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2 SAHARON SHELAH

60 INTRODUCTION

We deal with the problem of the existence of a universal member in K, for K a
class of abelian groups, where K, is the class of G € R of cardinality \; universal
means that every other member can be embedded into it. We are concerned mainly
with the class of reduced torsion free groups. Generally, on the history of the exis-
tence of universal members see Kojman-Shelah [KjSh 409]. From previous works,
a natural division of the possible cardinals for such problems is:

Case 0: A = Ny.

Case 1: A = \No,

Case 2: Ny < \ < 2%o

Case 3: 2% + 't < A= cf(\) < po.

Case 4: 2% + pyt + cf(\) < X\ < pho.

Case 5: A = u't, cf(p) = No, (Vx < p)(x™° < p).
Case 6: cf(\) = Rg, (Vx < M) (xX° < A).

Subcase 6a: A is strong limit.

Subcase 6b: Case 6 but not 6a.

Our main interest was in Case 3, originally for & = &, the class of torsion free
reduced abelian groups. Note that if we omit the “reduced” then divisible torsion
free abelian groups of cardinality A are universal. A second class is £(P) the class
of reduced separable p-groups (see Definition 2.3(4), more in Fuchs [Fu]) but we are
interested in having methods and in the class of N;-free abelian groups. Kojman-
Shelah [KjSh 455] show that for & = & &) in Case 3 there is no universal
member if we restrict the possible embeddings to pure embeddings. This stresses
that universality depends not only on the class of structures but also on the kind of
embeddings. In [Sh 456] we allow any embeddings, but restrict the class of abelian
groups to (< A)-stable ones. In [Sh 552, §1,85] we allow any embedding and all
G € R) but there is a further restriction on A related to the pcf theory (see [Sh:g]).
This restriction is weak in the following sense: it is not clear if there is any cardinal
(in any possible universe of set theory) not satisfying it. We here prove the full
theorem for A\ > 3, with no further restrictions:

(¥) for A > 3, in Case 3, & = &, &%) there is no universal member in K

(where we define inductively Jy = Ng, 3,11 = 27,3, = Z 27" and generally

:QINo—l—ZQ:B).

B<a

n<w
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61 deals with &°*f using mainly type theory. In §2, we apply combinatorial ideals
whose definition has some built-in algebra and purely combinatorial ones to get
results on R(P); there is more interaction between algebra and combinatorics than
in [Sh 552]. Similarly in §3 we work on the class of R;i-free abelian groups.

What about the other cases? Case 4 (which is like case 3 but \ singular) for fitf
and pure embedding, was solved showing non-existence of universals in [KjSh 455]
provided that some weak pcf assumption holds and in [Sh 552] this was done for
embeddings under slightly stronger pcf assumptions. For both assumptions, it is not
clear if they may fail. Note that the results on consistency of existence of universals
in this case cannot be attacked as long as more basic pcf problems remain open.

Concerning Case 5 - if we try to prove the consistency of the existence of universals,
it is natural first to prove the existence of the relevant club guessing; here we expect
consistency results. (Of course, consistently there is club guessing

(by C = (Cs:6€5),S C A\, otp(Cs) = u) and then there is no universal.) Also we
were first of all interested in the existence of universal reduced torsion free groups
under embeddings, but later we also looked into some of the other cases here. See
more in [Sh:F319].

Case 1 (A = AM0). By subsequent work there is a universal member of &}, and

-free

(see Fuchs [Fu]) in ﬁ;\s(p) there is a universal member, but in ﬁ§1 there is no

universal member (see forthcoming work).

Case 0 (A = Rp). In & there is no universal member (see above or 3.17) and in

ﬁg\s(p) there is a universal member (see Fuchs [Fu]).

Case 2 (Ng < A < 2%0). For &Y we prove here that there is no universal member

(by 1.2), whereas for ﬁg\s(p) this is consistent with and independent of ZFC (see [Sh
550, §4]).

We also deal with Case 6 ((Vx < A\)x™° < A\, A > cf(\) = Xg). There is a universal
member for A and also for ﬁg\s(p). See [Sh:F319].

We thank two referees and Mirna Dzamonja and Noam Greenberg for many cor-
rections.

Notation: The cardinality of a set A is |A|, the cardinality of a structure G is ||G]||.
JC(AT) is the set of sets whose transitive closure has cardinality < A and <%,
denotes a fixed well order of J#(AT).

For an ideal I, we use I to denote the family of subsets of Dom(I) which are
not in 1.
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4 SAHARON SHELAH

§1 NON-EXISTENCE OF UNIVERSALS AMONG
REDUCED TORSION FREE ABELIAN GROUPS

The first result (1.2) deals with X satisfying g < A < 2% and show the non-
existence of universal members in &Y which improves [Sh 552]. The proof is
straightforward by analyzing subgroups and comparing Bauer’s types.

Then we deal with 2% + put < XA = cf(\) < p®°. We add witnesses to bar the
way against “undesirable” extensions (see [Sh:F319] on classes of modules) which
is a critical new point compared to [Sh 552].

1.1 Definition. Let £ denote the class of torsion free reduced abelian groups
G where torsion free means that nx = O0,n € Z,x € G = n =0V x = 0 and
reduced means that (Q, +) cannot be embedded into G. The subclass of G € &
of cardinality A is denoted by ﬁg\tf. Moreover, & is the class of torsion free abelian
groups.

1.2 Claim. 1) If g < XA < 2%0 then R4 has no universal member.
2) Moreover, there is no member of &Y universal for ﬁ;}f.

Proof. Let P* be the set of all primes and let {Q, : i < 2%} be a family of infinite
subsets of P*, pairwise with finite intersection. Let p, € “2 for a < w; be pairwise
distinct. Let H* be the divisible torsion free abelian group with {z, : @ < w1} a
maximal independent subset. For i < 2% let H be the subgroup of H* generated
by

{Za:a<wi}U{p "zq :p € P"\Qi,a < w; and n < w}
U{p " (xq —2p) : a,f <wy and p € P* and
Pa P =ps[pandn <w}.

Clearly H} € & and ||H?|| = R; < \. Let G € & and we shall prove that at
most A of the groups H; are embeddable into G.

So assume Y C 2% |Y| > X and for i € Y we have h;, an embedding of H} into G
and we shall derive that G is not reduced; a contradiction. We choose by induction
on n a set I', € "\ and pure abelian subgroups G, of G for n € T, as follows.
For n = 0 we let I'y = {<>} and let G~ = G. For n + 1, for n € T, such that
|Gyl > Ro we let T'y ) = {n7(¢) : ¢ < ||Gyll}, and let Gy = (G- ¢y : ¢ < ||Gy|) be
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an increasing continuous sequence of subgroups of G, of cardinality < |G, || with
union G, such that:

(x) for ( < ||G,|| we have
Gy~ (¢y = Gy N (the Skolem Hull of G~ ¢y in (A1), €, <54, Gy)).

Let 1 = {n"(¢) : n € T, |Gyl > No with { < ||Gp[} and T = | J T

n<w

For each 7 € Y, let n = n; € I" be such that:

(a) {o <wi:hi(zq) € Gy, } is uncountable

(b) under (a), the cardinality of G, is minimal.

Clearly n; is well defined as (a) holds for n = () and clearly G,, is uncountable.
It is also clear that the cardinality |G, || has cofinality X;. Let X; = {a < w; :
hi(za) € Gy, }, and let 3; < w; be minimal such that

{pa : @ € B; N X;} is a dense subset of {p, : @ € X;}. Let (; < ||G,,|| be the
minimal ¢ such that {h;(7s) : @ € 8; N X;} C G,(¢) (exists as cf(]|Gy,||) = Ny).
Now by clause (b) the set X; = {a < w1 : hi(za) € Gy,~(,)} is countable, and
hence we can find «; € X;\X/.

Now the number of possible sequences (n;, 8;, (;, @i, hi(x4,)) is at most |“~A| X
Np x Ax Ny x A (as ' C “>X). So for some (n,3,¢,a,y) and ig < iy from Y we
have (for £ =0,1)

Ni, =1, 61@ - 67 C’L'g - Ca g, = Q, hig (‘rocg> =Y.
Now as h;, embeds H; into G and h;,(7,) = y, necessarily
(%) if p € P*\Q,, and n < w then in G,p~" divides y.

So this holds for every p € (P*\Q;,) U (P*\Q;,) = P*\(Qi, N Q;,).

Now Q;, N Qq, is finite so let p* € P* be above its supremum. As {p, :v € X] }
is a dense subset of {p, : @ € X, }, there is v € X such that p,, [ p* = p, [ p*(=
Paiy | P7). Let hig(xy) = y*, it is in Gy~ (¢

So in (J€(AT),€,<}+,Gy), the following formula is satisfied (recall that G, is
a pure subgroup of G)

o(y,y") = “in Gy, y is divisible by p" when p e P* & p>p* & n<w
and y — y* is divisible by p" when
peP" & p<p’ & n<w.
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Hence by (*), i.e. by the choice of (G, : § < ||Gyll), necessarily for some
y' € Gy ¢y we have o(y',y*). Now y # 4y asy’ € Gy-(¢),y € Gyr(¢)- Alsoy —y' is
divisible by p™ for p € P*,n < w.

[Why? If p > p* because both y and y’ are divisible by p™ and if p < p* because
y—vy =(y—v*)— (¥ —y*) and both y — y* and ¢y’ — y* are divisible by p".]

As G is torsion free, the pure closure in G of ({y — 3'})s is isomorphic to Q, a
contradiction to “G is reduced”. [y 0

1.3 Definition. 1) Let P* be the set of primes.
2) For G € & and z € G\{0} let

(a) P(z,G)={peP*:zc ﬂ "G,
n<w

equivalently x is divisible by p™
in G for every n < w}
() P~(2,G) ={p:p e P* but p¢ P(z,G)
and there is y € G\{0} such that

3) G € 8™ is called full if: for every z € G\{0} we have P* = P(z,G) UP~(z,G).
4) The class of full G € & is called £ and & = & N /Y (why s? as the
successor of r in the alphabet).

1.4 Fact. 1) If G € & then for any z € G the sets P(x,G) and P~ (z,G) are
disjoint subsets of P*.
2) If G5 is an extension of G, both in & and z € G;\{0} then

(a) P(x,G1) C P(x,G2), with equality if G; is a pure subgroup of G4
(b) P~ (x,G1) C P (x,Ga).

3) For every G € & there is a G’ such that

(a) G'is full, G’ € &
(b) G is a pure subgroup of G’ and ||G’|| = |G|

Proof. 1),2) Trivial.
3) It suffices to show

(%) if G € & and 2 € G\{0}, and p € P*\P(x, G) then for some pure extension
G’ of G with rk(G/G") =1 we have: p € P~ (z,G’).
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For proving (%) for a given G, z let G be the divisible hull of G and let

Go ={y € G : for some n > 0,p"y € G},

Gi1={y e G : forsome b € Z,b > 0 not divisible by p we have by € G}. Clearly
G = Gy N G1. We define the following subsets of G x Q:

Hy={(y,0) : y € G} (so G is isomorphic to Hy)
Hy = {(p"bx,p"b) : byn € Z}

Hs = {(0,¢1/c2) : c1,¢c2 € Z and ¢y not divisible by p}.

Easily all three are additive subgroups of G x Q and Hy = Zy). Let G' = Hy +
H, + H,, a subgroup of G x Q.

We claim that G’ N (G x {0}) = Hp. The inclusion D should be clear. For the
other direction let z € G’ N (G x {0}); as z € G there are (y,0) € Hy, (so
y € G), (p"bx,p"b) € Hy (so b € Z,n € Z and = € G is the constant from
(%)) and (0,¢1/c2) € Ha (so ¢1,¢0 € Z and p does not divide co) and integers
ap,ai, a2 such that z = ag(y,0) + a1 (p™bz, p™b) + a2(0,c1/c2) which means z =
(aoy + a1p™bx, a1p™b + ascy/c).

As z € G x {0} clearly a1p™b+ asc1/co =0, so as p does not divide ¢z, necessarily
a1p™b is an integer, hence a1p"bxr € G, hence as y € G clearly agy + a1p"br € G
and hence z € G x {0} = Hy as required.

It is easy to check now that Hy is a pure subgroup of G’.

Also letting y* = (0, —1) clearly (z,0) — y* is divisible by p* for every k < w (as
(p*z, p*) € Hy C G’ for every k € Z) and y* is divisible by any integer b when b is
not divisible by p (as § y* = (0,—1/b) € Hy C G').

Identifying y € G with (y,0) € G we are done: G’ is as required in (x), with y*
witnessing “p € P~ (x,G’)”. O 4

1.5 Claim. If Gy € 8 is full and G5 € & and h is an embedding of G into
G4y then:

for x € G1\{0},P(z,G1) = P(h(z), Ga).

Proof. Without loss of generality h is the identity, now reflect using 1.4(1), 1.4(2)
and the definition of full. (5
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1.6 Conclusion. Assume
(%) 280 < put < A= cf(N) < po.

Then there is no universal member in ﬁg\tf.

Proof. Let S C {6 < X : cf(d) = Ny and w? divides §} be stationary and 7 =
(ns : & € S) where each 7 is an increasing w-sequence of ordinals < § with limit ¢
such that ns(n) — n is well defined and divisible by w; so §; # J2 = Rang(ns,) N
Rang(ns,) is finite. Let {p} : n < w} list the primes in the increasing order. Let
G be the abelian group generated by {zq : @ <A} U{ys : 6 € S} U{z5n,e:n,( <
wWU{Zame:a <A, m<w,a#mmod w} freely except for the equations

*
Pn2snt+1 = 25,n,0 Ys — Tyns(n) = #5,n,0-

* .
PrZTami+1 = Ta,m,ls Ta,m,0 = Ta, if & #m mod w

We can check that G% € /5 and P~ (ys, G%) is the set of all primes and P(z,, G%) =
the set of primes # p; if @ =n mod w.

Let G; € &5 be a pure extension of G% which is full (one exists by 1.4(3)). So

() if h embeds Gy into G € & then
xz € Gz\{0} = P(z,G5) = P(h(z),G).

Hence the proof in [KjSh 455] works. Uis

1.7 Remark. 1) Similarly the results on A singular (i.e. Case 4) in [KjSh 455], hold
for embedding (rather than pure embedding).

2) What about Case 57 If there is a family & C {C C p* : otp(C') = u} which
guesses clubs (i.e. every club E of u* contains one of them), the result holds.

3) On Ry < A\ < 2% see also in 3.17.
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§2 THE EXISTENCE OF UNIVERSALS FOR
SEPARABLE REDUCED ABELIAN p-GROUPS

We here eliminate the very weak pcf assumption from the theorem of “no uni-
versal in ﬁg\s(p)” when \ > 3. Note that £°(®) is defined in 2.3(4).

In the first section we have eliminated the very weak pcf assumptions for the
theorem concerning R4 (though the A = cf(\) > pT remains, i.e. we assume we
are in Case 3). This was done using the “infinitely many primes”, so in the language
of e.g. [KjSh 455] the invariant refers to one element x. This cannot be generalized
to ﬁ;\s(p). However, in [Sh 552, §5] we use an invariant on e.g. suitable groups
and related stronger “combinatorial” ideals. We continue this, using combinatorial
ideals closer to the algebraic ones to show that the algebraic is non-trivial.

We rely on the “GCH right version” provable from ZFC, see [Sh 460] hence the
condition “X\ > J,” is used.

2.1 Definition. 1) For A = (A\;: { <w) and t = (¢, : £ < w) (with 1 < t, < w) we
define ij\.

It is the family of subsets A of H [Ae]" such that:
I<w

(x)a for every large enough ¢ < w, for every B € [\, for some k € (¢,w) we

cannot find
(ime [] ™)

i€[L,k)
such that
(a) v, €A
(b) if n1,me € H (W] ¢ <m < kandmn | [{,m) =ns | [¢(,m) then

i€[l,k)
U, | m = vy, | m; hence

v, [ L=y, [ LHormm € ] w]f

1€[0,k)
(c) ifno € H ] and £ < m < k then for some E € [\,,]¥ we have
1€l,k)
[E)'™ = {v,(m) :n € H % and n [ m=mny | m}
1€l,k)

and m=¥¢= FE = B.
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2) Let

J?,S\,<0 ={AC H[)\g]tf : for some o < § and Ag € Jé;\ for f <
<w

we have A C U Aﬁ}~

B<La
When 0 = kT, we may write  instead of < 0.
2.2 Fact. 1) J's  is a 0T -complete ideal.
2) If £ < w = A > Jy,_1(0) then the ideal J}; / is proper (where Jo(#) =
0, 3,41(0) = 2279 and for general a we have J,(6) = 6 + Z 228(0)),

<a

Proof. 1) Trivial.
2) Let for ¢/ < w

ERIi‘;Z = {A C [\]" : for some F : [A\/]" — 0 there is no B € [\,
such that F' | [B]* is constant and [B]" C A}.

So this is a §t-complete ideal. It is non-trivial by Erdos-Rado theorem (we use

it similarly in [Sh 620, §1]). Now we shall prove that the ideal ng p 1s proper.

So assume H[Ag]t“ = UXZ- and X, € fo for each i < 6 and we shall get a

I<w i<6
contradiction. Let

Xt={ne H[)\g]t@ : for every £ < w for some i’ € X; we have n [ £ =1 | (}.
<w

(i.e. the closure of X;). So X;" C H[Ag]tf = H Dom(ERIi’i) is closed, and those
L<w L<w
ideals are 6" -complete and H Dom(ERI i‘;) = U X;". Hence (see Rubin-Shelah

<w <0
[RuSh 117], [Sh:f, Ch.XI,3.5(2)] with H, = X;") we can find 7" such that:
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(@ 7c |J JTd"

m<w <m
(b) T is closed under initial segments
(¢c) <>€T
(d) if v € T and lg(v) = £ then
{ue X' : v (u) € T} € (BRI} )T
(e) for some i < 6, lim(T") C X ;.

(Here, im(T") = {v € H ] (Ym < w)v [meTY).

I<w
Fix ¢ from clause (e). We would like to prove —(x)+. By the definition of the
ideal ERI’;@/Z we get more than required (for every k in place of “some k” in (x) of
Definition 2.1). Os o

Remark. So we could have used the stronger ideal defined implicitly in 2.2, i.e.

J£5Z\0 ={X C H)\g : we can find o < 6 and X; C X for 7 < a such that X =
I<w

U X, and for each ¢ and T satisfying clauses (a) — (d) from the proof of 2.2 there

1<

is T' C T satisfying clauses (a) — (d) such that lim(7T') is disjoint to the closure of

X;}. Of course, we can also replace ERI?@ by various variants.

We recall from [Sh 552, 5.1]

2.3 Definition. ([Sh 552, 5.1]) 1) For it = (uy, : n < w) let By be the following
direct sum of cyclic p-groups. Let K” be a cyclic group of order p"™! generated
by zy, and let B = ®a<pu, Ky and By = ®n<w B, , i.e. By is the abelian group
generated by {27 : n < w,a < u,} freely except that p" ™! z" = 0.
Moreover, let Bayp, = ®{KJ : a0 < o, m < n} C By

(these groups are in /e ).

<>
Let Bﬁ be the p-torsion completion of By (i.e. completion under the norm
||| = min{2~™ : p™ divides x} but putting only the torsion elements, see Fuchs
[Fu]. Note that By is the torsion part of the p-adic completion of By).
2) Let I/%,<9 = [,%,<9[p] be the ideal on Bj; (depending on the choice of (K7 : o <

fin,n < w) or actually (Bg, : n < w)) consisting of unions of < 6 members of I7,
where

I =1Ip|={AC By, : for every large enough n, we have cZBﬁ((A>Bﬁ)ﬂBﬂ C Bumn}
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(cl B, 15 defined in part 3) below).

When 6§ = k7 instead of < # we may write x. If y,, = p, we may write u instead of
-

3) For X C By, recall (X) By is the subgroup of B; which X generates and

= {z: (Vn)( )3y € X)(x—y € p By )}

4) Let 8'5(P) be the family of pure subgroups of some Bﬁ.
5) If p is not clear from the context, we may write By[p], Ba[p], etc.

2.4 Claim. Assume i = (in, :n < w),t = (ty : £ < w),ty = p and the ideal Jfﬁ 0
is proper (so pi, > 3p_1(0)T is enough by 2.2(2)). Then the ideal [;%,0 is proper
(and Ié,e is a 01 -complete ideal).

Proof. We define a function h from H (A% into By. We let
I<w

h(n) = X{p"zj: B €n(n) and n < w} € Bulp).
Clearly h is one to one and it suffices to prove
(%) if X € (Jf_ o) then A”(X) belongs to (Ipo)t

So assume X € (fo p) T is given and suppose toward contradiction that h”(X) €

I} 4 So we can find (Y; : i < 0) such that for such i < 6 we have ¥; € I} and

h(X) C | Vi Let X; = h=1(Y;). So h(X;) CY; € I9 and hence h(X;) € I}, but as
<6

Jf/\ p 18 0F-complete and X € (Jf,\ o)

so without loss of generality h"(X) € IO. By the definition of IO for some n(x) < w

we have

necessarily for some i < 0, X; € (J4 9) ,

(+) Bp ety ((W(X))5,) € Bitnie)-

On the other hand, as X € (J;lf )Ty it is ¢ J£4,1 so from definition 2.1(1) of Jfﬂ
we can find (B, : n € T') such that:

(a) T € [w]® and B,, € [\,
(b) for n €T, for every k € (n, w) we can find
vy Fine H ]%) as in (a)-(c) of Definition 2.1(1) with n, By, k here

Len,k)
standing for ¢, B, k there.
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For m € (n,k] and n € H [w]* we let v;F be % | m whenever
£en,m)

n<an € H (by clause (b) in (x) of 2.1 it is well defined). Fix n € T" and
Len,k)

k € [n,w) for awhile. Let A, = A" € [A,,]% be such that {ugilzm(m) tu €
[w]tm} = [A,]' and without loss of generality (otp stands for “the order type”)

(¥) otp(A;) = w and V"Z]zw(m) = OP4, w(u)

(where OPy, (i) = a iff i = otp(4, Na)).

Now for m € (n, k| and n € H ]* we define
Len,m)

=t =Y ) wspe [T el and (0)ltgn) < €< k= p(0) € 0,1}
Len,k)

where < denotes being an initial segment. So y, € Bﬁ and we shall prove by
downward induction on m € (n, k] that for every n € H [w]" we have (Z

Le[n,m) £<m
means E )

£e[n,m)

k—1

X, y, = (H(tg—l—l)) X (Z Z pexfx) mod p* By.

{=m £<m aEvS’k(ﬁ)
Case 1: m = k.
k—1
In this case the product H (t¢g + 1) is just 1, so the equation says

{=m

Yp = Z Z Pt xfx mod p* B;.
<m aEqu’k(E)
Now the expression for y,, is

Z{h Ry dpe H ] and (V0)[m < € < k = p(£) C[0,t]]}
Len,k)

=hy")y = > pa

I<w aeu:f’k(ﬁ)

=> > b+ DD piral)

£<m ael/:;’k(ﬂ) Lek,w) ael/:;’k(ﬂ)
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so the equality is trivial.

Case 2: n<m < k.

Here (with equalities in the equation being in B 2, modulo p" Bﬂ)? we have:

Yn =
[by the definition of ¥, Yy (u)]

- Z{?Jn%w u € [{0,.. '7tm}]tm} -

[by the induction hypothesis]

k—1
:Z{( H (te+ 1)) Z Z pzxfx) u € [{0,.. m}]tm}

L=m+1 £<m+1 O‘E'/::IZM(@

[by dividing the sum Z into Z and Z and noting what ugilzw(m) is]

<m+1 {<m {=m
k—1
:Z{( H (te+1 Z Z pzxﬁ):ue[{(),...,tm}]tm}
f=m+1 <m aEv” ’Zu>(£)
k—1
-I-Z{ H tg—i—l)) Z pmmg‘:ue[{ﬂ,...,tm}]tm}:
t=m+1 a€OP,, 4, (u)

[in the second sum, we collect together the terms with 27|

:Z{( kl:[l (tg—i-l))(z Z pgxf;):ue[{(),...,tm}]tM}

l=m-+1 <m ae,j:]hk(g)
k—1
-I-Z{( H (te+1))(p" 2 ){u:u e [{0,...,tn}]" and [a N A,| € u}|:
l=m-+1

« is a member of A,, moreover |aN A4,| < tm}

k—1

=( I Ge+0)O>. > pal) xHu:ue[{0,... tm}]m}

l=m-+1 L<m aeun ’C(g)
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k—1
f=m+1
[remember t,, = p and p™ T 2™ = (]
k—1
=(tm+1)( J] Ge+1) > Z plal +0
{=m+1 <m vl ( )
k
= ([[te+)O>. > =
l=m <m aey" k(g)

Hence we have finished the proof of X,,
Now as t; +1 =p+ 1 and pp‘z’, = 0 in By we get

Yy = Z Z p‘z’, mod pkfﬁ’ﬂ.

f<m OzGVZ,L’k(E)

Note that for m = n + 1, the sum Z is just Z So, as for n € I', B,, serves

for every k € (n,w), if u,us € [Bnljfnmare distiilcz then, for k € (n,w) we have

Y0ur) — Z Z P mf; — Z Z psz; mod pkBﬂ. As this holds
t<m aev )t (0) t<m aevk (0)

for every k € (n,w) we get equality. By the demands on Vg’k (see clause (b)

above so Definition 2.1(1)) we have y<y,> — Y<u,> ¢ B but by the last sentence

Y<ur> — Y<up> € Bpme1) contradicting (x). Lo g

Recall

2.5 Definition. 1) Let I be an ideal on & (or just I C (k) closed downward,
IT™ = 2(k)\I), then we let:

U;(A) = Min{|2|:2 C [A]=" and for every f € "\
for some a € & we have {i < r: f(i) €a} € [T}

2)Foro <6 < p < Aletcov(A u,0,0) = Min{\+|Z|: & is a family of subsets of A
each of cardinality < p such that any X C X of cardinality < 6 is included in the
union of < ¢ members of Z}.
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2.6 Claim. 1) For every A > 1, for some 0 < 3, for every p € (3,-1(0),3,) we
have (letting p, = u) UI}» ,(A) =X (hence UIg()\) =)

2) If cf(X) > g, then for some 0 < 3,,, for every p € (3,-1(6),3,) and X < X we
have Uy ,(N) <A

Proof. By 2.4, 1, ¢ is a 0-complete proper ideal on a set of cardinality pio for any
i, 0 as in the assumptions. By [Sh 460] for each X' < A for some 6 = §[\'] < 3,
for every u € (6,3,) we have cov(N,u™,ut,0) = XN, ie. there is &2, C [N]|* of
cardinality < X\ such that: if Y € [N]# then Y is included in the union of < 6
members of &,,. As I 1170 is a O"-complete ideal on a set of cardinality u it follows
that UI;,QO‘/) <N x |2, =X (and trivially Ufé,e()‘) > \A). This proves part (1).
For part (2) we are assuming cf(\) > RNy so for some 6 < 3, for arbitrarily large
N <\ O[N] < 0; clearly we are done. (o6

2.7 Conclusion. If 3, < ut < XA = cf(\) < M0, then in ﬁg\s(p) there is no universal
member.

Proof. By 2.6 and [Sh 552, 5.9].

Moreover
2.8 Claim. Assume
(@) J]re<m<A=cf(N) <N < pio

L<w
(b) ut < X or at least for some & we have

() |2 =X & (Vae P)(a X & otp(a) = p)
& (VE)(E a club of A\ = (Jda € Z)(a C E))

() N=Up)< pRo where k = (kg : £ < w) and note that I depends on the
prime p.

Then we can find reduced separable abelian p-groups, G, € ﬁg\s(p) for a < pRo such
that for every reduced separable abelian p-group G of cardinality X' we have:

some G is not embeddable into G; also the number of ordinals o < po
such that G, is embeddable into G is < N
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Moreover, each G, is slender, i.e. there is no homomorphism from Z% into G,
with range of infinite rank.

Proof. Same proof as that of [Sh 552, 5.9], [Sh 552, 7.5].
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§3 NON-EXISTENCE OF UNIVERSALS FOR N;-FREE ABELIAN GROUPS

The first section dealt with &5 improving [Sh 552]. But the groups used there
are “almost divisible”. So what occurs if we replace 8 by a variant avoiding this?
We suggest to consider the N;-free abelian groups where type arguments like those
in §1 break down. So the proof of [Sh 552] becomes relevant and it is natural to
improve it as in §2 (which deals with £5(P)), for diversity we use a stronger ideal.
We have not looked at the problem for N;-free abelian groups of cardinality A when
No < A < 2807,

So we concentrate here on torsion free (abelian) groups.

3.1 Definition. 1) Let t = (t; : ¢ < w),2 < t; < w. For abelian group H, the
t-valuation is

lzllz = Inf{2=™: ] t¢ divide = (in G)}.

<m

This is a semi-norm. Remember dz(z,y) = ||z — y||z. This semi-norm induces a
topology which is called the t-adic topology.

If t, = p for £ < w we may write p instead of ¢.
2) Let clz(A, H) be the closure of A in H under the t-adic topology.
Let PCy(X) be the pure closure of X in H that is {z € H : for some n > 0,nx
belongs to (z) gy }. Moreover PC%,(X) is the p-adic closure in H of the subgroup of
H which X generates.
3) Let &7[f] be the class of t-reduced torsion free abelian groups, i.e. the G € &

such that ﬂ (H t;)G = {0} hence | — ||z induces a Hausdorff topology.

n<w 1<n
(Inversely if G is torsion free with the #-adic topology Hausdorff then G € &[t].)
4) If the t-adic topology is Hausdorff, then G is the completion of G by | — ||z.
If t, = 2 + ¢, this is the Z-adic completion.

The following continues the analysis in [Sh 552, 1.1] (which deals with &) and
[Sh 552, 1.5] (which deals with &*f).

3.2 Definition. We say G has t-density pu if it has a pure subgroup of cardinality
< p which is t-dense, i.e. dense in the t-adic topology, but has no such subgroup
of cardinality < p.
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3.3 Proposition. Suppose that

(@) p <A<y
(8) G is an Xi-free abelian group, |G| =\
(7) t is as in 3.1 such that (V€)(Im > L) (t, divides t,, ).

Then there is an Ny -free group H such that G C H,|H| = X\ and H has t-density p.

Proof. Choose A\, < p for n < w such that H A > A p > Z Any 20, <

n<w nw

Ant1 (80 A, > 0 may be finite). Let {z; : ¢ < A} list the elements of G. Let
A1 = Ang1,Ag = p. Let n; € H A for ¢ < X\ be pairwise distinct such that

n<w
ni(n+1) > A\, and @ # j = (3m)(Vn)[m < n = n;(n) # n;(n)]. Without loss
of generality u = {n;(n) : i < \,n < w}. Let H be generated by G,z (for i <
Ar,m < w),yl (for i < A\,n < w) freely except for

(a) the equations of G
(b) 4 = i (€ G)

(¢) toytt + T () = Y-

Fact A: H extends G and is torsion free.

Proof. H can be embedded into the divisible hull of G x F', where F' is the abelian
group generated freely by {z" : m < w and a < A}, }.

Fact B: H is N;-free and moreover H/G is Ny-free.

Proof. Let K be a countable pure subgroup of H. Now as we can increase K
without loss of generality K is generated by

(i) Ky = {x; : i € I} is a pure subgroup of G, where I is some countably
infinite subset of A\, and so G O K7,

(ii) y*,x} fori € I,m <w and (n, j) € J, where J C w x A is countable and

iel,n<w= (n,nin)) eJ

(n,j)e J=j€l.
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Moreover, the equations holding among those elements are deducible from the equa-
tions of the form

(a)~ equations of K;
(b)” Y =m;foriel

(¢) toyt + a7 y=y; foriel,n<w.

ni(n

We can find (k; :i <w)suchthat i #j & i€l & jel & n>k & n>
kj & i j=ni(n)#n;(n)].

Now we know that K is free (being a countable subgroup of G), and it suffices
to prove that K/Kj is free. But K /K is freely generated by
{yP:ielandn >k} U{zl:(n,«a) € J but for no i€ I do we have
n > ki,ni(n) = a}. So K is free.

Fact C: Hy = (z]' : n < w,i < \,) g satisfies:

(2

(a) i < X\ =di(z;, Hy) = inf{ds(z;,2): 2 € Hy} =0
(b) x € G=dg(z,Hy) =0
(¢) z € H= di(z,Hp) = 0.

Proof. First note that
()1 Y ={z € H:dg(x,Hpy) =0} is a subgroup of H.

Also for every i < A and n

(*)2 y? :le(n) +tny? - ( )+t CL’Z—’(&L_‘_U +tntn—|—1y?+2
m  k—1 k
k—|—1
= > (I t)zh + H
k=n f{=n =

(prove by induction on m > n), and note that as (V¢)(3Im > £)(¢; divides tim)

necessarily (V/)(3°°m)(t, divides t,,) hence ( Htg divides Ht Now
1<l
(%)2 implies

(x)3 yreY.
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But z; = y? and hence clause (a) holds, so as {z; : i < A} is dense in G also clause
(b) holds. So G C Y (by clause (b)), and 2! € Y (as Hy C Y and the choice of
Ho) and 7 € Y (by (+)s).

By (%)1 clearly Y = H, as required in clause (c).

Fact D: |H| = A\

Fact E: The t-density of H is p.

Proof. 1t is < p as Hy has cardinality p and is ¢-dense in H, it is > u, as we now
show.

Define a function A with domain the generators of H listed above, into H. Let
h(z) =0ifx € G;h(zl}) =0if m > 0V a < Ag; h(zl}) = 2t if m = 0& o < a <
A(=p)ih(y™) =0if m < w,i < A
This function preserves the equations defining H and hence induces a homomor-
phism A from H onto (Rang(h))g = ({20 : a < Ny, > Ao} . Clearly h(h(z)) =
h(z) for the generators hence hoh = h. Hence ({z" : a < Xy, > Ao}y is a
direct summand of H and hence the dz-density of H is at least the dj-density of
({z2 : a € [Ny, Ao) })mr which is Aj = p. Os.3

We define variants of Definition 2.1.

3.4 Definition. For A= (\;:{ < w),t= (ty: £ <w),2 <t; < w, we let

Jg’;\ = {X C H[)\g]tf : we cannot find m(x) < w,Y = (V;,, : m < w and m > m(x)),
I<w
A™ = (A, : m € Yy,) such that:

(@) Y€ [JIN"

£<m
(b) Yo € H [A]™ is a singleton
£<m(x)
(c) (A, :n €Y,,) is a sequence of pairwise disjoint

subsets of \,, each of order type w
(d) Y1 = {n"(u) :n € Y, and u € [A,]""}

(e) Ymg{y[mzl/eX}},
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JS; is defined similarly but m(x) =0,

J£5\7<0 = {X : for some oo < 6 and X3 € th,S\ for 8 < a we have X C U XB}-
B<a

e _ gt
Also let Jps = Jis g+ -

3.5 Qlaim. 1) in,(;,)<91 - in,(;,)<92 when 01 < 02 and i(1) < i(2) are among 4,5,06.
2) Jts o is a 0F-complete ideal for i =4,5,6.

3) If \p > 3¢,-1(0) then the ideal JEiS\ o s proper for i =4,5,6.

Proof. 1), 2) Easy.
3) As in 2.4. Us.5

3.6 Definition. Let A = (\;: £ < w),f = (t; : £ < w) such that 2 < t, < w and
(Vn)(3Fm > n)(t,|t,) we define
A) B™ is the free (abelian) group generated by {z™ :m < w,a < A }.
t,A «
(B) Let Bg’t;f\’n be the subgroup of Bgti generated by {zI' :m <n and a < A\, }
(C) G is the pure closure in (BI*)[ of the subgroup of (Br*)[fl generated by

BiSu{ > (1] t) @l — 2Gwyw) 11 € [T}

m<w £f<m I<w

(here we use the notation that if e.g. 7(¢) = {a, 8}, < B then (n(¢))(1) =
B, (n(0)(0) = ).
(D) Let By = (B} , :n <w).

To cover also the case —=(Vn)(Im > n)(t,|t,) we can use

3.7 Definition. Let 8o < Ay < Apyq for £ < w.

Let A= (Nl <w)t={tr:l<w),2<t <w,Ng <N < Agq,~(Vn)(Tm >
n)(tn|tm). Let clauses (A), (B), (D) be as in Definition 3.6 but clause (C) is replaced
by
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(C)" we choose Y* = (Y* : m < w) such that Y,* C H \)2, Yy = {<>} and
<m
for each m there is a sequence <A;“7 :n €Y,) of pairwise disjoint subsets

of A, each of cardinality A, such that Y,: , = U{[A}]*> : n € Y5 }. Let

Y ={ne H[)\g]QZ for every m < w we have n [ m € Y’ }. Let G;t{ be
I<w
the abelian group generated by

B;;t{ U{xy,ype:neY) { <w}
freely except the equations which hold in Bg’; and y, 0 = z, and

? /
LeYn,e+1 = Yn,t = T(y00))(1) — T(n(e))(0)"

3.8 Definition. Assume

&Z,H H = (H, : n < w) is an increasing sequence of abelian subgroups of H,

such that U H,, is dense in H by the t-adic topology.

n<w

Then we let

Iﬁfg = {X C H : for some n < w, the intersection of the ¢-adic closure of PCy(X) in H,

)
)

cli(PCy(X), H) with U Hy is a subset of H,}

(<w
IE,EHKG = {X C H : for some o < § and X € [ﬁig for 8 < a we have X C U XB}
B<a
4.t i
[H,H,O - [H,H,<9+'

3.9 Definition. Assume ¢ = (t;: { < w),2 <ty < w, and

Xt _ H is Hausdorff in the ¢ | [k, w)-topology for each k < w where ¢ | [k, w) =
H,H

(thee : £ < w). Further H = (H, : n < w) is an increasing sequence of

abelian groups, U H, C H is dense in the t | [k,w)-adic topology for each

n<w

k< w.
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Then we let

1)
I}Z’fﬁ = {X C H : for some n(*) < w, for every n € (n(*),w) there is no
y € Hnyy such that: dﬂ[n,w)(&/, pC(<X>H)) = 0 but dﬂ[n,w)<yv Hn) > O}

[IE;,EHKQ = {X: there are a < 6 and X € ISt for 8 < a such that X C U Xﬁ}
B<a

, 45t
MoreoverIHHe IHH<9Jr

2) Ig”{— (and IgtH <6’ IgtH ,) are defined similarly except that we demand n(x) = 0.

i,rtf s rtf __ rtf
3) IE,X means IGiti’Brtf where B{’;\ = <B{’5\,n

n < w).
3.10 Claim. For )\, as in 3.4

(a) we have &Grtf Boit (from 3.9)

)
(b) Grtf is N1-free; moreover Grt /Brtf is Ny -free for each n < w
(c) Ig ;tfe are 0% -complete ideals for i = 4,5,6
(d) if ¥y g (from 3.9) and i € {4,5,6} then ILtH p 15 a 0 -complete ideal.
Proof. Straightforward (for (6), use an argument similar to that of 3.3). Os.10

The following lemma connects the combinatorial ideals defined above and the more
algebraic ideals defined in 3.8.

3.11 Claim. 1) Assume

Xy t=(tr:f<w),2<ty<w
2 A=\l <w), and N\g > 31(0) for £ < w.

Then the ideal I; ;tz is proper fori=4,5,6.

2) Assume Xy and

@/2 5\:<)\g:€<w>,)\g:N0,9:N0.



nodi fi ed: 2003- 05- 01

revi si on: 2000-08- 21

(622)

NON-EXISTENCE OF UNIVERSAL MEMBERS 25

Then the ideal Ig’gtg is proper.

Proof. 1) If not, we can find X, C L =: G?§ for o < 0 such that G?/f\ = U X,

a<f
and X, € Ig’gtf. For o« <w and n € H [Ae]? we let
(<o
vy =Y (] t) @y — 2lhm)o)-

m<a b<m

As in the proof of 2.4, we can apply a partition theorem on trees (see [Sh:f,
Ch.XL,3.5]) for the ideal J, = ERI}(\;) (this ideal is, of course, §T-complete and
non-trivial as A\, > 29).

So we can find (Y, : m < w), (4, : n € Y,,) and a(x) < 6 such that

(@) Yo © [T

£<m
(b) Yo is a singleton
(¢) Ay € (Jogm)) T for n € Yy (so Ay C [Aegen]?)
(d) Ym+1 - {77A<U> tu e Amn € Ym}
(e) if ne Yy, thenne{vim:x, € Xowu}

We now prove by induction on k < w that

(%) for any m < w, if n € Y, and A C A, is from (J,,)" then for some infinite
A C N\, for any a < 8 from A’ we have

®§,B (H té’)(w? - .CCZI) S C£E(<Xa(*)>7[’) + ( H tE)L'

l<m l<m—+k

For k£ = 0 this is trivial: the element (H te)(zj — xy') belongs to ( H te)L.
<m {<m—+k
For k+1, to prove ()41 we are givenm < w,n € YV, and A’ C A4,, A" € (J,)*", and

have to find {a, 8} € A" such that ®Z§j’51 holds. For £ € [m,w), as J; is an ideal we
can find A € (Jy)" for v € Yy such that A} C A, and the statement ®¥ ; holds for
every {a, f} € Al or forno {«, } € Al andv =n = A C Al,. As we are assuming
(%)k necessarily {«, 5} € Al = ®’(§57 - By renaming without loss of generality A;) =
A,. As A, € (J)T, by the choice of J,, we can let 79 < 71 < 72 < ... be in
A,. So for each j < w, let n; € Yi4k+1, (yes, not n; € Y,,11!) be such that
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n; [ m =mn,n;(m) = {v;,7j+1}. By clause (e) above we know that there are v;
such that n; <v; € H[)\g]Q and
L<w

(Z) Ty, S Xa(*)
Now by the definitions of x,, , z,,

(i1) x,, =z, mod( H te)L

L<m+k+1
(i13) if L € [m+1,m+k+1) andj < w then
oy 1es1)—Tny e € il (Xa), D)+ [ )L € el (Xaw), D)+ [ )L
z<€—|—k i<m-+k+1

[why? the first inclusion, by the induction hypothesis as the difference

is ( H ti)(xfnj(g))(l) — xfnj (0))(0))» the second inclusion as m +1 < /]
i<m-+£

(“)) Ln; — Ty, (m+1) € sz(<Xa(*)>7 L) + ( H tz)L
i<m+k+1

[why? use (iii) for £ =m +1,...,m + k, noting that lg(n;) = m+ k + 1.]
(0) gy 1me1) € le((Xaw), L)+ [] 8L
i<mAk+1
[why? by (i) + (ii) + (iv)]
i) > Aznimen i< [ i} €eclilXaw), D)+ [ )L

i<m-+k+1 1<m+k+1
[why? by (v)]
(vit) 22—l € cli((Xaw), L)+ ( [[ t)Lforjx)= [ @
i<m-+k+1 i<m-+k+1
[why? by (vi) because
> Azniemen i< I i}
i<m4k—+1
:Z{xnﬂ'r Ht 'YJ+1 o J>:j< H ti}
i<m i<m-+k+1
:Z{wnj[m ‘7 < H tl}+<H Z{ 'YJ+1 o J ‘7 < H tz}
i<m-+k+1 i<m i<m+k+1

las n; [ m does not depend on j and obvious arithmetic|

=C 1T #)wem+ (]t i ~ T €

i<m-+k+1 <m
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(Tt —aty+C I L]

<m i<m—+k+1

(viit) if p € Y, and a < 8 are in A,, then

( H tz)(ljﬁn - "L)Tan) € C£5(<on(*)>7L) + ( H tz>L

i<m+1 i<m-+k+1
[why? by (vii) and the choice of the Y;,,, A,(n € ¥;,,, m < w).]

So we have carried the induction on k.
2) Easier. Us.11

3.12 Claim. Assume

Xy t=(tr:l<w)and 2 <t; <w
X )\g>:1<9)

3 cov(\, ([T Ae) ™ (T 2e) 7. 07) < .

I<w <w

Then UJgXe()\) =\ and UI,?M()‘) =\

Proof. By the previous claims 3.10, 3.11 (and the relevant definitions 3.6 - 3.9.

3.18 Conclusion. For every \ > 3, for some 0 < 3, for every x € (31(0),3,,) for
every A, € [3,(0), k] we have

UI?,X,QO\) =A= UJ?,X,& (A)-
Proof. By the previous claim and [Sh 460] (similar to 2.6). Os .13

3.14 Claim. Assume

(@) JJre<m<A= ) <N <N < pio
I<w
(b) ut < X or at least for some 2,
(%) |2 =Xand (Va e P)(a T\ & otp(a) = p)
and (VE)(E a club of A — (Ja € P)(a C E))
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(c) N = UI?X(X) < uXo where t,, = H 0 or at least N = Uys (X))
’ £<m !
(d) covo(N", AT, AT, X) < po or at least Ujqa(g)(N) < pi0 where P satisfies
the demand (%) o.

Then we can find R -free abelian groups Gy, of cardinality \ for o < uX° such that
for every Ni-free abelian group G of cardinality \ or just G € ﬁg\tf we have:

some G, is not embeddable into G; also the number of ordinals o < pNo
for which G, is embeddable into G is at most cov(N", AT, AT A) (or <
Uiga() (") at least)

Proof. Like 2.8, note that “N;-free” implies || — ||z is a norm.

8.15 Conclusion. If J,, < p™ < A = cf(\) < g™ then in K5 there is no member

universal even just for ﬁgfl'free.

Proof. Straightforward.
3.16 Remark. In §2 we can use the parallel of 3.11.

3.17 Remark. If A = Ny there is no universal member in ﬁg\tf. In fact for any
Q C P* let Gq be the subgroup of Qz & P{Qz), : p € P*\Q} generated by
P

e ipeQU{g e, p €P\Qand n <w, and g € P*\{p}}
U{p ™" (x —xp) :n <wand p € Q}.

So Gq € ﬁ;fof, and (see Definition 1.3) P(x,Gq) = Q and P~ (z,Gq) = P*\Q
hence (see 1.4) if h embeds Gq into G € K'f then P(h(z), G) = Q. As the number
of possible Q’s is 2% we are easily done. This proof gives an alternative proof to
1.2, but the proof there looks more promising for generalization.
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