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2 SAHARON SHELAH

0. INTRODUCTION

In [Sh:460] and [Sh:513], [Sh:829] we prove in ZFC = ZF + AC relatives of
G.C.H. Here mainly we are interested in related relatives assuming only weak forms
of choice, but some results add information even working in ZFC, in particular the
generalization of [Sh:460] for ranks. Always we can assume ZF + DC.

Our original motivation was

Conjecture 0.1. Assume ZF 4 DC and p a limit cardinal such that AC.,, and p
is strong limit. For every ordinal v, for some k < u, for any a < p and k-complete
filter D on « we have rkp(y) = 7.

Here we get an approximation to it, i.e. for p a limit of measurables restricting
ourselves to ultrafilters; this is conclusion 4.4 deduced by applying Theorem 3.10
to Claim 4.3. Can we do it with g = 2,7

Also we would like to weaken AC.,; this is interesting per se and as then we will
be able to combine [Sh:835] + [Sh:513] - see below. We intend to try in [Sh:F955];
we start with J = (J,, : n < w) such that IND(J) or something similar.

It may be illuminating to compare the present result with (see [Sh:g, V]).
Claim 0.2. If k > 0 > Ro, X\ > 22" then the following conditions are equivalent:

(x)1 for every 6-complete filter D on r, we have rkp(AT) = AT
(x)2 a < AT = rkp(a) < AT for every 6-complete filter D on k

(x)3 there is no F C "X\ of cardinality > \* and 6-complete filter D in r such
that f1 # fo € F = f1 #p fo.

Also we can in 0.2 replace At by a cardinal of cofinality > 22". So the result
in [Sh:460] implies a weak version of the conjecture above, say on |rkp(«)|, but
the present one gives more precise information. On the other hand, the present
conjecture is not proved for u = 3, also it seems less accomodating to the possible
results with X, instead of J,, in [Sh:513] below 22 .

Question 0.3. In [Sh:908] can we prove that the rank is small?

Discussion 0.4. We present examples showing some limitations.

Below part (1) of the example shows that Claim 2.3 cannot be improved too
much and part (2) shows that Conclusion 4.4 cannot be improved too much. In
fact, in conjecture 0.1 if we demand only “u is a limit cardinal” then it consistently
fails. This implies that we cannot improve too much other results in §3,84.

We may wonder how to compare the result in [Sh:460] and Conjecture 0.1 even
in ZFC.

Example 0.5. 1) If Dy = dual([re]<"*) for £ = 1,2 (so if k¢ is regular then
D, = dual(J,Ef)) and ko < k1 then Ds does not 2-commute with Dy, i.e. EE%,hD2
fail.

2) Consistently with ZFC, for every n, rk jpa (Ry) > Ny,

Remark 0.6. We cannot weaken the assumption B(a) in 2.3 too much because even
assuming ZFC, if H(a) below for some f,g, f,§ we have ® of 2.3 but rkp, (f) >
rsz (g)
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Proof. 1) Let A = k1 and let fo € "20rd be constantly 1 hence by Definition 1.10
and Claim 1.11(3) the ideal Jo = J[f2, Do) is [k2]<"2. Choose a function h : K1 — K2
and (V0 < k2)(F"a < k1)(h(a) = B) and let (B, : @ € A) be such that we have
B, = k2\h(a).

So if A, € Dy,B, € J2+ then for some «, < k1 we have A, D ki\a, and
B, C Ka,|Bs| = k2 and choose t € B, and then choose s € A, such that h(s) = t+1,
such s exists by the choice of h so (s,t) € A, X By but (s,t) ¢ {s}x Bs, contradiction.
2) Assume that the sequence (2% : n < w) is increasing with supremum > X,
and in cf((®)(R,), < Jgd) there is an increasing sequence of length N, ; for each

n € [1,w) hence it follows that rk yoa (Ny) > rk yoa (Ny,) >R, forn e [l,w). Oys

We may hope to prove interesting things in ZF 4+ DC by division to cases: if
[Sh:835] apply fine, if not then we have a strict p. But we need AC.,, to prove
even clause (f) in 3.1, see [Sh:F955]. We may consider that even in ZFC, probably
[Sh:908] indicate that we can use weaker assumptions.

Let us say something on our program on set theory with little choice of which this
work is a part. We always “know” that the axiom of choice is true. In addition we
had thought that there is no interesting general combinatorial set theory without
AC (though equivalence of version of choice, inner model theory and some other
exist). Concerning the second point, since [Sh:497] our opinion changed and have
thought that there is an interesting such set theory, with “bounded choice” related
to pef. More specifically [Sh:497] seems to prove that such theory is not empty.
Then [Sh:835] suggest to look at axioms of choice “orthogonal” to “V = L[R]”,
e.g. demand then “Za can be well ordered (and weaker relatives). The results say
that the universe is somewhat similar to universes gotten by Easton like forcing,
blowing up 2* for every regular A without well ordering the new P()). Continuing
this Larson-Shelah [LrSh:925] generalize classical theorem on splitting a stationary
subset of a regular \ consisting of ordinals of cofinality «.

In [Sh:F955] we shall continue this work. In particular, we continue §5 to get
a parallel of the pcf theorem and more. Recall that in [Sh:513] in ZFC we get
connections between the existence of independent sets and a strong form of [Sh:460].
We prove related theorems on rank.

1. PRELIMINARIES

Context 1.1. 1) We work in ZF in all this paper.

2) We try to say when we use DC but assuming it always makes no great harm.
3) We shall certainly mention the use of any additional form of choice, mainly AC 4.
4) In 1.2 - 1.11 we quote definitions and claims to be used, see [Sh:835]. The rest
is used only in §5.

Definition 1.2. 1) A filter D on Y is (< B)-complete when: if (4; : t € B) € BD
then A :=nN{A; :t € B} € D. We can instead say “|B|"-complete” even if |B|* is
not well defined.

1A) A filter D on Y is pseudo (< B)-complete when if (A; : t € B) € BD then
N{A, : t € B} is not empty (so adopt the conventions of part (1)).

2) For an ideal J on a set I let dual(J) = {I\X : X € J}, the dual ideal and
Dom(J) = I, abusing notation we assume J determines I.

3) For a filter D on a set I let dual(D) = {I\X : X € D}, Dom(D) = I. We may
use properties defined for filter D for the dual ideal (and vice versa).

{z0.0}

{z0.11}
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4 SAHARON SHELAH

4) For a filter D on I let Dt = {A C I : I\A ¢ D} and for an ideal J on I let
JT = (dual(J))".

Remark 1.3. Tt may be interesting to try to assume that relevant filters are just
pseudo (< B)-complete instead of (< B)-complete. Now 1.14 clarify the connection
to some extent, but presently we do not pursue this direction.

Definition 1.4. C is the class of sets A such that AC,, the axiom of choice for A
non-empty sets, holds.

Definition 1.5. 1) (A) = Min{«: there is no function from A onto a}.
2) T(A) = Min{a: there is no one-to-one function from « into A} so T(A) < 6(A).

Definition 1.6. 1) For D a filter on I and f,g € Ord let f <p g or f < g mod
D means that {s € I : f(s) < g(s)} € D; similarly for <,=, #.

2) For D afilter on I and f € {Ord and o € Ord U{oo} we define when rkp(f) = «
by induction on «:

® For a < o0, tkp(f) = a iff B < a = rkp(f) # B and for every g € 1Ord
satisfying g <p f there is 8 < « such that rkp(g) = .

3) We can replace D by the dual ideal.

Observation 1.7. 1) Let D be a pseudo R;-complete fitler on I. If f,g € Ord
and f <p g then rkp(f) <rkp(g) and so if f =p g then rkp(f) =rkp(g).

2) If Dy is a pseudo Rq-complete filter on I for £ = 1,2 then D; C Do A f € 0rd =
rle(f)f;rsz(f)

Proof. Easy. O

Claim 1.8. Assume D is a filter on I such that D is Ri-complete or just pseudo

Ny -complete (see Definition 1.2(14)).

1) [DC] For f € 10Ord, in 1.6, vkp(f) is always an ordinal, i.e. < co.

2) IDC] If a < rkp(f) then for some g € [[(f(t) + 1) we have o = rkp(g). If
ter

a <tkp(f) we can add g <p [ and we can demand (Vy € I)(g(y) < f(g)V g(y) =
0=f(y))-

24) If rkp(f) < oo then part (2) holds for f (without assuming DC).

3) If f,g €10rd and f <p g and tkp(f) < oo then rkp(f) < rkp(g).

4) For f € 1Ord we have tkp(f) > 0 iff {t € I : f(t) > 0} € D.

5)If f,g€10rd and f = g+ 1 then tkp(f) = rkp(g) + 1.

Proof. Straight, e.g.
2A) We prove this by induction on 8 = tkp(f). If 8 < « there is nothing to prove.
If 3 = a+ 1 by the definition, there is g <p f such that rkp(g) > a, now by part
(3) we have rkp(g) < rkp(f) which means rk(g) < o + 1, so together rkp(g) = «
and let ¢’ € Ord be defined by ¢'(s) is g(s) if g(s) < f(s) and is 0 if g(s) > f(s)
so g <p fand ¢ <p g <p ¢ hence rkp(g') = rkp(g) = « is as required.

Lastly, if 3 > a+ 1 by the definition there is f <p f such that rkp(f’) > a+1
and by 1.7(1) without loss of generality ¢ € I = f'(t) < f(¢) and by part (3)
tkp(f") < tkp(f) so we can apply the induction hypothesis to f’. O s

Claim 1.9. 1) [ACy,/ If D is an Ny-complete filter on I and f € 10rd and I =
U{l, : n <w} then rkp(f) = Min{rkpy s, (f):n <w and I, € DV}.
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2) [ACy] If D is a |Y|*-complete filter on 1,Y infinite and f € TOrd and U{I; :
t € Y} € D then tkp(f) = Min{rkp,,(f):t €Y and I, € DT}.

Proof. Like [Sh:71].

1) By part (2).

2) The inequality < is obvious (i.e. by 1.7(2)). We prove by induction on the
ordinal o that (Vy € Y)[I, € DT = rkpi,(f) > o] = rkp(f) > o

For o = 0 and « is limit this is trivial.

For a = 3+ 1, we assume (Vy € YV)[I, € D" = 1kpy, (f) > o > f] so by
Definition 1.6 it follows that [t € Y AL, € DT = (3g)(g € 'Ord A g <pyr,
f A tkpyr,(g) > B] hence, if y € YA I, € Dt then {t € I : f(t) = 0} = 0 mod
(D +1,),ie {y: fly) =0}N1I, =0 mod D. As this holds for every y € Y and
D is |Y|T-complete clearly we have {t € I : f(t) = 0} = 0 mod D. We can by
1.7(1) replace f by f’ € 1Ord when {y € I : f(y) = f'(y)} € D so without loss of
generality t € I = f(t) > 0.

But Y € C, hence by 1.8(2A) there is a sequence (g, : y € Y,) such that
Ve ={y €Y :1I, e D'} and g, € 'Ord, gy <p+1, f.rkps1,(g9y) = B and
tel=gy(t)<f(t)sog,<f.

As D is |Y|*-complete necessarily I, := U{I, : y € Y\V.} = 0 mod D, but
U{l, :y € Y} € D hence I, = U{I, : y € Y.} belongs to D. Define g € 1Ord by
g(s) = min{g,(s) : x € Y, satisfies s € I, } if s € I, and 0 if s € I\ I,.

Hence (U{I, : y € Y.}) € D and g € 'Ord and g <p f (and even g < f) so by
the induction hypothesis

© it suffices to prove y € Vi = rkpyr,(9) > 6.

Fix y € Y., and for each z € Y, let I, , :={t € I, NI, : g(t) = g.(t)} so by the
choice of g(t) we have

B, ify € Vi, t € I, then for some x € Y, we havet € I, , C I, and g(t) = g (?).
Hence

By (Iy.:x € Ys) exists and U{I, .,z € Yo} =1, € (D + L,)).
Now

Bs if v € Yo Ny € (D+1,)" then rkpyy, . (9) > 5.

[Why? By the choice of I, , we have g = g, mod(D + I, ) hence tkpyz, ,(9) =
tkpy1,,(92), also I, C I, hence D + I,, 2 D + I, which by 1.7(2) implies
tkpi1,,(92) > 1kpy1,(g2) which is > 3. Together we are done.]

By Ha+Hj3 and the induction hypothesis it follows that y € V. = rkpyz,(9) > 8
so by ® we are done. Oig

Definition 1.10. For I, D, f in 1.6 let J[f,D] = {Z C I : Y\Z € Dor Z €
D A tkpynz)(f) > tkp(f)}.

Claim 1.11. [DC+ACy] Assume D is an Rj-complete |Y|T-complete filter on I.
1) If f € 1Ord then J[f, D] is an R;-complete and |Y|*-complete ideal on I.

2) If fl,fz S YOrd and J = J[fl,D] = J[fQ,D] then I‘kD(fl) < rkD(fQ) = f1 < f2
mod J and rkp(f1) =rkp(f2) = f1 = f2 mod J.

3) If f € 10rd is e.g. constantly 1 then J[f, D] = dual(D).

4)If f € 10rd and A € (J[f, D])* then (A € DT and) tkpya(f) = rkp(f).

{z0.27}

{z0.29}
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Proof. 1) By 1.9.

2) As J is an ideal on I (by part (1)) this should be clear by the definitions;

that is, let Ay = {t ey . f1(t) = fg(t)},Al = {t ey . f1(t) < fg(t)} and

Ay :={teY: fi(t) > f2(t)}. Now (Ag, A1, Ag) is a partition of Y. First, assume

Ap € JT, then by the definition of J[f1, D] we have —(rkp(fr) < rkpia,(fe)); ie.

rkpia, (fo) < tkp(fe) and so by 1.7(2) we have tkp(f) = tkpia,(f).

Now as Ag € JT, by the choice of Ag, fi <pia, fo hence f; < f> mod J and
tkp(fi1) = tkpya,(f1) < tkpya,(f2) = 1kp(f2).

[Why? By the previous sentence, by 1.8(3), by the previous sentence respectively.]
Second, similarly if Ay € J* then fo < f; mod (D+As) and rkp(f1) > rkp(f2).
Lastly, if Ay € J* then f; = f> mod (D + Ay) hence rkpya, (f1) = tkpia,(f2)

and rkp(f1) = tkp(f1) = rkpya,(f2) = tkpia,(f2) = rkp(fa).

By the last three sentences at most one of Ag, A;, A belongs to JT and as
AgUA; U Ay =Y at least one of Ay, A1, Ay belongs to JT, so easily we are done.
3) Obvious.

4) Proved inside the proof of part (2). O 11

Definition 1.12. 1) Let FILE (1) or FILE (1) be the set of D such that:

D is a filter on the set I which is |S|T-complete and is Rj-complete or is pseudo
|S|T-complete and psuedo Nj-complete.

2) Let FlLcc () or FILpec(I) be FILG® or FILgCC.

3) Omitting I means for some I and then we let I = Dom(D).

Definition 1.13. 1) For a filter D on I and set S we define compg (D) by induc-
tion on v € Ord U {co}.

~v = 0: comps (D) =D
7 = limit: compgs (D) = U{compg 5(D) : § < 7}

v=p+1 comps,(D) = {A CY : A belongs to compgs (D) or include the
intersection of some S-sequence of members of compg g(D), i.e. N{As : s € S},
where (A, : s € S) is a sequence of members of compgs 5(D)}.

2) Similarly for a family . of sets replacing S by “some member of .7, e.g. we
define come » (D) by induction on v using (€ .%)-sequences, i.e. S-sequence for
some S € ..

3) If v = co we may omit it. We say that D is a pseudo (< S, ~y)-complete when
0¢ compg, (D)

Observation 1.14. 1) If D is a filter on I and S is a set, then:
(a) (compg (D) :~v € Ord U{oo}) is an C-increasing sequence of filters of [
(starting with D)

(b) if compg ,+1(D) = compg . (D) then for every 8 > v we have compg,3(D) =
comps_’,y(D)

(c) thereis an ordinal v = vs(D) < 6(P(I)) such that comps - (D) = compg ., (D)

and (compg 5(D) : B < ) is strictly C-increasing.

2) Assume ACg. Then for any filter D on I we have yg(D) < 0 when 6 := {min(\) :
A a cardinality such that cf(\) > 6(S)} or 6 = 6(¥>S).
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3) Assume DC + ACg+|S %S| = |S|. Then for any filter D on I we have yg(D) <1
and comg 1(D) is an (< S)-complete filter or is P(I); the latter holds iff D is not
pseudo (< S)-complete.

4) Similarly for “€ .#” but ACg is replaced by S € .¥ = AC» and in part (3),
0 = min{k : k regular and S € .¥ = Kk > 6(.)} or § = sup{f(A) : A € Z} where
E = {A : A is a set of sequences of length < w with no w-branch, closed under
initial segments such that if 7 € A is not <-maximal then (35 € .¥)(Va)(n"(s) €
AsseS)}.

Proof. We prove the versions with ., i.e. for (4). Let D, = compgy (D) for
~v € Ord.
1) Clause (a) is by the definition; clause (b) is proved by induction in g > =, for
(8 = ~y this is trivial, for § = 41 use the assumption and for v = g use the definition
and the induction hypothesis. As for clause (c) let 7. = min{y € Ord U {0}; if
v < oo then D, = D41, 50 (D, : v < 7,) is C-increasing continuous by clause (b),
(D~ : 7y < #4) is constant and define h: P(I) — v« by: A € Dy11\Dy = h(A) =~
and h(A) = 0 otherwise there is no such . So h is onto v, hence v, < 8(P(A)) so
v« 18 as required on vyg(D).
2) Let v be an ordinal.

Let

Tl ={A: Ais a set of sequences of length < n,
closed under initial segments such that for every non-maximal n € A
for some S € .7 we have
N (s) e A= se S}

T?,={x: (a) x has the form (I;,y, :n € A)

(b) AeT}andl,C1IforneA

(¢) I, ={I, <s> : s satisfies n"(s) € A} if n € A
but 7 is not <-maximal in A

(d) naveA=y <y <l+y

() I,eDifneAis <-maximalin A
but £g(n) < n}

77 =U{T}, :~ is an ordinal}.

Let n(x) = n for the minimal possible n such that x € 7,2 and let x = Iy, in€
Ax).
Let TV?’ = U{’Tfn :n < w} and let <, be the natural order on TV?’ P X <, y iff
n(x) < n(y), Ax = Ay N"XZ(U{S : S € .#}) and (I, vy) = (1Y, 4y) for n € Ax.
Now
® A € D, iff there is an w-branch (x, : n < w) of (T, <) such that IZ% =
A,

[Why? We prove it by induction on the ordinal . For v = 0 and ~ limit this is
obvious so assume we have it for v and we shall prove it for v + 1.

First assume A € D, and we shal find such w-branch; if A € D, this is obvious,
otherwise there are S € . and a sequence (A, : s € S) of members of D, such
that A = N{As; : s € S}. So X, := {X: X witness A, € D,} is well defined and
non-empty by the induction hypothesis, clearly the sequence (X, : s € S) exists,
because we can use ACg to choose (X5 : s € S).
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Now define X = (x,, : n < w) as follows: Ax, = {O)}U{{s)"n:n € Ax, n—1 and
s €8} =U{YZy +1:s€ S}and AX, = Aand A%, ., = A" Now
check.

Second, assume that there is such w-branch (x, : n < w) of (7, <.) such that
IZe = A Let S = {n(0) : n € Ax,} so necessarily S € .. For each n < w
and s € S we define y,, ; as follows AY™* = {v: (s)"v € Ax,,,} and for v € AT
let vp™° = uﬁ’;;ﬁu and AY™° = A?;;{U. Now clearly (yns : n < w) is an w-
branch of (73, <.) so by the induction hypothesis A%, € D, comps,(D) and
AZL = A=n{A% . :<>€ Ay, } € compg,41(D). So we are done.]

Now toward a contradiction assume that vs(D) > 6, so there is A € Dyy1\Dp
hence here is an w-branch (x, : n < w) of ’773 witnessing that A € Dyq, let
A = U{Ax, : n < w} and v, = ;" for every n < w large enough. So A is well
founded (recalling n<v € A = 7, > 7,) and we can choose (v, : € A) such
that 4, = sup{y, +1:n<av € A and lg(v) = Lg(n) + 1}. If 7> < 6 we are
done otherwise let n € A be <-maximal such that v, > 6 hence n<v = v, <0,
so necessarily 7, = 0 = U{v, + 1 :n<av € A Lg(v) = Lg(n) + 1}. Let S € 7 be
such that n"(s) € A & s € 5, s0 {7,-,- : s € S} is an unbounded subset of ¢ so
cf(f) < 0(S) < 0. This takes care of the first possibility for € so the second case is
easier.

3) It suffices to show that we can replace x € 72 by x € 72. For part (3), i.e.
having one S this is obvious, for part (4) we use:

(x) if S € . and A = (A; : s € S),A; € = then for some A’ € = we have
{(s,t): s €St e A} <|N|
Ui.14

Definition 1.15. 1) For a filter D on a set I and a set S let v5(D) be as in clause
(c) of the Observation 1.14(1).

1A) Similarly with “€ .” instead S.

2) D is pseudo (S, ~)-complete if () ¢ compg ., (D).

2A) Similarly with “€ .#” instead S.

Observation 1.16. 1) If h is a function from S; onto Sy then 6(S1) > 6(S2) and
every [pseudo] (< Sp)-complete filter is a [pseudo] (< Sq)-complete filter.

2. COMMUTING RANKS

The aim of this section is to sort out when two rank rkp,, rkp, do so called
commute.

Definition 2.1. Assume that D, is an Ny-complete filter on I, for £ = 1,2. For
v € {1,2,3,4,5} we say Dy does t-commute with Dy when: H, = B, p, holds
where:

B, if A€ Dy and B = (By : s € A) € 4(D5) then we can find A,, B, such
that: A, € D1, B. € Dy and A, x B, CU{{s} x Bs:s€ A} so A, C A

By if A€ Dy and B = (By : s € A) € 4(Dy) and Jy = J[fa, D3] for some
fo € 20rd then we can find A,, B, such that A, € D, B, € J2Jr and
A x B, CU{{s} x Bs:s€ A} so A, C A
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M if A€ Dy and B = (Bs : s € A) € 4(Dy) and J; = J[f1, D1] for some
fi € 110rd then we can find A,, B, such that A, € J1+,A* C A, B, € Dy
and s € A, = B, C B,

My if A € Dy and B = (B, : s € A) € A(D2) and J' = (J} : t € I)
satisfies J}! € {J[f, D1] : f € 1Ord} and Jo € {J[f, Do) : f € 20rd} then
we can find A, B, such that B, € J and t € B, = A. € (J})™ and
(s,t) € Ay x B, =>s€ ANt € Bg hence A, C A A, € Df

M5 like M, but we omit the sequence J' and the demand on A, is A, € Df.

Remark 2.2. 1) This is seemingly not a commutative relation.
2) We shall first give a consequence and then give sufficient conditions.

3) We intend to generalize to systems (see 3.1 and 3.8).

4) Can we below use “Dy € FILpco(I1), see Definition 1.127 Yes, but only when
we do not use D + A, A€ DT.

Claim 2.3. rkp, (f) < rkp,(g) when:
@ (a) Dy € FIL.o(Iy) for £ =1,2
b) g={(g:tely)
) gt € L0rd
d) g€ ™0rd is defined by g(t) = rkp, (gt)

(

(

(

(

() f=(fs:s€h)
(f) fs €20rd is defined by fs(t) = gi(s)
(9) f€10rd is defined by f(s) = rkp,(fs)
B (a) D3 does 2-commute with D,

(b) ACI, holds.

Remark 2.4. In order not to use DC in the proof we should consider co as a member
of Ord.

Proof. We prove by induction on the ordinal ¢ that
Ce if @+ above holds for D1, Ds, f, g, f,g and tkp, (f) > ¢ then tkp,(g) > ¢.

The case ¢ = 0 is trivial and the case ¢ a limit ordinal follows by the induction
hypothesis. So assume that { =& + 1.
Let

(x)1 A:={sel: f(s)>0}

As we are assuming rkp, (f) > £ > 0 necessarily
(x)2 A€ Dy.

For each s € A, f(s) > 0 so applying clause (g) of & we get
()3 rkp,(fs) >0 when s € A

hence

(¥)a Bs:={t€ Iy: fs(t) > 0} belongs to Dy when s € A.

{c3.2}

{c3.3}
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So (Bs : s € A) € A(D3). Recall (see H(a) of the assumption) that Dy does 2-
commute with Dy, apply it to A, (B : s € A), Jo = J[g, D2]; so we can find A,, B,
such that

(¥)s (a) A, € Dy (and A, C A)
(b) B € Jf recalling Jo = J[g, Da] so B, € D5 and (by Definition 1.10)

rkp,+.(9) = kD, (9)
(¢) (s,t) € Au Xx B, = s€ ANt € Bs.
Now by the present assumption of [ we have
()6 tkp, (f) 2 =€+ 1.
Hence by the definition of rk we can find f’ such that
(*)7 (a) f€"Ord and tkp, (f') > €

(b) ' <p, fs0
(¢) by (x)1 without loss of generality s € A = f'(s) < f(s).

For each s € A, clearly f'(s) < f(s) = rkp,(fs) < rkp,+B.(fs), recalling 1.7(2),
clause (g) of @ and Dy C Dy + B, hence by 1.8(2) for each s € I there is a
function f! such that

(x)s (a) fieU2)O0rd,
() fl<fsmodDyifse A
(¢) rkp,+m.(f!) = f'(s); may require this only for s € A.
As I € C by H(b) of the assumption, clearly
(¥)g there is such a sequence f' = (f!:s € I ).
As s e A, ANt € By = f4(t) >0, see (x)4 + (*)5, without loss of generality
(x)g if s € A, and t € B, then f/(t) < fs(t).
We now define §' = (g; : t € I) by
(%)10 gi(s) = fL(t) for s € I1,t € I so g, € ' Ord.
So
(%)11 s € Ax At € By = gi(s) < fs(t) = gi(s)
hence (recalling A, € Dy by ()5(a) and 1.8(3))
()12 if t € By then g; <p, g+ hence rkp, (g;) < rkp, (g¢)-
Define ¢’ € U2)Ord by ¢/(t) := rkp, (¢95) hence (recalling rkp, (9:) = g(t))
(¥)13 ¢’ < g mod Dy + B..

Note that here Dy + A, = Dy, (though not so when we shall prove 2.9).

Now we apply the induction hypothesis to ¢', /', = (g} : t € L), [ = (f. :
s€l),Dy+ A, Dy + B, and ¢ and get

(#)14 € < 1kp,yB.(9)
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[Why is this legitimate? First, we have to check that clauses (a)-(g) of @ hold in
this instance.

Clause (a): First “D; + A, € FILe(I1)” as we assume Dy € FIL.(];) and
A, € Dy, see (x)5(a), actually A, € D; suffice (used in proving ?7?).

Second, “Dy + B, € FlLc(I2)” as Dy € FlLe(I2) and B, € D5 by (%)5(b).
Clause (b): “g’ = (g; : t € Is)” by our choice.

Clause (c): “g; € 110rd” by (*)10.

Clause (d): “g" € ©20rd is defined by ¢'(t) = rkp, (g;)” by its choice after (*)ia.

Clause (e): “f’ = (f! :s € I)” by our choice in (x)F.

Clause (f): “f! € 20rd is defined by f.(t) = gi(s) holds by (x)10.

Clause (g): “f’ € 110rd is defined by f'(s) = tkp,+p,(f.)” holds by (¥)7(a) +
)s(0)

Now [J¢, the induction hypothesis, assumes “rkp,+a,(f’) > £ which holds
by (¥)7(a) + (¥)s(a), actually A, € Dy suffice here and its conclusion is ¢ <
rkp,+5.(¢") as promised in (%)14.]

Next

()15 € < tkp,(9)-
[Why?
o1 < tkp,1p.(9") by (%)14
o tkp,15,.(9") < tkp,+n.(g) by (x)13 and 1.8(3)
o3 tkp,15.(9) = tkp,(g) by (+)5(b).
Together ()15 holds.]

So
(*)16 ¢ =&+1< 1kp,(9)
as promised. Together we are done. Ua3

Claim 2.5. Assume Dy € FIL..(Iy) for £ =1,2.

If Dy does 11-commute with Dy then Do does to-commute with D1 when (i1, t2) =
(1,2),(1,3), (4,5).

Proof. Obvious for (4,5) use 1.11(3). Os5
Claim 2.6. Assume Dy € FIL..(Iy) for £ = 1,2. If at least one of the following

cases occurs, then Do does 1-commute (hence 2-commute) with Dy .
Case 1: Dy is |I1|T-complete.
Case 2: Dy is an ultrafilter which is |I2|*-complete

Case 8: Dy, Dy are ultrafilters and if A = (A; : t € I,) € ©2(Dy) then for some
A, € Dy we have {t: Ay D A} € Ds.

{c3.11}

{c3.8}
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Proof. Solet A € Dy and (B, : s € A) € 4(D5) be given.

Case 1: Let Ax = A and B, = N{Bs : s € A}, so A, € Dy by an assumption
and B, € Do as we assume {By : s € A} C Dy and D, is |[;|-complete (and
necessarily |A| < |I1]).

Case 2: For eacht € Iy let A} == {s € I : s € A and t € B} and let A}
be the unique member of {4}, 1\ A} N Dy, recalling D; is an ultrafilter on I;.
Clearly the functions ¢t +— A} and ¢t — A} are well defined hence the sequences
<A; 1t e _[2>, <Ag it e Ig> exist and {Ag 1t e Ig} C Ds.

As Dy is |I|T-complete necessarily A, := N{A4} : t € I} belongs to Dy, and
clearly A, C A. Let B, ={t e I, : A} = A}}.

So now choose any s, € A, (possible as A, € Dy implies A, # () so B, € Dy
andt € By, = s, € A, = s, € AiNA, = ANA, A0 = A = A, =t € B, s0
Bs, C By. So A,, B, are as required.

Case 3:
Like Case 2. o

Claim 2.7. 1) Assume Dy € FIL..(I1) and Dy € FIL..(I2).

Then Do does 3-commute with D1 when Dy is (< P(I3))-complete.
2) In part (1) if E C Dy is (D2, C)-cofinal, it suffices to assume Dy is (< E)-
complete.

Remark 2.8. For part (1) in the definition of (< P(I3))-complete we can use just
partitions, but not in part (2).

Proof. 1) Solet A € Dy and B = (B, : s € A) € 4(Dy) and J; = J[f1, Dy] for
some f; € 1Ord be given. So s +— B is a function from A € Dy to Dy C P(l5)
hence recalling that by 1.11(1) the ideal J; on I is (< P(I2))-complete, there is
B, € Dy such that A, :={s€ A: Bs = B,} € Jfr. Clearly A,, B, are as required.
2)For Be Elet Ay ={s€ A: B C B}, so clearly (A5 : B € E) is a sequence of
subsets of A € D; with union A, so for some B, € F the set A, :={s€ A: B, C
B} belongs to Jfr, so we are done. P

Claim 2.9. rkp, (f) < rkp,(g) when:

@ asin 2.3
but we replace clause (B) there by

B (a) Dz does 4-commute with Dy
(b)  ACy, holds.

Proof. We repeat the proof of 2.3 but:

First change: we replace (x)5 and the paragraph before it by the following:

So B = (Bs:s¢€ A) € 4(Dy). B
Recall that Dy does 4-commute with Dy, apply this to 4,(Bs : s € A),J! =
(J} it € I) where J}! := J[gt, D1], Jo := J[g, Ds] and we get A,, B, such that:
(*) (a) A, €Dy and A, C A
(b) B € JJ hence B, € DF and tkp, 5. (9) = 1kp,(9)
(¢) (s,t) € Aux B, =>s€ ANt € Bs
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(d) ift € By then A, € (J})T hence

t€ B, = rkp,+a,(g:) = tkp,(g1) = g(t).

Second change: we replace ()12 and the line before, the line after it and (x)13 by:
Define ¢’ € 20rd by ¢/(t) = tkp,+a.(g}).
Now

(%)iy if t € B, then
(@) g, <pyta. gt by ($)11
(b) thp,sa.(9) < tkp,sa. () by (a) and 1.8(3),
(€) thp,sa.(90) = tkp, (g1) recalling (+)4(d) and J} = Jlgi, D] hence
(d) rkp, (g:) = g(¢t) by clause (d) of &
(e) tkp,+a4,(gt) = g(t) by (¢), (d) above hence
(f) ¢'(t) < g(t) by the choice of ¢, clause (b) and clause (e).

Hence by (*)}5(f) we have
(*)i3 ¢’ < g mod Dy + B,.

Concerning the rest, we quote (x)5(b) twice but ( )5(b) = (%)5(b), and quote (*)5(a)
twice but noted there that (x)5(a) suffice and ¢’ is defined before (x)}, rather than
apply (*)12. Oa.9

3. RANK SYSTEMS AND A RELATIVE OoF GCH

To phrase our theorem we need to define the framework.

{m4.3}
Definition 3.1. Main Definition: We say that p = (D,rk, X, j, 1) = (Dp, tkp, Xp, jp. itp)

is a weak (rank) 1-system when:

(a) p is singular

(b) each d € D is (or just we can compute from it) a pair (I, D) = (Iq, Dq) =
(I[d], Dd) = (Ip_’d, Dp_’d) such that:
(o) 0(Ia) < p, on 6(—) see Definition 1.5
(8) Daq is a filter on I4

(¢) for each d € D, a definition of a function rkq(—) with domain /[9Ord and
range C Ord, that is rkp a(—) or rk§(—)

(d) (a) X is a function with domain D such that ¥(d) C D
(8) ifdeDandeeX(d) then Io = I4 [natural to add Dgq C De,

this is not demanded but see 3.8(2)]
(e) («) jis a function from D onto cf(u)
(8) let Ds; ={deD:j(d) >} and D; = Ds;\Di 1
(v) eeX(d)=jle) =j(d)

(f) for every o < pu for some i < cf(p), if d € D>, then d is (p, < o)-complete
where:
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() we say that d is (p, < X)-complete (or (< X)-complete for p) when: if
f€dOrd and ¢ = rka(f) and (A, : j € X) a partition® of I4, then
for some e € 3(d) and j < o we have 4; € De and ¢ = 1ke(f); so
this is not the same as “Dq is (< X )-complete”; we define (p, |X|T)-
complete, i.e. (p,< |X|T)-complete similarly

(9) no hole?: if tkq(f) > ¢ then for some pair (e,g) we have: e € ¥(d) and

9 <ple) [ and rke(g) = ¢
(h) if f =g+ 1 mod Dq then rkq(f) = rka(g) +1

(1) if f < g mod Dq then rkq(f) < rka(g).

Definition 3.2. 1) We say p = (D,rk, X, j, 1) is a weak (rank) 2-system, (1f we
write system we mean 2-system) when in 3.1 we replace clauses (d),(f),(g) b

{m4.4}

(d) (a) X is a function with domain D
(8) ford € D we have £(d) C {(e,h) :e €D > j(d) and h : Ie — Ia};
writing e € ¥(d) means then (e, h) € 3(d) for some function h
(f) for every o < p for some i < cf(p), if d € D>, then d is (p, < o)-complete
where:
(*) we say that d is (p, < X)-complete (for p) when: if f € fldlOrd
and ¢ = rka(f) and (A4; : j € X) a partition® of I4, then for some
(e,h) € ¥(d) and j < o we have h™'(4;) € De and ¢ = rke(f o h);
we define “(p, | X |T)-complete” similarly
(9)" no hole: if rkq(f) > ¢ then for some (e, k) € %(d) and g € '¥/Ord we have
g < fohmod De and rke(g) = C.

Definition/Claim 3.3. Let p be a weak rank 1-system we can define q and prove
it is a weak rank 2-system by Dgq = Dy, rkq = rkp,Xq(d) = {(e,idsq)) : € €
Ep(d)}idq =Jps g = p-

Convention 3.4. 1) We use p only for systems as in Definition 3.1 or 3.2.

2) We may not distinguish p and q in 3.3 so deal only with 2-systems.

{m4.4d}

{m4.5}

m4.5d
{ / Remark 3.5. The following is an alternative to Definition 3.2. As in 3.1 we can
demand e € 3(d) = I, = Iq but for every d we have a family £q, i.e. the function
d — &q is part of p and make the following additions and changes:
() &q is a family of equivalence relations on Iq
() we replace /[dlOrd by {f € Ord: eq(f) := {(s,t) : s,t € Iq and f(s) =
f(6)} € Ea}
() if Ey, Ey are equivalence relations on Iq such that Eo refines Ey then Es €
Ea= F1 €&
(0) if e € X(d) then Ie = Iq and &g C Ee.
{m4.6}

Definition 3.6. For « = 1,2 we say that p = (D,rk, X, j, u) is a strict t-system
when it satisfies clauses (a)-(i) from 3.1 or from 3.2 and

Lag long as o is a well ordered set it does not matter whether we use a partition or just a

covering, i.e. U{A;:j €0} =1Iqg
we may use another function ¥ here, as in natural examples here we use X(d) = {d} and not

so in clause (f)

3as long as o is a well ordered set it does not matter whether we use a partition or just a

covering, i.e. U{A;j:j €0} =1Iqg
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(7) for every d € D and (,¢&, £, jo satisfying B below, there? is j < cf(u) such
that: there are no e, g satisfying @ below, where:

D e
L
o3
oy
o5
G
H e
2
o3
oy
o5

o5

e c DZj

g€ ll¢

{g(t) : t € I} C [&, () for some (. < ¢
tke(f(s)) = f(s) for s € I4 follows by
J=Jo

rke(g) > ¢,

f e

rka(f) =¢

£<¢

Cf(js) = cf(C)

Jo < cf(p)

se€lgNe €Ds;y = rke(f(5)) = f(s).

Observation 3.7. If p is a strict ¢-system then p is a weak ¢-system.

Definition 3.8. 1) We say that a weak ¢-system p is weakly normal when:

o; in (d)(8) of Definition 3.1 we add e € ¥(d) = Dg C De

e in (d)'() of Definition 3.2 we add: if (e, h) € ¥(d) then (VA € Dq)(h~1(A) €

De).

2) We say p is normal when it is weakly normal and

o3 in Definition 3.1, if A € D},d € D, f € "[4Ord and ¢ = rkq(f) then for
some e € X(d) we have A € De and rke(f) = ¢

e, in Definition 3.2, if d € D, f € 1Ord, rkq(f) = ¢ and A € D}, then for

some (e, h) €

Y(d) we have {s € I : h(s) € A} € De and rke(f o h) = (.

Claim 3.9. Assume p is a weak t-system and d € Dy

0) If p,q are as in 3.3, then p is [weakly] normal iff q is.

1) Iffag € I[d]Ord and f <Dq 9 M rkd(f) < rkd(g)

2) Assume p is weakly normal; if f € 1140rd and vkq(f) > 0 then {s € Iq : f(s) >

0} € DJ.

24) If in addition p is normal then {s € Iq : f(s) =0} = mod Dgq.
3) tka(f) depends just on f/Dq (and d and, of course, p).

Proof. 0) Easy; note that by this part, below without loss of generality ¢p = 2.
1) Let f; € 90rd be defined by fi(s) = f(s) + 1. So clearly f; <p, ¢ hence
by clause (i) of 3.1 (equivalently 3.2) we have rkq(f1) < rka(g). Also f1 = f+1
mod Dgq hence by clause (h) of 3.1 we have rkq(f1) = rtka(f) + 1. The last two
sentences together give the desired conclusion.
1A) By clause (i) of 3.2 used twice.

2) By clause (g)" of Definition 3.2, the “no hole”, there is a triple (e, h,g) as
there, so B := {s:s € I, and ¢(s) < f(h(s))} € De hence by the weak normality
of p we have {h(s) : s € B} # () mod Dq but this set includes {s € Iq : f(s) > 0}.

4

can we make j depend on f (and a partition of) d? Anyhow later we use d’ € X(d), if

{d} # X(d)? Also so ¢ = 1,2 may make a difference.

{m4.9d}
{m4.9}

{m4.10}
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2A) Similarly.
3) Use clause (i) of Definition 3.1 twice. Os.0

Theorem 3.10. [ZF| Assume that p = (D,rk,X, j, p) is a strict rank 1-system (see
Main Definition 3.1) or just a strict 2-system. Then for every ordinal ¢ there is
i < cf(u) such that: if d € D>, then rkq(¢) = ¢, i.e. tka((C: s € I4)) = C.

Proof. We shall use the notation:

®o If there is an 7 as required in the theorem for the ordinal ¢ then let i(¢) be
the minimal such i (otherwise, i(¢) is not well defined).

Without loss of generality,

©1 every d € Dy is (p, < (cf(u)))-complete, ie. clause (f) of 3.1 for o, :=
cf(p)™ holds for every d € D.

[Why? Let i, be the i < cf(p) which exists by clause (f) for o.. Now we just
replace D by D>, (and j by jID>;,, etc).]
Clearly we have

®2 tkq(¢) > ¢ for ¢ an ordinal and d € D.

[Why? We can prove this by induction on ¢ for all d € D, by clauses (h) + (i) of
Definition 3.1.]
As a warmup we shall note that:

©3 if d € D and ¢ < o, or just d € D and every e in the X-closure of {d} is
(p, < {)-complete then:
(a) rka(¢) =¢
(B) fe ¢ = rka(f) <¢.

[Why? Note that as ¢ < o, clearly d is (p, < ¢)-complete by ®; and clause (f)
of 3.1, so we can assume that d is (p, < ()-complete. We prove the statement
inside ®3 by induction on the ordinal ¢ (for all d € D). Note that for ¢ < (, “d is
(p, < ¢)-complete” implies “d is (p, < €)-complete”, we shall use this freely.

Arriving to ¢, to prove clause (3) let f € l4I¢ and for € < ¢ we define A, :=
{te€lqa: f(t) =¢}, so (A: : € < () is a well defined partition of I4 so the sequence
exists, hence as “d is (p, < ()-complete” recalling (%) from clause (f)" of 3.2 for
some triple (e, h,e) we have (e,h) € X(d) and ¢ < ¢ and h™'(A.) € De and
rke(f o h) = rka(f).

Now foh = (e:t € Iq) mod De hence by Claim 3.9(3) we have rke(f o h) =

rke(¢). But the assumptions on d holds for e hence by the induction hypothesis
on ¢ we know that rke(e) = ¢ and £ < ¢ so together rkq(f o h) < ¢, so clause ()
holds.

To prove clause («) first consider ¢ = 0; if rkq(¢) > 0 by clause (g) of Definition
3.1, 3.2 there are (e, h) € ¥(d) and g € "1®)Ord such that g < (¢ : t € Io) mod D,
so for some ¢ € I we have g(t) < ¢ but ¢ = 0, contradiction; this is close to 3.9(2).

Second, consider ¢ > 0, so by ®2 we have rkq(¢) > ¢ and assume toward
contradiction that rkq(¢) > ¢, so by clause (g) of Definition 3.1, 3.2 there is a
triple (e, h, g) as there. Now apply clause (8) of @3 for ¢ (which we have already
proved) recalling (e, h) € 3(d) so also e is (p, < {)-complete. We get rke(g) < ¢, a
contradiction. So ®3 indeed holds.]
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Now as in the desired equality we have already proved one inequality in ®2, we
need to prove only the other inequality. We do it by induction on (.

Case 1: ¢ < p.
By clause (f) for some i < cf(u) we haved € DAj(d) > i = d is (p, < ()-
complete, hence by ®3(a) we have rkq(¢) = ¢, as required.

Case 2: ( =&+ 1.

By clause (h) of Definition 3.1 we have d € D = rkq(¢) = rkq(&) + 1. Hence
d € Dsje) = 1ka(() = 1ka(§) +1=§+ 1=, s0i({) exemplifies that i(¢) exists
and is <i(§) so we are done.

Case 3: ( is a limit ordinal > p of cofinality # cf(u).

So for each & < ¢ by the induction hypothesis i(§) < cf(u) is well defined. For
i< cf(p) let u; = {§ < ¢ :i(§) < i}, so is well defined; moreover the sequence
(uj =i < cf(n)) exists and is C-increasing. If i < cf(u) = sup(u;) < ¢ then
(sup(u;) : ¢ < cf(p)) is a <-increasing sequence of ordinals < ¢ with limit . So as
cf(¢) # cf(p) necessarily for some i, < cf(u) the set S:={¢: ¢ < ¢ and i(€) < i}
is an unbounded subset of (. We shall prove that i(¢) is well defined and < i,.

Subcase 3A: cf(¢) > p.

Let d € Ds;, and g € M4I¢ be given. Clearly Rang(g) is a subset of ( of
cardinality < 6(Iq) which by clause (b)(a) of 3.1is < pu < cf(¢) hence we can
fix £ € S such that Rang(g) C &, hence by clause (i) of 3.1, rka(g) < rkq(€) but
i(¢) =i, and d € D>;, hence rkq(§) = £ < ¢ so together rkq(g) < ¢. As this holds
for every d € D>;, by the no-hole clause (¢)" and clause (e)(y) of 3.2 it follows that
d € D>;, = rka(¢) < ¢ as required.

Subcase 3B: cf(¢) < p (but still cf(¢) # cf(p)).

Let (¢. : € < cf(¢)) be an increasing sequence of ordinals from S with limit (.
Now let j. < cf(u) be such that d € D>;, = d is (p, cf(¢)")-complete, see clause
(f) of Definition 3.1.

Now assume d € Dsyax(i. ;.3 and g € 4I¢. For e < of(¢) let A. = {t € Iq :
g(t) <{butj<e=g(t) > (j}so (A e < cf(()) is well defined and is a partition
of Iq. Hence by clause (f) of Definition 3.2 for some ¢ < cf(¢) and (e, h) € X(d)
we have h™(A.) € Do and tkq(g) = rke(g o h); but j(e) > j(d) > i, j. and by
the choice of A. and clause (i) of 3.1 the latter is < rke(¢) hence as i(¢;) < i
the latter is = (. < (. As this holds for every d € D> axqs, 5,3 and g € ¢, by
the no-hole clause (g)" of 3.2 necessarily rkq(¢) < ¢. So max{i.,j.} < cf(u) is as
required, so we are done.

Case 4: ¢ > p is a limit ordinal such that cf(¢) = cf(p).

Let (¢; : i < cf(¢)) be increasing with limit ¢. Assume toward contradiction that
for every ¢ < cf(u) there is d; € D>; such that rkq,(¢) > ¢ but we do not assume
that such a sequence (d; : i < cf(u)) exists. Choose such do; as rkq,({) > ¢,
clearly there are fy € 114/¢ and a member dj, of ¥(dy) such that

©4 tkay(fo) = ¢

[Why? By using clause (g)’ of 3.2.]
Note
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®s i(fo(t)) is well defined for every ¢ € Iq; .
[Why holds? Because fo(t) < ¢ and the induction hypothesis.]

For ji < cf((),j2 < cf(u) let Aj, ;, = {t € la; : fo(t) < ¢, and (Vj <
J1)(fo(t) > ¢;) and i(fo(t)) = j2}. By clause (f)’ of 3.2 applied to the pair (dg, fo)
and the partition (Aj, j, : j1 < cf((),j2 < cf(p)), for some (d., ki) € E(dg) we
have rkq, (fo o ki) = ¢ and for some ji,j2 we have h;'(4;, ;,) € Da.. By 3.9(3)
for some f = fy o h, mod Dq, and letting d := d. we have

©¢ (a) deD
(b) felldord
(c) rka(f)=¢
(d) tela=i(f(t)) =g A f(t) <G AN <)) =)
Next

©7 clause B from 3.6 with the quintuple (d, ¢, ;, , f, j2) standing for (d, ¢, &, £, jo)-
[Why? We check the six demands

o1 “f € T[dlg” which holds by @g(b) + (d)

o “rkq(f) = ¢” which holds by ®¢(c)

o3 “€ < (” which holds as £ was chosen as (;, and (Vi < cf(u))(§ < Q)
o, “cf(¢) = cf(u)” which holds by the case assumption

o5 jo < cf(u) obvious

o s€Iqgne €Dx;, = rke(f(s)) = f(s) holds by ®(d).

So ®7 indeed holds.]

Now by ®7 we apply clause (j) of Definition 3.6(1) applied with d, ¢, {j,, f, j2 here
standing for d, (, &, f, jo there we can find j as there. Let io = max{J, j1, j2,1({;,)}
s0 ig < cf(u) and choose ey € Dx;, such that rke,(¢) > ¢ as in the beginning of
the case. As rke,(¢) > ¢ by clause (g)" of 3.2 there are e; € X(eg) and g € /le1l¢
such that rke, (g) > ( so g < (¢ : t € Ie,). Now without loss of generality

©s (a) tke(9) =C+1
(0) Go=sup{g(t):t€le,} <(¢
(C) j(el) Z iQ.

[Why? Because we can use g’ € /[®1¢ defined by ¢/(t) = g(t)+2fort € I, , by clause
(c) of 3.1, rke, (¢') = 1ke, (9) +2 > (. By clause (e)(y) we have j(e1) > j(eo) > iz.
Now we find (d5,h”) € E(e1) and g2 as in the proof of ®¢ and rename.]

Also without loss of generality

Og t € le, = g(t) >,

[Why? Let Ag = {t € Is, : g(t) < (;,}, A1 = {t € Is, : g(t) > (;, } so by clause
(f) of 3.2 for some pair (e2,h) € X(e1) we have rke,(g o h) = rke,(9) = ¢ +1
and (h™1(Ag) € De,) V (h"1(A1) € De,). So if h™1(Ag) € De, then by clause
(i) of 3.1, rke, (g 0 h) < r1ke,(¢j,) but i({j,) is well defined < iy < j(e1) < j(e2)
50 1ke, (¢j,) = ¢, together rke,(g o h) < (j, contradicting the previous sentence.
Hence h™'(Ag) ¢ De, s0 h™'(A;) € De,. Let ¢’ € 1*210rd be defined by ¢/(t) is
(goh)(t) ift € h™1(A1) and is ¢, + 1 if t € h™1(Ap). By Claim 3.9(3) we have
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ke, (g') = rke,(g o h) so (ez,g’) satisfies all requirements on the pair (e, g) and
tel,, = ¢ (t) >, >0, so we have justified the non-loss of generality.]

Let £ := (j, and let e = e;. By the choice of j after g, i.e. as in clause (j) of 3.6,
recalling e € D> ; we shall get a contradiction to the choice of (d,&, ¢, f, j2,€,9, ).
To justify it we have to recall by ®7 that the quintuple (d,, &, f, j2) satisfies B of
3.6(j) and then we prove that the triple (e, g, j) satisfies @ of 3.6(j).

Now & of 3.6 says:

.1 “e e Dzj” as
as j > iz,ep € D>;, and e = e1 € X(eg)
o ccg c I[e]Cn
which holds as g € lel¢
o3 “g(t) € [£,¢)”
holds as g(t) < ¢ by ez + ®g(b) and g(t) > ¢, =& by ©O9
oy “rke(f(5)) = f(s) for s € Iq
holds by ®¢(d)
o5 “l“ke(g) > Cw
holds by ®g(a).

So we really get a contradiction. Us.10

Definition 3.11. 1) We say that the pair (d,e) commute (or 3-commute) for p
when d,e € Dy, and tkq(f) > rtke(g) whenever d. € %(d) and (f,g,f,9) is a
(p, d, e)-rectangle, see below.

2) We say that (f,d,g,e, f,g) is p-rectangle or (f,g, f,g) is a (p,d, e)-rectangle
when:

® (a) deDp
(b) eeDp
(¢) g={gs:te€l)and g, € '14O0rd for t € I,
(d) g€ 'elOrd is defined by g(t) = rka(g:)
(e) fs €'el0rd is defined by f.(t) = g:(s)
(f) f={fs:s€lld)

(9) f € Ord is defined by f(s) = rke(fs).

Claim 3.12. [Assume ZF + AC.,] If p = (D,1k, X, 1, 1) be a weak rank 1-system
then p is a strict rank 1-system when some function %1 witness it which means:

(%)o 1 a function with domain Dy
(x)1 21(d) € X(d) ford e D

(x)2 for every d,(, &, f,jo satisfying B of 3.6, for some j < cf(u) for every
e € D>; we have

(a) e is (p, < E1(d))-complete
(b) (d,e) does commute (for p) see 8.11, at least for f € ¢ and any

g€ g, ¢)
()3 we strengthen clause (g) of Definition 3.1 to

(9)" add: rke(f) = rka(f)
(*)a ACjjq) and ACs, gy whenever d € Dy,.

{n4.14}

{m4.16}
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Remark 3.13. 1) In (x)1, can we make j depend on f and a partition of Iq? Will
be somewhat better.

2) We can similarly prove this for a weak rank 2-system. It is natural though not
necessary to add (e,h) € £1(d) = Io = Ia A h = idy,.

Proof. Let d,(,&, f, jo satistying B of 3.6(j) be given and we should find j < cf(u)
such that for no pair (e, g) clause @ there holds. Without loss of generality s €
Ia= f(s)>0

Let j < cf(p) be as in (x)2 in the claim and without loss of generality j > jo
and we shall prove that j is as required in clause (j) of Definition 3.6, this is enough.
So assume e € Ds;,g € 'l[¢ (] and toward contradiction, (j,(,¢, e, g) satisfy @
there. For each t € I, clearly g(t) < ¢ = rka(f) hence by clause (g)* of ()2,
see (g) of Definition 3.1, “no hole”, there are g; € l4¢ and d; € £(d) such that
gt <pg, [ and 1kq,(g¢) = g(t), without loss of generality g, < max(f,17q)) = f
and by the (x)3, “we add” also rkq,(f) = rka(f).

As I € C by ()4, we can choose such sequence ((g;,d¢) : t € I). Now e is
(p, < ¥4(d))-complete and (d, e) commute for p, by clause (a) of (%) (i.e. by the
choice of j and as e € D>;), hence we can find e, € £;(e) and d, € X;(d) such that
tke, (9) = tke(g) = ¢ and {t € I : d; = d..} belongs to De,. For s € Iq = Iq, let
fs € 1e<10rd be defined by fi(t) = g:(s) so fs(t) = g:(s) < € and let f' € T14-10rd
be defined by f'(s) = rke, (fs) and let f = (fs:s € Iq,).

Fixing s € Iq, we have ¢t € I, = [fs(t) = gi(s) < Max{f(s),1} = f(s), i.e.
fs < (f(s) : t € IL,) hence rke_(fs) < rke,(f(s)). Now by Hes from 3.6, as
jo <j<j(es) wehaves € Io, = rke (f(5)) = f(s)sos € Is, = rtke,(fs) < f(s),
ie. fl< f.

Clearly (f',g,f,9) is a (p,d.,e.)-rectangle hence by clause (b) of ()2 of the
assumptions, i.e. the choice of s and Definition 3.11(2) we know that rkq, (f') >
rke, (9)-

But recall that rke, (9) = rke(g) by the choice of e,. We get a contradiction by

(#) ¢ = rka(f) = rka.(f) > rka.(f) = rke.(9) = rke(g) > ¢.

[Why those inequalities? By o5 of H from 3.6 we are assuming as d, € {d; : t € I}
and the choice of the d;’s; as f' <p, f and 3.9(3); by an inequality above; by the
choice of e,; by e5 of @ of 3.6.] O

Claim 3.14. Like 3.12 assuming® ACc(,) we can weaken (x)1(b) to

(%)1(b)" if (d,¢, €, f,Jo) satisfies B of 3.6 and (i(f(t) : t € Ia) is constant, and
= sup{Ci(f(1)) < t € La} < i, ci(eka(f)) = cf() then:
(@) cf( l} f()/Da) < p or
telg
(B) for any j < cf(u), if e € D>; and g € Tlel[e, ¢] then for every p-
rectangle (d, e, f, g, f,3) as we have rka(f) > rke(g).

Proof. Without loss of generality the set A := {s € Iq : cf(f(s)) < cf(u)} is 0
or Ig. If the former holds, by AC., as cf(() = u, we can find h = (h; : i <

cf(u)) satistying h; € [] f(s) such that sup{rka(h;) : i < cf(u)} = ¢ and let
selaq

hi € T f(s) be defined by h.(s) = U{fi(s) : i < cf(u)}, well defined as A = Iq,

selq

Shard not to have it by ()3 of 3.12
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contradiction. So A = () and without loss of generality s € Iq = f(s) is a limit
ordinal (as rkq(w) = w).

Now let (Cs : s € Iq) be such that C is an unbounded subset of f(s) of order
type cf(f(s)). We continue as in the first paragraph of 3.12’s proof but demand
g€ II Cs. Os.14

selq

4. FINDING SYSTEMS

§(4A) Building weak rank systems and measurable

Claim 4.1. [ZF + DCJ
If ®1 holds and pr9g = pr = p = (D, 1k, 3, j, 1) is defined in ®2 then p is a weak
rank 1-system, even weakly normal (and (g)* of 3.12 holds) where:

@1 (a) R ={(k;:1<0) is an increasing sequence of reqular cardinals > O
with limit p such that if 1 < 0 is a limit ordinal then
ki = (5{k; 1 j <i})*

(b) 0" is a cardinal or 0o

@2 (a) D;={J:J is a ki-complete ideal on some k = Kk < pu including
[£]<" and satisfying cf(J, <) < 6*
(and if 8 = co we stipulate this as the empty
demand) such that 8 < k = {f} € J}
and let D = Dy

(b) ifd=JeD;,J an ideal on ky:=U{A: Aec J}
then we let Iqg = Ky and Dgq be the filter dual to the ideal J

(¢) j(J)=min{i: J is not x}, -complete}

(d) X(J)={J+B:B2Aand k;\B is not in J}

(e) 1ky(f) is as in Definition 1.6.
Proof. So we have to check all the clauses in Definition 3.1.
Clause (a): As p = 3{r; : i < 9}, the sequence (k; : i < 0) is increasing and ko > 0
(all by ®1) clearly p is a singular cardinal (and 0 = cf(u)).
Clause (b): Soletd € D, sod = J.

Subclause (a): So Iq = r; < p hence 0(1q) = (k) = K < p recalling p is a limit
cardinal and the definition of D = Dy in clause (a) of ®s.

Subclause (3): Also obvious.
Clause (c): For f € (®a)Ord, rkq(f) as defined in ®s(e), is an ordinal recalling
Claim 1.8(1).
Clause (d)(«):
Trivial.
Clause (d)(3):
Trivially e € 2(d) = I = Iq A De 2 Dg; so also concerning “p is weakly
normal”, demand e in 3.8(1) holds as well as normal.
Clause (e):
Obvious from the definitions.

{e5.3}
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Clause (f):

Let 0 < p be given and choose i < 0 such that ¢ < k;. Let d € D be such
that j = j(d) > i so D = Dgq is a filter on some k;, so assume U{A, : ¢ <
e*} = ky and €* < K;. Now D is k;-complete and (see 1.9(2)) we have rkp, (f) =
min{rkpsa_(f) : € < e* and A. € D} } which is what is needed as A. € D} =
d + (k;\4e) € X(d).

Clause (g): By 1.8(2).

Moreover, the stronger version with e = d holds then rkq(f”) > &.
Clause (h):

Easy. On the one hand, as g < f, the definition of rkq(f), we have rkq(f) >
rka(g) + 1. On the other hand, if ¢’ < f mod Dgq then ¢’ < g mod D hence by
clause (j) we have rkq(¢’) < rka(g) < rka(g) + 1, as this holds for every ¢’ < f
mod Dgq we have rkq(f) < rkq(g) + 1. Together we are done.

Clause (i):
Obvious. 041

Discussion 4.2. Assume p is strong limit singular, p = > i, 6 = cf(k) < p1 < p
1<K

and p; is increasing with 7. Assume that for each 4 there is a pair (D,I),D is a

pi-complete ultra-filter on I, 6(I) < p. This seems to be a good case, but either we

have “D is a (< 6(I))-complete” so 1Ord/D is “dull” or §(I) > completeness (D)

and so there are ultrafilters on k < p so p = sup(measurables Nu).

Claim 4.3. [ZF + DC + AC_,]

Assume  is singular and p = sup(uN measurable), (equivalently for every k < p
there is a k-complete non-principal ultrafilter on some k' < ). Let K = (k; 1 i <
cf(p)) be increasing with limit p, k; > cf(p) such that for i limit k; = (X{k; : j <
i})T and k; is measurable for i non-limit.

Then p = p! is a strict rank 1-sytem where p is defined by

® (a) Ds; ={J: dual (J) is a non-principal ultra-filter which is
Ki-complete on some k= Ky < u}
so naturally I; = ky and Dy = dual(J)
(b) j(J) =min{i: J is not k}_-complete}, well defined
(¢ () ={J}
(d) rks(f) = rkauai(r)(f) as in 1.6.

Proof. We can check clauses (a)-(i) of 3.1 as in the proof of 4.1.

We still have to prove the “strict”, i.e. we should prove clause (j) from Definition
3.12. We prove this using Claim 3.12, we choose X1 (d) = {d} C X(d) for d € Dp,.

So in Claim 3.12, we have (x)y by the choice of ¥, and concerning ()2 in the
proof of 4.1 we obviously can prove (g)*, and concerning ()3 it holds as we assume
AC_,,. Concerning () let d € Dp, ¢, &, f € 1U¢ be given and let j < 9 = cf(u) be
such that 0(P(k)) < k;, and let e € D>,;. Now clause (a) is trivial as |Xq(d)| = 1,
and clause (b) says that “ the pair (d,e) commute”, see Definition 3.11. So let
(f,g,f,9) be a (p,d, e)-rectangle, see Definition 3.11(2), and we should prove that
tke(g) < rtka(f). let Iy = I, I = I4.

To prove this we apply 2.3 or 2.9, but the f, f are interchanged with g,g; we
check @(a) — (g) from 2.3. They hold by ®(a) — (f) of Definition 3.11.
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Concerning H(a) “ACy,” it holds as AC.,, holds and the definition of p. Lastly,
we should prove H(b) there which says “Dgq does 2-commute or 3-commute with
D, which holds by Case 2 of Claim 2.6. Oas

Conclusion 4.4. [AC,, p a singular cardinal] Assume p = sup{A < p : A is a
measurable cardinal}. Then for every ordinal ¢ for some x < A we have rkp(¢) = ¢
for every x-complete ultrafilter on some cardinality < pu.

Proof. t suffices to prove this for the case p has cofinality y. Now we can apply
Claim 4.3 and Theorem 3.10. Oy

5. PSUEDO TRUE COFINALITY
Pseudo PCF

We try to develop pcf theory with little choice. We deal only with X;-complete
filters, and replace cofinality and other basic notions by pseudo ones, see below.
This is quite reasonable as with choice there is no difference.

This section main result are 5.9, existence of filters with pseudo-true-cofinality;
5.19, giving a parallel of J-)[a]; and ??, on generators of J[<a)}\+.

In the main case we may (in addition to ZF) assume DC 4 ACpp(yyy; this will

be continued in [Sh:938].
Hypothesis 5.1. ZF

Definition 5.2. 1) We say that a partial order P is (< k)-directed when every
subset A of P of power < xk has a common upper bound.

1A) Similarly P is (< S)-directed.

2) We say that a partial order P is pseudo (< x)-directed when it is (< k)-directed
and moreover every subset U{ P, : & < §} has a common upper bound when:

(a) if § < K is a limit ordinal

(b) P=(P,:a <) is asequence of non-empty subsets of P

(¢) if v < aa,p1 € P,, and py € Py, then p1 <p po.
2A) For a set S we say that the partial order P is pseudo (< S)-directed when
U{P; : s € S} has a common upper bound whenever

) (Ps:s€8)is asequence
b) P,C P
)

)

member this is redundant).

Definition 5.3. We say that a partial (or quasi) order P has pseudo true cofinality
d when: § is a limit ordinal and there is a sequence (P, : « < 0) such that

(a) P, C P and § =sup{a < ¢ : P, non-empty}
(b) if a1 < ag < 6,p1 € Po,,p2 € Pa, then p1 <p p2
(c) if p € P then for some o < ¢ and ¢ € P, we have p <p q.

{5e.17}

{r1}
{r2}

{r3}
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Remark 5.4. 0) See 5.2(2) and 5.8(1).

1) We could replace § by a partial order Q.

2) The most interesting case is in Definition 5.6.

3) We may in Definition 5.3 demand ¢ is a regular cardinal.

4) Usually in clause (a) without loss of generality A P, # 0, as without loss of

generality § = cf(d) using P/, = Py, where f(a) = the a-th member of {3 <
d : Pg # (0}. Why do we allow P, = (7 as it is more natural in 5.17(1), but can
usually ignore it.

Example 5.5. Suppose we have a limit ordinal § and a sequence (A, : a < d) of

sets with [[ Ao = 0; moreover u C § = sup(u) = [[ An = 0. Define a partial
a<d acu

order P by:
(a) its set of elements is {(«,a) : a € A, and a < 6}
(b) the order is (a1,a1) <p (az2,a2) iff a1 < a2 (and a; € Ay, for £ =1,2).
It seems very reasonable to say that P has true cofinality but there is no increasing

cofinal sequence.

Definition 5.6. 1) For a set Y and sequence @ = (ay : t € Y) of ordinals and
cardinal k we define

ps-tef-fil, (&) = {D: D a k-complete filter on Y such that (IIa/D)
has a pseudo true cofinality};

see below.
2) We say that IIa/D or (Ila, D) or (I, <p) has pseudo true cofinality v when D
is a filter on Y = Dom(@) and ~ is a limit ordinal and the partial order (Ila, <p)
essentially does’, i.e., there is a sequence F = (Fpg : B <) satistying:

®r (a) FzC{fe¥YOrd: f<pa}
b) Fg#0
C) if 61 < B2, f1 € .7'—51 and fo € .7'—52 then f; < fo mod D

d) if f € YOrdand f < @ mod D then for some 3 < v we have g € Fg =
f < gmod D (by clause (c) this is equivalent to: for some 3 < 7
and some g € F3 we have f < g mod D).

7 (
(
(
(

3) ps-pefy (@) = ps-pef, comp(@) := {7: there is a r-complete filter D on Y such
that IIa/ D has pseudo true cofinality v and + is minimal for D}.

4) pefil, (@) = {D : D a k-complete filter on Y such that IIa/D has true cofi-
nality v}.

5) In part (2) if v is minimal we call it ps-tcf(Ila, D) or simply ps-tcf(Ila, <p);
note that it is a well defined (regular cardinal).

650 necessarily {s € Y : as > 0} belongs to D but is not necessarily empty; if it is non-empty

then ITa = @, so pedantically this is wrong, but we shall ignore this or assume A a; # 0 when not
t

said otherwise.

{ra}
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Claim 5.7. 1) If A\ = ps-tcf(Ila, <p), then (Ila, <p) is pseudo (< N)-directed.
1A) If 0(S) < A = ps-tef(Ila, <p) then (Ila, <p) is pseudo (< S)-directed.

2) Similarly for any quasi order.

3) Assume AC, for a < X. If cflay) > N = cf(N) for t € Y then (Ila,<p) is
A-directed.

4) Assume ACyx . If cf(as) > A for s € Y then (Ila, <p) is pseudo AT -directed.

Proof. As in 5.8(1) below. Us.7

Claim 5.8. Leta = (as:s€Y) and D is a filter on Y.

0) If la/D has pseudo true cofinality then ps-tef(Tla, <p) is a regular cardinal;
similarly for any partial order.

1) If la/D has pseudo true cofinality vi and true cofinality o then cf(y1) =
cf(y2) = ps-tef(lla, <p), similarly for any partial order.

2) ps-pct (@) is a set of reqular cardinals so if la/D has pseudo true cofinality
then ps-tef(Tla, <p) is v where v = cf(y) and Ila/ D has pseudo cofinality .

3) Always ps-pcty (@) has cardinality < 0({D : D a k-complete filter on Y'}).
4)IfB=1{Bs:s€Y)eYOrd and {s : Bs = as} € D then ps-tef(Illa/D) =
ps-tcf(I13/ D) so one is well defined iff the other is.

Proof. 0) By the definitions.

1) Let <_7-'é : B < ) exemplify “TIla/D has pseudo true cofinality ~,” for £ = 1,2.
Now

(x) if £ € {1,2} and By < 7y then for some (34 < y3_¢ we have g; € fél ANgs €
Fi =91 <p g2
[Why? Choose ¢t € féﬁ_l, choose B3_p < 7v3_1 and g3_y € fg;ez such that
g" < ¢>* mod D]

Hence
(%) hi:71 — 72 is well defined when
hl(ﬁl) = Min{ﬁg < Y2 (Vgl S }'},I)(Vgg S .7:52)(91 < g2 mod D)}

Clearly h is non-decreasing and it is not eventually constant (as U{F} : § <1} is
cofinal in TI&/D) and has range unbounded in o (similarly).

The rest should be clear.
2) Follows.
3),4) Easy. D5.8

Concerning [Sh:835]
Claim 5.9. The Existence of true cofinality filter [k > Ng +DC + AC.,] If

(a) D is a k-complete filter on'Y

(b) @ €YOrd

(¢) 0 :=rkp(a) satisfies cf(5) > O(Fil’(Y)), see below.
Then for some D' we have

(o) D' is a k-complete filter on'Y

{r8}

{ro}
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(8) D'2 D
(v) Oa/D’ has pseudo true cofinality, in fact, ps-tcf(Ila, <p) = cf(rk,(@)).
Recall from [Sh:835]

Definition 5.10. 0) FilLl(Y) = {D : D a k-complete filter on Y} and if D €
Fill(Y) then Fill(D) = {D’ € Fil'(Y): D C D'}.

1) Fil2(Y) = {(D1, D2) : D1 C D4 are k-complete filters on Y'}.

2) J[f, D] where D is a filter on Y and f € YOrdis {A CY : A =0 mod D or
rkpa(f) > rkp(f)}-

Remark 5.11. 1) On the Definition of pseudo (< k, 1 + v)-complete D see 1.13; we
may consider changing the definition of Fil}(Y) to D is Nj-complete and pseudo(<
K, 14 7))-complete filter on Y.

2) Related to [Sh:835].

Proof. Proof of the Claim 5.9

Recall {y € Y : ay = 0} = 0 mod D as rkp({epy : y € Y)) = > 0 but
fi,fo € Y Ord A (fy = fo mod D) = 1kp(f1) = rkp(f2) hence without loss of
generality y € Y = ay,, > 0.

Let D= {D’: D’ is a filter on Y extending D which is x-complete}. So (D) <
O(Fily, (Y)) < cf(9). For any v < tkp(a) and D' € D let

(*)2

(a) Fyp ={fela:rkp(f) =~ and D’ is dual(J[f, D])}
(0) Fp =U{F, p:v< rkp(a)}

() Zapr = {7 < thp(@) : Fypr £ 0}

(d) Fy=U{F,pr:D"eD}.

Now

(%)3 if v < rkp(a) then F, # 0.

[Why? By 1.8(2) there is ¢ € YOrd such that g < f mod D and rkp(g) = v
and without loss of generality g € Ila. Now let D' = dual(J[g, D]), so (D,D’) €
Fill(Y),D’ € D and g € F, p, see 1.8(2), Claim [Sh:835, 0.10(2)], here we use
ACL, )

(x)a {sup(Ea,p’) : D' € Dand Z5,p’ is bounded in rkp (&)} is a subset of rk p ()
which has cardinality < 8(D) < (Fil’(Y)) < cf(9).

[Why? The function D’ — sup(Zg,ps) witness this.]

(%)5 the set in ()4 is bounded below rkp (&) so let vy(*) < rkp (@) be its supre-
mum.

[Why? By (+)4.]
(x)¢ there is D' € D such that 25 pr is unbounded in (Ila, <p/).

[Why? Choose v < rkp(a) such that: v > (). By ()3 there for some f € F,)
and D’ € D we have f € F,(,),pr so by the choice of y(x) the set Z4 p cannot be
bounded in rkp(@).]

(x)7 if 71 < v are from E5,pr and f1 € F,, pr, fo € Fy,,pr then fi <ps fo.
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[Why? By 1.8, [Sh:835, 0.10(2)]]

Together we are done: by ()¢ there is D’ € D such that E5 p- is unbounded
in tkp(a). Let F = (Fyp : v € Za,p) witness that (Ila, <ps) has pseudo
true cofinality, and so ps-tcf(Ila, <p) = cf(otp(Ea,p’)) = cf(tkp(@)), so we are
done. 59

So we have

Definition/Claim 5.12. 1) We say that 6 = ps-tcf5 (@), where § is a limit ordinal
when, for some set Y:

(a) @€ Ord

(t) D = (D1, D)

(¢) D1 C Dy are Ry-complete filters on Y

(d) 1kp, (@) = 6 = sup(Ep 5) where Ep 5 = {7 < 1kp, (@): for some f < a

mod Dy, we have rkp, (f) = v and Dy = dual(J[f, D1]}.
2) If Dy is Nj-complete filter on YV,a = (ay : ¢t € Y) and cf(ay) > G(Filil(Y))
for t € Y then for some Nj-complete filter Do on Y extending D; we have ps-
tef(p,,p,) (@) is well defined.
3) Moreover in part (2) there is a definition giving for any (Y, D1, D2, &) as there,
a sequence (F : vy < 0) exemplifying the value of ps-tcfp(@).

Proof. 2), 3) Let § := tkp, (f), so by Claim 5.16 below cf(§) > 8(Fil§, (Y)) hence
has Claim 5.9 above and its proof the conclusion holds: the proof is needed for
“0 = sup(Zp ,)", noting observation 5.13 below. Us.12

Observation 5.13. 1) [DC] or just [ACy,].
Assume D is an Rj-complete filter on Y and f,f, € YOrd for n < w and

f(t) =sup{fn(t) : n <w}. Then rkp(f) = sup{rkp(fn) : n < w}.
Remark 5.14. Similarly for other amounts of completeness, see 5.18.

Proof. As tkp(f) = min{rkpia, (f) :n <w}if U{4, :n<w} e D, A, € D by
[Sh:71] or see 1.9. Us.13

Remark 5.15. Also in 1.9(2) can use AC; only, i.e. omit the assumption DC, a
marginal point here.

Claim 5.16. [AC.y/ The ordinal § has cofinality > 0 when :

(a) 6 =r1kp(a)

(b) a={a,:yeY)e¥YOrd

(¢) D is an Yy-complete filter on'Y
(d) yeY = cf(ay) > 0.

Proof. Note that y € Y = «a, > 0. Toward contradiction assume cf(J) < 6 so §
has a cofinal subset C' of cardinality < 6. For each 3 < § for some f € ¥ Ord we
have rkp(f) = B and f <p & and without loss of generality f € [] a,. By AC

yey
there is a sequence (fs : 8 € C) such that fg € [[ ay, f <p @ and rkp(fg) = G-
yey
Define g € [] ay by g(y) = U{fs(y) : B € C and fs(y) < ay}. By clause (d) we

yey
have [y € Y = ¢(y) < o], so g <p @, hence rkp(g) < rkp(c) but by the choice

{r10}

{r10d}

{r11}
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of g we have 8 € C = fg <p g hence § € C = [ = rkp(fs) < rkp(g) hence
d =sup(C) < rkp(g), contradiction. Os.16

Observation 5.17. 1) Assume (@, D) satisfies

(a) D afilter on Y and & = (o : t € Y) and each oy is a limit ordinal
(b) F = (Fg : B < 0) exemplify 9 = ps-tef(Ila, <p) so we demand just
J=sup{f<0:Fg#0}

(¢) Fp={f € I[ ou: for some g € Fg we have f = g mod D}.
tey

Then: (Fj : 8 < 9) exemplify 9 = ps-tef(lla, <p) that is
() U Fj is cofinal in (Ila, <p)
B<y
(B) for every 1 < B2 < 0 and f1 € Fj; and fo € Fj;, we have f1 < fa.
2) Similarly, if D, F satisfies clauses (a),(b) above and D is Nj-complete and 0 =

cf(9) > Rg then we can “correct” F to make it No-continuous that is (F5:B<0)

defined in (¢); + (¢)2 below satisfies (a) 4+ (3) above and () below and so is No-
continuous, (see below) where

(c)1 if B < O and cf(B) # Ry then Fj = F},

(c)2 if B < 0 and cf(8) = No then Fj = {sup(f, : n < w): for some increasing
sequence (B, : n < w) with limit 3 we have n <w = f, € Fj }, see below

(v) if B <0 and cf(8) = No and f1, f € Fj then f; = fo mod D.

3) This applies to an increasing sequence (F5 : 3 < §), F5 C Y Ord,  a limit ordinal.
Proof. Straightforward. Us.17

Definition 5.18. 0) If f,, € YOrd for n < w, then sup(f, : n < w) is defined as
the function f with domain Y such that f(¢) = U{f.(t) : n < w}.
1) We say F = (Fp : B < \) exemplifying A = ps-tef(Ila, <p) is weakly No-
continuous when:

if 8 < 0, cf(B) = Ry and f € Fp then for some sequence (G, fn) : 1 < w) we
have = U{B, : n < w},Bn < Bnt1 < B, fn € Fp, and f = sup(f, : n < w); so if
D is Ny-complete then {f/D : f € Fg} is a singleton.
2) We say it is Rg-continuous if we can replace the last “then” by “iff”.

Theorem 5.19. The Canonical Filter Theorem Assume DC and ACpy.

Assume & = {ay :t € Y) € YOrd and t € Y = cf(ay) > 0(P(Y)) and 0 €
PS-PCfy, comp (@) hence is a reqular cardinal. Then there is D = D§, an Xq-complete
filter on Y such that 8 = ps-tcf(Illa/D) and D C D' for any other such D' €
Fily, (D).

Remark 5.20. 1) By 5.9 there are some such 0.
2) We work to use just ACp(y) and not more.

Proof. Let

B () D={D: D is an Ry-complete filters on Y such that (Ila/D) has
pseudo true cofinality 0},

(b) D,=n{D:DeD}.
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Now obviously

(¢) D, is an Nj-complete filter on Y.

For ACY letDy ={DeD:A¢ D} andlet P, = {A CY : Dy # 0}
As ACp(y)y we can find (D4 : A € P,) such that Dy € Dy for A € P.. Let
D.={Da: A€ P.} clearly

B D.=n{D:D €D,} and D, C D is non-empty.
As ACp, holds clearly

(*)o we can choose (F4 : A € P.) such that Fa exemplifies Dy € D as in
5.17(1),(2), so in particular is Ng-continuous.

For each 8 < 0 let Fj5 = ﬂ{]—"é“ : A€ P}, now
(*)1 .7:; g Il
[Why? As by 5.17(1)(c) we have f[‘? C Ila for each A € P,.]

(*)2 if 1 < fs < 8,f1 € f;l and fo € .7:;2 then f; < fo mod D,.

[Why? As A € P. = fi1 <p, f2 by the choice of (F} : 3 < 0), hence the set
{teY : fi(t) < f2(t)} belongs to D4 for every A € P, hence by Hs it belongs to
D, which means that fi <p, f2 as required.]

(*)3 if f € Tla then for some 3y < 0 we have f' € U{Fj3: B € [3;,0)} = f < f'
mod D,.

[Why? For each A € P, there are 3, g such that § < 9, g € .7:51 and f < g mod D
hence ' € [B+1,0)N [ € .7-"2,4, = f<g< f'mod Dy. Let 84 be the minimal such
ordinal 4 < 6. As cf(6) > 0(P(Y)) > 0(P.), clearly 5. =sup{fa+1: A€ P.}is
<d. SoAeP.NgeU{F;:B€[B0)) = f <pg. By the ordinal . is as
required on ay.]

Moreover

(%)4 there is a function f — By in (%)s.
[Why? As we can (and will) choose 3 as minimal § such that ...]

()5 for every (. < O there is § € (B, d) such that Fj # (.

[Why? We choose by induction on n, a sequence Bn = (Bna:AcP,) and a
sequence fp, = (fn,a: A € P,) and a function f,, such that

() B <dand m < n= G <l
(8) Bo = B« and for n > 0 we let 3, = sup{Bm,a: m <n,A e P.}
(7) Bn.a € (Bn,d) is minimal such that there is f, 4 € fé‘},A satisfying n =
m+1= f,< fﬁn,A mod D4
(0) (fn.a:A€P,)is asequence such that each f,, 4 are as in clause (7)
(e) fn € la is defined by f,,(t) = sup{fm,a(t) +1: A€ P, and m < n}.
[Why can we carry the induction? Arriving to n first, f,, is well defined € Ila
by clause () as cf(ay) > 0(P,) for t € Y. Second by clause (), (Bn,a : A € Py) is
well defined. Third by clause (§) we can choose (fm, 4 : A € P,) as ACp,.
Lastly, the inductive construction is possibly by DC.]
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Let 8* = U{B, : n <w} and [ = sup(f, : n < w). Easily f € ﬂ{f[‘?* cAe P}
as each <.7-'§‘ : 8 < ) is Nyp-continuous.]

()6 if f € Ila then for some 8 < v and f" € Fj; we have f < f’ mod D*.
[Why? By (*)3 + (%)4.]

So we are done. Os.19

Definition 5.21. For @ € Y Ord let JY P (@) = {X C Y ps-pefi,-com

<A
N;i-comp . No-comp
A} and JZ) is J230TP.

Ql
>
N

Remark 5.22. In 5.21, see Definition 5.6(3).
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