nodi fi ed: 2013- 11- 26

:2013-11- 25

revi si on

(932)

MAXIMAL FAILURES OF SEQUENCE LOCALITY IN A.E.C.
SH932

SAHARON SHELAH

ABSTRACT. We are interested in examples of a.e.c. with amalgamation hav-
ing some (extreme) behaviour concerning types. Note we deal with ¢ being
sequence-local, i.e. local for increasing chains of length a regular cardinal (for
types, equality of all restrictions imply equality). For any cardinal § > Rg we
construct an a.e.c. with amalgamation ¢ with LST(£) = 6, |Tg| = 6 such that
{k : k is a regular cardinal and R is not (2", k)-sequence-local} is maximal. In
fact we have a direct characterization of this class of cardinals: the regular
such that there is no uniform x*-complete ultrafilter. We also prove a similar
result to “(2%, k)-compact for types”.
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0. INTRODUCTION

Recall a.e.c. (abstract elementary classes); were introduced in [Sh:88]; and their
(orbital) types defined in [Sh:300], see on them [Sh:h], [Bal09]. It has seemed to
me obvious that even with € having amalgamation, those types in general lack the
good properties of the classical types in model theory. E.g. “(\, k)-sequence-locality
where

Definition 0.1. 1) We say that an a.e.c. £is a (), x)-sequence-local (for types)
when k is regular and for every <g-increasing continuous sequence (M; : i < k) of
models of cardinality A and p,q € (M) we have (Vi < k)(p | M; = q | M;) =
p = q. We omit A\ when we omit “||M;|| = \".

2) We say an a.e.c. £is (A, k)-local when: x > LST(¢) and if M € €y and p1,ps €
S (M) and N <¢ M A ||N|| < &= p1|N = p2|N then p; = po.

3) We may replace A by < A\, < A, [u, \] with the obvious meaning (and allow A to
be infinity).

Of course, being sure is not a substitute for a proof, some examples were provided
by Baldwin-Shelah [BISh:862, §2]. There we give an example of the failure of (A, k)-
sequence-locality for €-types in ZFC for some A\, k, actually kK = 8y. This was done
by translating our problems to abelian group problems. While those problems seem
reasonable by themselves they may hide our real problem.

Here in §1 we get £, an a.e.c. with amalgamation with the class {x : (< oo, k)-
sequence-localness fail for £} being maximal; what seems to me a major missing
point up to it, see Theorem 1.3. Also we deal with “compactness of types” getting
unsatisfactory results - classes without amalgamation; in [BISh:862] this was done
only in some universes of set theory but with amalgamation; see §2.

We relay on [BISh:862] to get that £ has the JEP and amalgamation.

Question 0.2. Can {x : £ is (< oo, k)-local}, e.g. can it be all odd regular alephs?
etc?
Note that for this the present translation theorem of [BISh:862] is not suitable.
In §2 we deal with sequence-compactness of types.
We thank Will Boney for a correction.
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1. AN A.E.C. WITH MAXIMAL FAILURE OF BEING LOCAL (o1}
e
Claim 1.1. Assume
®1 (a) Kk =cf(k) >60>Rg orjust kK = cf(k) > Ng, 0 > Ny
(b)  there is no uniform 0% -complete ultra-filter D on
(¢) 79 is a vocabulary of cardinality 0 consisting of O n-place predicates
with eachn (and no more say { R, : v < 0,n <w},n = arity (R, n)).

Then

B there are In, My o, oo (for £ =1,2 and o < k), go (for a < k) satisfying
(a) In, a set of cardinality 0%, is C-increasing continuous with «

(b
( Te.o 8 a function from My, onto I, increasing continuous with o

)

)
(d) |m, 1{t}|<t9NU fortely,a<kandl=1,2
(e)

)

My o, a To-model of cardinality < 0", is increasing continuous with o

c

e) if t € Iny1\Io then L ;{t} C Mya+1\ Moo

(f) for a < K,gq is an isomorphism from M o onto Mz, respecting
(71,2, T2,,) which means a € My o = 1 ,0(a) = 72,4(ga(a))

(g9) for a = Kk there is no isomorphism from My o onto Ms . respecting
(lea,ﬂgya).

Proof. Follows from 1.2 which is just a fuller version adding to 7y unary function
F, for ¢ € G; this is a notational change when %0 = . Otherwise see ()12 of the
proof of 1.2; anyhow we shall use 1.2. O 1 (e2)
e2
Claim 1.2. Assuming ®, of 1.1 we have
B there are I, My, o0 (for £ =1,2,a < k) and go (for « < k) and G such
that
(a) G is an additive (so abelian) group of cardinality O™°

(b) I, is a set, increasing continuous with «, |I,| = 0"

(¢) My is a T;—model, increasing continuous with o, of cardinality 0%
where T9+ =19 U{F,: c € G}, F. a unary function symbol, 19 in ®1(c)
of 1.1
(d) e, is a function from My onto I, increasing continuous with o
(e) e (c € G) is a permutation of My, increasing continuous with o
M «
(f) meala) = Tea(Fe " (a))
My, o M o My o
(9) Fey " (Fe, " (a)) = F, 1%, (a)
My, o
(h) meala) =meal(b) & V Fo " (a) =b
ceG
)

(1) for a < R, fo is an isomorphism from My o onto Ms o which respects
(71,05 M2,0) Which means a € My o = T1,0(a) = 72,0(fa(a))
(4) there is no isomorphism from My, | 19 onto Ma, | 79 respecting
(7Tl,l<a77r2,l<a)'
Proof. Let

(¥)o 0 =0% s0 0 = o0
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(¥)1 (a) let G = ([o]<N,A), i.e., the family of finite subsets of o with the
operation of symmetric difference. This is an abelian group
satisfying Va(z + 2 = 0)

=
~— —

let {(aja.u: f€"0,a < k,u€ @) be asequence without repetitions
for B <rklet Ag ={arau:f€o,a<l+panduecG}

for 6 <klet Ip = ("o) x (1 + )

let mg(afau) = (f,) when a <1+ 8 <k

for each B < k we define a permutation gg (of order 2) of Ag

by gs(af,a,u) = af.a.ute{s(s)}} hence
a € Ag = mp(gs(a)) = ms(a).

A~ N N S
U
—_

=

Note that

(#)2 (a) [G]=0
() (Ap:p < k)isa C-increasing continuous, each Ag a set of cardinality
o = 0"

(¢) (Ig:p < k)is C-increasing continuous, each I of cardinality ¢" = 0"

(d) mp is a mapping from Ag onto Ig
(e) iftel, CIgthen Wﬁ_l{ﬁ} = 7, {t} has cardinality |G| = &
(f) ift € Io11\In then ﬂ;j_l{t} C Ant1\A4a.

For each n < w and 8 < k we define equivalence relations £}, 5, E, 5 on " (Ap):

(%)3 @E;uﬂg iff m(a) = mp(b) where of course 75 ({as : £ < n)) = (mg(as) : £ < n)

(%)4 @En”gE iff ak), BB and there are k < w and ao, ..., a, such that

)

(i) ar € "(Ap)

(i) a = ag
(iii) b= ay
(iv) for each ¢ < k for some o, < K we have g} (ga, (ar)) is well defined

and equal to Gyy1 OF Ga, (g;l1 (a)) is well defined and equal to Gpq1
(note:

first the two cases are one as g;l = Gua;

second g, does not preserve a/E, g!, in fact, a,go(a) are never E,, 3
equivalent;

third clearly they are well defined iff (V¢ < k)[ar € ™(Aminfar,as})]
because if v < 8 then gz maps Ag onto itself)

fourth if o« < fB,a € A,, then gg maps a/E, g onto itself.

(*)5 (a) E, g, En g are equivalence relations on "(Ag)
(b) Epn refine Ej

() ifn<w,a€"(Ag) then a/E], 4 has at most o members (we shall
use only its having < 29 members)
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(d) ifa<p<kthen E) 51"(Aa) =E,,
(read (x)4(iv) carefully!)
() Hfa<pf<k,ac™(Ay) andEE@/Ejhﬂ then b € "(A,)
f if Ja ay) = Bz for ¢ = 1,2 then: (_11E/ ao ﬁ BlE/ BQ.
n,B n,B3

and E, g | "(Aa) = En o

)

Now we choose a vocabulary 7; of cardinality 27 (but see (x)12) and for a < k we
choose a 75-model M; , with universe A, such that:

(¥)6 (a) M4 increasing with «

(b) assume that @,b are E}, ,-equivalent (so a,b € "(A,) and
Ta(@) = 7a(b)); then a,b realize the same quantifier free type
in My o iff G, ob.

() 75 ={En n<w}U{F.:c€eG}U{R.:e€ 0} U{R,;:i<o0,
n<w}U{E,:n <w} where E,, R. are two-place predicates,
F. a unary function, R, ; is n-place predicate

(d) for every function e € %o
Réwl’a = {(aflaﬁlaul’af27ﬂ27u2) €EAaxAp:fi=e€o frandi€uy

iff (|{j € ua:e(j) =i} is odd)}
(6) Eghya = En,ou FL{WLQ = Fc
if « < B¢ < k for £ =1,2 then ¢;'gs, is an automorphism of M .
By Y81 ,

1,

[Why is this possible? First as, for each o < k, g, maps Réw onto itself.
Assume we are given a pair (af, g, u,,0f, 8s.u,) from Aq X Ay s0 B1,02 <1+«
and f; =eo fy so

(*)6»1 (aflaﬁlqul7af27ﬁ27u2) € Rélea iff uy = {6(]) :Jj € ug and (EOddL € UQ)(G(L) =

e(7))-
[Why? Read (x)g carefully, note if i ¢ {e(j) : j € ua} then i ¢ uy.]

M o -
(*)6.2 (ga(afl,ﬁl,ul),ga(af21ﬁ21u2)) € RSV ff y
(afl’Bl’u1+{f1(a)}7a’f2,52,u2+c{f2(04)}) € R. beiff
urta{fi(@)} = {e(j) : j € ust+a{f2(@)} and (I, € (ug+a fo(@))(e() =
e(4))}-

[Why? The first equality by the definition of g, the second equality as in (*)g.1.]
But f; = eo fy hence

(*)e.3 f1(e) = e(fa(@))-

So together we get equivalence, so the “first” holds.

Second, g, preserves “a,b are E, ,-equivalent”, “a,b are E,’%a—equivalent” and
their negations. That is, @, g (@) are not E,, ,-equivalent, but as (V3)(gs = ggl), a,b
being E, ,-equivalent means that there is an even length pass from a to b, in the
graph {(¢,g5(¢) : B € [7,k) and ¢ € "(A,)} where v = min{y : a,b € "(A,)}.

Third, no problem in making the M ,’s increasing by (%)s(d). Fourth, we can

choose the Rg[il’“’s such that Clause (b) holds because of (x)5 in particular clause

(c) of (x)5 we can satisfy Clause (b).]
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()7 for a < K let My, be the Tp-model with universe A, such that g, is an
isomorphism from M; , onto My 4.
Now we note
(x¥)s for a < < Kk, My o C My g.

[Why? By the definitions of M) ,,g,, E;, ., En~, in particular, the “first” and
“third”, i.e. (x)5(d) in “why (%)¢”.]

()9 let My, :=U{ Mz : a <k}, well defined by (*)s

(¥)10 let mpp=mgfor {=1,2and B < kK

()11 except clause (j) the demands in the conclusion of B of 1.2 holds easily

()12 it is O.K. to use a vocabulary of cardinality 27 = 20",

[Why? As there is a model M of cardinality 27 with |75 = 6 omitting a quantifier
free type p such that M C N A M = N = N realizes p.
Note

(#)13 if (afaursAf,aus) 18 B2 q-equivalent to (afa,v,0f.a,0,) then G = “uq —
Ug = V1 — UQ” .

[Why? By induction on the k from (x)4.]
So to finish we assume toward contradiction

X h is an isomorphism from M, , onto M, which respects (71,4, 72,o) for
a < K.

So trivially
®1 h(afau) € {afau:v€G})andac™(Ay) = hia) €a/E, o Ca/k,,

[Why? As h respect (71, T2,) see (x)1(e) and (x)19 clearly h(a) € a/E,, ,. But h
is an isomorphism from M ,, onto My, hence by (x)¢(b) we have h(a) € (a/En.q).]

®y for f € "o and a < k let uy, o € G be the u € G such that h(as ) = afa,u

®3 for f € "o,a <k and v € G we have h(af,a,0) = Gf a0t cuy,q-

[Why? By ®; clearly h maps any finite sequence b € "(A; ;) to an E, ,-equivalent
sequence for each o < k. Now apply this to the pair (a4, af,q,u) recalling (x)13.]

®4 we define a partial order < on "o as follows:
f1 < fo iff there is a function e € 0 witnessing it; which means f; =
eo fo

®5 if a1, < Kk and f1 < fo (are from “o) then |uf, o, ] < [Ufy,a,]-
[Why? This follows from ®¢ below.]

®¢ if e € 90, fo € "0 and f1 = eo fo € "0 and a1, < Kk then
Ufy o - {e(z) S ufz,Ou}'
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[Why? Choose o < & such that a > ai,a > a2 50 @y, 0,,0,00.01,0 € Moo
Recall that A maps Réwl"’ onto Réwz"’ by X and RéMZ'“ = Réwl'“ because g, maps
RY™ onto itself (see in (x)g the “why...”). Now see (x)g(d), i.e. the definition of

1,0

R e, obviously (Afy 00,00 0fs,00,0) € RY* 50 as h is an isomorphism we have
(h(ag, a0,0)sP(af, as0)) € RY>* 50 by the previous sentence and the definitions
of uf, o, (¢ =1,2) in ®» we have (afhahufl,alaan,aQ,ufZM) c Réw1,a which by the

definitions of R2™* in (%)6(d) implies uy, o, C {e(i) 1% € uf,,a,} as promised.]

®7 (a) |ufon] = [ufanl for a1, a0 <k, f €0
() n(f) =|uyq|is well defined
(C) if f1 < f2 then I’I(fl) < I’I(fg).

[Why? For clause (a) use ®¢ for e = id, and f; = fo = f. Clause (b) follows.
Clause (c) holds by ®¢.]

®g there are f, € "o and a, < k such that:
(1) if f, < fe"oand o < k then |uy, o, | = |uf.ql
(#4) moreover if f, = eo f where e € o and f € "o, < k then e | usq
is one-to-one from uys o onto uy, o so n(f.) = n(f)

(i71) if o« < R, fx = €10 f1, f« = ea0 fo then eluy, o is one-to-one onto uy, .

[Why? First note that clause (ii), (iii) follows from clause (i). Second, if not then
we can find a sequence ((fn,an,€n) : n < w) such that

(@) an < K, fn € "o forn <w

(B) fn < fat18ay fn=eno foy1 and e, € 70
(v) (ens fn+1,nt1) witness that (fy, «,) does not satisfy the demand (i) on
(fx, ax) hence n(fy) < n(fny1)-

Let up = uf,.q, forn <w. Forn <w and i < o let A,; = (a < k: fo(a) = 19),
so (A, 11 < w) is a partition of kK and & € Ay41,;, = « € Ap e, (iy- So letting
Ay = {A, ) 1 n <w} for n € Yo clearly (A, : n € 70) is a partition of .

As we have o = o™° by (x)o, there is a sequence (" : n < w) satisfying e” € o
and f € "o such that f, = e o f for each n < w. Son < w = f, < f which
by ®7(c) implies n(f,) < n(f). As (n(f,) : n < w) is increasing, easily we get a
contradiction.]

®9 n(fy) >0,ie. a<k=ujs o#0.

[Why? If (Vf € "o)(Va < k)(uf,o = 0) then (by ®3) we deduce h is the identity,
contradiction. Otherwise assume uy, 7# () hence as in the proof of ®g there is f’
such that f. < f'Af < [’ soby ®; and ®g we have 0 < |uso| < |up o] = [uf, ol

@10 if f€o,a<rkand i€ us, then k =sup{f < k:a < f and f(B) =i}.

[Why? If not, let B(x) < k be >sup{f < k:a<p,f(8) =1} and > w and > «.

Let Y = {(af,a,u: afp(+)u) : v € G,i ¢ u}. Now for every 8 € (B(x), x) the function
gs maps the set Y onto itself hence by the definition of Ej g(,)41 it follows that
acY = a/Eypgy41 €Y and as h respects (71 g(x)41,T2,3(s)+1) it follows that

ha) C a/Ey gy, and so 6> > B(x) + 1= g5 (h(a)) € a/Ey gay1-
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Now for @ € Y, the pairs a,h(a) realizes the same quantifier free type in

M ()41, M2, g(x)+1 respectively, hence by the choice of My g(,)41 the pairs a, glg(l*)wh(d))

realize the same quantifier free type in M1 o. By (%)6(b) recalling gB*(l*)H(h(d)) €
a/El B(x)41 this implies that @,gﬁ*(l*)ﬂ(h(d)) are Fy g(s)41-equivalent. By the def-
inition of EQﬁ(*)H,gg(i)H(h(d)) belongs to the closure of {a} under {g=' : v €
(B(%);k)} hence h(a) belongs to it. But by an earlier sentence Y is closed under

those functions so h(a) € Y. Similarly h=1(a) € Y, h maps Y onto itself, recalling
@2 this implies ¢ ¢ uy o, contradicting an assumption of @19, so ®19 holds.]

Now fix f,, . as in ®g for the rest of the proof, without loss of generality f, is
onto o and let uy, o, = {i} : 4 < £(x)} with (i} : £ < £(x)) increasing for simplicity.
Now for every f € "o such that f. < f and o < k by ®s(i1), (1i7) we know that if
e € 70 A f. = eo f then e is a one-to-one mapping from uy . onto uy, o,; but so
e | ufq is uniquely determined by (fs, o, f,a) so let if ¢ € uf o be the unique
i € ufq such that e(i) =i} (equivalently (3a)(f(a) =i A fi(a) =1i})).

Now if f. < f € "o and aj,a2 < Kk and e € %0 and we choose e = id, so
necessarily f | wja, = €0 f [ Ufa,, then e | Rang(f | ufa,) map uyq, onto
Uf o, but e is the identity so we can write uy instead of uy o let ifs = if ¢ for
< l(x),a < K.

Let

A={ACk: forsome f, f. < f and a < r we have f~*{i;o}\a C A}

0, A C P(r)\[K]<".

[Why? As k is regular, this means A € A = A C k Asup(A) = « which holds by
®10.]

Ll ke A
[Why? By the definition of A.]
[l3 if Ae Aand A C B C k then B € k.
[Why? By the definition of A.]
[y if Ay, Ay € A then A =: A; N As belongs to A.

[Why? Let (f¢, ap) be such that f, = egofeand fr € "o,y < K and f[l{ifbo}\ag -
Ay for £ = 1,2. Let pr:oc X 0 — o be one-to-one and onto and define f € "o by
fla) = pr(fi(a), f2(a)). Clearly fo < f for £ = 1,2 hence i is well defined and
’L'fyo = pr(iflyo,ifmo). Now f(Oé) = ’L'fyo = fl(Oé) = ’L'f170 A fQ(Oé) =i acA Nae
As=a€ A NAys=ac Aso f~Hifo} C Ahence A € A]

s if AC k then A€ Aork\A € A
[Why? Define f € "o

) 2fi(@) ifaecA
Ja) = {Qf*(a) +1 if a € K\A.



nodi fi ed: 2013- 11- 26

revi sion: 2013-11- 25

(932)

MAXIMAL FAILURES OF SEQUENCE LOCALITY IN A.E.C. SH932 9

Let i =i so by the definition of A we have f~1{i} = f~'{iso} € A. Butifiis
even then f~1{i} C A and i is odd then f~!{i} C k\A so by [J3 we are done.]

[l A is a uniform ultrafilter on k.
7 Ais oT-complete.

[Why? Assume B, € A for ¢ < o and let B = N{B. : ¢ < 0}. Define A. C & for
e < o as follows: A14. = [ Be\Be (so is k\By if e = 0) for ¢ < 0 and Ay = B.
(<e

Clearly (A : € < o) is a partition of k, let f € “o be such that f | A. is constantly
e. Let f € "0 be such that f < f' A f. < f'. Now (f')"is 0} € Ais included in
some A.. If ¢ = 0 this exemplifies (| B. € A as required. If e = 1+ ¢ < o, then

e<o
(f)y"Yip o0} C Ac = K\Be, contradiction to [g as B: € A, (f') " Hip o} € Al
So by the assumptions of 1.2, that is, ®1(b) of 1.1 we get a contradiction, coming
from the assumption “toward contradiction (j) of B of 1.2 fails”, so it holds and
the other clauses were proved so we are done. 00

Theorem 1.3. For every 0 there is an € = €, such that

® (a) tis an a.e.c. with LST(€) =0,|re| =0
(b) € has the amalgamation property
(¢) € admits intersections (see below)
(d) if K is a regular cardinal and there is no uniform 0% -complete

ultrafilter on K, then: € is not (< 2", k)-sequence-local for types,
i.e., we can find an <g-increasing continuous sequence (M; : i < k)
of models and p # q € S¢(M,) such that i <k =p | M; =q | M;
and M,; is of cardinality < 2".

We shall prove 1.3 below. As in [BISh:862, 1.2,84] the aim of the definition of
“admit intersections” is to ensure types behave reasonably.

Definition 1.4. We say an a.e.c. £ admits intersections when there is a function
cle such that:

(a) cle(A, M) is well defined iff M € K¢ and A C M

(b) cle(A, M) is preserved under isomorphisms and <g-extensions

(c) for every M € K¢ and non-empty A C M the set is B = cl¢(A, M) satisfies:
MIBe Ke, M|B<¢ M and AC My <¢ NAM < N = B C M;; we may
use cle(A, M) for M[cle(A, M).

Claim 1.5. Assume € is an a.e.c. admitting intersections. Then tpe(ar, M, Ny) =
tpg(az, M, Na) iff letting My = Ng[cle(M U{as}), there is an isomorphism from M
onto My over M mapping ay to as.

Remark 1.6. In Theorem 1.3 we can many times demand ||My| = &k, e.g., if
(3N (k = 2%).
Note

{e3}

{e4}

{es}
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Claim 1.7. 1) If t satisfies clause (a) of 1.3, (i.e. € is an a.e.c. with LST-number
<0 and |1¢| < 0) and Kk fails the assumption of clause (d) of 1.3, that is there is a
uniform 0% -complete ultrafilter on k, then the conclusion of clause (d) of 1.3 fails,
that is € is k-sequence local for types.

2) If D is a 0% -complete ultrafilter on k and € is an a.e.c. with LST(¢) < 6 then
ultraproducts by D preserve “M € €, “M <¢ N”, i.e.

X if M;, Ni(i < k) are 7(R)-models and M = [[ M;/D and N = [[ N; then:
i<k 1<K
(a) MeKif{i<k:M,et}eD
(b) M <¢ N Zf{’L M <g Nz} eD.
Proof. Note that if D is #T-complete, then it is o-complete (and much more

0’-complete for the first measurable 6’ > 0).
1) So assume

B (a) (M;:i<k)is <g-increasing
(b) M, =Ny <y Nyforl=1,2

(¢) pe = tpe(as, No, Ny) for £ =1,2
(d) i< k= p|M;=p2|M,.

We shall show p; = po, this is enough.
Without loss of generality

(¥) a1 = ag call it a
By (d) of B we have

(d)* for each i < k there is n; < w and (N, ,,, : n < n;) such that

(a) N

(B) Nijm; = N
( ) a € N; Ny
(0) if n < n; then N; om11 <e Ni2m, Ni2m+2-

As k = cf(k) > Ny without loss of generality i < kK = n; = n.. Let x be such that

(M :i < k), ((Nipm :n <ny) i < k) and E,g7(e) all belongs to H(x). Let B be the
ultrapower (H(x),€)®/D and j the canonical embedding of (H(x), €) into B and
j1 be the Mostowski-Collapse of B to a transitive set H; and let j = j; 0 jo. Soj
is an elementary embedding of (H(x), €) into (H, €) and even Ly+ g+-elementary
one. Without loss of generality 7, C H(#) hence j(7¢) = 7¢( hence by part (2), j
preserves “N € K7, “Na <; N3”. (Why? E.g. for notational simplicity ¢ C H(6)
and ((M;, N;) : i < 2%) satisfies M;, N; € KELST(E)’Mi <¢ N; any such pairs is
isomorphic at least one of them and |[M;| C |Ny| C ).

So j((M; : i < k)) has the form (M} : i < j(x)) but j(x) > ke = J j(i) by the

<K

uniformity of D and let j(((Nin :n <n.) i < k) = (N, :n <n*) i <j(k)).

So

(a) jIM, is a <g-embedding of M, into M}
(b) My < NS, and j(a) € N},

,Mn
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(€) Niomir Se Niop, Nioppo for 2m+1 <n,
(d) j(a) € N, m-

Together we are done.
2) By the representation theorem of a.e.c. [Sh:88r, §1]. Oy .7

Proof. Proof of 1.3

Let o0 = 0%, Let G = ([0]<"°, A) and let (c; : i < o) list the members of G, let
(Na : a < o) list “0.

Now

Xy B., C G for £ < 0 be such that: if a,b € G then (Ve < 0)(Vn < w)(a €
B., =b¢€ B.,)= a=b; moreover, B, , = {cq : Na(n) = c}.

Let 7 have the predicates G, I, J, H (unary),E1, Q(binary),R,, o (n-place; n < w,a <
0), P. ,(unary), ¢ < 0) and function symbols Fj(unary), Fy, 7w(binary); so |7| = 6.
We define K as a class of 7-models by
Ny, M e K iff (up to isomorphism):
(a) (GM M JM HM) is a partition of |M], (so they are unary)
(b) (GM,+M) is a subgroup of the group ([o]<%,A), PM C GM for
e < 0,(PM : e < 0) be a partition of M such that a # b € GM =
(Fe < 0)(In <w)lae P Ab¢ PM]
() QM C HM x JM is such that (Ya € HM)(3'b)((a,b) € QM);
(d) EM is an equivalence relation on H* such that: if (a;,b) € QM and
az € HM then a; EMay < (as,b) € QM
(e) ™™ is a function from H™ into IM
(f) EM ={(a,b): aEMb and 7™ (a) = 7™ (b) s0 a,b € H}
(9) FM is a partial two-place function such that:
(o) FM(a,b) is well defined iff b € GM,a € HM
(B) forae HM (FM(a,b):be GM) list a/EM = {a' € HM:
7M(a’) = 7™ (a)} with no repetitions
(v) ifa€ HM and b,c € G then FM(a,b+M ¢) = FM(FM(a,b),c),
on the + see clause (b)
(8) F(a,0gm) =aforac HM
(e) forn <wand v < @ the relation R}’ is an n-place relation
CU{™(a/EM):a € HM}.
We define <; as being a submodel. Easily
K ¢ = (K, <g) is an a.e.c.
For AC M € K let

(a) cl};(A) = the subgroup of (GM,+M) generated by (ANGM)uU{be GM :
for some a; # az € AN HM we have a1 EM ay and FM (a1,b) = az}

(b) ef2,(A) = (ANTMYU {7M(a):a € AN HM}

(¢) cl3,(A) = {a € HM : for some b € c/§,(A) and aj € AN HM we have
a = Fy"(a},b)}
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(d) cl(A, M) = cly(A) =M | (U{cti;(A): £ =1,2,3}).
Now this function ¢f(A, M) shows that £ admits closure (see 1.4) so
X, ¢ admits closure and LST(£) + |7¢| = 0.

Assume & is as in clause (d) of 1.3, we use the My (¢ = 1,2, < k) constructed in
1.2 (the relevant properties are stated in 1.2). They are not in the right vocabulary
so let M; , be the following 7-model:

M5 (a) elements GMie =@

Mo — T
, o
JMea = {5}t just a new element
055t
HI\/[l,a = |M€,O¢|

(we assume disjointness)
(b) (GMie,+Mie) is G = ([0] <, A)

PEME’“ C GM as required in X; not depending on (£, a)
c) FlM“‘ is constantly 5 on HMt.a
B = {(a,b) : F}'(a) = F"° (b) s0 a,b € HMeo
M s 7o« (constructed in 1.2)
1) Eéw""“ = {(a,b) : aEiV[[’“b and 7 (a) = 1M (b) so a,b € HMia)
9) FQME’“(a, b) = FbM“‘ (b) for a € HM:.o
h) R%‘;’“ for n < w,y < o list the relations of Mj .
Let Mg, = M, | (GMea UTMia) for £ = 1,2 and a < & (we get the same result).
Note easily
Ko Moo <¢e Moo, (Mpo:a < k) is <gincreasing (check)
X7 tpe(ty, Mg o, M1 ) = tpe(ts, Mg o, M3 ) for a < k.
[Why? By the isomorphism from M; , onto Ms , respecting (71,4, 72,o) in 1.1.]
X tpf(f{a M(l),m M{,n) 7é tp{’(t;a Mé,na Mé,n)'

[Why? By the non-isomorphism in 1.1; extension will not help.]
Now by the“translation theorem” of [BISh:862, 4.7] we can find ¢’ which has all
the needed properties, i.e. also the amalgamation and JEP. Lhs
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2. COMPACTNESS OF TYPES IN A.E.C.

Baldwin [Bal09] ask “can we in ZFC prove that some a.e.c. has amalgamation,
JEP but fail compactness of types”. The background is that in [BISh:862] we
construct one using diamonds.

To me the question is to show this class can be very large (in ZFC).

Here we omit amalgamation and accomplish both by direct translations of prob-
lems of existence of models for theories in L+ ,+, first in the propositional logic.
So whereas in [BISh:862] we have an original group G | here instead we have a set
PM of propositional “variables” and PM | set of such sentences (and relations and
functions explicating this; so really we use coding but are a little sloppy in stating
this obvious translation).

In [BISh:862] we have I, set of indexes, 0 and H, set of Whitehead cases, H;
for t € I'M | here we have M each t € I'V representing a theory PM C PM and in
JM we give each t € I'M some models MY : PM — {true false}. This is set up so
that amalgamation holds.

Notation 2.1. In this section types are denoted by p,q as p,q are used for propo-
sitional variables.

{b2.0}

Definition 2.2. 1) We say that an a.e.c. £ has (< ), k)-sequence-compactness (for
types) when: if (M; : i < k) is <p-increasing continuous and i < k = ||[M;|| < A

and p; € /<Y(M;) for i < k satisfying i < j < k = p; = p;|M,; then there is

Px € <Y (M,,) such that i < k = p,[M; = p;.

2) We define “(= A, k)-sequence-compactness” similarly. Let (), k)-sequence-compactness
mean (< A, K)-compactness.

{2b.1}

Question 2.3. Can we find an a.e.c. ¢ with amalgamation and JEP such that
{6 : € have (A, 0)-compactness of types for every A} is complicated, say:

(a) not an end segment but with “large” members
(b) any {0 : 0 satisfies 1},1) € L+ .+ (second order).

Definition 2.4. Let k > Rg, we define £ = &,; as follows:

{b2.2}

(A) the vocabulary 7¢ consist of F;(i < k), Re(¢ =1,2), P,T', I, J,¢; (i < k), F;(i <
k), (pedantically see later),

(B) the universe of M € Kp is the disjoint union of PM TM M JM g0 P T 1,J
are unary predicates

(C) (a) PM a set of propositional variables (i.e. this is how we treat them)
(b) TM is a set of sentences of one of the forms ¢ = (p),p = (r = pA

q),p=(q=-p),p=(¢= A pi),sop,qp; €PM
1<K

but in the last case {p; : i < k} C {cM :i < k} (or code this!)
(¢) fori < k the function FM : T™ — PM are such that for every
i<k and ¢ € I'M we have:
(o) if o= (p)and i < k then F14;(p) =p, Fo(v) = co
(B) ife=(r=pAq)then Fi(p)iscpifi=0,ispifi=1,isgq
ifr=2isrifr>3
(v) ifp=(¢g=-p) then Fi(p)iscifi=0,pifi=1,¢qgifi>2
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(0) ife=(g= A pj) then Fi(p)iscs if i =0,
I<kK
(d) I aset of theories, i.e. RM CT x I and for t € I let
M = [y e TM . yRM¢} C TM

(e) Jis a set of models, i.e. RY C (T'UP) x J and for s € J we have
MM is the model, i.e. function giving truth values to p € PM | i.e.

(@) MM(p) is true if p; R} s; is false if ~pRY s

(B)  (p,s) € R iff computing the truth value of ¢ in MM
we get truth

(fy FM:JM — I such that s € JM = ML is a model of T'par (4
(9) (vteI™)3s e JY)(F(s) =1)
(D) M <¢ N iff M C N are 1e-models from K.

{v2.3}
Claim 2.5. ¢ is an a.e.c., LST(t) = k.
Proof. Obvious. Uas
{b2.5}
Claim 2.6. ¢t has the JEP.
Proof. Just like disjoint unions (also of the relations and functions) except for the
individual constants ¢; (for i < k). Os g
{b2.6}
Claim 2.7. Assume Moy <¢ My for { = 0,1 and |My| = PMoyIMo = pMe yMe
for ¢ =1,2 and a; € I™M¢ for £ = 1,2. Then tp;(ai, Mo, M) = tpe(az, Mgy, M>) iff
TM) — M,
Proof. The if direction, <
Let h be a one to one mapping with domain M; such that h[My = the identity,
h(a1) = ag and h(M;) N My = My U {az}. Renaming without loss of generality h
is the identity. Now define M3 as M; U M5, as in 2.6, now a; = ao does not cause
trouble because PMo = pMe TMo — T'Me for ¢ =1, 2.
The only if direction, =
Obvious. Us.7
{b2.11}

Claim 2.8. Assume \,0 are such that:

(a) 0 is reqular < X and A > K

(b) (T : i < 0) is C-increasing continuous sequence of sets propositional sen-
tences in L+ o, such that [['; has a model < i < 0]

(c) [Tl <A
Then t fail (X, 0)-sequence-compactness (for types).

Remark 2.9. We may wonder but: for § = Xy compactness holds? Yes, but only
assuming amalgamation.
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Proof. Without loss of generality |I'o| = A\. Without loss of generality (pf : e < k)
are pairwise distinct propositions variables appearing in Ty (but not necessarily
€ T'y) and each ¢ € T'; is of the form (p) or r =pAgorr=-porr= A p; where
<K

{pi:i <k} C{pl:e <k}

Let P; be the set of propositional variables appearing in I'; without loss of gen-
erality |P;| = A.

We choose a model M; for ¢ < 0 such that:

H (a) |]\41|:PZUFZ
() PM =P and TM =T
(¢)  the natural relations and functions.

Let M, : P, — {true false} be a model of T';.
We define a model N; € K¢ for i < x (but not for ¢ = 0!)

|Z (a) Mi ge Ni

(b) PNi=pM

(¢) TN =M

(d) IM={t:}

(e) JM={si}

(f) Fli(si)=t;

(9) Ry" =T x{t:}

(h) RS is chosen such that MYiis M;
(

i) ENi(i < k) are defined naturally.
Now

(#)1 Pi = tpe(ti, M, N;) € S'(M;).
[Why? Trivial.]

(%) i <j<0—p;=p;IM.

[Why? Let Nj; = N;[(M; U{s;,t;}).]
Easily tp(t;, M;, N; ;) < p; and tp(t;, M;, N; j) = p; by the claim 2.7 above.]

(%)3 there is no p € S1(Mjy) such that i < 0 = p[M; = p;.
Why? We prove more:

(x)4 there is no (N, t) such that
(a) ]\4,..i Sg N
(b) teIV
(c) (Vo € TM)[pR{"t].

[Why? As then 'y = T'M has a model contradiction to an assumption. Lo g

So e.g.
{b2.13}
Conclusion 2.10. If § > & is regular with no k*-complete uniform ultrafilter on 0

and A\ = 2%, then ¢ is not (), #)-sequence-compact.
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Remark 2.11. Recall if D is an ultrafilter on 6 then min{c’ : D is not o’-complete}
is Ny or a measurable cardinality.

Proof. (Well known).

Let M be the model with universe 2/, PM = 0 and RM C 6 x \ be such that
{{a < X :aRMB} : B < A} = P(A),<M the well ordering of the ordinal on A
the vocabulary has cardinality x and has elimination of quantifiers and Skolem
functions.

Let I'; = Th(M, B)g<r U{a < ¢: a < 8} (c a new individual constant), then
(I'; : i < 0) is as' required in 2.12 below hence 2.8 apply. Os .10

Conclusion 2.12. In Claim 2.8 if A = A* then we can allow (I'; : ¢ < ) to be a
sequence of theories in L.+ ,+(7),7 any vocabulary of cardinality < .

Proof. Without loss of generality we can add Skolem functions (each with < &
places) in particular. So I'; becomes universal and adding propositional variables
for each quantifier free sentence and writing down the obvious sentences, we get a
set of propositional sentences, we get I'; as there. s 19

I think we forgot
Observation 2.13. If A > k > 0 = cf(0) then the condition in 2.8 holds.
Proof. Just let I'o = {\/,.g—pi},['s =To U {p; : j <i}. O

Conclusion 2.14. 1) C, = {0 : 0 = cf(d) and for every A and a.e.c. £ with
LST(¢) < &, |¢| = K have (), )-compactness of type} is the class {6 : 0 = cf(0) > k
and there is a uniform x"-complete ultrafilter on 6}.

2) In C,, we can replace “every \” by A =29 + &,

Proof. Put together 2.10,2.16. U213
Of course, a complimentary result (showing the main claim is best possible) is:

Claim 2.15. If ¥ is an a.c.c., LST(¥') < k and on 0 there is a uniform ™+ -complete
ultrafilter on 6 and 0 is regular and \ any cardinality then €' has (\, k)-compaciness

of types.

Proof. Write down a set of sentences on L, + .+ (T;' ) expressing the demands.

Let (M; : i < 0) be <g-increasing continuous, ||M;|| < A, p; = tpe(a;, M;, N;) so
M; <¢ N; such that i < j < 6 = p; = p;[M;. Without loss of generality ||N;|| < A.

Let <Ni1jyg 4 S ni7j14>,7ri71 witness Pi = Pj er for i < ] <0 (1e Mz SE Ni,j,l
(without loss of generality ||N; ¢l < A), Nijo = Nisa; € Nijo, N (Nije <e

£<n; j¢

Nije+1V Nijoer1 <¢ N;je and 7; ; be an isomorphism from N; onto ]<[i7j,ni,j over
M; mapping a; to a;.

Let 75 = 7 U{F., : € < k,n < w}, arity(F.,) = n. Let (M;" :i < 0) be
C-increasing, M;r a 7T-expansion of M; such that v C M;r = M, [cﬁMj (u) <¢ M.

Similarly (N;% : ¢ < n; j);e = 1,£ such that N;rj’ge is a 7 -expansion of N; ;. as

0,5,
above such that (V¢ < n; j¢)(Je € {1, 2})(]\7:33 C N:JF,EZH v N:j’fé“ C N:FJEZ)
Now write down a translation of the question, “is there p such that ...” [y 15

Lor directly as I'; has Skolem functions
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Claim 2.16. If D is a uniform rk-complete ultrafilter on 0,(M; : i < 0) is <g-

increasing continuous, p; € & (M;) as witnessed by (N;,a;) for i < k,p; = p;[M;

fori < j <k as witnessed by (m;, (N; j.e: £ < m; ;) as in the proof above.

1) There is p, € S*(Mp) such that i < 0 = p,[M;.

2) In fact for each i < k let U; € D be such that i < j € U; = n;; = nf. Let

Niwe= T1 Nije/D. So (N;ue:l<n}) are as above. Let M = [[ M;/D,m; , =
JEU; i<k

11 mi;/D, etc.
JEU;
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3. ON SOME STABILITY SPECTRUMS OF AN A.E.C.

Convention 3.1. £ is an a.e.c. with amalgamation.

Definition 3.2. For § > LST(£). We say £ is (), 0)-stable when M € K} =
|S(M)/E%[| < X\ where

pESq & (VN)(N <¢ M A|N|| < 6= pIN =ql6).
Theorem 3.3. Fizing 0 the class {\ : € is (\, 0)-stable}; behave as in [Sh:3].
Remark 3.4. See [Sh:734] = [Sh:h, V,§7] or [Sh:702] if not covered.

Definition 3.5. x¢(£) := Min{x < 67: there is no sequence (M; : i < k) which
is <g-increasing continuous, |M;|| < 0 and p € .(M,;) such that p[ M, strongly
(0)-split over M;}.

Claim 3.6. 1) If A > 2% and € is not (), 0)-stable then for some k < 0% satisfying
A" > X we have k < kg(8).
2) If X > 0,\" > X then k < ko(t) then € not (A, 0)-stable.

Conclusion 3.7. (—, 0)-stability spectrum - behave as in [Sh:3].

Discussion 3.8. We can look at A € [6,2%) using splitting rather than strongly
splitting.
It seems to me the main question is

Question 3.9. Assume (30 > LS(£)(kg(€) > Np).
What can you say on Min{6 : kg(h) > No,0 > LST(¢)}?

Question 3.10. Assume GCH can we find an a.e.c. € such that: (V0 > LST(¢))(ke(t) =
Ng) but unstable in every regular A > LST(£)?

REFERENCES

[Bal09] John Baldwin, Categoricity, University Lecture Series, vol. 50, American Mathematical
Society, Providence, RI, 2009.

[Sh:h] Saharon Shelah, Classification Theory for Abstract Elementary Classes, Studies in Logic:
Mathematical logic and foundations, vol. 18, College Publications, 2009.

[Sh:3] , Finite diagrams stable in power, Annals of Mathematical Logic 2 (1970), 69-118.
[Sh:88] , Classification of nonelementary classes. II. Abstract elementary classes, Classi-
fication theory (Chicago, IL, 1985), Lecture Notes in Mathematics, vol. 1292, Springer, Berlin,
1987, Proceedings of the USA—Israel Conference on Classification Theory, Chicago, December
1985; ed. Baldwin, J.T., pp. 419-497.

[Sh:88r] , Abstract elementary classes near N1, Chapter 1. 0705.4137. arxiv:0705.4137.
[Sh:300] , Universal classes, Classification theory (Chicago, IL, 1985), Lecture Notes in
Mathematics, vol. 1292, Springer, Berlin, 1987, Proceedings of the USA—Israel Conference on
Classification Theory, Chicago, December 1985; ed. Baldwin, J.T., pp. 264-418.

[Sh:702] , On what I do not understand (and have something to say), model theory, Math-
ematica Japonica 51 (2000), 329-377, arxiv:math.LLO/9910158.

[Sh:734] , Categoricity and solvability of A.E.C., quite highly, arxiv:0808.3023.

[BISh:862] John Baldwin and Saharon Shelah, Ezamples of non-locality, Journal of Symbolic
Logic 73 (2008), 765-782.

EINSTEIN INSTITUTE OF MATHEMATICS, EDMOND J. SAFRA CAMPUS, GIVAT RaM, THE HE-
BREW UNIVERSITY OF JERUSALEM, JERUSALEM, 91904, ISRAEL, AND, DEPARTMENT OF MATHE-
MATICS, HILL CENTER - BuscH CAMPUS, RUTGERS, THE STATE UNIVERSITY OF NEW JERSEY, 110
FRELINGHUYSEN ROAD, P1sSCATAWAY, NJ 08854-8019 USA

E-mail address: shelah@math.huji.ac.il

URL: http://shelah.logic.at



