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We define the concept of a logic frame, which extends the concept of an abstract logic by adding the concept of a
syntax and an axiom system. In a recursive logic frame the syntax and the set of axioms are recursively coded.
A recursive logic frame is called complete (recursively compact, No-compact), if every finite (respectively:
recursive, countable) consistent theory has a model. We show that for logic frames built from the cardinality
quantifiers “there exists at least A’ completeness always implies Xg-compactness. On the other hand we show
that a recursively compact logic frame need not be No-compact.
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1 Introduction

For the definition of an abstract logic and a generalized quantifier the reader is referred to [4, 13, 14]. Undoubt-
edly the most important among abstract logics are the ones that have a complete axiomatization of validity. In
many cases, most notably when we combine even the simplest generalized quantifiers, completeness of an ax-
iomatization cannot be proved in ZFC alone but depends of principles like CH or . Examples of logics that
have a complete axiomatization are:

1. the infinitary language L,,, ., (see [10]);
2. logic with the generalized quantifier” (see [27])

Fhao(,g) & [z oz, g)} =N
3. logic with the cofinality quantifier (see [24])
cof > . 2\ ; : . .
Qny vy e(x,y,7) & {{x,y) : ¢(x,y,7)} is alinear order of cofinality No;
4. logic with the cub-quantifier (see [24])

QW zy (2,9, 7) < {(z,y) : p(z,y,7)} is an N;-like linear order in which a cub of initial
segments have a sup;

5. logic with the Magidor-Malitz quantifier, assuming < (see [15]),
ONMay p(z,y,2) © 3X (IX| > R A (Va,y € X) (2,9, 7).

The extension L(32*) of first order logic was introduced by Andrzej Mostowski in 1957 [18]. Here 32 is the
generalized quantifier

ME Iz o(r,d) < [{be M : ME@(b,a)}| > k.
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D This quantifier is usually denoted by Q1.
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Mostowski asked whether L(32%) is Rg-compact (i. e. every countable set of sentences, every finite subset of
which has a model, has itself a model) and observed that L(EIZNO) is not. In 1963 Gerhard Fuhrken [7] proved
that L(32%) is Ng-compact if R is small for & (i.e. if A, < & for n < w, then [] An < k). His proof was
based on the observation that the usual L.o§ Lemma

Hn<wmn/F':(p<:>{n<w : mn':@}eF

n<w

for ultrafilters F' on w and first order sentences ¢ can be proved for ¢ € L(32"%) if R is small for . The Ry-com-
pactness follows from the Lo§ Lemma immediately.

Vaught [27] proved Rg-compactness of L(3Z%1) by proving what is now known as Vaught’s Two-Cardi-
nal Theorem and Chang [5] extended this to L(3=*" ) by proving (w1, w) — (k*, k), when 5<% = x. Jensen [9]
extended this to all x under the assumption GCH+0O,;, which he showed to follow from V' = L. Keisler [11] pro-
ved with a different method Xo-compactness of L(3=*) for « a singular strong limit cardinal. This led to the im-
portant observation that if V' = L holds and every regular cardinal is a successor cardinal (i. e. there are no weakly
inaccessible cardinals), then L(32"%) is Rg-compact for all £ > w. We still do not know if this is provable in ZFC:

Open Problem 1.1 Is it provable in ZFC that L(32%) is No-compact for all k > w? In particular; is it
provable in ZFC that L(32%2) is Ro-compact?

The best result today towards solving this problem is:

Theorem 1.2 [26] It is consistent, relative to the consistency of ZF that L(3Z%,32%2) is not Ro-compact.

Our approach is to look for ZFC-provable relationships between completeness, recursive compactness and
Ng-compactness in the context of a particular logic in the hope that such relationships would reveal important
features of the logic even if we cannot settle any one of these properties per se. For example, the Xy-compactness
of the logic L, (32", 32%2 32%s ) cannot be decided in ZFC, but we prove in ZFC that if this logic is
recursively compact, it is Ng-compact. We show by example that recursive compactness does not in general
imply Ng-compactness.

2 Logic frames

Our concept of a logic frame captures the combination of syntax, semantics and proof theory of an extension of
first order logic. This is a very general concept and is not defined here with mathematical exactness, as we do not
prove any general results about logic frames. All our results are about concrete examples.

Definition 2.1
1. Alogic frame is atriple L* = (L,F ., A), where (L, ) is a logic in the sense of [4, Definition 1.1.1], Ais
a class of L*-axioms and L*-inference rules. We write 4 ¢ if ¢ is derivable using the axioms and rules in A,
and call a set T" of L*-sentences A-consistent if no sentence together with its negation is derivable from 7.
2. Alogic frame L* = (L, F ., A) is recursive if
(a) there is an effective algorithm which gives for each finite vocabulary 7 the set £[7] and for each ¢ € L][7]
a second order” formula which defines the semantics of (;
(b) there is an effective algorithm which gives the axioms and rules of .A.

3. A logic frame L* = (L,F., A) is a (k, A)-logic frame, if each sentence contains less than A predicate,
function and constant symbols, and |£[7]| < k whenever the vocabulary 7 has less that A symbols altogether.

4. Alogic frame L* = (L,F., A) is
(a) complete if every finite A-consistent L*-theory has a model;

(b) recursively compact if every A-consistent L*-theory, which is recursive in the set of axioms and rules,
has a model;

(©) (K, A)-compact if every L*-theory of cardinality < k, every subset of cardinality < A of which is
A-consistent, has a model;

(d) k-compact,ifitis (k,w)-compact.

2 Second order logic represents a strong logic with an effectively defined syntax. It is not essential, which logic is used here as long as
it is powerful enough.

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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Note that
Np-compactness = recursive compactness = completeness.

The weakest condition is thus completeness. We work in this paper almost exclusively with complete logic frames
investigating their compactness properties. In the following definition we use the concept of “possible universe”.
By this we mean an inner model or a forcing extension. The exact meaning of this concept is not at all critical for
our results. We do not want to use “provable in ZFC” instead because we have ordinal parameters. For example,
the logic L(32%) has & as a parameter.

Definition 2.2 A logic frame L* = (L, F., A) has
1. finite recursive character if for every possible universe V’,
V' E (L* is complete = L* is recursively compact);
2. finite character if for every possible universe V”,
V' E (L* is complete = L* is Ng-compact);
3. recursive character if for every possible universe V',
V' E (L* is recursively compact = L* is Rg-compact).

Finite (recursive) “(k, \)-character” means finite (respectively recursive) character with “Ng-compact” replaced
by “(k, A)-compact”. “Strong character”, means (x, w)-character for all .
An extension of first order logic by finitely many generalized quantifiers has finite recursive character (see [4]).
Example 2.3 Let
L(3) = (L), Epgant ) AFF)),
where
ME I rp(z, 7)o |{z: ME o, 7)) >k
and A(E|2“+) has as axioms the basic axioms of first order logic and
1 -3z (z=yVa=2);
2. V2 (p = ¥) — (3 zp - P2 y);
3. 328y o(z,...) < 32Ty ©(y,...), where ¢(z, . ..) is a formula of L(EIZK’+) in which y does not occur;
4. 32"+y5|a: Y — E|x32“+y wV EIZK’+xEIy ©;
and Modus Ponens as the only rule. The logic L(32“+) was introduced by Mostowski [18] and the above frame
for k = Ny by Keisler [12]. The logic frame L(32“+) is an effective (w, w)-logic frame. The logic frame L(32%1)
is Ng-compact, hence has finite character for a trivial reason. If k = k<%, then by Chang’s Two-Cardinal Theo-

rem, L(32%") is Ro-compact, in fact (k, w)-compact (see [22]). If V = L, then L(32“+) is (%, w)-compact for
all k (Jensen [9]).

Example 2.4 Suppose « is a singular strong limit cardinal. Let

L(37%) = (L(3"), Fr(azx), A=),

where A(32%) has as axioms the basic axioms of first order logic, a rather complicated set of special axioms
from [11] (no simple set of axioms is known at present), and Modus Ponens as the only rule. The logic
frame L(32%) is (\,w)-compact for each A < r (see [11, 22]).

Example 2.5 Suppose & is strong limit w-Mahlo® cardinal. Let
L(HZK) = <‘C(E|ZK)7 ':L(52“)7 A(HZK»)

where A(Elz"‘) has as axioms the basic axioms of first order logic, axioms given in [20], and Modus Ponens as
the only rule. The logic frame L(32%) is (\, w)-compact for each A < & (see [21, 22]).

3 k is 0-Mahlo if it is regular, (n 4 1)-Mahlo, if there is a stationary set of n-Mahlo cardinals below x, and w-Mahlo if it is n-Mahlo
forall n < w.

www.mlq-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Example 2.6 Suppose « is a regular cardinal. Let
L(Q) = {L(QF), Friqeen)» AQ)):

where I E Q% vy (x,y, Z) if and only if {(z,y) : ME p(x,y,Z)} is a linear order of cofinality #,
and A(Q°°") has as axioms the basic axioms of first order logic, the axioms from [24], and Modus Ponens as the
only rule. The logic frame L(Q¢°f) is fully compact, i.e. (1, w)-compact for all x, hence has finite character for
a trivial reason (see [24]).

Example 2.7 Let
L(QR") = (L(QR), Frigge), AQR)),

where M F Qg zy o(x,y, Z) if and only if {(z,y) : M E @(x,y,Z)} is an N;-like linear order in which a cub
of initial segments have a sup, and A(Q}i‘ib) has as axioms the basic axioms of first order logic, and axioms
from [3]. The logic frame L(Qg‘ib) is Ng-compact (see [24]), hence has finite character for a trivial reason. We
shall give explicit axioms for this logic frame later.

Example 2.8 Magidor-Malitz quantifier logic frame is
LQ™) = (L(Q¥™), =, AX™M),
where
QNMry p(z,y,7) & IX (X2 kA X x X C {(z,9) : p(,9,2)})

and AMM is the set of axioms and rules introduced by Magidor and Malitz in [15]. The logic frame L(Q%M) is
an effective (w,w)-logic frame. The logic frame L(QMM) is complete, if we assume <, <, and <+, but there

is a forcing extension in which L(Q¥™) is not Ro-compact [1].

Example 2.9 Let
Lix = (Lax,FrL,y, Acr)s

where A, has as axioms the obvious axioms and Chang’s Distributive Laws, and as rules Modus Ponens,
Conjunction Rule, Generalization Rule and the Rule of Dependent Choices from [10]. This an old example
of a logic frame introduced by Tarski in the late 50°s and studied intensively, e.g. by Karp [10]. The logic
frame L, is a (", k)-logic frame. It is effective and (p,w)-compact for all y, if K = A = w. It is complete,
if K = wy, A = w. The logic frame L is complete also if

1. k = pt and <> = p, or

2. k is strongly inaccessible, or

3. k is weakly inaccessible, \ is regular and (Yo < k)(V3 < \)(a” < k),

(see [10]) although in these cases the completeness is not as useful as in the case of L, and L. Ly is not
complete if xk = A is a successor cardinal (D. Scott, see [10]). L) is not (k, x)-compact unless ~ is weakly
compact, and then also Ly is (k, k)-compact. Ly is not (u, k)-compact for all 4 > « unless & is strongly
compact and then also L, is. The logic frame L) is not of finite (x, x)-character, unless x = w, since it is in
some possible universes complete, but not (%, x)-compact.

Example 2.10 Let Xy < s < X be strongly compact cardinals. A sublogic £! of Ly, extending L(32%), is
defined in [8]. This logic is like L in that it allows quantification over sequences of variables of length < A, but
instead of conjunctions and disjunctions of length < &, the logic £! allows conjunctions and disjunctions over
sets of formulas indexed by a set in a k-complete ultrafilter on a cardinal < \. The logic £ is (p,w)-compact
for u < &, (u, A)-compact for all i, has the interpolation property and other nice properties.

The definition of logic frames leaves many details vague, e. g. the exact form of axioms and rules. Also the
conditions of a recursive logic frame would have to be formulated more exactly for any general results. Going
into such details would take us too much astray from the main purpose of this paper.

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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3 Logics with recursive character

We now investigate the following quite general question involving an infinite sequence (£, )n <. Of uncountable
cardinals:

Question 3.1 For which sequences (K )n<., of uncountable cardinals is the logic L(32""),, <., Ro-compact?

As the preceding discussion indicates we cannot expect a general solution in ZFC. Extreme cases are

1. k, =Ny foralln < w,

2. N is small for each «,,,

3. some Ky, is the supremum of a subset of the others,
where we have a trivial solution (in case 2. we have L.o§ Lemma and therefore Ny-compactness, and in case 3. we
have an easy counter-example to Np-compactness).

Let us call a logic recursively compact if every recursive set of sentences, every finite subset of which has
a model, itself has a model. Naturally this concept is meaningful only for logics which possess a canonical
Godel numbering of its sentences. Let us call a logic recursively axiomatizable if the set of (Godel numbers of)

valid sentences of the logic is recursively enumerable. By a result of Per Lindstrom [14] (see also [4]) any recur-
sively axiomatizable logic of the form L(3=""),,<, is actually recursively compact. This raises the question:

Question 3.2 For which sequences (¥, )n<., of uncountable cardinals is the logic L(32""), ., recursively
axiomatizable?

We give an axiomatization A of L(32%"), .. We do not know in general whether this A is recursive (or
recursively enumerable). We give a combinatorial characterization of sequences (ky,)n<. for which the logic
frame (L(32%"),<w, F,.A) is complete.

In the presence of an axiomatization A we can redefine our compactness properties. Rather than requiring that
every finite subtheory has a model we can require that every finite subtheory is A-consistent in the sense that no
contradiction can be derived from it by means of the axioms and rules of .A. It turns out that this change is not
significant in the sense that in our main result we could use either. However, this modified concept of compactness
reveals an interesting connection between completeness and compactness: we can think of completeness (every
consistent sentence has a model) as a compactness property of one-element theories. In this sense recursive
compactness is a strengthening of completeness.

For example, if A* is the Keisler axiomatization (from [12]) for L(3Z%1), it is consistent that (L(3Z"2), A*)
is complete (this follows from GCH), and it is also consistent that (L(3="2), A*) is incomplete (this follows
from (X1, Ng) - (N2, R1) which is consistent by [16]). However, we know it has provably finite character (see
Proposition 3.19).

The main result of this paper (proved in Corollary 3.24) is the following:

Theorem 3.3 Suppose (kn)n<w is a sequence of uncountable cardinals. There is a canonical axiomatiza-
tion A of L(32%"),,<., such that the logic frame {L(32""), <., F, A) has recursive character.

It is noteworthy that the above theorem is a result in ZFC. The proof is based on formulating a partition theo-
retic equivalent condition for the Xg-compactness (equivalently recursive compactness) of L(3Z5"),, ..

There is a basic reduction of generalized quantifiers of the form 32" to first order logic. This was established
by Fuhrken [6]. A model (M, ..., A, <,...)is called \-like if (A, <) is a A-like linear order (i. e. of cardinality A
with all initial segments of cardinality < )\). Fuhrken established a canonical translation ¢ +—— ¢ of L(3Z%) to
first order logic so that

¢ has a model < T has a x-like model.

Thus the questions of axiomatization and Xy-compactness of L(32") were reduced to questions of axiomatization
and Ng-compactness of first order logic restricted to x-like models.

If kK = AT, the reduction is slightly simpler. Then we can use (k, \)-models, i.e. models (M, ... A,...),
where |[M| = x and |A| = . The study of model theory of (x, A)-models makes, of course, sense also if x 7# AT
even if this more general case does not arise from a reduction of L(32%).

There is an immediate translation of the logic L(32"), . to first order logic on models that have for
each n < w a unary predicate P, and a «,-like linear order <,, on P,. Let us call such models (xy, ), <.w-like
models. Mutatis mutandis, our approach applies also to logics of the form L(32%"),, <.

www.mlq-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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For easier notation we fix (A4,,, <,,) such that the sets A,, are disjoint and for each n the structure (A,,, <)
is a well-order of order type x,. We say that (ao,...,a,) € [U, < Ap]<¥ is increasing if its restriction to
any (A, <m) is increasing in (A, <m).

Definition 3.4 A triple
F={Es:a€ Un<w An), ((An, <n) 11 <w), (hy 11 < w)),

where

(E1) each E, is an equivalence relation on [ J Ap]<“ such that equivalent sets have the same cardinality;

n<w
(E2) if a € A,,, the number of equivalence classes of F, is < k;
(E3) hy, : [Un<w An]<w E— An;

is called a (K, )n<w-pattern.

Let us now try to use the pattern to construct a (£, )n<,-like model. Let us assume that our starting theory T’
has the property that every finite subset has a (£, )n<.-like model. We assume the vocabulary L of T has
cardinality < min{x, : n < w}. Let L* be the Skolem-expansion of L and 7™ the Skolem-closure of T'. Let ¢,
a €, ., An, be new constant symbols. Let <,, be the predicate symbol the interpretation of which we want to
be k,,-like. Consider the axioms

(T1) T™* (Skolem-closure of T');
(T2) cq <n cpfora <, fin Ay;
(T3) P,(cq) fora € Ay

(T4) Pp(t(Cags -+ +€an)) = tCags -5 Can) <m Chy({ao,....an})» Where (ao,...,an) € U, An]<* is in-
creasing and ¢ is a Skolem-term;

(TS) t(Cags---»Can) = t(Cbys -5, ) V (m(t(Cags - -5 Can) <m €a) A (E(Cys -+ -5 Cp,) <m Cq)) for all Sko-
lem-terms ¢ and all increasing (ao, . . . , @n), (bo, . . -, bn) € (U, o, An]<“ suchthat {ao, ..., an}Eq{bo, ..., bn},
whenevera € A,,.

Let X be an arbitrary finite subset of (T1) — (T5). Let 9 be a (ky,)n<w-like model of ¥ N T*. Let D,, be
the set of a € A,,, such that ¢, occurs in X. Let us expand 91 to a model 9V by adding interpretations to all the
constants ¢4, a € |J,,, An, in such a way that they increase in (P2, <) with a € P2 and are cofinal in <}
The model 9" and ¥ induce in a canonical way a (K, )n<-pattern

(1) F = (B a € Upey An) ((An,<a) - < w), (I, - n < w))

as follows: If a € A,,,, then define for increasing {(ao, . .., an), (bo, ..., bn) € [U, o, An]=¥

n<w TN

{ag,...,an}E{bo,...,bn} < M Et(cag,---sCa,) =t(Coys---Cb,)
V (=(t(Cags - - -5 Can) <m Ca) N (t(Cbyy---5Cb,) <m Ca))s
for all Skolem-terms ¢ occurring in 3,

and

h({ao, ... an}) = min{b € Ap, : t(Cags- -+ Cap)™ <m % for all
Skolem-terms ¢ occurring in X.}.

We now stop for a moment to contemplate on the concept of identity. An w-cardinal identity is a triple
(2) I={Es :a€U,cy, Dn), ((Dn,<n) : n<w), (hn 1 n <w)),

where:

(I1) The (D, <.,) are disjoint finite linear orders, D,, = () for all but finitely many m. The cardinality
of |, <., Dn is called the size of J. The smallest [ such that D,,, = () for m > I is called the length of 7.

(12) Each E,, a € D,,, is an equivalence relation on P(D,,) such that equivalent sets have the same cardinality.
(3) T = U<y, Dn] ¢ — Dy, is a partial function.

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mlq-journal.org
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An example of an w-cardinal identity is the restriction

FID = {(EolD : a € DN, ., Dn), ((Dn, <n)[D : n <w), (ha|D : n <w))
of (Kn)n<w-pattern to a finite D. An w-cardinal identity

I=((Es : a €U,cp, Dn), ({Dn,<n) : n<w),(hy : n <w))
is a subidentity of another w-cardinal identity

3 = (B ¢ a €Uy D) (D <a)  m <), (] 2 m < w)),

in symbols J < 7, if there is an order-preserving mapping 7 : D, — U D!, such that

n<w n<w

(S1) 7Dy, : (Dy <mn) — (D}, <h,) is order-preserving;
(82) for {do,...,dn},{dp,...,d,} € [U,cr, Dnl™

if {do, ..., dn}Eu{dl,....d,}, then {mdo, ... 7dy}Exa{nd), ... wd,};

(S3) 7ThnL({dO; ) dn}) Slm h;n({ﬂ-d()a s 77Tdn}) if {d07 RS dn} S [U D ]n

n<w TN
Let J(F) be the set of all subidentities of F[D for finite D. We write (kp)n<w — (J) if J belongs to J(F)
for every (£n )n<w-pattern F. Let J((kn)n<w) be the set of all J such that (K, )n<w — (J), i.e.

I((kn)n<w) = [WI(F) : Fisa(kn)n<w-pattern}.

Definition 3.5 A (ky,)n<.-pattern F is fundamental if I(F) = J((kn)n<w)-

Suppose now that there is a fundamental (k,, ), <., -pattern F. Let us see how we can finish the construction of
a r-like model for T'. We built up a (K, )n < -pattern F from the model ', Since F is fundamental, there is a
finite set D’ such that 7| D < F'[D’. Thus 9 can be expanded to a model of X.

To sum up, we have proved the following result:

Theorem 3.6 If there is a fundamental (K, )n<.-pattern, then first order logic on (Kp)n<w-models is A\-com-
pact for all \ < min{k,, : n < w}. In particular, L(3Z%"),, ., is \-compact for all \ < min{x,, : n < w}.

The question of existence of fundamental (k,, ), <. -patterns is, of course, quite difficult. Let us recall some
earlier results obtained by means of a construction of a fundamental pattern:

Theorem 3.7
1. If Vg is small for k, then L(3=%) is A-compact for all X < k (see [22]).

2. If \ = Xand k > A, then first order logic on (k, \)-models is \-compact. In particular, then L(EIZA+) is
A-compact (see [22]).

3. If 3, () < K, then first order logic on (K, \)-models is A\-compact (see [28]).

4. If cf (k) < X < K, A singular, « singular strong limit, then first order logic on (k, \)-models is recursively
axiomatizable and \-compact (see [23]).

5. If k is singular strong limit, L(32") is \-compact and recursively axiomatizable for each \ < r (see [23];
see [19] for details).

6. If K is w-Mahlo, then L(32%) is A\-compact and recursively axiomatizable for each X < k (see [21]).
If Rg is small for each x,,, then a simple enumeration argument gives a fundamental (x,, ),, <., -pattern.

Corollary 3.8 [22] If Rq is small for each k., then first order logic on (Kn)n<w-like models is A-compact
forall \ < min{k,, : n < w}. In particular, then L(3=""),,<,, is A\-compact for all X < min{x,, : n < w}.

If each k,, is singular strong limit and no x,, is a supremum of some of the others, then there is a funda-
mental (K, )n<o-pattern &, and J((Ky,)n<w) is recursive and independent of the cardinals x,, [23] (see [19] for
details). Thus we have:

Corollary 3.9 [23] If each k,, is singular strong limit and no k,, is a supremum of some of the others,
then L(32%"),, <, is \-compact and recursively axiomatizable for each A < min{k,, : n < w}.

www.mlq-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Example 3.10 L(EIZJWL Jo<n<w iS A-compact and recursively axiomatizable for all A < 3.

Example 3.11 The logic L(EIZJW-")OQLSW fails to be Np-compact for trivial reasons. Still every fragment
containing only finitely many generalized quantifiers is Xg-compact.

If each k,, is w-Mabhlo, then any x-pattern is fundamental.

Corollary 3.12 [21] If each k., is w-Mahlo, then L(325"),, -, is A\-compact and recursively axiomatizable
foreach A < min{k,, : n < w}.

The results of this section could have been proved also for a finite sequence (£, )< Of uncountable cardinals,
with obvious modifications.

3.1 The character of L(32%"), <.,

Our goal in this section is to give the axioms A of L(32%"),,,, and prove that (L(32""),,<,,, .A) has recursive
character. Since L(Hz"")n@J is the union of its fragments L(Hz"")n<m, where n < w, we first introduce an
axiomatization of L(32%"),, -,,, and discuss its completeness.

3.1.1 Logic with finitely many quantifiers

Keisler gave a simple and elegant complete axiomatization for L(321) based on a formalization of the principle
that if an uncountable set is divided into non-empty parts, then either there are uncountably many parts or one
part is uncountable. If k = k<", this works also for L(32“+), but it certainly does not work for L(32"%) if & is
singular. Keisler gave a different axiomatization for L(32*) when & is a singular strong limit cardinal. We give a
general axiomatization A, for L(32""),, ..., whatever (K, )n<m is, plus a criterion when this is complete. The
question whether A,,, is a recursive axiomatization remains open. In certain cases we can assert its recursiveness.
We use this axiomatization to prove the finite character of the logic frame (L(HZK’" Vn<m, Am)-

In fact, we do not give the axioms of A,, explicitly but only give a criterion for their choice. Because of
the nature of this criterion the set of Godel numbers of the axioms is recursively enumerable. The method
of “straightening Henkin-formulas” introduced by Barwise [2], could be used to turn our criterion into an explicit,
albeit probably very complicated, set of axioms.

We defined above what it means for a (k,),<m-like model to induce a (ky,)n<m-pattern. If we have a
model that is not necessarily (K, )n<m-like, it may fail to induce a (k;, )n<w-pattern but it still induces some
w-cardinal identities. The concept of inducing an identity is defined as follows: The model 971 of a vocabu-
lary L* U {cq : a € |J, ey An}, L containing unary predicates P,, n € N, and the finite set 3 of first order sen-
tences in the vocabulary of 9 induce the w-cardinal identity

I={Es : a€Uucp Dn), ((Dn,<n) : n<w), (hyn : n <w))

defined as follows: Let D,, be the set of a € A,, for which ¢, occurs in 3. If @ € D,,, then define for increa-
sing (ao, - . ., an), (bo, .-, bn) € [Upcp Dn]=

{ag,...,an}El{bo,...,bp} < MM Et(cay,---sCa,) =t(Cbys---+Cb,)
V (=(t(Cags - - -5 Can) <m Ca) N (t(Coyy---5Cb,) <m Ca))s
for all Skolem-terms ¢ occurring in 3,

and

h,({ao, ... an}) = min{b € Dy, : t(Capy---»Ca,)™ <m & forall
Skolem-terms ¢ occurring in ¥} (or undefined).

This concept is the heart of our axiom system .A,,,. Suppose ¢ is a sentence in L(32%"),, ,,,. Fuhrken introduced
a reduction method by means of which there is a first order sentence ™ in a larger vocabulary such that ¢ has a
model if and only if p has a (k5 )n<m-like model.

Definition 3.13 A sentence ¢ of L(32%),,,, in the vocabulary L is said to be A,,-consistent, if for
all 7 € J((Kn)n<m) and all finite = C {(p+ }* there is a model 9 of ¥ such that 9t and ¥ induce J. The set A,
of axioms of L(32""),, ., consists of all sentences ¢ of L(3Z""),, -, for which —¢ is not .A,,-consistent.
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The definition of the axioms .4,,, may seem trivial as we seem to take all “valid” sentences as axioms. However,
whether all “valid” sentences are actually axioms depends on whether we can prove the completeness of our
axioms. Also, while there is no obvious reason why the set of valid sentences should be recursively enumerable
in J((Kn)n<w), the set A, of axioms certainly is.

Lemma 3.14 Suppose ¢ is a sentence of L(32%"),, < and o has a model. Then ¢ is A,,-consistent.

Proof. Suppose J € J((kn)n<m) and X C {¢T}* is finite. Suppose M is a (kp)n<o-like model of X.
Then 2t and ¥ induce a (kp)n<,-pattern F. Since J € J((ky)n<w), there is a finite D such that I < F[D.
Thus 9 and ¥ induce J. O

Lemma 3.15 [fthere is a fundamental (K, )y <m-pattern, then every A,,-consistent sentence of L(325" ), <
has a model.

Proof. Suppose ¢ is an A,,-consistent sentence of L(32""),, -,,,. Let F be a fundamental (x,, ),, <, -pattern.
LetT = {¢+}, It suffices to show that the theory (T1) — (T5) constructed from F and 7T is finitely consistent.
Let ¥ be a finite part of (T1) — (T5) and let D be the set of a € | J,, ., An for which ¢, occurs in Y. Note, that if
weletd = F[D, thenTJ € J((kp)n<m). By assumption, ¥ N7T™* has a model 2t such that 9t and ¥ induce F [ D.
Thus 91 can be expanded to a model of 3. O

Proposition 3.16 If every A,,-consistent sentence of L(32"" ), <., has a model, then there is a fundamen-
tal (Kn)n<m-pattern.

Proof. LetJ be an arbitrary w-cardinal identity, as in (2). Let the size of J be k and length of J be /. Let

Uit Di = {dr,.. . di},

and let §denote a sequence (s; : 4 < [) of natural numbers < k. We will say that {ag,...,a;} € {d1,...,dg}is
of type § if the intersection of {ao,...,a;} with D; has size s; for each ¢ <[. Consider the following sen-
tences of L(32%"),,«,, in a vocabulary consisting of a unary predicate P;, a binary predicate <; and function
symbols F¥ and H for each i < m and n < k. Let o5 be the conjunction of:

1. {P,, <,,) is a ky-like linear order for n < m.

2. F¥ is a function mapping sets {ao, . .., a;} of type 5to P; forn < kand i < m.
3. The range of F is bounded in P;.

4. HY is a function mapping sets {ao, . .., a;} of type 5to P; forn < k and i < m.
5. There are no xg, . . ., ; of type § which would satisfy

@ Ff(2rg,- - 2p,) = Ff (@, oo 2 WAE (Trgs oo 2r,) >0 daAFf (2, .., 200 ) >5 d) whenever
<d7,0, . 7drn>7 <dr67 Ce ,dT;L> S [ U Dn]<w
n<w

are increasing of type 8, {d,, . . ., d,,n}Ea{d,,é7 ..., dp },and a € D;, and
®) Th({dyg .oy, }) Si H!(2ypg, ..., 2y, ) whenever h({dy,,...,dr, }) € D;.

Any model 90 of o5 and any choice of a cofinal suborder (A, <,,) of (P, <,)™ of type ,, (for n < w) gives
rise to a (Kn )n<m-pattern F’ as in (1), where for a € A}

{ao, . CLn}E(Il{bo, A ;bn} & if (Fi”)m(ao, . CLn) <; a or (Fln)('m(bo, . bn) <; a,
then (F2)™ (ao, ... a) = (F2) (b . ., by,

and
h;({ao, ceey an}) = (H'Ln)im(aoa R an)'

We have written into the sentence o5 the condition that J is not in J(F”). On the other hand, if 7 ¢ J((Kn)n<m,)s
it is easy to construct a model of o5. Moreover, if Jo, ..., T, & J((Kn)n<m ), it is not hard to construct a model
of o3, AN+~ Nog,, .
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Let J,, n < w, be alist of all J ¢ J((kn)n<m ). Without loss of generality, this list is recursive in A,,. Sup-
pose the set of valid L(Hz"‘n )n<m-sentences is recursively enumerable in .A,,,. Now we use an argument (due to
Per Lindstrom [14]) from abstract model theory. Let A be a set of natural numbers which is co-recursively enu-
merable in A,,, but not recursively enumerable in A,,. Say,

ne€ A VEk((n k)€ B),

where B is recursive in A,,. Let P be a new unary predicate symbol and 6,, the first order sentence saying that P
has exactly n elements. Let T be the theory

{0, — o3, : (Vk <i)((n,k) € B)},

and let C = {n : T F —0,}. We show that C C A. Suppose that T F —0,. If n ¢ A, then there is k such
that (n, k) ¢ B. Let 9 be a model of {03, : i <k} U{0,,}. If 6, — 05, €T, theni < k, whence M F o5,.
So 9t = T, a contradiction. Since C is recursively enumerable in A, thereis n € A\ C. Thus thereis M F T
such that 9t E 6,,. Since Vk ((n, k) € B), the sentence 6, — o3, is in T, and thereby true in 9 for every 1.
Since M E 6,,, M E o5, for all i. Let F be the (K, )n<m-pattern that 27 gives rise to. F is necessarily a funda-
mental (£y, )n<m-pattern. O

Summing up:

Theorem 3.17 Suppose (kn,)n<m is a sequence of uncountable cardinals. The following conditions are equiv-
alent:

1. A, is a complete axiomatization of L(3Z"" ), <.

2. (L(3Z"") <, Am) is recursively compact.

3. L(F2"") em is A-compact for all X < min{ko, ..., Km_1}.

4. There is a fundamental (K, )p<m-pattern.

Corollary 3.18 (L(32%"),,<m, Anm) has finite character.

We do not know if A, is recursive, except in such special cases as in Corollaries 3.9 and 3.12.

Recall the definition of J(xT, k) in [26] and [19].

Proposition 3.19

1. Suppose that J(k™, k) is recursive, and that either A* is recursive or there exists a universe V' DV in
which <L(32"€+ ), A*) is recursively compact, then <L(EIZ"€+ ), A*) has finite character.

2. Suppose that (L(3ZX1), A*) is coherent (i. e. if a sentence has a model, then it is consistent with A*).
Then (L(E|2“+), A*) has finite character.

Proof.

1. Suppose <L(EIZ"€+ ), A*) is complete. Let ® € L(EIZ"‘+) say in the language of set theory that o5 holds for
all J ¢ J(k). Since J(kT, k) is recursive, this can be written in L(EIZ"“+). We show that & is consistent with the
axioms A*: If A* is recursive, (L(32*" ), A*) is recursively compact and there is a fundamental (™, «)-pattern,
whence @ is consistent with A*. On the other hand, if there is a universe V' in which <L(EIZ"+), A*) is recur-
sively compact, then in V' there is a fundamental (xT, x)-pattern, and hence in V' the sentence ® is consistent
with A*. Thus @ is consistent with A* also in V. By completeness ® has a model. Thus there is a fundamental
(k7, k)-pattern and <L(EIZ"“+), A*) is Rp-compact.

2. Completeness implies (X1, Rg) — (kT, k). We know that J(Nq,Rg) is recursive (see [25]). J(kT, k) is
also recursive, since (N1, Ng) — (kT k) implies J(N1,Rg) = T(xT, k). Now we use part 1. O

Corollary 3.20 The logic frame <L(32"“+), A*), where A* is the Keisler axiomatization for L(3Z*1) and x
is an arbitrary cardinal, has finite character.

3.1.2 Logic with infinitely many quantifiers

The axioms A are simply all the axioms A,,, m < w, put together.
Proposition 3.21 If (L(32""), ., A) is recursively compact, then there is a fundamental (k., ) <.,-pattern.
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Proof. LetJ,,n < w,bealistof all J ¢ J((kn)n<w). Without loss of generality, this list is recursive in .A.
Note that if 7 ¢ J((kn)n<w), then there is m such that 3 ¢ J((kn)n<m), SO We can use the sentences o7, .
Let T be the set of all 05, n < w. This theory is recursive in A and it is finitely consistent. Hence it has a model.
The (K, )n<w-pattern the model 2T gives rise to is clearly fundamental. o

Theorem 3.22 Suppose (kn )n<w is a sequence of uncountable cardinals. The following conditions are equiv-
alent:

1. A is a complete axiomatization of L(3Z5"),, <.
2. For every m < w there is a fundamental (Ky, )p<m-pattern.

Theorem 3.23 Suppose (K )n<w is a sequence of uncountable cardinals. The following conditions are equiv-
alent:

1. (L(32%")<w, A) is recursively compact.

2. L(3257) ey is A-compact for all A < min{k,, : n < w}.
3. There is a fundamental (K, )< -pattern.

Corollary 3.24 (L(3=2""), ., A) has recursive character.

Example 3.25 If x,, = 3., for 0 < n <w, then (L(32""),, <, .A) is complete but not Rg-compact and
thereby does not have finite character.

Above we investigated <-like models and related them to logic frames arising from generalized quantifiers.
Similar results can be proved for models with predicates of given cardinality and also for models with a linear
order in which given predicates have given cofinalities, but these results do not have natural formulations in terms
of generalized quantifiers.

4 A logic which does not have recursive character

We show that there is a logic frame L* which is recursively compact but not Ry-compact. We make use of the
quantifier QS from [24]. To recall the definition of Q5 we adopt the following notation:

Definition 4.1 Let 2l = (A, R) be an arbitrary R -like linearly ordered structure. We use H (2() to denote the
set of all initial segments of 2. A filtration of U is a subset X of H (%) such that A = J;. y I and X is closed
under unions of increasing sequences. Let D (2() be the filter on H () generated by all filtrations of 2.

Definition 4.2 The generalized quantifier Q5 is defined by 2 F QStzy (z,y, @) if and only if (A, R,),
where R, = {(b,c) : AF ¢(b,c¢,ad)}, is an Ry -like linearly ordered structure such that
{I € H(A) : I doesnothaveasupin R,} ¢ D().

The generalized quantifier QCUP, definable in terms of @5t and 3™, is defined by A £ QC"Pxy p(x,y, @) if
and only if (A4, R,,), where R, = {(b,c) : AF ¢(b,c,d)}, is an X;-like linearly ordered structure such that

{I € H(2) : I doesnothave asupin R,} € D().
It follows from [24] and [3] that L., (Q) equipped with some natural axioms and rules is a complete Ro-com-
pact logic frame.
Definition 4.3 If S C w;, then the generalized quantifier Q%' is defined by 2 F Q%'xy ¢(x,y, @) if and only
if R, is an N;-like linear order of A with a filtration {I,, : & < w;} such that
(Vo <wi)(Io hasasupin R, < a € S).
The syntax of the logic L5t is defined as follows: L5* extends first order logic by the quantifiers 3281, Q5 and
the infinite number of new formal quantifiers Q§}n (we leave X,, unspecified).
If we fix a sequence (Sp, S1, . ..) and let Q%}n be interpreted as Q%‘;, we get a definition of semantics of LSt

We call this semantics the (Sy, S, . . .)-interpretation of L>*. Thus L* has a fixed syntax and fixed axioms, given
below, but many different semantics, depending on our interpretation of (X, X1, ...) by various (Sp, S1,...).

Definition 4.4 We call a finite sequence o = (S, S1, ..., S,) (or an infinite sequence (Sy, S1, . . .)) of subsets
of wy stationary independent, if all finite Boolean combinations of the sets .S; are stationary.

If pisaformulaand d € 2, let (gp)d be ¢, if d = 0, and —p, if d = 1. If S C wy, then (S)d is defined similarly.

www.mlq-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



Sh:790

162 S. Shelah and J. Védndnen: Recursive logic frames

Definition 4.5 The axioms of A are:

(Ax1) The usual axioms and rules of L(Q1).

(Ax2) QSzy ¢(x,y,7) — “R, is an N;-like linear order”.

(Ax3) Q% zy p(z,y,7) — Q% ayp(x,y,2).

(Ax4) Independence Axiom Schema: Any non-trivial Boolean combination of the set S, interpreting the X, is
stationary, i.e. ® — W, where @ is the conjunction of the formulas

(a) “R, is an Ny-like linear order”;
(b) Q%&Jﬁy (QO(J), Y, 2) A _‘01'(]), Z) A _‘ei(y7 2))’ i = 07 ceey Z;
and U is the conjunction of the formulas Q%tzy (¢(z,y, Z) A N\, (0(y, 2))"@), forall n : | — 2.

(Ax4) Pressing Down Axiom Schema:

(@ ay p(z,y, @) AVa3Iz (p(z,@,@) Np(z, 2,7))]
— 2 Q%y (p(a,y, @) Nz, 2, @) Ap(y, 2,10)).

The axioms of LS! , are the above added with the usual axioms and rules of L,

Definition 4.6 Suppose (Sy, S1, . ..) is stationary independent. We define a new recursive logic frame
L5%(So, S,...) = (L5%(Sy, S1,...),E, A),

where A is as in Definition 4.5. Let LSt

wiw
countable conjunctions and disjunctions.

(S0, 51, . . .) be the extension of L5¢(Sy, S1,. . .) obtained by allowing

The standard proof (see e. g. [3]) shows:
Lemma 4.7

1. The logic frames L5'(So,Sh,...) and LS',
dent <S(), S1,. . >

2. ¢ € L3Sy, S1,...) has a model in an (Sy,S,...)-interpretation for some stationary indepen-
dent (Sp,5S1,...) if and only if ¢ has a model in an (Sy, S1,...)-interpretation for all stationary indepen-
dent <S()7 S, .. >

An immediate consequence of Lemma 4.7 is that the set Val(L5") of sentences of L5t which are valid under
(S0, S1, .. .)-interpretation for some (equivalently, all) stationary independent (Sy, S1,...) is recursively enu-
merable, provably in ZFC, and the predicate “y has a model”, where ¢ € Lffw, is a Z%Fc-deﬁnable property
of .

By making different choices for the stationary independent (Sy, Si,...), we can get logics with different
properties. Clearly there is a trivial choice of (Sp, Sy, . ..) for which L5 fails to have Xg-compactness. On the
other hand, CH fails if and only if there is a choice of (Sp, S1, . ..) which will make LSt Ng-compact. We make
now a choice of (Sp, Si, .. .) which will render L5¢(Sp, S1, .. .) recursively compact but not Xg-compact.

Let us fix a countable vocabulary 7 which contains infinitely many symbols of all arities. Let T},, n < w, list
all A-consistent recursive L5'-theories in the vocabulary 7. Let 7" be a new disjoint copy of 7 for each n < w.
Let 7* consist of the union of all the 7,,, the new binary predicate symbol <*, and new unary predicate symbols P,
forn < w.Foranyn : w — 2lety, € Lffw be the conjunction of the following sentences of the vocabulary 7*:

(a) T, translated into the vocabulary 7.

(S0,51,...) are complete for all stationary indepen-

(b) “<* is an N;-like linear order of the universe”.
(©) Qg(tnxy (z <"y A Pp(x) A Pa(y)).
(@) =3z (A, (Pa(2))"™).
Lemma 4.8 There is 0 : w — 2 such that 1, has a model.

Proof. Let I consist of the sentences (a) — (¢c). By Lemma 4.7, I" has a model 9t of cardinality 8; in the
(S0, S1, . ..)-interpretation for some stationary independent (Sy, S1, . ..). Get a new 1 : w — 2 by Cohen-for-
cing. Then in the extension V'[1]

(87 = 0.
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Thus V'[n] satisfies the X1 -sentence

3) 3n (¢, has a model).

By the Levy-Shoenfield Absoluteness Lemma and Proposition 4.7 there is 7 in V' such that (3) holdsin V. O
Now let (S5, ST, ...) be stationary independent such that 1, has a model 9t* in the (S§, ST, .. .)-interpre-

tation.
Theorem 4.9 The recursive logic frame LS4(Sg, S5, . ..) is recursively compact but not Ro-compact.
Proof. Suppose T is a consistent recursive theory in L%, W.1.0.g. T = T, for some m < w. Thus M* | 77

gives immediately a model of T". To prove that L5 is not Rg-compact, let 7" be a theory consisting of the following
sentences:

(i) “<* is an N;-like linear order”.
(i) Q& ay (x <* y A Po(2) A Pu(y)) forn < w.
(iii) Q%*xy (z <* y A P(x) A P(y)).
(iv) Vz (P(z) — (P, (z))"™) forn < w.
Any finite subtheory of 7" contains only predicates Fy, ..., P, for some m, and has therefore a model: we
let P, = S; fori =0,...,m and
P = (po)n(o) N---N (Pm)n(m).

On the other hand, suppose (A, <*, P, Py, Py, ...) E T. By (ii) there are filtrations (D? : a < w;) of <* and
clubs E™ such that for all n and for all « € E™

{a@ <w; : D" hasasupin (A, <*)} = S*.
By (iii) there is a filtration (F,, : a < wy) of <* such that
B={o<w; : Fyhasasupin P}

is stationary. Let E* C (), E, be aclub such that C, = DI = F, fora € E* andn < w. Let§ € E*N B
and a = sup Fs. Thena € P,hencea € ﬂn(Pn)"(”) by (iv). As a = sup Dj forall n, we have a € ﬂn(S;*l)"(”),
contrary to the choice of . We have proved that theory 7" has no models. o

Thus L54(Sg, S5, ...) does not have finite character. We end with an example of a logic which, without
being provably complete, has anyhow finite character: Recall that &g for § C wy is the statement that there are
sets Ay C «, a € S, such that for any X C wy, theset {ae € S : X N = A, } is stationary.

Definition 4.10 Let £ be the extension of L,,, by 323, Q¢ and Qgt, where

() if there is no bistationary S with Cg,
S = { w; if there is a bistationary S with g but no maximal one,
S if S'is a maximal bistationary S with <g.

We get a recursive logic frame L® = (L, A) by adapting the set A to the case of just one bistationary set.
Theorem 4.11 L has finite character.

Proof. Let us first suppose there is no bistationary S with 5. Then the consistent sentence
“< is an R -like linear order” A Q%'zy (z < y) A Q% (z < y)

has no model, so £ is incomplete. Suppose then there is a bistationary S with ¢ ¢ but no maximal one. Then the
consistent sentence

“<is an R -like linear order” A Q5zy (x < y A P(x)) A Q34 (x < y A=P(z))

has no model, so £ is again incomplete. Finally, suppose there is a maximal bistationary S with ¢g. Now L is
Ng-compact by an analog of Lemma 4.7. O
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Our results obviously do not aim to be optimal. We merely want to indicate that the concept of a logic frame of-
fers a way out of the plethora of independence results about generalized quantifiers. The logic L, (3Z8"+1),, -,
is a good example. The results about its Ny-compactness under GCH and Ny-incompactness in other models
of set theory leave us perplexed about the nature of the logic. Having recursive character reveals something
conclusive and positive, and raises the question, do other problematic logics also have recursive character. Our
logic L5 is the other extreme: it is always completely axiomatizable, but a judicious choice of (Sp, Si,...)
renders it recursively compact without being Xg-compact.

Open Question 4.12 Does the Magidor-Malitz logic L(QY™) have recursive character?

L(QY¥™M) is Rg-compact whenever < holds (see [15]). But L(Q}™) may fail to be Xg-compact (see [1]). The
question is whether L(Q}M) is Rg-compact in every model in which it is recursively compact.
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