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NO LIMIT MODEL IN INACCESSIBLE
SH906

SAHARON SHELAH

ABSTRACT. Our aim is to improve the negative results i.e., non-existence of
limit models, and the failure of the generic pair property from [5] to inaccessible
X as promised there. In [5], the negative results were obtained only for non-
strong limit cardinals.

0. INTRODUCTION

Let A = A<* > & be regular cardinals. A complete first order theory 7' may have
(some variant of) (A, k)-limit model, which, if exists, is unique, see history in [5].
There we prove existence for the theory of linear order and non-existence for first
order theories which are strongly independent and then just independent and even
the parallel for x = 2 (the so-called genreic pair conjecture). Those non-existence
results were for A = 2%, here we deal with strongly inaccessible A. In [6] there
are existence results but for A measurable, and we promise there the non-existence
results for A\ strongly inaccessible as complimentary results.

Let A be strongly inaccessible (> |T'|) such that A\t = 2.

Here in §1 we prove that for strongly independent 7" (see Definition 0.2), a strong
version of the generic pair conjecture (see Definition 0.7(2)) holds. We also prove
the non-existence of (A, k)-limit models, a related property (for all versions of “limit
model”).

In §2, we also prove this even for independent 7. The use of AT = 2* is just
to have a more transparent formulation of the conjecture. See more on the generic
pair conjecture for dependent T in [4].

Notation 0.1. 1) D, is the club filter on A for A regular uncountable.

2) S = {§ < \:cf(0) = K}.

3) For a limit ordinal § let P"P(§) = {U/ : U is an unbounded subset of §}.

4) T denotes a complete first order theory.

5) For a model M, ¢(z,7) € L(ty) and d € 99 M, let o(M,d) = {¢ € 9@ M
MEgled). ) )

6) S"(A, M) = {tp(b, A,N) : M < N and b € "N} where tp(b, A, N) = {p(Z,a) :
o(z,7) € L(tar),a € 99 A and M = ¢[b,al}.

7) S*(M)=S"(M,M) and S<¥(M) = U{S™"(M) : n € w}.

8) Ja(\) = A1, 2{27(N) . B < a} and T, = o (No).
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2 SAHARON SHELAH

Recall (as in [5, 2.3])

Definition 0.2. 1) T has the strong independence property (or is strongly inde-
pendent) when: some ¢(Z, ) € L(7r) has it, where:
2) ¢(Z,y) € L(rr) has the strong independence property for 7" when for every
n < w, model M of T and pairwise distinct by, ..., ban_1 € 9 (M) for some
a € Y@M we have £ < 2n = M |= ¢[a, by]if(£ is even),

Remark 0.3. 1) Elsewhere we use ¢(z,y), and the proofs are not affected.

2) Also we may restrict ourselves to ag,ai,...,€ ¢(M,d) where ¢ € L(77) such
that ¢(M,d) is infinite, and we may restrict ourselves to b’s realizing a fixed non-
algebraic type p € S™(A, M) with M being (|A|T + Ng)-saturated. The results are

not really affected.

Question 0.4. 1) Assume Ao = )\2<A1 > A1 > |T],T a complete first order theory.
When is the theory 775 ,, a dependent theory? where

(a) T, 5, = Th(K;rhh) where
(b) K,t,,\Q ={(M,N) : M is a \-saturated model of T of cardinality Ao, N a
\J -saturated elementary extension of M}.

2) Similarly for other properties of T, »,;: note that this theory is complete.
3) When can we prove that T5 ,, does not depend on the cardinals at least for
many pairs?

Remark 0.5. 1) Concerning failure of 0.4(1) see Kaplan-Shelah [3].

2) The solution of the generic pair conjecture answers positively 0.4(3).

3) It is known that in 0.4(1) if T extends PA or ZFC then in T* = Th(M,N) we
can interpret the second order theory of As.

But may well be that as in Baldwin-Shelah [1]

Question 0.6. Assume [T| <k < A < Ay = /\2<Al , T a complete first order theory.
For which T’s can we interpret in M € K;fl Ay @ model of PA of cardinality > \;
by first order formula or just an L, . (7r)-formulas with parameters, the intention

is that we assume \; is large enough than A; which is large enough than |T|; if
2% > )y this is trivial.

Recall (from ([5, 0.2])

Definition 0.7. 0) Let EC,(T") be the class of models M of (the first order) T of
cardinality A. Let ECy (T') be the class of k-saturated models M € EC,(T).

1) Assume A = A<* > |T|,2* = A M, € EC)(T) is <-increasing continuous
for < AT with M = U{M, : a < AXT} € EC,+(T), and M is saturated. The
generic pair property (for T, \) says that for some club E of AT for all pairs o < 8
of ordinals from E of cofinality A, (Mg, M,) has the same isomorphism type (we
denote this property of 7' by Pr3 ,(T)).

2) The generic pair conjecture for A = A<* > R such that 2* = A\* says that for
any complete first order T of cardinality < A, T is independent iff it has the generic
pair property for .

3) Let ny (7)) be min{|{Ms/ =: § € E has cofinality x}| : E a club of AT} for
M = (M, : a < A*) as above; clearly the choice of M is immaterial.

{0.7}
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Remark 0.8. 1) Note that to say ny .(T) = 1 is a way to say that T has (some
variant of) a (A, k)-limit model.

2) Recall that we conjecture that for A = A<* > k = cf(k) > |T|,2* = AT we have
ny.(T) =1 ny .(T) < 2* & T is dependent. The use of “A* = 227 is just for
clarity. See more in [5].
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1. STRONGLY INDEPENDENT T’

Context 1.1. 1) T is a fixed first order complete theory and € = €7 a monster for
it.
2) We let A be a regular uncountable cardinal > |T'|.

Here for A strongly inaccessible and (complete first order) T' with the strong
independence property (of cardinality < \) we prove the non-existence of (A, k)-
limit models for K = cf(k) < A (in Theorem 1.9) and the generic pair conjecture for
Aand T, in Theorem 1.10 (which shows non-isomorphism). Recall that the generic
pair property speaks on the isomorphism type of pairs of models.

Definition 1.2 gives us a more constructive invariant of (M, N)/ =. Unfortu-
nately it seemed opaque how to manipulate it so we shall use a different version, the
one from Definition 1.4. Naturally it concentrates on types in one formula (7, Z)
witnesssing the strong independence property. But mainly gives the pair (M, N)
an invariant (Ps : § < \)/Dy where Ps C P(P(J)). Now always |Ps| < 21/ and it is
easily computable from one P C P(J), in fact from the invariant invy(M, N) from
Definition 1.2, but in our proofs its use is more transparent. It has monotonicity
property and we can increase it.

We need different but similar version for the proof of non-existence of (A, x)-limit
models.

Definition 1.2. 1) Let &} be the following two-place relation on {(M,P) : M =T
and P C S<¥(M)}; let (M1, P1)E7 (M, Py) iff there is an isormorphism A from
M; onto My mapping P onto Ps.

2) For models M < N of T we define

(a) invy(M,N) ={p e S<¥(M) : p is realized in N}
(b) inve(M,N) = (M,inv (M, N))/E%.

3) If M < N are models of T such that the universe of N is C A, let, recalling Dy
is the club filter on A

(a) for any ordinal 6 < A
invg(6, M, N) = (M 1§,{p € S<Y(N [ 0) : p is realized by some sequence
from N16})/Ex
(b) invy(M,N) = (inv3(0, M,N) : § < A)/Di.

4) If M < N are models of T of cardinality A then invy(M, N) is inva(f (M), f(N))
for every one-to-one function f from N into A (equivalently some f, see below)

Observation 1.3. 0) In Definition 1.2(3) for a club of §’s below A we have M [§ <
M and N|§ < N.

1) Concerning Definition 1.2(3), if M < N are models of T of cardinality A
and fi, fo are one-to-one functions from N into A then invy(fi(M), f1(N)) =
invi(f2(M), f2(N)),

2) Definitions 1.2(3), 1.2(4) are compatible and in 1.2(4), “some f such that f is a
one-to-one function from N to A’ is equivalent to “every f such that...”

Definition 1.4. Assume ¢ = ¢(Z,7) € L(7r) and N; < Ny are models of T' of
cardinality A.
1) For one-to-one mapping f from N3 to A and § < A we define
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inv? (8, f, N1, Na) = {P C P() : there are a, € “9*) N, for v < § such that

f(@ay) € ¢ and for every U C ¢ the following are equivalent :

(i) UeP

(i)  for some b € “WN; we have v < § = N» = pla, b TN}

2) We let inv{ (N1, N2) be (invZ (4, f, N1,Na) : 6 < A\)/Dj for some (equivalently
every) f as above.
Claim 1.5. 1) In Definition 1.4 we have invg (N1, N2) is well defined.
2) In Definition 1.4, for 5, \, N1, Na, o(Z,§) as there
(a) the set invE (S, f, N1, No) has cardinality at most 219!
(b) if ™ is a one-to-one function from f(Nz) into A mapping f(N2) Nd onto
F(f(Ng)) Nd then invf(&, wo f, N1, NQ) = inv?(&, f, N1, NQ)
Proof. Easy. Ois

Definition 1.6. 1) For ¢ = ¢(Z,y) € L(7r), a model N of T' with universe A, an
ordinal < A and K < A let

invg (0, N) ={P C P(6): we can find a € “9*)§ for v < §,i < k such that
the following conditions on U C §
unbounded in § are equivalent :
(i) UeP
(i4) for some b € “9W) N we have :
for every i < k large enough for every
v < 8 we have N = olal, ]fO00}.

2) For ¢ = ¢(y,7) € L(rr) and a model N of T' of cardinality A let invg  (N) =
(invZ (6, N') : 6 < A)/D, for every, equivalently some model N’ isomorphic to N

with universe .

Observation 1.7. 1) inv{  (N) is well defined for N € EC,(T) when |T'|+k < A.
2) In Definition 1.6(1) we have [inv¥ (6, N)| < 2/°I.

Proof. Easy. Oq7
Claim 1.8. Assume A > |T| is regular, ¢ = ¢(Z,7) and

(a) (N; i< k) is a <-increasing sequence
(b) Ni € ECA(T)

(c) N U{N; :i < Kk}

(d) P={(Pa:a <\ where P, C P(a)
()

(f)

f is a one-to-one function from N onto \

there are bs., € “99)(Ny) for 6 € S,U € Ps such that for every j < k for a

club of 6’s below X there are G, € Njp1 N f1(8) for v < § satisfying

(@) for every ¢ € “9@)(N;) there is U € Ps such that v < § = N |=
plax, E'Y]if('yeu)

(B) for every U € Ps we have vy < § = N |= @la,, bsy] T,

{inv.11}

{inv.12}

{inv.13}

{inv.21}
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6 SAHARON SHELAH

Then {5 < X:Ps € invy (0, f(N))} € Dx.
Proof. Straight. Uis

Now we come to the main two results of this section.

Claim 1.9. For some club E of AT, if 8 # 63 belong to E N S’,y then Ms,, Ms,
are not isomorphic, moreover invg , (Ms,) # invg  (Ms,) when :

X (a) T has the strong independence property (see Definition 0.2)

(b) A= A<* reqular uncountable, A > |T|,\ > k = cf(k) and A\t = 2*
(c) M is a saturated model of T of cardinality A\
(

d) (Mg :a <AT) is <-increasing continuous sequence with union M,
each of cardinality X.

Theorem 1.10. Assume X of 1.9.

1) For some club E of AT, if 1 < 83 < 83 are from E and &y € S’f\‘+ for£=1,2,3
then (Ms,, Ms,) % (Ms,, Ms,), moreover invg (Ms,, Ms,) # invg (Ms,, Ms,) for
some .

2) If M < Ny are models of T of cardinality A, then for some elementary extension
N; € ECA(T) of Ny we have N1 < No € EC\(T) = (M, N1) = (M, N>).

Discussion 1.11. We shall below start with M € EC,(T) and a sequence (b; : i <

A) of distinct members such that ((b;,7) : ¢ < A) are independent, and like to
find N, (@; : i < \) such that M < N € EC,(T) and the (b; : i < \) has a real
affect on the relevant o-invariant, in the case of 1.10(1) this is inv§ (M, N): for a
stationary set of §’s below A it adds something to the J-th component in a specific
representation, i.e. assuming f : N — )\ is a one-to-one function and we deal with
(invE (6, f, M,N) : § < \); we have freedom about ¢(b;, @) and we can assume
be M\{b;:i <A} = N = —p[b,aq).

But the relevant Ps is influenced not just by say (b; : i € [5,2/9)) but also by
later b;’s (and earlier b;). To control this we use below (@, : @ < A), S, E such that
we deal with different § € S in an independent way; this is the reason for choosing
the C,’s.

Proof. Proof of 1.9 By [5, §2] without loss of generality A is strongly inaccessible.
Choose 6 € Reg N A\{Rg}, will be needed when we generalize the proof in §2.
Let (U; : i < 6) be a C-increasing sequence of subsets of A such that U, =
wNUN\U{U; : j < i} has cardinality u for each i < k and strong limit ¢ < A. Let
©(Z,y) € L(rr) have the strong independence property, see Definition 0.2.
Let Sy = {p: p = Jatw for some a < A}. Let E,, ¢, (Cy : a < ) be such that:

@1 (a) CuCans.
b) eCy=Cs=CyNp
¢) otp(Ca) <0
) E,.istheclub {§ < X:§ =215} of A
) Co C E, and otp(C,) =0 iff « € E, NS}
f) ifa€eS:=E.NS) then a =sup(C,).

=8

e

(
(
(
(
(

We shall prove that
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@2 if [o below holds, then there is a pair (3, h) such that ®2 holds where:
By (a) a<Ati<k
(b) f is a one-to-one function from M, onto U;
(¢) ECE,isaclubof Asuchthat § € E= f(M,)[d =< f(M,)
( -
(

P=(Ps:6€S)

Ps CP() and ) € Ps and Ps C | P;’é where
<2

(@) Py°={ACd:sup(A) =6 and A C U{[u,2"): p € Cs}},
(B) 73;’1 = U{P;’O cp € SN6Y,
() Py?={AC§: for some pu € \( + 1) we have
ACu{o,29):0€C,Nd}}
(f) if 61 < d2 are from S then
() [AePs, = AePy CPs,
(B) [AePs,= ANdL e P;* CPsl,
(v) for any & € S the family P;"" UP;? is a set of bounded
subsets of §; (this follows)
(9) Bg)u_e M, for § € E,U € Ps are such that
b5171/{1 = b521u2 /\Lﬁ S 735 /\Z/{Q S P(; = 51 = 52 /\Lﬁ = Z/{Q
© (@) BE (a,\h)
(6) h is a one-to-one mapping form Mg onto U, ;1 extending f
(v) foraclubof § € E there are ao C (U;4+1NJ) for a < 6 such that
the following conditions on U C § are equivalent:
(1) UePs
(i4)  for some b € “9%) M, we have: for every v < 4,
f(Mp) = play, bl iff v €U
(151)  clause (ii) holds for b = bsy.

d

e

)
)

[Why? Every ¢ € E is a strong limit cardinal and |5| = [0 N U;| = [0 N U1 \Ui|.
For each § € E let (Us. : € < [Ps| < 2/°l) list Ps and let bs . := bsyy; . .
Let

T = {p(Z,,b5)fO0H) . §€ E and e < [Ps|}
U{=¢(Z4,b) : v < A\, b € 99 (M,) and for no
0 € E,e < |Ps| do we have b = bs . }.

As ¢(z, ) has the strong independence property and for each 6 € E the sequence

(bs,c : € satisfies v € Us . and € < |Ps]) is with no repetitions, clearly T' is finitely
satisfiable in M, but M is A*-saturated, M, < M and || = X hence we can find
Gy € M for v < X such that the assignment Z, — @, (y < A) satisfies I in M.
Lastly, choose 3 € (a, \") such that {a : v < A\} C Mgz and let h be a one-to-one
mapping from Mz onto U1 extending f and let E* = {6 € E : h(ay) € Uit1 NI
iff v < 4 for every v < A}.

Now check.]

Next we can choose f such that
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®3 (a) f={(fara<X?)
(b) fa is a one-to-one function from M, into A
() ifa€Cg,B < Athen f, is onto Usipcyni and fo C fB
®4 for every a < A% there is P® = (P2 : ¢ < \) such that
(i) P& C P(e) are as in [Ha(e) above
(i) forevery 8 < a, for a club of §’s below A we have Pg' ¢ invy (0, fs(Mp)).

[Why? For every 3 < a and 0 € (k,\) we have invy (9, f3(Ng)) is a subset of
P(P(5)) of cardinality < 21°l. As the number of #’s is < A, by diagonalization

we can do this: let a +1 = |J u. and u. € [a + 1]<* increasing continuous for
e<A
£ < \; moreover, |u| < |¢|. By induction on ¢ € (k,\) NS choose P* C |J Pi*

<3
which includes U{P¢ : ( € ue NS} U P2 and satisfies P20 NP € 77(73;’0))\ U
{inv?)ﬁ(é, fB(Nﬁ)) N P;)O : ﬁ € ua}]
Now choose pairwise distinct l_)g,u € ta(m) (My) for 6 € E,U € 73:;’0

®5 for every a.. < a < At for some § € (o, \T) and a, € t9(@) Mg for v < A
the condition in clause () of ®2 holds with P+ here standing for P there
and the bs s chosen above.

[Why? By @®,.]

®g let E = {d < At : 4§ is a limit ordinal such that for every a < § there is
B <0 asin ®s}.

Clearly E is a club of AT.
®7 if 61 < 99 are from E N S,y then Ms,, Ms, are not isomorphic.

[Why? We consider P which is from ®;. On the one hand {&¢ < X\ : P ¢
inv? (e, fs,(Ms,))} contains a club by ®4(ii).
On the other hand choose an increasing {«; : @ < k) with limit do satisfying g =
0,1 = &1 such that (01, @144, @14441) are like (au, o, B) in ®; for each i < k. Now
by 1.8, {e < A : P € invf, (e, fs5,(Ms,))} contains a club. Hence by the last
sentence and the end of the previous paragraph My, 2 Ms, as required.]

So we are done. o

Proof. Proof of 1.10 Similar but easier (for A regular not strong limit (but 2* >
2<1) also easy), or see the proof of 2.8. 0110
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2. INDEPENDENT T

We would like to do something similar to §1, but our control on the relevant
family of subsets of u is less tight.

Context 2.1. T a complete first order theory, ¢(z,7) has the independence property
(of course the existence of such ¢ follows from the strong independence property).
We continue [5, 2.1-2.12], but we do not rely on it.

Definition 2.2. For a set I let

(a) B = B; be the Boolean Algebra generated by (e, : t € I) freely,

(b) B is the completion of B

(c) for J C I let B} ; be the complete subalgebra of B} generated by {es : s €
J}

(d) let uf(BS) be the set of ultrafilters on I.

Claim 2.3. Assume

® (o) MET
(b) b €9DM fortel
(¢) (p(x,b) : t €1) is an independent sequence of formulas.
Then there is a function F from 9D M to B = B¢ such that
(@) F(b) = e
(8) for every ultrafilter D of B there is p = pp = pr.p € Sy(M), in fact, a
unique one, such that for every b € *99) M we have o(x,b) € p & F(b) € D.

Remark 2.4. Note that the mapping D — pp is not necessarily one to one, but
Dlﬂ{etitEI}#Dzﬂ{etZtEI}:>pD1 7épD2-

Proof. P(M) is a Boolean algebra and {¢(M,b;) : t € M} generates freely a sub-
algebra of P(M) which we call B’. So there is a homomorphism A from B’ into B
mapping ¢(M, b;) to e; (moreover h is unique and is an isomorphism from B’ onto
B). So h is a homomorphism from B’ C P(M) into B¢, which is a complete Boolean
algebra hence there is a homomorphism i1 from the Boolean algebra P(M) into
B¢ extending h.

Lastly, define F : 9 M — B¢ by F(b) = h*(¢((M,a))). Now check. O3

Conclusion 2.5. Assume ® from 2.3 and

O (a) I =\ is regular uncountable
() |MCUCA
(¢) Dg is an ultrafilter of BS for o < A
(d) U\|M]| is unbounded in .

Then we can find {(aq : @ < A) and N such that
() M <N

(B) INlcU

(7) aq € N for a < A

)

~y
(0) aq realizes pp, € Sy (M).

{2d.1}

{2d.4}

{24.7}

{2d.14}
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Proof. Should be clear. Uas

Discussion 2.6. Note that compared to §1 instead Z,y, @, bg we have z,¥, aq, 1_75.
Compared to §1, we have less control over {tp(a, M, N) : a € N}. There, for the
sequences b of M which are not among {b, : v < A}, we can demand N | —[a., b]
for v < A so tpy (G-, M, N) can be clearly read. Here the complete Boolean Algebra
B is helping, a small price is that we need 6 > Ng.

In order to try to keep track of what is going on we shall use only tp(a~, M, N)
of the form fp for ultrafilter D on Bf. Further, we better have, e.g. a nice function
7 from *2 to uf(B$) such that (e, € 7(n))) & n(a) = 1.

A possible approach is: we define (M, , :n €T C des()\),u € P(ny)) as in [7,
§3] and we define D, € uf(B° N M) such that « € M, N\ = [ez(a) € D,| and
UD, € uf(B°).

n

We need some continuity so each “e € D,,” (e € B®) depends on 7 | u. for some
“small” u, C .

Theorem 2.7. In Theorem 1.9 it suffices to assume X' which means clauses
(b),(c),(d) of ® and
(a)" T has the independence property.
Theorem 2.8. In Theorem 1.10 it suffices to assume X' of 2.7.
Proof. Proof of 2.7 Just combine the proofs of 1.9 from §1 and 2.8 below. Os 7

Proof. Proof of 2.8 As in the proof of 1.9 we can assume A is strongly inaccessible
though the proof is just easier otherwise. We let

® F. = {0 <X:0 =235}, aclub of A, choose a regular uncountable 6 < A
and let

®2 S ={0€ E,:cf(§) =0} = S) NE, and let C be as in ®; there.

Let D, be an ultrafilter of B§ such that e, ¢ D, for oo < A.
Now for 17 € *2 we choose D, such that !

®3 (a) D, is an ultrafilter of B§
(b) ifec D, C B belongs to B§ =140} (see 2.2, the closure of the
subalgebra of BS generated by {eq : n(a)) = 0}) then e € D,,.

(¢) if a<Xandn(a)=1 then e, € Dy,

®4 (a) if n € 2 is constantly zero then D, = D,
(b) ifeq ¢ D, for @ < A then —e, € D,
(¢) eq €D, & nla)=1for a<\ne2

Now let 7 = (1. : € < A\) be a sequence of members of *2 with 7y being constantly
0 and below we shall be interested mainly in the case a = p € S.
Define

1letting m be the automorphism of B§ mapping eq to —eq for a € n~1{0} and to eq for
a € n~1{1} we can note that 7=1(Dx) is also an ultrafilter of BS as required hence can add

(d) if e € m(D«) belongs to Bi,nfl{l} then —e € Dy,.
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@ forecBfanda<Awelet Y :={e<a:eecD,}

®6 Pra:={{e<a:ecD,}:ecB5}.
Now what can we say on Py, for p € S 7 As we can consider e € {eq, : a € [, 2")},
clearly

®7 {{E < Ww: ng(a) = 1} o€ [M, 2#)}g Pﬁ,u C ,P(M)

This may be looked at as a lower bound of Py ,. Naturally we try to get also an
“upper bound” to Py ,; now note

®g if e € BS then Y, = p\Y/.

Also (by our knowledge of the completion of a free Boolean algebra) for every e € B
we can choose u, such that

B: (a) wue C Ais countable
(b) eeBS,,-
So by clause (b) of @4 clearly
By if e € BS,e < g and ue C 1 1{0} then e € D, < e €D,
hence
M if e € B; ND, and p € S then Y O {e < pu:u. Cn-t{0}}.
Next

Bs (a) let Dy, be the filter on u generated by {{e < p:u C n-*{0}
and € > (} : ( < p and u C p is countable}

(b) let Iy, be the dual ideal
clearly

Hs if () ¢ Dy, then Dy, is a uniform N;-complete filter on p (recalling cf(p) =
0 >NgaspeSs).

Now by Hs we have e € B{ND, = Y/ € Dy, so recalling ®g we have e € B{\D, =
Y# = 0 mod Dy, hence

Hs Py C{X Cp:X €Dy, or pk\X € Dy}
Now

®1 if p € S then we can find A¢ for & < 22" such that
(a) A = (AS : 5 € [1,24))
(b) A% is an unbounded subset of A% := U{[x,2X) : x € C,,}
(c) (DSUIZS : vy < 22" is without repetition where: D% is the R;-complete
filter of subsets of A% generated by {A5\G : v € [1,2*) and § < p};
let 78 = {A;\B : B € D}, i.e. the dual ideal

(d) moreover if ' # £2 are < 22", then

e o € U 7e
(A5 iy ew,2¥)} € D5 uTg
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e) for every P C P(4) for at most one & < 22" we have
(e) y (

{A5 v €[n,2")} CPCDSUIS.

[Why ©1 holds? As [A};| = || is a strong limit cardinal of cofinality 6 > R clearly
p = |A%| = |A% [N hence by [2] there is a sequence (B, : v € [u,2")) of subsets
of A} such that any non-trivial Boolean combination of countably many of them
has cardinality . Let (Ug : € < 22") be a sequence of pairwise distinct subsets of
[11,2#) each of cardinality 2/*/ no one included in another and let (A8 iy € p, 2luly)
list {B, : v € Ue}.

Now check.]

©g if y(¥) < AT and P = (P}, : p € S), for v < y(x) where P}, C P(P())
has cardinality < 2# for u € S,y < y(*) then we can find 7= (9. : € < \)
with 1. € *2 for ¢ < X such that for every v < () the set {u € S: for
some P € P we have P C Dy, UZ; , and P satisfies clause (e) of ®1} is
not stationary.

[Why? Let (uq : @ < A) be an increasing continuous sequence of subsets of ~(x)
with union (%) such that |us| < |a| for & < A. Now for each p € S, the family
U{P}, 1 v € u,} is a family of < |u,[ < 2# subsets of P(pu).

Now by clause (e) of ®; for each € S,y € u,,P € P} let &, » < 22" be such
that: if for some &, {As Ty €2} CP, C D§Y UZ§ then &, ., is the first such €.
Choose &(ut) < 22" which does not belong to {£,.p : 7 € u, and P € P}

Now for e < A we define n¢ € *2 as follows: if € € [,2#) and p € S then 7. (i)

islifie Ag(“) (C A5 C w) and zero otherwise.
Now check.]

O3 if (M, : v € v(*)) is a <-increasing continuous and M, € EC,(T') and
ba € Y9 (My) for o < X are such that (pa(2,bs) : @ < ) is independent,
then we can find N such that
(a) M'Y(*) <N € ECA(T)

(B) if N < N’ € EC\(T)and~y < v(x) then ?invg (N, N') ¢ {inv§(M,,, M,,) :

Y1 <2 < (%)}

[Why? Without loss of generality the universe of M. () is Uy € [A]* such that A\l
has cardinality A.

For (1) < v(2) < (%) let Pg(l)ﬁ@) = invi(é, AN, (55 Ny(1), Ny(2)), see Defi-
nition 1.4, clearly inv§ (Ny 1), Ny(2)) = (Pg(l)’7(2) 19 < A)/Dx. So it is enough to
find N and sequence (a, : v < A) of elements of N such that M, ) < N,|N| = A
and for each v(1) < v(2) < (%), for every p € S except non-stationarily many, the
family

{r <n: N = glaby]}:be (M)}
. . 1),7(2
is not in PZL( )@

2really any pregiven set of < X “forbidden” invy is O.K. and can make it work for inv{ (N, N’)
for every v < y(*).
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We choose 77 = (1: : € < A\) as in ®g; so, recalling @3 clearly (D, : e < A) is well
defined. Now for each € < « letting F' be from 2.3 for the model M, ., let p. €
S, (M, (+)) be such that for every b € “9¥) (M) we have p(z,b) € p. < F(b) € Dy,
so ~p(z,b) € p- & F(b) ¢ Dy,

So we can find an elementary extension N of M.,y and a. € N for e < A such
that a. realizes p., and without loss of generality N has universe C A such that
A\|N| has cardinality A\. We can consider only N’ such that (N < N’ € EC,(T)

and) |N’| C A. Now chasing our definitions and choices, it is clearly as required.]

©4 if (My : @ < AT) is as in X’ then for some club E of AT, we have if
a1 < ag, 1 < P2 are from E and ag # (3 then

(Ma1 ) Maz) e= (Mﬁl ) Mﬁz)'

[Why? For every 3 < At we apply @3 to (M, : a < ) and get N3 as there so
Mz < Ng € EC\(T). As M = U{M, : v < A"} is saturated, without loss of
generality N3 < M hence for some 73 < A* we have Ng < M, ,.

Let E = {6 < AT : J a limit ordinal such that § < § = 3 < 6}.
So we are clearly done. Log
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3. PRIVATE APPENDIX

Definition 3.1. 1) We say that T has the PO-property when some ¢(Z,7) has it
where:

2) We say @(Z,y) has the PO-property in T when: for every partial order I and for
some model M of T and a; € 99 M for t € M we have:

(a) if s,t € I has no common upper bound then M = —(3z)(p(Z, as) Ap(ZT, ar))

(b) ifn <wandty,...,tn—1 € I hasacommon upper bound then (3z) A ¢(z,a,).

I<n

Claim 3.2. In Th(M,N) we can interpret by Lip+ ,(7)-formulas with param-
eters, a Boolean algebra B isomorphic to B* and can interpret qualification over
ideals of B when :

® (a) M < N are models of T
(b) N is ||M|*-saturated
(¢) B* is a complete Boolean Algebra of cardinality A
(d) (p(x, ) a < A) is an independent sequence of formulas in M
(e) A= AXo (for simplicity).
Remark 3.3. Does this mean to imply interpretations of large models of PA?

Proof. Let B = BS and let (d, : « < A) list the elements of B, see 2.2. Let By,
be the Boolean algebra of subsets of M definable by formulas with parameters,
ie. {(M,b) : (z,7) € L(rr) and b € WM} and let B, be the subalgebra
generated by {p(M,aq) : @ < A}. Let h be the unique homomorphism from B},
into B mapping ¢(M,aq) to da; exists as (@(M,aq) : @ < A) is an independent
family of subsets of M. As B is a complete Boolean Algebra we can find an
extension of & to a homomorphism from By, into (hence onto) BS. (]

Moved from end of §1,pg.9:

Discussion: We may prefer to have an invariant which speaks only on one model.

Definition 3.4. Let (A be regular > |T|, p(z,7) as in xxx).
1)If N e ECpr(A), f:|N|— Xand 6 < A and P C P(4) we say (N, f, 0, k) accept
P when: there is a witness (a,. : 7 € T,e < ) such that

(a) T € Ty, where T € T, iff 7 C “”k is non-empty, closed under initial
segments, with no infinite branch

(b) for every b € 9N for some U € P for almost every n € T we have
M = plag,e, b,

FILL

Moved from Definition 1.2,pg.3: 3) If N is a model of T with universe A let

invg(M) = (inve(M, N) : M < N has universe an ordinal < \)

invg(M) = invs(M)/Dy
recalling Dy the club filter.
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4) If N is a model of cardinality A let invy4 (V) be invy4(N') for any equivalent some
model N’ with universe A isomorphic to A.

We first deal with the explicit caes (and use simplifying) cardinal arithmetic
assumptions 3. Moved from pgs.10,11:

Remark 3.5. Assume

(a) A is strongly inaccessible of cofinality

(b) S C{pu< \:p=pR is strong limit} is stationary.
Then we can find D such that

(@) D=(Dg:BC)

(8) Dp is an ultrafilter of B

(M1 if BEC A fore < X\, £=1,2and B!, # B2 for ey, ez < A then for a club of
u € S we have:
{e < p:{Y C pu: for some e € B we have (Ve < p)(e € Y = e €
Dp.)}} # {y € p: for some e € B¢ we have (Ve < p)(e €y = e € D} _}
(V)2 if Puo C P(p) for a < 2 then for some D = (D, : e < \), for every p € S
we have {{e <p:eeD.}:ee€ B} ¢ {Pua:a <2}

Proof. Choose D, such that

®1 D, is an ultrafilter on BS disjoint to {eq : a0 < A}.

Let 7 be such that
@2[?7? ] (a) T = (Mpy pp : 1 < po are from S)
(b) Ty, e is @ mapping from [ug, 2#2) to [p1,211)
(¢) the ’s commute
(d) if (SN p) has not last inverse limit.
For each p € S we choose Au such that

®5 77 (a) Au = (Aot a € [pu,2"))

() Apa CH2
(¢) if p1 < po are form S and 7, ,, (2) = aq then Ay, o, C {v | pi :
ve Aﬂz,az}

@, let 0,5, E,S,¢ be as in the proof of 1.9
®3 if 7= (n. :e < p),n. €2 for e <y then let D, be the Ni-complete filter
on p generated by {e < p:n71{0} D u} : u C p is countable}.

Now we can choose 77* such that
Bs (o) 7"=ma:ACA)
(b) mae’2
() ifp=pY <Xand A, C A (A, Np:n < w) are pairwise distinct
then 13 {1} € Ufni, {1} n < w}.

Hence

3if 2% > AT use the game formulation
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® if Ac C X fore < Xand B € P(A\)\{A: : € < A} then 55" {1} # 0, mod
D<nAE:s<)\>-

So (D, : B C A) are as required in (7). O
Proof. Proof of ()2 The proof is similar. FILL.

We choose Au by induction on g such that ... ([
REFERENCES

[1] John T. Baldwin and Saharon Shelah. Second-order quantifiers and the complexity of theories.
Notre Dame Journal of Formal Logic, 26:229-303, 1985. Proceedings of the 1980/1 Jerusalem
Model Theory year.

[2] Ryszard Engelking and Monika Karlowicz. Some theorems of set theory and their topological
consequences. Fundamenta Math., 57:275-285, 1965.

[3] Itay Kaplan and Saharon Shelah. Dependent examples. preprint.

[4] Saharon Shelah. A dependent dream and recounting types.

[5] Saharon Shelah. Dependent T and Existence of limit models. Tbilisi Mathematical Journal,
submitted. math.LO/0609636.

[6] Saharon Shelah. Dependent theories and the generic pair conjecture. Communications in Con-
temporary Mathematics, submitted. math.LO/0702292.

[7] Saharon Shelah. Anti-homogeneous Partitions of a Topological Space. Scientiae Mathematicae
Japonicae, 59, No. 2; (special issue:e9, 449-501):203-255, 2004. math.L.O/9906025.

EINSTEIN INSTITUTE OF MATHEMATICS, EDMOND J. SAFRA CAaMPUS, GIVAT RAM, THE HE-
BREW UNIVERSITY OF JERUSALEM, JERUSALEM, 91904, ISRAEL, AND, DEPARTMENT OF MATHE-
MATICS, HILL CENTER - BuscH CAMPUS, RUTGERS, THE STATE UNIVERSITY OF NEW JERSEY, 110
FRELINGHUYSEN ROAD, PI1SCATAWAY, NJ 08854-8019 USA

E-mail address: shelah@math.huji.ac.il

URL: http://shelah.logic.at



