γ � i : i ≤ κ, δ ∈ Sζ,α and γ ∈ S∗ζ

}
∪
{
〈β〉 : β < λ

}
.

So it suffices to prove

(∗)4 If ζ(1) < cf(λ), α(1) ∈ [λ<ζ(1), λζ(1)), Jα(1) = Σ
{
Iβ : β ∈ λ \ {α(1)}

}
then

Iα is (µ, κ)-unembeddable into Mµ,κ(Jα).

So assume

� p : Iα(1) → κ>(Mµ,κ(Jα)).

Let χ∗ > λ+ be regular.

� Choose N1
β by induction on β < λα such that:

(a) N1
β ≺ (H∗(χ∗),∈, <∗χ∗)

(b) If γ1 < β then 〈N1
γ : γ ≤ γ1〉 ∈ Nβ .

(c) {Iα, Jα, f, µ, κ} ∈ N1
β

(d) ‖N1
β‖ < λζ(1) and N1

β ∩ λζ(1) ∈ λζ(1).
� Choose δ(1) ∈ Sζ(1),α(1) such that N1

δ(1) ∩ λζ(1) = δ(1), and moreover,

{η1ζ(1),δ(1)(i) : i < θ+ · κ} ⊆ {β < λζ(1) : N1
β ∩ λζ(1) = β}.

(∗) Let
(a) f(η∗ζ(1),α(1),δ(1),γ) = σγ(ν̄γ)

(b) ν̄γ = 〈νi : i < i∗γ〉, so νγ,i ∈ Jα(1).
(c) jγ = sup

{
`g(η∗ζ(1),α(1),δ(1),γ ∩ νγ,i) + 1 : i < i∗

}
(d) E =

{
(γ1, γ2) : γ1, γ2 ∈ S∗ζ and σγ1 = σγ2 , i

∗
γ1 = i∗γ2 , `g(νγ1,i) =

`g(νγ2,i) for i < i∗γ1 , jγ1 = jγ2
}

[maybe more]

(e) γ∗ = min{γ : γ/E is stationary}.

Now we can fix an interval of length θ in θ+ and corresponding considering?? γ∗/E
and imitate [Shea, 2.15=L7.9,pg.27]. �3.7

Discussion 3.8. 1) Is

(∗)1 µ<κ + cf(λ) < θ < λ, cf(θ) = ℵ0
enough, or do we need also

(∗)2 there are 〈aε : ε < cf(λ)〉 as in 3.7?
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If (∗)2 suffices, then λ = (µ<κ)+ω is the only open[ing] (for bigness, ignoring the
super bigness version). Hence, as κ = cf(κ) > ℵ0, we have (µ<κ)ℵ0 = µ<κ. We
may try to combine aspects of the last proof and [Shea, 2.19=L7.10,pg.35].

2) To prove (∗)2, we then need to use a fixed a for all ζ, but ρ̄ζ = ρ̄ � S∗, 〈S∗ζ : ζ <

cf(λ)〉 are pairwise disjoint stationary subsets of Sθ
+

ℵ0 .

3) But, if we let λ = (µ<κ)+δ:

Case 1: δ > κ
See [xxx].

Case 2: δ ≤ κ, and for some σ < cf(δ) we have σℵ0 ≥ cf(δ).
By the version with (∗)1 + (∗)2.

Case 3: Neither Case 1 nor Case 2.
So δ = ∂ = cf(∂) ≤ κ and α < ∂ ⇒ |α|ℵ0 < σ.
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