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MAD SATURATED FAMILIES AND SANE PLAYER
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SAHARON SHELAH

ABSTRACT. We throw some light on the question: is there a MAD family
(= a maximal family of infinite subsets of N, the intersection of any two is
finite) which is saturated (= completely separable i.e. any X C N is included
in a finite union of members of the family or includes a member (and even
continuum many members) of the family). We prove that it is hard to prove
the consistency of the negation:

(a) if 2%0 < R, then there is such a family

(b) if there is no such family then some situation related to pcf holds whose
consistency is large; and if ax > Ny even unknown

(¢) if, e.g. there is no inner model with measurables then there is such a
family.

0. INTRODUCTION
We try to throw some light on

Problem 0.1. Is there, provably in ZFC, a completely separable MAD family
A C [w]™, see Definition 0.3(1),(4).

Erdos-Shelah [ErSh:19] investigates the ZFC-existence of families A4 C P(w)
with separability properties, continuing Hechler [Hec71] which mostly uses MA;
now 0.1 is Problem A of [ErSh:19], pg.209, see earlier Miller [Mil37], and see later
Goldstern-Judah-Shelah [GJSh:399] on existence for larger cardinals. It seemed
natural to prove the consistency of a negative answer by CS iteration making the
continuum Ny but this had not worked out; the results here show this is impossible.

The celebrated matrix-tree theorem of Balcar-Pelant-Simon [BPS80], Balcar-
Simon [BS89] is related to our starting point. In Gruenhut-Shelah [GhSh:E64] we
try to generalize it, hoping eventually to get applications, e.g. “there is a subgroup
of “Z which is reflexive (i.e. canonically isomorphic to the dual of its dual)” and
“less”, see Problem D7 of [EM02], no success so far. We then had tried to use such
constructions to answer 0.1 positively, but this does not work. Simon [CK96] have
proved (in ZFC), that there is an infinite almost disjoint A C [w]™° such that B C w
and (3*°A € A)[B N A infinite] = (34 € A)(A C B). Shelah-Steprans [ShSr:931]
try to continue it with dealing with Hilbert spaces.

Here s and ideals (formally J € OB) are central. Originally we have a unified
proof using games between the MAD and the SANE players but with some param-
eters for the properties. As on the one hand it was claimed this is unreadable and
on the other hand we have a direct proof, which was presented (for s < a..), in the
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2 SAHARON SHELAH

Hebrew University and Rutgers, we use the later one. A minor price is that the
proof in §2 are saying - repeat the earlier one with the following changes. The ma-
jor price is that some information is lost: using smaller more complicated cardinal
invariants as well as some points in the proof which we hope will serve other proofs
(including covering all cases) so we shall return to the main problem and relatives
in [Sh:F1047] which continue this work.

A related problem of Balcar and Simon is: given a MAD family B we look for
such A refining it, i.e. (VB € id}{)(34 € A)(A C* B). At present there is no
difference between the two problems (i.e. in 1.1, 2.1, 2.6 we cover this too)

Anyhow

Conclusion 0.2. 1) If 2% < X, then there is a saturated MAD family.
2) Moreover in (1) for any dense J, C [w]¥° we can find such a family C J,.

We thank Shimoni Garti and the referee for helpful corrections.

Definition 0.3. 1) We say A is an AD (family) for B when A C [B]™¢ is infinite,
almost disjoint (i.e. A; # Az € A= A1 N A finite). We say A is MAD for B when
A is AD for B and is C-maximal among such A’s.

2) If B = w we may omit it.

3) For A C [w]®, id 4 is the ideal generated by A U [w]<No.

4) A MAD family A is saturated when: if B € id}; (see 0.7(3)) then B almost
contains some member of A (equivalently: if B € idj‘ then B almost contains
continuum many members of A because if B € idjt then there is an AD family
B C [B]* N id}; of cardinality 2%0).

Definition 0.4.
(1) Let a be the minimal cardinality of a MAD family
(2) Let a, be the minimal x such that there is a sequence (4, : a < k + w) of
pairwise almost disjoint (=with finite intersection) infinite subsets of w satisfying:
there is no infinite set B C w almost disjoint to A, for o < k but BN A4, is
infinite for infinitely many n-s.

Observation 0.5. We have b < a, < a.

Remark 0.6. 1) Note that if there is a MAD family A C [w]® such that B € id} =
(32 A € A) (BN A is infinite), then there is a MAD family A C [w]™ such that
Be idf = (32° A e A)(A C B) equivalently B € id} = (34 € A)(A C B); just
list our tasks and fulfil them by dividing each member of A to two infinite sets to
fulfil on task.

2) So the four variants of “there is A...” in 0.3(4), 0.6(1) are equivalent.

Notation 0.7. 1) For A Cw let Al be Aif £ =1 and w\A if £ = 0.
2) For J C [w]¥ let J* = {B: B € [w]¥ and [A € J = AN B finite]} and also for

A= (As:5€8) let At ={A;:5€ S}

3) id 4 (B) is the ideal of P(B) generated by (Al B)U[B]<® and id}{(B) = [B]*\ ida(B),

for A B see 7) below; if B = w we may omit it.

4) Let A C* B means that A\B is finite.

5)If C C P(w) and 5 € €2 then Ic ,(B) is {C C B: C C* AWI for every A € C};
if B = w we may omit it.

6) In part 5), if v is a function extending n then let I¢ , = I¢ .
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7) For A C P(B3) and By C By let A[B; = {AN By : A € A satisfies AN By is
infinite}.

Definition 0.8. 1) Let OB = {I C [w]|™ : T U [w]<%0 is an ideal of P(w)}.

2) For A Cwlet ob(A) = {B: B € [w]™ and B C* A} so ob(w) = [w]™.

3) n L v means =(n <v) A=(v I n).

4) We say A is AD in J C [w]® when A is AD and A C J.

5) We say A is MAD in J C [w]® when A is AD in J and is C-maximal among
such A’s.

6) J C [w]™ is hereditary when A € [ NANAC*Be J= AecJ.

7) J C [w]* is dense when (VB € [w]™)(34 € J)[A C B].

{0z.8}
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1. THE SIMPLE CASE: § < a.

We here give a proof for the case s < a..
{4d.3}

Theorem 1.1. 1) If s < a. then there is a saturated MAD family A C [w]™.
2) Moreover, given a dense J. C [w]¥ we can demand A C J..

Proof. Stage A: Let k = s, so cf(k) > Rg. For part (1) let J, C [w]™ be a dense
(and even hereditary) subset of [w]™°, i.e. as in part (2) and in both cases without
loss of generality every finite union of members of J, is co-infinite, i.e. w ¢ idy, .

Choose a sequence (C¥ : @ < k) of subsets of w exemplifying s = x, i.e. =(IB €
W) AA(B C* Ch Vv B C*w\Cy). Fori <k andn e 2let Cp = C;, the aim of

this notation is to simplify later proofs where we say “repeat the present proof but

2

Stage B: For o < 2%0 let AP, the set of a-approximations, be the set of ¢ consisting
of the following objects satisfying the following conditions:

B (a) 7 =T7; is a subtree of ©~2, i.e. closed under initial segments
(b) let suc(7) = {n € T : Lg(n) is a successor ordinal} and’
cl(T) = {n € r22: if i < £g(n) then n|i € T}

() 1<ITI <R +]al
(d) IT=1I=U,:necT))=(I}:necl(Ty))
(e) A=A, =(A,:ne suc(T)) = (Al :n e suc(Ty))

such that

(f) A,el,nJ.or* A, =0and % = {n € suc(Ty) : A, # 0}

(9) I, ={A€e[w: ifi < lg(n) then A C* (C;“)[”(i)] and if i+1 < Lg(n)
then AN A, ;41) is finite}, so I, is well defined also when
necl(T).

We let

(h) C} = C; (for generalizations)
M, AP — U{AP, : a < 2%}

B3 s <ap t iff (both are from AP and)
() .CT

t) I, = L1et(T.)
(c) Ay = Ayl suc(Ty).

Stage C: We assert various properties of AP; of course s,t denote members of AP:

Bs (a) <ap partially orders AP
(b) navec(T) =1, CI)
(¢) ifnecl(T;) then I} € OB, ie. I} U[w]<N is an ideal of P(w)

Iso ct({<>)) = {<>,<0>,< 1>}
2the case “A, = ()" is not needed in this proof
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(d) (A} :ne€ ) is almost disjoint (so A} € ob(w) and
n#vesS= Afl N A? finite; recall that here we can assume
i = suc(T)

(e) ifnecl(T;) and Lg(n) =  then I, =0

(f) if s <ap t then cl(7Ty) C cl(7Ty) and n € cl(T5) = I3 = I},
(and clause (b) of B3 follow from clauses (a),(c))

(9) o ifveclT;)\7; and n € . and B € IS then BN A, is finite

o ifveT;andne s but =(v<n)and B € I}
then BN A, is finite.

[Why clause (d)? Let ng # m € %, if no L m let p = no N n1 hence for some
£ €{0,1} we have p(£) <o, p"(1 =€) S so Ay, €I} C T o C ob((Ct)kT)
for k = 0,1 hence Ay, N A,, C* ob((CH)) N ob((C};)[l 4y = . If ny <m1 note
that A} e I} C ob(w\A} ) by clause B (g). Also if 5y <79 similarly so clause (d)
holds indeed.

Why Clause (e)? Recall the choice of (Cf, : o < ) and (C}, : € "~2) hence
a<r=Cl, =Cs Soif B el then B € Ijj(a41) hence (B C* C3VB C* w\Cy)

for every a < k, a contradiction to the choice of (C : o < k).]

Bs () a<p<2% = AP, C APy
(b) AP # 0 (e.g. use t with 7, = {<>})

(¢) if (t; : i < d) is <ap-increasing, t; € AP, for i <, (o : 1 < J) is
increasing, ¢ a limit ordinal and as = U{«; : ¢ < ¢} then
ts = U{t; : i < ¢} naturally defined belongs to AP, and
1<0=t; <apts

Hg let J; be the ideal on P(w) generated by {Af :n € .7} U [w]<No.
For s € AP and B € ob(w) we define:
(¥)1 Sp = S% := S5 U S% where
(a) S}B,—S51 = {n € cl(Ty) : [B\A]® NI # () for every A € J,}

(b) S% = 3}32 = {n € ¢l(7;): for infinitely many v,n < v € ./ and the
set BN A, is infinite}

(¢c) S} =8y =SB

(%)2 SP% = SPRE :={neT,:n"(0) € S;" and " (1) € S§'} for t = 1,2,3 and
Sp = S5 — S3.

Note

()3 for 0t =1,2,3

(a) Sk is a subtree of ¢f(7y)

(b) <)eSB<:>BeJ+ () e Sk

(¢) SP4

(d) if B C A are from [w]™ then Sy C S4, SPY; C SPY4.
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[Why? For ¢ = 1, the first statement holds by recalling B4(b), the second, () €
Sp < B € Jf, holds as IS, = ob(w), the third, SP% C 7, as by the definition of
cl(T;) we have n°(€) € cl(T;) = n € T,. Also the fourth is obvious. For ¢ = 2 this
is even easier and for ¢ = 3 it follows.]

(%)4 if n € Spand Vo<1 <...<dvy_q list {v<n:v € SPp} so this set is finite
and we let Cy(n, B) := n{(C;,)"9Wl : ¢ < n}, then Spnc,np) = {v €
Sp:v<norn<dv}.

[Why? Clearly (VA € I;)(A C* Cs(n, B)) by the definition of I}, see B;(g) but
(3A C I3)(|AN B| = Xg) hence BN Cs(n, B) € ob(w).

As BN Cs(n, B) € B clearly Spnc,(m,B) € Sp. Also as n € Sp and as (VA €
I)(A € Cs(n, B)) clearly n € Spnc,(y,p) and moreover {v € Spnco,(n,5) : 1 I
v ={v e Sp:n<v} by Hy().

Also as Sp and Spnc, (n,B) are subtrees clearly {v : v < n} C Sp N Spac,(m,B)
andn dv e cl(Ty) = [v € Sp < v E Spne,(m,B)]

So to prove the equality it suffices to assume « < lg(n),v € Sp,lg(nNv) =
a,lg(v) > o and v € Spnc,(y,B) and get a contradiction. If £ < n and a = £g(vy)
then (VA € I)[A C* (C'f”a)[l’”(o‘”], so an easy contradiction. If o ¢ {€g(vy) : £ <
n} we can get contradiction to nfa ¢ SPp. So we are done proving (x)4.]

(¥)s (a) for every n € cl(T;) the set {B € ob(w):n ¢ Sp} belongs to OB
(b) ife=1,2,3and B=ByU...UB, Cwthen Sz =855 U...USy
(¢) if A€ Jyand By = Bi\A then S = Sp, SPy = SPj for
t=1,2,3
(d) S% CT; for B € ob(w)
(e) ifnp<veclT;) thenne Ty
(f) if Be€ob(w)and s <ap t then
o1 S3'DSE NneUT)
o S]S3’2 - S};’,2 N 75 (inclusion in different direction? yes!)
o5 S5° D SENCU(T), in fact (S%° N el(T)\Sy® € S5
o, ifnc Sjsg’l\’ft then n € 553’1
(clause (f) is not used here)
() for t =1,2,3 we have
(a) if BCw,l <2and v e S5NT; and B C* (CL) then v (¢) € Sy
but " (1 —¢) ¢ S%
(b) if BCwand v e S5 N7, then for some ¢ < 2 we have v”({) € S4

(¢) w¢ Jy.

[Why? Read the definitions recalling (x)s(c). For clause (c) recall that v € .5 =
A, € Js and by B (f) we have J; C J, and by Stage A, w ¢ ob(J,).]

Stage D:

M, if a < 2%,s€ AP, and B € ob(w)\J, then we can find ¢t € AP, such
that s <ap t and B contains A,, for some n € 4\ 7.
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This is a major point and we shall prove it in Stage F below.

Stage E: We prove the theorem.
Let (B, : o < 2%0) list P(w) each appear 2% times. By induction on a < 2%
we choose t,, such that

® (a) to € AP,
(b) 6<Oé:>tﬁ§Apta
(c) if a =B+ 1 then either B, € J;, or B, contains A,, for
some 1) € .73 \Tz,,.

For av = 0 use H5(b).

For o limit use H5(c).

For o« = 6+ 1 use Hy.

Now let t € AP be U{t, : o < 2%} and recalling ()g(c) it is easy to check that
Ay is a saturated MAD family, enough for 1.1(1) and recalling that by B (f) it is
C J, also enough for 1.1(2).

Stage F: The rest of the proof is dedicated to
the proof of 7 so «, s and B are given.
The proof is now split into cases.

Case 1: Some v € Sp is such that v € cl(7,)\7s.

By (¥)5(d) we have v € SL. Clearly as v € Sp there is By € [B]™ N I3. Note
that £g(v) > 0 as () € 7, by clause (c) of H;.

Note that A € I; An € S5 = AN A} is finite, e.g. by the proof of BH4(d) or
better by Hy(g).

Subcase 1A: Assume £g(v) is a successor ordinal.

Let By C Bj be such that By € J. and By\Bs are infinite. Now define ¢ as
follows: 7; = T, U {v}, Al is A5 if p € suc(7;) and is By if p = v, lastly define
I;; for p € 7; as in clause (g) of ;. Easy to check that t is as required; actually
Bs; = B is O.K., too.

Subcase 1B: Assume £g(v) is a limit ordinal.

Clearly £g(v) < K by Hy(e), as I # () because By € I3, clearly there is £ € {0,1}
such that B} := (C’j)m N By is infinite, let By C B} be such that Bg, B\ B are
infinite and By € J.. We define t by 7; = T, U {v,v"(0)}, Al is A if p € suc(Ts)
and is By if p = v"(f) and I}, for p € 7; is defined as in clause (g) of B;.

Easy to check that t is as required.

Case 2: SPp = ) but not case 1.
Let v :=U{n:n e Sp}.

Subcase 2A: v} € Sk.

As Sp C ¢l(7T) by the definition of Sp, as we are assuming “not case 1”7 neces-
sarily Sp C 7, hence vj € 7 so lg(vg) < k.

We define By as BN A,z if A, is well defined and B3 = () otherwise; and for
(=0,1,let B} := BN (C;g(yg))[l]\B;

So
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(¥)7 (B§, By, B3) is a partition of B
hence by (x)5(b) for some ¢ = 0,1, 2
* 1
(*)8 Vg € S H
easily

(%)o £ #2,

and
(*)10 p:=vg () € Sp;.

[Why? By the definitions noting p € ¢f(75).]
Also as B] C B clearly

(*)11 Spy € SB-
But ()10 + (*)11 contradicts the choice of v}.

Subcase 2B: v} ¢ Sk.

By (*)3(b) + (*)6(c) and the assumption of HB; we have () € Sp and by (x)g(b)
clearly (0) € Sp or (1) € Sp hence vj # (). If v = v"(¢) by the definition of v}; we
have v}; € Sp, contradiction to the subcase assumption. Hence necessarily £g(v5)
is a limit ordinal < &, call it §. So a < 6 = vila € S but p<p € cl(T;) = p € T,
hence a < ¢ = vila € T;. Now for every a < 0 let v , = (v3la) (1 — vi(a)),
so clearly v , € cl(T;)\Sp hence as vj , ¢ S, by the definition of S C Sp
the set A, = {p € Y : Vi o Jpand BN A, is infinite} is finite, so we can find
n=n(a) <wand A7 ... s AL n(a)—1 enumerating A, but also vg ¢ SE C Sg,
hence ob(B\ U Aq) = ob(B\U {4}, ,: £ < n(a)} is disjoint to I, N JJ and by
the choice of A, and ()4, ob(B\UA,) = [B\(4;,,U...U Az,n(a)q)]% is disjoint
to Iﬁg,a' Let A(’;_’n(a) be AVE lo When defined and () otherwise. By the definitions of

I3, 1., we have (for v < 9 of course):

©1 (a) [BN(Cpy  JH7EN(AL gU. UAL )] s disjoint to I). |,

a,n(a
(b) AL, e{A,:pe S and vy, Jp (hence Ayp C (Cﬁ;3 ra)[l—w*a(oa)])}
for £ < n(«) (not needed presently)

[Why clause (b)? By the choice of A, .]

Let A*={BNA:A=A;, for some a <9,k <n(a) and BN A is infinite}.

So A* is a family of pairwise almost disjoint infinite subsets of B and if A* is
finite, still B\ U{A4 : A € A*} is infinite because A* C J; and we are assuming
B¢ J..

Let A :={v e Y v} <v,|A, N B| =N}

Now

(®o there is a set By such that:
(a) B1 C B is infinite

(b) B is almost disjoint to any A € A*
(¢) if A is finite then v € A = By N A,| <Ny
(d) if A is infinite then for infinitely many v € A we have |B1 N A,| =Yg
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[Why? First assume A is finite, so without loss of generality it is empty. If A* is
finite use the paragraph above on A*. Otherwise as |A*| < 6|+ Ny < k = 5 and
by the theorem’s assumption s < a, < a and by the definition of a it follows that
®9 holds.

Second, assume that A is infinite, and choose pairwise distinct v,, € A for n < w.
Now we recall that we are assuming s < a. and apply the definition 0.4 of a, to A*
and (v, : n < w) and get an infinite B; C B as required.]

©3 (a) B, € JSJ‘
(b) if =(vg 9dn) and v € &, then By N A, is finite.

[Why? For clause (a), note that first By C B C w, second Bj is infinite by clause
(a) of ®g, third By ¢ J; is proved by dividing to two cases. If A is finite use clause
(b) of ®3 proved below and clause (b) of ®9; and if A is infinite use ®2(d)). So let
us turn to proving clause (b); we should prove that [n € suc(7s) A ~(vg < n) =
Bl n Aﬁ finite.

If A, € {4}, :a <d,n <n(a)} then either A, N B is finite hence A, N B; C
A, N B is finite or A, N B is infinite hence A, N B € A* hence By N (4, N B)
is finite by the choice of By but By C B hence B; N A, is finite. So assume
Ay & {A.m - a < d,n < n(a)}, so by the choice of A, ,(q) for a < ¢ necessarily
—(n<vy). Recall that we are assuming that =(v}; < 7). Together for some o < ¢
we have o = lg(v Nn) < ¢ and vj[a<n and we get contradiction by the choice of
Ao = {4}, £ <n(a)} and A7, ]

a,n(a)”

We shall now prove by induction on a < § that By € IS};[ . For a = 0 recall

[e3

Lo = [w]Ro, for o limit Lo = ﬂ{li;; 1p 1+ B < a} and use the induction hypoth-
esis. For a = (3 + 1 first note that B; is almost disjoint to AV}% g if vplB e S C
suc(7;) by ®2(b) and, second, B; is almost disjoint to (& m)[1—1/}*3(@] otherwise
recalling ®3(b) we get contradiction to the present case assumption SPp = ) by
(¥)6(a) + the induction hypothesis; together by the definition of L0 10
have By € I}.,,. Having carried the induction, in particular By € I}, 5 = Log;
now recalling first By ¢ Js by ®3(a), second By C B by ®2(a) and third, the choice
of A*, J,, together they contradict the subcase assumption v}, ¢ S§.

we

Case 3: None of the above.
Without loss of generality

@; if By C B but B; ¢ J, then none of the two cases above holds.
We try to choose 7" = (n, : p € "2) by induction on n such that:

(a) n, € SPp
(b) if p= o (¢) then n,"(¢) I n,
(¢) {v:van,and v e SPr}={nm:k <lg(p)}.

For n = 0, note that SPp # ) as not case 2 (and not case 1) so we can choose
1, € SPp with minimal length. If n = m+41 and p € ™2 by the induction hypothesis
1, € SPp, hence n, € 7, and by the definition of SPp for £ = 0,1 the sequence
n,"(¢) belongs to Sp.
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First assume {v € SPp :1n,"(¢) < v} =0. So By := BN Cs(n," ({),B) ¢ J,
noting Cs(n,"(¢), B) = 0{07[7’;([]2)] : k < m}, recalling it is defined in (x)4 from Stage
C using 7, (¢) € Sp; hence 1," () € Sp,.

Now by (*)4 we know S, = {v € Sp : v < n,"(¢) or n,”(¢) < v} so case 2 or
case 1 holds for By, contradiction to ®1.

Second, assume we have (In)(n, (¢) <n € SPp) so choose such 7, of mini-
mal length.

Hence we have carried the inductive choice of (7" : n < w).

For each p € “2 let n, = U{n,1n : n < w}, clearly n, € c/(7;). Also (n,: p € “2)
is without repetitions and each 7, belongs to c/(7;), so as |T;| < 2%° there is p € “2
such that 1, ¢ 7,. By clause (c) above we have {¢: p<7, and 9o € SPg} = {n,n :
n<w}.

Note that

@2 (Cs(npk, B) : k < w) is C-decreasing.

Let W = {a < lg(n,): for some v € ., we have lg(v N 1n,) = o and A, N B is
infinite}.

First, assume W is an unbounded subset of £g(n,). In this case choose a,, € W
such that an41 > an > Lg(nym) for n < w and we choose v, € .7 such that
lg(v, N 1p) = oy, and A, N B is infinite. So can choose an infinite By C B such
that n < w implies Bo\U{4,,,, : k <n} C* Cs(Npla,, B) and (BoNA,, € ob(w)).

So

©®3 Bo C B, By ¢ Js;
@4 the set SPp, is empty.

[Why? By (%)4 for each n < w we have Sp, C {v : v < 1y V11 < v}, hence
S, NTs C{v:van,orn, v} butn, ¢ 7, so SPg, = 0.]

@5 Sp, is not empty.

[Why? By Hs.]

By @4 + @5 for the set By, case 2 or case 1 hold, so we get contradiction to @;.

Second, assume sup(W) < £g(n,), so we can choose n(x) < w such that sup(W) <
Lg(Mpin(x))- Now [V € L5 Anpin) I v = BN A is finite] as otherwise recalling
np € cl(T;)\T; necessarily o = Lg(n, Nv) < Lg(n,) and of course a > Lg(npn(x))s
but see the choice of n(*); 80 Nypne) ¢ Sf, hence 7,1n(+) € S%, so we can choose
an infinite By C B such that B; € Ifmn(*). So checking by cases, By € ob(w) is
almost disjoint to any A,,v € 5. Obviously By € I7 | so for it case 1 holds as

Mp?
exemplified by 7, again contradiction to @®. (T
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2. THE OTHER CASES

Theorem 2.1. 1) If k = s = a. and cf([s]°,C) = s then there is a saturated
MAD family.

2) If k = s = a, and U(k) = &, see Definition 2.2 below and J, C [w]™° is dense
then there is a saturated MAD family C J.,.

Recall

Definition 2.2. 1) For cardinals 9 < o < 6 < X (also the case § < o is OK) let
Up.,.0(A) = Min{|P|: P C [N]<7 such that for every X € [A]? for some u € P we
have | X Nu| > 0}. If 0 = 0 we may omit 9; if o = 0 = Ry we may omit them
both, and if 0 = 9 = Ry A 0 = XA we may omit 0, 0,0. In the case of our Theorem,
it means: U(k) = Min{|P|: P C [k]=%° and (VX € [k]®)(3u € P)(|X Nu| > Ro)}.
2) If in addition J is an ideal on @ then Uy, ;(A) = Min{|P|: P C [A]=9 such
that for every function f : § — X for some u € P the set {i < 0 : f(i) € u} does
not belong to J}.

3) Let Pr(k,0,0,0) mean: k > 6 > o > 0 and we can find (E,P) such that (if
0 = Ny we may omit 9, if o = 0 = g we may omit them, if c = 9 =Ry A = Kk we
may omit 6, o, 0):

(a)

(b)

(c)

(d) ey P is C-increasing
[ D)} |'Pa| <K

(e) if w C k is bounded and otp(w) = # and sup(w) € acc(E) then for some
u, J we have:

o |unw| >0
o je€ acc(E)
o3 ucP

P=(Py:ack)
E is a club of k and v € E = || divide v
if

u € P, then u € [a]=7 has no last member

oy |wnNjl<Bie. j<sup(w)
(f) ifie {0}UFE and j = min(E\(i+1)),w C [i,]), otp(w) = 0 then for some
set u
o, uecPjand uC (i)
o |unw| > 0.

Explanation 2.3. The proof of 2.1 is based on the proof of 1.1. The difference is
that in the proof of ®2 of subcase 2B of stage F, if £g(v};) = & it does not follow
that we have |A*| < a, so we have to do something else when |A*| = a, = s. By
the assumption U(k) = & there is a sequence (u, : w < a < k) of members of [x]*°
such that u, C a and for every X € [k]" for some o, u, N X is infinite. Now if e.g.
lg(v) = a > w we can use u, and apply 2.5 below to appropriate B, and get P,
and add it to the family {C} : o < k} witnessing s = x the family P, as in 2.5. So
now we really need to use C; rather than C}.

Observation 2.4. If Pr(k, 0, 0,0) is satisfied by (E,P) then we can find (E’,P’)
as in 2.2(3) but

{g-3}

{g.5}

{g.7}

{g.10}
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(d)" o2 if j >sup(j N E’) then [P} <j
(e) as above but sup(w) € E.

Proof. Use any club E' C acc(FE) of x such that 6 € E = |Ps| < |min(E’\(6+1))]
and 0 € macc(E') = cf(0) # cf(f) and let P, be P, if v € acc(E’) and be
U{Ps: B € EN~}if vy € nacc(E'). O

Observation 2.5. Assume B* = (Bj : n < w) satisfies B}, € [w]™, B}, C B

and |B;\B; | = Ny for infinitely many n’s. Then we can find P such that

(¥) (a) P C [w] is of cardinality b
(b) if A C [w]¥ is an AD family, B C w and (¥n)(B N B
¢ id4) then for some countable (infinite) P’ C P for 2% function

ne P'9 we have: for some id 4-positive set A C* B we have:
A C* ) for every C € P’ and A C* B, for every n.

Proof. Proof of 2.5 Let B = {B : B = (B, : n < w) where B, C w is infinite,
B,, O By and B,\B, 4 is infinite for infinitely many n < w}, i.e. the set of B
satisfying the demands on B*.

For B € B and A C [w]* let pos(B, A) = {B Cw:BNB, ¢ id4 for every n}.
So the claim says that for every B € B there is P C [w]™° of cardinality b such that
if A C [w]® is an AD family and B € pos(B,.A) then there is a countable infinite
P’ C P as there.

Consider the statement:

M if BeB then we can find B such that
(a) B=(Bs:d e S§ ) recalling S5 = {6 < b :cf(5) = No}
(b) 6€ Sy, = B;€B
(¢) if Ais an AD family and B € pos(B,.A), then for some club E of b,
for every § € ENSS we have (3%°n)[B N (Bsn\Bsni1) € id%]

(d) if 61 < 62 are from SSO then for some n < w the set By, , N Bs, r is
finite.

Why is this statement enough? By it we can find a subset B’ of B of cardinality
b such that B* € B’ and for every B € B’ for some B = (Bs : § € S ) as in
B we have § € Sgo = B; € B'. Now P, the closure by Boolean operations of
{B,,: B € B and n < w} is as required.

Why? Let B € B’ (e.g. B*) and an AD family A C [w]®® and assume B €
pos(B, A) be given.

We choose by induction on n < w a sequence (B,, : € "2) such that

e B, € B moreover (3°n)(B, ,\Byni1 € id}y) for n € "2
B,=Bifn={(son=0

B € pos(B,, A) if n € "2

if v7(0), " (1) € "2 then for some k < w the set B, 0)x N By~ (1,5 is finite.

For n = 0 this is trivial and for n = m + 1 we use H(c), i.e. the construction of
B'. For every n < w,0 € "2 let B, = N{Bym : k < n,m <n}. So B, € id};
and m < lg(p) = B, C By and if o1 # g2 € "2 then for some k < w, for
every p; € "tk2 py € "TF2 satisfying 01 < p1, 00 < p2 we have B, N B, is finite.
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Obviously [0 € “2 = (Vn < w)(Fk < w)(Bon\Byx € id})] hence for each o € “2
there is C, € idfj such that C, C* By, for n < w.

[Why? We try by induction on k < w to choose A, x, A, ; € ob(w) such that
A, €A A CA,andm <k = A, # A, and Ay C* By Now first, if
we succeed then we can find C' € ob(w) such that for every n < w we have C'N A,
is infinite and €'\ U{A/, ,, : m < n} C By, . If there is an infinite ¢’ C C' almost
disjoint to every member of A, then C, = C" is as required. If there is no such C’
then we can find pairwise distinct A7, € A\ {A},, : m < w} such that C'N A7 is
infinite for every n < w. Clearly A’ NC' C* By, for every n, m < w and there is an
infinite C, C C such that C, C* By, and C, N A7 is infinite for every n,m < w,
so C, is as required.

Second, if k < w and we cannot choose A, then we can choose C, € ob(w) such
that n <w = C, C* By, and C, N A, = 0 for m < k, and C,, is as required, so
we are done.]

So P = {Byk,m : k,m < w} is as required.

So proving H is enough.

Why does this statement hold?

Let f = (fo : @ < b) be a sequence of members of “w witnessing b and without
loss of generality fo € “w is increasing and a < 3 <b = fo <jpa f.

For aw < b let Cp, := U{B, N[0, fo(n)) : n < w} so clearly

(¥)1 (a) a<f=C,C*Cj
b)) a<bAn<w=C,C*B,.

We choose a. = a(eg) < b by induction on € < b, increasing with ¢ as follows: for
e =01let ac = min{a < b: C, is infinite}, fore = (+1let ac = min{fa <b:a >
a¢ and Co\Cy (¢ is infinite} and for € limit let e = U{ae : ¢ < €}. By the choice
of f every a. is well defined, see the proof of @, below.
So (a. : € < b) is increasing continuous with limit b. For each § € S let ((6, n) :
n < w) be increasing with limit § and, lastly, let Bs = (Ca)\ U Caresmy :n <
m<n

w) 50 By = Cas)\ U Cue(smy hence Bs i1 C Bsy, and Bs,\Bs,1 is infinite
m<n

by the choice of ag(s )41- Clearly Bs € B (also follows from the proof below).
Why is (Bs : 6 € S§ ) as required in B? Clauses (a) + (b) are obvious and
clause (d) is easy (as if §; < d2 then for some n we have §; < a(e(d2,n)) hence

Bsin N Bsy, i © Bae(si,n)) N (Ba(62)\Ca(e:,n) € Ba(si) N (Bas:) \Bas)) = 0-
Lastly, to check clause (¢) of B let A be an AD family and B C w be such that

(¥)2 u=up:={n <w:BNB, ¢ ida} is infinite, equivalently is w.
It is enough to prove that for every a < b
Dq there is B € (a, b) such that BN Cs\C, € id}.

[Why is it enough? As then for some club E of b, for every § € E N Sgo we
have (Ve < §)(a. < ) and (Va < 0)(3B)(a < B < § A C5\Cy € id}) hence
(ﬂoon)((Ca(5(57n+1))\Ca(g(&n))) S id:z) which means (El‘x’n)(B(;yn\Bgﬂn_,_l) S id:z)
as required.]

So let us prove B,
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If @, fails, for every 3 € (a,b) there are n = n(3) and Ago,...,Ayp-1 € A
such that BN Cs\Co C" Ao U...U Ag ,3)—1. Without loss of generality n(53)
is minimal hence by (*); the sequence (n(8) : § € [, b)) is non-decreasing, but
b = cf(b) > Ng, hence, for some «. € [a,b), the sequence (n(f3) : 6 € [as,b)) is
constant and let n(a.) = n..

As Ais AD and BN Cy \Co C* Ay 0U...UAq4, n.—1 and 8 € (ay,b) =
BNCy \Co CBNC\Co C AgoU...UAg,._1, using “A is almost disjoint” and
the minimality of n,, = n, it follows that {A., ¢: ¢ <n.} C {Ag,: £ < n.} hence
they are equal.

So

® fe(a,b)=BNCs\Cq C* A, 0U...UAqy, n.—1.

For each n € uw = up as BN B,\C, € idjl, and Aq, 0,..., A0, n.—1 are from
ida, clearly there is k, € (BN By\Ca)\Aa. 0\ --\Aa, n.—1\{ko,-- -, kn—1}. By
the choice of f there is 3 € (au,b) such that uy == {n < w : k, < fz(n)} is
infinite. As fg is increasing, clearly n € u1 = k, < fg(n) = k, € Cg\Cys. So
{ky :n € ur} € [N is infinite and is a subset of BN Cs\Cu\Aa, 05, Ay nu—1,
so B, indeed holds, so we are done. Lo 5

Proof. Proof of 2.1 We prove part (2), and part (1) follows from it. We immitate
the proof of 1.1.

Stage A:

Let k = 5. Let P C [x]™ witness U(k) = , for transparency we assume w € P
and u € P = otp(u) = w, this holds without loss of generality as b < a, =5 = &.
[Why? It is enough to show that for every countable u C « there is a family P, of
cardinality < b of subsets of u each of order type w such that every infinite subset
of w has an infinite intersection with some member of P. Without loss of generality
u is a countable ordinal v and we prove this by induction on a. For a successor
ordinal or not divisible by w? this is trivial so let (o, : n < w) be an increasing
sequence of limit ordinals with limit « but ag = 0. Let (B, 1 : k& < w) list [, 1)
with no repetitions and let (f. € “w : € < b) exemplifies b, each f. increasing and
let Po =U{Ps: 0 <alU{{Bur:n<wk< fen)}:e<b}. Clearly P, has the
right form and cardinality.

Lastly, assume v C w is infinite, if for some v < a;, u Ny is infinite use the choice
of P,. Otherwise let f € “w be defined by f(n) = min{k : (Im)[n < mASn ik € v]},
and use € < b large enough.]

Let (uq : a < k) list P possibly with repetitions, without loss of generality
n<w=u, =wand a >w = uy Ca. Fora<eklet (y(a, k) : k <w) list uy in
increasing order and o1 = v(, k).

Let (U, : o < k) be a partition of s, to sets each of cardinality  such that
min(Ui4q) > sup(uq) + 1 and w C Uy. Let (C% : o € Up) list a subset of P(w)
witnessing s = k and as in Stage A of the proof of 1.1, the set J, C ob(w) is dense
and w ¢ idy,.

If B is as in the assumption of 2.5 and « € (0, k) let P be as in the conclusion
of 2.5 and for a < k let <C§)a7i 11 € Uy) list Pg.




nodi fi ed: 2010- 06- 20

revi sion: 2010-06-18

(935)

MAD SATURATED FAMILIES AND SANE PLAYER SH935 15

Stage B: As in the proof of 1.1 but we use C;(p € 7;) which may really depend
on s and where C?, B;B are defined in clauses B (e), (g), (h), (i), (j) below (so the
H(e), (9), (h) from 1.1 are replaced) and depend just on 7;, A; and I;, too® where

B (a)-(d) and (f) as in 1.1 of course and
(e) o1 asbefore, ie. A= (AL :ne suc(Ty)),
o C’:C't:<0f7:n€At> where Ay = {n:n €2 and i€ U
or a > 0,7 € Uy, and nf(sup(ua)) € 7; or (for 2.6) n € 7,}
o3 we stipulate A, =0 if n € T\ suc(7T)
(9) asin 1.1 but replacing C}\; by C};
(h) ifi €Uy and v € T, N2 then C5 = CF
(i) if B € (0,x) and v € ***(“9)2 and both (C},; : i € ug) and
(AL, + i € up) are well defined then welet Bf, ; = (B, 5, :n <w)
be defined by B, 5, = N{(C}5,)VOPPNAL ook < n}
(4) if B € (0,k),i € Ug hence i > sup(ug) and p € *2 and Bzr

is well defined then, recalling stage A, CE = C%erup(uﬂ),aﬁvi'

~—

sup(ug),B

Note that 77, A; determine ¢, i.e. I, As, C; and <B}iﬁ : v, B as above).

Stage C:
As in 1.1 we just add:

B (h) if s <aptand Bﬁﬁ is well defined then B,ﬁﬁ is well defined and
equal to it

(i) if s <ap t and C% is well defined then C? is well defined and
equal to it, so Ay C Ay

(4) €5 is well defined when v € ¢l(7;) N "> 2.

In the proof of Hy(e) use the choice of (C3 : v € 12,i € Up), i.e. of (CF : o € Up) in
Stage A.

Stages D,E: As in 1.1.
Stage F: The only difference is in the proof of ®2 in subcase(2B). Recall
Case 2: SPp = () but not Case 1, i.e. Sp C 7, recall BC w, B ¢ J;.

Subcase 2B: v}; ¢ Sp where v = U{n:n € Sp}

(9o there is a set B such that
(a) By C B is infinite
(b) B is almost disjoint to any A € A*
(¢) if A is finite then v € A = |Bi1 N A,| <Ny
(d) if A is infinite then for infinitely many v € A we have |B; N A, | = Ry.

3also here we require n € suc(7s) = A, # 0
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Why ®3 holds? If | A*| < k then A* has cardinality < x = s hence by the theorem’s
assumption |A*| < s = a,, so @y follows as in the proof of 1.1. So we can assume
|A*| = k but |A*| < Ng + |lg(v5)| hence necessarily £g(vy) = & follows and let

Wi={a<k: forsomel < n(a)wehave A ,NB € A
(equivalently A, , N B is infinite) but
A AL, 4, a1 <aand f <nfa)}}

For o € W choose ¢(a) < n(a) such that BN A7 1(a) Is infinite and A7, ) ¢
{A%, o, v a1 <aand £ < n(aq)}, in fact by ©1(b) the last condition follows. As
n(a) < w for a < K, clearly |W| = k because |A*| = &, hence by the choice of
P there is u, € P such that W N wu,| is infinite; let a(x) € [w, ) be such that
Uqg(x) = Ux and let v = vi[sup(u.); recall that otp(u.) = w; note that

O21 k<w= Bﬁ,a(*),kﬂ < Blsf-,a(*)vk & w.

[Why? By their choice in B (7).]
Recall also that (va(s)x 1 & < w) list u, in increasing order and so
2.2 v:={k <w:Yq)k € W} is infinite;

©2.3 [Bi,a(*)7k]N° 2 I3 o for b <w.

[Why? As for k(1) < k, (Cﬁw(a(*)yk(l)))[”(V(Q)(*)’k(l))] and W\A} . k(1)) belongs
to {X Cw: [X]N D 131 (o)1)t hence by the definition of By ), in B (i) it
satisfies 2 3.]

©24 k€v=BNB} ., \B; ()1 is infinite.

[Why? For k € v let B8 = v(a(x),k),n = n(f8) and £ = £(58). On the one
hand [B N AE)Z]NO C [AEJ]N“ C Iyz1p. On the other hand A, is disjoint to
(Cﬁg [B)["E(ﬁ)]\flfjE g if Ajy , = Aj | trivially and is almost disjoint to (C,fE w)[”(ﬁ”

otherwise (i.e. as [(C}, 1g) VBN o Lwze) (1-v(8)) 2 {A4,e})- Hence (C3. LAV

is almost disjoint to B N AZ‘M, an infinite set from L1 hence by ®23 from

(B oy 40 S0 BABS iy 1. \BS oy ka1 = BB} (01 \(By o s NU(C5s LAV

almost contains this infinite set hence is infinite as promised.]

So by the choice of Pg; 44, i.e. 2.5 and clauses (i),(j) of H; for some 3 €
Uaisy 50 B > afx) > Lg(v) we have B\(C’ﬁ;3 Fﬁ)m ¢ Js for £ = 0,1 hence By :=
B\(Cﬁg)[”;ﬁ (B ¢ J, recalling that for 3 € U,,a # 0 and p € #2 the set C; depends
just on £g(p) and p|sup(u,) (and our s).

Now consider By instead of B, clearly Sp, is a subset of Sp and v5[(8+1) is
not in it, but By € ob(B) hence Sp, C S hence Sp, is C {vi[v: v < f} and By
fall under subcase (2A) as 8 < k = Lg(v}). Oa 4

Theorem 2.6. There is a saturated MAD family A C J. when a, < k = 5,J, C
ob(w) is dense and Pr(k,a), see 2.2(3).

Proof. Proof of 2.6 We immitate the proofs of 1.1, 2.1. Note that b < a, < s.
Stage A:

Similarly to stage A of the proof of 2.1; let (E,P*) be as in Definition 2.2(3)
and Observation 2.4, as b < &, without loss of generality u € P* = otp(u) = w
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for a € [w, k). As we can replace E by any appropriate club E’ of k contained in
acc(F) see 2.4 there, without loss of generality otp(F) = cf(x), min(E) > w and
vyEE=~y+14+b< min(E\(y+1)). Let (77 :i < cf(x)) list E in increasing
order.

Let (uy : v < k) be such that (u, : 7 < v < 7fy,) list Py, (which includes
P.,) and u; = w for j < ;.

Let Uy : @ < k) be a partition of {2 + 1 : i < s} such that min(U144) >
a+w, |Uia =b, Ul =k, 1 < <7 = Uy, €A

Let (Cf : i € Up) list a family of subsets of w witnessing s = & also J is as in
the proof of 1.1.

Let Pp,(C% ;i € Ua) be as in 2.1, Stage A.

Stage B:
Asin 2.1, i.e. the case s = a, but we change H;(f)
B, (f) o A,el,NJ,orA,=0and

o Si={neT: A, #0}C{neT Llyg(n) =~ +1
for some i < K}.

Stage C:
As in the proof of 2.1.

Stage D:
Here there is a minor change: we replace By in 1.1, 2.1 by H7, Hs, Hg below

M7 if a < 2% s € AP, and B € J; then there are a limit ordinal ¢ € k\E
and t € AP,41 such that s <ap t and |S% N 2| = 2%°; we may add
S = L.

This is proved in Stage F.
To clarify why this is O.K. recall Hg(f) and note that

(x) if s <ap t,B € ob(w),n € SE\T; and ) ¢ T; then n € St.
Now we need

Mg if £ € kK\E is a limit ordinal, « < 2% ¢ € AP,,B € ob(w) and [S§ N
£2] = 2% and ¢ = min(F\¢) then for every t; and a + ¢ < g < 2%
such that ¢ <ap t; € APg there is t3,t; <ap t2 € APpy; satisfying
(Fn € suc(Ty,))[n ¢ Tr, NAZ € ob(w) A A2 C BJ.

The proof of Hg is like the proof of Case 1 in Stage F in the proof of 1.1 but we
elaborate; we are given (3,&,¢ and ¢; such that ¢ <ap t; € APg; now we choose
p € St NE2\T;, exists as [S4 N2 = 2% > |7, | so recalling (*)5(e) necessarily
pE Sg’l. Choose B; such that By C B, By € I;.

Note that for every e € [£,{ + 1) either C}' is well defined for every o € ©2
such that p < ¢ and its value is the same for all such ¢ (when ¢ is odd) or C}! for
p < o € °2 is not well defined (when ¢ is even). So B = {C* : p<p € 7122 and C}}
is well defined} is a family of < |¢| < k = s subsets of By hence there is an infinite
By C By such that p < p € <2/ (CZ) well defined) = By C* C’Z V By C* w\CZ) and
without loss of generality Bs € J..

We choose 7 such that p<n € 12 and
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[lg(p) < v < ¢+ 1A(CE, is well defined) ABy C* (CL ) A p € {0,1} =
n(y) = f]. Let us define to € APpgicya := APgyy (ass a+ ¢+ 1 < 3 and
lai| = |az| = AP,, = AP,,) as follows:

(CL) T, :TtlU{Q:Qﬁ’W}

(b) A% is AL if well defined, is By if ¢ =7 and is () if n € suc(7y,) but A% is
not already defined

(c) Ck is Cl' if o € T;, and we choose C’ffra by induction on ¢ € [, + 2]

as follows: if it is determined by H; we have no choice otherwise let it be
[n(e)]
w .

The other objects of ¢ are determined by those we have chosen. So Hg holds
indeed.

By if s € AP, and p € ¢l(7;) then for some t,s <ap t € AP435 and 7, C
T, CT,U{p,p"(0),p ()} and I} # 0 = p € Tyand I} # ONE < 2N}, #
0= p(t) €T

[Why? Easier than Hs.]

Stage E:
Similar to 1.1 with the changes necessitated by the change in Stage D.

Stage F:
We prove H7, the proof splits to cases.

Case 1: Some v € Sp is such that v € ¢l(7;)\7s.

Let By € ob(B)NIg, there is such By as v € Sp but v ¢ SE’Q as v ¢ 7.

Let Cy. € ob(w) for n < w be such that N{CI2™ : n < £g(0)} N By is infinite
for every g € “~2.

We choose T, = T, U{v"p: p € “72}. For p € “”2, we choose C’]}p by induction
on Ly(p): if Lg(v"p) = Lg(v) +n is even and n € {2m,2m + 1} then O}, = O, n,
otherwise we act as in the proof of Hg. Lastly, let A,tfp = for p € “>2.

Easily

(%) if s <ap 51,75, | < 280 then |S§ N 90)Fwa| = 2N,
So we are done with Case 1.
Case 2: SP; = 0 but not Case 1 and let vj; = U{n:n € Sg}.

Subcase 2A: v € Sp
As in the proof 2.1 but end as in Case 1.

Subcase 2B: vj; ¢ Sg

Except ®2 which we elaborate this is as in the proofs of 1.1, 2.1 but in the
end replace “Subcase 1B” by “Case 1”7. Recall from Stage 2B as in the proof of
1.1, 6 := Lg(vp) is a limit ordinal and vj , = (v3la) (1 — vi(a)) for a < ¢ and
(A5 in<n(a)):a<d)and A :={BNA: A= A}, for some a < 4§,k < n(a)
and BN A is infinite}, A = {v € ¥, : v; Qv and A, N B is infinite} are as in Stage
(2B) of the proof of 1.1. We have to prove:
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®9 there is a set B; such that:

(a) By C B is infinite

(b) B is almost disjoint to any A € A*

(¢) if A is finite then v € A = |By1 N A,| <Ny

(d)
Why ®9 holds? If | A*| < a, then as in the proof of 1.1 the statement of ®9 follows.
So we can assume |A*| > a, and let

if A is infinite then for infinitely many v € A we have |B; N A,| = No.

W:={a<k: forsomel < n(a)wehave A} ,N B € A*
(equivalently A7, , N B is infinite) }.
and let

={aeW:|lanW| < a}.
Subcase 2B(«a): sup(W’) € acc(FE’)

For a € W choose ((a) < n(a) such that BN A7 ,,) is infinite hence A7 , ¢
{A%, 0 a1 <aly < n(ar)}. As n(a) < w for a < &, clearly [W| = [A*] > a
hence otp(W') = a.

So by Definition 2.2(3), i.e. the choice of (E,P), there is a pair (u.,7}) as in
clause (e) there. So u. € PJ. hence u. = uq(x) for some a(x) € [v7,7711), V41 <
sup(W’) and W N sup(E N %) W' Nsup(E N~;) has cardinality < a. and let
v = vglsup(us); recall otp(us) = w.

Recall also that (y4(«)n : 7 < w) list u, in increasing order and so v := {n <
Wt Ya(x),n € W} is infinite and clearly n € v = B} ) ,\B; ,(,) 41 is infinite
as in the proof of 2.1. So by the choice of Pgs (4, i.e. 2.5 and clauses (1),(j) of
H; for some 3 € Uy(y) so > Lg(v) we have B\(CS )Z] ¢ Js for £ = 0,1 hence
B = B\(Cs el 5)} ¢ Js recalling that for 3 € L{a,a # 0 and p € P2 the set O
depends just on £g(p) and p|sup(us) (and our s).

We finish as in the proof of 2.1.

Subcase 2B(f8): sup(W’) € (v/,7;] where j = i+ 150 7/,7; € E and let v* =
sup(WV').

Apply Definition 2.2(3), clause (f) to v, v, W'\7} we get u = u, € Py: so
U= Uq(s) C [ﬁ,wj) for some a(x) € (7;‘,7;).

Let 8 = sup(u.),v = v [ so by ®2.1 + ®2.4 in stage 2B in the proof of 2.1,
and by the choice of Pp . thereisa Q C PB;Q(*) of cardinality Ry and A C 22

of cardinality 2%¢ such that for every p € A there is B, € ob(B) N J} such that
Ae Q= B, C* AP and n < w = B,, = B, \U{CVB”“”")] k<n}e

’Ya(*) k
S
Vg [Va(x),n'
Clearly for some v C Uy ) € (7/,7;) of cardinality No,v < p € T; A Llg(p) >
sup(v) = {C}. e €v}=Q
For n € A analyzing Sp, and recalling 77, ; < s clearly Sp, N{v € 75 : Lg(v) <
sup(u«)} is {vg 17y : v < sup(us)} and sup(us) > v* + 1, so there is no p such that

A2 is non-empty, p € T, and sup(u.) < Lg(p) < 7;, s0 Sp, N{v € T, : Lg(s) < i}



nodi fi ed: 2010- 06- 20

revi sion: 2010-06-18

(935)

20 SAHARON SHELAH

does not depend on (A : n € suc(7Zs),Lg(n) > 7;) so we can finish easily as in case
1.

Case 3: As in the proof of 2.1. Os 6
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3. FURTHER DISCUSSION

The cardinal invariant s plays here a major role, so the claims depend on how s
and a, are compared; when s = a, it is not clear whether the further assumption
of 2.1(2) may fail. If s > a, > Ny, it is not clear if the assumption of 2.6 may fail.
Recall 1.1, dealing with s < a,, the first case is proved ZFC, but the others need
pcf assumptions.

All this does not exclude the case s = X, 11, a. = Ny hence b = Ny, as in [Sh:668].
Fulfilling the promise from §0 and the abstract.

Claim 3.1. 1) If there is no inner model with a measurable cardinal (and even the
non-ezistence of much stronger statements) then there is a saturated MAD family,
A.

2) Also if s <R, there is one.

3) Moreover, if J. C ob(w) is dense then we can demand A C J,.

Proof. As Theorems 1.1, 2.1, 2.6 cover them (using well known results). Usq
We now remark on some further possibilities.
Definition 3.2. 1) We say . C ob(w) is s-free when:

(a) for every A € ob(w) there is B € ob(A) such that B induces an ultrafilter
on Sie. Ces=AC*CVAC (W\O).

1A) We say . C ob(w) is s-free in I when I € OB and for every A € I there is
B € ob(A) which induces an ultrafilter on S.
2) We say . C ob(w) is s-richly free when clause (a) and

(b) if A€ ob(w) and the set {DN.¥ : D an ultrafilter on w containing ob(A)}
is infinite, then it has cardinality continuum.

3) We say .¥ C ob(w) is s-anti-free if no B € ob(w) induces an ultrafilter on .7.

4) Let G be {x: there is a C-increasing sequence (.%; : i < k) of s-richly-free families
such that U{.#; : i < Kk} is not s-free.

5) Recall s = min{|.¥|: . C ob(w) and no B € ob(w) induces an ultrafilter on
6) We say chaim(B) < k when (3n € B2)(I = Ig,,) = cf(I,C) < & recalling 0.7(5).

Observation 3.3. 1) If . is s-free and ./ C .¥ then % is s-free.
2) If ¥ C ob(w) and || < s then . is s-free.
If .7, C ob(w) is s-free for n < w then U{.¥}, : n < w} is s-free.

KEBG =N <k <2V,
In Definition of & we can add “U{.¥; : i < k} is s-anti-free”.
8) cf(s) > Vg, in fact Kk € & = cf(k) > No.

3)
)
)néGlﬁcf( ) € 6.
)
)

Definition 3.4. 1) We say A € ob(w) obeys f € “w when: for every n; < ng
from A we have f(n1) < ns.

2) Let f = (fa : @ < §) be a sequence of members of “w. We say A = (A, : a € u)
obeys f when u C 6 and A obeys f, for a € A.

3) aj = Min{[u|: there are B € ob(w) and A = (A, : o € u) obeying f such that
{AoNB:a€u}isa MAD of B}.

{4q.0}

{4q.1}

{4q.4}

{4q.7}



nodi fi ed: 2010- 06- 20

revi sion: 2010-06-18

(935)

22 SAHARON SHELAH

Remark 3.5. 1) Also note that in 1.1, 2.1, 2.6 we can replace s by a smaller (or
equal) cardinal invariant syee, the tree splitting number.

2) Let Syec be the minimal & such that there is a sequence C' = (Cy :m € ">2)
such that C,, € ob(w) for n € "~2 and there is no n € *2 and A € ob(w) such that

e< k= AC* 07[777(6]. Note that the minimal x for which there is such sequence
(Cy : m € "~2) has uncountable cofinality.
3) Also in 1.1 we may weaken s < a, to s < aAs < a,.

{4q.12}
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4. PRIVATE APPENDIX

Discussion 4.1. Question: 1) Can we find such MAD for every A? (A = (2%0)* is
the first case and seems the problem).
2) Can we in [§1][Sh:669], let:

(*) CON(2%0 =Ry + p = R, (or just x limit of cofinality X?) and every MAD
A C [u]®, for some u € [u]™0, [ANP(w)] = Ry.

E.g.

(A) assume k is 1.5 - huge as witness by the elementary embedding j, G.C.H.
for simplicity k1 = k, k2 = j(k), e = k. Now we need a MAD which is
Cohen absolutely so.

Discussion 4.2. 1) We may like to have only < b levels. In this case our question
is:

(x) for regular s

(a) if B,(B} : a < k) is C*-decreasing, k = cf(k) let [z ={ACw:a <
k= AC* BX} an ideal,

(b) Bz = {0: in I5 there is a C*-increasing sequence of length 6 with no
upper bound}

(¢) bp = min(Bp)

(d) 62 =sup{bg : B € seq, as above}

(€) b, = Min{6: if kK € 6N Reg then b < 0}.

Question 4.3. If Kk < bis b < b? Le. b =b.7 Or use sup(B)?

2) Even if b = b, to get a slender G = G**, we seem to need: (as in [Sh:F844)):
restrict the f,, (generating the G2, G2) such that f, [[n7,n;,,) € ffg("),]:"“ = (F>:
i < w) is C*-increasing mod finite, |F| < [n,nit1] so v<an = Ap, # p, =
(Vi) (Z{fy(n), fu(n) : n € [ni,ni41)} = 0. The point is that we can continue of
coures fy(n) is divisible by 4! if n > n; or something like that.

3) The case B has no last member are more complicated (sup(B)) can be singular
or weakly inaccessible.

4) Alternatively: if

Discussion 4.4. We can define for §1 or any variant a parallel of h. Define a game.

Discussion 4.5. (080215)
We try to combine the ideas of present [S1][Sh:900] and last weak. The later
one means that letting A := s and (A% : a < \) exemplifies it we use the tree

T = U 7a,70 = {n € “2: for some infinite B C w, B € id 4. },}, idy = {B C w:
a<A

we have § < o« = B C* A;%(B»}.

For any C € [w]™°, we can prove that there is a countable u C A such that for a
perfect set = of v € “2, we have (Vw € [u]<M)(B N ﬂ{A;"(ﬁ)> : B € w} is infinite.
But cf(\) > Ry so a(x) = U{B+1:8 € u} < A so for v € Z there is 1, € *(*)2
such that [B]®o N id<A;ny(B)>:ﬁ<a(*)> +0.

{2q.13}

{2q.17}

{4q.19}

{4q.32}

{4q.26}
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This is not enough for each (or just may) n € suc(7) we should choose A, €
id,,\[w]®° which approximate the desired MAD (so almost disjoint along each
version: incomparable 7’s are automatically almost disjoint; let A = {A} : A}
defined}, t = (A, : np € suc(7)}.

A first problem how can we make it disjoint. By the above it seemed each
B € [w]™ not in the ideal Ay, well this seems reasonable, i.e. for each such B will
have 2% changes, so by reasonable bookkeeping each can be treated.

But this leaves us with the problem of contradicting saturativity along some
branch. This is the second idea: for each A;,n € suc(7) there is B, C w such that

() (a) ve suc(T)Avan= A,N B, finite
(b) nQve suc(7)= A, C B,.

This by using a maximal C*-increasing sequence in id;,7 and if (id,, C*) is not
N;-directed we terminate immediately.

Definition 4.6. Definition/Choice: 1) A = s.

2) A* = (A% : a < \) exemplifies this, i.e. A, C w for a < A (is infinite co-infinite)
but for no infinite B C w do we have a < A= B C* A, V B C* w\ A4,.

3) [Here] for B C w let idp = {ACw:AC* B}.

4) [Here] n~— is nla when £g(n) = o + 1.

Discussion 4.7. On Forcing:

We may try to immitate [§1][Sh:668] by building or probably forcing by P such
that, e.g. |P| = A, when A = R, 1, GCH holds and 53, ¢ I\

This may apply to a family of such problems, so we may consider the general
forcing of this kind. If the approximations are p = (Pp,ﬁ,up—i— history) e.g. up €
A1, (nP : a € up) we need an algebra B controlling the dependence or better
Uy = cly(us) C up = plu <ap p. B.g. p <ap q = Pq/Pp is adding Cohens,
[alternatively, try iterated creatures].

Moved from pg.18: We may use games, e.g. of length x = R;. This simplify. Note

that in the games we can let the MAD player choose C, C {A : A C [w]N is
non-empty countable and almost disjoint} such that (VA € ob(w))(3A € C,)(A C
ob(A)] (or so) and the SANE player have to choose A, from C,. This leads to:
for x € AP, all members of B; := U{A} : n € suc(Tx),{g(n) =i+ 1} are f;-thin,
ie. Ae A= (V°n)(|JAN (0, fi(n))| < n where (f; : i <wi) exemplify B = V.

Note: if A C ob(w) is MAD, |A| = Ny then there is B C ob(w), |B| = X; such
that B € idf = (3c°ntinwumy e We)(ob(B) NI # 0] as if A = {A, : o < w1}, for
each a € [w,w) deal with {B : (3% < a)(B N A, infinite)}.

But define &.
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