Sh:906

Centre de Recherches Mathématiques
CRM Proceedings and Lecture Notes
Volume 53, 2011

No Limit Model in Inaccessibles

Saharon Shelah
Dedicated to Michael Makkai

ABSTRACT. Our aim is to improve the negative results, i.e., non-existence of
limit models, and the failure of the generic pair property from [6] to inaccessible
A as promised there. In [6], the negative results were obtained only for non-
strong limit cardinals.

0. Introduction

Let A = A<* > k be regular cardinals. A complete first order theory 7' may
have (some variant of) (A, x)-limit model, which, if exists, is unique, see history in
[6] and Definition 0.9. There we prove existence for the theory of linear order and
non-existence for first order theories which are strongly independent and then just
independent and even the parallel for k = 2 (one direction of the so-called generic
pair conjecture). Those non-existence results in [6] were for A = 2%, here we deal
with strongly inaccessible A. In [7] there are existence results but for A measur-
able, and we promise there the non-existence results for A strongly inaccessible as
complimentary results.

Let A be strongly inaccessible (> |T'|) such that AT = 2*; this for transparency
only.

Here in Section 1 we prove that for strongly independent T' (see Definition 0.2),
a strong version of the generic pair conjecture (see Definition 0.7(2)) holds. We also
prove the non-existence of (\, k)-limit models, a related property (for all versions
of “limit model”).

In Section 2, we prove this even for independent 7. The use of At = 2* is just
to have a more transparent formulation of the conjecture. See more on the generic
pair conjecture for dependent T in [8].

We thank Itay Kaplan for much helpful criticism.

Notation 0.1. (1) 9y is the club filter on A for A regular uncountable.
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) SR ={8 < \:cf(d) =k}

) For a limit ordinal 6 let 2P (§) = {% : % is an unbounded subset of §}.

) T denotes a complete first order theory.

5) For a model M, ¢(z,7) € L(ty) and d € WO M, let p(M,d) = {¢ €
@M ;M ple,d)}.

(6) S™(A,M) = {tp(b,A,N) : M <N and b€ "N} where tp(¢, A, N) =
{o(7,a) : ¢(#,7) € L(tam),a € YDA and M | @[, al}.

(7) S™(M) = S™(M, M) and S<*(M) = J{S"(M) : n € w}.

(8) Ja(N) = A+ 2{27WN : g < a} and T, = Ja(Ro).

Recall (as in [6, 2.3])

(
(
(
(

Definition 0.2. (1) T has the strong independence property (or is strong-
ly independent) when: some ¢(Z,y) € L(rr) has it, where:

(2) ¢(z,y) € L(rr) has the strong independence property for T' when for every
model M of T and pairwise disjoint finite I;, T, C @) (M) for some a € "9 M we
have I € {1,2} Ab € 1) = M |= p[a, b]1=2).

Remark 0.3. (1) Elsewhere we use ¢(z,y), i.e., the x and y are single-
tons, but the proofs are not affected.

(2) Also we may restrict ourselves to Iy, Iy C 1 (M,d) where 1) € L(7r) such
that (M, d) is infinite, and we may restrict ourselves to I, I such that every
b € T,UI, realizes a fixed nonalgebraic type p € S™(A, M) with M being (| A|*+X¢)-

saturated. The results are not really affected.

Question 0.4. (1) Assume Ay = A\ > Ay > |T|, T a complete first
order dependent theory. Is the theory T ,, a dependent theory or at least when
is T3, , a dependent theory? where

(a) T, .\, = Th(K;rhM) where
(b) K;)\Q = {(N,M) : M is a A\j-saturated model of T of cardinality Ay, N a

A\J -saturated elementary extension of M}.

(2) Similarly for other properties of T3, note! that this theory is complete
if Ay = Ao

(3) When can we prove that 7% , does not depend on the cardinals at least
for many pairs?

Remark 0.5. (1) Concerning failure of Question 0.4(1) see Kaplan—She-
lah [3].

(2) Any solution of the generic pair conjecture answers positively Ques-
tion 0.4(3) for dependent 7T in the relevant cases.

(3) It is known that in Question 0.4(1) if T extends PA or ZFC then in T* =
Th(N, M) we can interpret the second order theory of As.

But may well be that as in Baldwin—Shelah [1]
Question 0.6. Assume |T| < £ < A\ < Ay = )\2<A1, T a complete first or-
der theory. For which 7’s can we interpret in M € K;:, A, & model of PA of

Het (N, M) € K;\rl A2 for [ = 1,2 and let f« be an isomorphism from M; onto M2 and let
F ={f: fis a (N1, N2)-elementary mapping extending fx of cardinality < A\;}. Now we can
prove that any f € .# preserve satisfaction for first order formulas.
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cardinality > A by first order formula or just an Lo . (7r)-formulas with param-
eters, the intention is that we assume A5 is enough larger than A; which is large
enough than |T'|; if 2% > A this is trivial.

Recall (from [6, 0.2])

Definition 0.7. (0) Let EC(T) be the class of models M of (the first
order) T of cardinality A. Let ECy .(T) be the class of k-saturated models M €
ECA\(T).

(1) Assume A > |T, (we usually assume A = A<*) and 2* = A+, M,, € EC,(T)
is <-increasing continuous for a < AT with M = [J{M, : o < AT} € ECy+(T),
and M is saturated. The generic pair property (for T, A) says that for some club E
of AT for all pairs a < 3 of ordinals from F of cofinality A, (Mg, M,) has the same
isomorphism type (we denote this property of T' by Priy A(T)).

(2) The generic pair conjecture for A > Rg, (usually A = A<*) such that 2* =
AT says that for any complete first order 1" of cardinality < A, T is dependent iff it
has the generic pair property for .

(3) Let ny (T) be min{|{Ms/= : § € E has cofinality x}| : E a club of AT}
for A and M = (M, : @ < AT) as above and s = cf(x) < ); clearly the choice of M
is immaterial.

Remark 0.8. (1) Note that to say ny (7)) = 1 is a way to say that T has
(some variant of) a (A, k)-limit model, see Definition 0.9 below. There are other
variants of the definition of limit.

(2) Recall that we conjecture that for A = A<* > k = cf(k) > |T|, 2* = AT we
have ny ,(T) =1 & ny ,(T) < 2* & T is dependent. The use of “A* = 21" is just
for clarity. See more in [6-8].

(3) Recall that if A = k = A<*, then ny ,(T) = 1 means T has a unique
saturated model; (and parallely if A > cf(\) = &, A strong limit). So we concentrate
on the case ny ,(T) = 1 where k < .

Definition 0.9. We define when M, is a (A, k)-limit model of 7" where A >
k = cf(k) and A > |T'|. In general it means that: letting K\ = {M : M is a model
of T with universe an ordinal € [\, A1)}, for some function F with domain K and
satisfying M < F(M) € K we have:

@ if M, € K for @ < A" is <-increasing continuous and o < A = F(My11)
< M2 then for some club E of AT we have:

de ENncl(0) =k = Ms = M.,.
Remark 0.10. If 2% = At we have: n, (7) = 1 iff T has a (), )-limit model.

1. Strongly independent T

Context 1.1. (1) T is a fixed first order complete theory and € = € a
monster for it; for notational simplicity 7 is relational.

(2) We let A be a regular uncountable cardinal > |T'|; we deal mainly with
strongly inaccessible .

Here for A strongly inaccessible and (complete first order) T with the strong
independence property (of cardinality < A) we prove the non-existence of (\, k)-
limit models for k = ¢f(x) < A (in Theorem 1.9) and the generic pair conjecture for
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Aand T, in Theorem 1.10 (which shows nonisomorphism). Recall that the generic
pair property speaks on the isomorphism type of pairs of models.

Definition 1.2 gives us a more constructive invariant of (N, M)/=. Unfortu-
nately it seemed opaque how to manipulate it so we shall use a related but different
version, the one from Definition 1.4. Naturally it concentrates on types in one
formula ¢(y, z) witnessing the strong independence property. But mainly gives the
pair (N, M) an invariant (¥s : 6 < X)/D\ where Ps C P(F(J)). Now always
| 25| < 2191 and it is easily computable from one &2 C Z(6), in fact from the invari-
ant inv4(M, N) from Definition 1.2, but in our proofs its use is more transparent.
It has monotonicity property and we can increase it.

We need different but similar version for the proof of non-existence of (A, k)-
limit models.

Definition 1.2. (1) Let &} be the following two-place relation on {(M, P) :
M ET and P C S<¥(M)}; let (My,P1)E; (M, Po) iff there is an isomorphism h
from M; onto Ms mapping P, onto Ps.

(2) For models M C N we define (the important case is M < N = T):
(a) invy(M,N) ={p € S<¥Y(M) : p is realized in N}
(b) inve(M,N) = (M,invy(M,N))/&F.

(3) If M < N are models of T such that the universe of N is C A, recalling 2
is the club filter on A, let:
(a) for any ordinal 0 < A

invs(d, M, N)
= (M ]6,{p€S<¥(M|J):pis realized by some sequence from N | 6})/&F)

(b) invy(M,N) = (invs(§, M,N) : 6 < \)/Dx.

(4) If M < N are models of T of cardinality A then inv, (M, N) is equal to
invy (f(M), f(N)) for every one-to-one function f from N into A (equivalently some
f, see Observation 1.3(1), (2) below).

Observation 1.3. (0) In Definition 1.2(3) for a club of &’s below A we
have M 1§ <M and NTd<N andsoM [§ <N [d[ET.

(1) Concerning Definition 1.2(3), if M < N are models of T of cardinality
A and fi, fo are one-to-one functions from N into \ then invy (fl(M),fl(N)) =
invy (f2(M), f2(N)) using Definition 1.2(3)(b).

(2) Definitions 1.2(3), 1.2(4) are compatible and in Definition 1.2(4), “some f
such that f is a one-to-one function from N to \” is equivalent to “every f such
that....”

PROOF (OBSERVATION 1.3). Straight, e.g., (this argument will be used several
times).

(1) Let E = {6 < A :¢ is a limit ordinal such that M [ 6 < M, N [ § < N
and Rang(f; [ ) = Rang(fi)Nd for I =1,2}. So Eisaclubof A and § € F =
f2o fi* is an isomorphism from f;(N | 6) onto fo(N | §), mapping fi(M | 6) onto
fo(M ] 6). 0

Definition 1.4. Assume ¢ = ¢(z,y) € L(rr) and Ny < Nz are models of T'
of cardinality .
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(1) For one-to-one mapping f from Ny to A and § < A we define

inv (5, f, N1, No) = {2 C P(5) : there are a, € YN, satistying f(a,) €
9()§ for v < & such that for every % C ¢

the following are equivalent:

() % e

(ii) for some b € YW N; we have v < § =

Ny | play, b F0e?)},

(2) We let invg (N1, N2) be (inve (6, f, N1,N2) : 6 < A\)/Zy for some (equiva-
lently every) f as above.

Claim 1.5. (1) In Definition 1.4(2) we have invg (N1, N2) is well defined.
(2) In Definition 1.4, for §, A\, N1, N2, ©(Z,¥y) as there

(a) the set invE (6, f, N1, N2) has cardinality at most 2!°!

(b) if m is a one-to-one function from f(N3) into A mapping f(N2) N & onto
7(f(N2)) N J then invE (6,7 o f, N1, N2) = invE (6, f, N1, Na).

ProOF (CrAIM 1.5). Easy. O

Definition 1.6. (1) For ¢ = ¢(%,y) € L(7r), a model N of T with uni-
verse A, 6 a limit ordinal < A and k < A let
inv? (06, N) = {2 C 2(§) : we can find a! € 19)§ for v < 6, i < Kk such
that the following conditions on % C § are
equivalent:
(i) e
(ii) for some b € Y9 N we have: for every
i < k large enough for every v < § we
have N |= pla’, bjifve?)),
(2) For ¢ = ¢(y,Z) € L(7r) and amodel N of T of cardinality A let invg  (N) =
(inv¥ (0, N') : & < X)/ P for every, equivalently some model N’ isomorphic to N
with universe A.

Observation 1.7. (1) invg . (N) is well defined for N € EC\(T) when
T+ K < A
(2) In Definition 1.6(1) we have |invy (5, N)| < 2lo1+x,

PROOF (OBSERVATION 1.7). Easy. O

Claim 1.8. Assume A > |T| is regular, S C X is stationary, ¢ = ©(Z,y) and
a) (N; : i< k) s a <-increasing sequence
) N; € EC)\(T)
)
d) P = (P, :a <)) where 2, C P(a)
) f is a one-to-one function from N onto A
)
satisfying
(@) for every ¢ € W@ (N;) there is % € Ps such that v < § = N =
plag, o) o
(B) for every % € Ps for some b € YO (Ns) we have v < § = N |
ol B
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Then {0 € S: Ps € invy (4, f(N))} € Zn + S.
PRrROOF (CrLAIM 1.8). Straight. O

Now we come to the main two results of this section.

Theorem 1.9. For some club E of \*, if 61 # 62 belong to E N Sé‘+ then
Ms, , M, are not isomorphic, moreover invg  (Mj,) # invg , (Ms,) when :

X (a) T has the strong independence property (see Definition 0.2)

(b) A= A<* is regular uncountable, A > |T|, X > k = cf(k) and \* = 2*
(¢) M is a saturated model of T of cardinality \™
(d) (M, : a < A7) is <-increasing continuous sequence with union M,

each of cardinality .

Theorem 1.10. Assume X of Theorem 1.9.

(1) For some club E of \*, if 61 < §5 < 83 are from E and &; € Si‘+ forl =
1,2,3 then (Ms,, Ms,) 2 (Ms,, Ms, ), moreover inv§ (Ms,, Ms,) # inv(Ms,, Ms,)
for some .

(2) If M < Ny are models of T of cardinality A, then for some elementary
extension N1 € ECA(T) of Ny we have Ny < Ny € ECA\(T) = (No, M) 2 (Na, M).

Discussion 1.11. We shall below start with M € EC,(T) and a sequence
(bi =i < ) of distinct members such that (p(b;, ) : i < \) are independent, and
like to find N, (@; : i < A) such that M < N € EC(T) and the (b; : i < \) has a real
affect on the relevant ¢-invariant, in the case of Theorem 1.10(1) this is inv§ (M, N):
for a stationary set of §’s below A it adds something to the dth component in a
specific representation, i.e., assuming f: N — X is a one-to-one function and we
deal with (inv¥ (6, f, M, N) : § < \); we have freedom about (@, b;) and we can
assume b € WO M\{b; i < \} = N = —¢[aq, b).

But the relevant &5 is influenced not just by say (b; : i € [§,2/°)) but also by
later b;’s (and earlier b;). To control this we use below (ay : a < \), S, E such
that we deal with different § € S in an independent way to large extent; this is the

reason for choosing the C*’s.

PRrROOF (THEOREM 1.9). By the proof of [6, Section 2] without loss of gener-
ality X is strongly inaccessible. Choose 6 € Reg N A\{Rg}, will be needed when we
generalize the proof in Section 2.

Let (%; : i < k) be a C-increasing sequence of subsets of A such that the set
U~ = UN\N\U{%, : j < i} has cardinality X for each i < k and let %, = | {% :i <
k}. Let ¢(Z,y) € L(7r) have the strong independence property, see Definition 0.2.
We can choose (C% : a < AT) such that C¥ C nacc(a), otp(C¥) < k, B € Ck =
Ci=CyNpBand ANaAcf(a) =k = a=sup(C}) and cf(a) # £ = otp(C) < k.

[See [4] but for completeness we show this; by induction on o < At we choose
(C* : & < Aa) such that:

(a) the relevant demand holds
(b) ifa=p8+1,C C A3, (Vi € C)(Cf = Cni)and otp(C) < k then for some
i € (A3, ) we have C}, | = C.
As A = A<F this is easy but we elaborate. For o = 0 trivial for « limit obvious.
Assume a =+ 1 let a, = A, B = AB and (C} : i < ;) has been defined.

First, we choose C} . If cf(B.) # r let Cj = @, so assume cf(B.) = « then

necessarily cf(f8) = k.
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Let (. : € < k) be increasing with limit §, and choose 5. € [Aae, Aa: + ) by
induction on e <  such that C}_ = {f : ( <e}.

Lastly, let C%, := {B: : ¢ < r}. So C}_has been defined in any case.

Now let ¢, = {C C A :otp(C) < k and vy € C = CF = C Ny}, s0 €] < A,
also g € €, so let ( Ngri 1€ (0, \)) list €, possibly with repetitions. So we have
defined (C? : ¢ < Aa), so have carried the induction.]

Let Sy = {p: p = Jptw for some a < A}. Let E,, (Cy : @ < A\) be such that:

®1 (a) Cu Cans,
(b) eCh=Cs=CoNp
() otp(Ca) < 6
(d) E. is the club of X included in{d < A: 6 < § = Js}
(e) otp(Cy) =0 iff a« € E.N S
(f) if « € S:= E. NS, then a = sup(C,)

(g) f « € By and @ < K then |aN%;™| = |al.

[Why can we choose? By induction on the cardinal x € [Rg, A) we choose (Cy,
a < 3y) and E, = E, N3, such that the relevant demands hold and: if x = 2x1
and C is a subset of S, N3,, of order type < 6 satisfying o € C = C, = CNa then
for some a € S, N (3,,,3y) we have C, = C. Why this extra induction hypothesis
help? As arriving to @ € S so a = 3, let (); : @ < 6) be an increasing sequence of
cardinals with limit 3, = a and we choose a; € (3y,,3ax;) N S, by induction on
i < 6 such that Cy; = {a; : j < i} and the let C), = {a; : i < 60}.]
We shall prove that
®o if s below holds, then there is a 3 such that ® holds where:
B (a) a< AT i<k
(b) f is a one-to-one function from M, into %' = \J{%; : j < i}
(C)ECE1saclub0f)\suchthat5€E$f( o) [0 = f(My)
d) #=(F5:0€5)
(e) Ps5 C ,@( ) and @ € P5 and P5 C |J,, P where?
(a) 2;° = {A C§:sup(A) =6 and A C U{[p,2") : p €
Cs}},
(B) 25" =U{25" 1€ SN éY,
(v) P = {A C§: for some &; € A\(§ + 1) we have A C
U{[0,2%) : 0 € C5, N 5}}
(f) if 61 < o are from S then
() Ae Ps, = A e Ps,
(B) Ae Ps, = AN € Ps,,
(v) for any 0 € S the family 9‘;’1 U :@g’Q is a set of bounded
subsets of J; (this follows)
(g) 55’@/ € M, ford € ENS, % € Ps are such that th% =
652’%2/\62/1 S @51 N Uy € @52 =01 =0 NU = U
©2 (0&) B e (av)‘+)
(B) there are a, C Mp for v < X such that for a club of 0 € E, if

0 € S then the following conditions on % C § are equivalent;:
(i) % € Ps

Q

v

2Note that 33; 11, ﬂ 2 are the families of sets we like to ignore as they are influenced by our

choices for §; € S\{d}, so we work to have them families of bounded subsets of §.
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(ii) for some b € WM, we have: for every v < §, Ms |=
play, bl iffyew
(ili) clause (ii) holds for b = b5 and % € P
[Why? For each 6 € ENS let (%, : e < |F5] < 2101y list P25 and let

56’5 = b(s,%5,g .
Let

T = {p(Zy, b5c)TO0E%) .y < N\ 6 € E and € < | P5,]}

U {=¢(Z,,b) : v < A, b € 9 (M,) and for no § € E,
€ < |Zs| do we have b = bs}.

As o(z,y) has the strong independence property, recalling that by clause (g) of [
the sequence (bs. : 6 € EN S and e < |Z|) is with no repetitions, clearly I' is
finitely satisfiable in M, but M is A*-saturated, M, < M and |T'| = X\ hence we
can find a, € @M for v < X such that the assignment Z., — a,(y < \) satisfies
I'in M. Lastly, choose 8 € (a, AT) such that {a, : v < A\} C Mp.
Now check recalling @ € & for § € S|
Note
®3 in Og if h is a one-to-one mapping from Mz into %; extending f then for
some club E of X if for every 6 € SNE we have (Vy < X\)(y <6 — h(ay) €
19(#)§) and so for every % C § the conditions (i), (ii), (iii) from @, are
equivalent.

Next we can choose f such that

®3 (a) f=(fa:a<AT)
(b) fa is a one-to-one function from M, into Zpc:)
(c) if a € O then f, C fp.
Now
@y for every a < AT there is 2 = (P2 e €S) such that
(i) P> C P(e) are as in [a(e), (f) above
(ii) for every 8 < a, for a club of §’s from S we have

25 ¢ vy (0, fs(Mp)).

[Why? For every 8 < a and § € (s, \) we have invy (4, fg(Mg)) is a subset of
P(P(6)) of cardinality < 291, As the number of A’s is < A, by diagonalization we
can do this: let a+1 = [J._, ue and u. € [a+1]<* increasing continuous for & < \;
moreover, @ < A = u. = o and a > A = u.NA C € and |u.| < |¢|. By induction on
£ € (k,A) NS choose 2& C |J,_; P2 which includes U{Z¢:Ceu.nSEU P22
and satisfies 229N 22 € @(@:P))\{@ﬂ P20 P e iy (e, fs(Mp)), 5 € uc}.
Note that for each 8 < « the set {¢ < A\ : 8 € u.} contains an end-segment of A
hence a club of A as required.]

Now choose pairwise distinct 1_75,@/ € W@ (My) for 6 € E,, % € 9;0

®5 for every a,, < a < A% for some 3 € (a,A\*) and a, € 9@ My for v < A
the condition in clause (y) of ®2 holds with %" here standing for 22
there and the 55’@ chosen above.

[Why? By ®,.]

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:906

NO LIMIT MODEL IN INACCESSIBLES 285

®g let £ = {§ < A" : 4 is alimit ordinal such that for every a,, < o < 4 there
is < dasin ®s}.
Clearly F is a club of AT.
®7 if 61 < 99 are from E N S’,y then Ms,, Ms, are not isomorphic.

[Why? Let o, = min(Cj,\d1). We consider 2% which is from ®4. On the
one hand {e < A\ : 22+ ¢ inv¥ (e, f5,(Ms,))} contains a club by ®4(ii). Note that
(fa 1@ € C5,\01) is C-increasing sequence of functions with union f;, .

On the other hand choose an increasing (o : i < k) with limit do satisfying
ap =0, ag = 61 such that (au, a14i, @14441) are like (au, a, §) in ®5 for each i < K
and i € (1,K) = o; € C§,. Now by Claim 1.8, {e < X\ : 22+ € inv¥ (e, fs,(Ms,))}
contains a club. Hence by the last sentence and the end of the previous paragraph
My, 2 My, as required.]

So we are done. |

Remark 1.12. We can avoid using Cj and also Cs (e.g., using A € ,@g’o =
otp(A) = J) but this seems less transparent.

PROOF (THEOREM 1.10). Similar but easier (for A regular not strong limit
(but 2* > 2<*) also easy), or see the proof of Theorem 2.9. O

2. Independent T

We would like to do something similar to Section 1, but our control on the
relevant family of subsets of M is less tight. We control it to some extent by using
the completion of a free Boolean algebra.

Context 2.1. T a complete first order theory, ¢(z,y) has the independence
property (of course the existence of such ¢ follows from the strong independence
property but is weaker).

We continue [6, 2.1-2.12], but we do not rely on it.

Definition 2.2. For a set I let
(a) B =B, be the Boolean algebra generated by (e; : t € I freely,
(b) BY is the completion of B
(c) for J C I let B ; be the complete subalgebra of B generated by {e; :
seJ}
(d) let uf(B$) be the set of ultrafilters on I.

Claim 2.3. Assume
® (a) MET
(b) by € WM fortel
(¢) (p(z,by) :t €I) is an independent sequence of formulas.
Then there is a function F from 9O M to B = B$ such that
(@) F(b) = e
(B) for every ultrafilter D of B there is p = pp = prp € S,(M), in fact,

a unique one, such that for every b e WONM we have np(x,g) €Ep &
F(b) e D.

Remark 2.4. (1) Note that the mapping D +— pp is not necessarily one
to one, but Dy N{e;:t €I} # DyN{e,:t €1} = pp, # Dp,-
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(2) UI=LUIL,1 NI = and |Iz| = |[1]|®° then we can find a mapping F
from @ M onto (not just into) B = B such that clause (), (3) are satisfied.

PROOF (CLAIM 2.3). Clearly 2(M) is a Boolean algebra and {¢(M,b;) : t €
M} generates freely a subalgebra of #(M) which we call B’. So there is a homo-
morphism h from B’ into B mapping (M, b;) to e; (moreover h is unique and is an
isomorphism from B’ onto B; C B}). So h is a homomorphism from B’ C (M)
into B, which is a complete Boolean algebra hence there is a homomorphism h*
from the Boolean algebra &(M) into B® extending h.

Lastly, define F': WW M — B by F(b) = ht(p(M,b)). Now check. O

Conclusion 2.5. Assume ® from Claim 2.3 and
O (a) I= X is regular uncountable
(b) [M]C % C A
(¢) Dy, is an ultrafilter of BS for o < A
(d) Z\|M]| is unbounded in .
Then we can find (aq : & < A) and N such that
(o) M <N
(B) IN| € #
(7) aq € N fora <A
(0) aq realizes pp,, € Sy, (M).

Remark 2.6. Conclusion 2.5 is easy but intended to clarify how we shall use
the ultrafilters, so is quoted toward the end of the section.

PRrOOF (CONCLUSION 2.5). Should be clear. O

Discussion 2.7. Note that compared to Section 1 instead z, y, a,, l_),g we have
T, Y, G, B,g. Compared to Section 1, we have less control over {tp(a, M,N) :a €
N}. There, for the sequences b of M which are not among {57 Dy < A}, we can
demand N = —y[a,,b] for v < A so tp,(ay, M, N) can be clearly read. Here the
complete Boolean algebra B¢ is helping, a small price is that we need 6 > Ny.

In order to try to keep track of what is going on we shall use only tp(a., M, N)
of the form pp for ultrafilter D on B$. Further, we better have, e.g., a nice function
7 from *2 to uf(B$) such that (e, € 7(n)) < n(a) = 1.

A possible approach is: we define (M, , : n € F C des(\),u € P(n,)) as in
[5, Section 3] and we define D,, € uf(B° N M) such that « € M, N A = [ez(a) € D,
and {J, Dy, € uf(B°).

We need some continuity so each “e € D,” (e € B®) depends on 7 [ u. for some
“small” u, C .

Theorem 2.8. In Theorem 1.9 it suffices to assume X' which means clauses
(b), (¢), (d) of ® and

()" T has the independence property.

Theorem 2.9. In Theorem 1.10 it suffices to assume X' of Theorem 2.8.

PROOF (THEOREM 2.8). Just combine the proofs of Theorem 1.9 from Sec-
tion 1 and Theorem 2.9 below. O

PrOOF (THEOREM 2.9). As in the proof of Theorem 1.9 we can assume A is
strongly inaccessible though the proof is just easier otherwise. We let
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® (a) E.={d<A:0=35},aclubof A
(b) Sy ={Totw:a <A}
(c) choose a regular uncountable § < A
and let
®s (a) S={0€ E,:cf(§)=0}=S5)NE,
(b) let C be as in ®; of the proof of Theorem 1.9, in particular C' =
(Co:ax < A), Cq TS, 0tp(Cy) <0, a€Cpg=Cy =CsgNaand
a €S a=sup(Cy) < otp(Cy) =0 and a € S = sup(Cy,) = «
(c) for pe Slet Ay = U{[x, 2] : x € Cpu}.
Let D, be an ultrafilter of B such that e, ¢ D, for o < .
Now for n € *2 we choose D,, such that
®3 (a) D, is an ultrafilter of B
(b) if e € D, C B§ belongs to Bi,nfl{o} (see Definition 2.2, the com-
pletion of the subalgebra of B generated by {e, : n(a)) = 0}) then
e €D,
(c) if « < X and n(a) =1 then e, € D,,.
So
®, (a) if n € 22 is constantly zero then D,, = D,
(b) ea €D, & n(a) =1for a < A, ne 2
Now let 77 = (1. : € < A) be a sequence of members of *2 and below we shall be
interested mainly in the case a = p € S.

Define
®5 foreeIB%C anda<)\weletYa ={e<a:eeDh,}
®6 Pha: re € BS }
Now what can we say on @n,u for p € S? As we can consider e € {e, : @ € [u,2")},
clearly

7 He<min(a)=1}:ae[u,2")}C Py, C P ().
This may be looked at as a “lower bound” of 75 ,,. Naturally we try to get also an
“upper bound” to & ,; now note
®g if e € BS then V', = p\Y),
Now define (recalling A7, is from @®3(c))
®9 E is the set of 7 of the form (1. : € < A) such that:
(a) me € A2 for every € < A,
(b) if ne(a) =1 then (Fu € S)[p<a< 2! ANe € Ay,
(c) if p € S and u C [u,2") is countable then {e € A};: if a € u then
Ne(a) = 0} is of cardinality pu.
Also (by our knowledge of the completion of a free Boolean algebra, BS satisfies
the c.c.c.) for every e € BS we can choose u, such that:
B (a) ue C A is countable
(b) e € BY .. -
So by clause (b) of @3 clearly
Hy if €2, e€BS, e <pe€Sand u. Cn-t{0} then e €D, < e €D,
hence
Bs if 7€ E, e € BS ND, and p € S then Y, O {e < pv:ue €7 '{0}}.
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Next
H, for n e =
(a) let Py, be the filter on y generated by {A%}U{{e < p:u Cn-'{0}
and € > (}: ¢ < pand u C X is countable}
(b) let & ,, be the dual ideal.
Clearly
B (a) ifneZ, peSand ae \\[g,2") then {e < pu: n(a) # 0} is a
bounded subset of p,
(b) if € = and p € S then %5, is a uniform R;-complete filter on p
(recalling cf(p) =60 > Rp as p€ S) and @ ¢ %5 ..
[Why? See ®.]
Now by Mz we have n € EAe € B{ND, = Yﬁ‘fe € Yy, so recalling ®g we have
e € BS\Dx = Y}, = @ mod 7, hence
Be Pru C{XCu:XeDy, or pt\X € Dyt
Now
®; if p € S then we can find flﬁ for £ < 22" such that:
(a) Af = (A5 7€ [n,2))
(b) Af is an unbounded subset of A%
(c) _@5, flf are well defined, i.e. @ € .@5 when we let
() @ﬁ be the N;-complete filter of subsets of ;1 generated by {A?Y\ﬂ:
v € [, 2") and B < p} so AX\B € Z5 for B < p
(8) F5 ={p\B: B € 25}, i.e., the dual ideal
(d) moreover if ' # £2 are < 22", then
* 1 2 2
{A#\Ag iy € w2} ¢ @5 U Jf .
[Why ©1 holds? As |A}| = |u] is a strong limit cardinal of cofinality 6 > N clearly
p = |A%] = |A%|R hence by [2] there is a sequence (B, : v € [u,2*)) of subsets
of Ay, such that any nontrivial Boolean combination of countably many of them
has cardinality p. Let (Ue : € < 22“> be a sequence of pairwise distinct subsets of
[11,2#) each of cardinality 2/ no one included in another and let (A% v € [u, 2luly)
list {By : v € Ue}.
Now check.]
®9 In @7 it follows that
e) for every & C & for at most one & < 22" we have
(e) y ju
{ARNAS 1y € [w,2")} C P C 250 .75
®3 for every € = (¢(u) - p € S) € I{2%" : i € S} there is i) = ng such that:
(a) g €Esong = (g6 <A)
(b) ifue S,y elu,2") then{e € Ximg () =1} = AZ\AE(M.
[Why? Just read the definition of Z in ®9 and A% in ©1.]
©4 if € S then Zy_, U Iy, = 750 U 750,
[Why? Easy, recalling Bs(a).]
®s if y(x) < AT and P7 = (P} s € S), for v < y(x) where P}, C 2(2())
has cardinality < 2 for u € S, v < (%) then we can find £ = (£(u) :
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p € S) € T{2?" : € S} such that for every v < (x) the following set is
not stationary: Sy, = {u € S: for some & € P}, we have {Ag(“) 1y €
(1, 2)} € P C DV I
[Why? Let (uq : @ < A) be an increasing continuous sequence of subsets of ~(x)
with union (%) such that |us| < |a| for @ < A. Now for each p € S, the family
U{P}, : v € w,} is a family of < [u,| x 2# subsets of & (y).
Now by clause (e) of ®; for each p € S, v € uy, & € P let {2 < 22"
be such that: if for some £ < 22" we have {AS : v € [u,2")} € 2 C 250 .95
then &, ~ 2 is the first such {. Choose {(u) < 22" which does not belong to
{€ur.2 v €uy and & € P}
So let ) = N(e(u):pes) € Z be as in ©3 now 7 is as required by ©2, ©3, O4.
Let us elaborate, why is it as required in ®57
First, clearly . € *2 for ¢ < A. Second, fix v < 7(x), then there is a < A
such that v € w,, so it suffices to show that, for any u € S\, we have u ¢
Sii~- So assume & € P satisfies clause (e) of ®1, and we should prove that

—|[{A§Y(“ v € [1,2")} € P C Z5, U I, but if for some ¢ < 22" we have
{Ai vy € w2M)}) € P C Py, U S, then necessarily € = &, 2 # (1),
contradiction to ®1.]

¢ if (M, : v < (%)) is a <-increasing continuous and M, € EC,(T) and
be € lg(y)(Mo) for o < A are such that (¢(x,ba) : @ < A) is independent,
then we can find N such that
(a) M,y(*) <N € EC)\(T)
(B) if N < N’ € EC\(T) and v < () then® we have

inv§ (M, N') ¢ {inv{ (My,, My,) 7 < (%) and 11 < 72 < (%)}
[Why? Without loss of generality the universe of M. () is %4 € [A]* such that \\%
has cardinality A. Let (uq : @ < A) be as in the proof of ®;.

For § < Xand v(1) < 7(2) < () let Pg(l)”@) inv5 (6 idn, o), Mya), My(2)),
see Definition 1.4, clearly inv§ (M, 1y, My2)) = <PAY(1 10 < AN/Px. So it is
enough? to find N and sequence (a,, : & < \) of elements of N such that M,y < N,
|IN| = X\ and for each v(0) < ~(x), for every p € S except nonstationarily many,
the family

{{y <n: N olay, b} b€ 99 (M)}
is not in P, := U{P’,I(lmm) 2y(1) < 9(2) < () are from u,, }.

We choose € = (£(u) : p € S) as in @s; let 77 = Ng, see O3, so recalling ®3
clearly (D,,_ : € < \) is well defined. Now for each € < « letting F' be from Claim 2.3
for the model M, () and the sequence {p(z,bs) : @ < A), let p. € Sy (M)
be such that for every b € W (M,(,)) we have ¢(z,b) € p. & F(b) € D, so
~p(z,b) € pe & F(b) ¢ Dy,

So by Conclusion 2.5 we can find an elementary extension N of M, ) and
aq € N for a < X such that a, realizes p,, and without loss of generality N has
universe C X such that A\|N| has cardinality A. Concerning inv% our demand

%)
concerns what occurs for a club of § < A for this. Let £ C E, be a club of A such

3Roally any pregiven set of < X “forbidden” invg is O.K. and can make it work for

-’ ’
invg (N, N') for every v < ().
4Can demand o < A = “> (w(a+1)) if (N\M.,(4)) N[we, wa +w) is infinite for every o < A.
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that vy <6 € E = ay € NNJ. Now in ©g(f) we promise something (given N) on
“every N’ such that...,” solet N < N’ € EC,(T), and without loss of generality the
universe of N’ is C A and let § € SNE. For any v < () by ©s, i.e., by the choice of
£, ¢ above there is a club E, C E of A such that for any 4 € SNE,, the set S, from
©s is disjoint to E.,, hence the set 2, - == {{y < u: N’ |= p[a,b]} : b € 9O (M)}
does not belong to U{PZ(D”Y(") :9(1) < v(2) < 7(x) are from u, } so we are done.]

©7 if (M, : a < A1) is as in X' from Theorem 2.8 then for some club E of
AT, we have: if a; < o, 81 < B2 are from E and ay # 2 then

(MazH Mﬂq) e (M,@2 ) Mﬁ1)'

[Why? For every 8 < AT we apply &g to (M, : o < ) and get Ng as there
so Mg < Ng € ECA\(T). As M = [J{M, : v < A"} is saturated, without loss of
generality N3 < M hence for some g < AT we have Ng < Me,.

Let E = {6 < AT : J a limit ordinal such that 3 < § = &3 < d}.

Let a1 < a9, f1 < B2 be from E such that as # (2 and we shall prove
that (Ma,, My, ) is not isomorphic to (Mpg,, Mg,). By symmetry without loss of
generality oy < (2 and let y(x) = max{aq, f1} so y(*) < B2. Now we apply Og
with (M, : v < (%)), N, N', v, B1, oz, g here standing for (M, : v < (%)), N,
N’ 4(0), v(1), v(2) there so we are clearly done. O
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