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STABLE THEORIES AND REPRESENTATION OVER SETS
[COSH:919]

MORAN COHEN AND SAHARON SHELAH

ABSTRACT

In this paper we give characterizations of the stable, superstable, and w-stable
theories, in terms of an external property called representation. In the sense of
the representation property, the mentioned classes of first-order theories can be

regarded as “not very complicated”.

INTRODUCTION

Our motivation to investigate the properties under consideration in this paper comes

from the following

Thesis: It is very interesting to find dividing lines and it is a fruitful approach
in investigating quite general classes of models. A “natural” dividing prop-
erty “should” have equivalent internal, syntactical, and external properties.
( see [Sheb] for more)

The main results presented in this paper are:

Characterization of stable theories (Theorem 13):
For a complete first-order theory T', the following conditions are equiv-
alent
(1) T is stable
(2) T is representable in Ex(l)"Tl (€°0) (cf. definitions 2, 11, and 4).
(3) For some cardinals pq, k1, o, k2, it holds that T is representable in
Ex), . (Ex, . (€9) (cf. definition 11).
(4) T is representable in Exzﬁ({?eq) for some cardinals u, x (cf. definition
10).
(5) T is representable in Ex&m (€°9).
Characterization of w-stable theories (Theorem 40):
For a complete first-order theory T, the following conditions are equiv-
alent

We thank Assaf Hasson for his constructive remarks.
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(1) T is w-stable.
(2) T is representable in Ex? (£%9).
(3) T is representable in EXLQ(EEQ).

(4) T is representable in Exg’g({%eq) (see definition 11)
Characterization of superstable theories (Theorem 42):

For a complete first-order theory T' the following conditions are equiva-
lent

(1) T is superstable.
(2) T is representable in EXS\T\,NO (€°9).
(3) T is representable in Exé‘T‘,Q(Eeq).
(4) T is representable in Exgﬁfu(eeq).
(5) T is representable in Exfmo (£°9) for some cardinal p.
(6)

6 0,1f

T'is representable in Ex;, (£°1) for some cardinals p, .

Discussion 0.1. It would seem natural to conjecture that if €4 is replaced by £°" in
the above properties, we can find an analogous characterization for dependent the-
ories. However, such characterization would imply strong theorems on existence of
indiscernible sequences. Lately (see [KS]), some dependent theories were discovered
for which it is “quite hard to find indiscernible subsequences”, rendering the naive

congecture false.

1. PRELIMINARIES

The main model-theoretic definitions that we will use are

Definition 1. A theory T is called k-stable iff for every model M of T and A C
M, |A| < k it holds for every m < w that |S™(A4, M)| < k.

T is called stable if T is k-stable for some cardinal k. T is called superstable if there

exrists A, such that T is k-stable for every Kk > .

1.1. Structure classes and representation.

Convention 1. ¢ denotes a class of structures with a given dictionary (signature)
ov. A structure I = (o,|I|, =) is a triple of dictionary, universe(domain) and the
interpretation relation for formulas in the language (usually logical closure of atomic
formulas). The dictionary may contain constants, partial finitary and infinitary

functions and finitary and infinitary relations.

Discussion 1.1. We will always have a first-order complete theory T in the back-
ground. We separate the notions of “structure” and “model” to structures that

belong to a given class of structures and structures from EC(T'), respectively.
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Now we reach the central definition

Definition 2. For structures M and I, and sets of formulas A. The function
f: M — I is called a A-representation of M in I if

tqu(f(a)v(baj) = tqu(f(l_))vmaj) = tpA(aaQ]vM) - tpA(vaaM)

for any two sequences @,b € <“M. (qf = E(}f denotes the quantifier free formulas
in1.)

o We say that a structure M is A-represented in ¢ if there exists an I € ¢
such that M is A-represented in 1.

e For two classes of structures 8y, € we say that 8y is A-represented in ¢ if
every M € ¥y is A-represented in ¢.

e We say that a first-order theory T is A-represented in ¢ if EC(T) is A-

represented in €.

Definition 3. For a structure I we say that! (a; : t € I) is a A-indiscernible struc-

ture over A if for all 5,7 C I with the same quantifier-free type it holds that?

tpA (E{, Av M) = tpA (637 Aa M)

For a class of structures €, model M =T and subset A C M let
Inda(8, A, M) ={a:a= (a;:t € I) is a A-indiscernible structure over A, I € ¢}

Convention 2. We omit the respective symbol from the above notation in the
specific cases A= L(tp) , M =€ and A=1.

Definition 4. £ denotes the class of structures structures of the language {=}.

1.2. The free algebras M, ;.

Definition 5. The free algebra generated by a structure I and the functions (where
for each Fop is a B-ary function symbol)
(Fap:a <k, <p)is a structure denoted M, .(I), whose dictionary, 7, . con-
tains the equality relation, a unary relation I for the (given) set of atoms I, the

dictionary of I and the B-ary functions (F, 5 : a < k) for every 8 < p.universe is*:

MMJ‘Q(I): U Mu,mv(I)
v€O0rd

Where M = M,, ..c(I) is defined as follows:

IThis definition also appears in [Shea],[She87, 1]
%for a sequence 5 we denote @z 1= as,” .. .’\aslgGF1
3This defines a set and not a proper class by remark 1.
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[ ] MO =1
o For limit (: Mc(I) = g Me(I)
e For(=~v+1

Me=MyU{F,50):b€’M,, a <k, B<pu}

Where Fy, g(b) is treated as a formal object. The interpretation of I and its dic-
tionary is by reduction. The (-ary function F, g(T) is interpreted as the mapping
@+ F, (@) for alla €’ |M, .(I)|, where F, 5(@) on the right side of the mapping
is the formal object.

i poo op=ctu .
Definition 6. We denote )\, = for every cardinal p.

ut otherwise
Remark 1. Since N\, > p is regular, for all § < p and sequence of terms 0;(¢;) €
My, , (i < ) there exists v < A\, such that 0;(¢;) € M, for all i < (3. Therefore
Fopp((0i(C) i< B)) € Myy1 C My, hence M, .(S) = My« x,(S) and particu-
larly M, (S) is a set (though defined as a class).

Observation 1.2. ||M,, .(S)|| < (k+ [S|)™. | M| < (k+[S|)=™ can be proved
by induction on v < A,.

Definition 7. For a sequence @ C M, H,H(S ) we define its closure under subterms as
the set cl(@) defined by induction on the construction of the term and the sequence

length as

cl(@) :=afora C S. Iflg(@) = 1 and ag = Fop(b) then cl(a) := {ap} U
U {cl(®;) : ¢« < 8}. Otherwise, cl(a) := |J{cl(a;) : i <1g(@)}.

Definition 8. We say that A\ > Ny is closed under p-terms if for every set .S,
cardinal £ and sequence @ € <* (M, ,(S)) the closure of @ under subterms has

power less than .

Remark 2. If X is closed under p-terms then for every set S and sequence a €
A (M,,k(S)) there exist x < A, and a term 5(Ty) € 7,,x(Tr) ((where Ty, =Ty | x)

and a sequence b €XS such that @ = 7 (b).
Observation 1.3. All reqular A\ > p are closed under p-terms.

= (At ’i)</\u-

Let M(S) a free algebra. we shall say that A C L is a minimal system of terms
for M, if and only if for every 7(7) € M(S) there exists a single 7/(Z) € A such

Definition 9. Denote 0, . := | M, «(Zx,)

that for some @ € S without repetitions it holds that 7(v) = 7/(%).
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Observation 1.4. FEvery free algebra has a minimal system of terms. This follows

from the axiom of choice.

1.3. Extensions of classes of structures.

Discussion 1.5. For a class of structures £, we define several classes of structures

that are based on E.

Definition 10. Exﬁﬁ,{(é) is the class of structures defined by extending each I € ¢

to a structure whose dictionary is
It = (I,{Py:a<pu),(Fs:B<k))
By additional relations and functions P,, Fg ¢ 77 for all & < p, 8 < &, such that:
° <P(HX+ ra< ,u> is a partition on |I|.
° <F/gr 10 < /<;> are partial unary functions.

Definition 11. EX?LI,E(E) is the class of structures in Exgyﬁ(é) for which the closure

of every element under the new functions if finite. (If stands for “locally finite”).

EXLW(E) is the class of structures in EX&R(E) for which Fg(Py) C Peo :=J

holds for every a < p, 8 < k.

P,

y<a

Exiyﬁ (€) is the class of structures M, ,(I), where I € &.

1.4. Some properties of representation and extension classes. Let us note

several properties of representation

Observation 1.6. Let M, I,J be structures. If f : J — I is a A-representation
of M inI and g : I — J is an E‘}f—representation of I in J, then go f is a
A-representation of M in J.

Observation 1.7. Exz,ﬁ(‘é) D ExX%(g) D Ex! (¥).

e\ = HR

Observation 1.8. t is qf-representable in all the extension classes of ¢ defined

above, for any two cardinals p, k.

In the following observations we use Ex™ to mean that each claim holds for one of

Ex’, Exo’lf, Ex', Ex? at a time.

Observation 1.9. The classes Ex, (. o 1, (8) and BEx; - (Ex; . (€)) are gf-

representable in each-other.

Observation 1.10. If ps < pi1, ko < k1 then EX:‘Q,,,€2 (€) is gf-representable in
Ex, . (b).

XM,M

Observation 1.11. Ex?_, (Ex!, , (€)) is gf-representable in Ex’. . (Ex> . (£)).

H2,K2 H1,R1 H1,K1 H2,R2
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Observation 1.12. EX%N’,{({?QQ) is qf-representable in EX(I)’,{({%QQ).

Proof. Let (I, (P, : a < 2%),(Fp : 3 < k)) be the dictionary of I'". Without loss of
generality ‘Pﬂ)ﬁ‘ > 2 (every model such that ‘Péﬁ‘ = 1 can be represented in such
a model). We select two distinct ¢g,t; € Péﬁ and let h : 2% — P(k) a bijection.
Consider the structure I’ = (I, (F3 : f < k), (G : 8 < k)) whose universe is |I1],
Fél = F[f and also define for all v < Kk, x € Pvﬁ,

/ 2 ch
() = o Y ERPB)
t1 v € h(p)
it is easy to verify that the identity is a £E‘i—representation of I in I'. O

Observation 1.13. Ex2 (£9) is qf-representable in Exi,Q(Eeq) for k > Ng.

Proof. Let (74(To) : @ < k) be a minimal system of terms of M ,, (.S) (see definition
9, w is the upper bound on function symbol arities, x is the number of functions).
W.lo.g lg(To) = 1, 10(xg) = x9. Consider the structure It whose dictionary is
(I, fiasts fnead, (Ps: 0 < k)) and has universe

{{a,i,80...8) ta <K, i <1g(Ta), So...5i-1 €S}

Let ({ap,ig) : i < k) enumerate the pairs {{(«,i) : @ < k, i <1g (T4)} in increasing

lexical order. Let Pg the set of sequences in |[[*| whose head is (ag,ig), and let

fine ((aviyso..os:) = (0,0,s;)

f}]i:ad ({a,i,80...8:)) = {a,i—1,80...8i-1) (i>0)
we define a map h : M, (S) — |I*] as follows:
h(Ta(i)) = <Oé,1g (ECE) - 1) Vo, - -+ Ulg(Ta)fl>

That h is a gf-representation of M, (S) in I is easy to verify.

O

Definition 12. We say that a function f with domain and range contained in a

structure I is a partial automorphism when for every sequence @ € |I| it holds that
tqu(ﬁ, Q], I) - tqu(f(a), Q]v I)

2. STABLE THEORIES

The central result for this section is
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Theorem 13. for a complete first-order theory T, the following conditions are

equivalent

(1) T is stable

(2) T is representable in Exé"Tl(‘éeq) (cf. definitions 2, 11, and 4).
(3) T is representable in EX|1T|+ oy (E9)-

(4) T is representable in Exé‘TmTl(‘ﬁeq).

(5)

5) For some cardinals ju1, k1, ji2, Ko, it holds that T is representable in Ex" (Ex2

H1,K1 H2,K2
(cf. definition 11).
(6) T is representable in Exgyﬁ({%eq) for some cardinals p, K (cf. definition 10).

(7) T is representable in Exg’m(‘eeq).

Proof. 1 =3 is by theorem 30. 2 = 3 = 4 = 5 are immediate by 1.10. 4 = 5, 7=
6 are immediate. 5 = 1 by theorem 15. 3 = 2 by observations 1.6,1.12 giving us
equivalence of conditions 1 —5. 2 = 7 by 1.7. We leave 6 = 1 without a complete

proof, since it is very similar to 5 = 1. (]

Stability of representable theories.

Discussion 2.1. We shall first prove the first direction of the main theorem.
Namely, that a theory which is representable in Exiw€2 (Ex}“m(‘eeq)) is stable.

The method relies on the combinatorial properties of models of stable theories, par-

ticularly that all order indiscernibles are indiscernible sets.

For this subsection we assume that T is representable in Exiw€2 (EXihm (¢°9)), for

some cardinals S, pia, K1, Ko 3.

Theorem 14. For cardinals u, A\, if the following holds:
a. p=Au, + i

b. A > pu+0,, x, + k1 a reqular cardinal (see definition 9)
g. A > x<F for all cardinals x < \

then, for every sequence b = <5a < )\> C € of length < p and o < X\ there
exists S € [\ such that (ba : o € S) is an indiscernible set.

Proof. Let M = T such that b € | M| and assume that f : M — [T := (M, .,(I), Pa, F3)

is a representation, I = P, and let G, = f(by) for all a < A.

a<Ki

w.l.o.g we can add the following assumptions

e Each @, is closed under subterms in M, ., (I): 1 > po is regular, so it is
closed under po-terms.
e The set {Fj3: (0 < p1} is closed under composition. ( including the empty

composition = the identity )

a<ki,f<p
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e Each @, is closed under the partial functions Fj: To find the closure of @,
under the functions we need to add at most p; elements, so the closure of
gy is < p.

o lga, = ¢=[¢| for all @ < A: since A = {Jg, {a <A:{=1gda} and A > p

is regular, and by reordering.

The rest of the proof is by taking subsequences of the original sequence, while
preserving the length A, as follows (in brackets we note the common property of

the sought subsequence):

First subsequence (sequences constructed by the same terms) : By 2, for each i <
&, a < A there exist terms 04, (Ta,i) € My, x, (T, ) and sequences to.i € M2 such
that an; = 04,i(ta). since A > [19#27,,@2]5 is regular, there exist (0;(T;) 11 < &) €
, So € [\ such that (00,i(Ta) 11 <& =(0y(T;) i< &) foralla e Sy .

Second subsequence (the quantifier free type of @, relative to the Py): since (k1)

X, there exists a S; € [So]” such that the function

<

a—{(i,B) €{x Ky :al, € Pg}
is constant on Sp ( denote this constant as the relation Ry ).

Third subsequence - ( the quantifier free type of @, relative to the F,): since
EMFE < €<k < ), there exists a Sy € [Sl])‘ such that the function

o= {(ﬁaCO7C1) : CO)Cl < ga ﬁ < B, Fﬁ(ag’) = ag}}
is constant on Sy ( denote this constant as the relation Ry ).

Final subsequence: By the A-system lemma theorem (48) there exist S3 € [Sg])‘,
UC¢& E CExEsuch that:

e, |[U=uag|Uforall a,3 € Ss.
e F is an equivalence relation such that for all « € Ss: a!, = a?, < (i,j) € E.
. ag:aéﬂi,jeUforaHa;éﬁES&

We now show that for any finite w,v C S3 of length ¢ without repetition, it holds

that @y and @y have the same quantifier-free type in IT.
Let ¢(T¢xe) an atomic formula. By symmetry, it suffices to show that ¢(ay) —

o(ay).

o Case (Tyxe) ="01(Tixe) = 02(Tixe)”:
proof is carried by induction on the complexity of the term o;.
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o For 01(Tyxe) = Fa,3(07 (Texe)) it follows from properties of the free al-
gebra that for some sequence of terms @5 (Tyx¢ ) it holds that o2(Zixe) =
Fo 5(05(Texe)) and also o7 ;(az) = 03 ;(@y) for all i < a. The induc-
tion hypothesis implies that of ;(az) = 03 ,(ay) and thus o1 (ay) =
o2 (@7) as required.

o For 01(Tyxe) = Far(07(Texe)), the validity of op(az) implies that
o2(ay) = o1(ay) € I. It is easy to verify (by induction on the com-
plexity of the term) that the terms o,(s = 1,2) contains only symbols
from Tyxe, Fo ( since Dom(F,) C I ). Now, for a finite sequence of

(F(y - the identity). It is

easy to verify that the term o4(T¢xe) takes the form Fg, (25, ¢,). for

ordinals @, denote Fg := F,,0...0 Falg@,
some sequence .

And the formula ¢ can be rewritten as:

F5, (xihCl) =I5, (xi27C2)

Since the family (F,, : « < p1) is closed under composition ( see above
), there exists an Bs < pi such that Fy, = Fpg,. The sequences
@y, are closed under (Fy : « < p1), hence for some ¢} < & it holds
that F_(au,, ¢,) = au,;, ¢ and ay, ¢; = au,,¢;- The former implies
(Bs,(s,CF) € Ry and the latter implies that ¢§,¢5 € U and ((},¢5) €
E. Now, since @, [ U =ay,, [ U it follows that Fg,_(av,, ¢.) = @u;, ¢
and ay,, ¢y = Qu,, ¢z 50 easily = ¢(az).

o ©(Tyxe) = Pa(0(Toxe)): = ¢(@y) implies that o(Tpxe) = Fg(zi¢) for some
i < £, <& Now by the closure of the functions under composition, formula
is equivalent to P,(Fp(x;c)). And for some (* we get that Fg(ay,c) =
Ay, ¢+ and Py (ay, ¢+ ) implying (8, ¢, (*) € Ry and (o, (*) € Ry, respectively.

Similar arguments give = p(az).
]

Theorem 15. If T is representable in Ex?_ . (Ex) . (£9)), then T is stable.

H2,K2 H1,K1

Proof. Assume towards contradiction that 7" is unstable. Recall from classification
theory that

Theorem 16. (the order property) T is unstable if and only if there exist a formula

©(T,7) and a sequence (@, : n < w) such that = p(@;,a;) <) holds for alli,j < w.
(see [She90, 11.2.13])

By this fact, and compactness, we can construct a sequence (a; : ¢ < \), where

A= (M+Hlt2,f€2 + “1)4_5 Hw= )‘lm +'u-1i_



nodi fi ed: 2010- 01- 18

revi sion: 2010-01-18

919

americanSTABLE THEORIES AND REPRESENTATION OVER SETS [COSH:919] 10

such that |= ¢(@;,@;)f<7) holds for all 4,j < .

Now by the assumptions let f : M — I be a represent M in Exiw€2 (EX}“’K1 (€09)).
It is easily verified that the conditions in 14 hold. Hence, there exists S € [)\]A such
that {@; : ¢ € S} is an indiscernible set and particularly = ¢(@;,@;) < ¢(a;,a;)

holds for all 4,57 € S, contradicting the assumption. (I
Stability implies representability.

Discussion 2.2. We turn to proving the other direction. We recall several facts
about stable theories (see [She90, II, II1] ).

Definition 17. The formula ¢(Z,a@) divides over a set A iff there exists a sequence
(@y, : n < w) such that tp(a,, A) = tp(a, A) for all n < w, but there exists an m < w
such that = -3z A\, ., ¢(Z, @) holds for all w € [w]™ .

The type p(T) forks over A if there exist formulas ¢;(Z,a;) (¢ < n), such that for
all i < n, p; divides over A and p(Z) - \/,_,, ¢i(Z, @)

Fact 18. (Monotonicity of forking) If p(T) forks over A and B C A, qF p then q
forks over B.

For a stable T,

(1) (Symmetry) tp(a, AUDb) does not fork over A iff tp(b, AUG) does not fork
over A.

(2) (Transitivity) For sets A C B C C such that tp(a, C) does not fork over B,
and tp(a, B) does not fork over A it holds that tp(a,C) does not fork over
A.

Fact 19. (Forking preserved under elementary maps) If p(T) forks over A, and f
is an elementary map in M, Dom(f) 2O Dom(p) U A, then f(p) forks over f(A).
(see [She90, I11.1.5])

Definition 20. We say that I C € is strongly independent over A if

® For any a € 1, the type tp(a, AU\ {a}, M) is the unique extension in S(A U
I\ {a}) of tp(a, A, M) which does not fork over A.

Definition 21. We say that a sequence (I, :«a <7) is a strongly independent
decomposition of M of length v iff for all & < ~, it holds that I, is strongly
independent over I, (in M), and that |M| = I..

Claim 22. Let ay,a2 € €, A D By, By such that tp(a;, A U {as—;}) does not fork
over B; and tp(a;, A) is the unique non-forking extension of tp(a;, B;) in S(A).
Then (x); < (*)2 where:
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()i The type tp(a;, B;) has a unique extension to AU{as_;} which is non-forking.

Proof. By symmetry it suffices to show that —(x)a = —(x);.

Assume that tp(as, B2) has two different non-forking extensions pi,ps € S(A U
{ai}).
Since both types are complete, there exists a formula ¢ = p(z,a1,¢) over AU {a;}

such that ¢ € p1, =@ € pa. Let by, by realize p1, pa, respectively.

tp(bi, A) = p; [ A is a non-forking extension of p, by uniqueness it follows that
p1 | A =ps | A. Hence, for i < 2 there exist elementary maps F; in € such that
Fi [A = idA, Fl(bl) = as.

Let g¢; € S(AU{b;}) be a non-forking extension of tp(a1, By).

Then Fj;(q;) € S(AU {az}) is a non-forking extension of tp(ay, B1) (F; | A = ida,

and non-forking is preserved under elementary maps).

Now, note that = (b1, a1,¢) A =¢(be, a1, ¢) which implies ¢(as,x,¢) € Fi(¢1) and
also ~¢(ag,x,¢) € F5(q2). This implies that Fy(q1), Fa(gz) are distinct extensions
of tp(a1, B1), as needed. O

Claim 23. Tf (I, : @ < ) is a strongly independent decomposition of M, then every
order-preserving refinement of this partition is also a strongly independent decom-

position of M.

Remark 3. An order-preserving refinement is a partition (J,, : o < ~') which re-
fines (I : oo < 7y) such that for all a < <, o, <, 1o D Jo Ig D I imply
o < .

Proof. Using the basic properties of non-forking O

Fact 24. For stable T, distinct types p,q € S(B) non-forking over A C B, there
exists E € FE(A) such that

p(x) Uqly) b ~E(z,y)
(see [She90, 111.2.9(2)] )

Definition 25. We say that a formula ¢(z,¢) ( with parameters from €) is almost
over A C € iff for some E(z,y) € FE(A) and some d € € it holds that T |=
E(z,d) = ¢(z,9)

A formula is over A C € iff it is equivalent in 7" to a formula with parameters taken

only from A.

Remark 4. It should be clear that in the following, the notions “formula over A”

and “formula with parameters from A” are interchangeable.



nodi fi ed: 2010- 01- 18

revi sion: 2010-01-18

919

americanSTABLE THEORIES AND REPRESENTATION OVER SETS [COSH:919] 12

Theorem 26. For stable T', Let A C B such that for every formula ¢ over B
which is almost over A, ¢ is equivalent (in T) to a formula over A. If p,q € S(B)

are distinct and non-forking over A, there exists a p(x,¢) over A such that p -

Py 41 P
Proof. By 24, there exists an equivalence relation E € FE(A) such that p(x)Uq(y) -
~E(z,y).

Let {b; : i < n(E)} C € enumerate representatives for all the distinct equivalence

classes of F and let

w:={i <n(E):p(x) U{E(x,b;)} is consistent}

W.lo.g assume that b; realizes p for all i € w . Let ¢(x) := /., E(x,b;). It can
be easily verified that p(x) F ¢(x) and similarly, ¢(x) F —¢(x). We will show that
() is preserved by every f € Aut(¢/B):

Since p is over B and E is a formula over B, they are preserved by f and so:

o p(z) U{E(x,b;)} < p(x) U{E(z, f(b;))} holds for all i < n(E) .
e —E(b;,b;) holds for every i, j < n(E), ¢ # j and hence also ~E(f(b;), f(b;)).

Hence, f can be regarded as a permutation on {b;/E :i € w}, the equivalence

classes of £ in €:

Fe(@) = f(Jbi/E) = | F(0i)/E = 0(€)

ST icw
Consequently, = ¢(x) = f(¢(x)). Now we use a well known fact:

Fact 27. A formula ¢(T,¢) is equivalent to a formula over B if and only if
o(Z, f(€)) = ¢(T,¢) holds for every f € Aut(€/B) . (see [She90, 111.2.3(2)] )

Giving the required equivalent formula. O

Lemma 28. Let u = |T|". For a stable T, for each model M =T there exists a
strongly independent decomposition of length v <

Proof. We choose by induction a sequence (I, : o < u) such that I, is strongly
independent over I, and is also maximal in |M|\I.,, with respect to this property

for every o < p.

Assume towards contradiction that the elements of M were not exhausted after p
iterations, then there exists an a € M\I,. Recall that for a stable theory x(T") <
(see [She90, I1T;3.2,3.3]) and so, by the definition of x(T") there exists a set

BCl.,, |B|<k(T)<nu
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Such that p(z) := tp(a,I<,) is non-forking over B, and by regularity of y there
exists ag(*) < || such that I, ) 2 B.

Now, let

I := {p(x;¢) : B almost over o(x,7), ¢(z;7) € £, €€V 1, }
Recall that

Fact 29. (see [She90] II1;2.2(2)) There are (up to logical equivalence mod T ) at

most |T'| + |A| formulas almost over A.

Hence, let T, C T, |T.| < |B| + |T| < cf(u) represent all formulas almost over
B up to logical equivalence. By regularity of p there exists aq (%) < p such that
b C I o for all ¢(z,b) € Iy . Let a(*) = max {ag(x), a1 ()}

e We will prove that p [ I<,(s is the unique extension in S(I.(.)) of p |
H<a(*)

Since p does not fork over B, there exists a ¢ € S(I<(4)) which extends p [ Iq(4),

and does not fork over I (4).

By the transitivity of non-forking, ¢ does not fork over B. Assume towards con-
tradiction that p # ¢. By fact 24 there exists E € FE(B) such that ¢(z) Up(y) b
—E(z,y), and particularly ¢(x) F =E(z,a).

The formula F(z,a) is almost over B. By choice of (%), there exist a b C T
and o(z,b) logically equivalent to F(z,a).

Now since E(a, a) holds, we also get |= ¢(a, b), and since b C Ica(s), we get o(x,b) €
tp(a, Ica@)) = q [ Ica(s), a contradiction.

We proved that tp(a,l<q()) is the unique non-forking extension of tp(a, I.q(y)) in

S (I<a(s)\ {b}). Recall from the choice of I, that for all b € L, (., tp(b, I<a(x)\ {b})

is the unique extension in S (I<q(.)\ {b}) which does not fork over I .

Now, claim 22 implies that tp(b, I<q )\ {b} U{a}) is the unique non-forking exten-
sion of tp(b,[a(x)) in S(I<qa(i)\ {b} U {a}).

This implies that the condition ® above holds for I, U {a} over I q(x), contra-
dicting the maximality of I, O

Theorem 30. A stable first order theory T is representable in EXllT‘+7|T‘(Eeq).

Proof. Let M |=T. By lemma 28 we get a strongly independent decomposition of
M: <Ha ra<y < |T|+>. By claim 23 we can assume w.l.0.g that |I;| = |Io| = 1.
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Define I = (F}", Po, Fuug)j o <7, i <|T|, o(z,7) € L, j < ky(zy)) € t9 as

follows:

It = | M|, PL" =1, for all & < .

Now define the functions <(Fi*)]1+ 1< |T|>: Dom(F;) = |[M|\ (IoUly) for all
i <|T|. Fixa > 1, a € I,. Let Fi(a) = b;, (¢ < |T|) where (b; : i < |T|) enumerates
(possibly with repetitions) B from lemma 34 (substitute A = I, there).

Now, recall

Fact 31. (Type definability in stable theories) Let A C M, |A| > 2. For every
formula ©(T,%) there exists another formula 1, (y,z) such that: For allb € € there

exists a ¢ such that
': (,0(5, a) <:>': wQO(Ea E)
for alla € A (see [She90, 11.2.2] ).

And for each ¢(z,7) € L let ¥,(y,Z,) as above, and define the partial unary
. + . +
functions {Fi(x@’j (x):j< kMx@} as follows: Dom (FLHP(I@)J) :_|M| \ (Io U_]Il).
Let G, €'83¢) I, for all 2 < a < p and a € I,, such that = p[a,d] <= ¥, b, T
and define for all j < 1g(Z,,) the function
+ _
Fotoq.3(0) = (),
Thus we have defined I and we define f : M — IT as f(a) = a for all a € |M].

We turn to prove that f is indeed a representation.
By 33 it is suffices to prove:

For every partial automorphism h of I with domain and range closed under func-
tions

tp(h(@),0, M) = tp(a, 0, M)
holds for all @ € Dom(h).

Let D, = I, N Dom(h), R, = I, NRang(h). It is easily verified that for a < 7,
h | D, is a partial automorphism of It from D, onto R,. We will prove by

induction on « < 7y that

h(tp(aaD<a7M)) =tp (h(a)vR<ouM) Meo,n

holds for all n < w, and @ € D,, of length n without repetitions.
X n holds for o < 2 since by the definition, |I,| = 1.

Now let o > 2 and assume that Mg, holds for all n < w, 8 < a. We prove by

induction on n < w that X, ,, holds.
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First, Ko 1: Let a € I, ¢ = ¢(z,¢) a formula over D.,. W.lo.g assume |=
@la,€]. by the definition of the functions it follows |= ¥, (¢, F,o(a) ... Fy1gz—1(a)].
This formula contains only constants from D_,, so by the induction hypothesis,
E Yy [h(C), h(Fyo(a)) ... h(F,1gz—1(a))] holds. Since h is a partial automorphism
(with closed range and domain) of I, h commutes with the functions on I so
E ¢,[h(c), Fyo(h(a))... Fyigz—1(h(a))] holds. By the definitions of F,; (j <
lgZ), ¥, we get M = ¢[h(a), h(¢)], as needed.

For n > 1 we continue by induction, but first we state a lemma about I ( to be

proven later)

Lemma 32. If A C It is closed under the partial functions I then AN 1, Is

strongly independent over ANI.,.

Now, let @ € D,, of length n and b € D,\a. By the induction hypothesis (on n), it
follows that h | (D<, Ua) is elementary. By 32, D, is strongly independent over
D.,. Hence, tp(b, D<,\ {b}) does not fork over D, and particularly tp(b, D.,Ua)

does not fork over D_,,.

By the induction hypothesis. h | (D<,Ua) is elementary, and so ¢ := h(tp(b, D<o U
@)) does not fork over h(D<,) = R<qo. Note that ¢ O h(tp(b, D<q)) and by K, 1
(see above) h(tp(b, D<y)) = tp(h(b), R<n) holds. Hence, g extends tp(h(b), R<q)
to a type over R<, U@ and does not fork over R.,. Therefore there exists an
extension ¢ C ¢’ € S(R<\h(b)) which does not fork over R.

Since R, is closed under the partial functions, it follows from lemma 32 that R,, is
strongly independent over R, meaning that ¢’ = tp(h(b), R<,\ {h(b)}). Now we
reduce both types to the domain R, Uh(a@) to get

tp(h(a), R<a U h(ﬁ)) = h(tp(ba D<a U a)
and the induction step on n:

tp(h(b™@), R<a) = h(tp(b™ @, D<a))

Hence, f is a representation. O

Proof of lemma 32:

Proof. Let Ay, =1,NA, a € Ay, B:={F(a):i < |T|}. We prove that tp(a, AN
I<,\ {a}) is the unique non-forking extension in S(ANI<,\ {a}) of tp(a, ANI.y) .

Since A<, is closed under the F}, it follows that B C A.,, and tp(a,l<,) does
not fork over B (see lemma 34). Now, by transitivity of non forking tp(a,I<,\ {a})

which is a non-forking extension of tp(a,l<,), does not fork over B either. By the
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definition of B, we also get that every formula over I, which is almost over B is

equivalent to a formula over B (again, see lemma 34).

Now, by monotonicity of non-forking we get that tp(a, A<, \ {a}) C tp(a,l<s\ {a})

does not fork over A-,.

To prove uniqueness, let gy € S(A<4\ {a}) a non-forking extension of tp(a, A<y).
¢o has a non-forking extension ¢ € S(I<,\ {a}). By transitivity, ¢ does not fork
over B . Recall that the functions F;* are defined so that every formula over I,
and almost over B is equivalent to a formula over B. The types q | <4, tp(a,l<s)
are both non-forking over B. Since ¢ extends tp(a, A<,) 2 tp(a, B) we get that
q | T<a, tp(a,Icqs) (both non-forking over B) agree on all formulas over B, and by
theorem 26 this implies ¢ | I« = tp(a,l<,). Now, since ¢ is a non-forking extension
of tp(a, <o) and I, is strongly independent over I, we get that ¢ = tp(a,l<,\@)
and so

9o = q | (A<a\ {a}) = tp(a, A<a\ {a})

as required. 0
Claim 33. Let I'" € Ex,, . (¢°) and f : M — I* a function such that

h(f(@) = f(b) — tp(@,0, M) = tp(b,0, M)
holds for every partial automorphism A of It which has closed domain and range

under the partial functions and sequences @,b € M. Then f is a representation.

Proof. Let f be as described above. Now assume towards contradiction that f is
not a representation. Therefore there exist @, b € M which have different types in
M such that the map f(@) — f(b) is a partial automorphism of I*. It is possible
to extend this partial automorphism to one with domain and range closed under

the partial functions, contrary to the definition of f. O
Lemma 34. For stable T, Let A C M = T. there exists B C A such that:

o [Bl <7
e For every o(Z,¢) over A which is almost over B there exists 0(T,d) over B
such that =V (0(T,d) < ¢(T,7)).
e tp(a, A) does not fork over B.
Proof. First, define an increasing sequence B,, by induction on n.
Let |Bo| < w(T) < |T|", By C A such that tp(a, A) does not fork over By.

Now assume B,, was defined and let

Sy ={¢(T,¢) € L7 : ¢ C A, ¢(T,?) is almost over B, }
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By fact 29 there exist at most |T'|+ |B,| = |T'| non equivalent formulas almost over
B,,. Therefore w.l.o.g |S,| < |T| and define B,, 11 as follows:

Byi1:=B,U{c: ¢(7,¢) € S,}

That the required properties of B := B,, hold is easily verified. O

n<w

3. W-STABLE THEORIES

In this section we will prove the following result:

Characterization of w-stable theories(40): for a complete first-order the-
ory T, the following conditions are equivalent
(1) T is w-stable.

(2) T is representable in Ex>_(€°9).

(3) T is representable in Exi)’g(‘eeq).

(4) T is representable in Exg’g(‘éeq) (see definition 11)

Proof. Theorem 40 gives 1 = 2. Claim 1.13 gives 2 = 3. 3 = 4 is immediate and

4 = 1 follows from claim 35. (]

Claim 35. If T is representable in Exg’g (€°9) then T' is w—stable.

Proof. By the definition of representation and w-stability it suffices to show that
O,If({zefl)7 ‘ng(A)‘ < N for every countable A C I, n < w.

for every structure I € Ex)
We give a proof sketch. Fix a countable A C I.

(1) W.lo.g A is closed under the functions of I.
(2) tpye(@, A) € S{;(A) is determined by formulas of the following types

P, (T(b)) (b € f)
m1(bo) = 72(b1) (bo, b1 € T)
m1(bo) = by (b €T, by € A)

For 7,71, 7 terms in the dictionary of I, and so necessarily unary.
(3) Moreover, since I is locally finite, tp,¢(@, A) is determined by a finite subset

of these formulas.
So, the number of n-ary types over A is at most |A|<w <Ny O
Convention 3. We assume for the rest of this chapter that T is stable in Ng.

Claim 36. Let p € S(A), there exists a finite B C A such that p does not fork over
B ( see [Pil83, 5.7])
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Claim 37. Let p € S(A). For a given B D A there are only finitely many non-forking
extensions of p in S(B). (see [Pil83, 5.27])

Corollary 38. For p € S(A) there exists a finite B C A such that p is the unique
non-forking extension of p | B to S(A).

Proof. By 37 there are finitely many extensions of p | B in S(A), therefore there
exists a finite By C A such that qg | By # q1 | Bo holds for every distinct qg, g1 €
S(A) non-forking extensions of p. Also p does not fork over some finite By C A.

Now, the conclusion easily follows for B = By U Bj. O

Claim 39. Let M =T, and Iy C |M| an indiscernible set (possibly finite). There

exists a sequence of sets (I, : 0 < n < w) such that

(1) Foralla €I, n < w there exists a finite B, C I, such thattp(a,l<,\ {a})
is the unique non-forking extension of tp(a, By) in S(I<,\ {a}).
(2) I, N1<,, =0 and also I, = |M].

Proof. Consider the family F of sequences (I, : n < w) from M which fulfill the
first condition. Consider the following partial order on F
(I, :n<w) X {Jp:n<w):= /\ (I, € Jn)
n<w

First, every increasing chain in F has an upper bound in F by taking unions
element-by-element. By Zorn’s lemma F contains a maximal element (I, : n < w).
Assume towards contradiction that there exists a € M\I.,. By corollary 38 there
exists a finite B, C I, such that tp(a,l<,) is the unique non-forking extension of
tp(a, B,) in S(I«,). Since B, C A C I, and g € S(A) is a non-forking extension
of tp(a, 4), by transitivity of non-forking there exists ¢ C ¢’ € S(I,,) which does
not fork over B,. From the definition of B, it follows that ¢ = tp(a,l«.), and so
tp(a, A) is the unique non-forking extension of tp(a, B,) in S(A). Now, since B,
is finite there exists 0 < n, < w such that B, C I.,,. On the other hand, from
the choice of (I, : n < w) there exists a finite By, C I, such that tp(b, 1<y, \ {b})
is the unique non-forking extension of tp(b, By) in S(I<y,, \ {b}). From claim 22 we
get for all b € I,,, that tp(b,I<,,\ {b} U{a}) is the unique non-forking extension of
tp(b, By) in S(I<,,\ {0} U {a}). Hence, I}, =1, (n # ny), I}, =1, U{a} belongs
to F contradicting the choice of (I,, : n < w). O

Theorem 40. Let M =T, A = ||M||, Iy a set of indiscernibles in M. Then we
M can be represented in M,,(Io UN) € Exi’w(Eeq) by an extension of the identity

function on .
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Proof. Let (I, : n < w) as in claim 39. Let g : |[M|| — X a one-to-one function. T
is w-stable and so S™(f)) is countable for all m < w. for convenience we use the
symbols {Fp,,, : n < w, p € S<¥(0)} as the function symbols of M., (Io U ), such

that for each m-type p, F}, ,, is an m-ary function symbol.

We define an increasing sequence of one-to-one functions f; : I<; — M(Ip U \) by

induction on n < w:
Define fy as the identity on Ij.

Assume that f, was defined and now define f,, 11 2 f,, as follows. For each a € I,, 1
recall B, from claim 39. Let ¢, € (I<,) enumerate B,. Now define p € S*+1(0)

and f,,41(a) as follows:

P tp(a/\Em@aM)
fnJrl(a) = Fp,n(fn(za)v g(a))

Let f = U,<, fn- We will use (proof is omitted) an analogue of claim 33 to show

that f is a representation:

Claim 41. If f : M — M(S) is a function such that
h(f(@) = f(b) — tp(@,0, M) = tp(b,0, M)

for every partial automorphism h of M(S) with domain and range closed under

subterms and @,b € M. Then f is a representation.

First note that a € I, and also f(a) = Fpn(f(%a),9(a)), so p = tp(a — Tq,0, M)

and tp(a,l<,\ {a}) is the unique non-forking extension of tp(a,c,).

We now show that f fulfills the conditions of the claim. Let h a partial automor-
phism of M(Ip U A) with domain and range closed under the functions. Fix n < w
and sequences @,b € I<,, such that h(f(@)) = f(b). Since f is one-to-one, w.l.o.g
@, b are without repetition. We prove that tp(@, ), M) = tp(b, ), M) by induction

on n:

For n = 0: the claim holds since I is an indiscernible set.
For n =m + 1:: Proof by induction on ¢ = [anl,| = |50Hn‘ (the latter
equality is easy to verify).
For ¢ = 0:: This is the claim of the induction hypothesis (on n).
For ¢ = (o + 1:: Let ag,by € L, a,b1 € I,,, by,by €<% I, such that
h(f(ao@i@s)) = f(bob1bs). By the definition there exist ,,,, such
that £(a0) = Fyn(f Ean)s 9(a0)), £(50) = Fyrn(F (€0, g(bo)) for some
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sequences and types. Since Dom(h) is closed under subterms we get:

Fpr n(f(Cr): 9(b0)) = [ (bo) = h(f(ao)) =
h(Ep.n(f (Cay), 9(a0))) = Fp.n(h(f(Ca,)); 1(g(a0)))

and by the definition of the free algebra p’ = p and h(f(Ca,)) = f(Cby)-
The induction hypothesis implies that the map G defined as

G(al) = 51, G(EQ) = 52, G(an) = Cp,

is elementary. Now, let ¢ = tp (ag, @1 Uaz UTq, ). Since tp(ag Cqy) =
p=7p" =tp(by"C,) holds, it follows that G(q) | €, = tp(bo, Cp,). The
definition of I,, implies that tp(ao,I<,\ {ao}) is non-forking over ¢,
and so is tp(ag, @1 Uaa U, ). On the other hand, since G is elementary,
G(q) does not fork over ¢,,. Let S(I<,\{bo}) > ¢ 2 G(¢) a non-
forking extension. Since tp(bg,I<,\ {bo}) is the unique non-forking
extension of tp(bg, T, ), and by transitivity ¢’ is also a non-forking

extension, it follows that ¢’ = tp(bg, <, \ {bo}) and after reduction (b
is without repetitions, so by & b1 andb; Ubs U by, C 1<\ {bo}):

G(q) =¢ by Ubo UGy, = tp (bo, b1 Ubo Uby,)

Hence, G U {(ag, bo)} is elementary and the proof is complete.

4. SUPERSTABLE THEORIES

The main theorem in this section is
Theorem 42. For a first-order, complete theory T the following are equivalent

2 T is superstable.

: T is representable in EXS‘T‘,NO (€°9).

.+ T is representable in EX;T‘Q(E“‘).

.+ T is representable in Exg]lfm(éeq).

.+ T is representable in Exfmo (€°9) for some cardinal pu.

: T is representable in Ele: (€°9) for some cardinals p, k.

A

Proof. 2 =5, 4 = 6 are immediate. 2 = 3 is direct from 1.13. 3 = 4 direct from

fmo (€°) is gf-representable in Exllt72(€eq) C Exg’g(keq). The

rest follows from theorem 44 giving 1 = 2 and theorem 43 giving 6 = 1. O

1.7. 5 = 6 since Ex

, < 0,1f . ,
Theorem 43. IfT is representable in Exu,ﬁ(‘éeq) for some cardinals p, k then T is

superstable.
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Proof. Let T be non superstable and we will choose M | T which cannot be
represented in Exg’yl,ﬁ(éeq). Let A > k. Let T a skolemization of T. We choose

M,y

E T7 and sequence a = <6n RS 5“’)\> such that

(1) @, € My, lg(@,) = gy

(2) ¢n(T,7) € L

(3) <577A (a) 1@ < )\> is an indiscernible sequence over {Ep ip GSW}M p A 77} for
all p € <wA.

(4) Ifve“ A, n=v | n then

M, E cp(ﬁ,,,anqa)) S v(n) =«

Let My be the closure of <677 3y E§“A> in My, this is a Skolem closure and so

My

_

Now assume towards contradiction that I € Exz’,li(f?eq) is such that f : My |

7r — 1 is a representation. For a sufficiently thin club £ C X we can choose

an € B, apt1 > ap, U{ay :n<w}l =20 and n = (a, : n < w) and it is easy to get

a contradiction to 4 in both cases. O

Theorem 44. FEvery superstable T' is representable in Exgm Ro (eeq).

Proof. Let T superstable. Let M = T. We choose By, (as,us : s € S,) by induction

on n < w such that:

Let

Let

(1) S, NS =0 (k<n)

(2) (as:s€8,) C M

(3) By, =acl({as :s € U{Sk: k<n}}) C M

(1)

(5) for all s € S, ug C Sy, is finite such that ¢ € us = u; C us and tp(as, By)

(as : s € Sy,) is without repetitions and independent over B,,.
does not fork over {a; : t € us}.
(6) (as:s€.S,) is maximal under conditions 1-5.

®1: It is possible to carry the induction.
@9t M| ={as:s€ Scu}

I={u:uCusU{s},se€Sc,, Vt(t€eu—u Cu)}
(Vo : @ < %)) enumerate I such that

@ (DvaCvg=a<f(2)a<fBAvgC Scn =14 C S<p

We choose a model M, by induction on « such that

(1) M,, < € has power < 8y + |T|
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(2) vo Cvg = M,, < M,,

(3) tp (My,, M U{Mz: 3 < a}) does not fork over U {M,, : vg C va, B < a}U
{@s : s € va}

The induction is //clearly// possible.

Now (M, : v € I) is a stable system of models (except for I being closed to finite
subsets). (see [She90, XII, p.598]). For all v € I let b, enumerate M, such that if
vs = usU{s} then b = a, (we use superscript indexes in b,). Therefore, (b, : v € I)

is without repetitions.

For all a < w x w we define I, as follows:

IO = {®}7

Iy={vel:vCSaq, |v|=k} (k<w),

Ipnigk={veEl:vZ Scp, vC Scpt1, v =k+1} (k<w, 0<n<w).
Now clearly, w Cv € I, = w € I, for all w,v.

For all « < w x wlet By, = U{M, : v € I.4}.

So,

e B, is increasing and continuous.
e Bop1 =U{b,:v €I} UB,.

e veEl, NwCv= wevand most important,
X: for all @ < w x w and v € I, the type

po =1tp (by,U{by 1w € Ieqi1 Au#v})

does not fork over U {Ew cw C U}, and p, is the unique non-forking exten-
sion of p, [ U {Ew cw C U} in Slg(b“) (U {Eu U € Teqr1 ANu # v})

The proof is carried by basic properties of stable systems.

Now define an equivalence relation E, on I, such that viE,vs iff v1,v5 € I,and
there exists an isomorphism f,, v, : M,, — M,, such that f,, ,, maps b,, to b,
( element-by-element, and this implies f,, 4, is unique ). And for some bijection
Jvi,vs © U1 — Uz which preserves being in Ig for all # < «, such that f,, ., maps
b, to Egvl,vz(wl) for all w; C vy. Let <Ia,i pi<i(a) < 2|T|> enumerate the equiva-

lence classes of E,.

We get that if

«): The sets {vg...vp—1}, {wo...up—1} C I are closed under subsets.
B): /\w. [ € Ini & w € I,

’y): uy1)y C uy2) <= V1) C U2) for all l(l), l(2) <n

d): For all vy(1y C vy (o) it holds that Gy 2y ur(2y TAPS V(1) ONtO Uy(1).



nodi fi ed: 2010- 01- 18

revi sion: 2010-01-18

919

americanSTABLE THEORIES AND REPRESENTATION OVER SETS [COSH:919] 23

realize the same complete type

Then the sequences by, " ...b,, , and by, ...by, ,

over (). (This follows from the definitions of the equivalence relations F, and X

above)
W.lo.g INS =0. We define a structure .4 with universe | 4| = I U S as follows:
Pl i=1,, P =14 57 = S,

Define partial functions FA for all € < |T|, n < w as FA(s) = by, ugs}- Define
partial functions G,, such that {G,,(u) : n} = {v: v C u}. Now, the function f well
defined as f(a) = s & a = as is a representation of M in A. ( proof should be

clear from the definitions ) (]

5. CHARACTERIZATION OF k(T')

Theorem 45. For a complete theory T, and regular k the following are equivalent:

1) w(T) <

2 is representable in EXQ‘T‘ (£e9).

(1)

(2) T

(3) T is representable in Ex? (Eeq), for some p.
(4)

(5)

;t K
4) T is representable in EXQ‘T‘ (€9).

5) T is representable in EXQ‘T‘ L (£5), for some p.

6. MISCELLANEOUS

This final section completes the proofs of several claims that were used in the main

theorems above.

Theorem 46. (Fodor) Let A a regqular cardinal, f : X\ — X such that f(«a) < a for
all0 <a< A, Then {a < \: f(a) = B} is a stationary set of X for some § < A.
(see [JecT8])

Corollary 47. If f : X — u, A > u regular, then f~1({a}) is a stationary set of A

for some av < pu.

Theorem 48. Let A a regular cardinal, [W| = \|Si| < p (t € W) such that
X < A— x<F < \. Then:

(1) (The A-system lemma) There exist W' C W, |[W'| = X and S such that
s#t— S;NSs =S5 holds for all s,t € W',
(2) If (z : o < a(t)) enumerates Sy:
(a) t € W' — a(t) = ag holds for some ayp.
(b) For some U C « it holds that s,t €¢ W' = S, | U = S, | U,
U={a<ay:z}=2}.
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Proof.

(c) For some equivalence relation E on ag it holds that t € W' = 2z =
2 (o, 8) €E.

(1) See [Jec78, She90].
(2) The map t — «(t) fulfills the assumptions of Fodor’s theorem («(t) <

[JecT8]
[KS]
[Pil83)]
[Shea)
[Sheb]

[She87]

[She90]

u < M), therefore (a) holds for some Wy C W. By part 1 there exist
S C{zr:a<agteWy}t, Wi C W, such that S =z Nz, for all t # s.
Define a map W7 3> t — U; where: U = {a < ap: 23 € S}, Since the
range has cardinality 2/*°l < 2<# < X this map also fulfills the assumptions
of Fodor’s theorem, and we get that for some Wy C Wy, U it holds that
t € Wy — U, = U. The range of the map t — S; [ U is V'S whose power is
< |o<0||aOI < A, and by another use of Fodor’s theorem we get W3 C W5 such
that (b) holds. The map ¢t — E; where E; = {(a,ﬂ) tzp = ztﬁ, a, B < ao}

has power at most |o<0||a°‘ and again by Fodor’s theorem the result holds
for some E and W' C Ws.

O
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