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2 SAHARON SHELAH

60 INTRODUCTION

It is independent of set theory whether every Whitehead group is free [Sh 44].
The problem is called Whitehead’s problem. In addition, Whitehead’s problem
is independent of set theory even under the continuum hypothesis [Sh:98]. An
interesting problem suggested by Dave Marker is the Borel version of Whitehead’s
problem, namely,

Question: Is every Whitehead group coded by a Borel set free? (For a precise
definition of a Borel code, see below.) In the present paper, we will give a partial
answer to this question.

0.1 Definition. 1) We say that 1) = (1, 1) is a code for a Borel abelian group
if:

(a) Yol(...,...)codes a Borel equivalence relation E = E¥ on a subset B, = BY
of “2 so [¢o(n,n) <> n € B,] and [¢o(n,v) = n € B, & v € B,], the group
will have a set of elements B = Bl’b / EY

(b) Y1 = 1(x,y, 2) codes a Borel set of triples from “2 such that
{(x/EY,y/E¥,2/E¥) : 91(x,y,2)} is the graph of a function from B x B
to B such that (B, +) is an abelian group.

2) We say Borel™ if (b) is replaced by:

(b)" 1 codes a Borel function from B, x B, to B, which respects EY, the
function is called + and (B, +) is an abelian group (well, we should denote
the function which + induces from (B./EY) x (B,/E?) into B./EY by e.g.
+ 4, but are not strict).

3) We let BY = B = (B, +) be the group coded by 1; abusing notation we may
write B for By.
4) An abelian group B is called Borel if it has a Borel code similarly “Borel™”.

Clearly
0.2_Observation: The set of codes for Borel abelian groups is II3.

An interesting problem suggested by Dave Marker is the Borel version of White-
head’s problem: namely
0.3 Question: Is every Borel™ Whitehead group free?

In this paper we will give a partial answer to this question, even for the “Borel”
(without +) version. We will show that every Borel Whitehead group is Na-free. In
particular, the continuum hypothesis implies that every Borel Whitehead group is
free. This latter result provides a contrast to the author’s proof ([Sh:98]) that it is
consistent with CH that there is a Whitehead group of cardinality X; which is not
free.

We refer the reader to [EM] for the necessary background material on abelian
groups.

Suppose B is an uncountable X;-free abelian group. Let Sy = {G C B : |G| = Ny
and B/G is not Nj-free}. It is well known that if B is not No-free, then Sy is
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stationary. We will argue that the converse is true for Borel abelian groups and the
answer is quite absolute. Lastly, we deal with weakening Borel to Souslin.

0.4 Question: If B is an Ny-free Borel abelian group, what can be the n in the
analysis of a nonfree Ny-free abelian subgroup of B from [Sh 161] (or see [EM] or
[Sh 523])?

We thank Todd Eisworth and the referee for corrections.
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§1 ON Ny-FREENESS

1.1 Hypothesis. Let B be an Ri-free Borel abelian group. Let v be a Borel code
for B.
Let Sp = Sj; = {K C B : K is a countable subgroup and B/K is not N;-free}.

1.2 Lemma. 1) If Sp is stationary, then B is not No-free.
2) Moreover, there is an increasing continuous sequence (G; : i < wi) of countable
subgroups of B such that G;11/G; is not free for each i < w;.

Remark. On such proof in model theory see [Sh 43, §2], [BKM78| and [Sch85].

Proof. We work in a universe V |= ZFC. Force with P = {p : p is a function from
some a < wi to “2}. Let G C P be V-generic and let V|G| denote the generic
extension.

Since P is N;-closed, forcing with P adds no new reals. Thus ¢ still codes

B in the generic extension, i.e. BZ[G] = B:/;/. Forcing with P also adds no new

countable subsets of B hence “B is N;-free” holds in V iff it holds in V[G]. Similarly
if K C B is countable, then “B/K is N;-free” holds in V' iff it holds in V[G]. Thus,

S:ZJ/ = S;-)/[G]. Moreover, since P is proper, S; remains stationary (see [Sh:f, Ch.III]).
Since V[G] = CH, we can write

B= | Ba,

a<wi

where B = (B, : @ < w) is an increasing continuous chain of countable pure
subgroups. Let S = {a < w; : B/B, is not ;-free}. Since S is stationary (as a
subset of [B]X0), clearly S is a stationary subset of wi. So V[G] = “B is not free”.

By Pontryagin’s criteria for each o € S there are n, € w and ag, ..., a;_ such
that

PC(ByU{ag,...,a, })/Ba
is not free, where PC(X) = PC(X, B) is the pure closure of the subgroup of B
which X generates. We choose n, minimal with this property.

Work in V[G]. Let x be a regular cardinal such that (k) satisfies enough
axioms of set theory to handle all of our arguments, and let <* be a well ordering
of # (k). Let N < (J#(k),€,<*) be countable such that v, S, (B, : a < wi) and
{({ag,...,a% ) : a <wr) belong to N.

The model N has been built in V[G], but since forcing with P adds no new reals,
there is a transitive model Ny € V isomorphic to N and let h be an isomorphism
from N onto Ny. Clearly h maps 1 to ¥. From now on we work in V. Hence (k)
below is different from the one above.

We build an increasing continuous elementary chain (N, : a < wi), choosing
N, by induction on «, each N, countable as follows. Note the N,’s are neither
necessarily transitive nor even well founded.
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LetI' =T, = {¢(v) : Ny = {0 € h(S) : ¢(6)} is stationary” and ¢ € @, } where
®,, is the set of first order formulas with parameters from N, in the vocabulary
{€,<*} and with the only free variable v. Let <p_ be the following partial order
of 'y : 0 <p_ ¢ iff N, E “(Vz)[p(z) = 0(x)]”. Let t,, be a subset of I', such that:

(a) tq is downward closed, i.e. if § <p_ ¢ and ¢ € t,, then 6 € ¢,
(b) tq is directed

(c) for some countable M, < (7 (k), €,<*) to which N, belongs, if
I'e M,,I' CT, is a dense subset of T',, then t, NT # (.

Clearly by the density if ¢ € T'y, and 0 € ®,, then p A0 € Ty, or p A =0 € T',,.
Thus, t, is a complete type over N,. Since N, has definable Skolem functions (as
<* was a well ordering), we can let N,11 be the Skolem hull of N, U {b,} where
Ny < Nog1,bo € Ny realizes t,,.

We claim that N,y; has no “new natural numbers”, ie. if No41 | “cis a
natural numbers” then ¢ € N,. Why? As ¢ € Nyi1 clearly for some f € N,
we have N, = “f is a function with domain w;, the countable ordinals” and

Not1 = “f(ba) = ¢”. Let

Dy = {(p(v) el :Ny E “(Vx)(p(x) — f(x) is not a natural number)”

or for some d € N, we have

No b= “(V2)(p(2) = f(2) = d)"}.

It is easy to check that %y is a subset of I',, it belongs to M, and it is a dense
subset of I'y; hence to, N Py # 0. Let p(x) € Dy Nty, SO Not1 = ¢[ba], and by the
definition of ¥ we get the desired conclusion.

If N, E “bis a countable ordinal” then N1 | “b < b, & b, is a countable
ordinal”. Also Nyy1 E “bs € h(S)”.

We claim that b, is the least ordinal of N,1\ NN, in the sense of N,y1. Assume
Noy1 E “cis a countable ordinal, ¢ < b,” so for some f € N, we have N, = “f :
w1 — wi is a function” and Nyt1 E “c = f(ba)”, Not1 E “f(ba) < b,”. Then
No = {B € h(S): f(B) < B} is a stationary subset of w;”. Let Z = {p(v) € T,
N, E “(Yv)(p(v) — v is a countable ordinal)” and N, E “(Fy < w1)(Vv)(p(v) —
f) =)V (Yv)(p(v) = f(v) >v)”}. By Fodor’s lemma (which N, satisfies) Z is
a dense subset of I', and clearly ¥ € M,. Since t, is sufficiently generic, there is
ay € N, such that No11 = “f(ba) =77

Now N, is not necessarlly wellfounded but it has standard w and without loss
of generality N, = “a C w” impliesa = {n <w: N, | “n € a’} so as h(¢)) = ¢
clearly N, = “z/EY € B” = x/EY € B, and N, = “z,y,2 € B.,a/E" + y/E?Y =
2/EY” = x/EY +y/EY = 2/E?. Alsoif N, |= “z/E?,y/E? are distinct members
of B, i.e. —zE¥y”, then z/EY # y/EY.

For each o < w1, if Ny E “b < w1”, let BY be the group (h(B)), as interpreted
in N,, i.e. N, thinks that B¢ is the b-th group in the increasing chain h(B).
Clearly By C B if EV is the equality, otherwise let j& map (z/E¥)Ne to x/EY, so
Jiy embeds By into B; let this image be called Gj'. Also in N, there is a bijection
between By and w. If v > «, since N, =< N, have the same natural numbers,
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clearly B = B, when EY is equality or jg =j] and G = G} in the general case.
In particular, Gg‘:’l is the union of {G{ : Ny = “b < w;”}.

For a < wy, let G, = G?jl and let (h(((b§ : £ <ng):a€8)))(ba) € Not1 be
((algo‘/E&)Na : 0 < myg), s0 Ngqq thinks that <a2°‘/E& : ¢ < m,) witness that
h(B)/Bg’;Jrl is not free. Clearly ago‘/EJ’, cees af,f;a/Elz’ € G41 and

PC(Gy U {abe JEY, ... .ab JEY}) /G,

is not free. So Go41/G, is not free. Let G = U Go. Then G is not free. But G

a<wi

is a subgroup of B, thus B is not No-free. 0 9

Remark. Instead of the forcing we could directly build the N,’s but we have to
deal with stationary subsets of [~2]0 instead of wy.

1.3 Corollary. If B is an Xi-free Borel abelian group, then B is No-free if and only
if {K C B:|K|=YXyand B/K is Xj-free} is not stationary.

1.4 Fact: If 2% < 2% then every Borel Whitehead group B is Na-free.

Proof. By [DvSh 65] (or see [EM]) as 280 < 2% we have: if G be a Whitehead group
of cardinality X; (hence is Ny-free) and G = U G, is such that (G, : a < wi) is

a<wi
an increasing continuous chain of countable subgroups, then {a : G,41/G4 is not

free} does not contain a closed unbounded set (see [EM, Ch.XII,1.8]). Thus, if B
is not No-free, then the subgroup G constructed in the proof of lemma 1.2 is not
Whitehead. Since being Whitehead is a hereditary property (see [EM]), B is not
Whitehead.

i

The lemma shows that

1.5 Conclusion. For Borel abelian groups B&, “BY is Ny-free” is absolute (in fact
it is a E} property of ).

Proof. The formula will just say that there is a model of a suitable fragment of
ZFC (e.g. ZC) with standard w to which v belongs and it satisfies “B¥ is Ny-free”.
Uis
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§2 ON No-FREE WHITEHEAD
2.1 Theorem. If B is a Borel Whitehead group, then B is No-free.

2.2 Conclusion: (CH or just 2% < 2%1) Every Whitehead Borel abelian group is
free.

Before we prove we quote [Sh 44, Definition 3.1].

2.3 Definition. 1) If L is a subset of the X;-free abelian group, G, PC(L, G) is the
smallest pure subgroup of G which contains L. Note that if H is a pure subgroup
of G,L C H then PC(L,G) = PC(L,H). We omit G if it is clear.

2) If H is a subgroup of G, L a finite subset of G,a € G, then the statement
m(a, L, H,G) means that: PC(HUL)= PC(H)® PC(L) but for no b€ PC(H U
L U{a}) do we have PC(H U LU {a}) = PC(H) & PC(LU{b}).

Proof. Assume B is not Np-free. We repeat the proof of Lemma 1.2. So in V¥, B is
a non-free Ni-free abelian group of cardinality N;. Hence by [Sh 44, p.250,3.1(3)],
B satisfies possibility I or possibility IT where we have chosen B = (B, : a <
w1) increasing continuous with B, a countable pure subgroup, B = U B,.; the

a<wi
possibilities are explained below. The proof splits into the two cases.

Possibility I: By [Sh 44, p.250].
So we can find (still in VP) an ordinal § < wy and af € B for i < wy,f < n; such
that

(A) {a)+ Bs :i < wi,f <n;} is independent in B/Bs
(B) m(at,, Li, Bs, B) where L; = {a} : { < n;}.

This situation does not survive well under the process and the proof of Lemma 1.2
but after some analysis a revised version will.

Without loss of generality n; = n(x) = n* (by the pigeon hole principle). Let
belong to N. We can find M € V, M = N; without loss of generality M is transi-
tive (so M |= “n is a natural number” iff n is a natural number). We now work in
V.

Let B < (2#(x), €, <*) be countable, M € 9B, note that (x)T # #(x) and

A = H(x) # H#(X)"" . Let @) be the set of first order formulas ¢(v) in
the vocabulary {€, <*} and parameters from M and the only free variable v. Now
we imitate the proof of [Sh 202]. Let I' = {p(v) € ®py : M E “{da < w; : p(a)} is
uncountable}” (equivalently I' is {a C w; : |a| = R }M). We can find (t,(v) : ) €
“2) such that:

N < (J(x), €, <*) be countable such that Bs, B, (Ba : o« < w1), ({af, ..., al ) 1 i <wq)

(a) each t,(v) a suitable generic subset of I', i.e. I" is ordered by ¢1(v) < p2(v)
it M = (Vo)(p2(v) = ¢1(v)) so t,(v) is directed, downward closed and is
not disjoint to any dense subset of I' from B
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(b) for k <w,ng,...,Mk—1 € “2 which are pairwise distinct
{to (), ty,_, (v)) is generic too (for T'*), i.e. if Z € B is a dense subset

of T* then H tn, (v) is not disjoint to 2.
L<k

(See explanation in the end of the proof of case II).

So for each 7,t,(v) is a complete type over M hence we can find M,, M < M,, M,
the Skolem hull of M U {y,} such that y, realizes ¢,(v) in M,. So M, = “y, a
countable ordinal”. Without loss of generality if M, = “p € “2” then p € “2 and
p(n) =1 M, = “p(n) =i” when n < w,i < 2.

Let h : N — M be the isomorphism from N onto M (so h € VF). We still use
Bs! Asa = ({(a: £ <n*):i<w;) € N we can look at a and h(a) as a two-
place function (with variables written as superscript and subscript). So we can let
aj(¢ < n*,n € “2) be reals such that: M, [ “h(a)]” = a}”. By absoluteness

al € B (more exactly al € B, = BY,al/EY € B) and 7(al-, (a] : £ < n*), Bs, B).
If we can prove that (a] : n € “2,¢ < n*) is independent over Bs(= h(Bs)), then
the proof of [Sh:98, 3.3] finish our case: proving B is not Whitehead group. But

independence is just a demand on every finite subset. So it is enough to prove

® if k <w,ng,...,nx—1 € “2 are distinct, then
{a/™ : £ <n*,m < k} is independent over B;.

We prove this by induction on k. For k£ = 0 this is vacuous, for £k = 1 it is part of
the properties of each (a] : £ < n*). So let us prove it for k£ + 1. Remember that
(tno(V), ..., by, (v)) (more exactly H tn,(v)) is a generic subset of I'*.
<k
Assume the desired conclusion fails. So by absoluteness we can find ¢,(v) €
tn, (v) and sj* € Z for m < k,¢ < n* such that:

@ if ¢, (v) C T is generic over B for m < k, moreover (t; (v):m <k)is a
generic subset of T**! over B and ¢, (v) € t;, (v), then (defining M, by
ty,. (v) and a/™ as before) Z sy'aj™ =t € Bs.

<n*
m<k

Clearly for m < k we have M = “{v : ¢, (v) Av a countable ordinal} has order type
w1” and without loss of generality also M = “{v : M | “—¢;,(v) Av a countable
ordinal” } has order type w;”.

So in M there are go,...,gr € M such that: M | “g; is a permutation of w,
for i < k we have (VYv)(vo(v) <> po(gi(v)) and go(v), g1(v), ..., gx(v) are pairwise
distinct”. Let for m < k,tﬁm.(v) = {p() €T : ¢(gi(v)) € ty,(v)}. Let in My, yi =
[9i (yno )| Mo, @) = [h(&);ym)]MWO. Now y;, realizes ! (v) and M,, is also the
Skolem hull of M U {y; } and (t (v),ty, (v),. .., ty, (v)) € T*H! is generic over B
and @o(v) €t (v),01(v) € ty, (v),...,0r(v) € ty, (v). Hence for each i < k in B
we have Z s%alo" + Z sy'aj™ =t € By.

<n* 0<m<k

<n*
By linear algebra {a?o’i : 1 < k, ¢ < n*} is not independent (actually, i = 0,1
suffices - just subtract the equations). By absoluteness this holds in M,,,. But the
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formula saying this is false holds in (J#(x), €, <*) hence in N, hence in M, hence
in M, (it speaks on a, B, Bs), contradiction. So @ fails hence ® holds so (as said
before ®) we have finished Possibility I.

Possibility IT of [Sh 44, p.250]: In this case we have “not possibility I’ but S =
{6 < wy : § alimit ordinal and there are a for £ < ns such that ﬁ(agé, {ad : £ <

ns}, Bs, B)} is stationary; all in VF. Now without loss of generality we can find
(a8 :n < w) such that: a < ad,,,0 = U o

n n?

and there are y°, € Bsy1,t0 €
n<w

Bys 41 and Sin,ﬂ € Z, (for £ < ng) such that:

X(*)o y) = ad. and

ns

()2 85 ng¥ir = D Shead +yh + 15,
l<ng
(%)3 5£n,n5 > 1, morever if s is a proper divisor of an,n& (e.g. 1) then Syfn—l—l,n(s
is not in Bs + ({a : £ < ns} U{yS, VB
()4 if @ € 6\{a? : n < w} then PC(Bay1U{ad,...,ad }) =
PCp(BoU{al,...,aS }) + Bay1

b ns

[why? known, or see later.]

Without loss of generality 6 € S = nsg = n*. So as in the proof of Lemma 1.2 we
can choose countable N < (J(x), €, <*) such that a = ((a) : £ <n*): 6 € §),a =
({(af :n<w):5€8), <(<sfn’£ <),y 0 Vw10 € S> belong to N, then de-
fine M and choose B as before. We let this time I' = I'j; be as in the proof of
Lemma 1.2, that is {¢(v) : M = “{0 € S : p(9)} stationary}”. Now we work in V.
We can find (¢, (v) : 7 € “2) such that:

(a) each t,(v) C T is generic over B as before hence

(b) for k < w and pairwise distinct ng, ..., Mk—1 € “2, (ty,,. .., ty,_,) is generic
for T'* over B

(c) letting M,,y, be such that: M < M,, M, the Skolem hull of M, U {y,},y,
realizes ¢, (v) in M, we have

(1) M, = “y, is a countable ordinal € 5"
(#4) M = “a is a countable ordinal” = M, = “a < y,”
(13i) if y € M, satisfies (i) + (ii) then M, = “y, <y”.

So looking at h : N — M the isomorphism, then o/ =: [h(&)]}" for n < w satisfies:
M, = “a] a countable ordinal”
My | “al <apyq <yy”

M, |= “the set{[h(a)]%" : n < w} is unbounded below y,”
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hence {a] : n < w} C M is unbounded among the countable ordinals of M.
Now by easy manipulation (see proof below):

(c) if ;m #m2 € “2then {a' :n <w}N{a?:n < w} is finite.

(We can be lazy here demanding just that no {a]! : n < w} is included in the union
of a finite set with the union of finitely many sets of the form {a} : n < w} where
v € “2\{n}, which follows from pairwise generic, and one has to do slightly more
abelian group theory work below).

Now we can let a] = [(h(a));”]*". By linear algebra we get the independence of

{a}] :n €“2and £ < n*} over A= BNM ie {a/E¥:a € B.N M} hence a
contradiction to our being in possibility II (or directly get ® in the proof in the
case possibility I holds).

An alternative is the following;:

We are assuming that in V¥, possibility I fails. So also in V, letting A = M N BY
the following set is countable: K[A] =: {{a¢: ¢ < n) :n < w,ap € B,{ay : { <
n) independent over A in B and mw(an, {as: £ < n}, A, B)} (see proof later).

For each such a = (a, : £ < n) we can look at a relevant type it realizes over A

t(@ A) = {Gy)(sy=> sexe) B Fy)(sy = sear),

<n

S, Sy integers}

so {t(a, A) : a € K[A]} is countable. But for the n € “2 the types
t({(a) : £ < ny,), A) are pairwise distinct, contradiction, so actually case II never
occurs.

We still have some debts in the treatment of possibility II.
Why do clauses (b) and (c) hold? For each n we let

Carn = {cp(v) :(1)  (v) is a first order formula with parameters from M

(ii) for some B; € M Nw; for £ < n we have

M [ “(Vo)(p(v) = v e h(S)) & N (h(@); = 57)

<n

(i) M = “(V8 < wi)(3F v <R)|((v) & 6<(hﬁwﬂﬂ”}

Now note:

®o I'vn €T
®1 if p(v) € T'yy and n < w then for some m € [n,w) and By € M Nw; for
¢ < m we have “p(v) & /\ “(h(@))y = Be” belongs to I'arm,
<m
®q9 if p(v) € T'pry and B € M Nwy then ¢'(v) = p(v) & B < (h(@))y belongs
to FM,n-
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Now let (Z,, : n < w) be the family of dense open subsets of I'y; which belong to
B. We choose by induction on n, (¢,(v) : n € "2), k,, < w such that:

a) on(v) € Targ,

B) en(v) € Zpif £ < Lg(n)

7) (V) <r @y (v) for i = 0,1

(6) if o #m € "2,m;<qv; € "2 for i = 0,1 and kyy < k < k,, and M |=
(V0) (0 (v) = (W(@))}, = B) then M = (Vo)[p, (v) =\ (h(@))} # 6].

0<ky,

(
(
(

There is no problem to do it and t,(v) = {¢(v) € T'ar : ¢(v) <r,, ¥nin(v) for some
n < w} for n € “2 are as required.

Why does X hold?

Ford € Slet ws = {a < 6 : PC(Bat1U{ad, ..., ad })isnot equal to PCp(B,U
{ad, ..., ai’a}) + Boy1 € B}

Let " = {6 € S : (Va < §)(Jws Na| < Ng)}, if S’ is stationary we get X,
otherwise S\’ is stationary, and for § € S\S” let as = Min{a : ws N« is infinite}.
By Fodor’s lemma for some a(x) < wy,S” = {0 € S\5" : as = a(*)} is stationary
hence uncountable and we can get possibility I, contradiction. Lo 1




nodi fi ed: 2003- 03- 07

revi sion: 1999-08-12

(402)

12 SAHARON SHELAH

83 REFINEMENTS

We may wonder if we can weaken the demand “Borel”.

3.1 Definition. 1) We say 1 is a code for a Souslin abelian group if in Definition
0.1 we weaken the demand on g, 11 to being a E} relation.
2) A model M of a fragment of ZFC is essentially transitive if:

(a) if M |= “x is an ordinal” and ({y : y <™ x}, €M) is well ordered then z is
an ordinal and M = “yeax” < yex

(b) if a is an ordinal, ({y : y <M a}, €M) is well ordered and M = “a an
ordinal, rk(z) = a”, then M = “y € 2” < y € x.

3) For M essentially transitive with standard w such that ¢ € M let BM is B¥ as
interpreted in M and trans(M) = {z € M : z as in (b) of part (2)}.

3.2 Fact. 1) “¢ codes a Souslin abelian group” in a II} property.

2) If M is a model of a suitable fragment of set theory (comprehension is enough),
then M is isomorphic to an essentially transitive model.

3) If M is an essentially transitive model with standard w of a suitable fragment
of ZFC and ¢ € trans(M), (note v is really a pair of subsets of J# (X)), then as
BM = (BY)M C trans(M) there is a homomorphism j; from BM into B = BY
such that M = “t = 2/E¥” implies ju(t) = 2/EY.

4) If M < N are as in (3), then ji C jn.

Proof. Straightforward.

3.3 Claim. 1) In 1.2, 2.1 we can assume that B = BY is only Souslin.

2) If B = BY is not Na-free, then case I of [Sh 44](3.1) holds, moreover the con-
clusion of case I in the proof of 2.1 holds.

Remark. If only 1, is Souslin, i.e. is Z}, just repeat the proofs.

Proof. For both we imitate the proof of 2.1.

In both possibilities, for each n € 2, let G,, be the group which 1) defines in M,
(the M,’s chosen as there). So jaz, is a homomorphism from G, into B. However,
jm € jur, and jas is one to one (noting that h, the unique isomorphism from N

onto M, is the identity on (¥2) N N, hence on B, N N, and also BY = BVP). Let
B’ = Rang(jas). Now in defining 7 (z, L, B, B) we can add that we cannot find
L'u{a2'} C PC(B§ULU{x}) such that n(2’, L', B’, B) and |L'| < |L|, i.e. the n
is minimal. As B is W;-free, this implies that jys | PC(B' U {a} : £ < n*}, B)Mn is
one to one and by easy algebraic argument, we can get, for 2.1, non-Whiteheadness
and for 1.2, non No-freeness. L33
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3.4 Fact. 1) “BY is non-Ro-free” is a Z}—property of v, assuming BY is a R;-free

Souslin abelian group. )
2) “i codes a Ni-free Souslin abelian group” is a II3-property of ).

Proof. Just check.
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