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MODELS OF PA: STANDARD SYTEMS WITHOUT MINIMAL
ULTRAFILTERS
SH944

SAHARON SHELAH

ABSTRACT. We prove that N has an uncountable elementary extension N such
that there is no ultrafilter on the Boolean Algebra of subsets of N represented
in N which is minimal (i.e. Ramsey for partitions represented in N).

0. INTRODUCTION
Enayat [Ena06] asked (see Definition 0.4(1)):

Question 0.1. Question III: Can we prove in ZFC that there is an arithmetically
closed A C P(w) such that A carries no minimal ultrafilter?

He proved it for the stronger notion “2-Ramsey ultrafilter”. In [Sh:937] we prove
that there is an arithmetically closed Borel set B C P(N) such that any expansion
NT of N by any uncountably many members of B has this property, i.e. the family
of definable subsets of N* carries no 2-Ramsey ultrafilter.

We deal here with the question 0.1, proving that there is such a family of cardi-
nality Ny, this implies the version in the abstract; we use forcing but the result is
proved in ZFC. On other problems from [Ena06] see Enayat-Shelah [EnSh:936] and
[Sh:924], [Sh:937].

Notation 0.2. 1) Let pr:w Xw — w be the standard pairing function (i.e. pr(n,m) =
("£™) 4 n, so one to one onto two-place function).

2) Let A denote a subset of P(w).

3) Let BA(A) be the Boolean algebra which A U [w]<®0 generates.

4) Let D denote a non-principal ultrafilter on A, meaning that D C A and there
is a unique non-principal ultrafilter D’ on the Boolean algebra BA(A) satisfying
D = D’ n A, but in Definition 0.4 below the distinction between an ultrafilter on
A and on BA(A) makes a difference.

5) 7 denotes a vocabulary extending 7pa = 7v = {0, 1, +, X, <}, usually countable.
6) PA(7) is Peano arithmetic for the vocabulary 7. A model N of PA(r) is called
ordinary if N|7pa extends N; usually the models will be ordinary.

7) ¢(N,a) is {b: N |= ¢[b,a]} where ¢(z,9) € L(ry) and a € 9@ N

8) Per(A) is the set (or group) of permutations of N.

9) For sets u, v of ordinals let OP, ,, “the order preserving function from u to v”
be defined by: OP, () = S iff § € v,a € uw and otp(v N F) = otp(u N ).
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10) We say u,v € Ord form a A-system pair when otp(u) = otp(v) and OP, ,, is
the identity on u Nw.

Definition 0.3. 1) For A C P(w) let ar-cl(A) = {B C w : B is first order defined in
(N, Ay, ..., Ay) for some n < w and Ay,..., A, € A}. This is called the arithmetic
closure of A.

2) For a model N of PA(7) let the standard system of N, StSy(N) be {¢(M,a)NN :
o(r,y) € L(r) and @ € 9@ M} so C P(w) for any ordinary model M isomorphic
to N, see 0.2(6).

3) For A C P(w) let Sc-cl(A) be the Scott closure of A, see [KS06] which means
adding the finite sets and closing under the Boolean operations (union of 2, comple-
ment) and A — {z: (Vy)(pr(z,y) € A)} and A — {x : the set {y: pr(z,y) € A}}
code a well founded tree}.

Definition 0.4. Let A C P(w).

0) For h € Yw let cd(h) = {pr(n,h(n)) : n < w}, where pr is the standard pairing
function of w, see 0.2(1).

1) D, an ultrafilter on A, is called minimal when: if h € “w and cd(h) € A then
for some X € D we have h[X constant or one-to-one.

2) D, an ultrafilter on A, is called Ramsey when: if k < w and h : [w]¥ — {0,1} and
cd(h) € A then for some X € D we have h[[X]" is constant. Similarly k-Ramsey.
3) D a non-principal ultrafilter on A is called a Q-point when if h € “w is increasing
and cd(h) € A then for some increasing sequence (n; : i < w) we have i < w =
h(2i) <n; < h(2i+1) and {n; : i <w} € D.

Remark 0.5. In [Sh:937] we use also

1) D is called 2.5-Ramsey or self-definably closed when: if h = (h; : i < w) and
h; € “(i+1) and cd(h) = {cd(i,cd(n, hi(n)) : i < w,n < w} belongs to A then for
some g € “w we have: c¢d(g) € A and (Vi)[g(i) < iA{n < w: hi(n) =g(i)} € D
this follows from 3-Ramsey and implies 2-Ramsey.

2) D is weakly definably closed when: if (4; : i < w) is a sequence of subsets of
w and {pr(n,i) : n € A; and i < w} € A then {i: A; € D} € D, (follows from
2-Ramsey).

Definition 0.6. 1) L(Q) is first order logic when we add the quantifier Q where
(Qx)p means that there are uncountable many z’s satisfying ¢.
2) Ly, ,w(Q) is defined parallely.

See on those logics Keisler [Kei71].
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1. NO MINIMAL ULTRAFILTER ON THE STANDARD SYSTEM

Theorem 1.1. Assume that N, is an expansion of N with countable vocabulary
or Ny is an ordinary model of PA,, for some countable T O Tpa such that N, is
countable. Then there is M such that

(a) Ny < M

(b) M| =R

(¢) StSy(M), the standard system of M, see 0.3, has no minimal ultrafilter on
it, see Definition 0.4; moreover

(d) there is no Q-point on StSy(M)

(e) StSy(M) is arithmetically closed.

Proof. Stage A:

Without loss of generality N, is the Skolem Hull of 0.

We shall choose a sentence 9 € Ly, ,(Q)(7*) with 7* D 7(N,) and prove that
it has a model, and for every model M™* of ¢, the model M |7(N,) is as required.
By the completeness theorem for L, .,(Q) it is enough to prove that 1) has a model
in some forcing extension; of course it is crucial that ¢ can be explicitly defined
hence € V.

Stage B:

Let cd:H(Rg) — w be one-to-one onto and definable in N in the natural sense.

Let Vo =V and \ = (2%)*.

Let Ry = Levy(Ry,2%0), let Gy C Rg be generic over Vg and let Vi = V[Gy,
i.e. in VDO% we have CH.

In V; let Ry be Py, where (Po,Qp : o < wa, 8 < we) is CS iteration, each Qq
is a Laver forcing; there are many other possibilitites, let 7, € “w (increasing) be
the P,41-name of the Q,-generic real and v, = {cd(n, [n)N: n <w)). Let Gy C Ry
be generic over V; and Vo = V; [G1] and let 7, Zba[Gl],l/a = (cd(nan) : n <
w) = 7alG1].

Let D? be a non-principal ultrafilter on w in the universe V.

M; In the universe Vg let My = N¥/D? let a, = ya/D2 e M,
and note

Mo StSy(M;) = P(N)V2 hence is arithmetically closed

Hs let f1 € V3 be the function from A = w;h = w¥2 into M, defined by
fi(a) = aq.

Stage C:
In V7 (yes, not in Vy) let the forcing notion Ry := ]Pﬁ2 and the set K be defined
as follows (so B € V; below, which is equivalent to B € V|, similarly for u):

By (o) K:={(a,u,A):uC \is countable, @ € u, A =B(...,13,...)seu,
B a Borel function from °*(*)(“w) to P(w) such that
Fpy “AN [Ma(n+1),n4(n +2)) has < 1,(n) members; moreover
0= lim, (AN [ﬁa(n + 1)77]&(” + 2))/17«%(”””}
(8) pePd, iff

{al1.3}
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CL) p = (p7 h’) = (ppvh’p)

h a function from some finite subset Ky of K to w;

d) if (o, ue, Ag) € Kp for £ = 1,2 and h(aq, ur, A1) = h(oe, ug, 4)
and u; C ap then plp,, “A1 N As is finite”

(v) PI Ep<qiff
(CL) P&)z ': Pp < Dq
(b) hp C hq.

Now

(%)o if p € Pyy,a0 < wy and p I “A C w satisfies A N [Na(n), o (n + 1)) has
< 7a(n) members for every n large” then we can find a triple (q,u, A’)
such that

(@) Py, Fp<q”

(8) Dom(g) = u

(7) w a countable set of ordinals < we (in V; equivalently in V)

(8) gl “A = A"

(e) A" = B(..-,0a;»- - )i< otp(u) Where q; is the i-th member of u, for
some Borel function (") (“w) to P(w) so B € V; equivalently V

(Q) gq(@i) = Bi(...,Ma;,--.)j<i for every i < otp(u) for some Borel fucn-

tion B; from *(“w) to Laver forcing.

y? Standard proof.
Why? Standard f
(%)1 PJ, satisfies the Np-c.c.

[Why? We need a property of the iteration (Pn,Qp : a < wa, 3 < wo) stated in
1.2 below. In more detail, given a sequence (p, : @ < wg) of members of ]P)jz,
for each @ < wa, let pa = (Pa, ha); and without loss of generality each p, is

like ¢ in (%)o, (B), (7),(¢) and (o,u, A) € Dom(h) = u € Dom(p,). Letting
uo = Dom(py), we can find a stationary S C {§ < ws : cf(6) = Ry} and p, such
that

e usNd=uy ford €8

o psl6 <p,elPsforde s

e without loss of generality ps[é = p. for § € S

e otp(us) =y(x) for 6 € S

e if 61,02 € S then the order preserving function OPuéwué1 from us, onto us,

maps ps, to Ps,.

Let 0(x) = Min(S) and Gy € Ps(.) be generic over Vy such that p. € Gy).
Now we apply the 1.2 to Py, /Gys(s), the rest is clear.]

(%)2 PF, collapse w1 to V.
[Why? Easy but also we can use PJ x Levy(Ro,R;) instead.]

()3 the function p — (p, () is a complete embedding of P, into P, .
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Stage D: Let Go = G| C }P’Il be generic over Vi, V3 = V1[Gz] and without loss
of generality G; = {p: (p,h) € G2}. So V3 is a generic extension of Vy and let
fa=U{h:(p,h) € Ga}.
So
(%)a in V3if fo(aq,ur, A1) = fo(ai, uz, A2) and u; C ag, then A;[G1]N A2 [Gq]
is finite.

In V3 let My be an elementary submodel of (H(3,),€) of cardinality A\ = R}
which includes {a: o <A} = {a: a < w)?*}, {My, H, f1, fa, Go,G1, G} and (the
universe of) Mj, see end of stage B.

Let fo be a one-to-one function from M; onto My, let M3 be a model such that fj
is an isomorphism from M; onto Ms. Lastly, let My be M3 expanded by cg = A\ =
wyt = wY et = wY et = My, dYt = Gy dig =Ry, dM =N, (dy't i n < w)
list the members of N,, eM2=eVs [|My|, FM = fo, FM* = foo f1, see end of Stage
B, F}™ = fo, PM =V, N M, for £ = 0,1,2 (so F, is a unary function symbol, Py
is a unary predicate) and <M, a linear order of | M| = [My| of order type wy ®.

We define the sentence v: it is the conjunction of the following countable sets
and singletons of first order sentences in the vocabulary 7(My) such that M |= ¢

) M*I7(N,) = Th(N,)
(B) M is uncountable, moreover M = (Qx) (z an ordinal < ¢o)
(C) <M" s a linear order
(D) every proper initial segment by < " is countable
(E) (IM*],eM") is a model ZFC™ (even a model of Th(H(3,)V?, €))
(F) FM" . {a: M = “a an ordinal < ¢y”} — M is one-to-one
(G) M* E “K is as above”
) F2M+ : KM — {a: M [ “a an ordinal < ¢;”} is as above
) M5 = “for every B we have B € P(N) A P5(B) iff B = ANN for some
definable subset of A in the model ¢y”.
Easy to check that

(*)s ¥ € Vo
(*)6 M4 ': ’lﬁ n V3.
Hence as the completeness theory for Ly, ,(Q) give absoluteness
()7 1 has a model in V =V call it M5
(x)s let M = M5|7(N,), let Vi =N = M[{e}
(%)9 let A be StSy(M), the standard system of M
()10 let V= (PM" €M) for £ =0,1,2.
Clearly
(*)11 (CL) N ': “ZC”
(b) M is a model of Th(N,)
(#)12 let Ry = " and G} = db’,".
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By renaming without loss of generality

(¥)13 (a) if NT |E “a is the n-th natural number” then a = n

(b) fNsE“ACw then A={n:M"E “ne A"}

(¢) if N5 | “be“w” then b= {(n2,n2) : Mt = f(n1) =na}
(d) N.C M.

Stage E:

Clearly M is an uncountable elementary extension of N, by clauses (A),(B) of
Stage D, so M satisfies clauses (a),(b) of Theorem 1.1. To prove clause (e) recall
B2 and clause (I) above hence A C P(w) is arithmetically closed; this implies
A is a Boolean subalgebra. Also clause (d) implies clause (c), anyhow to prove
them, assume toward contradiction that D is an ultrafilter on A which is minimal
or just a @-point. Let X = {a : N | “a is an ordinal < wy”}, so X is really
an uncountable set. For each a € X define a sequence p, € “w by p(n) = k iff
MY = “Fi(a)(n) = k.

Clearly p, is an increasing sequence in “w, hence by the assumption toward
contradiction, there is A4, € D C A such that A, N [pe(n), pa(n)) has at most one
element (or just < p,(n) elements) for each n < w.

So for some element A, of NN = “A,, in V/, is a Rj-name of a subset of w
and A,[Gi] = A.”.

Clearly M [= “for some countable subset u of w;, - wYé from V| and Borel
function B from V) we have A, = Bu(..., pp, .. )beu, (S0 some p € G5 forces 4,
satisfies this)”. So using FQM+ there are a; # ag from X such that the parallel of
clause (3)(d) of stage C holds, see clause (G) of stage D, so two members of D are
almost disjoint, contradiction. Oy 1

Claim 1.2. If X then B where:

X (a) Q= (P, Qp:a<ax),s <alx)) is a CS iteration

b) k(x) <w L;nd B(k) < a(x) <w;y for k < k(x)

c) each Qq is a Laver forcing (in Ve ) and Na s generic
he(“w)V

p € Poy

) e, “Br Cw and |Br N [ngm(n +1),nk) (0 + 2))]
< h(ng(n)) for every n large enough” for k < k(x)

B for some pi,ps> and B}, for k < k(x) we have
(a) ]P)a(*) ': “p < pe” for =12
(b) B Cw (from V)
(¢) p1lF “By C* By”
(d) p2 Ik “By € (w\Bj)”.

Proof. Clearly letting B, = U{By, : k < k(x)} we have

(*) p IFp, ., “for every large enough n the set B N [no(n + 1),70(n + 2)) has
< no(n) members”.

Now by the properties of iterating Laver forcing ([Lav76] or see [Sh:f, Ch.VI]), we
have:
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(%) if G; C Py is generic over V and 1 = 19[G1] then
Fe,.,/a, © i BCwandin BN[n(n),n(n+1))

there are < 7(n)) elements for every n large enough
then for some B’ € V[G4],B’ Cw,B C B’ and

B'Nn[n(n),n(n+1))) has < (n(n))™ members for every n large enough.

Now this applies in particular to B = B, getting B’. Hence without loss of gen-
erality «(x) =1 so we can replace P; by Qq, Laver forcing; also for a dense set of
p € Qo we have: if n € p is of length n + 1 so an increasing sequence of natural
number, then pl" := {v € p: v <7 or n < v} forces a value b, to B’ N [0,1(n)) so
necessarily |b,| < n(n —1) when n > 1.

By thinning p, without loss of generality if n € p and u, = {n : n"(n) € p} is
infinite (equivalently is not a singleton) then (b,-<n> : 1 € uy) is a A-system.

The rest is easy, too.

Remark 1.3. 1) Note that in 1.1 we can replace Qg by any forcing notion similar
enough, see [RoSh:470].
2) We can strengthen 1.1 by replacing “Q-point” by a weaker statement.

Similarly we can weaken the demands on how “thin” is B in 1.2 and in the proof
of 1.1.

{a1.9}
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2. PRIVATE APPENDIX

Moved from pg. 2:

Recently, solving a long standing problem on models of Peano arithmetic, (appear-
ing as Problem 7 in the book [KSO06]), Ali Enayat proved (and other results as

well):

Claim 2.1. ([Ena06]) For some arithmetically closed family A of subsets of w, the
model 4 = (N, A) gc 4 satisfies

(a) it has no conservative extension (i.e. one in which the intersection of any

definable subset with N belongs to A).
Motivated by this he asked:

Question 2.2. Question I:
Is there A C P(w) such that some model of Th(24) has no elementary end
extension?

Moved 09.11.23 from 1.2:

X (a) is as in [BsSh:242]

IFQy “na € “w is increasing enumerating the generic for Q,”
he (“w)V

d) [ €“wisdefined f(n)=n(n+1)
e) g€ “wis defined by g(n) = h(n(n))

) IFg, “Qq is an (f, g)-bounding forcing notion”

f
9) Q=Qo*Q
h

p°lFg “B Cwand [BN[n(n),n(n + ]| < h(n(n))”

H for some p1,p2, By, By we have

[Ena06]

[Kei71]

[KS06]
[Lav76]
[Sh:f]

[BsSh:242]

a) p<gpefor =12

b) Bi, By C w are almost disjoint
¢) pe E“BC* B, for ¢t =1,2.
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