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COMMUNICATIONS IN ALGEBRA, 21(1), 343-353 (1993) 

ON COHERENT SYSTEMS OF PROJECTIONS 
FOR HI-SEPARABLE GROUPS 

Paul C. Eklof 

University of California, Irvine 
Irvine, CA, 92717, USA 

Alan H. Mekler 

Simon Fraser University 
Burnaby, B.C. V5A 1S6, Canada 

Saharon Shelah 

Hebrew University 
Jerusalem, Israel 

Abstract. It is proved consistent with either CH or TCH that there is an N1- 

separable group of cardinality N1 which does not have a coherent system of pro- 
jections. It had previously been shown that it is consistent with -CH that every 
N1-separable group of cardinality N 1  does have a coherent system of projections. 

1 Introduction 

An abelian group A is called HI-separable if every countable subset of A is 
contained in a countable free direct summand of A. An HI-separable group 
which is not free was first constructed by Griffith [3], extending a construction 
by Hill [4] for torsion groups. Such groups have been extensively studied, 
for example, in [6], (11, [7] and (21. To show that a group A is HI-separable 
it suffices to produce an unbounded set of projections onto countable free 
subgroups, that is, a family { T ; :  i E I )  of functions T; :  A + Hi such that 
T ;  o T ;  = ~ i ,  Hi = rge(.rri) is a countable free group, and such that for every 
countable subset X of A, there is i E X with X S Hi. (In fact, the existence 
of such a family is obviously equivalent to saying that A is N1-separable.) 

Copyright O 1992 by Marcel Dekker, Inc. 

D
ow

nl
oa

de
d 

by
 [

M
ic

hi
ga

n 
St

at
e 

U
ni

ve
rs

ity
] 

at
 0

9:
52

 1
2 

Ja
nu

ar
y 

20
15

 
Sh:426



344 EKLOF, MEKLER, AND SHELAH 

In most cases, the construction of an Nl-separable group A yields a group 
with a stronger property: it has a coherent unbounded sys tem of projections, 
i.e., a family {T,: i E I) as above with the additional property that if H, C_ H,, 
then T, o T, = T,. In fact, one cannot prove in ZFC that an N1-separable 
group of cardinality Ni  fails to have this stronger property, because Mekler 
[7] has shown that PFA + 7CH implies that every N1-separable group of 
cardinality N1 has this property (and more: it is in standard form). 

It has also been shown that the question of whether an N1-separable 
group has a coherent system of projections (in an apparently stronger sense 
- '.with respect to a filtration" - to be defined below), is relevant to  the 
study of dua! groups. Specifica!!g, every Hi-sepzr~b!e gr011p, A, of cardina!ity 
H1 which has a coherent system of projections with respect to a filtration and 
is such that r (A)  # 1 is a dual group. (See 12, XIV.3.11. It is an open question 
whether it is provable in ZFC that every HI-separable group of cardinality 
N1 is a dual group.) 

Thus it is a natural question to ask whether or not it is provable in 
ZFC that every N1-separable group (of cardinality N1) has a coherent system 
of projections. This is posed as an open question in [2]. Here we answer 
that question in the negative by showing that it is consistent both with CH 
and with 7CH that there is an N1-separable group of cardinality N1 with 
no coherent unbounded system of projections. Moreover, such a group can 
be constructed to  have any desired Gamma invariant (other than 0) and to 
be filtration-equivalent to a N1-separable group which does hwe  a coherent 
system of projections. 

2 Preliminaries 

We will generally adhere to the terminology and notation of [2], -411 groups 
referred to will be of cardinality at most N1. A filtration of an N1-separable 
group A is a continuous chain {A,: v < wl) of subgroups of A such that 
A. = 0, A = U,<,l A,, and for all v < wl, AUtl is a countable free direct 
summand of A. A homomorphism T: A -+ A is a projection if r2 = T; in that 
case, the image, H, of ir is a direct summand of A. 

Given an &-separable group , ~d a filtration {A,: v E wl) of A, let 

E%~{V E lirn(wl): A,+l/A, is not free). 

Define r (A)  = E, the equivalence class of E modulo the closed unbounded 
filter on P(w1) (cf. [2, 11.4.4 and IV.1.61). 

A coherent system of projections with respect to  the filtration (A,: v E wl) 
of A is a family of projections {T,: A -+ A,: v 4 E )  such that for all v < T 

in wl \ E, T, o .ir, = T,. 
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COHERENT SYSTEMS OF PROJECTIONS 345 

Clearly, {T,: A -+ A,: v f E) is a coherent unbounded syste~ of pro- 
jections, as defined in the Introduction. We do not know if, convrrsely, any 
N1-separable group which has a coherent unbounded system of projections 
also has a coherent system of projections with respect to a filtration. 

We say that an N1-separable group A has quotaent type  H if A has a 
filtration {A,: v E wl) such that AWt1/Au 2 H for all v such that A,+I/A, 
is not free. (See [2, p. 2311.) 

Let succ(wl) (respectively, lim(w1)) denote the set of all successor (resp., 
limit) ordinals in w l .  

3 Construction of a counterexample using 0 
For a prime p, Q ( P )  denotes the subgroup of Q consisting of rationals whose 
denominators are a power of p. 

THEOREM 1 A s s u m e  O,,(S), where S is a s ta t ionary  s e t  of l im i t  ordinals 
< wl. Let  p be a pr ime.  T h e n  there exists  a n  HI-separable group A of 
c a r d h d i t y  N1 such t ha t  r ( A )  = 3, A i s  of  guot ient  t ype  $(PI, and  A has  no 
coherent unbounded s y s t e m  of projections. 

PROOF. Let D be the $-vector space with basis {x,,,: n E w, v < wl) U 
{ys: 5 E S}. Let D, be the subspace of D generated by {xu,,: n E w, v < 
a )  U { ys: 6 E Sncu). We shall define inductively subgroups A, of D, such that 
for all p > a ,  ApnD, = A,. At the same time, we will define homomorphisms 
t,,: A, -+ A, for all successor ordinals u < CY. Our inductive construction 
will satisfy: 

(1) for all successor ordinals v and all y > cu > v, A, is free 
and t,, 1.4, is the identity (ie. ,  t,, is a projection onto A,) and 
t y w  lAa = tau; 

(2) if cu S ,  then A,+l/A, is free and if a E S, then A,+l/A, 2 
Q ( P ) .  

When the construction is completed we will define A = U,<,,A, and 

for each successor ordind v < wl. We will carry out the construction so that 
the following properties will hold: 

(I) for every projection n: A -4 H onto a countable subgroup H 
of A, there is a finite set W7 C succ(w1) such that for all a E A, 
if t,(a) = 0 for all v E W,, then n(a) = 0. 

D
ow

nl
oa

de
d 

by
 [

M
ic

hi
ga

n 
St

at
e 

U
ni

ve
rs

ity
] 

at
 0

9:
52

 1
2 

Ja
nu

ar
y 

20
15

 
Sh:426



346 EKLOF, MEKLER, AND SHELAH 

(11) whenever Wo and Wl are finite subsets of succ(wl) and p = 
sup(Wo 0 Wl), there exists 6 > ,f? and Y6,0, y6,l E such that 
0 # PV6,i - Y ~ , O  E Ao+I, and t,(ys,e) = 0 for all v E We ( l  = 0, 1). 

Suppose for a moment that we can carry out the construction. Then A is 
N1-separable since {t,: v E succ(wl)) is an unbounded system of projections. 
Also, (2) implies that r (A) = 3 and A has quotient type Q ! P ) .  j 

We claim that there is no coherent unbounded system of projections. i- 

Suppose, to the contrary that IT,: i E I )  is a coherent unbounded system 
of projections where rge(s,) = Hi. Then by (I), for each ~i there is a fmite 
set W, such that for all a E A, if t,(a) = 0 for all v E W;, then .rri(a) = 0. 
Now apply the A-system Lemma [5, p. 2251: there is a finite set A C wl and 
an uncountable subset Z of I such that for all i # i' in 2, W; n Wi, = A. 
Let ,f? = sup(A). Choose io, il E Z such that Ao+, 2 H,, and Hi, 2 Hi,. 
Let 6 and y6,o and Y6,l be as in (11) for Wi, and W;, . Then by (I) and (11) 
we have ~;,(ys,e) = 0 for l = 0 , l .  By coherence we then have ni,(y6,1) = 
=io(~il(ys,l))  = 0, SO ~ j ~ ( ~ y 6 , l  - ysp) = 0, which is a contradiction because 
~ y 6 , ~  - Y6,o is non-zero and belongs to Ao+l Hi,. 

So it remains to do the construction. First let us write S as the disjoint 
union 

S = So I1 S1 

of (stationary) sets such that O,,(S;) holds for i = 0, 1. Also, choose a 
surjection 11, from So onto the set of all pairs (Wo, Wl) of fmite subsets of 
succ(wl) such that for each 6 E So, if $(6) = (Wo, Wl), then S > sup(W0 n 
Wl) + w. 

Suppose now that we have constructed A, and t,, for all cu < y. There 
are four cases to consider. 

In the first case, y is a limit ordinal. In this case, we let A, = U,<,A, 
and t,, = U,<,<,t,, for all successor ordinals v < y. Clearly (1) and (2) are 
satisfied. So now we can assume that y = S + 1 for some 6. 

In the second case, 6 4 S. In this case we let A, = As$@,,, Zxs,, and for 
each successor v < 6 we define t,, to be an extension of ts,: A6 --t A, (where 
ts6 is the identity map if 6 $! succ(wl)) such that the t,, (v E succ(w,) n y)  
satisfy: 

(3) t , , ( ~ ~ , ~ )  = 0 and for every finite subset F of succ(w1) n y and 
function 8: F -+ As, there exists k 2 1 such that t,,(x~,k) = O(v) 
for all v E F ,  and t7v(x6,k) = O for v 4 F. 

Since the number of pairs (F, 0) is countable, this is easy to arrange. 
In the third case, 6 E So. Here we will do the construction to iiisure 

that (11) holds. Let $(S) = (Wo, Wl) and let ,f? = sup(Wo n Wl). Choose a 
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COHERENT SYSTEMS OF PROJECTIONS 4 7 

ladder 7  on 6 such that 77(0j = P and ~ ( n )  is a successor ordinal greater than 
sup(Wo U iVl) for all n 2 1. By (3) there exists kl such that 

for all v E Wo \ Wl and 
t6v(xq(l),kl) = 0 

for all other successor v _< ~ ( 1 )  (hence for all v E Wl). 
Now let a0 = px,(~),~, al = xq(l),kl and aj = x,(j),o for j > 2. Let 

(so y6,0 = y6). Let Astl = A, be the subgroup of Dstl generated by 

For all successor v < S let 

for all n E w. This is easily seen to be a finite sum, by our choice of the aj, 
and the projections are well-defined. Moreover, for v E Wl \ Wo, 

and try(y6,n) = 0 for n # 1. For v E Wo n WW,, since v I ,8 = q(O), 
t,u(x,(,),o) = 0 by definition; hence t,,(y6,,) = 0 for all n. Note also that 

Hence, (11) is satisfied. 
In the fourth and last case, S E S1. Then O(S1) gives us a prediction 

of a function ~ g :  As + As. If .irg is not a projection, or if there is a finite 
subset W of succ(wl) n 6 such that for all a E Ag, t6,(a) = 0 for all v E W 
implies n6(a) = 0, then define A, and t,, in any way that satisfies (1) and 
(2). Otherwise, we want to define A, so that, in addition, .ir6 does not extend 
to 4. Now .ir6 is a projection: As + H (for some countable H = rge(n6)) 
and if we write succ(wl) n S as the increasing union, UnEwWn, of finite sets, 
then for each n E w there exists a, E As such that 7r6(a,) # 0 but th,(a,) = 0 
for all v E Wn. By the Lemma following, there is a choice of c, E Z such 
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348 EKLOF, MEKLER, AND SHELAH 

that the sequence (Cj",op3~j7is(aj):  n E w )  does not have a limit in H (in the 
pad ic  topology). Define 

and let As+, = A, be the subgroup of D6+] generated by A6 U ( ~ 6 , ~ :  n E w ) .  

Define 
tyv(~6,n) = -xj>nPf-nt6v(a~) 

which is well defined since almost all the t6,(a,) are 0. Then w6 does not 
extend to  a homomorphism h: A, --+ H since if it did, h(y6) would be a limit 

C ,"., 
01 \~;,p'c,.rr6(a,): n E w j .  

This completes the inductive construction. It remains to  check that (I) 
holds. Given any projection T :  A --t H, by the diamond property, there is 
a stationary subset S' of Sl such that for S E S', w /A6 = ~ 6 .  Hence, since 
T6 does extend to A6+1, there is a finite subset 14'6 of succ(wl) 17 5 such that  
for all a E As, t6,(a) = 0 for all v E Wg implies w(a) = 0. Then by Fodor's 
Lemma (cf. [2, 11.4.111) and a coding argument, there is a finite set W, such 
that  for a stationary subset S" of Sf, 6 E S" implies Ws = W,. Since S" is 
unbounded in wl, we are done. 0 

LEMMA 2 Let H be a countable free group and H its closure in the p-adic 
topology. If (b,: n E w )  is a sequence of non-zero elements of H, then 

is a subset of H of cardinality 2 N ~ .  

PROOF. By induction choose a n  increasing sequence (m,), so that  pmnt" 
does not divide any element of {pmk+kbk: k < n) .  For any ( E w2 let 
ctn = E(n)pmn. It remains to  check that  if to # f l  then Cr=opk~eokbk  # 
CEOpkcE,k bk. Let n be minimal so that to(n) # t l (n) ,  then 

k However, pmn+l+n+l divides Cr=n+l p ctokbk - pk~Elkbk .  0 

COROLLARY 3 I t  is consistent with ZFC that there are filtration-equivalent 
N1-separable groups A and B such that B has a coherent system of projections 
with respect to a jiltration but A does not have a coherent unbounded system 
of projections. 
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COHERENT SYSTEMS OF PROJECTIONS ~ 4 9  

PROOF. Let A be as constructed in the Theorem. Associated x ith each 
6 E S there is a ladder 76 on 6 such that pn+' divides ys,o mod A, ii and only 
if Y >_ q 6 ( n ) .  If we construct B as in [2, VIII.1.11 (with p6 = p for all 6 E S), 
then by [2, VII.1.10] 3 has a coherent system of projections with respect to 
a filtration and by [ I ,  Thm. 1.41, A and B are filtration-equivalent. 

The following should be compared with [2, XIV.3.11. (See also the intro- 
ductory remarks concerning dual groups.) 

COROLLARY 4 I t  is consistent wi th  ZFC that there is a n  Nl-separable group 
A such that  r ( A )  # 1 and A does no t  have a coherent sys tem of complernen- 
tary  s u m m a n d s .  

4 Counterexamples where CH fails 

Theorem 1 requires O(S) which implies CH. We know that it is consistent 
with -CH that every N1-separable group of cardinality N1 has a coherent 
unbounded system of projections (cf. [7]). So the question naturally arises 
whether it is consistent with -CH that there is an HI-separable group of 
cardinality N1 which does not have a coherent unbounded system of projec- 
tions. Here we shall prove that the answer to the question is "yes". In fact 
the forcing used is just the simplest possible, namely F ~ ( K ,  2, w), the forcing 
for adding K Cohen reals, where K >_ H a l  to make CK fail. (??nj~,2,wj is 
the poset consisting of all partial functions from K to 2 whose domains have 
cardinality less than w.) 

THEOREM 5 I t  i s  consis tent  with 7 CH that for every stationary subset S of 
lirn(wl) there is  a n  N1-separable group A of cardinality N1 with r ( A )  = 3 
which does n o t  have a coherent unbounded sys tem of projections. 

PROOF. We shall prove the following lemma. 

L E M M A  6 Suppose P = Fn(N1, 2, w )  and suppose S E V is a stationary subset 
of lim(wl). If G i s  generic for P, t h e n  in V[G] there is a n  N1-separable group 
A of cardinality H1 with I'(A) = 3 which does n o t  have a coherent unbounded 
s y s t e m  of projections. 

Assume for the moment that the lemma is correct. Let P' be F ~ ( K ,  2 ,w)  
where K 2 Hz, and let G' be generic for PI. Given any stationary set, S, in 
the generic extension, VIG1], we recast the forcing as a two-step iteration, 
say Po x P1 with generic set G' = Go x G I ,  where Po adds some number of 
Cohen reals, PI adds N1 Cohen reals and S E VIGo]. By Lemma 6 there is an 
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COHERENT SYSTEMS OF PROJECTIONS 35 1 

L E M M A  7 Use t h e  no ta t ion  above. Suppose 6 E S1. Furthermore suppose 
n E V[Gs]  and T is a projection f r o m  As to  H so that  for ever!i finite set  
w 5 { a  < 6: cu E S U C C ( W ~ ) }  there is  a E As such tha t  t6,(a) = 0 fo:. all cu E w 
and n ( n )  # 0. T h e n  x does n0.t extend t o  a projection f rom to  H .  

PROOF. We will work in V[Gs] .  Fix some such x .  It suffices to show for all 
a~ As that 

Da ef{q E Q 6 :  q It- "if ? is an extension of T to As+I then ? ( y 6 )  # a")  

is dense. Fix a E As and consider any condition (co,  ao,  . . . , c,-1, a,-*). 
Choose a, so that xja , )  j: O and is,,(a,) = O fm a!! m < n. %r some 
choice of c, ( 0 ,  11, ~ ~ = o p m c m r r ( a m )  # a.  Since As is free, there is k > n 
so that ~ ~ = , p m c , ~ ( a , )  $ a mod p k ~ s .  For m so that n < rn < k let cm = 0 
and let am = 0. Notice that if bi (i 2 k )  are any elements of A6 we have 

pmcm.x(am) + pmbm E C pmcm.x(a,) + u mod p k ~ s .  
m=O m= k m=O 

Hence (co, ao, . . . ck-1,  ak-i ) belongs to Da. 

(We could have replaced Lemma 2 by an argument like that in the pre- 
ceding proof.) 

L E M M A  8 Suppose  T E VIGwl] is  a projection of A t o  a subgroup H. T h e n  
there is a closed unbounded set  C so  tha t  for all a E C ,  T ~ A ,  E VIG,]. (We 
assume  here, as  w e  have done  tac i t ly  above, t ha t  G, is the  res tr ic t ion  of G,, 
t o  Pa.) 

PROOF. This is a standard fact for finite support iterations of C.C.C. forcing, 
so we will just sketch the argument. Take ii a name for T .  For each a E A, 
take X, a maximal antichain of conditions so that for all q E Xa, there 
is a,, so that q It %(a)  = a,,. (Recall that the underlying set of A is 
contained in wl). Since P is c.c.c., each X, is countable. Our cub C consists 
of {a < wl:for all A,,Xp 5 P, andfor allq ~ X p , a , ~  E A,}. 

It remains t o  observe that P,, is equivalent to adding N1 Cohen reals. The 
proof uses two pieces of folklore. The first one that any countable poset with 
the property that any element has two incompatible extensions is equivalent 
to the forcing for adding a Cohen real. The second, which uses the first, is 
that an iteration of length wl such that each iterate is forced to be a countable 
poset with the property that any element has two incompatible extensions 
is equivalent to  adding N1 Cohen reals. A somewhat fuller explanation can 
be found in the proof of Lemma 1.5 of [8]. If we view P,, as the iteration of 
{Qs: 6 E Sl), then the second piece of folklore applies. 0 
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352 EKLOF, MEKLER, AND SHELAH 

5 Questions 

One question that we do not know the answer to is whether or not the 
existence of an HI-separable group of cardinality H1 without a coherent un- 
bounded system of projections follows from CH alone. (Presumably one 
would use weak diamond in such a proof.) To put the question a different 
way, is it consistent with CH that every N1-separable group of cardinality N1 
has a coherent unbounded system of projections? 

Another question along the same lines is whether MA + 1CH implies 
that every N1-separable group of cardinality N1 has a coherent unbounded 
system of projections. Since PFA impiies IvIA + -CH, we know that it is 
consistent with MA + i C H  that every N1-separable group of cardinality 
N1 has a coherent system of projections with respect to a filtration. Our 
methods cannot be immediately translated over to a model of MA + -CH, 
since we have built a group which is filtration equivalent to a group with a 
coherent system of projections, while under MA + 7CH any two filtration 
equivalent N1-separable groups of cardinality N1 are isomorphic ([I]) 

Finally, there is the question of whether the existence of a coherent un- 
bounded system of projections for an Nl-separable group A of cardinality N1 
implies the existence of a coherent system of projections with respect to a 
filtration of A. (It clearly implies the existence of a filtration {A,: v E w l )  
of A and a coherent family of projections {n,: A -+ A,: v E succ(w1)); the 
problem is to define coherently projections T, when v is a limit ordinal not 
in E.) 
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