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NONREFLECTING STATIONARY SETS IN P,
SAHARON SHELAH AND MASAHIRO SHIOYA

ABSTRACT. Let x be a regular uncountable cardinal and A > «*.
The principle of Stationary Reflection in P, A has been successful
in settling problems of infinitary combinatorics in the case k = ws.
For x > wy the principle is known to fail if A is large enough. In
this paper the principle is shown to fail for every A > x+.

1. INTRODUCTION

In [6] Foreman, Magidor and Shelah introduced the following prin-
ciple for a cardinal A > wq: If S is a stationary set in P,, A\, SNP,, A
is stationary in P, A for some w; C A C A of size wy. Let us call the
principle Stationary Reflection in P, A. It follows from Martin’s Max-
imum [6] and holds after a supercompact cardinal is Lévy-collapsed to
wy [2]. For recent applications of reflection principles for stationary sets
in P, \, see e.g. [3, 14, 16, 17].

What if w; is replaced by a higher regular cardinal? Feng and Magi-
dor [4] proved that Stationary Reflection in P, fails if A is large
enough. Their argument shows in effect that Stationary Reflection in
P.A for some large enough A implies that the club filter on « is pre-
saturated (see also [2]). It is known that the club filter on a successor
cardinal > wy cannot be presaturated [10].

Extending the Feng—Magidor result, Foreman and Magidor [5] proved
in effect that Stationary Reflection in P\ fails if « is regular > wy and
A is large enough. More precisely

Theorem 1. Let k be reqular > ws. Then Stationary Reflection in
P fails for every X > 25"
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We include a proof of Theorem 1 in §4. A further example of nonre-
flection, which is based on PCF Theory [11] can be found in [12].

This paper shows that for k > ws Stationary Reflection in P\ fails
everywhere:

Theorem 2. Let k be reqular > ws. Then Stationary Reflection in
P fails for every X > k™.

In §3 we prove Theorem 2 in much greater generality.

2. PRELIMINARIES

For background material we refer the reader to [7]. Throughout the
paper, we use k, A, it to denote an infinite cardinal. We write S¥ for
{v < A:cfy =k}, and [A]* for {x C \: |z| = pu}.

Let A be a set of ordinals. The set of limit points of A is denoted
lim A. It is easy to see |lim A| < |A]. A is called o-closed if v € A for
every v € lim A of cofinality w.

Let x be regular, w; < k < p < Xand f: [A\]<¥ — P\ We write
C(f) for {x € P : fex]<¥ C P(x)}. For x € P, the smallest
superset of x in C(f) is denoted clyz. It is well-known that for every
club C' C P, there is f: [A]<¥ — P\ with C(f) C C.

Stationary Reflection in P, A states that if S is a stationary set in
P.A, SNP,A is stationary in P, A for some k C A C A of size k. Let S
be a stationary set in P,A. S is called nonreflecting if it witnesses the
failure of Stationary Reflection, i.e. SNP, A is nonstationary in P, A for
every kK C A C X of size k. More generally S is called p-nonreflecting
if S NP.A is nonstationary in P, A for every uy C A C A of size pu.
If S is a p-nonreflecting stationary set in P,ut and put < A, {z €
P xnpt € S} is (easily seen to be) a p-nonreflecting stationary
set. In particular Stationary Reflection in P, fails for every A > k™
iff Stationary Reflection in P.x™ fails.

3. MAIN THEOREM

This section is devoted to the main Theorem 3 and its corollaries. We
prove Theorem 3 using ideas from Nonstructure Theory [13]. Similar
ideas can be found in the proof of Diamond for P, [10, 15].

Theorem 3. Let k be reqular > wy and p a cardinal > k. Assume
there are {ce : & < pu} C Pup and a stationary T C Py of size p such
that if z € T and b € [2]¥, there is & € z with b C ce. Then P\ has a
p-nonreflecting stationary subset for every A > u*.
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Proof. Tt suffices to give a u-nonreflecting stationary set in P, u™.

Let {c¢ : £ < pu} and T be as above. By Solovay’s theorem we have
a partition of S, into p disjoint stationary sets {S, : z € T}. For
p << upt fix abijection 7, : pp — 7.

Set S ={z € P.ut : ¥y € x—p(m,“(xNp) C z)AzNp € TAsupz €
Sz} -

Claim. S is stationary in Peu™.

Proof. Since {x € Pyt :Vy € x—p(my,“(xNp) C x)} is club, it suffices
to show that {x € P,pu™ :xNp e T Asupx € S,n,} is stationary.

Fix f: [ut]<¥ — P.u*. For z € T consider the following game G(z)
of length w between two players [ and II:

In round n I chooses p < 7, < p*. Then II chooses x,, € C(f) with
Vn < sup x,. We further require sup x,, < v,+1 and z, C x, ;. Finally
IT wins just in case z, N u = z for every n < w.

Set T" = {z € T': II has no winning strategy in G(z)}.

Subclaim. 7" is nonstationary in Pyp.

Proof. Suppose otherwise. Note that the game G(z) is closed for 11,
hence determined. Hence for z € 7" we have a winning strategy o,
for I'in G(z). Set D = {§ < p* : f“[0]<¥ C P.0}, which is club. By
induction on n < w we define 3, € S, N D and 7, for z € T" so that
(2 :n <w) is aplay of I]in G(z) against o, and sup =7 = (3, for every
z € T" as follows:

Assume we have ; and {z7 : z € T} for i < n as above. Since
|T"] < |T'| = i, we have sup,cq 0. ((zf : i <n)) < 3, € Sy’s N D. Then
Bn—1=supzi_; <o, ((zf:i<n)) <pf, for every z € T".

Fix z € T". Since supay,_; < B € S;ND, CF = {x € P.3,NC(f) :
xZi_y CxAsupx = f3,} is club in P.f,. Let a7 be mg, “z if mg, “z € CZ,
otherwise an element of C7.

Set B = sup,., Bn. Then p < sup,epn0.(0) < By < [. Since
B € SN D for every n < w, €' = {x €e P.BNC(f) : Vn < w
(g, “(x N p) =20 B, Asup(x N F,) = B,)} is club in P.5. Since 17 is
stationary in P, u, we can take x € C' so that x Np € T".

Set z =xNpu €T Since z € C, we see by induction on n < w
that mg,“2 = m,“(x N p) = 2N G, € CZ and x7, = x N [,. Hence
2 Np=xzNp =z for every n < w. Thus /I wins in G(z) against
o, with the play (x? : n < w). This contradicts that o, is a winning
strategy for /in G(z), as desired. O

Fix z € T — T’ and a winning strategy 7 for Il in G(z). Since S,
is stationary in u*, we have y < v € S, such that sup7(s) < v for
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every s € v<“. Since cf v = w, we have =, inductively so that vy = u,
sup7((y; : i < n)) < v, and sup,,., Yo = 7. Then (7, : n < w) is a
play of I in G(z) against 7.

Forn < wset x, = 7((7y; : ¢ <n)). Then IIwins in G(z) with the play
(xn :n <w). Hence {z,, : n <w} C C(f) is increasing, z,, Ny = z and
Yn < SUP Ty, < Vi1 for every n < w. Set x = J,,_, @»n. Then z € C(f),
rNp =z € T'and sup & = sup,,, SUP Tp, = SUP,,., Yo =Y € Sz = Sz,
as desired. O

Claim. S s p-nonreflecting.

Proof. Suppose to the contrary S NP, A is stationary in P, A for some
pw CAC " of size p. Then {x € P,A:Vy€x —pu(m,“(xNp) Cx)}
is unbounded in P,A. Hence v = m,“pu = m,“(ANp) C A for every
v€ A—p. Thus A= ¢ for some <6 < put.

Subclaim. cf§ < k.

Proof. Since {x € Pd : ms“(xNp) = a} is club, ' ={z € SNP,I :
75 “(xNp) = x} is stationary in P.0. Fix x € S’. Since supx € Syn, C

'y, we have b, € [z]* with supb, = supz. Since T “b, € [z N p)e
and x N € T, we have £ € N p with 751 “b, C ce.

Now we have £* < p and a stationary S* C S’ such that b, C s “ce-
for every x € S*. Since S* is unbounded in P60, § = sup, g« supz =
SUP,cg- SUP by < supms“ce- < 6. Hence 6 = sup m;“ce« has cofinality
< K. U

Thus {x € SNP,0 : supx = J} is stationary in P,0. Take x,y from
this set so that Ny # y N . Then § = supx = supy € Sy, N Synp-
This contradicts Syn, N Syny = (0, as desired. [

Therefore P.ut has a pu-nonreflecting stationary subset. [

Now Theorem 2 follows from Theorem 3 with u = s: It is easy to
check that the hypothesis of Theorem 3 is satisfied with ¢, = ¢ for
E<rkand T = S,

Theorem 3 with 1 = x* yields the following

Corollary 1. Let s be reqular > wy. Then P\ has a k™ -nonreflecting
stationary subset for every A > k*T.

Proof. 1t suffices to check that the hypothesis of Theorem 3 is satisfied.

For K < v < k™ we have a club T, C Pyy of size k. List the set
Ukeyert Ty as {ee 1 £ <k} Then D = {6 < 57 1 U,y o5 Ty = {ce
§<d}tisclub. Set T'= {2 € U,y Tr : Vb € [2]“3E € 2(b C c¢)}.
Then |T| < k*. We show that T is stationary in P.xT.
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Fix f: [kT]<¥ — P.xt. We have 6 € S%. N D with f“[0]< C P,0.
Then T5 N C(f) is club in Pgd. Moreover {c¢ : § < 6} = U,cyes Ty I8
unbounded in P,d. Hence we can build an increasing sequence {z, :
a < w} C Ty NC(f) so that z, C ¢¢ for some £ € z441. Then
Uacw, 2a € TNC(f), as desired. O

If of 4 < K, Py has no stationary subset of size u. So Theorem 3
has nothing to say in this case. It has something to say, however, about
a question of [8]:

Corollary 2. Let k be reqular > wy and pu<* = p. Then P\ has a
p-nonreflecting stationary subset for every X > u*.

Proof. Since p<" = p, we can list Pop as {¢e : § < p}. Then T = {z €
P 1 Vb € [2]93E € 2(b C ¢¢)} is stationary:

Fix f: [pu]<¥ — P.p. Build an increasing sequence {z, : a < wq} C
C(f) so that z, = c¢ for some { € zo41. Then {J, ., 2o € TNCO(f),
as desired. 0

4. PROOF OF THEOREM 1

This section presents the Foreman—Magidor example of a nonreflect-
ing stationary set in P\ as we understand it. Although the construc-
tion seems to work only for A > 25" the example has the virtue that
the intersection with {z € P\ : cf(x N k) = w} is stationary [5]. In
contrast our example of Theorem 2 is (easily seen to be) a subset of
{r ePA:cf(xnNk)>w=cfsup(zNk™)}.

Two Subclaims below are proved using ideas to show that Chang’s
Conjecture holds after a measurable cardinal is Lévy-collapsed to ws [9]
and that P,x' has a club subset of size < (k7)** [1] respectively.

Proof of Theorem 1. Since A > 25" we can list (possibly with repeti-
tion) the functions : kT — Py as {ge : { < A}. For v <y < k™ fix a
bijection 7, : kK — 7. Define h : k X (k¥ — k) — PyrT by h(a,3) =
lim7ms“a. Then D = {z € P\ :VE € z(ge“(xNKkT) C Px)) AVy €
N (kT —k)(m “(zNK) =xzNy)AR“((xNK) X (N (kT —K))) C P(x)}
is club.

Set S ={zx € P :{sup(ynNkt):x Cye DANyNk=xNkK}Iis
nonstationary in x*}.

Claim. S is stationary in PiA.

Proof. Suppose otherwise. By induction on n < w we build f, :
A< — P A and &, : [\]<¥ — X as follows:

Since S is nonstationary, we have fy with C(fy) C D — S. Assume
next we have f,. Define &, and f,11 by ge,)(7) = cly, (aU {v}) Nk
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and fni1(a) = fu(a) U {&(a)}. Finally define f : [A\|<¥ — P, by
f(a’> = Un<w fTL(a’)

Subclaim. Ifz € C(f), {sup(zNkT):z Cze€ C(f)NzNKk=xNkK}
is unbounded in k7.

Proof. Fix a < k*. Since x € C(f) C C(fo) C PeA =S, {sup(yNk™):
x Cy € DAyNk = xNk} is stationary in k*. Hence we have x C y € D
such that yNk =z Nk and a < sup(y N k). Fix a <y € yNk™.
Then z = [J{cls, (aU{7}) : n <wAa € [z]<“} witnesses the Subclaim:

Since v € z, a < v < sup(z N k). By the definition of f, it is easy
to check x C z € C(f). Tosee zNKk C x Nk, fix B € 2N k. Then
B € cly, (aU{y}) Nk = ge,(a)(7) for some n < w and a € []<¥. Since
x € C(f)and a € [2]<¥, &, (a) € f(a) C x Cy. Since &,(a),y €y € D,
B € gen(a)(7) CyN Kk =Nk, as desired. 0O

For i = 0,1 build an increasing sequence {z{ : & < wi} C C(f)
so that 2 Nk = a5 Nk € S, Kk < sup(ag N k') < sup(zg NKT) <
sup(zg,, Nk') but 250K is not an initial segment of 29N+ as follows:

First we have z) € C(f) such that )Nk € S¥* and k < sup(zjNK™).
By the Subclaim we can take 9 from X = {z € C(f) : 2) C 2AzNk =
)Nk} so that sup(z9NkT) is the s-th element of {sup(zNx™*) : z € X}.
Since 2% N kT has < k initial segments, we have z) € X such that
sup(zy N kT) < sup(z? N k™) but 2} N kT is not an initial segment
of 9 N kT, as required above. The rest of the construction using the
Subclaim is routine.

Set‘ 2t = Ueey, 76 Si'ncg {zp: & <wi} C‘C(f) is increasing and x >
wy, ' € C(f). Since xg, 2" € C(f) C D, x¢ N k™" is an initial segment
of ' Nw™: i Ny =m,“(xp N k) =1, (20 N K) = 7, (2" N K) = 2" Ny
for every v € 2; N (k* — k). By the construction of z’s, sup(z° k™) =
SUPg ., SUp(zg N &) = sup,,, sup(zg N w*) =sup(z! NKT) € 571

Subclaim. ' Nkt is o-closed.

Proof. Fix 7 € lim(z° N k™) of cofinality w. Then we have b C 2 N kT
of order type w with supb = 7. Since k < sup(z' Nk*) € S¥L, we have
bC Bexn(kt—k). Since 3 € 2 € D, ng“(xiﬂﬁ) = 2Nk = 2Nk €
Ser. Since 75 “b € [ “(x' N B)]¥, we have w5 ' “b C o € 2’ N k. Hence
b C mg“a. Since o, f € 2' € D, v =supb € limng“a = h(a, ) C 2,
as desired. 0

Thus we have sup(z) N k%) <y € 2 Nz! NkT. Since v € 2 € D,
Ny =m“ "Nk = )Nk = m ' NK) = 2z Ny, This
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contradicts that f N x* is an initial segment of * N k¥ but x5 N ™ is
not an initial segment of 2 N k™, as desired. O

Claim. S is nonreflecting.

Proof. Suppose to the contrary S NP, A is stationary in P, A for some
Kk C A C X of size k. Fix a bijection 7 : K — A. Then {y < K :
¢y € S} is stationary. Since {y < Kk : (7“y) Nk = v} is club, their
intersection 7" is stationary. Since {y € P\ : m“(yNk) Cy € D} is
club, {y e P.A:m(yNk) Cy € DAyNk €T} is stationary. Hence
{sup(yNk™):7(yNkK) Cye DAyNkeT} is stationary in x7.
Since |T| = k, we have v € T such that {sup(y N k™) : 7“(y N k) C
y € D ANyNk =~} is stationary in k*. Note that (7“y) Nk = 7 by
v € T. Hence {sup(yNk*): 7y Cy € DAyNk = (r“y) Nk} is
stationary in k*. But 7%y € S by v € T. Contradiction. OJ

Therefore Stationary Reflection in P, fails. O

Finally we remark that the same proof goes through even if “non-
stationary” is replaced by “bounded” in the definition of S.
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