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Abstract

Let T be the family of open subsets of a topological space (not
necessarily Hausdorff or even Tj)). We prove that if T has a base of
cardinality < u, A < p < 2*, X strong limit of cofinality g, then T
has cardinality < g or > 2*. This is our main conclusion (21). In
Theorem 2 we prove it under some set theoretic assumption, which
is clear when A = p; then we eliminate the assumption by a theorem
on pcf from [Sh 460] motivated originally by this. Next we prove that
the simplest examples are the basic ones; they occur in every example
(for A = Ny this fulfill a promise from [Sh 454]). The main result for
the case A = Ry was proved in [Sh 454].

*Partially supported by The Basic research Fund, Israeli Academy of Sciences. Publi-
cation no. 454A done 8/1991, 3-4/1993. I thank Andrzej Roslanowski for proofreading,
pointing out gaps and rewriting a part more clearly.
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Why does we deal with A strong limit of cofinality R,? Essentially as
other cases are closed.

Example 1 If I is a linear order of cardinality p with X Dedekind cuts then
there is a topology T of cardinality X > p with a base B of cardinality p.

CONSTRUCTION: Let B be {[—o0,x); : x € I} where [—o0,x); = {y €
I:'ITEy<uz} O,

Remarks: as it is well known, if 4 = p~* u < A < x = x* then there
is a put-c.c. p -complete forcing notion @ , of cardinality x such that in
V@ we have 2* = Y, there is a M-tree with exactly u A-branches (and < pu
other branches) hence a linear order of cardinality p with exactly A Dedekind
cuts. As possibly A > X  this limits possible generalizations of our main
Theorem. Also there are results guaranteeing the existence of such trees
and linear orders, e.g. if p is strong limit singular of uncountable cofinality,
< A< 2" (see [Sh 262], [Sh 355, 3.5 4+§5]) and more (see [Sh 430]).

So we naturally concentrate on strong limit cardinals of countable cofi-
nality. We do not try to “save” in the natural numbers like n(x) 4+ 6 used
during the proof.

Theorem 2 (Main) Assume

(a) N\, for n < w are reqular or finite cardinals, 2’ < \,y1 and \ =
Zn<w>\n(2 NO)

(b)) X\ = Spcwtin (€ven piner > M) and Ja(in) < Ap , A < < AVo(= 22)
and cov (pu, A, N ) < o (see Definition below, trivial when A = X

n

and easy when = \)

(c) Let T be the family of open subsets of a topological space ( not nec-
essarily Hausdorff or even Ty ), and suppose that T has a base B of
cardinality < p (i.e. B is a subset of T which is closed under finite
intersections, and the sets in T are the unions of subfamilies of B).

Then

1. The cardinality of T is either at least \* (= 2*) or at most p.
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2. In fact, if |T| > p then for some set Xy of A points, {U N Xy : U €
T} has cardinality 2*. Moreover, for some B' C T of cardinality X,
{XoNU :U is the union of a subfamily of B'} has cardinality 2*.

Definition 3 ([Sh 355, 5.1]) cov(u, A\, AT, k) = min{|P| : P a family of
subsets of p each of cardinality < X, such that if a C pu, |a] < X then for
some a < k and a; € P (fori < o) we have a C U, ai}

PROOF: Suppose we have a counterexample 7" to 2(2) (as 2(1) follows
from 2(2)) with a base B and let Q be the set of points of the space, so
wlog A < pu = |B| < 2*. Our result, as explained in the abstract, for the case
A = N, was proved in [Sh 454], and see background there; the proof as written
here applies to this case too but we usually do not mention when things
trivialize for the case A = Ry; wlog Q2 = UB, 0 € B and B is closed under
finite intersections and unions. So 7T is the set of all unions of subfamilies of
B.

We prove first that:

Observation 4 For each n there is a family R of cardinality < p of partial
functions from A\, to p such that: for every function f from A\, to u there
is a partition (r¢|C < pn) of Ay (i.e. pairwise disjoint subsets of A, with
union A\, ) for which <</>1 flrceR.

PROOF: By assumption (b) and 2’ < X\ < p and ) is strong limit of

cofinality Ny < p,. 0,

Claim 5 Assume Z* is a subset of Q of cardinality at most u and T" is a
subfamily of T satisfying

(*) (VUl,UQGT,)[UleQ <~ UlﬂZ*:Ung*],

7’| > pandn < w .

Then we can find a subset Z of Z* of cardinality i, subsets Z, of Z and
members U, of T and subfamilies T,, of T' of cardinality > p for a < p,
such that:

(a) the sets Z, for a < p, are pairwise distinct

(b) for o < p, andV € T" we have: V€T, iff VNZ=2,CU,CV.

3
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PROOF: We shall use (*) freely. Define an equivalence relation £ on Z*:
By ff {UeT :2eUsygU} <pu

(check that E is indeed an equivalence relation).
Let Z%® C Z* be a set of representatives. Now for V' € T” we have:
(%) {UeT . UNZ®=VNnZ® C
CUspsfapcz U el i zeU=agUbut UNZ® =V NZ9 U{V*}
where V* = {y € Z*: for the z € Z% such that yEx we have z € V}.

[Why? assume U is in the left side i.e. U € T and UNZ® = VN Z®; now we
shall prove that U is in the right side; if U = V* this is straight, otherwise for
somex € Z*, x € U=ux ¢ V* as Z% is a set of representities for F for some
2z € Z%, we have zEx so by the definition of V*, x € V* < 2 € V. But as
UNZ®=VNZ®wehave z €V <= zecU. Togetherx €U <= 2¢ U
and we are done.]

Now the right side of (x) is the union of < |Z*|? sets, each of cardinality
< p (by the definition of xEz). Hence the left side in (x) has cardinality
<|Z*? x p < p. Let {V; 14 < 4*} C T’ be maximal such that: V; N Z% are
pairwise distinct and V; € T". So clearly |T"| = | U{U eT . UNZ® =

1<t
VinZ%Y < 3 p=pli*|, but |T"| > p hence |[i*| = |{UNZ® U € T'}| > u.
i<
Hence (as A is strong limit) necessarily |Z®| > A, so we can let z5 € Z% for

B < A, be distinct. For a < 8 < A, we know that —z,Ez3 hence for some
truth value t, g we have [{U € T": 2, € U = 23 ¢ U = to 3} > p. But B is
a base of T' of cardinality < p, hence for some V,, 3 € B the set

Sap={U€ET :2,€U=23¢U=t,p and {24,235} NU CV, 3 CU}

has cardinality > pu.
Choose U}, 5 € Sa,5 such that p < [S; 4| where

Sy B U €Sup: UN{ze: (<A} =Ulsn{z:¢ < M)}

note that U} 5 exists as 2* < X\ <y < [Sq /-

By observation 4 we can find a family R of cardinality < p, members of
R has the form @ = (u, : @ € r) , where r C \,,, u, € B such that for every
sequence U = (uq : @ < \p,) of members of B, there is a partition (r¢ : ¢ < pup,)

4
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of A\, (so r¢ =r¢[u] € A, for ¢ < ) such that @[re € R (remember 0 € B).
Wlog if u* = (uf, : a € r') € Rfor ¢ = 1,2 then u = (u, : @ € r) € R where
ul aert

1
r=rturlandu, =4 ¢

uz aert\rt’

For each V € T" we can find u[V] = (u,[V] : v < A), such that (remem-
ber () € B):
u,[V] € B,

2, €V =2z, eu,[V]CV,

-
2, &V = u, [V] = 0.
Clearly there is U2 5 € S} 5 such that:

(xx) for any finite subset w C p, and o < # < A, the following family has
cardinality > p:

Sapaw = AU € S}5+ (V¢ < ) (r[a[U]] = re[alU7 5]]) and
(V¢ € w)@U]re = allUy glIre)}-
By the Erdos Rado theorem for some set M € [)\n]mf :
(a) for every a < 8 from M, t, g are the same

(b) for every o < f € M,~,e € M the truth values of “z, € V, 5", “z, €
U235, “ze € uy|[UZ g]” and the value of “Min{¢ < piy, : v € rc[ulU2 g]]}

depend just on the order and equalities between «, 3, and €.

Let M = {a(i) : i < pt} where i < j = a(i) < «a(j)], let t be 0 if
1 <j = ta(i),a(j) =truth and 1 if i < j = ta(i),a(j) =false.

Case 1If i < j < p,f and € <i Ve > j then 24 & ng(i)pc(j)'
So for some (; < fiy,

® for every i <y, ¢ = min{¢ : a(i +1t) € re[ulU ) auinll}-

We let Z = {Zoc(i) < Mn}7 Z; = {Za(2i+t)}7 Us = Ua(2i+t)[Ui(gim(giﬂ)]-
Clearly U;NZ C U§(2i),(2i+1) and U;NZ = Z;, lastly let T; = Sozz(2i)7a(2i+1)7{<1};
now Z, Z;, U;,'T; are as required.



nodi fi ed: 1994- 08- 07

revi sion: 1994-08-07

(454a)

Case 2: If i < j < p.f then
eE<1=> Za(e) € Uj(z),a(])

E>] = Za(e) € Uj(i),a(j)
So for some (; < fiy, (o < fiy
® (a) fore <i<j<pth
G =min{(: a(e) € TC[E[Uj(i),a(j)H}
(b) for i < uf
o = min{¢ : (i +t) € re[ulUs ) aqynl)}

Let Z2: {za@) 1 < un}, Z; = {ZQ(E)Q: e < 21} U{za@itn ), Ui =
U{tta(e) [Ua(2i),a(2i+1)] 1e<2i+1}and T; = Sa(Qi),a(ZiJrl),{Cl,Cg}'
Case 3: If i < j < p' then
eE< 1= Za(a) € Ui(z),a(])
[y >€> ] = Za(e) € Ugg(i),a(j)'
So for some (; < fiy, (o < fin
(b) fori <j<e<pt, ¢=min{C:ale) € rc[ulUZ; .;}

Let Z = {2a@) 1% < fin}s Zi = {Za@e) 1€ =20+t o0or 20+ 1 < e < py}
Ui = Hua@)UZgiya@isny) 1€ = 2i+tor 2i+1 < e < p,} and T; =

2
Sa(gi),a(ziﬂ),{cl Ga}
Case 4: If i < j < p;} then
. 2
€< 1= Za(e) € Ua(i),a(j)
. 2
€>J = zate) € Usiiya(h)

So for some G, Ga, G < fin
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(a) fore <i<j<yf, G =min{C: a(e) € re[a[Uz ;) o)l
(b) fori < pf, (@ =min{¢:a(i+t) € TC[E[Ui(i),a(i-&-l)H}
(c) fori<j<e<pt, G=min{(: ale) € refalUz; o)1}

Let Z = {2a0) 11 < pin}. Zi = {Za@e) i€ < ppand e #2i+1—t}, U; =
U{tta(e [ 2(21) (2i+1)]: € < pn,€ # 20+ 1 —thand T; = S (26),0(2i+1),{C1,C2,C3} "

Now in all cases we have chosen Z,T,,U,, Z,(a < ,un) as requlred thus

finishing the proof of the claim. Os

Claim 6 If Z7* CQ, |Z*| < p, then {UNZ*: U € T} has cardinality < p.
PROOF: Assume not. We can find 77 C T such that:

(a) for Uy, Uy € T" we have Uy = Uy <= Ui NZ*=UyNZ*.

B 17> p.

By induction on n we define (T}, Z}, Z2, U, : 1) € [1s<p, fte) such that:

(a) T, is a subset of T” of cardinality >

(b) if v<n then T, C T,

(c) ifn=1{) then T, =T", Z, = Z =0, U, =

(d) Z, € Z} C Z* and | Z2| < gy, Z; disjoint to U{Uype - £ <1gn}

(e) U,eT

(f) if VeT,then U, CVand VNZ =U,NZ = Z,

(g) iflg(n) =lg(v) =n+1landn [ n=v|nthen Z? = Z but

(h) iflg(n) =lg(v) =n+1,n [ n=v]nbutn#vthen Z # Z,.

Why this is sufficient? Let Z £ U{22 :n € UpIlicn i} It is a subset

of Z* of cardinality < A. The set B’ & {U, : 1 € Unew Iljcn tu} is included
in 7" and has cardinality < A. For n € [[, un we let U, = U,,<, Upin- Now
as Uy, € T (by clause (e)), clearly U, € T. Now suppose n # v are in

7
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1«0 tn and we shall prove that U, N Z # U, N Z, as |I], pta] = 2" this
suffices (giving (1) + (2) from Theorem 2). Let n be minimal such that
n(n) # v(n), son | n=v | n By clause (g), Z3 4) = 77, o4)° So (by
clause (h)) Zy .11y, Zoy +1) are distinct subsets of zZ; +) = Z 1) € Z.
So it suffices to show U, ﬂZ Mnt1) = an(n+1 and U, ﬂZ DNnt1) = Z, \(n+1) and
by symmetry it suffices to prove the first. Now Z int1) © Untn1) by clause
(f), hence Z, in+1) € Uy so it suffices to prove that UyNZ% cZz,
for this it sufﬁces to prove that for ¢ < w

(n+1) (1))

2 1
(*) Unfﬁ A an(n+1) < an(n+1)'

Case 1: ¢ = n + 1. This holds by clause (f).

Case 2: ¢ > n+ 1. Then choose any V' € T}, so we know Uy,;, €V (by
clause (f)) and V' € T, ny1) (by clause (b)), and VN Z2, . ) = Z1 i) (BY
clause (f)), together finishing.

Case 3: ¢ < n. By clause (d), Zgr(nﬂ) is disjoint from Uy,

So we have finished to prove sufficiency, but we still have to carry the
induction. For n = 0 try to apply (c), the main point being |T})| > p which
holds by the choice of 7" (which was possible by the assumption that the
claim fails). Suppose we have defined for n and let n € [[,.,, pe. We apply
claim 5 with 7, Z* \ZU Uy,¢ and n here standing for 7", Z*, n there.

<n

We get there Z, Za, To, U, (a0 < py,) satistying (a)+(b) there. We choose
Tyr i) to be Th,, Upriay to be U,, Z Aoy tO be Z and Zrle(a> to be Z,. You
can check the 1nduct10n hypotheses so we have finished. Og

Definition 7 X C Q is small if {X NU : U € T} has cardinality < p. The
family of small X C Q will be denoted by T = Zr (or more ezxactly, Irq)

Claim 8 The family of small sets, Z, is a u*-complete ideal (on ), including
all singletons of course).

PROOQF": Clearly 7 is a family of subsets of €2, and it is trivial to check
that X e ZandY C X =Y € Z. So assume X, € 7 for a < a(x), a(x) < p
and we shall prove that X = U, X, € Z. Each X, has a subset Y, such that
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(a) [Yal < s and

(b) if V,W are elements of T" with V' N X, # W N X, then there is some
element y € Y, which is in exactly one of VW (possible as X, € 7).

Now if V, W are elements of 7" which differ on X = Uycn(:) Xa, then they

already differ on some X, and hence they differ on some Y, hence on Y def
Un<at) Ya- So {UNX :U € T} =[{UNY : U € T}, so it suffice to prove
that Y is small. But Y has cardinality < |U, Ya| < 3o |Yal < X p = p; so
claim 6 implies that Y is small and hence X is small. Oy

Conclusion 9 Wiog card(2) = u™*

PROOF: As obviously {z} € Z for x € Q, by claim 8 we know [Q| > p.
Let 7" C T be of cardinality u and let ' C Q be of cardinality u* such
that: if U # V are from 7" then UNY # VN, Let T" be {UNQ : U € T'}
and B'={UNQ :U € B}. Now 7", B', Q) are also a counterexample to the
main theorem and satisfies the additional demand. Oy

Claim 10 Wiog for some n(x), for no Z C 0 of cardinality ji,) and U,,
To, Za(o < pin(x)) does the conclusion of claim 5 (with Q, T here standing
for Z*, T" there) holds.

PROOQOF': Repeat the proof of claim 6. L.e. we let Z* def 2, and add the
demand

(1) T,={UeT:U,;; CUand UN Z,?” C U,y for I <lgn}.

The only change is in the end of the paragraph before the last one where we
have used claim 5, now instead we say that if we fail then for our n, replacing
T,Q by Ty, Z* \ Upern, Uppe resp. gives the desired conclusion (note 7), has a
basis of cardinality < p:

Bn@{UU U Up:UeBand UnZ, C Uy for I <lgn}

I<lgn

which is included in 7). Oio
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Observation 11 Suppose A is strong limit of cofinality Ng, I is a linear
order of cardinality < pu, X < p < A%, and I has > p Dedekind cuts, then it
has > ™o (= \¥) Dedekind cuts.

Remark: This observation does not relay on the assumptions of Theorem 2.

PROOF: We define by induction on o when does rk;(x,y) = a for x < y
in I.

fora =0 rki(z,y) = aiff (z,y); = {2z € I : x < z < y} has cardinality
<A

fora>0 rki(z,y) = «aif: for § < o, =[rki(z,y) = (] but for any
(x;,y;) (i < A), pairwise disjoint subintervals of (x,y), there is ¢ such that
v,@<a Tk[('rh yl) = 5

(¥); Note that by thinning the family, without loss of generality, [x;,y;] are
pairwise disjoint,

[why? e.g. as for every j the set {7 : [z, y;] N [z}, y;] # 0} has at most three
members].

(%)2 for @« > 0 and & < y from I, rk;(z,y) = « iff for § < a, —[rki(z,y) =
B] and for some N < X for any (z;,y;) (1 < X), pairwise disjoint
subintervals of (z,y) there are ¢ < X and < « such that rk;(x;,y;) =

B

[Why? the demand in (), certainly implies the demand in the definition, for
the other direction assume that the definition holds but the demand in (),
fails, and we shall derive a contradiction. So for each n < w there are pairwise
disjoint subintervals (2, y) of (z,y), for i < A, such that =[rk;(a?, y) = J]
(when § < av and i < \,,). As we can successively replace {(zF,y") : 1 < A\, }
by any subfamily of the same cardinality (when the A,’s are finite - by a
subfamily of cardinality A,_;) wlog: for each n, all members of {z} : i < A, }
realize the same Dedekind cut of {z7",y7" : m < n,j < A,,} and similarly
for all members of {y : i < A\,}. So for m < n,i < A, the interval (z},y")
cannot contain a point from {z",y7* : j < An} (as then the same occurs
for all such i’s, for the same point contradicting the “pairwise disjoint”) so
either our interval (z7,yf') is disjoint to all the intervals (27", yj") for j < A,
or it is contained in one of the intervals (x;”, y}”); as j does not depend on 1%

10
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we denote it by j(m,n); if A = R, by the Ramsey theorem wlog for m < n
j(m,n) does not depend on n; now the family {(z/*,y") : m < w, i < A\,
and for every n < w which is > m we have i # j(m,n)} contradicts the
definition]

If rk;(z,y) is not equal to any ordinal let it be co. Let a* = sup{rk;(x,y)+1 :
x <yin I and rk;(z,y) < oo}. Clearly rk;(x,y) € a*U{oo} for every x <y
in I (and in fact o* < p™ ). As we can add to I the first and the last elements
it suffices to prove:
(A) if rkr(z,y) = a < oo then (z,y)r has < p Dedekind cuts and
(B) if rkr(x,y) = oo then it has > A% Dedekind cuts

(B) is straightforward.

Proof of (A): We prove this by induction on «. If « is zero this is trivial.
So assume that a > 0, hence by (%), for some X' < X there are no pairwise
disjoint subintervals (z;, y;) for i < A" such that § < « implies =[rk;(x;, y;) =
B]. Let J be the completion of I, so each member of J \ I realizes on [
a Dedekind cut with no last element in the lower half and no first element
in the upper half, and [J| > pu > [I]. Let J© dof {z € J:2z¢ I andif
xel,yeland x <;z <;yand § < « then —[rk;(z,y) = §]}. By the
induction hypothesis, easily |J\ J"| < u hence the cardinality of J* is > p.
By Erdos-Rado theorem, (remembering A is strong limit and A\’ < \) there is
a monotonic (by <) sequence (z; : i < \') of members of J*; by symmetry
wlog (z; : i < X) is <, -increasing. Now for each i < A" as z; <; z;41 both
in J* neccessarily there is a member z; of I such that z; <; x; <; 2z;41. SO
x; <j zig1 <y xiprand x; € I, ;1 € I and z;,1 € JT hence by the definition
of J* we know that for no § < « is rkj(x;, x;11) = (. So finally the family
{(z4,zi41) : i < X'} of subintervals of (z,y) gives the desired contradiction
to (%)a. Uiy

Definition 12 We define an equivalence relation E on Q: zEy iff {U € T :
xeU=y¢&U} has cardinality < p.

Conclusion 13 (0) The equivalence relation E has < An) < A equivalence
classes (for some n(x) < w, which wlog is as required in claim 10 too).

(1) wlog for each x € Q2 one of the following sets has cardinality < p :
(a){U €T :xecU}
(b){UeT:x¢U}

11
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(2) wlog for all x € Q2 we get the same case above, in fact it is case (b).

(3) wlog for any two distinct members x,y of Q for some U € B we have
xeUiffy¢U.

PROOF: (0) By claim 10 and the proof of claim 5 (if £ has > A equiv-
alence classes we can repeat the proof of claim 5 and get contradiciton to
claim 10).

(1), (2), (3) Let (X, : ¢ < ¢¥) list the E-equivalence classes, s0 (* < Ay
As Q ¢ 7, and 7 is pt-complete (claim 8) for some ¢, X € Z. Let ' = X,
T7"={0UNQ :U €T}, B={UNQ :U € B}; so Y,B' T has all the
properties we attribute to 2, B, T and in addition now E has one equivalence
class. So we assume this.

Fix any 29 € Q, let B ={U € B: a2 g U}, T° ={U €T : 17y ¢
Uyu{Q}, B'={Ue€B:20c U}, T' ={U €T : 2y € U} U{D}. For some
¢ €{0,1}, |T*| > p, and then Q, B, T* satisfies the earlier requirements and
the demands in (1) and (2). For (3) define an equivalence relation E’ on 2
zE'y iff (VWU € B)[xr e U=y e U], let & C Q be a set of representatives,
B ' ={UNS : U € B} and finish as before. The only thing that is left is
the second phrase in (2). But if it fails then for every U € T'\ {0} choose a
nonempty subset V[U] from B. As the number of possible V[U] is < |B| < p,
for some V' € B\ {0}, for > g members U of T, V = V[U] and hence V C U.
Choose x € V; so for x clause (a) of (2) fails and hence for all y € Q clause
(b) of (2) holds, as required. Oy

PROOF 14 (of Theorem 2 (MAIN)):

Consider for n = n(x) (from claim 13(0) and as in claim 10) the following:

(%) there are an open set V and a subset Z of V and for each a < A\,
Z, C Z and open subsets V,,, U, of V' such that:

(a) for o < B < A, the sets V,, N Z, VN Z are distinct

(by UsNZ = Z,

(c) the number of sets U € T satisfying UNZ =V, N Z and U, C U is
> i

So by claim 10 we know that this fails for n.

Let x be large enough and let N = (N; : i < u*) be an elementary
chain of submodels of (H(x), €) of cardinality x (and B, 2, T belong to Ny
of course) increasing fast enough hence e.g.: if X € N; is a small set, U € T

12
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then there is U' € N; N T with UN X = U’ N X (you can avoid the name
"elementary submodel 7 if you agree to list the closure properties actually
used; as done in [Sh 454]). For x € Q let i(x) be the unique ¢ such that x
belongs to N;11\N; or i = —1 if & € Ny (remember || = pT).

Definition 15 We define : x € Q is N-pertinent if it belongs to some small
subset of @ which belongs to Ny (and i(x) > 0) and N-impertinent other-
wise.

Observation 16 Q;, = {z € Q : x is N-impertinent } is not small (see
Definition 7).

PROOF: As N, N is small by claim 8, for some U*, T" & {UeT:
UNNyNQ=U*NNyNQ} has cardinality > u. So it suffices to prove:

(*) U; #UQ ET/ﬁUlinp#UgﬂQip.

Choose = € (U \ Uy) U (Uy \ Uy) with i(x) minimal. As Uy,Us € T7,
i(x) = —1 (i.e. x € Np) is impossible, so x € (N1 \ N;) N Q for i = i(x).
If x € Q;, we succeed so assume not i.e. z is N-pertinent, so for some small
X € N; z € X. Hence by the choice of N: for some U}, U; € N;NT we have:
UNX=UnNnXUNX=UnNXsoU NX,U,NX € N, are distinct
(as x witness) so there is 2’ € N; N X, o’ € U] = 2/ ¢ Ul; but this implies
' € Uy =2’ ¢ Uy, contradicting i(x)’s minimality. P

We define a binary relation < on (2;, by:
xr=2y& forallU € B, if y € U then x € U.

Claim 17 The relation = is clearly reflexive and transitive. It is antisymet-
ric [why antisymetric? by claim 13(3)].

Observation 18 If J C (), is linearly ordered by < then J is small.

PROOF: For each Uy, U, € B such that Uy N J Z Uy N J choose yy, v, €
JN(U\Us). Let I = {yv, v, : U1, Uy € B& UiNJ € UsNJ}. Clearly |I] < p.
We claim that I is dense in J (with respect to <, i.e. I has a member in every
non empty interval of J). Suppose that z,y,z € J, v <y < z. By 13(3)
we find Uy, Uy € B such that « € Uy,y ¢ Uy, and y € U, z ¢ Us. Consider
Yo, € 1. Easily @ < yuy, 1, < z. Thus if (x,2) # 0 then (x,z) N1 # 0.

13
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Now note that each Dedekind cut of I is an restriction of at most 3
Dedekind cuts of J (and the restriction of a Dedekind cut of J to [ is a
Dedekind cut of ). For this suppose that Y7, Y5, Y3, Y, are lower parts of
distinct Dedekind cuts of J with the same restriction to I, wlog Y; C Y5 C
Y; C Y. Fori = 2,3,4 choose y; € Y; such that Y] < 95, Y5 < y3 and Y3 < y4.
As (ya,y4) # 0 we find z € (yo,y4) N I. Since yo < = we get = ¢ Y7 and since
x < ys we obtain x € Y,. Consequently = distinguishes the restrictions of
cuts determined by Y; and Yj to [I.

To finish the proof of the observation apply observation 11 to I (which
has essentially the same number of Dedekind cuts as J). O:g

Continuation 19 (of the proof of theorem 2)

Now it suffices to prove that for each x € €Q;,,7 = i(z) > 0 there is no member
y of €;, N N; such that z,y are <-incomparable.
[Why? then we can divide §2;, to p sets such that any two in the same part
are =-comparable contradicting 16418 and 8; How? By defining a function
h : €, — psuch that h(z) = h(y) = = < yVy < x. We define h[(Q;, N N;)
by induction on ¢, in the induction step let N;1\N; = {z;. : e < u}. Choose
h(x;.) by induction on e: for each e there are < |¢| < p forbidden values so
we can carry the definition.]

So assume this fails, so we have: for some x € ;,,,7 = i(x) > 0 there is
Yo € N; N Q;;, which is <-incomparable with z; so there are Uy, Vj € B such
that x € Vo, © ¢ Uy, yo € Uy, yo & Vo. Now U* = U{U € T : yo ¢ U} is
in TN N; and € U* (as Vj witnesses it) but by 13(2) we know that U* is
small, so it contradicts “x € €2;,”. This finishes the proof of theorem 2. 0O,

Concluding Remarks 20 Condition (b) of Theorem 2 holds easily for yu =
A. Still it may look restrictive, and the author was tempted to try to eliminate
it (on such set theoretic conditions see [Sh 420,86]). But instead of working
“honestly” on this the author for this purpose proved (see [Sh 460]) that it
follows from ZFC, and therefore can be omitted, hence

Conclusion 21 (Main) If A is strong limit, cfA = Wg, and T a topology
with base B, |T| > |B| > X then |T| > 2* and thew conclusion of 2(2) holds.

Theorem 22 1. Under the assumptions of Theorem 2, if the topology T
is of the size > 2* then there are distinct z,, € Q for n € Upcy [licn t

14
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such that letting Z = {x, : 1 € Uncw [licn tu} one of the following
occurs:

(a) there are U, € T (i.e. open) for n € [, tu such that:
U,NZ={x,€Z:(In<lg(v))(vin=nln & v(n) <n(n))}
(b) there are U, € T' for n € 1<, pu such that:
U,NZ={x,€Z:(3n<lgv))(vin=nln& v(n) >n(n))}
(c) there are U, € T for n € I1;<, tu such that:
U,NZ={x,€Z:-van}
2. If in addition A = Xy then we get

b there are distinct x4, € Q for ¢ € Q (the rationals) such that for
every real v, for some (open) set U € T

UN{z,:qeQ}={z,:q€Q,q<r}.

Observation 23 Suppose that there are distinct z,) € Q0 (forn € Unew, [Ti<n t4)
such that one of the following occurs:

(d) there are U, € T' forn € 1., tu such that:

UyNZ={z, € Z:v=p{C) & [-pan orpan & n(lg(p)) = (I}
(e) there are U, € T forn € [1j, tu such that:

UyNZ=A{z, € Z:v=p(Q) & [~pan orpan & n(lg(p)) < (]}
(f) there are U, € T forn € 1., tu such that:

UyNZ={x, € Z:v=pICQ) & [p<n orpan & n(ly(p)) > (]}

Then for some distinct z, € Q (v € U, the clause (c) of theorem 22 holds.

15
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PROOF Let U, (for n € [le, tu) be given by one of the clauses. For
V E [licn i, n € w let g(v) € TTjcon tu be such that g(v)(20) = 0, g(v)(20 +

1) = v(l) and for n € [liew i let g(n) = Uicwg(n | 1) (we assume that
i < puy1). Next define points z;, € Q and open sets U, as

Ul =,

o { Ty~ if we are in clause (d)
n (n)» v

Ty~ if we are in clauses (e), (f)
Then x,,, U, examplify clause (c) of theorem 22 Oy

PROOF 24 of 22 for the case A = N,

It suffices to prove 22(2), as @ implies (a). Let u = A*. By Theorem 2(2)
and 21 wlog [Q| = A, |B| < A Lt Z={ZCQ:{UNZ:U €T} < u},
again it is a proper ideal on € (but not necessarily even N;-complete). Let
P={(U,V):UCV are from T, V\U ¢ Z}. Clearly P # ) (as (0,Q2) € P),
if for every (Uy,U;) € P there is U such that (Uy, U), (U, U,;) are in P then
we can easily get clause €. So by renaming wlog

(%)1 VW eT) (VeI or Q\VeI).

We try to choose by the induction on n < w, (z,,U,) such that
(a) z,€eU,eT

(b) z, ¢ Uicn Ui

(c) UyeZandx ¢ U, forl<n

(@) [{VeT:(<n)(ngV)=n

If we succeed, {U N{x, : n <w}:U € T} includes all subsets of the infinite
set {z,, : n < w}, which is much more than required (in particular & holds).

Suppose we have defined (z,,, U,,) for n < m and that there is no (z,, U,,)
satisfying (a)—(d). This means that if v € U € TNZ, (Vn < m)(z, ¢ U) and
x ¢ Upem Uy then

(%)2 HV eT:(Yn<m)(xz, ¢V)and x ¢ V}| < p.
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Let U=UH{U € TNT:(Vn<m)(z, ¢ U)}. As |Q] < p = cfu we get
(%)3 {VeT:(Yn<m)(z, ¢ V) &U\(VU ] U,) # 0} < p

n<m

Suppose that U* ¢ Z. Then, by (x);, Q\ U* € Z (as U* is open). Since (by
clause (¢)) Upem Un € Z we find an open set U such that (Yn < m)(z, ¢ U)
and

p<{Ver:vn(J U, u@\U))=0n( U.u(@Q\U)}|

n<m n<m

(this is possible by (d)). But if VN (Upern Un U (2\U*)) = U N (Uper, Un U
(Q\NU*)), VAUUU* then U*\ (VUUpcn Un) # 0, (Vn < m)(z, ¢ V).
This contradicts to (x)3. Thus U* € Z. Hence (by (d)) we have

(¥)s p<{VeT : V\U #0 & (Yn <m)(z, ¢ V).

Since |B| < p we find Vo € B such that Vo \ U* # 0, (Vn < m)(xz, ¢ V)
and u < {V € T :Vy C V}|. The last condition implies that Q\ Vo ¢ T
and hence V € T (by (x);). By the definition of U* we conclude Vy C U* -
a contradiction, thus proving 22 (when A = Ng). Ogy

PROOF 25 of 22 when X\ > N;.

By Theorem 2 wlog |Q] = |B| = \. Let Z ={ACQ: {UNA:U € T}| < \},
it is an ideal. Let ZT = P(Q) \ Z.

Observation 26 [t is enough to prove B
®1  for every Y € It and n we can find a sequence U = (U¢ : ¢ < i) of
open subsets of  such that one of the following occurs:

(a) U increasing, Y NUgq \Us € T
(b) U decreasing, Y NU; \Ueyq € T
() YNUNUep U €7

(d) for some (Ve,ye : ¢ < pn) we have Y N (Ne<p, Ue \Uep, Vo) €T, Vi's
and U¢’s are open, Ve C U, ye €Y are pairwise distinct and

(*) UN{yere <pn}=VeN{yere <pin} ={y- : ¢ <}

17
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(e) like (d) but

() Uen{ye e <pn} =Ven{yere <pn} ={ye: (<& <pn}
(f) like (d) but

(x)" UcN{ye e <pn} = Ve {ye s < pn} = {yc}
(g) like (d) but

()" U {ye e <pnd = Ve {ye s e <pin} ={ye 1€ < pin, e # (}

(h) there are Vi, yc for ¢ < py such that Vo C U are open, yo € Y are
pairwise distinct, (Ue \ Vo) N Nepe Ve €I and

(vx)  Ucn{ye:e<pnt=Ven{y.:e <pn} ={y-:e <}
(i) like (h) but
(**)I UCm{ye35<:un}:VCm{ye:5<,un}:{ye:§§5</Ln}
(G) like (h) but
(x)” U {ye e <pn} =Ven{ye re <} = {yc}
(k) like (h) but
()" UeN{ye e <pn} =Ven{ye e < pin} ={y: : ( F# ¢, < in}
PROOF: First note that if n < m < w, Y7 C Yy, Y1,Yy € ZT and one of
the cases (a)—(k) of ®; occurs for Y7, m then the same case holds for Y, n.
Consequently, ®; implies that for each Y € Z7 one of (a)—(k) occurs for Y, n
for every n € w. Moreover, if ®; then for some x € {a,b,c,d,e, f,g,h,i,7,k}
and Y, € T we have
(%) for every Y1 C Yy from ZT and n € w case (x) holds.
If x = a, clause (a) of 22(1) holds. For this we inductively define open
sets V,), V7 for n € Upey [li<y pu such that for n € []cp,, ¢ < i

18
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LV CVy, AV NY €I, (Vi \ Vi) NYo € IF
2.1 § < pingy then Vi) C€ Vorie) € Ve € Vir ey

Let (U; : ¢ < po) be the increasing sequence of open sets given by (a) for
Yo,n = 0. Put Vi = Useqr, V@ = Uy for ¢ < pp. Suppose we have
defined V;,, V.~ for Ig(n) < m. Given n € [Tj<pp—1 f1, ¢ < pm—1. Apply (a) for
(Ve \ Vir) NYo and n = m to get a sequence (Ug : § < pum). Put

Virieey = Waer1n NV ey y) U Vi),

Virce = Wae NVieiny) UV

Next for each 77(C) € Unew [licn tu choose @¢) € (Viricany \ Virieyry) N Yo.
As the last sets are pairwise disjoint we get that x,’s are pairwise distinct.

Moreover, if we put U,, = U,e,, Virn (for 1 € [T, 1) then we have

Uy,N{z,:ve | [[m}={z: On<lg)(vin=nln& vin) <nn))}

new l<n

Similarly one can show that if z = b, clause (b) of 22(1) holds and if z = ¢
then we can get a discrete set of cardinality A hence all clauses 22(1) hold.
Suppose now that + = d. By the induction on n we choose Y., (U, ¢, Vi.c, Ync

¢ < pn):

Yo=Y (e ZI%)
Un.cs Vo, Ync (for ¢ < p,) are given by (d) for Y,

For n € [Tj<,, tu (n € w) we let

Wy = Vo) 0 () Ungim-

m<n

As Vi) Wy : ¢ < pin} = {tnc : ¢ < nn)} and {ync: ¢ <pn} €Yo ©
Y1 € Uppmy (for m < n) we get

Wy O {Yne : C< pin} = {Ync : € <n(n)},

erlm{ym,C 1( < pm) C Um,n(m)ﬂ{ym,C 10 < pm) C {ym( 1 <n(m)} (form <n).
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Now for 1 € [T« ptn we define W, = U, Wy ;. Then for each n, W, N {y,¢ :
¢ < pin} = {Ync : ¢ <n(n)}. By renaming this implies clause (a) of 22(1).
[For 1 € TTi<p fu 16t @y = Yni1(m)+1, where y(n) = p? x n(0) + =t x n(1) +
pr2x n(2) + ...+ pl x n(n — 1) +n(n). Note: g, is the I-th ordinal power
of pi,. For m € TTj, pu let (n) = 0"y(n1)v(n12)"... and let U, = W5,.|

For x = e we similarly get clause (b) of 22(1). For x = f we similarly get
a discrete set of cardinality A so all clauses of 22(1) hold. The case x = g
corresponds to the clause (c) of 22(1).

Suppose now that x = h. By induction on n we define Y,, U,, V;, and z,,

for n € Thi<p pu:

i
U i¢ys Virieys Ty iey are Ue, Ve, ye given by the clause (h) for Yy, fi41,
Yortr = o) \ Var ) N Nese Var )
For n € [1,<,, tu put Uy = U<, V- Then
Uy {z, v e U [Tt =A{a :v=p(Q) & [mpan or pan & n(lg(p)) < (I}

n<wil<n

witnessing case (e) of 22(1).
If = ¢ then we similarly get case (f) and if x = j we get (d). Lastly
x = k implies the case (c) of 22(1). Oag

Claim 27 Ifk < A, (Z; : ( < k) is a partition of S, then for some countable
w* C K, for every infinite w C w*, Ueey Z¢ € Z.

PROOF: Otherwise there are P C [k]™ and (T, : w € P), T, C T,
|T,,] < X such that for every w* € [k]* and U € T, for some w C w*, w € P
and V' € T, we have U N (Ucew Z¢c) = V N (Ucew Z¢)- Let {Ue 0 ¢ < A} list
U{T, : w € P} (note that since x < X also |[]=%| = k™ < X). We claim
that there is U € T such that for every £ < A there are «, 5 € €2 for which:

(a) a€elU <« p¢U
(b)  (V(<&ael; <= pel)
(c) (Ve<k)a€eZ. <<= pBeZ)

Indeed, to find such U consider equivalence relations E¢ (for £ < A) deter-
mined by (b) and (c), i.e. for a, 5 € Q:
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a Ee B if and only if
(V¢ <&)(aeUs < pBelU;) and
(Ve < k)(a € Z. < [ €Z.).

The relation E¢ has < 21+ < X equivalence classes. Consequently for each
E<A
{V € T :V is a union of E¢-equivalence classes}| < .

As |T| > X we find a nonempty open set U which for no £ < A is a union of
Ee-equivalence classes. This U is as needed.

Now let (o, 3,) be a pair («, ) satisfying (a)—(c) for £ = A, and let
{an, B} C Z,. Then w* = {(, : n < w}, U contradict the choice of P and
(T : w € P). Oy,

PROOF 28 of @,

For the notational simplicity we assume that ¥ = Q. Let B = U, ., B,
|Bn| < /\, 0 e By.
As in the proof of claim 5 wlog for every x # y from € we have

HUeT : z2eU <= y¢ U} >\

Let ye. € Q for ¢ < pn46 be pairwise distinct. For each ¢ < & < fi46 there

is € = (¢, &) € {¢, &} such that T, Ywer: {ye,ye} NU = {y}} has
cardinality > A. For each U € T, there is V[U] € B, y. € V[U] C U. As
|B| < A for some V7, € B we have that the set

Tl e={U €T {ycyy VU = {y.} and y. € V7 CU}
has cardinality > A. For U € T let fy, gy be functions such that:

1. fU::unJrG — W, gu * Un+6 %B7
2. gu(e)=0iff y. ¢ U,
3. if y. € U then y. € gy(e) C U,

4. fu(e) =min{n € w: gu(e) € By,}.
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For each ¢ < & < ppy6 we find fe¢ @ ptni6 — w such that the set
Tee={U €T e fu = Jeet

has the cardinality > A. By Erdos-Rado theorem we may assume that for
each ¢ < & < finys, € < pngs the value of fe¢(e) depends on relations
between (, £ and € only. Consequently for some n* < w, ife < p,15, U € TCQ, £
( <& < fpys then gy(e) € By« As|By«| < A we find (for each { < & < fina5)
a function g¢¢ : ftn+6 — By+ such that the set

Tee={U € T¢¢: gu = gce}

is of the size > \. Let

Ue=UTee:  Vee= U gcele)

e<n+5

Clearly

(%) Vee CUce, Use\Vee € T, UceM{ye, ye b = Ve ey, vef = {(¢,§)} and

() Uce M{Ys : 0 < pines} = Vee N {ys 0 0 < pns}-

Let Ty = {Vee,Ure : ¢ <& < ftngs}, so |T1| < A. Define a two place relation
Ep, on
l‘Ele iff (VU S Tl)(ZL' elU <<= y¢ U)

Clearly Er, is an equivalence relation with < 27t < X equivalence classes.
Hence by claim 27 for each ( < £ < piny5, for some w-sequence of Er -
equivalence classes (A¢¢, 1 n < w) we have:

A¢gen CUce\ Vee and for each infinite w Cw, | Acen ¢ 7.

new

By Erdos-Rado theorem, wlog for (1 < (o < pnia, &1,&2 < pinia the truth
values of “E(Cla@) =G, “y& € VCl,CQ”7 “y& € UC17C2”7 “ACl,CQJL C U§1,§2”7
“ACLCQJL C ‘/61762”7 “AChCz,n = AC17C2,m”a “AC17C277Z = *’451,52777%,7 depend just on
the order and equalities among (i, (2, &1, &2 (and of course n, m).

As each infinite union U, ¢, A¢en is large, wlog those truth values also
does not depend on n (for the last one we mean “A¢, ¢, n = A¢, 620" ). Note:
if Ajgpn = Agam then Ayo, = Ass, = Aiom.
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Now, A¢ ¢ is either included in Ug, ¢, or is disjoint from it (uniformly for
n); similarly for Vg, ¢,.

Case A: A374,n N U172 = @
Let Uf = Ug<¢ Uze 2¢+1- Then (Ué : ( < ) is an increasing sequence of open
sets and U,e,, Azci2,2¢c130 © Uy \ UL, which witnesses that the last set is in
Z+t. Thus we get clause (a).

Case B: A1, NUss =1
Let Ul = Uc<eap, Usees1- Then (Ul 1 ¢ < pyp) is a decreasing sequence of
open sets and U,e,, Az¢2cr1.n © UF\ U, . Consequently we get clause (b).

Thus we have to consider the case
Avon CUsy and Az, CUis

only. So we assume this.
Case C: AjonNViy=0,A3,,NVig=10
Let Uz = Uz e, VE = Vagacr1-

subcase Cl: y; € Usy, y5 € Usy

Then let y is the unique member of {yac, yaci1} \ {¥=(2c.2¢+1)}-
By (x*) we easily get that (U, V{,y; : ¢ < pn) witnesses the clause (g).

subcase C2:  either y; ¢ Us4 or ys5 ¢ Usy
Then we put y¢: = ye(2¢,2¢+1) and we get one of the cases (d), (e) or (f).

Case D: Aj9, C Vay, A3unNVip=10
We let Ué = U{Vae2et1 : € < ¢}. Thus Ué increases with ¢ and Uéﬂ \ Ué
includes U,,e,, A2¢,2¢+1,,- Thus clause (a) holds.

Case E: Ay, NV34 =0, Az, C Vi
Let Ué = U{Vac2es1 : £ > ¢}. Then Ué decrease with ¢ and the clause (b)
holds.

Case F: Ay, C Vay, Azun C Vi
Let Ul = Us¢acv1, VI = Vacac1- Iy, ys € Us a then we put y¢ € {yac, yac1}\
{Ye2c,2c41)} and we get case (k). Otherwise we put yi = ye(ac2¢c1) and we

obtain one of the cases (h), (i) or (j). Oy

Concluding Remarks 29 1. Assume that a topology T on € with a base
B and X\, (p, : n € w) are as before (u, reqular for simplicity). If

(*) 2, € Q forv € Uneo [licnu and Uy, € T forn € [1ew ftn and
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2.
3.

(**) ifn <w, v €Iljcn i and n € 1<, tu then for some k,

v € [Tm&n Th=nTk = Uyn{z,}=Un0{z}).

I<w

Then we can find S C Upew [licnu and Uy, = n,v € Theppu N
S for somen) and (Uy : n € lim S) (where im S = {n € [ljc, tu :
(Vl<w)(nlleS)}) such that

(a) () €S, S is closed under initial segments and
nesS&n=Ilgn = (Fa)(n(a)ecS)

and for some infinite w C w, for everyn < w and n € lim S we
have:

new <= (32a < p,)(n{a) €85) <= (F"a < u,)(n{a) € S).

(b) if pv € licnmu NS and van € SN I, then Uy N {x,} =
U:,n N {xp};

(c) fornelimsS, Uyn{z,:pe St =U,N{x,:pec S}

So in Theorem 22, the case (c¢) can be further described.

We can consider basic forms for any analytic families of subsets of A
(then we have more cases; as in 23 and @1 of 26).
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