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MAXIMAL FAILURES OF SEQUENCE LOCALITY IN A.E.C.
SH932

SAHARON SHELAH

ABSTRACT. We are interested in examples of a.e.c. with amalgamation hav-
ing some (extreme) behaviour concerning types. Note we deal with € being
sequence-local, i.e. local for increasing chains of length a regular cardinal.
For any cardinal 0 > Ng we construct an a.e.c. with amalgamation & with
L.S.T.(¢) = 6,|tg| = 0 such that {k : k is a regular cardinal and K is not
(2", k)-sequence-local} is maximal. In fact we have a direct characterization
of this class of cardinals: the regular & such that there is no uniform k-
complete ultrafilter. We also prove a similar result to “(27, k)-compact for
types”.

0. INTRODUCTION

Recall a.e.c. (abstract elementary classes); were introduced in [Sh:88b]; and their
(orbital) types defined in [Sh:300], see on them [Sh:h], [BalOx]. It has seemed to
me obvious that even with ¢ having amalgamation, those types in general lack the
good properties of the classical types in model theory. E.g. “(\, k)-sequence-locality
where

Definition 0.1. 1) We say that an a.e.c. £is a (), x)-sequence-local (for types)
when £ is regular and for every <g-increasing continuous sequence (M; : i < k) of
models of cardinality A and p,q € (M) we have (Vi < k)(p | M; = q | M;) =
p = q. We omit A\ when we omit “||M;|| = \".

2) We say an a.e.c. tis (A, k)-local when: x > LST(¥) and if M € ¢y and p1,ps2 €
(M) and N <¢ M A||N|| < k= p1[N = ps[N then p; = po.

3) We may replace A by < A, < A, [, A] with the obvious meaning (and allow A to
be infinity).

Of course, being sure is not a substitute for a proof, some examples were provided
by Baldwin-Shelah [B1Sh:862, §2]. There we give an example of the failure of (A, k)-
sequence-locality for ¢-types in ZFC for some A, k, actually x = Ry. This was done
by translating our problems to abelian group problems. While those problems seem
reasonable by themselves they may hide our real problem.

Here in §1 we get ¢, an a.e.c. with amalgamation with the class {x : (< oo, k)-
sequence-localness fail for £} being maximal; what seems to me a major missing
point up to it, see Theorem 1.3. Also we deal with “compactness of types” getting
unsatisfactory results - classes without amalgamation; in [BISh:862] this was done
only in some universes of set theory but with amalgamation; see §2.

We relay on [BISh:862] to get that £ has the JEP and amalgamation.
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The author thanks Alice Leonhardt for the beautiful typing.
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Question 0.2. Can {x : tis (< oo, k)-local}, e.g. can it be all odd regular alephs?
etc?
Note that for this the present translation theorem of [BISh:862] is not suitable.

{z2}
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1. AN A.E.C. WITH MAXIMAL FAILURE OF BEING LOCAL

Claim 1.1. Assume

@1 (a) k=cf(k) >8>y or just k = cf(k) > Ng,0 > Ny
(b)  there is no uniform 0% -complete ultra-filter D on &

(¢) 7o is a vocabulary of cardinality 6 consisting of 6 n-place predicates
with each n.

Then

B there are Io, My o, .o (for € =1,2 and o < k), go (for a < k) satisfying
(a) I, a set of cardinality 0%, is C-increasing continuous with o

(b
(

)

)
(d) |m, 1{t}|<9f07"t€[a,oz<liand€:1 2
(e)

)

My o, a To-model of cardinality < 0%, is increasing continuous with o

¢) T 15 a function from My . onto 1, increasing continuous with o

e) if t € Iny1\Io then . i{t} C My a+1\ Mo

(f) for a < K,gq is an isomorphism from M o onto Mz, respecting
(71,2, T2.) which means a € M1 o = T1,0(a) = T2,0(9a(a))

(g9) for a = Kk there is no isomorphism from My o onto Ms . respecting
(71,0, T2,00) -

Proof. Follows from 1.2 which is just a fuller version adding to 7y unary function
F.forced. ]

Claim 1.2. Assuming ®1 of 1.1 we have

B there are I, My, o0 (for £ =1,2,a < k) and go (for o < k) and G such
that
(a) G is an additive (so abelian) group of cardinality 6™
(b) I, is a set, increasing continuous with o, |I,| = 6%
(¢) My is a 7'9 -model, increasing continuous with o, of cardinality 0
where 7'9 T9 U{F.:c€ G}, F. a unary function symbol

oo 15 @ function from My o onto I, increasing continuous with o

)
e) e (c € G) is a permutation of My, increasing continuous with o
() meale) = oo (P (0)
(9) Fo" (F, M“( ) = Fois (@)
(h) mea(a) = meald) & V F(a) =b
cEG
)

(i) for a < R, fo is an isomorphism from My o onto Ms o which respects
(71,0, T2,0) which means a € My,q = T1,0(a) = 72,0 (fa(a))

(4) there is no isomorphism from My, | 19 onto Ma, | 79 respecting
(7T1,I€77T2,I€)'
Proof. Let

(¥)o 0 =0% s0 0 = N0

{et}

{e2}
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let G = ([0]<N0, A), i.e., the family of finite subsets of o with the
operation of symmetric difference. This is an abelian group
satisfying Va(z + x = 0)

let (afau: f€"o,a < k,ue G) be asequence without repetitions

for 6 <rklet Ag ={afau:f€0,a<1l+panduecG}

for B <alet I = (Fo) x (1 +5)

let mg(ajau) = (f,) when a <1+ 3 <k

for each 8 < k we define a permutation gg (of order 2) of Ag

by gs(af,a,u) = af.a.ute{s(s))} hence
a € Ag = mp(gp(a)) = ms(a).

|G| =0

Ag : 0 < k) is a C-increasing continuous, each Ag a set of cardinality
B B
o,li — 9[{

(Ig : B < k) is C-increasing continuous, each I of cardinality ¢" = 6"

mg is a mapping from Ag onto Ig
ift € I, C I3 then wgl{t} = 7, 1{t} has cardinality |G| = o
if t € Ing1\Lo then m} {t} C Aat1\Aa.

For each n < w and 8 < k we define equivalence relations E;, 5, E, 5 on " (Ap):

(%)3 ELE;MZ; iff 75(a) = mp(b) where of course mg({as : £ < n)) = (mg(as) : £ < n)

(¥)s @B, b iff aF!, b and there are k < w and ayo, ..., a; such that

Note

)
i)
(i4)
)

(1) ac € (AB)
a = agp
b—ak

(iv) for each ¢ < k for some o, iy < K we have g} (ga, (ar)) is well defined

and equal to Ggy1 OF Ga, (ga1 (ag)) is well defined and equal to Geq1
(note:

first the two cases are one as g, ! = ga;

second g, does not preserve a/E, g!, in fact, a, go(a) are never E, g
equivalent;

third clearly they are well defined iff (V¢ < k)[a; € "(Amin{ai,as})]
because if v < [ then gz maps Ag onto itself).

E}, 5. En p are equivalence relations on "(Ag)

Eg.p refine Ej

if n <w,a € "(Ap) then a/E], ; has at most ¢ members

fa<p<rthen B 5[ "(As) =Ej, , and Ep 5 [ "(Aa) = Ena
(read (x)4(iv) carefully!)

ifa<B<kae"(A,) and b€ a/E, s then ben(Ay)
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(f) ifa€"(Ag) where 0 <n <w then a/E] ; has
exactly o members (we shall use only its having < 27 members).

Now we choose a vocabulary 7; of cardinality 27 (but see (x)12) and for a < k we
choose a 75-model M; , with universe A, such that:

(x)¢ (a) M o increasing with «
(b) assume that C_L,E; are Ej, ,-equivalent (so a,b € "(Ag) and
Ta(@) = o (b); then a, b realize the same quantifier free type
in My o iff @By ab.
(¢) for every function e € 7o there is a two-place predicate R, € 7,
such that
Mo )
e = {(a.f1;61;u17a’f27627u2) €Ay xAg:fi=eofrandi€w
iff (|[{j € uz:e(j) =i}| is odd)}.

[Why is this possible? First as, for each o < K, g, maps Ré\/[ b onto itself.
Why? Assume we are given a pair (ay, g, ,uis Qf,,8.,u.) from Aq x A, so (1, B2 <
a, SO

(*)1 (afl,ﬁl,u17af27327u2) € Rf]ﬁ%l’a iff ug = {e(j) :J € uz and (HOddL € U‘?)(e(b) =
e(4))

(*)2 (ga(ahﬁl,m)aga(afzﬁmuz)) € RMre iff (a,f17517u1+{fl(0¢)}’ a.f2752,u2+c{f2(0¢)})
iff u1 +a {fi(a)} = {e(t) : (3° € (u2 +¢ fa(a))(e(t) = e(1))}.

But

()3 fi(a) = ea(fa(a)).
So together we get equality.

Second, g, preserves “a,b are L, 4-equivalent”, “a,b are E,, ,-equivalent” and
their negations. That is, @, g (@) are not E,, ,-equivalent, but as (V3)(gs = 951)7 a,b
being E, ,-equivalent means that there is an even length pass from a to b, in the
graph {(¢,gs(c) : B € [7,k) and ¢ € "(A,)} where v = min{y : a,b € "(A,)}.
Third, no problem in making the M; ,’s increasing by (*)s(d). Fourth, because of
(%)5 in particular clause (f) of (x)s.]

(x)7 for a < K let My, be the 7p-model with universe A, such that g, is an
isomorphism from M; , onto My 4.

Now we note
(x)g for a < B < Kk, My o C Msp.

[Why? By the definitions of M ., gy, Ej, ., En~, in particular, the “first” and
“third”, i.e. (x)5(d) in “why (%)¢”.]
()9 let My, :=U{Mas, : @ < K}, well defined by (x)s
(¥)10 let mpg=mgfor {=1,2and B <k
()11 except clause (j) the demands in the conclusion of B of 1.2 holds easily
)

x)19 it is O.K. to use a vocabulary of cardinality 27 = 0™
( y y
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[Why? As there is a model M of cardinality 2 with |73/ = 6 omitting a quantifier
free type p such that M € N A M = N = N realizes p.]
Note

(*)13 if (af,0u1s@fau) 18 Eoo-equivalent to (afav,0fa.0,) then G = “uq —
Ug = v — 1}2” .

[Why? By induction on the k& from (x)4.]
So to finish we assume toward contradiction

X h is an isomorphism from M, , onto M, which respects (71,4, 72,o) for
a < K.

So trivially
®1 hafau) €{afa0:v€G)andac™(Ay) = h(a) €a/En o Ca/E] .

[Why? As h respect (71, T2,) see (x)1(e) and (k)19 clearly h(a) € a/E], ,. But h
is an isomorphism from M ,, onto My, hence by ()g(b) we have h(a) € (a/Ep.q).]

®y for f € "o and a < K let uy o € G be the u € G such that h(asap) = af.a,u

®3 for f € "o,a < Kk and v € G we have h(ay,a,0) = Gf a0t cuy.q-

[Why? By ®; clearly h maps any finite sequence b € "(A; ;) to an E, 4-equivalent
sequence for each av < k. Now apply this to the pair (as q ¢, afqa,u) recalling (x)13.]

®4 we define a partial order < on "o as follows:
f1 < fo iff there is a function e € ¢ witnessing it; which means f; =
eo fo

®5 if a1, < Kk and fi < fo (are from "o) then |uy, o, | < [Ufy,a.]-
[Why? This follows from &g below.]

®g if e € 90, fo € "0 and f1 =eo fo € "f and ay,as < Kk then
Ufrar © {6(2) S ufz,az}'
[Why? Choose a < k such that a > aj,a > a2 50 af 4,.0,0f.0,.0 € Mia.
Recall that A maps Réwl“* onto Réwz“* by X and Réwm = Réwl"" because g, maps
R onto itself (see in (x)g the “why...”). Now see (x)g(c), i.e. the definition of
R ie. obviously (Afy 00,00 0fs,00,0) € R.™* $0 as h is an isomorphism we have
(h(at,.a0.0)sh(af, as0)) € RY?* 50 by the previous sentence and the definitions of
: Mia .
Ufya, (£ = 1,2) in ®2 we have (af, a1, Ufy 015 (Cfr,000p,..,) € Re b which by the
definitions of R2™* in ®¢(c) implies uyf, o, C {e(i) 14 € uf, 0, as promised.]
®7 (@) |ufo,| = |ufasl for an,ae <k, f € Fo
(0) n(f) =|uyqalis well defined
(C) if fl < fQ then Il(fl) < Il(fg).
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[Why? For clause (a) use ®g for e = idp and f; = fo = f. Clause (b) follows.
Clause (c) holds by ®g(c).]

®g there are f, € "o and a, < k such that:
(i) if fo < f €0 and a < k then |uy, o, | = |uf.al

(#4) moreover if f, = eo f where e € 7o and f € "o, < k then e | usq
is one-to-one from uys o onto uy, o, so n(f.) = n(f)

(i91) if @ < K, fou = €1, f1, f1 = €2, f2 then esluy, o is one-to-one onto uy, .

[Why? First note that clause (ii), (iii) follows from clause (i). Second, if not then
we can find a sequence ((fy, @, €,) : 1 < w) such that

(@) ap < K, fn € o forn<w

(6) fn < fay1say fn=e€no fay1 and e, € 70

(v) (ens frt1, @nt1) witness that (fy,, ay,) does not satisfy the demands () + (i)
on (fs,ay) hence n(f,) < n(fn+1).

Let up = ujf,.q, for n <w. Forn <w and i < o let A,; = (o < k: fo(a) = 13),
so (An; i < w) is a partition of k and o € Apy1; = a € A, (). So letting
Ay = A yn) :n < w} for n € “o clearly (A, : 1 € 7o) is a partition of .

As we have o = o™ by (x)o, there is a sequence (e : n < w) satisfying e € 7o
and f € "o such that f,, = e” o f for each n < w. Son < w = f, < f which
by ®7(c) implies n(f,) < n(f). As (n(f,) : n < w) is increasing, easily we get a
contradiction.]

®9 n(fi) >0, ie. a<k=uyp o#0.

[Why? If (Vf € "o)(Va < k)(uyo = 0) then (by ®3) we deduce h is the identity
contradiction. Otherwise assume uy, # () hence as in the proof of ®@g there is f
such that f. < f'Af < f’ so by ®5 and ®g we have 0 < |uf.o| < |[up ol = |uf. o]

@10 if f€o,a<rkand i€ us, then k =sup{f < k:a < B and f(B) =i}

[Why? If not, let 5(x) < k be >sup{8 < x:a <, f(f) =i} and > w.

Let Y = {(af,a,u: afp(+)u) : v € G,i ¢ u}. Now for every § € (5(x), ) the function
gs maps the set Y onto itself hence by the definition of Ej g(,)4; it follows that
acY = a/Eypgy4+1 €Y and as h respects (71 g(x)41,T1,8(s)41) it follows that
h@) C a/Ey 5, 4; and so £ >y > B(x) + 1= hi'(h(a)) € a/Ey 50,1
Now for @ € Y, the pairs a,h(a) realizes the same quantifier free type in

M g(+)4+1, M2 g(x)+1 respectively, hence by the choice of M3 5(4)41 the pairs @, gﬁ_(l*)ﬁ_27 h(a))

realize the same quantifier free type in M; o. By (%)g(b) recalling gﬁ_(l*)+l(h(&)) €

a/Ej g1 this implies that d,gﬁ_(l*)+l(h(d)) are Fy g(s)41-equivalent. By the def-

inition of Fj 5., gﬁ_(1

41(h(@)) belongs to the closure of {a} under {gwil Dy €
(6(%); )} hence h(a) belongs. But by an earlier sentence Y is closed under those
functions so h(a) € Y. Similarly h=!(a) € Y, h maps Y onto itself, recalling (*)2
this implies ¢ ¢ uy o]

Now fix f., . for the rest of the proof, without loss of generality f. is onto o
and let uy, o, = {i} 14 < £(*)} with (i} : £ < {(x)) increasing for simplicity. Now
for every f € "o such that f. < f and a < k by ®s(ii), (i14) we know that if
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e € 0 N f. = eo f then e is a one-to-one mapping from uy . onto uy, o,; but so
e | uyfq is uniquely determined by (fs, o, f,a) so let if ¢ € uy o be the unique
i € ufq such that e(i) = ij.

Now if f, < f € "o and a1,a2 < Kk and e € %0 and we choose e = id, so
necessarily f [ wfa, = €0 f | Ufa,, then e [ Rang(f | ufq,) map ufq, onto
Uf o, but e is the identity so we can write uy instead of uy o let ifs = if ¢ for
< Ll(x), 0 < K.

Let

A={ACk: forsome f, f. < f and a < r we have f~*{i;o}\a C A}

Gy A CP(r)\[k]<".
[Why? As & is regular, this means A € A = A C Kk A|A| = k which holds by ®1¢.]
Ll ke A
[Why? By the definition of A.]
s if Ae Aand A C B C k then B € k.
[Why? By the definition of A.]
L1y if Ay, As € A then A =: A1 N Ay belongs to A.

[Why? Let (f¢, cp) be such that f, = egofpand fr € "o,y < K and f[l{ifbo}\ag -
Ay for £ = 1,2. Let pr:o X 0 — o be one-to-one and onto and define f € "o by
fla) = pr(fi(a), f2(a)). Clearly fo < f for £ = 1,2 hence i is well defined and
if0=pr(if,0,%f,0), so we can finish using appropriate Y and (*)e.]

[5 if AC Kk then A€ Aor k\A € A.
[Why? Define f € "o

) 2fi(@) ifaec A
fm)_{zﬁ@y+1 if o € k\A.

Let i = ifg so by the definition of A we have f~! € A. But if i is even then
fHi} € A and i is odd then f~!{i} C k\A so by [J3 we are done.]

[l A is a uniform ultrafilter on k.
[Why? By |Z|1 - 55]
[; A is o-complete.

[Why? Assume B. € A for ¢ < 0. Define A, C k for ¢ < o as follows A1 =
B\ U B¢ fore <o and Ag = k\ |J B: = k\ U Ai4e. Clearly (A, :e <o) isa
(<e e<o e<o
partition of x, let f € "o be such that f | Ac is constantly €. Let f’ € ®0 be such
that f < f' A f. < f'. Now (/)" {if' 0} € A is included in some AL. If € = 0 this
exemplifies |J B: € A as required. If e = 1+ ¢ < o, then (f/) ' {iy o} C A =
e<o

k\Be, contradiction to Cg as B: € A, (f') " *{ip o} € Al
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So by the assumptions of 1.2 we are done. o
Claim 1.3. For every 0 there is an € = € such that
® (a) tis an a.e.c. with LST(€) =0, || =0
(0)
(c)
(d) if k is a regular cardinal and there is no uniform 0% -complete
ultrafilter on k, then: € is not (< 2%, k)-sequence-local for types,
i.e., we can find an <g-increasing continuous sequence (M; : i < k)

of models and p # q € S¢(M,) such that i <k =p | M; =q | M;
and My is of cardinality < 2%.

€ has the amalgamation property
¢ admits closure (see below)

We shall prove 1.3 below. As in [BISh:862] the aim of the definition of “admit
closures” is to ensure types behave reasonably.

Definition 1.4. We say an a.e.c. £ admits closure when for every M € K, and
non-empty A C M there is B = cly(A, M) such that: M|B € Ky, M|B <¢ M and
ACM <¢ NAM <y N = B C My; we may use clg(A, M) for M [cly(A, M).

Claim 1.5. Assume £ is an a.e.c. admitting closure. Then tpe(ar, M,Ny) =
tpg(ag, M, No) iff letting My = Ng[cle(M U {ae}), there is an isomorphism from
My onto Ms over M mapping a1 to as.

Remark 1.6. In Theorem 1.3 we can many times demand ||My| = &k, e.g., if
(3N (k = 2%).
Note

Claim 1.7. 1) If ¢ satisfies clause (a) of 1.3, i.e. is an a.e.c. with LST-number
< 0 and k fails the assumption of clause (d) of 1.3, that is there is a uniform 0% -
complete ultrafilter on k, then the conclusion of clause (d) of 1.3 fails, that is € is
K-sequence local for types.

2) If D is a 6" -complete ultrafilter on k and € is an a.e.c. with LST(¢) < 6 then
ultraproducts by D preserve “M € € “M <¢ N”, i.e.

X if M;, Ni(i < k) are 7(R)-models and M = [[ M;/D and N = [[ N; then:
<K 1<K
(o) Me K if{i<k:M,et}eD
(b) M <¢ N Zf{’L M; < NZ} eD.
Proof. Note that if D is #T-complete, then it is o-complete (and much more

¢’-complete for the first measurable 6’ > 0).
1) So assume

B (a) (M, :i<k)is <gp-increasing
(b) M, = Ny <¢ Ny for £ =1,2
(¢) pe = tpe(as, No, Ny) for £ =1,2
(d) i< k= p1|M;=pa]M,.

We shall show p; = po, this is enough.
Without loss of generality

(x) a1 = ag call it a

{e3}

{ed}

{e5}

{e6}
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By (e) we have

(e)t for each i there is n; < w and (N; 2 n < n;) such that

As k = cf(k) > Rg without loss of generality i < kK = n; = n.. Let x be such that

(M; i < k), ((Nijn:n <ny) i< k) and £Lg7(e) all belongs to H(x). Let B be the
ultrapower (H(x), €)®/D and j the canonical embedding of (H(x), €) into B and
j1 be the Moskolski-Collapse of 9B to a transitive set H; and let j = j1 0 jo. So j
is an elementary embedding of (H(x), €) into (H, €) and even Ly+ g+-elementary
one. Without loss of generality 7, C H(6) hence j(7¢) = 7¢( hence by part (2), j
preserves “N € K7, “Ny <¢ No”.

So j((M; : i < k)) has the form (M} : i < j(x)) but j(x) > ke« = J Jj(¢) by the

<K

uniformity of D and let j(((Nin :n < n.) i < k) = (N7, :n <n*) i < j(k)).

So

)]
b) M** S? i,n and -]( ) € N;:n
) N* 2m+1 <3 N:,2m’

(d) j(a) € Ni..m

N:72m+2 for 2m + 1 < n.

Together we are done.
2) By the representation theorem of a.e.c. [Sh:88ra, §1]. Oy 7

Proof. Proof of 1.3
Let o = 6%, Let G = ([o]<®¢, A) and let (¢; : i < o) list the members of G, let
(Mo : @ < o) list “0

Xy B., C G for £ < 0 be such that: if a,b € G then (Ve < 0)(Vn < w)(a €
B., =b¢€ B.,)= a=b; moreover, B, , = {cq : Na(n) = ¢}.

Let 7 have the predicates G,I,J, H,+,E1, Ry o(n < w,a < 0),P.(¢ < 0) and
function symbols Fy, Fy,7; so || = 6. We define K as a class of 7-models by

Xy M € K iff (up to isomorphism):
(a) (GM M JM HM) is a partition of |M|
(b) (GM,+M) is a subgroup of the group ([o]<®,A), P < GM for
e <0,(pM, e <) bea partition of M such that a # b € GM =
(35<9)(3n<w)[a€PM Ab¢ PM]

(c) F1 is a function from HM into J M

(@) EY ={(a,b) : Fi(a) = Fi(a)}

(e) @ is a function from HM into M

(f) E3" ={(a,b) : aB3'b and 7 (a) = 7 (b)}
(9) FQM is a partial two-place function such that:

(@) FM(a,b) is well defined iff b € GM o € HM



nodi fi ed: 2009- 10- 20

revi sion: 2009-10-19

932

MAXIMAL FAILURES OF SEQUENCE LOCALITY IN A.E.C. SH932 11

(B) forae HM (FM(a,b):be GM) list a/EM = {a' € HM:
7M(a') = 7™ (a)} with no repetitions

(v) ifa€ HM and b,c € G then FM(a,b+M ¢) = FM(FM(a,b),c),
on the + see clause (b)

(8) F(a,0gm) =a fora € HM

() for n <w and 7 < 6 the relation R%,Y is an n-place relation
CU{™(a/EM):a € HM}.

We define <; as being a submodel. Easily
K3 ¢ = (K, <g) is an a.e.c.
For AC M € K let

(a)

(b)

()
(d)

()

cl%;(A) = the subgroup of (GM,+M) generated by (AN GM) U {b :
for some a1 # az € A we have a3 E}as and FM (a1,b) = as}

el (A) = (AnIMyu{rM(a):a € ANHM}

clZ (A) = (AnJMYU{FM(a):a e AN HM}

cl3(A) = {a € HM : for some b € cfQ,;(A) and a} € AN HM a =
F3'(ax,b)}

cl(A, M) = clpr(A) = M | (U{cti;(A): £=1,2,3}).

Now this function c¢f(A, M) shows that ¢ admits closure (see 1.4) so

X,

¢ admits closure and LST() + |7¢| = 6.

Assume k is as in clause (d) of 1.3, we use the M, ,({ = 1,2,a < k)
constructed in 1.1 (and more of their actual construction as stated in 1.2).

They are not in the right vocabulary so let M é,a be the following 7-model:

X5

(a) elements GMie =@

M., _

Mo =1,

JME,IQ = {t;},t; just a new element
HME’D‘ = Aé,a

(we assume disjointness)

() (GMin 4Min) is G = (o], 2)
PEM’Z’Q C GM as required in X; not depending on (¢, a)

(c) FlMe"" is constantly t; on HMt.a
M, M, M,
(d) Ey "t ={(a,b): F} ""(a) = F} " (b)}
(e) wMea is mp (constructed in 1.1, 1.2)
(f) E)* ={(a,b): aB, “"b and 7™t (a) = nMia (b))
(g) 3! (aj',a,u; b) = af a,utgb

(recall {afp.: f € "0, 0 < a,u € G} list the elements of
Mf,a)

(h) Rffga for n < w,y < o list the relations of M, , with the function
symbols being translated to relations.
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Let Mg, = M, | (GMew UTMea) for £ = 1,2 and a < k (we get the same
result).
Note easily

Ko Moo <¢ Myo,(Mpq:a < k) is <gincreasing (check)
X7 tpe( ’{,Mé)a,M{)a) = tpk(tS,M&a,MiQ) for a < K.

[Why? By the isomorphism from M; o onto Ms o respecting (7., T2.4) in
1.1

XS tp?(tTa M(S,n’ M{,H) 7é tpE@;v Mé,n’ Mé,ﬁ)'
[Why? By the non-isomorphism in 1.1; extension will not help.]

Now by the“translation theorem” of [BISh:862, §4] we can find £ which has all the
needed properties, i.e. also the amalgamation and JEP. Lhs
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2. COMPACTNESS OF TYPES IN A.E.C.

Baldwin [BalOx] ask “can we in ZFC prove that some a.e.c. has amalgamation,
JEP but fail compactness of types”. The background is that in [BISh:862] we
construct one using diamonds.

To me the question is to show this class can be very large (in ZFC).

Here we accomplish both by direct translations of problems of existence of models
for theories in L.+ ,+, first in the propositional logic. So whereas in [BISh:862] we
have an original group G™, here instead we have a set PM of propositional “vari-
ables” and PM | set of such sentences (and relations and functions explicating this;
so really we use coding but are a little sloppy in stating this obvious translation).

In [BISh:862] we have I, set of indexes, 0 and H, set of Whitehead cases, H;
for t € I'M | here we have IM | each t € IV representing a theory PM C PM and in
JM we give each t € I™ some models MM : PM — {true,false}. This is set up so
that amalgamation holds.

Notation 2.1. In this section types are denoted by p,q as p,q are used for propo-
sitional variables.

Definition 2.2. 1) We say that an a.e.c. £ has (< A, k)-compactness (for types)
when: if (M; : i < &) is <g-increasing continuous and i < xk = ||M;]| < A and
pi € <Y (M;) for i < k satisfying i < j < kK = p; = p;|M; then there is
pPx € L <Y(M,,) such that i < k = p,[M; = p;.

2) We define “(= A, k)-compactness” similarly. Let (A, k)-compactness mean (<
A, k)-compactness.

Question 2.3. Can we find an a.e.c. ¢ with amalgamation and JEP such that
{0 : € have (A, #)-compactness of types for every A} is complicated say:

(a) not an end segment
(b) any {6 : 0 satisfies ¥}, 1) € L+ ,+-(second order).

Definition 2.4. Let k > Ng, we define £ = &, as follows:

(A) the vocabulary 7¢ consist of F;(i < k), Re(¢ =1,2), P,T', I, J,¢; (i < k), F;(i <
k), (pedantically see later),

(B) the universe of M € K is the disjoint union of (so unary) PM M M jM
so P,T', I, J are unary predicates

(C) (a) P aset of propositional variables (i.e. this is how we treat them)
(b) T™M is a set of sentences of one of the forms ¢ = (p), ¢ = (r = pA

q),p=(q=-p),p=(¢= A pi),sop,qp; €PM
1<K

but in the last case {p; : i < k} C {cM :i < K} (or code this!)
(¢) for i <k the function FM : T™ — PM are such that for every
i <k and ¢ € I'M we have:
(@) if ¢ = (p) and i < & then Fi4i(p) = p, Fo(p) = co
(B) if(p=r=pAq) then Fi(p)isc ifi=0,ispifi=11isq
ifr=2isrifr>3
(v) ifp=(g=-(p)) then Fi(p)iscaifi=0,pifi=1,qif i >2

{b2.0}

{2b.1}

{b2.2}
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(0) ife=(g= A pj) then Fi(p)is °3if i =0,
I<kK
qiti=1,poyjifi=75+1
(d) I aset of theories, i.e. RM CT x I and for t € I let
M ={ypeTM. . yprMt} CTM
(e) Jisaset of models, i.e. RY C (T'Up) x J and for s € J we have MM
is the model, i.e. function giving truth values to p € PM i.e.
MM (p;) is true if p; R} s; is false if -pR3’s and (¢, s) € R iff
computing the truth value of ¢ in MY we get truth
(fy FM:JM — I such that s € JM = M} is a model of T'pa (4
(9) (e 1M)Es € POEN(s) =1
(D) M <¢ N iff M C N are re-models from K.

{b2.3}
Claim 2.5. ¢ is an a.e.c., LST(¢) = k.
Proof. Obvious. Uas
{b2.5}
Claim 2.6. ¢ has the JEP.
‘ ) Proof. Just like disjoint unions (also of the relations and functions). a6
b2.6
Claim 2.7. Assume Mo <¢ My for { = 0,1 and |My| = PMoyTrMo = pMe yMe
for £ =1,2 and ay € I™* for ¢ =1,2. Then tp(ai, Mo, My) = tpe(az, Mo, Ms) iff
M= M2, -
ai as
Proof. The if direction, <
Let i be a one to one mapping with domain M; such that h[My = the identity,
h(a1) = ag and h(M;) N Mz = My U {az}. Renaming without loss of generality h
is the identity. Now define M3 as M1 U M>, as in 2.6, now a; = ao does not cause
trouble because PMo = pMe Mo — T'Me for ¢ =1, 2.
The only if direction, =
Obvious. U7
{b2.11}

Claim 2.8. Assume \, 0 are such that:

(a) 0 is reqular < X and A\ > K

(b) (T : i < 0) is C-increasing continuous sequence of sets propositional sen-
tences in L+ , such that [['; has a model & i < 0]
(¢) Tl < A

Then ¥ fail (XA, 0)-compactness (for types).

Remark 2.9. We may wonder but: for § = Ny compactness holds? Yes, but only
assuming amalgamation.

Proof. Without loss of generality |I'o| = A\. Without loss of generality (pf : e < k)
are pairwise distinct propositions variables appearing in I'g and each ¢ € T'; is of
the form (p) or r=pAqorr=-porr= A p; where {p; : i <k} C {pl:e <k}
1<K
Let P; be the set of propositional variablzs appearing in I'; without loss of gen-
erality |P;| = A.
We choose a model M; for ¢ < 0 such that:
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() PM =P and TMi =T
(¢)  the natural relations and functions.

Let M; : P, — {true false} be a model of T';.
We define a model N; € K for i < x (but not for ¢ = 0!)

M (a) M; <¢N;
(b) PNi=pM
(¢) TNi=TM
(d) IM={t:}
(e) JM={si}
(f) FYi(si) =t
(9) Ry =Tix{t;}
(h) Ry is chosen such that ML is M,
(i) F}MN'(i < k) are defined naturally.

Now

(*)1 pi = tpe(ti, M;, N;) € SY(M;).
[Why? Trivial.]

(¥)2 i < j <8 —pi=p;|M.

[Why? Let Njj = N;[(M; U {sj,1;}).]
Easily tp(t;, M;, N; ;) < p; and tp(t;, M;, N; j) = p; by the claim 2.7 above.]

(¥)3 there is no p € S'(Mp) such that i < 6 = p|M; = p;.
Why? We prove more:
(*)4 there is no (N,t) such that
(CL) MK Se N
(b) teIVN
(¢) (Vo € TM)[pR{"1).
[Why? As then I'y = '™ has a model contradiction to an assumption.] Oaog

So e.g.
{b2.13}
Conclusion 2.10. If > k is regular with no x*-complete uniform ultrafilter on 6

and A\ = 27 then ¢ is not (), 6)-compact.

Remark 2.11. Recall if D is an ultrafilter on 6 then min{o’ : D is not o’-complete}
is Np or a measurable cardinality.
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Proof. (Well known).

Let M be the model with universe 2%, P} = 6 and R™ C 0 x X be such that
{{a < X aRMB} 0 B < A} = P(0), <M the well ordering of the ordinal on A
the vocabulary has cardinality x and has elimination of quantifiers and Skolem
functions.

Let I'; = Th(M, B)g<r U{a < ¢: a < 8} (¢ a new individual constant), then
(I'; : i < 0) is as’ required in 2.12 below hence 2.8 apply. Os.10

Conclusion 2.12. In Claim 2.8 if A = A* then we can allow (I'; : ¢ < ) to be a
sequence of theories in L.+ ,.+(7), 7 any vocabulary of cardinality < A.

Proof. Without loss of generality we can add Skolem functions (each with < &k
places) in particular. So I'; becomes universal and adding propositional variables
for each quantifier free sentence and writing down the obvious sentences, we get a
set of propositional sentences, we get I'; as there. Lo 19

I think we forgot
Observation 2.13. If A >k >0 = c¢f(0) then the condition in 2.8 holds.
Proof. Just let T'o = {\/,_.g—pi},I's =To U {p;j : j <i}. O

Conclusion 2.14. 1) C, = {0 : 0 = cf(d) and for every A and a.e.c. & with
LST(¢) < k, |Te| = & have (), f)-compactness of type} is the class {0 : 0 = cf(0) > &
and there is a uniform xT-complete ultrafilter on 6}.

2) In C, we can replace “every \” by A\ =29 + k.

Proof. Put together 2.10,2.16. o3
Of course, a complimentary result (showing the main claim is best possible) is:

Claim 2.15. If¥ is an a.c.c., LST(¢') < x and on 0 there is a uniform ™+ -complete
ultrafilter on 6 and 6 is reqular and A any cardinality then € has (\, k)-compaciness

of types.

Proof. Write down a set of sentences on L.+ .+ (7, ) expressing the demands.

Let (M; : i < 0) be <g-increasing continuous, ||M;|| < A, p; = tpe(a;, M, N;) so
M; <¢ N; such that i < j < 0 = p; = p;|M;. Without loss of generality ||N;|| < A.

Let <Ni)j7g 0 < ni7j)g>,7Ti71 witness p; = Dj [ M; for i < 7 <0 (16 M; < Ni,j,f
(without loss of generality || N; (|l < A), Nijo = Ni,ai € Nije, N (Nije <e

£<n; j¢

Nije+1V Nijer1 <¢ N;je and 7; ; be an isomorphism from N; onto ]<f”n” over
M; mapping a; to a;.

Let 77 = 71U {F., : € < k,n < w}, arity(F.,) = n. Let (M;" : i < ) be
C-increasing, M;r a 7T -expansion of M; such that v C M;r = M, [cﬂMf (u) <¢ M;.

Similarly (N, : £ <n,j0);e = 1,€ such that N;'% is a 7" -expansion of N, ;. as

1,5,¢ [
above such that (V¢ < n; ;¢)(3e € {1, 2})(NZ+J‘2 C N:J-’ZH % N;rj’;ﬂ C NZ'ZZ)
Now write down a translation of the question, “is there p such that ...” [y 15

Claim 2.16. If D is a uniform k-complete ultrafilter on 0, (M; : i < 0) is <,-
increasing continuous, p; € S (M;) as witnessed by (N;, a;) for i < k,p; = p;[M;
fori < j <k as witnessed by (m;, (N; ;.o : £ <m; ;) as in the proof above.

Lor directly as I'; has Skolem functions
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1) There is p, € S*(My) such that i < 0 = p,.[M;.

2) In fact for each i < k let U; € D be such that i < j € U; = n;; = n. Let

Niwe= 11 Nije/D. So (Nl <nj) are as above. Let M = [[ M;/D,m; , =
JEU; <K

I mi;/D, etc.
JEU;
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3. ON SOME STABILITY SPECTRUMS OF AN A.E.C.

Convention 3.1. £ is an a.e.c. with amalgamation.

Definition 3.2. For § > LST(t). We say ¢ is (), 0)-stable when M € K§ =
IS(M)/ES,;| < X\ where

PES g & (WN)(N <e MAN| < 6= pIN = ql6).
Theorem 3.3. Fizing 0 the class {\ : € is (\, 0)-stable}; behave as in [Sh:3].
Remark 3.4. See [Sh:734] = [Sh:h, V,§7] or [Sh:702] if not covered.
Definition 3.5. k() := Min{x < 0T: there is no sequence (M; : i < r) which
is <g-increasing continuous, |M;|| < 0 and p € .(M,;) such that p[M,; strongly
(0)-split over M;}.
Claim 3.6. 1) If A > 2% and € is not (), 0)-stable then for some k < 6% satisfying
A" >\ we have Kk < Kg(t).
2) If A > 0, X" > X then r < kg(€) then € not (X, 0)-stable.

Conclusion 3.7. (—,0)-stability spectrum - behave as in [Sh:3].

Discussion 3.8. We can look at A € [,29) using splitting rather than strongly
splitting.

It seems to me the main question is
Question 3.9. Assume (30 > LS(€)(ke(8) > Vo).

What can you say on Min{f : kg(h) > Ro,6 > LST(£)}?

Question 3.10. Assume GCH can we find an a.e.c. € such that: (V6 > LST(¢))(ke(€) =
Rg) but unstable in every regular A > LST(#)?
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