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SAHARON SHELAH

ABSTRACT. We prove the consistency of: for suitable strongly inaccessible
cardinal A the dominating number, i.e., the cofinality of *), is strictly bigger
than covy (meagre), i.e. the minimal number of nowhere dense subsets of *2
needed to cover it. This answers a question of Matet.

§ 0. INTRODUCTION

Cardinal invariants on the continuum have a long tradition of research. For
a topologist, it can be viewed as investigating the space ((w), the Stone Cech
compactification of w. This point of view is taken, for example, in the celebrated
paper of van Douwen [vD84]. From the set theoretic perspective see the recent
excellent surveys, Blass [Bla], Bartoszynski [Bar].

For set theorists, it is interesting to check the relationship between the relevant
cardinal invariants. In this context, it is natural to generalize the problems to higher
cardinals, above Ng. One finds out, very soon, that for the class of (strongly) inac-
cessible cardinals, the generalizations are more reasonable and have more affinity
to the Xg case. See Landver [Lan92], Cummings-Shelah [CuSh:541]

We shall define three cardinal invariants (but the paper deals, actually, just with
two of them):

Definition 0.1. The bounding and dominating numbers.
Let A be an inaccessible cardinal.
Let f,g € *\

(@) f<rgif {a<A:fla)>gla)}] <A
(b) A C M)\ is unbounded if there is no h € *\ so that f € A= f <*h
(¢) A C *) is dominating when for every f € X there exists g € A so that

f<'g

(d) the bounding number for A, denoted by by, is min{|A| : A is unbounded in
)\)\}

(e) the dominating number for A, denoted by 0y, is min{|A| : A is dominating
in *\}.

Notice that the usual definitions of b and 9 are by, and 0y, according to Definition
0.1. The definition of covy(meagre) involves some topology.
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Definition 0.2. The meagre covering number.
Let X\ be a regular cardinal

(a) *2 is the space of functions from A into 2
b) P2 ={ner2:van}, forve |J *2
a<
(¢) % C *2 is open in the topology (*2)<y, iff for every n € % there exists
i < \so that (2)1 C %
(d) covy(meagre) is the minimal cardinality of a family of meagre subsets of
(*2) <, which covers this space.

The paper deals with the relationship between 9, and covy(meagre). Matet asked
(a personal communication) whether 95 < covy(meagre) is provable in ZFC. We
give here a negative answer.

For \ a supercompact cardinal and A < k = cf(k) < p = p*, we force large
0y i.e., 9n = p and small covering number (i.e., covy(meagre) = k). A similar
result should hold also for a wider class of cardinals and we intend to return to this
subject.

A point which in a previous version was just a step along the way the referee
asked to justify fully, becomes a major point to which §2 is dedicated. A posteriori
the point is that the parallel case for A = Ry, such claim is true. In fact, by Judah-
Shelah [JdSh:292], if (P,,Qp : a < a(x), < a(x)) is FS iteration of Suslin-c.c.c.
forcing notion, Qs with the generic 13 € “w and for notational transparency, its
definition is with no parameter and ¢ : () — a(x) is increasing and P = (P/,, Q5 :
a < B(x),8 < B(x)) is FS iteration, Q} defined exactly as Q¢ gy but now in VFe
then Ibp, ., “(N¢p) : B < B(x)) is generic for ]P”ﬁ(*).

Now this is not clear to us for (< A)-support iteration of (< A)-strategically
complete forcing notions. The solution is essentially to change the iteration: we
use a “quite generic” (< A)-support iteration which “include” the one we like and
use the complete subforcing it generates. Here we do only what is needed. On the
general case we intend to continue in [Sh:F979].

We try to use standard notation. We use 0, k, A, u, x for cardinals and «, 3,7, d, €, C
for ordinals. We use also ¢ and j as ordinals. We adopt the Cohen convention that
p < ¢ means that ¢ gives more information, in forcing notions. The symbol « is
preserved for “being an initial segment”. Also recall PA = {f : f a function from
B to A} and let “>A = U{PA : B8 < a}, some prefer <A, but “> A is used sys-
tematically in the author’s papers. Lastly, de denotes the ideal of the bounded
subsets of A.

The picture of cardinal invariants related to uncountable A is related but usually
quite different than the one for Xy, they are more similar if x is “large” enough,
mainly strongly inaccessible.

Let us sketch some known results. These results are related to the unequality
number and the covering number for category. Recall:

Definition 0.3. The unequality number.

Let x be an infinite cardinal. The unequality number of &, e,, is the minimal
cardinal A such that there is a set .# C "k of cardinality A such that there is no
g € M satisfying (Vf € Z)(F*a < N)(f(a) = g(a)).

{cov.1}
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For k = o, e, = covy,(meagre); see Bartoszyniski (in [Bar87]) and Miller (in
[Mil82)).
Now

(a) the statement e, = cov,(meagre) is valid for k > N, in the case that & is
strongly inaccessible, by [Lan92]. But if x is a successor cardinal, it may
fail

(b) if 0, is only finitely many cardinals away from k, then e, = 0,. This can
be found in Matet-Shelah [MtSh:804]

(¢) if K < k<%, then cov,(.#) = k*. This is due to Landver (in [Lan92])

(d) it is consistent to get (a) and (b) together, so that cov,(meagre) < e,. This
follows from Cummings-Shelah (in [CuSh:541]).

We intend also to address there:

{z15}
Problem 0.4. Can we replace “super-compact” by “strongly inaccessible”? (216)
z16
Problem 0.5. 1) Can we prove the consistency of covy(meagre) < by?
2) For )\ strongly inaccessible (or just Laver indestructible super-compact) is there
a non-trivial AT-c.c. (< \)-strategically complete forcing notion @ which is *\-
bounding?
{z19}
Definition 0.6. Let P be a forcing notion and Y C P and x a regular cardinality.
1) Let L, (Y) be the set of sentences formed from {p : p € P} closing under the
operations —p and A p;, for a < x; so propositional logic.
i<a
2) For G C P and ¢ € L, (Y') we define the truth value ¢[G] naturally (by induction
on ).
3) Let LY (Y, P) be the LL,-closure of P, (Y C P; if Y = P we may omit V) be the
following partial order:
o set of elements {¢ € L, (Y) # “¢[G] = false”}
e the order 11 < g iff I “if ¥5[G] = true then 11 [G] = true”.
4) The completion of P is the x-completion, L, (P) where x is minimal such that P
satisfies the x-c.c.
{z21}
Claim 0.7. For a forcing notion P and Y C P we have:
(a) LY(Y,P) is a forcing notion
(b) P < Li(P) under the natural identification
(c) L+(Y P) < L+ (P)
(d) Ly, (Y,P) < ILJr (Y, P) when x1 < x2 are regular
(e) if P satisfies the x1-c.c. and x1 < X2 are reqular then JL* (Y,P) is essen-
tially equal to I 2(Y P), i.e. up to equivalence of elements
{z23}

Definition 0.8. Let A be inaccessible, (f. : ¢ < A) be a sequence of regular
cardinals < A satisfying 6. > €.
1) We define the forcing notion Q = Qg by

() peQiff
(a) p=(n,f) =" fP)
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(b) n € °X for some € < A, (1 is called the trunk of p)
() ferr

(a)
(8) p <qqiff

(@) n? <

(b) fP < f9 1e (Ve <A)fP(e) < fi(e)

(c) if Lg(nP) < e < Lg(n?) then n?(e) € [fP(e), \); this follows

2) The generic is n = U{n" : p € Gq,-
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§ 1. THE FORCING
Theorem 1.1. Assume

(a) A is supercompact
(b) A< k=cf(k) < p=cf(u) =p

Then for some forcing notion P not collapsing cardinals > X, X is still supercompact
in VE and covy(meagre) = k,0) = p.

Proof. By 1.3 below. Uix
Recall

Definition 1.2. 1) We say that a forcing notion P is a-strategically complete when
for each p € P in the following game O (p, P) between the players COM and INC,
the player COM has a winning strategy.

A play lasts o moves; in the (-th move, first the player COM chooses pg € P
such that p <p pg and v < 8 = ¢y <p pg and second the player INC chooses ¢3 € P
such that pg <p gg.

The player COM wins a play if he has a legal move for every 8 < a.

2) We say that a forcing notion P is (< \)-strategically complete when it is a-
strategically complete for every a < A.

Lemma 1.3. 1) If ) is supercompact then after some preliminary forcing of cardi-
nality X\, \ is still supercompact and [y below holds.

2) If X\ is strongly inaccessible and Gy below holds and \T < k = cf(rk) < p = p?,
then for some AT-c.c., (< X)-strategically complete forcing notion P we have IFp
“Dn = p, covy(meagre) = K’

where

G for any regular cardinal x > A and forcing notion P € S (x) which is (< \)-
strategically complete (see Definition 1.2(2)) the following set & = Sp is
a stationary subset of [H(x)]<*:

S = = Fp is the set of N’s such that for some Ay, xn,j =
jn,N' = Ny, M = My,G = Gy, Py we have (and say (Mg, Xs,--.) iS5 a
witness for N € %, p) or for (N,P,x):

(a) N < (A (x)V,€) andP € N
(b) the Mostowski collapse N' of N is C #(xn), and let jn : N — N’ be
the unique isomorphism
(¢) NN A=Ay and MW)>N C N and \y is strongly inaccessible
(d) N'C M :=(H(xn),€) so both N' and M are transitive
(e) G C jn(P) is generic over N’ for the forcing notion jn(P)
(f) M = N'[G].
Remark 1.4. 1) Recall that:

(a) Q = (Pa,Qp : & < 6,6 < 6) be a (< A)-support iteration of (< A)-
strategically complete forcing notions, then Py is also A-strategically com-
plete; (see e.g. [Sh:546]).

{a2}

{as}

{a7}

{a7.3}
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(b) IfPis (< A)-strategically complete forcing notion then (*>Ord)V = (*>Ord)V’,
and consequently A is strongly inaccessible in V.

2) In 1.1, clause (c¢), i.e. “AT < &” rather than just “\ < £” which is demanded in
(b) is not essential, see in the proof.

Definition 1.5. We may say (N, An, Xn,J~n, Ny, My, Gn) is a witness for (N, P)
when clauses (a)-(f) from 1.3(2) hold.

Proof. Proof of Lemma 1.3 1) This is essentially by Laver [Lav78] using Laver’s
diamond.

2) Stage A: Without loss of generality V | “by = p = 0,” as witnessed by
(fa 1o <p).

No new point, still we elaborate recalling that compostion (P * Q*) preserve
“(< M)-strategically complete and )\Jr:c.c.”

We use a (< A)-support iteration Q = (P, Qs : @ < p, 3 < p) such that:

(A) if @ < p then Q4 is the (Py-name of the) dominating forcing, Q4°™, i.e.
(Q‘j\(’m)vm’a] where in the universe V' the forcing Q = Q{°™ is
() peQiff
(@) p=(nf)=m" ")

(b) m €A for some € < A, (1 is called the trunk of p)
() ferx
d) naf

(B) p<qqiff

(@) P <
(b) fP<fiie (Ve <A)fP(e) < fi(e)
(c) if Lg(nP) <e < Lg(n?) then n(e) € [fP(e), A); this follows.

Let fo be the generic object for Q, for a < p.
Now:

(¥)1 for a < p the forcing notion P, is (< A)-complete and, when o < p, Q, is
(< A)-complete!, i.e. IFp, “Qq is (< A)-complete”, in fact.

[Why? We prove this by induction on «; for P,, for 1.4(1)(a).]

(¥)2 for each a < p, P, and for o < pu, the forcing notions Q, satisfy a strong

form of the AT-c.c., (see [Sh:80] for definition, preservation and history; or
fully [Sh:546, §1])

hence

(x)3 (a) forcing with P, collapses no cardinal, changes no cofinality,
and adds no sequence to *>V;

() (NVE = U{PNVE < g

Ltor this, 6o > « is enough
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[Why? By (%)2 + (%)1 clause (a) holds, for clause (b) use also the support in the
iteration being < A recalling that u is regular > A. E.g. if lrp, “f € AN then we
can, for a < A find maximal antichain (pa; : ¢ < iq < A) of P, such that Da,i forces
a value to f(a); let a(x) = sup(U{dom(pq,i) : @ < A\, i < i}, s0 ax) < p and f is
a Pa)(*)—na}ne.] )

()4 in VIP’u, by = 0\ = p as witnessed by f: <fa C o < p), in fact |HPQ+1 “fa c
A\ dominates (*X\)V[Pel modulo JP4”.

[Why? Easy using (x)3(b).]
(¥)5 in VFe still ) holds.
[Why? Easy, see details in 1.7(2).
Stage B: In V (see Stage A) there are 3(*),q, %, %, . .. such that

(*)s

a) q=(Poa,Qop:a<B(x),8<B(x))is a (< A)-support iteration

(

(b) u=(ug:f<p()

(€ usCp

(d) Qg has generic 5 € [] 0-

<Ae

¢) Qogis Qg/[(ﬁa:aeum]
) . C () has order type v(x) = &
g) if B € U then . NGB Cug
) Py, and P} are (< \)-strategically complete and A*-c.c.

We shall mention more properties later.
[Why? Let M be isomorphic to (k, <), applying 2.28 there is m as there. Let h be
a one-to-one order preserving funtion from Ly, onto some ordinal, 5(x).

So without loss of generality h is the identity, so let Ly, be (8(x),<i), % =
Mm,Poo = Pm({8: 8 < a}),uq = Um,a let (B8] : i < y(x)) list %, in increasing
order so y(x) = k. For i < &, let P} is Pm ({3} : j < i}) and let g; be ng: and let
g = (g} :i < k). Lastly, let go = 7q.

()7 IFpoiy “ga € [I 6 dominates (] 9;__.)[<9ﬁ“ﬁe“a>]”7
- e<A e<A
the order being modulo Jf\’d.

[Why? As in VP for each g € (J] 0.)VIS75:0€u>] the set {(n, f) € Qo : for
e<A
every € € [(g(n),\) we have g(¢) < f(e)} is a dense open subset of Q]

()8 ke, “g" = (g; : i < k) is < pa-increasing and cofinal in (IT.<y b, <gva)”.

[Why? By (%)7 noting that ( [] 6.)VIFs) = U{( ] 6.)VIF : i < x} which holds by
e<A e<A
()6(f) (9)]

Now

(*)o IFp. “covi(meagre) < K.
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[Why? As we can look at [] 6. instead?® of *2 and for each € < \,i < k the set
e<A

B = {n € [[..\0c: for every ¢ € [¢,A) we have n(¢) < 1:(¢) < ¢} is closed

nowhere dense, and by ()g we have VP = « [lecrOc = U{B;i e < \i <k}

In fact, (By,; : ¢ < k) suffice.]

(%)10 IFpr “cov(meagre) > x”.
[Why? Let us define the P, 1-name 7], of a member of *2 by n/,(¢) = 0 iff n4(e) is
even. Now recalling 8.3 clearly IFp,,, “n, is a A-Cohen sequence over ViPal,

Also every closed nowheredense subset of 22 from V7 is from VFe for some
a < (%), so we are done.] O3

Discussion 1.6. 1) The reader may justly wonder why we use V' = V]g;] =
Vg%, rather than simply V[g]. Of course, nothing is lost by it, but why the
extra complication? )

2) During the proof we shall use: if {(i) € %, is increasing with ¢ < y(x) then also
(geqy =1 < k) is generic over V for the subforcing of Pg(.) generated by g[%.; see
@ inside the proof of ®¢. But using %. = (%), we do not know this.

3) Now in the parallel case for A = Ry, such claim is true, see §0.

4) But we do not know the parallel of 3) for A, so we use a substitute using %, i.e.
P

Proof. Continuation of the proof:
Now we come to the main and last point recalling (f* : @ < p) from Stage A

(¥)11 it is forced, i.e. IFp, that no f € (*X) dominate {f% : o < pu}.

We shall show that it suffices to prove ()11 for proving 1.3, and that (x)1; holds,
thus finishing.

Why it suffices? As (f¥ :a < p) is < jpa-increasing and cf(pw) = p > A, this
implies IFp_, “0x > p”. Also in V,2* = y >k > X and [P.| = * by (g) of 2.28
which is = p and P, satisfies the A*-c.c. hence IFpr “2A = p, hence IFp, “0 = u”.
Also by (x)g(h) “Py is “(< \)-strategically complete +AT-c.c.” and (*)g + (*)10 for
“covy(meagre) = K” so we are done; so ()11 is really the last piece missing. The
rest of the proof is dedicated to proving that ()11 holds.

We shall use further nice properties of P, gi(j < (), < y(*)) which holds by
(*)¢ and its proof, i.e. 2.28.

B1 (a) (g5 v <~(x)) is genericfor P ), i.e., if G is a subset of P ) generic
over V and g; = P,[G] then VI[G] = V[(g} : v < 7(¥))]

2E.g. let F: 22 — [] 6- be F(n) = p iff n € 2 and for every € < X, p(e) = 0 iff (Vi <
e<A
0)(n > O +14) = 0) and p(e) = 14+ i iff (X O +1i) = LA (V) < 9)(n( X O +7) = 0).
¢<e ¢<e ¢<e
Now if [[0: = U{% : i < w}, each % closed nowhere dense then (F~1(%;) : i < x) witnesses
€

covy (meagre) < k.
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(b) ifin V[G], g7 € [] 0¢ for v < (*) and the set {(v,¢) : v < y(*)
<A
and ¢ < A and ¢7/(¢) # ¢/, ()} has cardinality < A then
g" = (g% : v < (%)) is generic for ]P)/v(*) and V[g"] = V[g']

(¢) Irp, “gl, dominates (]] 6.)VIF]
e<A

d) if 1y < 7v(x)) is an increasing sequence of ordinals < y(x), then
VY)Y <T : : g Y
(9(4) v < y(x)) is generic for P/,

e) P is (< \)-strategically complete and satisfies the AT-c.c.

() P gically comp
We shall use Hj freely.

To prove (*)q11 assume toward contradiction that this fails, so ]P’fy(*) satisfies the

At-c.c. and for some Pfy(*)-name J and A-Borel function B and p € Ay (), moreover
p € (%) we have (noting: the “moreover” holds as f € (*\)VIgo1%:])

® p*lrer “f € *X and dominates (*A\)V” and f = B((gy;) : i < \)).
Now let x be regular large enough and we choose N = (N, : ¢ < \) such that

®1 (a) N isas in [y for the forcing notion P/,
N, e S p ,seedof 1.3
3 ()
(b) NleeN:hence |J Ne CN.and A\ : =N, NA> )\ =

(<e
E{INell - ¢ < e}

(¢) 6,q,p%, [, B, p belong to N,
(d) let () = otp(1(x) N N.)
(e) ke = kK" where k. = otp(k N Ng).
We can find f* € 2\, i.e. € (*)\)V, such that
@2 for arbitrarily large e < A for some ¢ € [AJ, Ac) we have f*(() > A..

For e < Alet (Ae, Xe,Je, Me, N., G.) be a witness for (Ns,]P’fy(*),X) recalling [y of

Definition 1.5 so . € (g, A) is strongly inaccessibleand e < { < A = A < A <A
recalling ®; and so d(g) = j(0(x)), etc.
Let

®3 (a
b

c

d

~—

ue = N: N FY(*)
i(e) = otp(ue)
7 = (y;(e) : i <i(e)) list u in increasing order

for ¢ < otp(ue), equivalently i < j.(y(x)) let nf = (js(gé))N;[Gs] €

[T 6; and let 7= = (0 : i < otp(ue)).
<<)\5

Note that clearly

o~~~ o~
- =

~

®4 (a) 7° is generic for (N, je(P.(,))), moreover
or each ¢ < ), if we change 7 egally, i.e. < or < A. pairs
b) f h A, if h 2(¢) (legally, i 0¢) f A i
1,() € otp(ues) X Ac and get 7', then also 77 is generic for
Ae and get 77/, then also 77’ is g ic f
(NLj.(P! .))) and NZ[if] = M.
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(¢) like H; with V’P/v(*)’ A there standing for Ns,jE(P;(*)), e here.
Hence that clearly
@) for e < A\, if 7/ = (v; : i < i(e)) recalling i(e) = otp(ue) is as in ®4(b),
and ¢ € ]P’;(*) satisfies i < i(e) = ¢ Ihp;(*) “giﬂ(a) [Ae = v;” then ¢ is
(e, ]P)’V(*))—generic naturally and ¢ Ihpu( ) “je can be extended naturally to
e
an isomorphism from IV, [QP/( )] = N:[{gy : ¥ € uc)] onto N/[7']”.
e g

[Why? Should be clear, see By + ®4(c).]
By the assumption toward contradiction, ®, and ]P’fy(*) being (< A)-strategically

complete recalling H;, there are ((x),p** and p* such that (recall p* € Pfy(*) =
<Po,p(x)):

b) ((x) <A

®5 (a) p*<p™e ]P’fy(*) and p™* < pt € Py ()
(
(c) p** IFP;(*) “f*(¢) < f(C) whenever ((x) < ¢ < A\” where f* is from ®s

(d) ify € Dom(p") then 77" ™) is an object (not just a [P’ -name)

of length > ((x) (recall that nP" ) is the trunk of the condition,
see clause (a)(b) above).

Note that possibly Dom(p*) € U{u. : € < A}. Choose £(*) < X such that A,y >
((*) + [Dom(p™)| and v € Dom(pt) = e(x) > Lg(n?" ) recalling clause (d) of
®s and [Dom(p™)| < X as pT € Py g(x) and Py gy is the limit of a (< A)-support
iteration.

By ®2 we can add (HQ[A;(*) < ¢ < Ay < f*(¢)]. Our intention is to find
q € Py g(+) above p™ which is above some ¢’ € ]P’;(*) which is (Na(*),]P’;(*))—generic
and forces it to include a generic subset of (]P’;(*))N =t which is induced by some 7}’
as in ®4(b). Toward this in ®¢ below the intention is that p;E*) will serve as q.

Let i(x) = i(e(+)) and ~y; for i < i(x) be such that (y; : i <i(x)) list uc(y) N %
in increasing order and let Z. = {y; : i < i(x)} and ;) = Y(*) 50 {jo()(7) :
Y € Ue() } = Je()(V(*)) and N,y = “i(*) is a regular cardinal > A.” hence i(x) is
really a regular cardinal so call it 0. Now we define a game O as follows®:

B2 (A) each play lasts i(*) + 1 = 0 + 1 moves and in the i-th move,
(a) ifi=j+ 1 the antagonist player chooses &; = £(j) < o
such that j1 < j = &(j1) < £())
(b)  then, if i = j + 1 the protagonist chooses {; = ¢(j) € (£(5),0),
but there are more restrictions implicit in Hs

(c) in any case the protagonist chooses p; , 7' such that B3
below holds;
(B) in the end of the play the protagonist wins the play iff he always has
a legal move and in the end {((i) : i <i(*)} € N[ ,;

3The idea is to scatter the 1725*) ’s. Why not use the original places? as then we have a problem
in ®g.
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where

Hs (a) p:r € Po,y;

(b) if j <ithen Pg,, = “p) <pf”
(¢c) ifye U{Dom(pj ):ij< z} then

pi 1y lke,, “g? @ has length > i() and > A.(.)”

moreover npj(” is an object, npj(” for j <i
(d) PO i ': o ksk ,_Y <p+77
(e) V'=(vy,:j<i)andvy,, € [[ 6,

L<>\5( *)

(f) forj < i we have v, I nPi P () g0 pi T IF “vy, ag,,” recalling B
(9) for j < i we have (recall ¢ from ®3)

(@) vy, = nigf)) recalling ni(,*)

(8) ~; € Dom(p **) and {v < Ay 77( ( ) # v+, (1)} is a bounded
subset of A

is from ®3 or

We shall prove

®¢ in the game O
(a) the antagonist has no winning strategy

(b) in any move the protagonist has a legal move, moreover for any ((i) €
(&(@), 0) large enough the protagonist can choose it.
Why @ suffice?
By clause (a) of ®¢ we can choose a play ((£(7),¢(i),p;, 7*) : i < i(x)) in which
the protagonist wins. Recalling Pfy(*) <Py g(x) and Py () is a dense subforcing of
Py g(x), clearly

®7 there is p such that
/
(a) p Py
(b) if ]P’fy(*) = “p <p'” then p',p} are compatible in Py g,

*k

(c) pis above p** and it forces g;[A. () = v, for i < (x).

Then on the one hand
®7 p € P, being above p™* forces f* [ [((x),A) < [ | [C(x),A) hence f* |
K(*)v)‘s(*)) < f I K(*)v)‘a(*)) recalling that ((x) < )‘a
On the other hand,

@7 pis (NE(*),P;(*))-generic.

[Why? As it forces 1., , [ Aex) = vy, for i <ii(x) and (v, i < i(%)) is (see ®4)
“almost equal” to <772§z) i < (%)) which is a subsequence of the sequence from ®3

and recalling clause (g) of H3. That is {(7,¢) : t < Aes),@ <i(*) = 0 and v, (1) #

S W} € U{{G,0) 1 0 < Aoy and vy, (1) # 0l (0 )} Y € te(y N Dom(p™)}
so is the union of < [Dom(p™)| < A sets each of cardinality < A.(,) hence is
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of cardinality < A.(.). Hence by ®4(c) + H(d) the sequence ") is generic for
As f € N(.) it follows from ®7 that
®/7// p - “f i )\a(*) is a function from )\a(*) to /\a(*)”-

Together ®’, + @7’ gives a contradiction by the choice of f* in @2 and of e(*) above,
hence ®¢ is enough.

Why ®¢ is true?

Let us prove ®g; first for clause (a) choose any strategy st for the antagonist
and fix a partial strategy st’ for the protagonist choosing (p;", #") from the previ-
ous choices and ((¢) if relevant and possible. So the only freedom left is for the
protagonist to choose the ((i). So we have in V a function F' : 7~ (i(x)) — o such
that:

(*)rF playing the game such that the antagonist uses st and the protagonist uses
st’, arriving to the i-th move, ¢ = ({(j) : j <) is well defined and for the
protagonist any choice ; € (F({),0) N % is legal.

Now we have to find an increasing sequence ¢ = (((i) : 4 < i(*)) such that F(([i) <
(i) <oand ¢ € N/, . As ' € H#(x:) and H#'(xc) = N/[Gc] where G is a subset
of je(P/.)) € N/ and je(Po,g(x)) satisfies the A-c.c. and o0 = cf(o) > A this is
possible. We are left with proving ®¢(b).

Case 1: 1 =0.
Let pg = p** | 0.

Case 2: i limit.
By clauses (a) and (b), there is p;” € Py, which is an upper bound (even Lu.b.)
of {p;Ir :j <} and it is easily as required. Also * is well defined and as required.

Case 3: i =j+ 1 and v; ¢ Dom(p**).
Clearly v; = vj + () and 7; € u(y). As in case 4 below but easier by the
properties of the iteration.

Cased: i = j+ 1 and v; € Dom(p**)
Again v; = 7; + 6(x) and ; € u(4). First we find p; such that:

®s (a) pf <pjePoy,
(b) ify€ Dom(p}) then p} | v I “g(ys ™)) > 7

(¢) pj forces * a value to the pair (pp" (), fz)*(w) [ Acgw); we call this
pair g;.
This should be clear.
Second

®g pj hence pj is (Ne(x), P, )-generic and (v, ,, : j(1) < j) induces the generic.

4recall that np*(”) is an object, not a name and p;r is (Ns(*),]P”W )-generic
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[Why? As in the proof of ®7 above when we assume that we have carried the
induction, by Ha, clause (g) and ®4.]
Now

®10 (a) f¥ € (H<<>\E(*) HC)NE(*)[f/]]
(b) for some ¢ € (£(7),0) we have
o fU< 772(*) mod J{4

o fle Né(*)[ﬁa(*) I¢]

o Q0N g <) € Nl [F ).
(C) 77‘1]‘ q f‘IJ'_

[Why? Clause (a) follows from clause (b) and clause (b) should be clear by ®g as
we can choose ((#) large enough recalling ®g. Also clause (c) follows from (b).]
Now we choose ((j) as in clause (b) of ®19 and v; € [] 6. such that Pt 0) 4
5<>‘5(*)
vi, f9 <wjand {t < Ay 1 v5(0) # 7728))} is a bounded subset of A.(,). Next choose

pi € P’ ) such that Py = p;-,npj(%') =v; and FPEOD A A) = PO, N).

So we have carried the induction hence proved ®g so we are done. O3
Concluding Remark 1.7. 1) In Theorem 1.1 and Lemma 1.3(2) we can omit “k >
A7 still & > X is demanded. For this in the proof of 1.3, the assumption x > AT
is technical, to allow k = AT we should just use d(*)x instead of .

2) Is the use of g%, rather than g in the proof necessary? See on this [Sh:F979].
3) Why is [Jy still true in V¥ when P is (< \)-strategically complete when in P
any directed increasing system of cardinality < A of conditions in [P has an upper
bound?

Let Q be a forcing notion in V¥ which is (< \)-strategically complete yx; large
enough and we should prove that in VF| the set .73 is stationary. So let Q, E be
P-names such that for some p € P we have p IFp “Q € 7(x1) is (< \)-strategically
complete forcing notion, E a club of [2#(x1)]<* disjoint to 3" (no need to use a
name for x; as we can increase it.

Let x > x1; now PxQ € J(x) is a (< A)-strategically complete forcing no-
tion and without loss of generality code (x1,E). As [y holds in V we can find
N, An,XnN.in, Ny, My, Gy such that P« Q € N so x1,E € N. Let Py = (p1, p2)
so po € P and IFp “pg S Q”. Let G, be a subset of P generic over V and
Vi1 = V[Gp|, N1 = N[Gp|, E1 = E[Gp,N] = N'[j"(Gp N N)] = N'[{p’ : (¢v',¢) €
G.G1 = {gli"(Gz N N)) : (p.g) € G,

Let Ny = Nol#(x1)VIGL, 7 = S, ji = the lifting of (j{(N N #(x))), to
mapping N; onto Nj. i

Now clearly

(*) Ny € E,q
hence
(*) N1 ¢ Yl.

But easily Ay, xn,j1, N, M1 = M,Gy = g[Gp] witness N1 € S1 N Fq, a contradic-
tion to the choice of E.

{a19}
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§ 2. A CORRECTED (< A)-SUPPORT ITERATION
Explanation 2.1. For m € M below

(a) we use Ly, is the index set for the iteration; really it can be a well ordering
(see 2.11), a partial order seem more transparent

(b) My, is the part of the index set we are really in, it may be (k, <) in §1
(c) the other part is “generic enough” so that the iteration restricted to M will
be homogenous.

Hypothesis 2.2. 1) A = A<* strongly inaccessible.

2)0=(0.:c<\).
3) 0. is an infinite regular cardinal > ¢ and < .
4) Assume Ay > .

Remark 2.3. 1) Here no harm in adding

(a) - > [T 2% + 2% for e < A
(<e
or just

(b) 6 is increasing fast enough
(¢) M a partial order, well founded (and even M 2 (k, <), k regular > \).

Definition 2.4. 1) For a partial order L let

(o) dp(L) = U{dp(t)+1:t € L}, see below
(8) dpr(t) = dp(t, L) € OrdU{oc} be defined by dp (t) = U{dp.(s)+1:s <
t}.

(7v) Lo =Li{seL:s<yt}

(C) Lgt = L[{S eL:s<yg t}.
2) Let Lt = L(+) be L U {oco} with the natural order (but we may write ¢ <r, 0o
instead of t <p 4 00).
3) We say the set L is an initial segment of the partial order L. when s € L = s € L,
and s <, tANteL=selL.

Definition 2.5. Let M be the class of objects m, called iteration parameters, of
the following form:

(a) L, a partial order

(b)) MCL

(¢) () w=(u:tel)

) u C{seL:s<gt}

(d) dp(L) < o0

(o) E’ is a two-place relation

(8) E" = F'[(L\M) is an equivalence relation on L\ M

(v) it s,t € L\M are not E"-equivalent then
(s<pt)ye (FreM)(s<r<t)

(0) ifsE'tthens¢ MVtg M

() ifteL\Mthen{se L:sE't} ={se L:tE's};
we call it t/FE’
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(¢) if s,i € L\M are E"-equivalent then s/E' =t/F’'.

{c5}
Notation 2.6. For m € M.
0) In 2.5 we have m = (L, M, Um, Eb,) and @m = (Umt : t € Lm).
1) In 2.5, let dp,(t) = dpp, (t),dpy = dp(Lm) and <m=<r,,.
2)For LC Ly letn=m[L meansn € M, Ly, = L, <;,=<y, [Ln,Unt = UmtNLm
and My, = My N L; let dp,,, (L) = dp(Lm [L).
3) Fort € Ly, let mey = m(<t) =m[Lo; where Loy = Lim <t = {S: 5 <m t}.
3A) Also m<; = m(<t) =m|[L<; where Ly = Lim <¢ = Loy U {t}; let Looo = L,
etc.
4) M, is the class of m € M such that Ly, has cardinality < p. Similarly
M<,,M_,,M>,,M>,;let M, = M_,.
5) For m;n € M let m = n, we may say m,n are equivalent mean L,, = L, and
t € Ly = Um,t = Unpt-
{c8}

Definition 2.7. For 4 > A" and m € M., let L = Ly, and we define the iteration
dm to consist of:

(a) a forcing notion P; for ¢t € LT; we let Py = P
(b) Q¢ is the P;-name of Qz in some sub-universe of V** extending V for t € L,
see below
(c) p€Pyiff
(o) pis a function
(8) Dom(p) C L, has cardinality < A
() if £ € Dom(p) then for some { = &,y < Aand 7 =7, = (r(() : ( <
t) = (rp.(C) : ¢ < &) € (ur) we have p(t) is a A-Borel function®, B =

B, : $( [T 0:) — Qg; less pedantically p(t) = B(..., 7, (), -)c<e
e<A

(0) moreover tr(p(t)), the trunk of p(t) is well defined, i.e. the trunk of
B(...,n¢,...)c<e does not depend on (n¢ : ¢ < &), or the universe
(d) (@) s is the Pi-name when t € L}, s € L<; defined by
U{tr(p(s)) : p € Ge, }-

(B) Forp e Ppand s € Dom(p) we interpret p(s) as a Ps-name By, (..., 0, (¢)5 -+ )<,

(e) Py |="p<q iff
(@) p,q € Py
(8) Dom(p) C Dom(q)
(v) if t € Dom(p) then (¢[L<) IFp,, ., “P(t) <g, a(t)”.

c7
Definition 2.8. 1) For p € Py, let fsupp(p), the full support of p be U{r, s({) : e}
¢ <&stU{s}:seDom(p)}.
2) For m € M let P = Py, 4, etc., in Definition 2.7. (c8)
c8

Claim 2.9. Form € M (so Py = P4, etc.)

(a) the iteration qQm is well defined
(b) ift € LY, then Py is indeed a forcing notion and is equal to P, _,
(¢) if s <p t are from L}, then

5¢that is a definition of one
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a) pePs=pecP, AplLes=p

(a)

(B) fp,q €Ps then Py = “p< q" & Ps = “p<q”
() pEPy = plLes €P;

(0) PiE“p<q" =Ps |F “plLcs < qlL”

(e) Py <Py moreover

() PP A(plLcs) < q € Py = qU(pl(Let\Les) € Py is a <-lub of p,q.

Proof. Straight. For t € LT, by induction on dp,,(¢), define P; and prove the
relevant parts of (a),(b),(c). O

Claim 2.10. Let m € M.
0) If L, E “s <t” and uw = um s then

() Irpn, “ns € ] 657
i<
(B) if G C Py is generic over V and n; = n,[G] for r € Lm <t and v € V[(n, :
r € us)] € V[G] then v <gva 15

1) Pu, satisfies the AT -c.c.

2) P is (< N)-strategically complete (even (A-strategically complete but not used))
%) Q1 = Qp[Viig. : s € ur)]l.

4) If p = (p; : i < 0) is <p, -increasing, § < X and i < j < § At € Dom(p;) =
tr(pi(t)) <tr(p;(t)) then p has a <p,_, -upper bound.

5) If p € Py, then for some q € Py we have p < ¢ and t € Dom(p) = tr(p(t)) <
w(g(t))-

6) If q is a Pm-name of a member of Qg then for some & < A and A-Borel function

B : $(Qj) — Qg and sequence (r¢ : ¢ < &) of members of Lym we have IFp,, “q =
B( . 7177«(, . .)<<§.

7) If m,n are equivalent then Py = Py and Py = Ppy for t € Ly, = Ly.

Proof. We prove all parts by induction on dp,,.

0) For each m, using the induction hypothesis, the problem is only when dp,, (t) =
dp,, — 1 and use part (6) for Py, ;.

1) If p. € Py for € < AT then we can find v and unbounded S C AT such that
e # ¢ €8 = Dom(p:) NDom(pc) = w and (tr(p:(8)) : B € u) is the same for every

€ € 8. Now p.,pc has a common upper bound for every ¢,( € u, i.e. we define r
by

e Dom(r) = Dom(p.) U Dom(p¢)

o r(a) = p-(a) is & € Dom(p.)\Dom(p¢)

o r(a) = pcla) it a € Dom(pc)\Dom(p.)

e if @ € u = Dom(p:) N Dom(p¢) and pe(a) = (1, fe), pc(a) = (n, f¢) for
some 7 then 7(a) = (7, max{f., f¢}).

2) By (4)+(5) below.
3) Should be clear.
4) We define p by:
e Dom(p) = U{Dom(p;) : i < 0}
o tr(p(a)) = U{tr(p;(e)) : i < ¢ satisfies &« € Dom(p;)
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® fu(a) =Sup{fp,(a) 1 @ <6 satisfies & € Dom(p;)}.
5) We prove by induction on ¢ < A that:

(%) if p € Py then for some g € Py we have p < ¢ and ¢ € Dom(p) A
Cg(tr(p(t)) < v = Ly(tr(q(t)) = .

First note

B if (p; : i <) is <p_ -increasing, it has a <p_-upper bound when
o if i < At € Dom(p;) A Lg(tr(pi(t))) < i then (Fj)(i < j < 0 A
Lg(tr(pi(t)) < Lg(tr(p;(t)); can add Lg(tr(p;(t)) < cf(9).

Why does H holds? As in the proof of part (4).

If © = 0 this is trivial, if ¢ is a successor ordinal let (¢; : i < i(x)) list Dom(p)
such that t; <p ¢t; = ¢ < j and use 2.9(c)(¢), the induction hypothesis and H is
used i(%) 4+ 1 times.

Lastly, if ¢ is a limit ordinal use the induction hypothesis and H above.

6) By parts (0) + (1) for each ¢ < A the following subset of Py, ; is open and dense:

Ie ={p € Pmy: forsome v € [] 0. (from V!) we have p IFp,, , “nsle = v}. Clearly
e<¢

there is a maximal antichain (p¢ . : € < &) of P included in .#; and by part (1)

without loss of generality € < A, the rest should be clear.

7) Look at the definitions. Os.10

Conclusion 2.11. Let m € M and for notational transparency for some ordinal
B(x),t € Lm <t € B(x) and s <m t = s < t. Then q is essentially a (< \)-support

iteration with Qn = @;"K%:BGUQ)]'
Proof. Should be clear. -

Claim 2.12. Let m € M and L | “s <t".
1) The following is a dense open subset of Py:
Isi={p P, :s € Dom(p)}.
2) If { < X\ then the following is a dense open subset of Py:
Fsic=4{p € P;:s € Dom(p) and tr(p(s)) has length > (}.
3) Ifp e S5 and (o = Ly(tr(p(s)) and G1 < (o < ¢ then for every i < 6. large
enough there is q € P, such that

e Pl “p<q”

if r € Dom(p)\Lm,<s then q(r) = p(r)

if r € Dom(p) N Lm,<s then tr(p(r)) < tr(q(r))
tr(q(s)) has length ¢ + 1

q(s)(¢) =i
4) Ifpe S5y and (o < G < A, G = Lg(tr(p(s))) and @ = (ue : ¢ < & < (1) where

ue s an unbounded subset of 0. for e € [(o,(;) then there is ¢ € P above p such
that p lFp, “namens(e) € u. for € € [(p,(1).

Proof. Should be clear. 0211

{c13}

{c15}
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{c19}
Definition 2.13. Let m € M.

1) For t € Ly and n € [] 0; let p = p}, € Pm be the function with domain {t}
i<e

such that p(t) = (7,17°0x), i.e. fpu) € [] 0: is defined by fp4) (i) is 1(i) if i < Lg(n)
<A
and is zero otherwise.

2) For L C Ly let Y, = {p;, :v € L and n € [] 0; for some £ < A}.
i<e
3) For L C Ly, let Py [L] be Ly+[Y7, Py, see Definition 0.6, 0.7.
4) For L C Ly, let Py (L) = P [{p € P : fsupp(p) C L}, see Definition 2.8(1).

Claim 2.14. Letm e M and L C Ly,

1) Pm[Lm] is equivalent to P, in fact Py < Py[Lm| and is a dense subset of it
under the natural identification (see 0.6, 0.7).
2) Pm[Lm] is (< \)-strategically complete and is \*-c.c.; also Pm(L) is
3) P (L) C Pm[L] < Prn[Lm).

4) Pml[L] is (< \)-strategically complete, AT -c.c.

5) If G C Pm is generic over V and n, = n¢[G] for t € L then V[G NPy[L]] =
V[ :t € L)].

6) ]P)m(Ll) g ]P)m(LQ) and Pm[Ll] < Pm[LQ] when Ll g L2 g Lm

7) If m,n € M are equivalent and L C Ly, then Py[L] = Pu[L] and Pm(L) =
Pn(L).

8) Assume I, be a A\ -directed partial order and L = (L, : r € I.) be such that
re€l, =L CLymasr <;, $s= L. CLsand L = U{L, : r € I.}. Then
Pm[L] = U{Pm[L;] : r € L.} and Py (L) = U{Pm(L,) : r € L.}.

Proof. 1) Easy.
2) Follows by part (1) and 2.10.
3) “Pm[L] satisfies the A*-c.c. because Py [L] <Pm[Lm] and part (2), and similarly
Pm[L] is (< A)-strategically complete.
4) By part (2) and (3).

5), 6) Should be clear.

7) Easy, recalling 2.10(7).

8) Easy. Oa.14

Till now (Em, Mm) have played no role and we could have omitted them.
Definition 2.15. We define the two-place relation <=<pr on M : m < n iff

(a) Ly C Ly, as partial orders

(b) A4"1::Adh

(¢) Umt="1UntNLm forte M

(d) Um,t = tn, for t € Ly, \M

(e) if t € Lyy\M then t/E! =t/E], hence E,, = E] [Lm
Definition 2.16. 1) For m € M let cmp(m) be the set of L such that:

(@) LC Lum
(b) if L C M then |L| <1
(c) if t € L\M then L =t/E hence

() I\M # () and L\M is an Ey-equivalence class
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(6) if t € L\M then um, C L.
2) FormeM
(a) let sub(m) be the set of L; such that for some Ly € cmp(m), Ly is an initial

segment of Ly, i.e. Lo C Ly A (Vs,t)[s€ LaAt € L1 As<mt— sE L]

(b) let sub,(m) = {L € sub(m): there is L; C L of cardinality < Ag such that
L={seL:3t)(s<mte Li}.

3) Let
(@) Cmp(m) ={ U Le: L. € cnp(m) for e < ¢}
e<(¢
(b) Cmp,(m) ={ L. : Lc € comp(m) for e < ¢ and ¢ < Ao}
e<(¢

(¢) Sub(m) = {L;: for some Ly € Cmp(m), L1 is an initial segment of Lo}

(d) Sub,(m)={U Le: ¢ < X and L. € subj(m) for ¢ < (}
e<(¢

(e) in clauses (b),(c) if ¢ = 0 we may omit it.

Definition 2.17. 0) For L C Ly, m € M let dpy, (L) = U{dp,, (t) +1 : t €
LNM,}.
1) For an ordinal v let M5¢ be the class of m € M such that:

{c30}

(%) if L € Sub(m) and dp}, (L) < v then m <y n = Py [L] = Py[L].

2) Let M*® = M be the class of m which € M for every 7.
3) Let MSS, = {m € M5° : [Li| < x}, similarly MSS .
4) Let Mg, be the class of m € M satisfying m <y n = Py, < Py,.

{c32}
Observation 2.18. 1) < is a partial order on M.

2) M§® =M and M, = M.
3) If m <y n and L € sub(m) then Py (L),Pn(L) have the same set of elements.
4) If m <pp n then cmp(m) C cmp(n) moreover L € cmp(m) iff L € cmp(n)AL C
Lun.
5) Like (4) for sub(—).
6) If x = x*,m € M, L € Sub(m),m <y n and Ppy[L] # Pu[L] then we can
find such n in M,.
7)IfmeM andt € Ly, then t € L for some L € cmp(m).
8) Ifm € M and L1 C Ly, has cardinality < Ao then L1 C Lo for some Lo €
Cmp, (m).
Proof. Should be clear. Os1s
{c35}
Observation 2.19. 1) If (m, : a < ) is <pp-increasing then mgs := U{m, : a <
3} is a <m-upper bound of (mg : o < 9).
2) Similarly for <m.
8) Moreover in part (1) if & < 6 = m, € MS® then:

(o) @ cmp(ms) = U{cmp(m,) : a < §}

e sub(my;) = U{sub(m,) : a < d}
(B) if cf(\) > AJ then

o Cmp;(ms) = U{Cmp(m,) : a < 0}
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e Sub;(ms) = U{Sub,(m,) : o < d}.
4) If 11 < 2 then MSS C MSS.

Proof. 1) Easy, remembering that t € mo A < B <6 = t/Ey, =1t/Eq, .
2) Easy.
3),4) Easy, too. Oz 19

Claim 2.20. 1) In clause (b) of Definition 2.17(1) we can consider only L €
Sub, (m) such that dpy, (L) < .

2) Soif m € M and m <p; n then Py, <Py, that is Pm[Lm] < Pu[Ln] and
L € Sub(m) = Puy[L] < Pp[Lu).

3) For m € M we have: m € M iff m € My, i.e. for every nm <y n =
Pm <Py

4) Cmp, (m) has cardinality < |Lpm|S*0.

5) Sub.(m) has cardinality < |Lm|™°.

6) |emp(m)| < |Lm| + 1 and |sub,(m)| < |Ly]?0.

Proof. 1) Let m € M satisfies the weaker version, and let L € Sub(m) satisfies
dpg (L) <. Let L be U{L, : € < ¢} where L. C L* € Cmp(m) and L. € sub,(m).

For every u € [¢(]S* let L, = U{L. : € € u} so clearly dpy,(L,) < dp,,(L) < 7.
Let m <y n. For u € [(]5*, on L, the demand holds, i.e. Ppy[Ly] = Pn[L,]. Also
if u C v € [¢]S* then Puy[Ly] C Pm[Ly).

Lastly, (u:u € [(]S*) is A\{-directed so by 2.14(8) we are done.
2) As Ly, € Sub(m) and dp}, (L.,) < cc.
3) The implication = holds by part (2). For the other implication m ¢ M
so clause (*) there fails; this means that there are L € Sub(m) and n such that
m <pp n but Py [L] # Py[L], by the definitions this implies =(Py, < Py) so we are
done.
4) Note that {L € cmp(m) : L & My} = {t/El, : t € Lm\Mpm} has cardinality
< |Lm\Mm| < |Lm| and {L € cmp(m) : L C My} = L C My, : |L| < Ao} has
cardinality < |Mm|* C |Lm|.

5), 6) Slmllarly DQ_QO

Claim 2.21. If v < oo, (m}, : a < ) is <sp-increasing, cf(d) > Ao and o < 6§ =
mj, € MS° then m, = U{m}, : a < J} € M.

Proof. By 2.20(1), toward contradiction assume that (n, L) satisfies:

(*) (@) m.<mmn
(b) L € Sub,(m,)
(¢) dpm, (L) <7
(d) Pm,[L] # PulL].

As L € Sub,(m.,), we have L C U{L. : ¢ < (%)} where £(x) < A§ and L. € sub(m)
for e < e(x). But then L. € sub(m,.) for some a(e) < ¢ by 2.19(3)(cr) hence
ax) = sup{a(e) : € < e(x)} < d so L € Sub,(mgy(y)).

Now we have assumed dpy, (L) < 7 but My, = Mm,,.,, so equivalently
dpfna(*)(L) < 7. By the claim assumption, mg € MS° and by 2.19(1) we have
mg <M m,.

As <y is a partial order on M and m, <p; n we have mg <p; n, so together
we deduce P, [L] = P, [L] = Py[L], so we are done. 091
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Crucial Claim 2.22. Let y = x°.

1) If m € M of cardinality < x there is n € M of cardinality < x such that
m <pp n.

2) If m e My and v < x* then there is n € M N M, such that m <pp n.

Remark 2.23. 1) Compare with 2.16(3).
2) Use 2.16(3) or 2™ = 2/Eml <y

Proof. 1) By (2) using v = dpy,(Mm) + 1 = dpj,(Lm) + 1 which necessarily is
<[ Mo F < X7

2) Without loss of generality m € M,,. We prove by induction on . In each case
consider L € Sub(m) which satisfies dpy, (L) < 7.

Case 1: v=0.
There is no such v relevant L.
Case 2: v =1.

So dpj, (L) < v means dpy, (L) = 0 which means L N My, = (. But then n = m
is as required because if m <pg nj then {s € Ly, : (St € L)(s <p, t)} =L ={s¢€
Ly : (3t € L)(s <m t)}, i.e. L is an initial segment of both so Pu,;, = Pn, 1, and
the conclusion is obvious.

Case 3: v =3+ 2.
We try to choose m, by induction on € < x* such that:

(¥) (a) m. e M,

(b)

(©)

(d) if e =2¢+ 1 then for some Lo¢ € Sub,(my.) we have
]P)m2< [L] 7é ]P)ms [L] and dprngg (L) < Y

(e) ife=2¢+2 then m. € M, .

<m< (< £> is <pp-increasing continuous

my=1m

Subcase 3A: We succeed to carry the induction.

For each ¢ € S;‘; there is Ls as in (x)(d). As cf(6) = A\J > Ao > [{t/El,,
t € L\Mm,}| there is a(d) < 0 such that Ls C Lm,, hence by 2.19(3) + 2.20(5)
for some stationary S C S;‘I and L, we have 6 € S = Ls = L. A a(d) = a(x).

0

Without loss of generality a(x) is even and a successor. Note that (mo¢1o : ( < 6)
is <m-increasing sequence of members of M, ; with union m;s (by clauses (e) and
(b) of (x)) hence ms € M, | by 2.21; recall My, = My, for every a.

Now dpy,, (L«) < v and by the previous sentences necesarily dpy, (L.) =+ 1
hence the set % := {t € L. N My, : dp(t, My,) = B} is not empty.

Let L ={s€L,:~(3te#)(t<s)} Li=L;UY, L;=L,.

Now

($)1 Pm, ., [Lg] is equal to P, [Lg], Pm,,, [L] for 6 € S.
[Why? As mg . € M, by (x)(e).]

My EuNLL)]

()2 for a € xt\a(x) and t € # let QY , be QZK
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(*)3 (a) QF, does not depend on «, also the order on it does not
depend on «

()  IFp,, “QF, Sic Q77
(€) Pm,[Li]/Pm,[L§) is the same for a € [a(x), xT)

(¥)a define I, = {F : J is a Pm,, [Li]-name of a maximal antichain of
P [L7]/ P, [L5]}

Let L, = {5 € Lm, : (t € L§)(s <t)or (3t € #¥)(s < t)}

()5 (a) dpm, (Lja) <B+1
(0) (P, [Lf o] s« € [a(x),xT) is < increasing.

[Why? For clause (a), clearly L% N My, = L N Mn\{s € Mm: (3t € #)(s < 1)}
hence dpy, (L§ ) = {dp(s, Mm)+1,5 € My and (3t € #)(s < t)} = {dp(s, Mm)+
1:s € L§} <7, so we are done. For clause (b), by the induction hypothesis for
a<p, P, [Lg,a] = Pm@ [Laa] < Pm@ [Lgﬁ]]

So necessarily

(x)e I is constant for o < xT large enough.
Hence for some 3(x) € (a(*), x™) we have
(%)7 (Pm,[L}] : @ < xT) is constant for 3 € [B(x), xT).

But this implies the result for L} as the ¢ € L5\ L} does not “have memory outside
Li7, ie. umg,,+ © L7 and is constant, so we are done.

Subcase 3B: We are stuck in ¢, i.e. cannot define m.,.

Now ¢ = 0 is impossible. If € is a limit, let m. = U{m¢ : ( < e} so (< e =
m: <y m. € M,, contradiction. Also ¢ = {4+ 1,¢ = 0 is impossible.

If e = 2¢ 41 so then clause (d) of (x) is relevant so there is no n € M,, such that
my¢ <n n and L € Sub,(myc) such that P, [L] # P, [L] and dpg,, (L) < 7
By 2.20(1) this applies also to L € Sub(my¢). By claim 2.18(7) this applies also to
n € M. Together so by 2.20(4) we can deduce that my: € M5 so we are done.

Lastly, if € = 2¢ + 2 so clause (e) of (%) applies so use the induction hypothesis
to choose m,.

Case 4: ~ is limit.

We choose m,, for a < )\ar such that m, = m, m, is <p-increasing continuous
with o, and if e <y and « =e¢+1 mod v then m, € M°. So if m, ¢ <M nh and
L € Sub, (m)\g) satisfies € = dp,, (Lm) and without loss of generality o = ¢ + 1
mod ~, so we use it choice.

So m, is as required by 2.21.

Case 5: None of the above.

So v =3+ 1,0 a limit ordinal.

For « < B let Ly, = {s € L: there is no t < s,t € My,dp(t, Mm) > a}.
So (Lo + a < () is C-increasing, and letting Lj; = U{L} : v < B} we have
L\LZ; C Ln\Mm. As in Case 3 we first deal with L%, and it is straight, and finish
as there. (s 99



nodi fi ed: 2011- 02- 06

revi sion: 2011-02-04 1

(945)

{c46}

ON CON(0y > COV,(MEAGRE)) SH945 23

Claim 2.24. Assume m € M, M C My, and n is defined just like m except that
My =M and Ey, = {(s,t) : s,t € L but {s,t} ¢ Mm}; so by 2.6(5) clearly n is
equivalent to m and My C My, .

Then n € M in Definition 2.17(1).

Proof. Assume that
(*)1 n <m .

We now define m; € M by

(*)2 (CL) Lml = Ll'll
(b) Um,; = Un,
() Mm, = Mmn
(

d) Em, = Em U (Enl [(Ln1 (Ln\M))
Clearly
(¥)3 (a) m;yeM
(b) m SN mj.
But m € M. hence
(*)4 ]P)m < Pml .

But P, = Py, and Py, = P, by 2.10(7) as n,m are equivalent and ny,m; are
equivalent, so
(*)5 ]P)n < ]P)nl.
Ua.24

The Uniqueness Claim 2.25. There is an isomorphism from Py, [Mi] onto

P, [M2] mapping p; ,, to Phtym Jor n € My, € U{TI 0-: ¢ < A} when:
e<(

B (x)2(a) mee M forl=1,2
(b) My C My, fort=1,2
(¢) h is an isomorphism from L, [M1 onto L, | Ms.
Proof. Without loss of generality M; = My call it M and h is the identity and

Ly, N Ly, = M. Let m2 be like n in 2.24 with my, M; here standing for m, M
there so

(*)1 m% S Mfc.
We define m by:

(¥)2 (@) $€ Ly iff $ € Lyn, U Ly,
O) r<mtif r<m,torr<m,tor (dse M)(r<m, §<m,t)or
(s e M)(r <my $ <m, 1)
(¢) Mm = Mpm, UMy,

{c49}
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(d) um,t iS uml,t lf t S Lm1 \]\47
1S Umy,¢ if t € L, \M and
i8S Um,,t Utm, ¢ if t € M
() Mm=M
(f) Em:Ell'nl UEII'HQ'
For £ = 1,2, Py, [M] = Py, [M] by 2.24 and clearly mj <y m, but mj € Mg, by
2.24, hence Py [M] = P [M]. Together Piy, [M] = Py [M] = Py [M] = Py [M] =
(4 1 2
Pm, [M] as required. Ua.24
Conclusion 2.26. For every ordinal . there is @ = (P : o < 04) such that

(A) (a) (Py:a<d.) is <-increasing

(b) N is aPyy1-name of a member of [] 0. which dominates ( ] 6-)VIFel
- e<A e<A

(¢) na is a generic for Poy1/Po, moreover (ng: B < a) is a generic
for P,
(d) everyp € Py is from Ly+ (Yeo,Po) when Yo, is as in Definition 2.13

(e) P, is A-strategically complete and A*-c.c.
(f)  if § < dx has cofinality > X then Ps = U{Py : o < 7}
(9) Ps. has cardinality |6.]>.
(B) if %4 C 4. then the complete subforcing generated by (o : o € %) is
isomorphic to Poyp )

(C) if G CPs, is generic over V and 1o = 1G] for a < 6. and nl, € ] 6
i e<A
for a < 0, and {(a,€) : @ < diye < X and 1), () # na(e)} has cardinality

< A then also (nl, : @ < &) is a generic for Py, , determining a different G/
but V[G'] = V[G].

Remark 2.27. Check with §1 if more is needed.
Proof. We define m € M by:

() (@) Lun =0,

() Mm =04
(¢) Um,a =a for o < 4,

It is easy to check that indeed m € M. So by 2.22(1) there is n € M such that
m <y n. Let P, :=P,[{5: 8 < a}], so by 2.25 we are done. 0508

Conclusion 2.28. Assume M is a partial order and @' = (u} : t € M),us C My.
Then we can find 3(x),h,Pg = Po g, R,Qa, P15 and P} (for 8 < B(x),a < B(x)
andt € M%) and u

(4) (a) (Pg,Qq : B < B(x), a0 < B(x)) is (< N)-support iteration
() a=(ug:p < pB(*)) such that ug C [

(¢) Mo i a Pai1-name of a member of ] 6
- e<A
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(d) (o :a <) is generic for Pg

() Qa is @y icu=]
(f)  Ires., “ng € 1 0c dominate every v € 0. from V[(1a : o € up)]
- e<A -
(a) h is a one-to-one function from M into B(x) stipulate h(oo) = B(c0)
(b) s<mt= h(s)<h(t)
(c) uj, NRang(h) = {h(s) : s € uj}
(a) Py g is Ly+(Pop) see 0.6
(b) Pog <Pip even Py g is a dense in Py g
() fort € MT let Py be Py pesa(s) [ L+ ({Pris) - v € I b= for some
e<(¢
C< A\ s<m t}
(d)  (M(s)ymu : MT | s <t) is generic for Py whent € M™*
(a) P <Pype
(b) Pop,P1 5, P, are (< \)-strategically complete and AT -c.c.
(¢) if My, My C M and f is an isomorphism from My onto My then the

mapping h(s;) — h(f(s1)) induce an isomorphism from Pg .y [Lx+ ({1 (s),v :
s € My,v e [] 0 for some ¢ < A}) onto Py [Ly+ ({nn(s),p = 8 € Ma,v €
e<(

11 0: for some ¢ < A}).

e<¢
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§ 3. PRIVATE APPENDIX

Old proof of 1.5, pgs.5-13:

2) We use a (< A)-support iteration Q = (Po, Qg : o < p+ (), B < pu+6(x)) such
that:

(A) if o < p then Q, is the (Po-name of the) dominating forcing, Q$°™, i.e.
(Qf{om)vma] where in the universe VP« the forcing Q = Qo™ is
() peQiff
(@) p=(n,f) =" f?)
(b) n € =X for some € < A, (1 is called the trunk of p)
() ferx
(d) naf
(B) p <qqiff
(a) nP <7t
(b) fP < fi ie (Ve < N)fP(e) < fi(e)
(c) if Lg(n?) < e < Lg(n?) then n%(e) € [fP(g), A); this follows
(B) fix 0 = (fy : a < A) with 6, = (2/*1#R0)* or any sequence of cardinals
€ Reg N, increasing fast enough
(C) if o € [y, u + &) then Q, is the -dominating forcing, i.e., (Qz) VP! where
in the universe VP the forcing notion Q = Qg is defined as follows:
(a) p€ Qiff
(@) p=(n.f)= P, 7)
(0) 1 € [lccigy) O and Lg(n) is an ordinal < A
(c) fe H<<,\ O¢
(d) naf
(8) order: as in (A)(3).

Let fqo be the generic object for Qq for o < p and g; be the generic object for Q4
for i < k.
Now:

()1 for @ < p+ k the forcing notion P, is (< A)-strategically complete and,
when o < pi + K, Qg is (< \)-strategically complete®, i.e. IFp “Q, is (< \)-
strategically comfﬂete”, in fact )

() for a € [u, pp+k), Qq is not (< A)-complete but it is (< A)-strategically
complete, and even A-strategically complete; simply, in a play, COM
can keep having the trunk being of length > length of the play so far

(a)™ moreover, COM can guarantee that in limit stage 3 of the game, (p,, :
a < 3) has a lub

(B) for a € [0, 1), Qq is (< A)-complete even for directed systems (hence

Pg for 8 < p is)
(8)* moreover, for such systems there is a lub
(v) for a < p, Py is (< A)-complete

6for this, 6o > « is enough
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(v)T for a < p+ K,P, is (< A)-strategically complete.
[Why? We prove this by induction on «; for P,, for 1.4(1)(a).]

(¥)2 for each o < p + K, Py and for o < p + &, the forcing notions Q, satisfy
a strong form of the A*-c.c., (see [Sh:80] for definition, preservation and
history; or fully [Sh:546, §1])

hence

(¥)3 (a) forcing with P, collapses no cardinal, changes no cofinality, and
adds no sequence to *>V;
(6) NV = DO VER 5 < 50},
() CAVEL = U(PAVE s < ).

[Why? By (%)2 + ()1 clause (a) holds, for clauses (b),(c) use also the support in
the iteration being < A recalling that p, s are regular > \. E.g. if lFp,,, “f € AN
then we can, for @ < A find maximal antichain (p,; : i < iq < A) of P4 such
that p,,; forces a value to f(a); let a(x) = sup(U{dom(pa:) : @ < A\, i < ia}, SO
a(*) <p+rkand fis a ]P’a;(*)-name.]

(*)4 in V]PH, by = 0) = p as witnessed by f: <fa o< M>= in fact ”_Ipa+1 ufa c
AX dominates (*\)VIFel modulo JP4”.

[Why? Easy using (x)s3(c).]

(*)5 Ik, iy “gi € [1.cy 0= dominates ([, 0.)VIPutil” the order being mod-
ulo Jbd.

[Why? As in VFe+i for each g € []._, 0- the set {(n, f) € Q5 : for every ¢ €
[lg(n),\) we have g() < f(e)} is a dense open subset of Q,,;.]

(¥)6 IFp,.. “g=(gi:i<k)is <jpa-increasing and cofinal in (T, b=, <jva)”.

[Why? By (*)s noting that (J]._, 0-)VFr+s) = U{([]._, 6:)VEr+i) 1 i < Kk} which
holds by (x)3(b).]
Now

(¥)7 IFp, . “covi(meagre) < 7.

[Why? As we can look at [] 6. instead” of *2 and for each ¢ < \,i < & the set
e<A

B.i = {n € [[..\0e: for every ¢ € [¢,A) we have n(() < gi(¢) < 0} is closed
nowhere dense, and by (x)g we have VFutr = « [TearOc=U{B.i: e <A i <k}
In fact, (By,; : ¢ < k) suffice.]

(%) letting 6(x) = (AT)}" < AT+, ordinal power and % = {6(x)(v+1) : v < K},
it is forced, i.e. IFp that V' := V[f, g|%.] satisfies:

ptr?

"E.g. let F:22 — [] 6 be F(n) = p iff n € *2 and for every e < A, p(e) = 0 iff (Vi <
e<A
0)(n > O +14) = 0) and p(e) = 14+ i iff (X O +1i) = LA (V) < 9)(n( X O +7) = 0).
¢<e ¢<e ¢<e
Now if [[0: = U{% : i < w}, each % closed nowhere dense then (F~1(%;) : i < x) witnesses
€

covy (meagre) < k.
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(a) V' has the same cardinals as V
(b) the cofinality of a cardinal is the same in V' and V
() (*>0rd)V’ = (*>0rd)V
)
)
)

(&
6> n” then (20)V' = (29)V

(d) if
() (2)Y
(f) gl%. is <jpa-increasing cofinal in (]] 6; DV

i<

[Why? Straightforward as V. C V[f, g% C V[f,g], and it is well known that
V|[f,g1%.] is a generic extension of V by some forcing notion of P’ < com(P), see
0.6, but com(P) has card < |P|* = p* = u so P’ has cardinality u (relevant to
clause (d)), which is anyhow marginal here.]

Discussion 3.1. 1) The reader may justly wonder why we use V' = V[f,g[%*]
rather than simply V[f,g], i.e. VFutr_ Of course, nothing is lost by it, but why
the extra complication? ~

2) During the proof we shall use: if (i) € % is increasing with ¢ < & then also
(9¢(iy 1 < k) is generic over V[f] for the subforcing P, /P, generated by 91
see @Y inside the proof of ®¢. But using %, = k, we do not know this.

3) Now in the parallel case for A = ¥g, such claim is true. In fact, by Judah-
Shelah [JdSh:292], if (Pn,Qp : a < af*),8 < afx)) is FS iteration of Suslin-
c.c.c. forcing notion Qg with the generic g € “w and for notational transparency,
its definition is with no parameter and ¢ : 3(x) — «(x) is increasing and P =
(Ph,Qp + o < B(x),8 < B(x)) is FS iteration Qj; defined exactly as Q¢(g) then
e, ., “(Mceey : B < B(x)) is generic for P/B(*)'

4) But we do not know the parallel of 3) for A, so we use a substitute using %.

Continuation of the proof:
Now we come to the main and last point

(*)o it is forced, i.e. IFp,,, that no f € ANV’ dominate {fa 1< pu}.

We shall note that it suffices to prove (x)g for proving 1.3, and that ()9 holds, thus
finishing.

Why it suffices? As (fa : o < p) is < pa-increasing and cf(p) = p > A, this
implies 9y > p, and by (x)s this is the last piece missing. The rest of the proof is
dedicated to proving that (x)g holds.

Let G, C P, be generic over V and so (fo : @ < p) = (fa[Gu] : @ < p)
is well defined. Now P, /G, is just the limit of the (< \)-support iteration

f (Puyi/GuQuej 1 i < K, < k). Let p € Puy/Gy. Fori < klet Py; =
P,+i/G,Qo; be the Py ;-name of Q,;, i.e., of Q7 in the universe V[G,,]Foi.
Without loss of generality (thiSNWill help in ...)

(*)10 p e ]P)Oﬁ iff:
(a) pis a function with domain € [v]
(b) for every 8 € Dom(p ) for some ¢ < X and 8 = (. g € Sy and A-Borel

function B = By, g : *([] ;) — Qg we have p(8) = B(...,ng(e), - - -Je<e
i<

<A
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(¥)11 for p € Py, let fsup(p), the full support of p be U{Rang(B,.) : € €
Dom(p)} U Dom(p) € [7]=*.

We shall apply [y. Let v(x) = s (but we shall use (%) since the proof applies
to any y(x) of cofinality > X). The condition [y is preserved by forcing by P,
recalling ()1 (3) so V[G,] = V¥« satisfies [Jy. So it suffices to prove:

(¥)g if V satisfies Iy and q = (Po,i, Qo : 7 < v(*),4 < 7(¥)) is a (< A)-
support iteration, such that for every j < «y(*) the forcing notion Qg ; is
(Qg) V[P0l and ~(x) is a regular cardinal () - y(¥) = () A cf(y(x)) > At
and % = {(y+1) : v < v()} where () = (AT)*", this means ordinal
exponentiation then it is forced, i.e. Ip, ., that no f € () Vigor ]
dominate (*A)V letting go = (go.s : @ < 7(x)) where go,; € [] 0. is the

e<A
name of the generic for Qg ; 50 go; = gu+i-

[Why does (x)§ suffice? We apply it with V,~y(x) in (%) standing for VF» =
V[G,.], s here; if you wonder by [y holds in V[G,], see 6.3(3). So in V[G,]Fo) =
VPute letting fo = falGy] for a < p we have:

(a) fo €M, for every a < p
() f={(fo:a<p)is < sva-increasing cofinal in V

(¢) IFpy ) “Afa s @ < p} has no common < jba-upper bound in V[f, Jol%.] =
VIG.][gol%.]".

This implies that Ibp, ., “V[f,g[%.] satisfies 0\ > p” as required.]

For i < ~y(x) let P1,; be the ~completion of Po;, see 0.6 and let P; = Ps; be the
complete subforcing of Py 5.)(i4+1) generated by g; = (g} : j < ) = (go,6(+)(j+1) :
J <.

We shall use the nice properties of P

Note that

A

=/
17gi'

B1 (a) (g5 :v <~(x)) is generic for ]P)/v(*)’ ie., if G is a subset of P;(*) generic

over V and ¢/, = ¢/ [G] then V[G] = V[{(g’ : v < 7(*))]
(b) ifin V[G], g} € C];[)\ ¢ for v < y(x) and the set {(7,¢) : v < y(%)

and ¢ < A and ¢7/(¢) # ¢/, (¢)} has cardinality < A then
g" = (g5 : v < (%)) is generic for ]P)/v(*) and V[g"] = V[7']

VP!

0

(d) if (C() : v < (%)) is an increasing sequence of ordinals < (%), then

(9(4) v < (x)) is generic for P/
(e) TP is (< \)-strategically complete and satisfies the A*-c.c.

(c) PLq/P is equivalent to Q

[Why? The serious point is clause (d) and (e) which are done similarly. For this
it suffices to show that: if (g, : v < (%)) is generic for Py ) and (((y) : v <
7(x)) is as there then not only (gc(,) : v < (%)) is generic for P, but also
(95()(c(y)+1) = ¥ < (*)) is. This holds and it straightforward translates to saying
that the sequences (6(x)(y + 1) : v < v(x)) and (5(x)({(7) + 1) : v < v(x)) realize
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the same Ly+ y-type in the structure (y(x), <), which holds by: (Kino [Kin66]).
See details in 6.3(4); more in [Sh:F979].
We shall use Hj freely.

To prove (%) assume toward contradiction that this fails, so P’ ( ) satisfies the

AT-c.c. and for some P’ (x)"hame J and A-Borel function B and p € Ay (), moreover

p € M%.) we have (noting: the “moreover” holds as f € (*))V1901%:]

D)
®o p* IFp; “f € *X and dominates (*A\)V” and f = B((gy) : i < ).

Now let x be regular large enough and we choose N = (N : ¢ < \) such that

®1 (a) N.isasin [y for the forcing notion Pfy(*),
N, € nyF”(*)v see [ of 1.3

b N[EENahence Ne C Noand A\ .= N.NA> AD =
¢ = €
(<e

SN ¢ <)
(¢) 0,a,p", f,B,p belong to N,
(d) let 6(c) = otp(d(x) N N.)
(e) ke = K" where k. = otp(k N N).

We can find f* € )\, i.e. € (*A)V, such that
@9 for arbitrarily large e < A for some ¢ € [AZ, Ac) we have f*({) > A..

For e < Alet (Ac, Xe,Jes Me, NL, G.) be a witness for (Ns,]P”V(*),X) recalling [y of

Definition 1.5 so A; € (g, A) is strongly inaccessibleand e < { < A = A; < A <A
recalling ®; and so d(g) = j:(0(x)), etc.
Let

a) us= N:N~y(x)
b) i(e) = otp(uc)
) 3% = (vi(e) : i <i(e)) list ue in increasing order
d) fori < otp(uc), equivalently i < je(v(*)) let nf = (je(g; NN G e

IT 6 and let 7° = (0 : i < otp(ue)).
<<)\£

®4 (a) 17 is generic for (N, je(P’,))), moreover
(b) for each e < A, if we change 75 ({) (legally, i.e. < 8;) for < A. pairs
(7,¢) € otp(us) X Az and get 77, then also 77’ is generic for
(N2, Je (P ) and NZ[if'] = M.
(¢) like B with VP’ " (x)» A there standing for N, je (P, ) Ae here.

Hence

@) for e < A\ if 7 = (v; : i < i(e)) recalling i(e) = otp(ue) is as in @4(b),
and ¢ € P/ (s satisfies i < i(e) = ¢q Ihp/() “gfy (o)]Ae = 147 then ¢ is
L “je can be extended naturally to

an isomorphism from N [G[p/( )] = Nc[(gy : v € ue)] onto NZ[7']”.

(e, P'v( ))-generic naturally and ¢ I
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[Why? Should be clear, see Hy + ®4(c).]

By the assumption toward contradiction, ®q, and ]P)fy (x

complete recalling H;, there are ((x),p** and p* such that (recall p* € Pfy(*) =
<Po(0):

) being (< A)-strategically

®5 (a) p* <p™ P and p* < p* € Py,
(0) C(x) <A
(¢) p** IFP;(*) “f*(¢) < f(¢) whenever ((x) < ¢ < A" where f* is from ®;
(d) ify € Dom(p") then 77" ™) is an object (not just a [P’ -name)
of length > (%) (recall that n?” () is the trunk of the condition,
see clause (a)(b) above).

Note that possibly Dom(p*) € U{u. : € < A}. Choose £(*) < X such that A,y >
C(*) + |Dom(p™)| and v € Dom(pt) = £(x) > Lg(n?" M) recalling clause (d) of
®s and [Dom(p™)| < X as p™ € Py (4 and Py (4 is the limit of a (< A)-support
iteration.

By ®; we can add (30)[A,) < ¢ < A < f7(¢)]. Our intention is to find
q € Py («) above p* which is above some ¢’ € ]P)/v(*) which is (NE(*),IP’;(*))—generic
and forces it to include a generic subset of (]P’;(*))N =t which is induced by some 7}
as in ®@4(b). Toward this in ®¢ below the intention is that p} , will serve as g.

Let i(x) = i(e(*)) and v = Y2,6 = Yo(u)(i41) (€(¥)) for i < i(x) so (y; : 4 < i(x))
list u.(s) N % in increasing order and let . = {v; : i < i(*)} and ;) = v(*)
80 {Jo() (V) 1 € Ue()} = Je()(V(*)) and Ne(yy = “i(*) is a regular cardinal > A.”
hence i(x) is really a regular cardinal so call it 0. Now we define a game O as
follows®:

Bs (A) each play lasts i(x) + 1 = 0 + 1 moves and in the i-th move,
(a) ifi=j+ 1 the antagonist player chooses &; = £(j) < o
such that j1 < j = v(j1) < &)
(b) then, if i = j + 1 the protagonist chooses ; = ¢(j) € (£(4),0),
but there are more restrictions implicit in Hs

(c) in any case the protagonist chooses p;", 7 such that B3
below holds;
(B) in the end of the play the protagonist wins the play iff he always has
a legal move and in the end {((i) : i <i(x)} € N/,y; where
EHB (CL) p;r € ]P)O,’yi
(b) if j < i then Py, = “p;-' <p”
(¢c) ifrye U{Dom(pj) :j < i} then
pi 1 lke,, “gP @ has length > i() and > A.(.)”
moreover gpj(” is an object, npj(” for j <i

(d) Poy, = “p™ 7 <pi”

8The idea is to scatter the 1725*) ’s. Why not use the original places? as then we have a problem
in ®g.
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() V'=(vy,:j<i)andvy,, € [] 6.
L<>\E(*)

(f) forj <i we have v,, < n”j(W) sopi [k “vy, <1ng], " recalling B,

(9) for j < i we have (recall 7° from ®3)

(@) vy, = nigf]) recalling nig*) is from ®3 or

(B) ;€ Dom(p™) and {v < Ay : 7722:)) (¢) # vy, (1)} is a bounded
subset of A.(,).

We shall prove

®6 in the game o
(a) the antagonist has no winning strategy

(b) in any move the protagonist has a legal move, moreover for any ((i) €
(&(@), 0) large enough the protagonist can choose it.

Why ®¢ suffice?

By clause (a) of ®g we can choose a play ((£(i), ((i),p;, ") : i < i(*)) in which
the protagonist wins. Recalling ]P’;(*) <Py y(x) and Py 4 (4) is a dense subforcing of
Py (x), clearly

®7 there is p such that
(a) peP,
(b) if ]P’fy(*) = “p < p” then p',pf are compatible in Py ()

*

(c) pis above p** and it forces g;[A. () = v, for i < (x).

Then on the one hand

@ p € ]P)/v(*) being above p** forces f* [ [((¥),\) < f [ [C(¥),A) hence f* |
K(*)v)‘a(*)) < f f K(*)v)‘s(*)) recalhng that C(*) < Aa(*)

On the other hand,
®7 pis (Negx), P (,))-generic.

[Why? As it forces 1., , [ Ae(x) = vy, for i <ii(x) and (v, i < i(%)) is (see ®4)
“almost equal” to (nzg:)) : 4 < i(x)) which is a subsequence of the sequence from ®3
and recalling clause (g) of Hs. That is {(i,¢) : ¢ < Aoy, @ <i(*) = 0 and v, (1) #
2 (0} © UH{(i:0) 1 ¢ < Aqey and vy, (1) # 00 (0} + 7 € uey N Dom(p™)}
so is the union of < [Dom(p™)| < M., sets each of cardinality < A.(,) hence is
of cardinality < A.(,). Hence by ®4(c) + Hi(d) the sequence 7"(*) is generic for
(Na(*)7pfy(*))']
As f € Ng(.) it follows from ®7 that

®7" plF “f T Ae(s) is a function from A,y to Acw)”.

Together ®, + ®7’ gives a contradiction by the choice of f* in ®, and of £(x) above,
hence ®g¢ is enough.

Why ®¢ is true?
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Let us prove ®g; first for clause (a) choose any strategy st for the antagonist
and fix a partial strategy st’ for the protagonist choosing (p;-"7 %) from the previ-
ous choices and ((¢) if relevant and possible. So the only freedom left is for the
protagonist to choose the ((i). So we have in V a function F : 7~ (i(*)) — o such
that:

(*)F playing the game such that the antagonist uses st and the protagonist uses
st’, arriving to the i-th move, ¢ = ({(j) : j <) is well defined and for the
protagonist any choice (; € (F((),0) N i« is legal.

Now we have to find an increasing sequence ¢ = (((i) : i < i(x)) such that F(C[i) <
((i) <oand ¢ € N/,). As I € H(x.) and H#'(xc) = N/[Gc] where G is a subset
of js(]P’;(*)) € N/ and j.(Pg - («)) satisfies the \f-c.c. and o = cf(0) > A this is
possible. We are left with proving ®e(b).

Case 1: 1 =0.
Let pg = p** | 0.

Case 2: i limit.
By clauses (a) and (b), there is p;” € Py, which is an upper bound (even L.u.b.)
of {p;Ir :j < i} and it is easily as required. Also 7 is well defined and as required.

Case 3: i =j+ 1 and v, ¢ Dom(p*).
Clearly v; = v; + (%) and 7; € u(,). As in case 4 below but easier by the
properties of the iteration.

Cased: i = j+ 1 and v; € Dom(p**)
Again v; = 7 + 6(*) and 7; € uc(,). First we find p’; such that:

®s (a) pf <pjePoy,
(b) ifrye Dom(pj) then p’; [y I “fg(np;("*)) > g7
(c) pj forces 9 a value to the pair (nw('“), fp+(71) [ Ae(x)); we call this
pair g;.
This should be clear.

Second

®g pj hence pj; is (Ne(x), P, )-generic and (v, ,, : j(1) < j) induces the generic.

[Why? As in the proof of ®/ above when we assume that we have carried the
induction, by Ha, clause (g) and ®4.]
Now
®10 (a) [ € (HC</\E(*> fc)Ne 7]
(b) for some ¢ € (£(7),0) we have
o fU< 772(*) mod J}4
o fUe€ Né(*)[ﬁs(*) [C]
o (C(1) =1 < i) € Nyl ™ 1.
(c) n¥<fy.

9recall that np*(”) is an object, not a name and p;r is (Ns(*),]P”W )-generic
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[Why? Clause (a) follows from clause (b) and clause (b) should be clear by ®g as
we can choose ((7) large enough recalling ®g. Also clause (c) follows from (b).]
Now we choose ((j) as in clause (b) of ®19 and v; € ][] 6. such that nP @) g

e<A(x)
vi, f9 <wjand {v < Ay 1 v5(0) # 7728))} is a bounded subset of A.(,). Next choose
pi € P’ ) such that Py = p},npj(%') = v; and FPEOD A A) = FPTOIAL N).

So we have carried the induction hence proved ®¢ so we are done.

Moved from pgs.15,16:

§ 4. FIRST TRY

Hypothesis 4.1.
(a) A = A<* strongly inaccessible with
() 0 = (2‘E|+ND)+7 or just

B) 0. = cf(f:) < A is large enough
= (0. : € < \) as above

= (Po,Qp : a < y(x),8 < 7y(x)) is a (< A)-support iteration, Qg is
V([Pg]
0
(d) na is the Qg-name of the generic.

—~

(b)
(©)

z@ @| )

, see 77

Definition 4.2. For v < (%), [P/, is the set of p such that

(a) pis a function with domain € [y]<*
(b) for every 3 € Dom(p), for some ¢ < X and § = B, 5 € ¢y and \-Borel
function B =B, 5 : (] 0:) — Qg we have p(3) = B(... s TB(e)s - - )e<t
<A
Claim 4.3. IP’; is a dense subset of P for v < y(x).

Proof. We prove (B) by induction on 7. Cas

Definition 4.4. 1) For v < y(x),e < A and n € [[ 0; let p = p , € P, () be the
i<e

function with domain {v} such that p(y) = (9,17°0x), i.e. fyy) € [] 0 is defined

<o
by fpy)(2) is n(i) if i < £g(n) and is zero otherwise.
2) For % C~(x) let Yoy = {p}, :7 €% and n € [] 0; for some £ < \}.

i<e

3) For % C ~(x) let P[%] be L}, (Yo ,P4(x)), see Definition 0.6.
Claim 4.5. 1) Py () := L1, [P, P (,)] is equivalent to P.
2)If U Ty < ~(x) then Pl%] <Py .
3) If U C U C "y(*) then ]P)[%l] < ]P)[%Q]
4) If v € 2 C ~(*) then 1, belongs to VL e e ., “ny € VI[Gp, ., NP[Z]]".
9) VIGr, ., NPI%]] = V(ni - i € ).

Proof. Why? Part (1) is the content of (%)109 + (*)11 in the proof of 1.3(2).
Part (2)(b) holds as IP; ., satisfies the AT-c.c. and the definition.
Part (3)(c) is obvious by part (2).
Part (4)(d) holds by the choice of Y7 and the pJ ’s.
Part (5) should be clear reflecting the definition. Oas
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Definition 4.6. 1) Let .Z be the set of partial order preserving functions f from
(%) to y(x) of cardinality < A.
2) For f € .7 let f°¢ be the unique function g such that:

(o) a € dE)n)l(g) iff @ € dom(f) or @ = sup(a N dom(f)) < () or &« = 0 or
a =y(x
(8) g(@) is f(e) if a € dom(f)U{f(B): B € andom(f)} if o = sup(an
dom(f) € ~(x)\dom(f) if @ =0 ¢ dom(f),(x) if &= (%)
3) We define %, by induction on € by: f € Z iff f € % and for every uy,us
v(*) of cardinality < A and ¢ < ¢ there is f1 € % such that f C f; and w;
Dom(f),us € Rang(f)

(d) for f € Z let f be the minimal partial function f from P[Dom(f)] into
]P)[Rarig(f)] such that:
(@) F(5") = f),) for 5 € Dom(f)
(B) f(—) = ~f (1) when f(1) is well defined
() f(/\ Vi) = N\ £ (%) when f(1;) is well defined for every i < a.

<o <o
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§5

Definition 5.1. We say m € M is p-full (omitting p means p = A\y) when: if
n € M, and g embed n[M, into m[M, (so g1 preserves s < t,s € u; and their
negations) then there is a sequence (gq, Lo : @ < p) such that:

(a) Lo C Ly moreover L, € sub(m)

(b) Lo N Lg =Rang(g) fora< < p

(¢) Ly is Ep-closed

(d) Lo\Rang(g) C Lun\Mim

(e) G4 is an isomorphism from n onto m|L, extending g.

Claim 5.2. 1) If my € M<, and x = x> then there is ma € M, such that
m; <pp my and My is full.

2) If m € M is full, |Mm| = A1, |Lm| =2 and m <y n then Py, < Py.

3) If my € M is x-full, m; <pg mg € M, then mo, my are isomorphic over My, .

Proof. Easy. O

Discussion 5.3. 1) By using 5.2 it is easy to get “elimination of quantifiers” to
some extent, e.g. an automorphism of m[My,, but we need more: f is a partial
automorphism of m|My,.

2) Recall that for our purpose Ly, [My, is a linear order, us N My, = {s € My, :
$ <m t}.

Definition 5.4. For y = x*. We define M, ., by induction on v < x* as follows:

(a) for vy =0,M, ., =M,

(b) for v = B+1,M,, is the class of m € M, g such that: if m <y n € M, g
and L € Sub(m) then dpm(L N Mpy) < then Py, (L) <Py

(¢c) for v a limit ordinal m € M, , iff m € M, s for every 3 < .

Claim 5.5. Let x = x* or better or x = A\ and v < x+.

1) If m € M, then for somen € M, , we have m <y n.

2) If (m, : o < 6) is <m-increasing, my, € My, 5 for o < 6 and 6 < x* has
cofinality > X then m := U{m,, : a < §} belongs to M, .

3) Ifme M, andn € M is 2X-full and L C Ly, and m = n[L then Py < Py.
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§ 6. PRIVATE APPENDIX

We have used proving ®4(c) inside the proof of 1.3

_ {a9}
Claim/Definition 6.1. Assume X is strongly inaccessible, = (6. : € < A) is
an increasing sequence of reqular cardinals such that 6. > 2sup{fc:C<el for o < A
Assume further Q = (P, Q. : v < (%), 8 < v(%)) is a (< \)-support iteration and
Qy s @;’[PV] the 0-dominating forcing (see in the proof above).
1) For u C v < y(x) we define P, and prove P, C P., and moreover P, <P, and
P, does not depend on ~y by induction on v : Py = {p : p € P, with support C u
and for each 3 € Dom(p),p(B) is a Pung-name of a condition in Qg}.
2) P, is isomorphic to Potp(u) naturally.
Remark 6.2. Saharon recheck. This is a special case of [Sh:F979]. Alternate.
Proof. The main point is:
() assume (p; : © < i(x)) is a maximal antichain of P, then it is a maximal
antichain of P,,.

Why? Without loss of generality 77(®), & € Dom(p;), is a real object (not a name).
Case 1: v=0.

Trivial.
Case 2: 3 :=sup(u) < 7.

Use Pg < P,.
Case 3: « is a limit ordinal, neither Case 1 nor Case 2.

So necessary cf(y) < A; let 0 = cf(y) and let (7. : € < 0) be increasing
continuous with limit v and let v = v and let 5. = min(u U {y}\7.) for e < 9, so
b=v=7vand e < 0= [ <7.

For any ¢ € P, we choose p. by induction on € < 9 such that

® (a) pe € NNPyng.
(b) pe witness P, < Pg for g, which means
(x) if a € Dom(p:)la € Poru, pela <1 € Py gl <p_ 7 and
pel(@+1) <p 1. P € Play1)ne and pla <p, r then r,p
are compatible in P,
() if ¢ <ethen p; <p,., Pe-
Cased: v=p3+1,0 €.

Let v =uN g and let Gg be a subset of Pz generic over V so G, = GgNP, is a
subset of P, generic over V. So we are interested in the forcing notion Q = Q;’[G”].
But in V[G] the cardinal A is weakly compact (and even supercompact). But easily
this implies that “(p; : i < i, < ) is predense in Q5" is A-Borel, so is absolute from
V[G,] to V[Gg], i.e., VEv to Vs, O

{a10}

Remark 6.3. Concluding Remarks: 0) So see ()7 in the proof of 1.3, if Rg < 0, < A
for ¢ < A, then covy(meagre) < cf(J]._, 0e, <gba).

1) In ®g we can require y(x) < AT. Why? If k = A* so y() = £ then by “P/ ,
satisfies the A*-c.c.” so if p* IFp, “f dominates (*A)V” then for some (%) < K, f
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is a ]P)/v ()"hame. Generally we can use a parallel of nep see [Sh:630]. We may treat
this more generally.
2) We may control the various cf(]. ., 6, <jva), see [Sh:F923].

3) We may consider

Definition 6.4. Assume \ is strongly inaccesible (> Rg), § = (6. : ¢ < \) where
0. = cf(6:) < X and (k. : € < \) are increasing continuous sequences of cardinals
of length A with limit A\. We say that the forcing notion Q is (f, %)-centered when:
there is a function f witnessing it which means

(%) f is a function from Q to A such that: if k. < o < K41 then {p € Q :
f(p) = a} is O.-directed.
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§ 7. PRIVATE APPENDIX

Moved 2009/3/26 from end of §1 (right paper ? of 9357) (ref 4d.3)

4d.6

Claim 7.1. If Kk = s and cf(k) < a then the conclusions of 77 holds. tad.6}
Proof. Similar to the proof of ??. Let (v¥ : ¢ < cf(k)) be increasing with limit .
In the proof we add
Bi(h) if bg(n) ¢ {~v} i < cf(k)} then A, = 0.

(]
82 Weakly compact

{v7}

Theorem 7.2. If )\ is weakly compact, N < k = cf(k) < u = p*, then for
some AV-c.c. (< \)-strategically complete forcing notion P, we have lkp “0\ = p,
cov) (meagre) = K.

Proof. Stage A:

We define Q4+, = (Po, Qs : a < p+ K, 3 < k) as in the proof of 7.2 and let
fa,gi be as there and the proof up to ()7 including ()7 works.

Stage B: For every set u C p + k we define Q, = (Py,Qf : a € uU{p+k}) and

£ € u) by induction on otp(u) such that p € P, iff Dom(p) C u N « and for every

B € Dom(f3) the object p(3) is a Pj-name of a member of Qg, noting Py = Pile.
Also the order is natural

B, if u C p+ K then Pl <Puys.

[Why? As each Qg is absolutely enough defined and is 2 — k-linked.]
Add details? Use conditions p in P® (o < p+ k)

By (a) P :={f € Py the trunk p(3) is an object for every 5 € Dom(p)}
(b) P¥ is a dense subset of P,
(¢) Pw* is defined similarly
(d) P%* is a dense subset of

B P, = U{Pl, s u C s, ful < A}

Stage C:
(*)s IFp,.,. “no f € X dominate {fo: a < p}”.
Toward contradiction assume
[y p* Ibp,,, “f € *Xis dominate {f, : @ < A} equivalently (AN VIEA,

Let u € [A + k]=* be such that p* € Py, and f is a Py, -name, Le. for every

a < A there is a maximal antichain .# of P, of conditions forcing a value to fla)
andis C Py, . As |ul = A < cf(u) thereis 8. € (sup(unp), u) and let v = uU{B.}
and let f. = fg,[Gp,].

Let G C P"* be generic over V such that p,|p = p*[(uNp) € G. We continue

ptK
as there. Oy o O
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§ 8. ON AT-C.C. 2-LINKED A-NEP ITERATION
{c11.golen}

Definition 8.1. 1) Let K 2 be the class of p consisting of

(a) @ = (Pa, Qs : @ < (%), B < B()) be (< A)-support iteration
(b) Fp, “Qs — X and Q, is strategically (< A)-complete
(c) £isa limit ordinal < A
(d) Fp, “if (pc C <€) is <g,-increasing for £ = 1,2 and ¢5(p;) = c(p) for
< & then ¢=1,2 and ¢ < £} has a common upper bound
¢<¢ e pp
e) the set element of Qg are C 7% (x3) and it has a generic € A\ for
B B S8
simplicity

(f) cp is definable using (1,;y € ug) as parameters ug € [B]=2.

Definition 8.2. 1) K} , is defined similarly but now ¢s((pt : € < () = ¢p((p? :
g < ()) for every ¢ < &. The amount of absoluteness, see below.
2) In 4.5 and 4.6(1) let Py, = PP =P, o, a(*) = ap(x), etc.

{c15}
Definition 8.3. For p € K 5.

1) We say u is p-closed when u C ap(*) and 8 € u = up 5 C u.
2) For p-closed we define bbQ, = Qp ., = (P% .00 Qpous = @ € uU {ap(x)} and
B € u). The definition is by induction on otp(u):
pEP,,o={f: [isa function with domain € [o M u]<*
and for every 8 € Dom(f),f |5 € P} .5 and there is
<Z)57<, TC : C < €> such that f [ 6 Fp;,u,ﬁ
“<Z)57< (< §> is S@B[V[P;,u,g]] -increasing
and ¢g(ps.c) = T}
Claim 8.4. Assumep € Ky 2. If u C v are p-closed then o € u = Pp 0 <Pp y.a-

Proof. FILL. O
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§ 9. PRIVATE APPENDIX 2

Moved 2010.12.22, was old 9.1 and proof, pg.20:

Claim 9.1. Ifm; € M,,L C Ly, and m = my[L,m <y n and L € Sub(m,),
dpm, (L) < 7y then Py < Py,.

Remark 9.2. If in m; “everything possible of cardinality < A; occurs”, this is
straight.

Proof. We prove this by induction on . Hence Py, Cic P,. Without loss of
generality Ly N Ly, = L.

Toward contradiction, assume —(Pp, < Py) so let .# be a maximal antichian of
P and q € Py, incompatible with every p € .#. We can find Ly, Ly such that

(*) (CL) L1 g Lm, |L1| S /\1 and . g Pm[Ll

(b) L3 C Ly, |La| < Ay and g € Pyyz,

(C) L1 = LQ n Lm

(d) Pm[Ll < ]P)m

(6) Pn[Lg < Pn

(f) if t € Li\Mp then there is L} € sub(m),t € L} C Lq, h ence
(9) similarly for Lo, n.

Now we define n; by:

(¥) (@) Ln, = LmU Ly
(b) <y, is the transitive closure of <, U <j,
(¢) En, = EmU{(ab):a,b€ Lo\Lmn.

See 9.3. Og.1

Moved 2010.12.22, was proof of 2.21, pgs.20,21:

Proof. We prove this by induction on ~.

Solet m € M, L € Sub(m) and g is an isomorphism from m, [L~(m.,) onto m[L
and let L, := {g(t) : t € Ly(m})} for a < 6 and Ls = L.

By xxx we have L (m.)NLm: = Ly(m},). We should prove Pp, (L) <Pp,. By the
assumption for every a < ¢ we have Py (Ly) <Py, and let P/ = Py [{p: p € Pm(L)},
so P C Py(L)) and Pm((La) C P'; we know that (Pm(Le) @ @ < 0) is a <-
increasing sequence and its union is P’ hence a < 6 = P (La) Cic, P’ Cic Pn.

Next let p, € Py, be given

(x) there is p € P’ such that P’ = p < ¢ = ¢, p« are compatible.

[Why? There is po € Pm(La) such that Py(Ljalpha) = pa < g = ¢,p are
compatible.

Let .# C P’ be a maximal subset of {q € P’ : p., ¢ are incompatible in Py, } such
that q1 # qo € . = q1,qo are incompatible in P’. As P, satisfies the AT-c.c.,
clearly | #| < Aand as p € P! & (3a < 6)(p € Pm(La) and cf(d) > A necessarily
there is a(x) < ¢ such that .7 C Py (La(s)). But Pm(La(s)) <Pm so p. witness that

{c37}
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there is ¢ € P}, (La(x)) incompatible with every (in P’, equivalently in Pp(Lq(x)))
member of &

By the choice of .7, P’ = “q < ¢1” = q1,p« are compatible as promised in (x).]
Hence

(%) P! < Pp.
Next
(x) if t € L then Py (LN Lim,<,) < Ppy.
[Why? We use the induction hypothesis on 7.
(%) Pmiz C Pm.

[Why? p € Py, = p € Py by their definition.]
By the (%) above and the definition of the orders in Py and Pn, we have
Pmiz € P as partial order.

Case 1: v = 0 trivial.

Case 2: v =3+ 1.
(*) ]P)mFL gic Pm
(*) ]P)mm < Pm.

Case 3: « is a limit ordinal.
FILL. O

Moved 2010.12.22, was after 9.3, pg.21:

Definition 9.3. 1) Let M*® be the class of m, € M such that: if m € M, L €
Sub(m) and m[L is isomorphic to m, then Pp((L) <Py or Pz <P (notation!)
(note that always Py, is isomorphic to Py, (L)).
2) Let MS© be the class of m, € M such that: if m € M,L € Sub(m) and
m|L = m,[L,(m,) see below then Pp(L) < Pp,.
3) M=, = | MY.

B<y
4) Let Ly, () = {8 € Ln,: if dpn, ({t € Mm, :t < s}) <~}
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§ 10. PRIVATE APPENDIX

Question 10.1. : (here? complete) Assume (P5,QF : i < i(x)) is a (< \)-support
iteration with limit P;,. B

1) If Qf is the #-dominating forcing in V®: | as in the proof of ?? and u < i(*) and
(P¥, Q¥ : i € u) is defined similarly with limit P}, then P¥ < P;,).

2) Like Suslin forcing/nep.

Proof. Let Pynj = PR, .\ ;- We prove this by induction on i(*). For i(x) = 0 this
is obvious. Generally clearly we interpret the iteration such that every p satisfies:
i € Dom(p) = trunk(p(i)) is an object (not just a P;-name) and the names in the
fP(a), (a < A) of p use maximal antichains of cardinality < A.
" Now

@, if pe P, then p € Piy,J < i(x) = ]P’ij <P

©2 Py C Py, as partial order (similarly)

D3 ]P"; < ]P)i(*).
[Why? Let (p. : € < e(x) < A) be a maximal antichain of P} and q € Py, .] O

{abx}
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§ 11

Of course we need “no dominated f € *) is added”. On Qy O.K., but iterations?

Our true problem is as follows: for characteristic A. having chosen the Q we
iterate (e.g. Qp or see below, or can use a family {Q% : i < i*} of definitions of
At-c.c. (< \)-strategically).

Now repeating here the argument in the end of §1, the problem is that when we
like to say that the value ¢; € @, forced for (7717+ (i), fﬁ(%) [ Ac) to be satisfied

4

by a “variant of 15, = changing < A. places”. But fﬁ(%') [ Ae depends on 775”7 jE
(i, i(e)). | |

So let us use in each A. an iteration of length say x. of Q" (or of Qs (those are
definitions) each occuring x. times and (Vo < x.)(Ja|s < xe).

Now we will not use (13, : i < otp(uc)), rather we choose {(i) < xe such that
Q% (; (is of the right kind and) (£(i) : otp(uc)) has to increase fast enough such
that 7758(1') is generic also for the condition ¢;. We can use a game and it suffices that
the nice guy does not lose. Hence it suffices to consider

() (€*:a < xe),&" increases of length < A} such that for every F : A (xe) —
Xe and S < AT there is « such that £g(¢%) > 8 and ( <&* = 5?{7(5).

So the question is

O assume (P,,Qq : & < xc) is (< A)-support iteration v C x. (with much
space (a) is P, <P, ?
(1~ a weaker version: in the iteration, on Q, has a strange memory
part (1): va C ay|ve| < Ae such that 8 € vy, = vg <v,.

part (2): one condition p, from P, (e.g. chosen).

We may use

Definition 11.1. For 6 as before (or constantly \) let Qz—d ={(n,F) : F C
[Iecn 0= |F] < Aim € Tl 0c for some ¢ < A and e < lg(n) A f € F = n(e) #
fe)}-

order: (1, %#1) C (m, F2) if ;m <o A F1 C Fo.

Problem: For FS iteration of definable nep c.c.c. forcing (e.g. Suslin) i.e. absolute
maximal anti-chain we have P, < P,. How does it generalize to (< A)-support
iteration?

Question: Other uses of the machinery of §17
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§ 12. PRIVATE APPENDIX

Moved from pgs.4,5:

First Version:

Let (ge,c : ¢ < A) be a maximal antichain of P}, such that ¢. . forces a value
f(e), say ge¢ Ibpr “Ee¢”. Let u = U{Dom(ge¢) : €, < A} so without loss of
generality u € [k]). Let (uc : ¢ < )) be a increasing continuous sequence of
members of [u]<* with union u, luc| < [e. For each e let (75 : v < 7c) list the
{nem=m;:jeu)n €[lec b} Sore <b-and 75 = (15 ;1 Jj € ue).

For each € < A and v < v, let

Fen={q: q€P, and u. € Dom(q) and
J€ue = qljlkp; “trunk(q(s)) =15, }-

Note
O 4 is (< 6.)-directed.
Let

K Z.,fory<Ais{g:q€eP, ,u. C Dom(q),j € uc =gq [ jl trunk(q) =
n5,; and g forces a value of f(e)}.

Now we use “in VF», ) is still weakly compact” to find 7. < X such that
© for every q € 7,  there are v < 7. and ¢’ € ., such that ¢ < ¢'.
Now define g

g(e) = Min{a < A: for every v < 7. and q € & ,, for some o/ < «
we have ¢ ¥ f(e) # o'}

This is O.K. as Ul is the union of < £{2lu<l+171 . 4/ <~} directed sets.

Now g € V[Gp,] so for some o < p, g <jva fo. But this means |Fp, “f is not
dominated by f, (and more: every stationary set modulo the clubs).

So we are done.

So it is enough to prove (x)g below. But before this...
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§ 13. PRIVATE APPENDIX

Discussion 13.1. : 1) D-completeness for D a filter on A. In preservation under
iteration D is reasonable with regular ultrafilter, in every move only finitely many
cardinals are active (832)7

2) We can define P!/, u C x. When is P/ C P//? That is, is being maximal antichains
preserved.
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