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LENGTH OF BOOLEAN ALGEBRAS AND
ULTRAPRODUCTS

MENACHEM MAGIDOR AND SAHARON SHELAH

ABSTRACT. We prove the consistency with ZFC of “the length of an
ultraproduct of Boolean algebras is smaller than the ultraproduct of
the lengths”. Similarly for some other cardinal invariants of Boolean
algebras.

0. INTRODUCTION

On the length of Boolean algebras (the cardinality of linearly ordered
subsets) see Monk [M1], [M2] (and Definition 1.1 below). In Shelah [Sh 345,
§1] it is said that Koppelberg and Shelah noted that by the Los theorem for
an ultrafilter D on k and Boolean algebras B; (i < k) we have

(x) | ]I Length(B;)/D| < Length( ] B;/D), and
1<K 1<K
pi < Length(B;) = [ [] pi/D| < Length([] Bi/D).
1<K 1<K
D. Peterson noted that the indicated proof fails, but holds for regular ultra-
filters (see [Pe97]). Now the intention in [Sh 345] was for Length™, i.e.
()" | IT Length™ (B;)/D| < Length™* (] B;/D),

1<K i<k
where Length™ (B) is the first cardinal not represented as the cardinality of
a linearly ordered subset of the Boolean Algebra (the only difference being
the case the supremum is not attained).

Here we prove that the statement (%) may fail (see Theorem 1.3 and
Proposition 1.6). The situation is similar for many cardinal invariants.

Of course, if () fails then (using ultraproducts of ((H(x), Bi) : ¢ < k) or
see e.g. Rostanowski, Shelah [RoSh 534, §1]) we have {i < x : Length™(B) is
a limit cardinal } € D, and [] Length™(B;)/D is A-like for some successor

1<K
cardinal A. Hence

{i < k : Length™(B;) is a regular cardinal} € D
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hence {i : Length™(B;) is an inaccessible cardinal} € D, so the example we
produce is in some respect the only one possible. (Note that our convention
is that “inaccessible” means regular limit (> Ng), not necessarily strong
limit.)

More results on cardinal invariants of ultraproducts of Boolean algebras
can be found in [Sh 462], [Sh 479], [RoSh 534] and [Sh 620], [RoSh 651].
This paper is continued for other cardinal invariants (in particular spread)
in [ShSi 677].

We thank Otmar Spinas and Todd Eisworth for corrections and com-
ments.

1. THE MAIN RESULT

Definition 1.1. (1) For a Boolean algebra B, let its length, Length(B),
be sup{|X|: X C B, and X is linearly ordered (in B) }.
(2) For a Boolean algebra B, let its strict length, Length™(B), be

sup{|X|" : X C B, and X is linearly ordered (in B)}.

Remark 1.2. (1) In Definition 1.1, Length™ (B) is (equivalently) the first
A such that for every linearly ordered X C B we have |X| < \.
(2) If Length™(B) is a limit cardinal then Length™(B) = Length(B);
and if Length®™(B) is a successor cardinal then Length™(B) =
(Length(B))™.

Theorem 1.3. Suppose V satisfies GCH above p (for simplicity), s is
measurable, k < pi, p is XT-hypermeasurable (somewhat less will suffice), F
is the function such that F(6) = the first inaccessible > 0, and X = F(u) is
well defined, and x < p, x > 2%".

Then for some forcing notion P not collapsing cardinals, except those in
the interval (ut,\) [so in VF we have u*+ = X\ = FV(u)], and not adding
subsets to x, in VE, we have:

(o) in V¥ the cardinal i is a strong limit of cofinality r,

(B) for some strictly increasing continuous sequence (p; : i < K) of
(strong limit) singular cardinals > x with limit u, each \; =: FY (11;)
is still inaccessible and for any normal ultrafilter D € V on Kk we
have:

H \i/D has order type ™ = FV (u).

1<K
Definition 1.4. A forcing notion Q is directed p-complete if: for a directed
quasi-order I (so (Vso,s1 € I)(3t € I)(so <1t & s1 <)) of cardinality < p,

and p = (p; : t € I) such that ps € Q and s <; t = ps <q pt, there is p € Q
such that t € I = p; <g p.
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ProoOF  Without loss of generality for every directed pu—complete forcing
notion Q of cardinality at most A satisfying the A-c.c., in V@ the cardinal
w is still A-hypermeasurable. [Why? If 1 supercompact, use Laver [L], if p
is just A-hypermeasurable see more in Gitik Shelah [GiSh 344].]

Let Q be the forcing notion adding A Cohen subsets to p, i.e., {f : f a
partial function from A to {0,1}, [Dom(f)| < p}.

In V, let R = Levy(ut,< X\) = {f : f a partial two place function
such that [f(,i) defined = 0<a<X&i<pt & fla,i) < a] and
|Dom(f)| < u*} (so R collapses all cardinals in (u™, \) and no others, so in
V& the ordinal A becomes pt+). Clearly R is u*—complete and hence adds
no sequence of length < p of members of V.

In V@, there is a sequence D = (D; : i < k) of normal ultrafilters on p
as in [Mg4] and, g = (g5; : 4 < j < K), 9i;j € "H(p) witness this (that is
D; € (VO)%/D;, in fact D; is equal to g; ;/D; in the Mostowski collapse of
(V)5 /D;). Let D= (D, :i < k), g = (gij:i <j < k) be Qnames of
such sequences. Note that a Q-name A of a subset of y is an object of size
< u, i.e., it consists of a pu—sequence of p—sequences of members of Q, say
((pij :J < p) i < p), and function f : p x p — {0,1} such that each
{pij : 7 < pn} is a maximal antichain of Q and p; ; IFqg “t € A < f(i,5) = 17.
So the set of members of Q and the set of Q—names of subsets of u are the
same in V and in VR, So in VE*Q the sequence D still gives a sequence of
normal ultrafilters as required in [Mg4] as witnessed by g = (g; j : 1 < j < k).
Also the Magidor forcing P(D, ) (from there) for changing the cofinality of
i to k (not collapsing cardinals not adding subsets to x, the last is just by
fixing the first element in the sequence) is the same in V@ and VE*Q and
has the same set of names of subsets of p. We now use the fact that P(D, g)
satisfies the pt-c.c. (see [Mg4]). Let P = (Q x R) x P(D, g), so again every
Q * P(D, g)-name involves only p decisions so also VOPD.9) v (QxR)}«P(D.g)
have the same subsets of . So our only problem is to check conclusion (3)
of Theorem 1.3.

Let D € V be any normal ultrafilter on  (so this holds also in V&, VEXQ,
(VRXQ)P(P)).

Claim 1.4.1. In V&9 the linear order I1 F(ui)/D has true cofinality
1<K
F(p) = A

Proof of the Claim: Clearly g “for i < k we have ut/D; is well
ordered” (as D; is Nj—complete) and

IFg  “for i < k we have p#/D; has cardinality 2~

and even [[;_, 21l /D, has cardinality 2+”
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[Why? As p = p~* and D; is a uniform ultrafilter on p. In details, let
h : #22 — p be one-to-one, and for each n € #2 define g, € #u by g, (i) =
h(n | i). Then

n#vetr2 = {i<p:gy(t)=g,(i)} is a bounded subset of p

and hence its complement belongs to D; but |{g, (i) : n € #2}| = 2/].
Consequently, for some F* € #1 we have

o “ [T £*(Q)/D; is isomorphic to X”.
<p

If we look at the proof in [L] (or [GiSh 344]) which we use above, we see
that w.lo.g. F* is the F' above (and so does not depend on 7). So let f;,
be Q-names such that

kg  “fori<rand a <A, fia €[, F(C) and
fi,a/D; is the a-th function in [[ F({)/D,.”
C<p
In V@ let D, = (1 D; and let B; € D; \ U D; be as in [Mg4] (you can also
1<K 1<t
produce them straightforwardly), so (B; : i < k) is a sequence of pairwise
disjoint subsets of . Define f, € #u for a < A as follows:

fa I Bi = fia | Bi and fo I (1 U B;) is constantly zero.
1<K
So (fa 1 @ < p) is <p,—increasing and cofinal in [[ F(¢). Let D,, B;,

C<p
fa be Q-names forced to be as above. Then IFg “for a < 8 < X the set

:flaﬁ ={¢ < p: fa(C) < f3(¢)} belongs to D,.”. )
Now in V@, one of the properties of Magidor forcing P(D, g) is that

Fppg “for every A€ Dy = ig@ D;
for every ¢ < k large enough we have L € A’

(where <Hi : 1 < k) is the increasing continuous xk-sequence cofinal in p
which P(D, g) adds).

Since for every p € P(D,g), for some ¢ > p we have (recall from [Mg4]
that F'9(7) is the set which ¢ “says” u; belongs to (when ¢ does not forces a

value to f1;))
[F(i) C Aq,p for every i < k large enough)],
hence in V&P for o < B < A the set {i <k :=(falp) < fa(pi))} is

bounded, i.e., ((fa(pi) 1 < k) : a < A) is < jpa-increasing in [ F'(u;).
1<K
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On the other hand, in V@, assume p Fppg) “f € 1<—[ F(p;)". W.log. p
forces that F™*(u;) < pi+1, and so by [Mg4] (possibly izngreasing p), we have,
for some function h, Dom(h) = x, h(i) € [i]<"0, that above p, we know: f(@)
depends on the value of u; for j € {i} Uh(i). So we can define a function
fretu

f*(¢) =sup{y: for some i < K, possibly y; is ( and
7 is a possible value (above p) of f(i)}.

So f*(¢) < F(¢), hence (in V@) for some «a, f* <p, fa and consequently
pIE“f* <gpa fo”. So (fa ra < A)is, in ve&ED), < jpa-increasing and
cofinal in [] F(p;) which is more than enough for 1.4.1.

<K

Note that 1.4.1 holds in V(RX@)*P@’:@) too (remember that any sequence
(y < F(ui) 1 < K) in V@R)PP9) g hounded by a function f €
( 1II F(H))V (see [Mgd]) and also is itself in VEFP9)),

0cRegNu _

But why, if a; < F(u) and (o : i < k) € VEXDFPI) 46 we have that
[T @i/D has cardinality < u™ (this means < \)?
<K

It suffices to prove this inequality in the universe Vi = v&EDg),

Now V% /D is well founded, hence there is an isomorphism from V{/D
onto a transitive class which we now call M and let j be the isomorphism
(= the Mostowski collapse). As u in V&PD9) i strong limit > &, clearly
a<p = jHa:i<k)/D) < p;and as D is normal, and (u; : i < K)
is increasing continuous, we have j({u; : i < k)/D) = p. As a; < F(u;) we
have (by the Lo$ theorem):

M E “j({oy i < k)/D) is an ordinal smaller than
the first inaccessible >pu”.

But the property “not weakly inaccessible” is preserved by extending the
universe (from M to V1). So we finish. LT

Remark 1.5. (1) The proof has little to do with our particular F. As-
sume F': y — p and we add

() F(u)=X for A= (j(F))(n), j an appropriate clementary embedding.

Then all the proof of 1.3 works except possibly the last sentence,
which use some absoluteness of the definition of F'.

(2) We can also vary R.

(3) Let A = F(u;). In V! = V@BFPD wo have = <, moreover
(Va < N[| a |<"< A] and p is strong limit. Hence if in V', P
is a forcing notion satisfying the k-c.c. of cardinality < p, and D*
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is an ultrafilter on x extending D then (in (V/)F) we have: the
ultraproduct [[ A;/D* is Mlike.
1<K
Proposition 1.6. Suppose (\; : i < k) is a sequence of (weakly) inaccessible
cardinals > K, D an ultrafilter on k, and the linear order [] (\i,<)/D is

<K
A-like, \ regular.
(1) There are Boolean algebras B; (for i < k) such that:
(a) Length(B;) = Length™(B;) = \;,
(b) Length*(T] B,/D) = A,
1<K
(c) if A\ =™ then Length([] B;/D) = u.
1<K
(2) Assume \; is reqular > K, |B;| = N\i, Bi = |J Bia, Bia increasing
a<
continuous in « (the B;, B;o are Boolean algebras of course) and
we have
(VOZ < )‘i)(|Bi,a| < )\Z)
and

(%)o if i < K, § < N;, cf(8) = &1 then: B;5 < B; (<o is complete
subalgebra sign) i.e.
(*)1Bini s if x € B; \ B s, v # 0 then for some y* we have:
" (a) ¥ € Big and y* £0
(b) for anyy € B; o such that B; =“y <y* & y #07:

BiE “ynz#40&xz—y#0"7
Then Length™ (][] B;/D) < .
1<K
Proor (1) Let for i < r and o < A;, B!, be the Boolean algebra
generated freely by {z; : ( < a} except
® wé’a < xé’a for ( <& < a.
Let B; be the free product of {B! : o < \;} so B is freely generated by
{xé’a ta < N\, ¢ < a} except for ®.
Let B; g be the subalgebra of B; generated by {xé’a a< B, < al.

Now clause (a) holds immediately, and the inequality > in clause (b)
holds by the Los theorem, and the other inequality follows by part (2) of
the proposition. Lastly clause (c) follows.

(2) W.lLo.g. the set of members of B; is );, and the set of elements of
B; o is an initial segment.
Let S; = {6 : § < \;, the set of members of B; 5 is § and cf(d) = k™}
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Let (B,<*,S) = [[(Bi, <4, S;)/D, with <; the order on the ordinals < \;
1<K
(< is reserved for the order in the Boolean algebra). So (|B], <*) is A\-like
(where |B] is the set of elements of B).

Let (y; : i < A\) be an <* increasing sequence of members of B. Let

g {6 <X: cf(d) =rt and {y; : i < d} has in (|B], <*)
a least upper bound which we call y° and it belongs to St.

Now clearly (read [Sh 420, §1] if you fail to see; or assume 2" < p and
[Sh 111, 2.3 p. 269]):

@ S’ C )\ is stationary.
Note: @ is enough, as if X C B is linearly ordered by <?, let y; € X
for i < X be pairwise distinct; as <* is A-like w.lLo.g. (y; 11 < A) is <*—

increasing, and let S’ be as above. For each § € S’ apply (x)} Bl{yy<*us}

from the assumption to ys, y° (holds by Lo§ theorem) and get y’. Then
apply Fodor lemma, and get a stationary subset S? of S’ and an element y*
such that for every i € S? we have yf = y*. Now the set of y; for i € S? is
independent (check or see [Sh:92, 4.1]). g

So putting Theorem 1.3 and Proposition 1.6 together

Conclusion 1.7. Assume CON(ZFC+ some ju is A\ ~hypermeasurable, for
some strongly inaccessible A; > p). Then it is consistent that for some &,
and sequence (B; : i < k) of Boolean algebras and ultrafilter D on k we
have, for some A:

(a) [ Length(B;)/D = A"

<K

(b) Length([] B:/D) = A.
<K
Remark 1.8. (1) We can say more on when ultraproducts of free prod-

ucts of Boolean algebras has not too large length.

(2) We can use the disjoint sum of (B; o : a < A;) instead.

(3) In the proof of 1.6 we actually have Depth™(B;) = Length™(B;) and
Depth'(B) = Length™ (B), and so similarly without +; where

Deptht(B) = sup{|X|T : X C B is well ordered}
Depth(B) = sup{|X| : X C B is well ordered}.
So the parallel of 1.6 holds for Depth instead Length.

(4) Recal ¢(B) is the cellularity of a Boolean algebra b, i.e., sup{|X|: X
is a set of pairwise disjoint non zero elements}. If in the proof of 1.6
defining BY, we replace

® wzc,oz < x?a
by

®* xé’a N xz’a =0
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then ¢(B;) = \i = ¢T(B;), ¢(B) = ut, A = ¢t (B).
(Same proof.)

(5) We can also get the parallel to 1.6 for the independence number. Let

C;

B’ be the Boolean algebra generated by {xé’a (< aand a < A}
freely except

(®s5) xé’aﬂxz’ﬁzoifcy<ﬁ<m,C<a,£<ﬁ.

Let I; be the ideal of B which {xza : ¢ < o, @ < \;} generates.
Clearly it is a maximal ideal. Let B;, be the ideal of B* generated
by {xé’ﬁ :( < aand < a}. Again w.l.o.g. the universe of B; is \;
and let

={d <\ : forx e B; wehave: x < iff x € B; 5V —x € B; o}

It is a club of A;.
The B; g are not Boolean subalgebras of B;, just Boolean subrings;
now (x)p in proposition 1.6 is changed somewhat. We will have

PBi = Iz and (B7<*7P*) = H(Bl7<>zk7PBl)/D

<K
We know:

(o) P* is a maximal ideal of B ( by Lo$ Theorem)

(B) if i < kK, 6 < A; is a limit ordinal and § € C; then for any
x € PBi there are zg < 8, xg € PP and z, € PBi disjoint to
all members of PP which are <; § and z = 2y U z;. Similarly
for B add if you like Qz = Cz - )\i-
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