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60 INTRODUCTION

We prove the following: there is a primitive recursive function f*(—,—) , in
three variables in the integers, such that: for all natural numbers ¢,n,c and k,
if n > 0,t >0 and k > f(n,c), then the following holds. Assume that A is an
alphabet with n > 0 letters, M is the family of non empty subsets of {1,. .., k} with
at most ¢ members and V' is the set of functions from M to A and d is a c-colouring
of V (i.e. a function with domain V' and range with at most ¢ members). Then
there is a d-monochromatic V-line, which means that there are w C {1,...,k},
with at least ¢ members and function p from {u € M : u not a subset of w} to A
such that

(¥) d | L, is constant which means p,v € L, = d(p) = d(v) where L, =:
{n € V : the function 7 extend p and for each s = 1,...,¢ it is constant on
{u € M : u C w has exactly s members }},
(for t = 1 those are the Hales-Jewett numbers).

A second theorem relates to the first just as the affine Ramsey theorem of Graham,
Leeb and Rothschild (which continues the n-parameter Ramsey theorem of Graham
and Rothschild), relates to the Hales Jewett theorem. We also note an infinitary
related theorem parallel to the Galvin-Prikry theorem and the Carlson-Simpson
theorem.

Let us review history and background, not repeating what is said in [GRS80].
In the late seventies, Furstenberg and Sarkozy independently proved that if (p(z)
is a polynomial in Z[x] satisfying p(0) = 0 and A C N is a set of positive density
then for some a,b € A and n € N we have a — b = p(n). Bergelson and Leibman
[BeLe96] continuing Furstenberg [Fu] prove (they also prove a density theorem
like Szemerédi): if r, k,t,m are natural numbers, pys(x) for £ = 1,... k and
s = 1,...,t are polynomials with rational coefficients, taking integer values at
integers, and vectors v1,...,0; € ™Z and any r—colouring of ™Z there are a € ™7
and n € Z(n # 0) such that the set S(a,n) ={a+§;_, ,pi;j(n)v; :i=1,... k}is
monochromatic.

Bergelson and Leibman [BeLe99] prove a theorem, ”set polynomial extension”,
which is, in a different formulation, like the first theorem described above but
without a bound (i.e. the primitive recursiveness). Their method is infinitary so
does not seem to give even the weak bound in 2.5 (one with triple induction), and
certainly does not give primitive recursive bounds.

Naturally our proofs continue [Sh 329]. We thank friends of Bruce Rothchild for
telling us about [BeLe99] of which we were not aware and other helpful comments.
See a discussion of related problems in [Sh 702].
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No previous knowledge is assumed (if the reader does not like the notions of
“structure” and “vocabulary” which are fully explained in Definition 1.1, he can
use the alternative in 1.2).

The connection between the theorems stated in the beginning and our framework
is as in 1.16.

0.1 Notation.

(a) We use A for a finite alphabet, always non empty, members of which are
denoted by «, 3,

(b) We use M, N to denote structures (see Definition 1.1) which serve as index
sets, so we call them index models. We use 7 to denote vocabularies, (see
Definition 1.1), F' to denote function symbols and P to denote predicate
symbols. Let fim mean full index model.

(¢) We use n,m,k,l,i,j,c,r,s,t to denote natural numbers, but usually n is
the number of letters, i.e. the number of members in an alphabet; k& the
dimension of the index models and ¢ > 1 the number of colours

(d) |X| and also card(X) denote the number of elements of the set X

(e) We use n, v, p to denote members of (combinatorial) spaces, we use V, U to
denote (combinatorial) spaces and a,b to denote elements of M, N and d
to denote colourings, p to denote the “type” of a point in a line and p to
denote the type of a line or a space (see Definition 1.9(3)). We use L to
denote (combinatorial) lines, S to denote (combinatorial) subspaces

(f) A bar on a symbol, say & denote finite sequences of such objects with the
length of & being ¢g(z) and the i-th element in the sequence being x; (and
for Z,, or ™ it is x]"*)

(9) let "X ={(z0,..., Tm—-1) : To,---,Tm—1 € X}.

0.2 Definition. 1) For m > 1, let E,, be the minimal class of functions from
natural numbers to natural numbers (with any number of places) that is closed
under composition, which for m = 1 contains 0, 1, x+1 and the projection functions,
and for m > 1 contains any function which we get by inductive definition on
functions from E,,_;. See [Ro84], so E3 is the family of polynomials, E, contains

the tower function (and Ej5 contains the so-called waw function) and U E,, is the
m>1

family of primitive recursive functions, and the “simplest” function not there is the

Ackerman function.

2) We allow an object like A, A to be one of the arguments meaning, if A = (Ap :
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F € I) then we replace it by H(\AF| + |arity 7(F')|) and A we replace by |A|.

Fer
Abusing notation, we may say “f is in E,,” instead of “f is bounded by a function

from E,”, also writing f3(—,...) we count A as one of the arguments.
2) We can define the Ackerman function A, (m) by double induction:
AO(m) =m+ 17
A, (0) =n,
Apt1(m +1) = Ap(Apy1(m)).

(In a sense it is the simplest, smallest function which is not primitive recursive).

2

0.3 Definition. 1) Let RAM(t, 4, ¢) be the Ramsey number, i.e. the first k£ such
that k — ()’ see below.

2) Let k — ()% mean that if A is a set with k elements, and d is a c-colouring
of [A]* =: {B : B is a subset of A with £ elements}, that is a function with this
domain and range of cardinality < c, then for some A; € [A]* we have d | [4]" is
constant.

3) Let HJ(n,m,c) be the Hales-Jewett number for getting a monochromatic sub-
space of dimension m, when the colouring has ¢ colours and for an alphabet with
n members. (This is, by our subsequent definitions, f!(A,m,c) when 7(A) = {id},
and A;q has n members, see Definition 1.11).
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§1 BASIC DEFINITIONS

We can look at the Hales-Jewett theorem in geometric terms: R is replaced by
A, a finite alphabet; the k-dimensional euclidean space is replaced by MFIA; (or
[O’R)A), essentially the set of sequences of length k of members of the alphabet A; a
subspace is replaced by the set of solutions (z1, ... ,xx) € VFIA of a family of linear
equations, which here means just z; = o (where o € A, 1 < i < k) or x; = x;. Here
the basic set [1, k] is replaced by a structure M, a 7-fim (= full index model, see
below). Such basic definitions are given in this section.

We define a “space over an index model of dimension k, over an alphabet A of
size n”, we define for such a space lines and more. We then define the function
f1, such that for every m, if k is fl(n,c) then for every colouring of the space
by < ¢ colours, there is a monochromatic line (in the appropriate interpretation.)
Of course the use of id as a special function symbol is not really needed, also we
can waive the linear order on PM, and the set of automorphisms of the resulting
structure are natural for our purpose, but not for the structures from 1.13(3); but
at present those decisions do not matter.

If Definition 1.1(1) is not clear, try Definition 1.2. The point is that though we
like, for a finite linear order J, to colour functions from {u : v C J,1 < |u| < t}
to an alphabet A, we may need to use several copies of the same u, and we find it
convenient to consider nondecreasing sequences of length r instead of subsets of size
r (you can say that we consider subsets of J with possibly multiple membership).

1.1 Definition. 1) We call M a full index model [fim or 7-fim or fim for 7| if M
consists of a set 7 of symbols, the universe M, and appropriate interpretation for
each symbol of 7; in full detail if:

(a) the vocabulary 7 = 73y = 7(M) of M includes a unary predicate! P, a
binary predicate <, and finitely many function symbols F', F' being arity (F')-
place and no other symbols (so F' varies over such function symbols). We
may write arity” (F') for arity(F'). We usually treat 7 as the set of function
symbols in 7

(b) univ(M), the universe of M which is a finite, nonempty set; we may write
a € M instead of @ € univ(M) and B C M instead of B C univ(M)

(c) PM is a non empty subset of the universe of M and we call its cardinality
dim(M), the dimension of M

(d) <M is a linear order of PM so x <M y implies z,y € PM

la predicate P is just a symbol such that in 7-structures M it is interpreted as PM, similarly
for function symbols.
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(e) for F € 7, FM is a function with arity ™(F)-places from P to univ(M)

such that

(f) the function FM is symmetric, i.e. does not depend on the order of the
arguments, and so writing F™ (a4, ..., a,) we assume ay, ..., a, € PM and,
of course, r = arity” (F'), and if not said otherwise we assume a, <M g, <M
. <My,

(g) if FM(ay,...,a,) = FM(by,... b)) then F; = Fy (hence r = t) and a; = by
for ¢ =1,...,t (under the convention from clause (f)) and every b € M \
PM has this form. So we let baseys(b) =: {ay,...,a,} and let base,(b) =
basenr,¢(b) =: ap where b = FM(ay,...,a,) (and ay <M ay <M ... <M q,

of course) and Frp, =: F'; those are well defined by the previous sentence.

(h) idM is the identity function on PM so id is always considered a unary
function symbol of 7.

2) For 7 as in part 1), let arity(7) be Max{arity(F') : F' € 7}, so it is at least 1
by clause (h) of part 1) and let m[r] =: (m] : ¢t = 1,... ,arity(7)) where m] is the
number of F' € 7 with arity ¢; and we call m” the signature of 7, of course when
saying “the signature of M” we mean “of 7(M)”.
3) For M a fim we call B C M closed in M (or M-closed) if for b = FM (a4, ..., a,)
we have b € Biffay,...,as € B. Let the closure of A in M or cly;(A) for A C M, be
the minimal M-closed set B C M which includes A. We do not strictly distinguish
between a closed subset B of M and the model M [ B (which are fims with the
same vocabulary, see part 6), 7)).
4) For 7-index models M, N with 7p; = 7 let PHom (M, N') be the set of functions
f from PM into PV such that z <M y < f(z) <V f(y). Let Hom(M,N) be
the set of functions f from M into N such that f | P € PHom(M, N) and
b= FM(ay,...,a;) implies f(b) = FN(f(ay),..., f(a)). Let PHm(M, N) be the
set of functions f from PM into P¥, and let Hm(M, N) be the set of functions f
from M into N such that f | PM € PHm(M,N) and b = F™ (a4, ... ,a;) implies
f(b) = FN(f(a1),..., f(a;)) recalling that F'™ is symmetric.
5) Let Sort™ (F) be the range of FM,
6) For M a 7-form and non empty subset u of P, we say that N is the submodel
of M with universe B = clp;(u), N = M | B in symbols, if N is the unique 7-fims
such that

univ(N) = elps(u)

PN =y

<N=cMiy,je.a<VNbeacu &becu & a<Mb

FN = FM 1, (i.e. FN(ay,...,a,) =0biff r = arity(F),as,...,a, € u and

b=FM(ay,...,a.)).

So N is uniquely determined by M and univ(N) when N is a submodel of N; and
there is N C M, univ(N) = B iff B is a closed subset of M.
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7) We say that N is a submodel of M if for some non empty v C PM N is the
submodel of M with universe cfy;(u). We also say M extends N; if PV is an initial
segment of PM we say M end-extends N.

An alternative presentation of 1.1(1) is:

1.2 Definition. We say that 7 is a t-vocabulary for

(A) 7 is a function with finite domain, but allow to write F' € 7 instead F €
Dom(7) and write arity” (F') instead of 7(F'). We may write F' € 7 instead
F € Dom(r), always id € 7 so we may not say it.

(B) tis a natural number. Omitting ¢ means for some ¢; we let ¢t = ¢(7)

(C) if F € 7 then arity” (F) € {1,2,...,t}

(D) t = max{arity” (F),arity” (id) : F' € 7}
(E) id € 7, arity” (F), arity” (id) = 1.

2) We say that M is a 7-fim (or fim for 7) if for some linear order J, M = M. (J),

see below.

3) For a linear order J and vocabulary 7 let M = M. (J) be the following object:
it consists of

(a) Tpu=7T(M)=T
(b) univ(M) = {(F,a) : a is a <;-increasing sequence of members of J, F € T
and fg(a) = arity” (F')} but if a = (a) we may write a instead of a

() PM ={(id,{a}) : a € J}, we tend to identify a € J with (id,{a})

(d) <M is the following linear order on P
(id, {a}) <™ (id, {b}) iff a <; b

(€) for F € 7 with r = arity” (F) let FM be an r-place function from P to
univ(M) defined by

F(ai,...,a;) = (F,(ar@), -5 Qr(r)))

where 7 is a permutation of {1,...,r} such that a,1) <5 ar@) <;j ... <J
aﬂ(r).

4) The signature of 7 is (m] : s =1,...,s) where m] = |{F € 7 : arity” (F') = m}|.

5) In 2), if x = (F,a) then we let basey (z) = {ag: ¢ =1,...,¢g(a)}, dim(M) =
|[PM.
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1.3 Fact. 1) For any finite linear order J and vocabulary 7, M. (J) as defined in
1.2(3) is really a 7-fim.

1.4 Fact. 1) For any f € PHom(M, N) there is a unique f € Hom(M, N) which
extends f.
2) For any f € PHm(M, N) there is a unique f € Hm(M, N) which extends f.

1.5 Claim/Definition. 1) For any fim M there is a polynomial p(z), with ratio-
nal coefficients but positive integers as values for x a positive integer such that for
u C PM | the set clp(u) has exactly p(Ju|) members.

2) Fixing a vocabulary 7, let p(z) = X{pr(z) : F' € 7} where pp(z) = X{binom(z, (m, ...

1 <n< arity”(F) and my +ma + ...+ m, = arity” (F)}. Then for any 7-fim M
we have card(univ(M)) = p(|PM|) and |Sort™ (M)| = pr(|PM]), recall Definition
1.1(5).

3) Now p(x) depends on the signature of 7 only and so we shall denote it by p.(x)
or py(z). Note that p,-(0) = 0.

1.6 Definition. 1) We say that 7 is a canonical vocabulary for ¢ (or t-canonical)
and write 7 = 1 if 7 = {F}, ..., F}, P,<} where arity(F5) is s, F} is also called id;
(in Definition 1.2 we have Dom(7) = {F1, ..., F;} and 7(F,) =r).

2) We say that M is a (J,t)-canonical fim if:

(a) J is a finite linear order

(b) M is a fim with the t-canonical vocabulary
(c) (PM <M)is J

(d) FM is the identity on PM

(e)

for r = 2,...,t the function FM is FM(ay,...,a,) =: (Ar(1) -+ s Qn(r))
whenever 7 is a permutation of {1,...,7} such that a,1y <; ... <j azr(.

e

1.7 Definition. 1) Let M be a fim with vocabulary 7 = 73, and let {A;, A2}
be a partition of PM into convex sets such that A; <™ A, which means that
(Va; € A1)(Vag € Az)lar <M ag]. We define a vocabulary Tas 4, 4, = 7(M, Ay, A3).
It contains, in addition to the symbols P, <, for each function symbol F' of 7 and
a <M _increasing sequence a; from A; and a <M-increasing sequence @, from
Ao such that fg(a1) + lg(az) < arity” (F') a function symbol called Fj with
arity” M-A142) (F) being arity™ (F) — £g(a,) — £g(as).

We identify F' € 7 with Fy (y and so consider 7ps 4, 3, an extension of 7.

2) Let m = m|r, ko, k1] be m[Tasr 4,,4,], the signature of Tas a, 4, Whenever M is a

1,02
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7-fim of dimension ko + k; and Ay is the set of kg first members of PM and A; is
the set of k; last members of PM .

3) Let M7 be a fim of vocabulary 7 and dimension k, say PM = {1,... ,k}, i.e. as
in Definition 1.2. Let 7/%% be TM, Ao Ay where Ay is the set of the first £k members

of PM and A; is the set of the last £ members of PM .

1.8 Definition. 1) Let A denote a sequence (Ap : F € 7) where A is a finite (non
empty) alphabet, and we let 7[A] = 7, as A determines 7. We call A an alphabet
sequence (for 7) or a T-alphabet sequence.

We may write (7, A) instead A if 7 = 7[A] and Ap = A for every F € 7.

2) We say p is a A-type if p is a function with domain 7 = 7[A] such that p(F) € A
for F € 7; let p, q denote non empty sets of A-types;. We identify a set of A-types
with the characteristic function that it defines, i.e. p is a function from the set of
A-types to {0, 1}, so we assume that from p we can reconstruct A hence 7[A]. Let
pz be the set of all A-types. We may write A instead of A if Ap = A for every
F € 7 and then let p, o be the set of constant (7, A)-types.

1.9 Definition. 1) For A a T-alphabet sequence and M a 7-fim, let V' = Spacez (M)
be defined as follows:

its set of elements is the set of functions n with domain M, such that
b € SortM (F) = n(b) € Ap; we assume that from V we can reconstruct
M and A.

2) We say d is a C-colouring of V| if d is a function from V into C'; we say that d is a

c-colouring if C' has ¢ members and the default value of C'is [0,¢) = {0,1,...,c¢—1}.

3) We say L is a V-line or a line of V if for q = pz we have: L is a (V, q)-line or a

g-line of V; (see below).

4) For q a (non empty) subset of pz let “L is a (V, q)-line” or a “g-line of V" mean:
L is a subset of V' such that for some subset supp(L) = suppas(L) of M we have:

(a) supp(L) N PM is non empty and we call it supp? (L)

(b) supp(L) is the M-th closure of supp® (L)

(¢) for any n,v € L we have n [ (M\ suppy (L)) =v | (M\ suppar(L))

(d) for any n € L thereis p € q such that: if b € suppM((L) then n(b) = p(Fp)
(e) For any p € q there is n € L as in clause (d).

5) For L as above and p € q let pty(p) be the unique v € L such that for every
a € suppy (L) we have v(a) = p(Fup). For q* C g, the g*-subline of a g-line L is
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{ptr(p):p€q’}.

6) For a colouring d of V', we say a V-line (or a (V| q)-line) L is d—monochromatic
if d is constant on L.

7) When we are given M, 7, A,V as in part (1) and in addition we are given m, we
define when S is an m-dimensional V-subspace, or m-dimensional subspace of V.
It means that for some sequence (M, : ¢ < m) we have

(a) each My is a submodel of M, (see Definition 1.1(7))
(b) if 41 < ¢ < 'm then My, , My, are disjoint,
(¢) there is p = p°, a function with domain (M \ c£(U{M, : £ < m)})) such that

p(b) € Ap,,, for every b € Dom(p), and there is an m—dimensional 7—fim

K say K = M[B m) such that the following holds. Let N be the submodel

of M with universe ¢/ ( U My).
<m

There is f € Hm(N, K) which is onto K such that f | PM¢ is constant for each
¢, (Rang(f | PM¢) : { < w) are pairwise disjoint and:

(%) v € S iff v extends p and for some p € Space; (K) we have b € N = v(b) =

o(f(b)).
8) We call S convex if

(a) for £1 < fo < m and a; € My, and as € My, we have a; <M ay and
(b) f € Hom(N, K).

9) For S as above and (see Definition 1.7(3)) o € Spacex (M, ,,,)) we define ptg(o)

as the unique v € S as above in (x) of part (7).
10) We call S weakly converse if £1 < fo = (Jaz € My,)(Vaz € My,)(a1 <M az).

We may define now a natural function, which is our main concern here:

1.10 Definition. 1) Let f!(p,c) where p C px (and A = (Ar : F € 7) an alphabet
sequence) be the minimal &k such that for any 753 —fim M of dimension k, we have:

(%) for any c-colouring d of V' = Spacej (M) there is a p-line L of V' which is
d-monochromatic, i.e. such that p,q € p implies that ptz(p), ptr(g) have
the same colour (by d).

If k does not exist we may say it is w or is oo. We may write f1(p,c) or f1(p,c;7)
to stress the role of 7. B )
2) If p = px we may write f1(A,c). If Ap = A for every F' € 7 = 7[A] then we may
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write f1(A,c); in this case we can replace A by |A|. Clearly only m” is important
so we may write it instead of 7. Also we may write f1(1,c) for f1(A,c) whenever
n=(np:FeT)and |Ap| =np.

We can, of course, use the multidimensional versions of those definitions.

1.11 Definition. Let f!(A,m,c) where A = (Ar : F € 7) be the minimal k such
that

(sx)y for any 7-fim M of dimension k we have: for any c—colouring d of Spacej (M)
there is a convex subspace S of V' of dimension m which is d-monochromatic,
i.e. such that all the points in S have the same colour (by d), if k does not
exist we say it is w or is oo.

We may write f1(A,m,c) or f1(A, m,c) etc. as before. Clearly only /" is important
(rather than 7), so we may write only it. We may replace A by |A|. We may replace
A by (np: F € 1) when np = |Ap]|.

1.12 Remark. In the present paper, it does not really matter if in Definition 1.11
we omit the demand that S is convex.

The function has some obvious monotonicity properties, we mention those we shall
actually use.

1.13 Claim. 1) For { = 1,2 assume A’ is an alphabet sequence for the vocabulary
7 and arity(t') < arity(1?) and for each m = 1,. .., arity(t') we have

I{|A}|: F € 7% has arity m} <T{|A%|: F € 72 has arity m}.

M fl(]\l,c) < fl(]\Q,c)'

2) For { = 1,2 assume A’ is an alphabet sequence for the vocabulary 7° and 4 C 72
and A = A2 [l and F € 72\ 71 = |[AZ]| = 1.

Then fl(‘/_\17c> = fl(‘/_\27c)'

Proof. Straightforward. Uias
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1.14 Definition. 1) We define, for £ = 1,2,3 what is a fim’; we just replace in
Definition 1.1, clauses (f), (¢) by

(f)e FM isan arity 7(F)-place function from PM to M such that if FM (a4, ..., a,)
is well defined (so r = arity(F)) then ay,...,a, € PM and £ = 1 implies
the function is symmetric, i.e. does not depend on the order of the variables,
so if not said otherwise we assume a; <M ao <M .. <M o

(9)e if FM(a1,...,a,) = FM(by,...,b) and £ € {1,2} then F; = F (hence
r=t)and { =2 = /\ as = by and

s=1,...,r

f=1AN /\ Qs §Ma5+1/\ /\ bs §Mb5+1:> /\ as = bs.

s=1,....,r—1 s=1,....r—1 s=1,...,7

So we let baseys(b) =: {ai,...,a,} and when £ = 1,2 let base,(b) = baseys, ;(b) =4
as where b = FM(ay,... ,a,) (and if £ = 1 then a; <M ay <M ... <M @, of
course) and Fir, =: F; those are well defined by the demand above.

(g);; if ¢ € {1,2,3} and b € M\ PM then for some F' € 7 and a1, ey Qarity(F) € pM
we have b = FM(aq, ..., Qarity(F))-

So £ =1 is the old notion and for £ = 3 we require very little.
2) We define f{(A,c) as in Definition 1.11 for im‘ (so again ¢ = 1 is our standard
case).

1.15 Claim. Let 7 be a vocabulary and 7o = {GF, : F' € T and 7 is a permutation
of {1,...,arity(F)}} with arity (Gp ) = arity(F).
Then

(a) If A is a i—alphabet sequence and A° = (A : G € 1,) where Ag,  =Ar
then f2-(A, ¢) < fL (A, 0)

(B) for Z\ a T—alphabet sequence we have:
f2(A, ¢) is at most RAM(f2(A°,c), arity(t),c*) where e.g. ¢* depends on T
only (and RAM stand for Ramsey number (see 0.3(1))

(7) f(A o) < f2(A,0)

(0) f2(A,c) < fE(A,c).

Proof. Straightforward. U115
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1.16 Claim. Ifn > 0,t > 0,c > 0, then letting T = 7, (see Definition 1.6(1)),
A = {1,...,n}, then fX(A,c) from Definition 1.10(2) can serve as f;(n,c) from
the beginning of the introduction.

Proof. Recall that M there is {u:u C {1,...,k},1 < |u| <t}. Let J = ([1,k],<)
and M* = M.(J) and f : M — univ(M?*) is defined by: for if 1 < j; < ja2 <
v <gr < k,re{l,... t} then f({j1,...,5-}) = (Fr, J1,.--,Jr)). So fis 1-to-1
and for ¢ : MA — C let ¢* : Spacep(M) — C be c¢*(p) = c(v) if v € MC, and
(V2 € M)(v(x) = p(f(2)))].

The rest should be clear. 116
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§2 PROOF OF THE PARTITION THEOREM WITH A BOUND

Except Definitions 2.1, 2.2 this section is for the reader convenience only, as it
gives a proof of a weaker version of the first theorem (with a bound which we get
by triple induction). Later in 4.1 - 4.10 we give a complete proof with the primitive
recursive bound, formally not depending on the proofs here. The strategy is to
make the b € M with |bases(b)| maximal immaterial. We first define some help
functions.

2.1 Definition. 1) We call a vocabulary 7 monic if there is a unique function
symbol of maximal arity, we then denote it by F*.

2) For a € PM let M, be cly({PM\ {a}}).

3) For V. = Space;z (M) and N a closed subset of M and H € 7, we say that a
colouring d of V' is (N, «, H)—invariant if: o € Ay, and the following holds, for
any a € PV:

(x) ifvupeVandv | M, =n [ M, and [b € M A base(b) = {a} A Farp =
H = v(b) = a = n(b)] then d(v) = d(n).

4) In part (3) we write (¢, o, H)—monochromatic if the above N is such that PV
is the set of the last £ members of PM. We write (M, o, H)—monochromatic if in
part (3) we have M = N.

5) In parts (3) and (4) we may omit H when 7 is monic and H = F™**. Replacing
a by A* means that A* is a subset of Ay and the demand holds for every a € A*.
Replacing A* by 0 means A*.

2.2 Definition. Let f° be defined as follows. First, f}\)(n,ﬁ,c) = ff_)’/—\(n,ﬁ,c) is
defined iff 7 = 7[A] is monic with H = F™2* and A is an alphabet sequence for 7
and n < |Ag| and n < |Ag|V (n=|Ag| AL =0).

Second, f%(n, ¢, c) is the first k£ (natural number, if not defined we can understand
it as 0o or w or “does not exist”) such that (x); below holds, where:

(%) If clauses (a)-(f) below hold then there is a d-monochromatic line of V,
where :

—

a

b

M is a fim of vocabulary 7

the dimension of M is k

V = Spacez (M)

A° is a subset of Ay with exactly n members

—

d is an (M, A°, H)—invariant colouring of V'
if £ # 0, then there is an « such that « € Ay \ A° and d is (¢, o, H)-
invariant.

Q

<
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Immediate connections are:

2.8 Observation. 1) The function f° 5 (n, £, ¢) increases with ¢ and decreases with /
and n. ’

2) The function f?;(n,¢,c) depends just on n,/, ¢ and the set {(arity(F), |[Ap]) :
F € 7} (possibly with multiple membership), so if A = A we may replace 7 by its
m” (similarly for other such functions).

3) In definitions 1.10, 1.11, 2.2 the demand (*)g holds for any &’ larger then k.

4) f/%<0707 C) = f1<‘/_\7 C)'

5) If 7 is monic and H = F/™* and 7~ = 7\{H} then f{(|Ay],0,¢) = f{(A | 77, ¢).
6) If £* = fQ(n+1,0,c¢) then fQ(n,¢*,c) = £*.

Proof. Trivial.

2.4 Main Claim. Assume

(a) A is an alphabet sequence for a vocabulary T = T[A], and n < |Ag|

(b) T is a monic vocabulary with H = FM™**

(¢) ko> f2(n,L+1,¢c) and ko > ¢

(d) K is a 7-fim of dimension kg — 1 and Ay is the set of last { elements of P¥

and Ay is the set of the first (ko —f —1)-elements of PX (this K serves just
for notation)

(e) T* is the vocabulary (Tk a,,4,) \ {H}; see Definition 1.7(3); so
(1) arity(t*) < arity(1),
(13) proj is the following function from T to T: it maps Fi a, a, to F so
proj| T is the identity,

(i17) A* =: (AL : F € 7%) where AL, = Apoj(r)-

(f) ot = Ccard(Space;\(K))‘

f/%(n7£7 C) < kO +f1<‘/_\*76*) - L

Proof. Let ki = f'(A*,c*) and let k = ko + k; — 1, so it suffices to prove that
k> f2(n,£,c). For this it is enough to check ()i from Definition 2.2(1), so let
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A° be a subset of Ay with n elements and o € Ay \ A*, also let M be a fim of
vocabulary 7 and dimension k (i.e. PM is with k members), V = Spacez (M), and
d an (¢,a*, H)-invariant and (M, A°, H)-invariant C-colouring of V' such that C
has < ¢ members. So we just have to prove that the conclusion of Definition 2.2(1)
holds, which means that: there is a d-monochromatic line of V.

Let wy =: {a : a € PM and the number of b <M @ is > ko — ¢ — 1 but is
< ko — € —1+4 k1}, hence in w; there are k1 members, and let wy be the set
of first kg — ¢ — 1 members of PM by <M and lastly let wy be the set of the £ last
members of M by <M. So wg,w;,w, form a convex partition of PM.

Now we let K be M restricted to clps (wo Uws), (note that this gives no contradic-
tion to the assumption on K i.e. clause (d) of the assumptions, as concerning K
there, only its vocabulary and dimension are important and they fit). Let KT be a
fim with vocabulary 7 and dimension kg, let go € PHom(M, K™) be the following
function from PM onto PX": it maps all the members of w; to one member of
PE" which we call b*, it is a one to one order preserving function from ws onto
{b e PK Tpr <KT b} and it is a one to one order preserving function from wy
onto {b € PE" KT b*}. Let g € Hom(M, K) be the unique extension of go;
without loss of generality gg is the identity on wy and on ws hence without loss
of generality ¢ is the identity on K, it exists by 1.4. Hence clearly wy = A; and
wy = Az S0 T = Tk wows \{H }

Next recall that the vocabulary 7 = 7Tk 4w, w, \ {H} is a well defined vocabulary
(see Definition 1.7(1) and remember that 7 C Tx yow, 50 H € Tk wow,)- Next
we shall define a 7*-model N. Its universe is (M \ K) \ A* where A* =: {b € M:
baseps(b) C wy and Firp = H}, we let PY bew; and <V be <M | PN . Now we have
to define each function Fgal’aQ, say of arity r, where F' € 7,a; a non decreasing
sequence from wy and as a non decreasing sequence from ws, and £g(a;) +£g(az) <
arity™ (F) and arity” (Fg a,.a,) < arity(r). Note that the last condition is equiva-
lent to: if F' = H then at least one of the sequences a1, as is not empty.

Forby <V ... <N b, € PN welet FY . (b1,...,b) beequaltob = FM(ay,by,... by, a2) =
FM(al, ad,. .. 7aég(a1)7 bi,...,bs,a2,... ,a%g(az)).

It is easy to check that the number of arguments is right and also the sequence they
form is <™ —increasing, so this is well defined and b belongs to M, but still we
have to check that it belongs to N. First note that it does not belong to K, as if
b € K then baseyy(a,)+1(b) € K and it is just by which belongs to wy, contradiction.
Second note that it does not belong to A*; this holds as we have substructed
H = F.- .~ when we have defined 7*.

Lastly it is also trivial to note that every member of N has this form. It is easy to
check that N is really a 7*-fim. We next let V* = Space;.(NN) and let C* ={g: ¢
is a function from Spacez (K) to C'} and we shall define a C*-colouring d* of V*.
For n € V* let d*(n) be the following function from Spacez (K) to C, letting o be
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the function with domain A* which is constantly a*: for v € Spacez(K) we let
(d*(n)(v) = d(nUv U o).
Clearly the function d*(n) is a C*-colouring of Spacej (K). How many such func-
tions are there? The domain has clearly card(Spacej(K)) members, (we can get
slightly less if £ > 0, but with no real influence). The range has at most ¢ members,
so the number of such functions is at most ¢¢@rd(Spacea(K)) "o number which we have
called c¢*. So d* is a c¢*-colouring of V*.

Now as we have chosen k; = f'(A*,c*) we can apply Definition 2.2 to V* =
Spacex«(N) and d*; so we can find a d*-monochromatic V*-line and we call it L*.
Let h be the functlon from U =: Space; (K ™) to V defined as follows:

)
() vIK=plK
(¢) ifbe N\ suppn(L*) (see Definition 1.9(3)) then v(b) = n(b) for every
nerL”
(d) if a € A™\ cly(suppy (L¥)) then p(a) =

(e) if a € suppn(L*), (soa € N,F € 77, Fno = Fk,,a0s baseN(a) C
suppi (L*)), and b € KT, Frer, = F,b = F(aq,b*,... ,b%, a2) (with
the number of cases of b* being arity” (Fg 4,.a,)) then p( ) v(a)

(f) ifae A*Ncly(supy(L*)) and b € KT is H(b*,... ,b*) then p(b) =

v(a).

Let the range of h be called S. Now clearly

®1(a) h is a one to one function from U onto S C V
(B) S has [Spacez (K)| members
(7) S is a subspace of V' of dimension kg, such that h(p) = pts(p), see 1.9(7).

Now clearly

®9 there is a C-colouring d° of U such that:
d°(v) = d(h(v)) for v € U.

and
®3(a) d°is (KT, A*)-invariant
(b) d°is (¢ + 1,a*, H))-invariant.
[Why? Reflect].
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Applying the definition of ky > fSA(n, ?+1,c), that is Definition 2.2 to A, o*, U, d°
we can conclude that there is a d°~-monochromatic U-line L°. Let L =: {h(p) : p €
L°}. It is easy to check that L is as required. W

As a warm up for the later bounds we prove:

2.5 Theorem. 1) The function f1(A,c) is well defined, i.e. always get value which
18, a natural number.

2) Moreover f' has a bound which we have got by triple induction.

3) Similarly the function f°.

Proof. 1) The proof follows by induction, the main induction is on t = arity(7y3).
Now by observation 1.13(1) without loss of generality 7 is monic, i.e. has a unique
function symbol of arity ¢, called H =: F"**. Fixing ¢, we prove by induction on
S = |A H|~

Case 0: t = 1.
This is Hales-Jewett theorem (on a bound see [Sh 329] and [GRS80]).

Case 1: t >1,s=1.
By Claim 1.13(2) we can decrease t.

Case 2: t > 1,8 > 2.

We note that f!(A,c) = f2(0,0,¢) by 2.3(4) so it is enough to bound the later
one. But by 2.3(5) we know f{(|Ag],0,¢) = f1(A [ 77, ¢) where 7= =: 7\ {H}, but
for the later one we have a bound by the induction hypothesis on ¢ as arity(77) < t,
so we have a bound on f{(JAg|,0,¢). By the last two sentences together, it is enough
to find a bound to f?(n,0,¢) by downward induction on n < [Ag|, and on the one
hand we have the starting case n = |Ay| and on the other hand the case n = 0 gives
the desired conclusion. So assume we know for n + 1 and we shall do it for n. Let
0 =: fR(n+1,0,c¢), so we know that £* = f?(n,£*, c) by 2.3(6), so we by downward
induction on ¢ < ¢* give a bound to f2(n,/,c). So we are left with bounding
f2(n, £, ¢) given bound for f(n,¢+1,¢) (and also f} (A°, ¢°) whenever arity(7,) <
t). For this 2.4 was designed, it says f3(n,¢,c) < fY(n, 0+ 1,¢) + fL(A*,c) + 1
where 7%, A* were defined there and arity(7*) < arity(7). (Well, we have to assume
that £ < f9(n, £+ 1,c¢), but otherwise use £+ 1+ fL (A", ¢) +1).

2), 3) Should be clear. Oa 5
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§3 HIGHER DIMENSION THEOREMS

Concerning the multidimensional case (see Definition 1.11):

3.1 Conclusion. 1) For any A,m and ¢, we have f1(A,m,c) is well defined (with
bound as in the proof, actually using one further induction using only lei(/_\, c) for
suitable 7;-s in the i-step).

2) We can naturally define 7-fim of dimension ¥, and convex subspaces, and prove
that for any 7-fim M of dimension Xy and alphabet sequence A, (with each Az and
7 finite (of course)) the following holds: if Spacey;(A) is the union of finitely many
Borel subsets, then some convex subspace S of dimension R is included in one of

those Borel subsets.

Proof. 1) For simplicity (and without loss of generality by Definition 1.13(1)) we
have A is constantly A, so each Ap is A, a fixed alphabet. We choose by induction
ont=0,...,m the objects M;, 7;, k; and ¢; such that:

(CL) ko =0 and k; < ki—l—l

(b) M; is a fim for 7 of dimension k;; (we allow empty fim, if you do not like it
start with kg = 1)

(¢) M;yq is an end extension of M;, (see Definition 1.1(7))

(d) = = Ta, PMi g (see Definition 1.7(1))

(e)
)

co is c and ¢;yq is clSpacen (kit+m—i)]

kiv1 = ki + f;i(A7 c;).

There is no problem to carry over the definition and we can prove that k,, >
FH(Am,c).

The proof is straight.

2) Such theorems are closed relatives of theorems on appropriate forcing notions,
so as it is a set theoretical theorem in the proof we use forcing. Specifically we
use the general treatment of creature forcing of [RoSh 470]. For any finite non
empty v C w let M7 = M7[u] be a 7-model with (PM: <Mi) = (u, <), and
without loss of generality u; C us = MJI C Mgz. So for infinite © C w we have
M7 =U{M] :u; C u finite} is a well defined 7-fim of dimension X,.

A A-creature ¢ consists of a convex subspace S¢ = S|c] of some Spacez (M.), M, =
M for some finite non empty u = u[c] of the form [n, m] = [n¢, m].

For creatures c¢i,...,cx we let X(cq,...,cx) be well defined iff m,, = n,, for
¢ € [1,k) and it is the set of A—creatures ¢ such that n. = n,,m. = m, and
neSANlelk)y=nl M, S
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So the forcing notion Q is well defined by [RoSh 470] for the case “the lim-sup of
the norms is infinity”. So a condition p has the form (7, ¢1,¢a,...) = (0P, ], ck,...)
where for t = 1,2,...,¢] is a A-creature satisfying Mep | = Nep and for some
n* € Spaceji (M), see below, we have

n=mn"1{a€ M] : for no ¢, k, ¢ do we have
1</l <k,ceX(ccoq1,...,¢) and
a € M[ann%)\ Dom(p®<)}.

Let B =: Spacez (M) = {p : pis a function with domain M satisfying f(b) €
Ap@p)} where F(b) = Fprp. We say that p € B obeys p € Q if n” C p and
for t = 1,2,... we have for some ¢ € X(c¢q1,...,¢),p | univ(M,) € S It is
proved there that such forcing notions have many good properties. In particular
let cont(p) = {p : p € B obeys p} and defining the Q-name f = U{n? : p € Gg}.
Now note that:

(a) plkg “f e cont(p)”
(b) ift N < (A(x),€) is countable, the definition of the given finitely many
Borel sets belongs to N, and p € QN N, then we can find ¢ such that

(1) p<q
(ii) every f € cont(q) is a generic for Q over N
(#73) for some p’ < n’ we have p <p' € NNQ,p’' < g and p IFg “f e Ap”

Together we conclude that cont(q) C A, and we are done. L34

We turn to relating the old results from Bergelson Leibman [BeLe96].

3.2 Conclusion. 1) Assume that

(a) 7 is a t-canonical vocabulary (see 1.6)

(b) k= fX(A,c), L a (finite) alphabet

(¢) Risaring, and r1,...,7x € R

(d) for a € A, pn(z) is a polynomial over R (i.e. with parameters in R)
()

e) d is a c-colouring of R ( actually enough to consider a finite subset, the
range of g in the proof below).
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Then we can find y, z and w C {1,...,k} such that

() y€ Rand z = Xycpri € R
(B) the set {y + pa(z) : @ € A} is d-monochromatic.

(2) Assume that:

(a) 7 is a vocabulary of arity ¢, such that for each s = 1,...,¢ in 7 there are
exactly m™ function symbols of arity s

(b) k= fL(A,c), A a (finite) alphabet; see Definition 1.10(2)

(¢) Risaring, and ry,...,r; € R

(d) for @ € A and m < m*, pa,m(x) is a polynomial over R (i.e. with coefficients
in R)

(e) d is a c-colouring of ™ R = {{ym : m < m*) 1 yo,... ,Ym+—1 € R} (actually

enough to consider a finite subset, the range of ¢ in the proof below).
Then we can find y, z and w C {1,...,k} such that

() y€ Rand z = Xycpri € R
(B) the set {(y + Pa,m(z) : m < m*) : a € A} is d-monochromatic.

Proof. 1) Let M be a fim for 7 of dimension k and let h be a one to one order

preserving function from P™ onto {1,...,k}. We define a function g from V =
Spacep (M) to R. For n € V we let g(n) = Z gr(n(b)) where g is the following
be M

function from A to R. For b= F(b1,...,b;) € M and o € A we let gp(«) be zero if

(b1,ba, ..., b is with repetitions and otherwise we consider p,,( Z Th(b,)), expand
i=1,t

it as sum of monoms in ry,...,7; , and let g,(a) be the sum of those monoms for

which {r; : j € {1,... ,k} and r; appear in the monom} = {h(b1),...,h(b:)}. Now

we define a c—colouring d* of V' by d*(n) = d(g(n)). Let L be a d*-monochromatic

line of V', let suppps(L) = N. Now let y =: Z gr(ptr(e)) for any a € A, note

be M\ N
that all the o € A give the same value. Let w =: {h(b) : b € supp},(L)}, recalling
Definition 1.9(5) and so z = Z r¢, now check.
lew

Note that algebraically it is more natural to define g differently, working with the

rank of the monom rather than with the set of variables appearing.

2) Similarly, left to the reader. O3 9
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3.8 Discussion. It is natural to ask:

(1) Can we generalize the Graham Rothschild theorem? (see [GRT71], [GRS80])
(2) Can we get here primitive recursive bounds?

(3) Can we prove the density version of the theorem 2.57

Below we answer positively questions (1),(2), we believe that the answer to question
(3) is positive too but probably it requires methods of dynamical systems, see the
book Furstenberg [Fu81].

3.4 Definition. We define f4(A,t, £, c) = f4(A,t,£,c) where 0 < £ < t as follows.
It is the minimal & such that: if M is fim for 7 with &k = dim(M), V' = Spacez (M)
and d is a c-colouring of {S : § is an ¢-subspace of V'} then for some subspace U
of V' of dimension ¢, all the ¢-subspaces of U (equivalently, ¢-subspaces of V' which
are contained in U) have the same colour by d.

3.5 Theorem. 1) For any At,{,c as in Definition 3.3, the function f*(A,t,/,c)
15 well defined, i.e. is finite.

2) Let m = RAM(t,{,c), see Definition 0.3(1), where T is a vocabulary and A is a
T-alphabet sequence, and define k; fori=0,...,m by induction on i as follows (on
Tl see 1.7(3)): ko = 0,A° = A and ki1 = ki + FE(AY ¢;) where 7; =: rlkim—i]
and A? is a TP~ _alphabet sequence, and A% | has | Al |04+ M ]

K .,a1,a
ki+m—i

d(S ~i (M .
members and ¢; = ¢ (Spacegi (M, 4—i))

Then fA(A,t,0,c) < ky,.

Proof. 1) Follows from (2).

2) Without loss of generality A = (Ap : F € 7) is a sequence of pairwise disjoint
sets and A = U{Ap : F e 7}

Let N = M (see notation in 1.7(3), recall that ¢ is the dimension of the subspaces
we are colouring) and let {~, : @ € N} list a set disjoint to A without repetitions.
We choose for i = 0,...,m the objects k;, 7;, A’ (consistently with what is said in
the statement of the theorem) and M;, M;r, by induction on ¢ as follows:

®1(CL) ko=0and k; < ki—l—l

(b) M; is a fim for 7 of dimension k; (we allow empty fim, the space is a
singleton, if you do not like it start with ko = 1)

(¢) M;;1 an end extension of M, and Mj' is an end extension of M; (so both
have vocabulary 7) and M, has dimension k; +m — i



nodi fi ed: 2002- 08- 02

revi sion: 2002-08-01

(679)

24 SAHARON SHELAH

(d) 7 = (see Definition 1.7(3))

TM;“,PMi,PMf\PMi

() A = A and for F € 7 and A%al ., 18 the disjoint union of Ap, A and AFF
where A}, =: { :be N and Fy, = F} and A = {3, : b € Mj' such
that Fy,+ , = F'} (and no two letters are incidentally equal, of course)

. . d ~ (MT .
(f) cois c and c;qq is ¢ (Spacer; (Mg, 4m—))

(9) kix1 = ki + fL (A%, ).
Let k = ky, M = M,, and let V; = Spacez(M]) and V = V,,. We shall regard
an (-subspace ® of V' as a function from M to A* =: {7, : b € N} UA, such that
(recall A = U{Ap: F € T}):
®2(a) ®(b) € A%, , UAR,,, see clause (e) of @

(b) if be M,a € A and (Yv)[v € ® = v(b) = o then ®(b) = «

(c) if b € M,a € N and for every p € Spacej(N) we have (pta(p))(b) = p(a)
then ®(b) = 7,.
(Reflect on the meaning of ¢-subspace of M, i.e. Definition 1.9(7) and it
should be clear.)

Let d be a c-colouring of the set of /-subspaces of V. We shall define by downward
induction on i < m a pair (4;, p;) such that

(x)o(i) A; is a (non empty) subset of PMi+1 disjoint to M; and
(ii) p; is a function from B; =: M\ cly;(M; U U Aj)\ U B;

j=t,....,m—1 j=i+1,...m—1
into AU {f, : a € M;"} such that b € B; = 0;(b) € Ap,,, UA} .

We let R; denote the family of /-subspaces ® of V' which satisfies:

(*)1(a) if j satisfies ¢ < j < m and b € B; and p;(b) € A then ®(b) = p;(b)
(b) if j satisfies i < j < m and b € B; and g;(b) = [, where a € M; then
®(b) = @(a)
(c) if by, by satisfies the following then ®(b;) = ®(by) where the demand is:
(i) biba€cy(Mu ) A;) and

j=i,...,m—1

(13) Farp, = Farp, and for every r € {1,. .. arity(Fasp, )} we have: baseps ,(b1) =

base s (b2) or they both belong to the same A; for some j € {3,...,m—

1}.
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Now A;, B;, 0; will be chosen such that the following condition holds:

(x)2 If &, ¥ € R, satisfy the clauses (a),(b) below then d(®) = d(¥) where
(CL) q) r ClM(MZ U U AJ> = \1/ r ClM(MZ U U AJ)
j=it1,...,m—1 j=it1,...,m—1
(b) if b€ N and ~, € Rang(® | M;;1) then v, € Rang(® [ M;).

Suppose now that we have carried this induction, and we shall show that this suffice.
Let S be the following subset of V:

(x)3 neSiff
(a) ifi<m and b€ B; and g;(b) € A then n(b) = 0;(b)
(b) ifi<mandbe B; and p;(b) = B, and a € M; then n(b) = n(a).
(c) if b = F(bY,...,b%) for £ = 1,2 and [r € {1,...,t} Ab: # b2 =
(Fi) (b € A; & b7 € A;)] then n(bt) = n(b?).

Clearly S is an m—subspace of V, and we may by (x)2 above show that:

(x)4 if ® is an f-subspace of S, then d(®) can be computed from J[®] =: { Min
{i: ® | A; is constantly the r-th member of PN} :r < ¢},

Clearly J[®] is a subset of {0,...,m — 1} with exactly ¢ elements.

So for some function e, with domain the family of subsets of {0,...,m — 1} with ¢

elements, we have: if ® is an /-subspace of S then d(®) = e(J[P]). Clearly the set

Rang(e) has < |Rang(d)| elements.

By Ramsey’s theorem and the choice of m, there is a subset w of {0,...,m — 1}

with ¢ members such that the function e is constant on the family of subsets of

w with £ elements. Let U be a subspace of S of dimension t such that if b € M,

base(b) not a subset of U A; then (v(b) : b € U) is constant (and, of course, the
1EwW

constant value belongs to Ap,, ).

Clearly U is as required. So it is enough to prove that we can carry the induction,

that is, assume that ¢ € {0,...,m — 1} and (4;,0;: 0 =1+ 1,i+2,...,m—1) are

as required (in (%) + (*)2); and we have to choose (4;, 0;) as required. But this is

obvious by the choice of k;;1 see clause (g) of ®; above. Os 5
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84 THE MAIN THEOREM

Now we turn to the obtainment of primitive recursive bounds. The idea is that
we decrease the dependency from below, dealing with the unary functions each time
(rather than dealing with H € 7 of maximal arity).

In the definition below, we shall use the case r = 1.

4.1 Definition. 1) Recall that for a € PM we let M, be cly (PM \ {a}), that is
M restricted to this set.

2) For V = Spacez (M) and u C PM we say that a colouring d of V is (u,r)-base-
invariant if the following holds, for any a € u:

(x) ifvyneVandv | My =n | Mgand be MAr < |[{i:i=1,...,
arity(Fasp) and baseps;(b) = a}| = v(b) = n(b)] then d(v) = d(n).

3) We write (¢, 7)-base-invariant if above u is the set of the last £ members of PM.
4) We may replace u by a submodel N of M, meaning u = P¥.

4.2 Definition. Let f® be defined as follows. First, f8((,c) = f(A,¢,c) =
fS(A, ¢, c) is defined iff A is an alphabet sequence for a vocabulary 7. Second,
let f9(4,c) be the first k& (natural number, if not defined we can understand it as
oo or w or “does not exist”) such that (x); below holds, where:

(%) If clauses (a)-(d) below hold then there is a d-monochromatic line of V/,
where:

(a) M is a fim of vocabulary 7
(b) the dimension of M is k
(¢) V = Spacex (M)
(d)

d is an (¢, 1)-base-invariant colouring of V.
Immediate connections are:
4.3 Observation. 1) The function f?(¢,c) increases with ¢ and decreases with £.
2) We have f8 (A', 41, c1) < f8 (A%, ls, co) if:
(a) ¢1 < cg,l1 > Lo, and
(b) s < arity(r1) = I{|AL| : F € 7, arity™(F) = s} < I{|A%| : F € 7,

arity” (F') = s} and
(¢) arity(m) < s < arity (12) A F € 1A arity(F) = s = |[A%]| = 1.
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3) In definition 4.2 the demand () holds for any k' larger than k.
4) f3(0,¢) = f1(A, ).

Proof. Trivial, e.g.

4) The point is that in (%) of 4.1, the implication [bp € M A0 < |[{i : i =
1,...,arity(Farp) and basens ;(b) = a}| = v(b) = n(b)] the antecedent means just
b € M\ M, so the implication means n [ (M\M,) = v [ (M\Mj,), so the assumption
in (%) says 7 = v hence (x) is an empty demand. Oas

4.4 Claim. Assume

(a) 7 is a vocabulary of arity > 1 and A is a T—alphabet sequence

(b) T* is the following vocabulary:
{GFe: F €1 and e is a convezr equivalence relation on {1, ..., arity” (F)}
such that if arity” (F) > 1 then each e-equivalence class has at least two
elements} with arity” (Gr..) = the number of e-equivalence classes and for
some H € T of mazimal arity, letting e =: {(i, ) : i, € [L,arity” (H)]} we
identify Gp . with id € T*

(c) A* is the following T*-alphabet sequence: AEF’E =Ap

(d) £ = fL. (A", ).

Then f{(€*,c) < €.

Proof. Let M be a fim of vocabulary 7 and dimension ¢* and V = Spacez (M)
and d is a c-colouring of V' which is (£*,1)-base-invariant; it suffices to find a
monochromatic V-line L.

Let M* be a fim of vocabulary 7* and dimension ¢* and V* = Spacez. (M*). Let go
be an isomorphism from (P, <M) onto (PM", <M"). We define a partial function
g from M into M* as follows; if b = FM(by,...,b;) so t = arity” (F) and b; <M
by <M .. <Mpande={(i,j): b; = b;} and Gp, € 7 is well defined (i.e. t =1 or
every e-equivalence class has at least two elements) and the e-equivalence classes are
[$iy8;41) fori=1,... arity” (Gre) —land 1= 51 < 53 < ... < Sarity(Gp.) =t + 1
then g(b) = G} (90(bs), -+ 90(sarinyicp)1)):

Note: ’

(x)1 g is really a partial function from M to M*
(x)2 if n,v € Vand n | Dom (¢) =v | Dom (g) then d(n) = d(v).
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[Why? By the transitivity of equality, it is enough to consider the case that for
some a* € M\ Dom(g) we have {a*} = {a € M : n(a) # v(a)}. Clearly by the
definition of g for some a € PM™ we have (3J!i)[baseys;(a*) = a]. Now we know
that d is (¢*,1)-base invariant (see clause (d) of (x)j from Definition 4.2). Hence
by Definition 4.1(3), d is (P, 1)-base invariant. Hence by Definition 4.1(2), our
n, v satisfies (x) of Definition 4.1(2).

Now the first assumption in (x), i.e. n [ M, = v | M, holds as by the choice of a
we have a* ¢ M, as we have (Vb € M)(b # a* — n(a) = v(a)). Also the second
assumption of (x) holds as the antecedent fails for b = a* (as 1 = |{i : baseys,;(a*) =
a}| and its conclusion, n(b) = v(b) holds for b € M\{a*}. We can conclude that
d(n) = d(v) as required.]

(%) we can define a c-colouring d* of V* such that: if n € Vv € V* and [b €
Dom(g) = n(b) = v(g(b))] then d(n) = d*(v).

[Why? By (+)2.]

()4 for any V*-line L* there is a V —line L such that for every n € L for some
v € L* we have d(n) = d*(v).

[Why? Reflect. In details, let w* = supp? (L*) and N* = supp(L*) and v* is the
function with domain M* \ N* such that for every b from this set and v € L* we
have v(b) = v*(b). Let w =: {b € PM : go(b) € w*} and let N =: clp;(w) and
choose a function n* with domain M \ N such that for every b € M \ N we have
n*(b) = v*(g(b)) if b € Dom (g) and is any member of Ap,, , otherwise. Let L be
the V-line such that supp(L) = N and for every n € L the function 1 extends n*.
Clearly, L is a V-line and let n € L and we should check the desired conclusion.
So there is p € pj such that n = ptr(p); now we define ¢ € pz. as follows:
4(Gr,e) = p(F), the later belongs to Ay which is equal to Ag;, . Let v = ptr-(q)
and we should just check that n,v are as in (x)3 above so we are done.]

By the assumption ¢* = f1(A* c) (see clause (d) in the assumption), hence there
is a d*-monochromatic V*-line L*. Apply ()4 to it, so there is a d-monochromatic
V-line and so we are done. Oy 4

4.5 Definition. 1) Assume the following:

(i) A is an alphabet sequence for the vocabulary 7
(ii) P C {(p,q) : p, q are A-types}, see Definition 1.8
(i3i) m,c > 0.

We define f1 (PP, m,c) as the first &k (if there is no such k it is w or co or undefined)
such that (x)j stated below holds, where
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() if clauses (a)-(e) below hold, then there is a subspace S of V' of dimension
m, satisfying:
if L is a V-line C S, then L is (P, d)-monochromatic which means:
if (p,q) € P then d(ptL(p)) = d(ptr(q)) where

(a) M is a fim of vocabulary 7

(b) M has dimension k

(¢) V = Space; (M)

(d) Pisasubset of {(p,q):p,q € pz and [F € TA arity(F) > 1= p(F) =

q(F)I}

(e) dis a c-colouring of V.

2) Let Py = {(p,q) : p,q € p; and [F € 7A arity(F) > 1 = p(F) = q(F)]}.

4.6 Main Claim. Assume

(a) A is an alphabet sequence for a vocabulary T = T[A]
(b) ko> fe(L+1,¢) and ko > ¢

(¢) K is a T—fim of dimension ko — 1 and As is the set of the last £ elements
and Ay is the set of the first (kg — ¢ — 1)-elements (this K serves just for
notation)

(d) 7* is the vocabulary Tk a,,a,, see Definition 1.7(1) and proj is the following
function from % to T: it maps Fk g, a, to F and A* =: (A}, : F € %)
where A = Aproj(r), S0 prog | T is the identity

(6) ot =: Ccard(Space/-\(K))‘

Then f8(¢,c) < ko + fi.(Pz-,1,¢*) —1.
Remark. This is similar to the proof of 2.4, but for completeness we do it in full.

Proof. Let ki1 = f](* (Ps«,1,c*) and let k = ko + k1 — 1, so it suffices to prove that
k > f8(n,¢,c). For this it is enough to check (x)), from Definition 4.2. So let M
be a fim of vocabulary 7 and dimension k (that is P™ is with k& members), V =
Spacex (M), and d an (¢, 1)-base-invariant C-colouring of V' such that C has < ¢
members. So we just have to prove that the conclusion of Definition 4.2 holds,
which means that there is a monochromatic V-line.

Let wy =: {a : a € PM and the number of b <M a is > kg — £ — 1 but is
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< ko — € — 1+ k1} hence in w; there are k; members, and let wg be the set of
first kg — ¢ — 1 members of PM by <M lastly let wo be the set of the ¢ last mem-
bers of M by <M. So wg, w1, ws form a convex partition of PM.

Now we let K be M restricted to clys(wo U ws), (note that this gives no contra-
diction to the assumption on K, as concerning K there, only its vocabulary and
dimension are important and they fit) hence wg = Aj,wy = As. Let KT be a
fim with vocabulary 7 and dimension kg, let go € PHom(M, K) be the following
function from PM onto PK': it maps all the members of w; to one member of
PE” which we call b*, it is a one to one order preserving function from ws onto
{b € PK" : b* <K" b} and it is a one to one order preserving function from wy
onto {b € PET . p <KT b*}. Let g € Hom(M, K) be the unique extension of go;
without loss of generality gg is the identity on wy and on ws hence without loss of
generality g is the identity on K; it exists by 1.4.

Next recall that the vocabulary 7 = 7x u, w, is a well defined vocabulary (see
Definition 1.7(1)). Next we shall define a 7*-fim . Its universe is M \ K; we let
PN be w; and < be <M | PN, Now we have to define the function Fc-f\lf@, say of
arity r, where F' € 7,a; a non decreasing sequence from wgy and ds a non decreasing
sequence from wsy, and £g(aq)+£g(az) < arity(F'). Sor = arity(F') — £g(a1)—Lg(asz).

Forb; <V ... <Np, € PN welet Fc-f\lsz(bl, ...,b.)beequaltob= FM(ay,by,..., b, a2) =
FM(al al, ..., a}g(dl), bi,...,b.,a3,. .., afg(dg)).

It is easy to check that the number of arguments is right and also the sequence

they form is <M —increasing, so this is well defined and b belongs to M, but still

we have to check that it belongs to N. But N = M \ K and if b € K then
baseyg(a,)+1(b) € K and it is just by which belongs to w;, contradiction. Lastly it

is also trivial to note that every member of N has this form. It is easy to check

that NV is really a 7*-fim.

We next let V* = Spacez-(N), let C* = {g : g is a function from Space; (K) to C'}

and define a C*-colouring d* of V*. For n € V* let d*(n) be the following function

from Space; (K) to C: for v € K we let (d*(n))(v) =d(nUv).

Clearly the function d*(n) is a C*-colouring of K. How many such functions, that

is members of C* are there? The domain has clearly card(Spacej(K)) members,

(we can get slightly less if £ > 0, but with no real influence). The range has at most

¢ members, so the number of such functions is at most ¢c@rd(Spacex(K)) o number

which we have called ¢* in the claim’s statement.

Hence d* is a c¢*-colouring of V'*.

So as we have chosen k; = f[—z* (Pz+,1,c¢*) we can apply Definition 4.5 to V* =
Spacej«(IN) and d*; so we can find a (P3-, d*)-monochromatic V*-line L* (see (*)g

of Definition 4.5(1)). Let h be the function from U =: Spacez (K ™) to V defined

as follows:

(x) h(p) = v iff:
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(a) veV,pel,

() vIK=plK

(¢) if b€ N\ suppn(L*) then v(b) = n(b) for every n € L*

(d) ifa €suppy(L*), (soa € N, Fn,o = Fk a, a,, basey(a) C supph (L*)),

and b € K1, Fy+, = F,b= F(ay,b*,...,b*, a) (with the number of
cases of b* being arity(Fk s,.a,)) then p(b) = v(a).

Let the range of h be called S. Now clearly

®1(a) h is a one to one function from U onto S C V
(B) S has [Spacez (K)| members
() S is a subspace of V' of dimension ko, h(p) = pts(p), see Definition 1.9(7).

Now clearly

®9 there is a C-colouring d° of U such that:
d°(v) =d(h(v)) forv e U

®s d°is (£ + 1, 1)-base-invariant.

[Why? Let b € PX" be among the (¢ + 1) last members, (by <X ") and we should
prove that d° is ({b}, 1)-base invariant, see Definition 4.1(1),(2).

If b € wy we just use “d is (¢, 1)-base invariant of the space V7. If b ¢ wy then
necessarily b = b*, translating the desired property “d° is a ({b*}, 1)-base invariant”,
to a property of the colouring d, we get a demand on d | L*, which holds as L is
(P3+,d")-base invariant (recalling by Definition 4.5(2), Pz. = {(p,q) : p,q € Pj3-
such that [F € 7% A arity™ (F) > 1 = p(F) = q(F)]).

So ®3 really holds.]

Applying the definition of ky = fg(f—l— 1, c), that is Definition 4.2 to A, U, d° we can
conclude that there is a d°-monochromatic U-line L°. Let L =: {h(p) : p € L°}. It
is easy to check that L is as required. U6

4.7 Claim. 1) Assume that A is a T-alphabet sequence, and p* € p; and PT = PU
{(p*,q) : q € px and [F € TA arity (F) > 1= q(F) = p*(F)|} C P3 (see Definition
4.5) and n = Uper, arity(py=1|Ar|. Then fI(PT,m,c) < HJ(n, fI(P,m,c),c) (on
HJ see 0.3(2)).

2) f7(A,Px,m,c) is in Eg.
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Proof. 1) Straight. Let M be a 7-fim of dimension k =: HJ(n, f1 (P, m, c), ¢) and let
V = Space; (M) and let d be a c-colouring of V. Let 7* = {F € 7: arity” (F) = 1}
and let M™ be a 7*-fim of dimension k; without loss of generality M* is M restricted
to 7* and the universe of M*. Let A* = A | 7* and let V* = Spacej.(M*) and
let h be the function from V* to V defined as follows: let n € V*, for b € M let
(h(n))(b) be n(b) if b € M* and be p*(Farp) if b€ M\ M*. So h is a function as
required and we define a c-colouring d* of V* by d*(v) = d(h(v)) for v € V*.

Now essentially we apply the definition of £ = HJ(n, f/{(]P’, m, c¢), c) to the space V*
and the colouring d* and we get a subspace S* of V* on which d* is constant and

has dimension [} (P, m, c); we say “essentially” because as in Claim 1.13(1) we can
reduce 7 to a singleton id with A = 7{A%. : FF € 7%} that is

(*)0 f[Z(]Pi—Flam? C) < HJ(|HF€’T, arity(F)=1|AF||7 f/{(P17 m, C>7 C)‘

There is a unique subspace S’ of V' of dimension f/—((IP’, m,c) such that n € S = n |
M* € S*. Clearly:

(x); if L is a V-line which is C S and (p, q) € PT\P then d(pt(p)) = d(ptr(q)).

Now, letting ' = f{(P,m,c) and d' = d | S’, we can apply the definition of
f{(IP’, m, c) and get a subspace S of S” of dimension m such that

()2 if L is a V-line which is included in S and (p,q) € P then d'(pty(p)) =
d'(ptr(q)) which means that d(ptr(p)) = d(ptL(q)).

By (%)1 + (*)2, clearly S is as required.

2) Let {p} : i < i(x)} be maximal subset of P3 such that i < j <i(x) = p! | {F €
T arity(F) > 1} # pj [ {F € 7 : arity(F)) > 1} and let P; = {(p,q) : i < j and
geypzand q | {F €7 arity(F) > 1} =pf [ {F € 7 arity(F) > 1}}. By part (1)
we have a recursion formula (we use 1.13 freely, more exactly, (x)o from the proof
of part (1)).

As HJ belongs to E5 (by [Sh 329, 1.8(2),p.691]), we are done. 07

4.8 Definition. Let f5*(A,¢,t,c) be defined by induction on £ as follows:

fo* (A, 0,t,¢) =t

fO*(A, 0 + 1,t,¢) is equal to ko + f{[ko](P/_\[ko]a 1,Ccard(Space/-\(M,§O)) — 1 where
ko = Max{l + 1, f&*(A,£,t,c)} and Alko] is defined from A as in the main claim
4.6.
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4.9 Claim. f5* belongs to Er.

Proof. Straight.

4.10 Theorem. 1) The function f1(A,c) is well defined, i.e. always get a value
which is a natural number and is primitive recursive, in fact belongs to Eg.

2) Similarly the function fS(A, £, c), see Definition 4.2.

3) f* is primitive recursive, in fact belongs to Eg, see Definition 3.4.

Proof. 1),2) We write a proof of the existence of f!(A,c), f6(A, £, c) which makes
it clear that they are in Eg.

Let 7 = 7[A]. The proof follows by induction, the main induction is on ¢t =
arity”(3) (or, if you prefer Il pe (3 (|Ar| +1)).

CASE 0: arity(r) = 1.
This is Hales-Jewett theorem (on a bound see [Sh 329] or [GRSS80]).

CASE 1: arity(r) > 1.

Let 7°*,A** be as 7*,A* in Claim 4.4, so arity(7*) < arity(7)/2 and |7%| <
7| x 28r(T) - Let £* = f1(A**,c) so (by 4.4) clearly fS(¢*,c) < ¢* hence (by
Definition 4.8) clearly f6*(A,0,¢*,¢) = £* = f1(A**, c); together we get f8(*,c) <
f8*(A, 0,0, c). Now (by 4.6 + Definition 4.8), we shall prove by induction on £ < ¢*
that f/—?(ﬁ* — 4, c) < fO*(A,4,¢*,c); for £ = 0 this holds by the previous sentence;
for the induction step, i.e. the proof for £+ 1 we apply Theorem 4.6 with ¢* — /¢, £* —
(£4 1) here standing for £+ 1,¢ there and letting ko = Max{¢*(, f2(¢* —¢,¢)} and
7%, A*, ¢* defined as there, and we get that fg(f* —(l+1),0) < ko-l—f/—z* (Pa+, 1,c¢")—
1< Max{¢*(, fS(¢* — £,¢)} + fi.(Px-,1,¢*) — 1 but the last expression is exactly
fOr (A L+1,0%¢c).

So (using ¢ = ¢*) clearly f8(0,c) < fO*(A, €%, 0%, c).

Now f1(A,¢) = f3(0,¢) < fO(A, 05,0, ¢) < fO*(A, f1(A™, c), fH (A", ), ).
As f6* is from E; by 4.7, this clearly give the desired conclusion.
3) Should be clear from the proof of 3.5 and the previous parts. Ui 10
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