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REGULAR SUBALGEBRAS OF COMPLETE
BOOLEAN ALGEBRAS

ALEKSANDER BLASZCZYK AND SAHARON SHELAH !

Abstract. It is proved that the following conditions are equiva-
lent:

(a) there exists a complete, atomless, o—centered Boolean
algebra, which does not contain any regular, atomless,
countable subalgebra,

(b) there exists a nowhere dense ultrafilter on w.

Therefore the existence of such algebras is undecidable in ZFC.
In ”forcing language” condition (a) says that there exists a non—
trivial o—centered forcing not adding Cohen reals

A subalgebra B of a Boolean algebra A is called regular whenever
for every X C B, supg X = 1 implies sup, X = 1; see e.g. Heindorf
and Shapiro [6]. Clearly, every dense subalgebra is regular. Although
every complete Boolean algebra contains a free Boolean algebra of the
same size (see the Balcar-Franek Theorem; [2]), not always such an
embedding is regular. For instance, if B is a measure algebra, then
it contains a free subalgebra of the same cardinality as B, but B can-
not contain any infinite free Boolean algebra as a regular subalgebra.
Indeed, measure algebras are weakly o-distributive but free Boolean
algebras are not, and a regular subalgebra of a weakly o-distributive
one is again o-distributive. Thus B does not contain any free Boolean
algebra. On the other hand, measure algebras are not o-centered. So,
a natural question arises whether there exists a o-centered, complete,
atomless Boolean algebra B without regular free subalgebras. Since
countable atomless Boolean algebras are free and every free Boolean
algebra contains a countable regular free subalgebra, it is enough to
ask whether B contains a countable regular subalgebra. In the paper
we prove that such an algebra exists iff there exists a nowhere dense
ultrafilter.

!The research of the second author was partially supported by the Basic Research
Foundation of the Israel Academy of Sciences and Humanities. This publication
has Number 640 in S. Shelah’s list.
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Definition 1 (Baumgartner [3]). A filter D on w is called nowhere
dense if for every function f from w to the Cantor set “2 there exists
a set A € D such that f(A) is nowhere dense in “2.

In the sequel we will rather interested in nowhere dense ultrafilters.
Observe that every P-ultrafilter (i.e. every P-point in w*) is a nowhere
dense ultrafilter.

Theorem 1. There exists an atomless, complete, o-centered Boolean
algebra without any countable atomless reqular subalgebras iff there ex-
ists a nowhere dense ultrafilter.

By a recent result of Saharon Shelah [7] there exists a model of ZFC
in which there are no nowhere dense ultrafilters. So it is consistent
with ZFC that there are no atomless, complete, o-centered Boolean
algebras without any countable regular subalgebras.

In the first part of the paper, forcing methods are used to show
that nowhere dense ultrafilters exist whenever there exists a o-centered
forcing P such that above every element of IP there are two incompatible
ones and P does not add any Cohen real. The forcing constructed
here uses some ideas from Gitik and Shelah [5]. They have shown
that if P is a o-centered forcing notion, {A,: n < w} are subsets of P
witnessing this, and both P and A,,’s are Borel, then P adds a Cohen
real. On the other hand it is known that a forcing P adds a Cohen
real iff the complete Boolean algebra B = RO(P) contains an element
u such that the reduced Boolean algebra B|u has a regular infinite free
Boolean subalgebra. Thus, to prove the Theorem 1 we need to show
in particular the following:

Theorem 2. If there exists a o-centered forcing P such that above
every element of P there are two incompatible ones and P does not add
any Cohen real then there exists a nowhere dense ultrafilter on w.

We shall proceed with the proof by some definitions and a lemma.

Definition 2. (a) A forcing P is called o-centered if P = |J{A,: n <
w} where each A, is directed, i. e., for every p,q € A, there exists
r € A, such that p <r and ¢ < r.

(b) A forcing P adds a Cohen real if there exists a P-name r €“ 2
such that for every open dense set D C “2 we have lFp “r € D*” | where
D* denotes the encoding of D in the Boolean universe.

Remarks .
(a) The order of forcing in this notation is inverse of the one in the
Boolean algebra.



nodi fi ed: 2002- 07- 16

revi sion: 1999-11- 27

640

3

(b) We can just assume that there is a member p of P such that if ¢
is above p then there are r; and ro above ¢ which are incompatible in
P.

Definition 3. A set X C “?2 is somewhere dense if there exists an
n € “Z2 such that for every v € “=2 there is o € X with n~v <o, where
1N~ v stands for the concatenation of 1 and v and the relation < means
that o is an extension of the sequence n~v.

Lemma . A filter D on w is not nowhere dense iff it is a so-called well
behaved filter, i.e., there is a function f: w — “~2 such that for every
B € D the range of f restricted to B is somewhere-dense.

Proof. Suppose f: w — “2 be such that for every B € D the image
of B is not nowhere dense. Without loss of generality we can assume
that the range of f is dense in itself. Since every closed and dense in
itself subset of the Cantor cube “2 is homeomorphic to the whole “2
we can assume also that the range of f is dense in “2. Moreover, since
it is countable it can be identified with a subset of the set “~2 of all
rational points of the Cantor set. Thus without loss of generality we
can assume that f maps w into “~2. On the other hand a set X C 2
is nowhere dense whenever for every n € “~2 there exists some v € “~2
such that the set of all sequences extending n~v is disjoint from X.
Therefore, since the image of B under f is not nowhere dense in “~2,
it can be identified with a somewhere dense subset of “~2. This in fact
completes the proof of the lemma. O

Remark . If D is a filter on w and P(w)/D is infinite then D is not
nowhere dense. Indeed, if (A,: n < w) is a partition of w such that
w\ A, ¢ D for all n < w and (e,,: n < w) list the set “~2 then the map
f:w — “72 defined by the formula

fle)=e, iff e€ A,
witnes “D is well behaved”.

Proof. [of Theorem 2] Assume that there are no nowhere dense ultra-
filters. Further assume that P is a forcing in which above each element
there are two incompatible ones and P = (J{A4,: n < w} where each
A, is directed. We start with the following known fact which we prove
here for the sake of completeness: O

Fact (0). Every forcing Q with Knaster condition such that above
every element of Q there are two incompatible ones, adds a real.
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In fact, by assumption, forcing with Q adds a new subset to Q, hence
a new subset to some ordinal. In the set

K ={(a,p,7): p € Q,a an ordinal and 7
a Q — name of a subset of a such that pl-“7 ¢ V"}

we choose («, p, 7) with a being minimal. So necessarily « is a cardinal

and

p Ik “the tree (“>2, <) has a new a-branch in V¢
So, as Q satisfies the Knaster condition (which follows from o-centered),
necessarily cf(a) = Rg and letting o = |, __ o, where a,, < a4 for
some countable w C **2 we get

n<w

plE “(Vn < w)(z o, € w)”,

so p IF “we add a new subset to w, |w| = Ry”.

We have shown that I = {p € Q: pIF “r € “2 is new ” for some Q —
name 7} is a dense subset of Q. So let {p;: i < w} C I be a maximal
antichain and let r . be such that p; IF “r ; is new ”. By density of I we
can define the Q-name r as follows: 1 = r, if p; € Gp. This completes
the proof of Fact (0).

Now we fix a P-name of a new real r € “2 added by P. For every

p € P we set

T,={ne“2:=(plk-(ndr")}
i.e., n € T, iff there exists ¢ € P such that p < gand ¢ I- “n =11 lgn”,
where lg 7 denotes the length of the sequence 7.

Fact (1). For everyp € P, T, is a subtree of “=2, i.en<v and v € T,
implies n € T, and () € T,, , where () denotes the empty sequence.

Indeed, if n Jvand v=r [ lgv, thenn=r T Ign.

Fact (2). The tree T, has no mazimal elements.

To prove the Fact (2) we fix n € T,,. Then there is ¢ € P such that

p < qand
ql-“r [ lgn=n".

Let k =1g(n), so I = {r € P: r forces a value to r [ (k+1)} is a dense
and open subset of P, hence there is ¢’ € P such that ¢ < ¢ and ¢
forces a value to r [ (k+ 1), say ¥. So ¢ also forces r [ k =¥ | k, but
g< ¢ and qlF “r [ k=mnhence ¥ | k =1n". As ¢ witnesses 0 € T,
and ¥ € *712 and 5 € ¥2, <4, this completes the proof of Fact (2).
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Fact (3). The setlim T, of all w-branches through T, is closed, i.e., if
n € “2\lim T, then there exists v € “>2 such that v <n and the set of
all w-branches extending v is disjoint from limT),.

Indeed, if n € “2\lim 7}, then there exists n € w such thatn < m < w
implies n [ m ¢ T,. By Fact 1 it is clear that every w-branch extending
v =1 | n does not belong to T, which proves the Fact 3.

Now let us observe that the family

{T,:pe A}

is directed under inclusion, i.e. if p,q € A, and r € P is such that
p < r and ¢ < r then

T, CT,NT,.
Indeed, if n € “~2 and there exists s > r such that s |- “n=1r [ lgn”

then of course s > p and s > ¢ and thus 7 belongs to 7, and 7.
So by compactness of “2 and Facts 1-3 we get the following:

Fact (4). The set
J;Z(Hﬂ,peAd
is a subtree of “”2 and the set of w-branches of T,, is non-empty.

Now we make a choice:

*

n, is an w - branch of T,,. (1)
Subsequently for every n < w and every p € A,, we define

By ={k<w:(qeP)p<grglF“clk=mn, 1k & (k) #n,(k)")}

We have the following:

Fact (5). For everyn < w and every p € A, the set B} is infinite.

Indeed, since p € A,, and T, is a subtree of T}, n} is an w-branch of
T,. Let us fix m < w. Then, by the definition of T}, there exists r € P
such that r > p and

rlE gy Tm=rm’.

On the other hand
e o # 7,
because r is a new real. Thus for_some q€eP, g>rand k <w we get
gl kA TR
We can assume that £ is minimal with such a property. Since r < ¢,

it must be £k > m. But ¢ > p and thus, by minimality of k, we have
k —1 € B}, which proves the Fact 5.



nodi fi ed: 2002- 07- 16

revi sion: 1999-11- 27

640

Now we establish for every n < w the following definition:
D’ ={BCuw: (Ipc An)(|By \ Bl <w)}.
Fact (6). For everyn < w, D is a filter.

Indeed, let By, B, € D. Then there exist py, p» € A, such that both
By \ By and By, \ By are finite. Since A, is directed we can choose
r € A, such that p; < r and ps < r. On the other hand, from the
definition of By it easily follows that

p<q implies B/ C B.
Thus B C B), N By, and therefore
B\ (B1N By) € (B, \ Bi) U (By, \ By)

is finite. Clearly, every superset of an element of D? also belongs to D?
and, by the Fact 5, D? does not contain the empty set, which completes
the proof of Fact 6.

Now by Fact 5 and Fact 6, we can make the following choice: for
n<w

D,, is a non-principal ultrafilter containing DY (2)

By our hypothesis the ultrafilters D,, are not nowhere dense and so
by Lemma for every n < w we can choose a function f,: w — “>2 such
that

(VB € D,,)(3u € “72) (Vv € “72)(3k € B)(u~v < f(k)).  (3)

Without loss of generality we may assume that the empty sequence
does not belong to the range of f,.

Now we have to come back to the sequence {n:: n < w} of w-
branches of the trees T,. Since it can happen that the sequence is
not one-to-one we consider the set

Y={n<w:n &{n,:m<n}}

Then for n,m € Y we have n} # 7} whenever n # m.
In the sequel we shall need the following:

Claim . If (n,: n < w) C¥“2 is a sequence of distinct w-branches of a
tree T C =2 there exists an increasing sequence (e, n < w) C w such
that for alln < m < w we have

{ Tlie, <l<win{nm [ l:en<l<w}=0. (%)
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To prove the claim observe that n, [ [ # n,, [l and k& > [ implies
M |k # nm | k. Now assume that eg, ..., e, are defined so that the
condition (%) holds true. Since 1,1 ¢ {no,...,n,} there exists k < w
such that no [ k,..., % | k,nns1 | k are pairwise different. We can
assume that k£ > e, and e, to be the first such k. This completes the
proof of the claim.

Now using the claim we can choose an increasing sequence (e, : n <
w) C w in such a way that, letting

Co=A{n:11l:e, <l <w},

the sequence (C,,: n € Y) consists of pairwise disjoint sets, and so that
we have

Finally, for n € “2 we define

u(m) ={n €Y : @A <w)in Il=mn, TIANm <n)(n1#n, 1))}
ng(n) = the k—th member of u(n),

me(n) = min{m < w : ey, <mAN [ (m+1) ﬁnzk(n)},

i.e. my(n) is the smallest m > ey, ;) such that

nlm+1)#n,q | (m+1).
By definition of my(n), we have

Cn(n) < mk(ﬁ)
Clearly we also have
(1) u(n) is well-defined,
(ii) ng(n) is well-defined if k& < |u(n)|,
(iii) mg(n) is well-defined if k < |u(n)| and 1 # 7n;, .

Now we can define a function 7 : “2\ {n} : n < w} — “22 by the
formula:

(1) = Faotn) (M0 (1)~ Frns o (ma (m)) ™ -+,
where, for n < w, f, is the function from the condition (3). From

the formula it follows easily that 7(n) € “22 and it is well defined if
n & {n: : n <w} and moreover 7(n) is infinite whenever u(n) is infinite,

as () € Range (f,).

To complete the proof of the theorem it remains to show:

Fact (7). IFp ”7(r) is Cohen over V7.
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To prove this fact we fix an open dense set I C “”2 and a p € P and
we show that there is a ¢ € P with p < ¢ such that ¢ IFp "7(r) € [I]”,
where [/] is the name of {n € “2 : ¢ <y for some ¢ € I} in the generic
extension. Let n < w be such that p € A,, and let n® = min{m < w :
nt =nt}. Clearly n® < n and n® € Y. Then u(n}) is well defined and
n® € u(n’); in fact n® is the last member of u(n*). Let k = |u(n®)| — 1,
so ng(nt) =n®. Also m;(n?) is well defined and finite for ¢ < k. Then
we set

Ve = fm(nﬁ)(m(J(n;;))A' o Afnk—l(%)<mk*1<n2))v
soif k=0, i.e., if u(n?) is a singleton, then v® is the empty sequence.
Clearly v® € “>2. Also we have

plye e [ (en+1) An7.

Hence

pWe e,
where ¢ is the formula asserting (7)) is an initial segment of wu(r).
Note that ¢ implies (Vi < k)(n;(r) = ni(n})) A ms(r) = mi(n*). Since
plFp "r # 1’7, it follows that

plFp 7@ — my(r) is well-defined”.

Let
Z={0€“72:plfp "2 (P A frpiw)(m(r)) = 0)"}.
It is enough to show that Z is a somewhere dense subset of “>2. [Sup-
pose that Z is a somewhere dense subset of “~2. Then there is gy € “~2
such that for any v € “>2 there is p € Z with gov <. Let gy = v® g
and let v € “”72 be such that gy € I. Then there is p € Z such
that gov <. Let ¢ > p be such that g IFp "o A f,,, (r) = 0. Then
qFp 7 0o v<7(r)”. And hence we can conclude that ¢ I-p "7(r) € [I]”]
Now, we have N

p e " ~(nk(r) = n® vV —p)”.

Hence )
Z={o€“ 2:plfe " ~(fae(mu(r)) = 0N p)"}.

Thus, by the choice of f,2, it is enough to prove:
By={m <w:plWp"mg(r) #mV ¢’} € D,o.

[Suppose that By € D,e. Then, by (3), there is p € “72 such that
(Vv € “2)(3k € By)(ov < fre(k)).]

We have D,,e = D,. Hence it is enough to show By € D,. By
definition of my(r) and since ¢ — ng(r) = n®, this is equivalent to:

m<w:iplWe’rIm#mne | mVr(m+1)=ne(m+1)V-gp”} € D,.
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But 0, = n; and p € A,. Hence, by definition of DY, the set above
does belong to DY C D,,. O

Finally we prove that the converse to Theorem 2 is also true, i. e.,
we shall show that whenever there exists a nowhere dense ultrafilter
there exists a o-centered forcing P with the property that above each
element there are two incompatible ones and moreover P does not add
a Cohen real. To prove this fact we shall use some topological methods,
but we can also write it using forcing.

Recall, a subalgebra B of a Boolean algebra A is regular whenever
supy X = 1 for every X C B such that supg X = 1. The subalgebra
B is regular iff the corresponding map of the Stone spaces is semi-
open, 1. e., the image of every non-empty clopen set has non-empty
interior. Using nowhere dense ultrafilters we construct a dense in itself,
separable, extremally disconnected compact space (= Stone space of an
atomless, o-centered, complete Boolean algebra) which has no semi-
open continuous maps onto the Cantor set.

We use a topology on the set “w = [ J{"w: n < w}. If s € “w is
a sequence of length n and k € w, then s~k denotes the sequence of
length n+1 extending s in such a way that the n-th term is k. For a set
A Cw wesetsmA={s"k: ke A}. For a given ultrafilter p C P(w)
we consider a topology T, on “”w given by the formula:

U €7, iff for every s € U there exists A € p such that s~ A C U.

The set “Zw equipped with the topology T, we denote G,. The space G,
18 known to be Hausdorff and extremally disconnected; see e. g. Dow,
Gubbi and Szymanski, ([4]). Hence the Cech-Stone extension BG,, is
extremally disconnected, compact, separable, and dense in itself.

Under a much stronger assumption that there exists a P-point the
next theorem was proved by A. Blass [1].

Theorem 3. If there exists a nowhere dense ultrafilter then there exists
a o-centered forcing P such that above every element of P there are two
incompatible ones and P does not add any Cohen real.

Proof. By virtue of a theorem of Silver, it is enough to show that there
exists a o-centered, complete, atomless Boolean algebra B such that
B does not contain any regular free subalgebra. For this goal we shall
use the topological space G, described above. It remains to show that
whenever p is a nowhere dense ultrafilter and f: G, — “{0,1} is
continuous, then there exists a non-empty clopen set H C G, such

that int f(H) = 0.
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First of all we notice that since p is a nowhere dense ultrafilter, for
every s € “”w there exists A, € p such that

intcl f(s™A,) = 0. (4)

In the sequel L,, will denote the set of all sequences of length n, i. e., L,
is the n-th level of the tree “~w. In particular, Ly = {so} is the empty
sequence. By induction we define a sequence of sets {U,: n < w} such
that U, C L, for every n < w and, moreover

int cl f(U,) = 0, (5)

for every s € U, there exists A € p such that s~ A C U, ;.
(6)

We set Uy = {so} and U; = sy ~As,. Assume U, is defined, say
Up = {skg: k < w}. Then by continuity of f and the condition (4) we
can choose Ay, € p in such a way that int cl f (s, ~Ay) = 0 and moreover,
the diameter of cl f(s; ~Ag) is not greater than % Clearly, s; is an
accumulation point of s, ~ Ay, because Ay € p. Hence, for every k < w
we get

ol f(sy ~ Ag) O el f(U) # 0.
Therefore, since diameters of the sets cl f (s, ~Ay) tend to zero, the set
of accumulation points of the set | J{cl f(sr ~Ax): k < w} is contained
in cl f(U,). Indeed, every e-neighbourhood of the set cl f(U,,) has to
contain all but finitely many sets of the form cl f(sx ~Ag). So the set
cl f(U,) UU{cl f(sk ~Ak): k < w} is closed. It is also nowhere dense
as it is a countable union of nowhere dense sets and is closed. Now we
set

Un+1 = U{Sk AAkZ k< W}

and observe that
cLf (Uns1) S el f(Un) U {ed f(sk ~Ap): b < w}

Thus the set f(U,+1) is nowhere dense, which completes the construc-
tion of U,,’s.
By the condition (5) , there exists a dense set

{zn:n <w} €0, 11\ {d f(U): n <w}.
In particular, for every n, k < w we have
F{za}) N elUy =0,

where “cl” denotes here the closure in 8G,. Now, for every n < w we
choose a clopen set V,, € 3G, such that

F {a}) S Vo S BG,\ (U U - U Ty). (7)
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By induction we construct a sequence {W,: n < w} such that the
following conditions hold:

W, C U, for n <w and Wy = U (8)

for every s € W, there exists By € p such that

s~ B, CU\ (VoU---UV,), 9)

W1 =|J{s "B.: s € W,}. (10)

Assume the sets Wy, ..., W,, are defined in such a way that (8), (9)
and (10) are satisfied. Then we have in particular

by the condition (7) we also have
U, C Gy \ Vi,

Hence we get W,, C U, \ (VoU---UV,,). Since the set U, \ (VoU---UV,)
is open, for every s € W,, we can choose Bs; € p such that s =By C
U\ (VoU---UV,). Then it is enough to set W, 11 = J{s " Bs: s € W,}.

Clearly the set W = [J{W,: n < w} is open in G, and W NV, =1
for every n < w. Indeed, if m > n, then W,, NV, = () by the conditions
(9) and (10), whereas for m < n, W,,, N'V,, = 0 because W,,, C U,,, and
Up NV, = 0 by the condition (7). Since V,, is a clopen set in G, we
also have

cdWnv, =10

for every n < w. Since 3G, is extremally disconnected, cl W is clopen
subset of 3G, and, by the last equality and condition (7) we get

fleW)n{z,:n <w}=0.

Therefore f(clW) is nowhere dense, because {z,,: n < w} is dense in
“{0,1}, which completes the proof. O

Acknowledgements: The authors are very indebted to the referee
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