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1. Introduction

This note is about chain conditions in dependent, strongly dependent and strongly? dependent theo-
ries.

Throughout, all formulas will be first order, T" will denote a complete first order theory, and € will be
the monster model of T—a very big saturated model that contains all small models. We do not differentiate
between finite tuples and singletons unless we state it explicitly.
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Definition 1.1. A formula ¢(z,y) has the independence property in some model if for every n < w there are
(a;,bs | i <m, s Cn) such that ¢(a;,bs) holds iff i € s.

A (first order) theory T is dependent (sometimes also NIP) if it does not have the independence property:
there is no formula ¢(x,y) that has the independence property in any model of T. A model M is dependent
if Th(M) is.

A good introduction to dependent theories appears in [2], but we shall give an exact reference to any fact
we use, so no prior knowledge is assumed.

What do we mean by a chain condition? Rather than giving an exact definition, we give an example of
such a condition—the first one. It is the Baldwin—Saxl lemma, which we shall present with the (very easy
and short) proof.

Definition 1.2. Suppose ¢(z,y) is a formula. Then if G is a definable group in some model, and for all ¢ € C,
©(x, ¢) defines a subgroup, then {p(€,c) | ¢ € C} is a family of uniformly definable subgroups.

Lemma 1.3. (See [3].) Let G be a group definable in a dependent theory. Suppose p(x,y) is a formula and
that {o(x,c) | ¢ € C} defines a family of subgroups of G. Then there is a number n < w such that any finite
intersection of groups from this family is already an intersection of n of them.

Proof. Suppose not, then for every n < w there are cg,...,c,—1 € C and go,...,gn—1 € G (in some model)
such that ¢(gs,c;) holds iff i # j. For s Cn, let gs = [[;., 9i (the order does not matter), then ¢(gs, c;) iff
J ¢ s—this is a contradiction. O

In stable theories (which we shall not define here), the Baldwin—Saxl lemma is even stronger: every
intersection of such a family is really a finite one (see [7, Proposition 1.4]).

The focus of this note is type definable groups in dependent theories, where such a proof does not
work.

Definition 1.4. A type definable group for a theory T is a type—a collection X(z) of formulas (maybe over
parameters), and a formula v(x,y, z), such that in the monster model € of T, (¥(€),v) is a group with v
defining the group operation (without loss of generality, T = Vay3S'z(v(z,y,2))). We shall denote this
operation by -.

In stable theories, their analysis becomes easier as each type definable group is an intersection of definable
ones (see [7]).

Remark 1.5. In this note we assume that G is a finitary type definable group, i.e. x above is a finite
tuple.

Definition 1.6. Suppose G > H are two type definable groups (H is a subgroup of G). We say that the
index [G : HJ| is unbounded, or oo, if for any cardinality k, there exists a model M |= T, such that
[GM : HM] > k. Equivalently (by the Erdés—Rado coloring theorem), this means that there exists (in €)
a sequence of indiscernibles (a; | i < w) (over the parameters defining G and H) such that a; € G for all i,
and i < j = a;-a; ' ¢ H.In €, this means that [G* : H®] = |¢|. When G and H are definable, then by
compactness this is equivalent to the index [G : H] being infinite.

So [G : H] is bounded if it is not unbounded.

This leads to the following definition:
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Definition 1.7. Let G be a type definable group.

(1) For a set A, G% is the minimal A-type definable subgroup of G of bounded index.
(2) We say that G exists if G% = G° for all A.

Shelah proved:
Theorem 1.8. (See [9].) If G is a type definable group in a dependent theory, then G exists.

Even though fields are not the main concern of this note, the following question is in the basis of its
motivation. Recall

Theorem 1.9 (Artin-Schreier). (See [6, Theorem VI.6.4].) Let k be a field of characteristic p. Let o be the
polynomial XP — X.

(1) Given a € k, either the polynomial 0 — a has a root in k, in which case all its roots are in k, or it is
irreducible. In the latter case, if « is a root then k() is cyclic of degree p over k.

(2) Conwversely, let K be a cyclic extension of k of degree p. Then there exists a € K such that K = k(a)
and for some a € k, o(a) = a.

Such extensions are called Artin—Schreier extensions.

The first author, in a joint paper with Thomas Scanlon and Frank Wagner, proved:

Theorem 1.10. (See [{].) Let K be an infinite dependent field of characteristic p > 0. Then K is Artin—
Schreier closed—i.e. g is onto.

What about the type definable case? What if K is an infinite type definable field?
In simple theories (which we shall not define), we have:

Theorem 1.11. (See [}].) Let K be a type definable field in a simple theory. Then K has boundedly many
AS extensions.

But for the dependent case we only proved:

Theorem 1.12. (See [4].) For an infinite type definable field K in a dependent theory there are either un-
boundedly many Artin—Schreier extensions, or none.

From these two we conclude:
Corollary 1.13. If T is stable (so it is both simple and dependent), then type definable fields are AS-closed.
The following, then, is still open:

Question 1.14. What about the dependent case? In other words, is it true that infinite type definable fields
in dependent theories are AS-closed?

Observing the proof of Theorem 1.10, we see that it is enough to find a number n, and n+ 1 algebraically
independent elements, (a; | i < n) in k :== K?™ , such that (), _,, a;0(K) = Mi<n @i0(K). So the Baldwin—Saxl
applies in the case where the field K is definable. If K is type definable, we may want something similar.
But what can we prove?
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A conjecture of Frank Wagner is the main motivation question.

Conjecture 1.15. Suppose T is dependent, then the following holds:

© Suppose G is a type definable group. Suppose p(x,y) is a type and {a; | i < w) s an indiscernible
sequence such that G; = p(x,a;) < G. Then there is some n, such that for all finite sets, v C w, the

intersection (;., Gi is equal to a sub-intersection of size n.

i€V
Let us refer to ® as Property A (of a theory T') for the rest of the paper. So we have
Fact 1.16. If Property A is true for a theory T', then type definable fields are Artin—Schreier closed.

In Section 2, we deal with strongly? dependent theories (this is a much stronger condition than merely
dependence), and among other things, prove that Property A is true for them.

In Section 3, we give some generalizations and variants of Baldwin—Saxl for type definable groups in
dependent and strongly dependent theories (which we define below). One of them is joint work with Frank
Wagner. We prove that Property A holds for theories with bounded dp-rank.

In Section 4, we provide a counterexample that shows that Property A does not hold in stable theories,
so Conjecture 1.15 as it is stated is false.

Question 1.17. Does Property A hold for strongly dependent theories?
2. Strongly? dependent theories

Notation 2.1. We call an array of elements (or tuples) (a;; | i,j < w) an indiscernible array over A if for
ip < w, the ip-row (a;, ; | j < w) is indiscernible over the rest of the sequence ({a;; | i # io, ,j < w})
and A, i.e. when the rows are mutually indiscernible.

Definition 2.2. A theory T is said to be not strongly?> dependent if there exists a sequence of formulas
(pi(x, s, 2:) | i <w), an array (a;; | i,j <w) and by, € {a;; | i < k,j < w} such that:

o The array (a;; | i,j < w) is an indiscernible array (over ).
o The set {vi(x, aio0,bi) A —pi(z,a;1,b;) | i <w} is consistent.

So T is strongly® dependent when this configuration does not exist.
Note that the roles of i and j are not symmetric.

(In the definition above, z, z;, y; can be tuples, the length of z; and y; may depend on ¢.)
This definition was introduced and discussed in [11] and [10].

Remark 2.3. By [11, Claim 2.8], we may assume in the definition above that z is a singleton.

Fact 2.4. (See [11, Claim 2.9].) An equivalent definition is T is not strongly? dependent if there exists an
array (a;; | ¢,j < w), a set A and some finite tuple ¢ such that:

o The array (a;; | i, j < w) is an indiscernible array over A.

e For ip <w, the row a;, := (a4,,; | j < w) is not indiscernible over J;; a; Uc.
Proposition 2.5. Suppose T is strongly? dependent, then it is impossible to have a sequence of type definable
groups (G; | i < w) such that G;y1 < G; and [G; : Giq1] = oo (see Definition 1.6).
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Proof. Without loss of generality, we shall assume that all groups are type definable over (). Suppose there
is such a sequence (G; | i < w). Let (a;; | i,7 < w) be an indiscernible array such that for each i < w, the
sequence (a;; | j < w) is a sequence from G; (in €) such that ai_,jl, ca;; ¢ Gigq for all j < 7/ <w. We can
find such an array because of our assumption and Ramsey (for more details, see the proof of Corollary 2.9
below).

For each i < w, let ©;(x) be in the type defining G;41 such that ﬂwi(a;jl/ - a;,j). By compactness, there
is a formula & () in the type defining G;;1 such that for all a,b € €, if & (a) A &(b) then t;(a - b~1) holds.
Let p;(z,y,2) =&yt 271 -2). For i <w, let b; = ap,o- -+ - ai—1,0 (so by = 1).

Let us check that the set {¢;(z, a;0,b;) A—pi(x,a:1,b;) | 1 < w} is consistent. Let 49 < w, and let ¢ = b;,.
Then for i < g, wi(c, ai0,b;) holds iff &(ai41,0- -+ - @iy—1,0) holds, but the product a;t1,0- -+ - Gip—1,0
is an element of G;4+1 and ¢; is in the type defining Giy1, so ¢;(c,a;0,b;) holds. Now, ¢;(c,a;1,b;) holds
iff {i(aifllai’o -+ ~aj,-1,0) holds. So if @;(c, a;1,b;) holds then, since & (a;41,0- - - aiy—1,0) holds, by the
choice of & we get

di(la;1aio- - - aig-10] - [@ir10- - - aig-10]7"),
ie. 1/}1-(@;11 - a;,0) holds—a contradiction. 0O
Remark 2.6. It is well known (see [7]) that in superstable theories the same proposition holds.

The next corollary already appeared in [11, Claim 0.1] with definable groups instead of type definable
(with proof already in [10, Claim 3.10]).

Corollary 2.7. Assume T is strongly? dependent. If G is a type definable group and h is a definable homo-
morphism h : G — G with finite kernel then h is almost onto G, i.e., the index |G : h(G)] is bounded (i.e.
< 00). If G is definable, then the index must be finite.

Proof. Consider the sequence of groups (h()(G) | i < w) (i.e. G, h(G), h(h(QG)), etc.). By Proposition 2.5,
for some i < w, [A(G) : RHD(G)] < co. Now the corollary easily follows from:

Claim. If G is a group, h : G — G a homomorphism with finite kernel, then [G : h(G)] + Ry =
[h(G) : h(h(G))] + No.

Proof. Let H = h(G). Easily, one has [H : h(H)] < [G : H].

We may assume that [G : H] is infinite. Let ker(h) = {go,...,gk—1}. Suppose that [G : H] = k but
[H : h(H)] < k. So let {a; | i < k} C G are such that a; ' -a; ¢ H for i # j. So there must be some
coset a - h(H) in H such that for infinitely many ¢ < &, h(a;) € a - h(H). Let us enumerate them as
(a; | i <w). Sofori< j <w,let C(a;,a;) be the least number I < k such that there is some y € h(G) with
y~ta; *a; = g;. By Ramsey, we may assume that C(a;, a;) is constant. Now pick i; < s < j < w. So we have

y’lai_llaj = (y/)*laélaj for some y,y’ € H, so y’lai_ll = (y’)’lai_z1 and hence ai_llal-2 =yy) ' e H—

a contradiction. O

Corollary 2.8. If K is a strongly® dependent field (or even a type definable field in a strongly® dependent
theory) then for alln < w, [K* : (K*)"] < co.

Corollary 2.9. Let G be a type definable group in a strongly? dependent theory T .

(1) Given a family of uniformly type definable subgroups {p(x,a;) | i < w} such that {a; | i < w) is an
indiscernible sequence, there is some n < w such that ﬂj<w p(€,a;) = ﬂj<np(¢, a;). In particular,
T has Property A.
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(2) Given a family of uniformly definable subgroups {p(z,c) | ¢ € C}, the intersection

() #(€c)

ceC

is already a finite one.

Proof. (1) Assume without loss of generality that G is defined over 0. Let G; = p(€,a;), and let H; =
ﬂj@Gi. By Proposition 2.5, for some iy < w, [H;, : Hiy+1] < 00. For r > g, let H, » ﬂj<20 G; NG, (so
Hj, 11 = Hi, ;). By indiscernibility, [H;, : H;, ] < co. This means (by definition of H?) that H® < H,

# H,;, , for some ig < r < w, then by indiscernibility H;, , # H;, , for all
10 < 7 < r', and by compactness and indiscernibility we may increase the length w of the sequence to any

for all r > i9. However, if H;, ;,
cardinality &, so that the size of H;,/H" is unbounded—a contradiction. This means that H;,1 C G, for
all r > 4o, and so (), ., Gi = iy, 41 Gi-

(2) Assume not. Then we can find a sequence (¢; | i < w) of elements of C' such that

ﬂ Q:c];éﬂ (€, ¢c;).

j<t Jj<i+1

By Ramsey and compactness (see e.g. [12, Lemma 5.1.3]), there is an indiscernible sequence (a; | ¢ < w) such
that for any n, and any formula ¢(xo,...,Zn—1), if ¥(ag,...,an—1) holds then there are igp < -+ < iy_1
such that ¢(c;y, ..., ¢, ,) holds. In particular, (€, a;) defines a subgroup of G and (;_; »(€,a;) #
Nj<it1 P(€, a;). But this contradicts (1). O

As further applications, we show that some theories are not strongly? dependent.

Example 2.10. Suppose (G, +, <) is an ordered abelian group. Then its theory Th(G, +,0, <) is not strongly?
dependent.

Proof. We work in the monster model €. Let G4 = {z € € | Vn < w(n | z)}, so it is a type definable divisible
ordered subgroup of G. Note that since G is ordered, it is torsion free, so G4 is a Q-vector space. We shall
define a descending sequence of infinite type definable groups G < Gy for i < w such that [GY : GZH] = 00,
which contradicts Proposition 2.5. Let G = G4, and suppose we have chosen G). Let a; € GY, be positive.
Let G5 = G4 NN, <, (—ai/n,a;/n). This is a type definable subgroup of G,. The sequence (k- a; | k < w)
satisfies (k —1) - a; ¢ (—a;/2,a;/2) for any k # [, and by Ramsey (as in the proof of Corollary 2.9 (2)) we
get [GY: G =00, O

Example 2.11. The theory Th(R,+,-,0,1) is strongly dependent (it is even o-minimal, so dp-minimal—see
Definitions 3.8 and 3.5 below). However it is not strongly? dependent.

Example 2.12. The theory Th(Qp,+,-,0,1) of the p-adics is strongly dependent (it is also dp-minimal), but
not strongly? dependent. The valuation group (Z, +, 0, <) is interpretable.

Adding some structure to an algebraically closed field, we can easily get a strongly? dependent theory
which is not stable.

Example 2.13. Let L = Lyings U{ P, <} where Lying is the language of rings {+,-,0,1}, P is a unary predicate
and < is a binary relation symbol. Let K be C (so it is an algebraically closed field), and let P C K be a
countable set of algebraically independent elements, enumerated as {a; | i € Q}. Let M = (K, P, <) where
a<Mpiffa,b € Pand a = a;, b=a; where i < j. Let T = Th(M).

Please cite this article in press as: I. Kaplan, S. Shelah, Chain conditions in dependent groups, Ann. Pure Appl. Logic (2013),
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Claim 2.14. T is strongly? dependent.

Proof. Note that T is axiomatizable by saying that the universe is an algebraically closed field, P is a subset
of algebraically independent elements and < is a dense linear order on P (to see this, take two saturated
models of the same size and show that they are isomorphic).

Let us fix some terminology:

e When we write acl, we mean the algebraic closure in the field sense. When we say basis, we mean a
transcendental basis.

o When we say that a set is independent/dependent over A for some set A, we mean that it is depen-
dent/independent in the pregeometry induced by cl(X) = acl(AX).

e dcl(X) stands for the definable closure of X.

We work in a saturated model € of T'.

Suppose X is some set. Let Xy be some basis for X over P, and let dclP(X) be the set of p € P such
that there exists some minimal finite Py C P with p € Py and some z € X such that € acl(PyXy). Note
that this set is contained in dcl(X) (since P is linearly ordered) and that it does not depend on the choice
of Xp.

For a set (or a tuple) A, let A” = dcl”(A).

Subclaim. Suppose My = (K1, P1,<1) and My = (Ks, Py, <3) are two saturated models of T and A C K is a
small set. Suppose that K1 = Ko and (ATr, <P1) = (AP2, <P2). Then there is an isomorphism f : My — M>
fizing AU AT

Proof. Let 7 : P, — P, be any isomorphism fixing A?. Since both P;\ A" and P,\ A are algebraically
independent over A, 7 U (id | A) is an elementary map in the field language. This map can be extended to
an automorphism f of K7, which is the desired isomorphism. O

Let tpy (a/A) be the type of a ~ (Aa)? (considered as a tuple, ordered by <%) over AU A” in the field
language, and tpp(a/A) the type of the tuple (Aa)” over A in the order language.

Subclaim. For finite tuples a, b and a set A, tp(a/A) = tp(b/A) iff tpp(a/A) = tpp(b/A) and tpg(a/A) =
tpg (b/A).

Proof. Denote by K the field structure of €. There is an automorphism o of K that maps a —~ (4a)? to
b ~ (Ab)F and fixes AU AP pointwise. Since tpp(a/A) = tpp(b/A), the restriction o | AP U (Aa)f is
order preserving. Let ¢’ = (K, 0(P),0(<)). By the first subclaim, there is an isomorphism 7 : ¢ — € fixing
AbU (Ab)F. Now, 70 o is an automorphism of € that takes a to b and fixes A. O

Suppose that (a;; | i,j < w) is an indiscernible array over a parameter set A as in Definition 2.2 and
that c is a singleton such that:

o The sequence Ij := (ap,; | j < w) is not indiscernible over Ac, and moreover tp(ag o/Ac) # tp(ao,1/Ac).
 For i > 0, the sequence I; := (a;; | j < w) is not indiscernible over c UJ, ., Ix U A.

Suppose that ¢ ¢ acl(APag pap,1). Then, by the second subclaim, tp(cag,0/A) = tp(cag,1/A)—a contradic-
tion. So ¢ € acl(APag,0ao,1). Increase the parameter set A by adding the first row (ao ; | j < w). So we may
assume that ¢ € acl(AP). Since ¢ € acl(A(Ac)?), we may replace ¢ by a finite tuple contained in (Ac)” and

Please cite this article in press as: I. Kaplan, S. Shelah, Chain conditions in dependent groups, Ann. Pure Appl. Logic (2013),
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assume that ¢ is a finite tuple of elements in P (here we use the fact that in general, if I is indiscernible
over C then it is also indiscernible over acl(C)).

Expand all the sequences to order type w* +w +w. Let B = J{a;; | i <w, j <0Vw < j}UA. For each
i<wand 0 <j<w,let afj be dclP(am-B) considered as a tuple ordered by <%, and let BY = dcl”(B).
Then (afj | 0 <i,j < w) is an indiscernible array over BY and (a; ; ~ afj | 0 <4, <w) is an indiscernible
array over B U BY.

As both the theories of dense linear orders and algebraically closed fields are strongly? dependent (this
is easy to check), by Fact 2.4 there is some iy such that (aipmj | 0 < j < w) is indiscernible over ¢BY U
{al; | i < io, 0 < j < w} in the order language and (a;,; —~ af, ; | 0 < j < w) is indiscernible over
cBUBP U{a;; ~ afj | i <ig, 0 <j <w} in the field language.

Let C = U{ai,; | i <o, 0 <j < w}. We must check that (a;,,; | 0 < j < w) is indiscernible over BCLc.
Let us show, for instance, that tp(a;,,0/BCc) = tp(a;, 1/BCc). For this we apply the second subclaim. For
each 0 < 4,7 < w, let agyj be a basis for a; ; over BP. Then, by indiscernibility, {a;’j |i<ig, 0<j<w}is
a basis for C' over BP (this is why we expanded the sequences). Now it follows that dcl”’ (BCe) = U{af j
i <ip, 0<j < w}UBP Uec. Similarly, for j > 0, dclP(aioijCc) = af;j U dclP(BC) U ¢. By the second
subclaim above, we are done. O

Remark 2.15. With the same proof, one can show that if T is strongly minimal, and P = {a; | i < w} is an
infinite indiscernible set in M = T of cardinality Xy, the theory of the structure (M, P, <) where < is some
dense linear order with no end points on P, is strongly? dependent.

We finish this section with the following conjecture:

Conjecture 2.16. All strongly® dependent groups are stable, i.e. if G is a group such that Th(G, ) is strongly?
dependent, then it is stable.

Example 2.10 and Corollary 2.9 show that this might be reasonable. This is related to the conjecture of
Shelah in [11] that all strongly? dependent infinite fields are algebraically closed.

3. Baldwin—Saxl type lemmas

The next lemma is the type definable version of the Baldwin—Saxl lemma (see Lemma 1.3). But first,

Notation 3.1. If p(z,y) is a partial type, then [p| is the size of the set of formulas ¢(z, 21, ..., z,) (where z;
is a singleton) such that for some finite tuple y1,...,yn € ¥, ©(Z,y1,-.-,yn) € p. In this sense, the size of
any partial type over () is bounded by |T|.

Lemma 3.2. Suppose G is a type definable group in a dependent theory T .

(1) If pi(x,y;) is a type for i < k (y; may be an infinite tuple), |Jpi| < K, and {¢; | i < K) is a sequence of
tuples such that p;(€, c;) is a subgroup of G, then for some ig < Kk, [);.,, Pi(€, ¢;) = ﬂi<m intio pi(€, ¢;).

(2) In particular, given a family of uniformly type definable subgroups, defined by p(x,y), and C of size |p|™,
there is some co € C' such that (.., P(€,¢) = .ecP(€: ).

(3) In particular, if {G; | i < |T|"} is a family of type definable subgroups (defined with parameters), then
there is some ig < |T|* such that G = (;, Gi-

Proof. (1) Without loss of generality p;(z,y;) are closed under finite conjunctions. Let H; = p;(€,¢;).
Suppose not, i.e. for all i < k, there is some g; such that g; € H; iff i # j. If dy,d2 € H; then dy - g; - do ¢
H;. Hence by compactness there is some formula ¢;(z,¢;) € pi(x,¢;) such that for all such dy,dy € H;,
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—p;(dy1g;da, ¢;) holds. Since |Upi| < k, we may assume that for i < w, @; is constant and equals ¢(z,y).
Now for any finite subset s C w, let g5 = [[,c, gi (the order does not matter). So we have ¢(gs,¢;) iff
i ¢ s—a contradiction.

(2) and (3) now follow easily from (1). O

In (2) of Lemma 3.2, if C is an indiscernible sequence, then the situation is simpler:

Corollary 3.3. Suppose G is a type definable group in a dependent theory T. Given a family of uniformly
type definable subgroups, defined by p(z,y), and an indiscernible sequence C = (a; | i € Z), (40 P(€, a;) =

ﬂieZ p(€, a;).

Proof. Assume not. By indiscernibility, we get that for all i € Z, ﬂjﬂp(ef, a;j) ¢ p(€,a;). Let I be an
indiscernible sequence which extends C to length |p|T. Then by indiscernibility and compactness the same
is true for this sequence. This contradicts Lemma 3.2. O

Remark 3.4. The above corollary is in the kernel of the proof that G% exists in dependent theories.

If T is strongly dependent, and C is indiscernible, we can even assume that the order type is w. Let us
recall,

Definition 3.5. A theory T is said to be not strongly dependent if there exists a sequence of formulas
(pi(x,y;) | # < w) and an array (a,; | ¢, j < w) such that:

o The array (a;; | i,j < w) is an indiscernible array (over ().
o The set {vi(z,aio) A —pi(z,a;1) | i <w} is consistent.

So T is strongly dependent when this configuration does not exist.

Remark 3.6. This definition is not exactly the original definition given in [11, Definition 1.2], but it is
equivalent to it by [11, Definition 1.2].

Lemma 3.7. Suppose G is a type definable group in a strongly dependent theory T. Given a family of type
definable subgroups {p;(z,a;) | i < w} such that (a; | i < w) is an indiscernible sequence and pe; = paiy1 for
all i <w, there is some i <w such that (\;_; p;(€, a;) =, pj(€, a;).

In particular, this is true when p is constant.

Proof. Without loss of generality p;(z,y;) are closed under finite conjunctions. Let H; = p;(€, a;). Assume
not, i.e. for all i < w, there exists some g; € G such that g; € H; iff i # j. For each even i < w we find
a formula ¢;(z,y) € pi(z,y) such that for all di,ds € H;, —p;(d1gida,a;). Let n < w, and consider the
product g, = Hi<n,2|igi (the order does not matter). Then for odd i < n, ¢;_1(gn,a;) holds (because
©Yi—1 € pi—1 = p; by assumption), and for even i < n, —;(gn, a;) holds. By compactness, we can find g € G
such that ¢;_1(g,a;) holds for all odd ¢ < w and —;(g, a;) for all even ¢ < w. Now expand the sequence by
adding a sequence (b; ; | j < w) after each pair as;, azi+1. Then the array defined by a; 0 = a2, a1 = agiy1
and a;; = b; j—o for j > 2 will show that the theory is not strongly dependent. O

If the theory is of bounded dp-rank, then we can say even more.

Definition 3.8. A theory T is said to have bounded dp-rank, if there is some n < w such that the following
configuration does not exist: a sequence of formulas {(p;(x,y;) | ¢ < n) where x is a singleton and an array
(ai;|i<n,j<w) such that:
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o The array (a;; | i < n,j <w) is an indiscernible array (over ().
o The set {¢i(x,ai0) A —pi(z,a;1) | ¢ <n}is consistent.

T is dp-minimal if n = 2.
Note that if T" has bounded dp-rank, then it is strongly dependent.

Remark 3.9. All dp-minimal theories are of bounded dp-rank. This includes all o-minimal theories and the
p-adics.

The name is justified by the following fact:

Fact 3.10. (See [13].) If T has bounded dp-rank, then for any m < w, there is some n,,, < w such that a config-
uration as in Definition 3.8 with n,, replacing n is impossible for a tuple z of length m (in fact n,, < m-nq).

Lemma 3.11. Let G be type definable group in a bounded dp-rank theory T .

Given a family of type definable subgroups {p;(z,a;) | i < w} such that (a; | i < w) is an indiscernible
sequence and pa; = pai+1 for all i < w, there is some n < w and i < n such that ﬂj#,j<npj((’:, a;) =
Nj<nPi(€ aj).

In particular, if p; is constant (say p) and (a; | i < w) is an indiscernible set, then (), p(€,a;) =
ﬂi<np(¢> ai)’

In particular, T has Property A.

Proof. The proof is exactly the same as the proof of Lemma 3.7, but we only need to construct g, for n
large enough. 0O

Another similar proposition:

Proposition 3.12. Assume T is strongly dependent, G a type definable group and G; < G are type definable
normal subgroups for i < w. Then there is some i such that [, ;) Gi: (<, Gil < oc.

Proof. Assume not. Then, for each ¢ < w, we have an indiscernible sequence (a;; | j < w) (over the
parameters defining all the groups) such that a; ; € ﬂk# G}, and for j; < jo < w, azj-ll -a;;, ¢ G;. Note that
if di,ds,ds € G;, then dy -a;jll -dy-a; j,-ds ¢ G, since G; is normal. By compactness there is a formula v; (x)
in the type defining G; such that for all dy, ds, d3 € G;, —b;(dy ~a;jll -dy-a; j, -d3) holds (by indiscernibility it
is the same for all j; < j2). We may assume, applying Ramsey, that the array (a; ; | ¢, j < w) is indiscernible
(i.e. the sequences are mutually indiscernible). Let ¢;(z,y) = ¥;(z~! - y).

Now we check that the set {y;(z,ai0) A ~@i(x,a;1) | ¢ < n} is consistent for each n < w. Let ¢ =
apo - -+ - an—1,0 (the order does not really matter, but for the proof it is easier to fix one). So ¢;(c, a;0)

holds iff ¢i(a;i1 FREEE ~ai_01 cee ~aaé - a;,0) holds. But since G; is normal, ai_& Cee -ag(l) ~a;0 € Gy, so the
entire product is in G;, so ¢;(¢,a;0) holds. On the other hand, wi(agiw . -ai_’o1 Ceen -aa,(l) - a;,1) does

not hold by the choice of ¥;. O
The following corollary is a weaker version of Corollary 2.8:

Corollary 3.13. If G is an abelian definable group in a strongly dependent theory and S C w is an infinite
set of pairwise co-prime numbers, then for almost all (i.e. for all but finitely many) n € S, [G : G™] < oc.
In particular, if K is a definable field in a strongly dependent theory, then for almost all primes p,
[K*: (K*)P] < 0.
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Proof. Let K C S be the set of n € S such that [G : G"] < co. If S\ K is infinite, replace S with S\ K.

For i € S, let G; = G* (so it is definable). By Proposition 3.12, there is some n € S such that [ﬂ#n G;:
Nics Gil < oo. If [G : Gy,] = oo, then there is an indiscernible sequence (a; | i < w) of elements of G,
such that a; ' - a; ¢ G,. Suppose Sy C S\{n} is a finite subset and let r = [[So. Then (a | i < w) is
an indiscernible sequence in G" C ﬂieso G; such that a; " - aj ¢ (. So by compactness, we can find such
a sequence in ﬂ#n G,—a contradiction. O

Remark 3.14. The above proposition and corollary can be generalized (with almost the same proofs) to the
case where the theory is only strong. For the definition, see [1].

Remark 3.15. This corollary generalizes in some sense [5, Proposition 2.1] (as they only assumed finite
weight of the generic type). And so, as in [5, Corollary 2.2], we can conclude that if K is a field definable
in a strongly stable theory (i.e. the theory is strongly dependent and stable), then K? = K for almost all
primes p.

Problem 3.16. Is Proposition 3.12 still true without the assumption that the groups are normal?

Note that in strongly dependent? theories, this assumption is not needed. Let H; = () i<i G;. Then

[H; : Hit1] < oo for all i big enough by Proposition 2.5. But this implies [, ,; G; : [; G;] < co.
3.1. k-Intersection

This part is joint work with Frank Wagner.

Definition 3.17. For a cardinal x and a family § of subgroups of a group G, the s-intersection (1, § is
{9eGI{FeF|g¢ F} <k}

The following proposition shows that in some sense, the intersection of a family of uniformly type definable
subgroups can be understood via its x-intersection and a small intersection.

Proposition 3.18. Let G be a type definable group in a dependent theory. Suppose
e § is a family of uniformly type definable subgroups defined by p(x,y).

Then for any infinite regular cardinal k > |p| (in the sense of Notation 3.1), and any subfamily & C §F,
there is some &' C & such that

* |&| <k and NG is 1S NN, &.

Remark 3.19. In the context of the proposition, this means that &’ has the property that for every subset
®” C & such that [B\G"| <k, NG =& NN&".

Proof of Proposition 3.18. Let x be such a cardinal. Assume that there is some family & = {H, | i < s},
which is a counterexample of the proposition. For g € G, let J, = {i < » | g € H;}. So g € [, ® iff
|52\ Jq| < K.

For i < k we define by induction g; € (), &, I; C », R; C s and «a; < s such that:

(1) Ro=[0,a0) and for 0 < i, R; = U;, B; U [[sup;; aj, i) N[ ;] (s0 Ri C o).

(2) Nj<iJg; © Ri Ui (so by the definition of (), , and by the regularity of «, |s\(R; U L;)| < k).
(3) ﬂm &N ﬂj<i H‘lj < naGRi Ha'

(4) Ii [O, Oéi} = @
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(5)

(6) «; is <-increasing.

(7) C ng

(8) For j <, gi € Ha;, g; € Ha, and g; ¢ H,,.

I; is C-decreasing.

Let ap < > be minimal such that there is some gy € (), &\ Hg, (it must exist, otherwise [, & = () ®). Let
Iy = {j > Qg | Jay € Hj}

For ap, (2), (3), (4), (7) and (8) are true, by the definition of (), and the choice of ag.

Suppose we have chosen g;, I; and «; (so R, is already defined by (1)) for j < 1.

Let J =(1;.; ;. Choose g; € (N, 8N(;.; Ha;)\Ha, where a; € J is the smallest possible such that this
set is nonempty. Suppose for contradiction that we cannot find such a;, then (), &N ﬂj<1 a; € Naey Ha,
s0

ﬂ 6N(Hoyn (] Hi=[)6.
Jj<i JE»x\J
Let J' = JUU,; Rj, then by (3), (& equals
ﬂ 6N (VHoy N (] Hi-
i<i JE\J’
Note that (1, (R; UI;) € J', so by the regularity of , and by (2), [5\J'| < K, so we get a contradiction.

Let I; = {o; < j € J | g; € Hj}, and let us check the conditions above.
Conditions (4)—(7) are easy.
Condition (2): By induction we have

(o, =)o, N g €T N Ty, CRiU(TN ).

< j<i

But by (4) and the definition of R;, letting o = sup;_; a;, we have

JNJ,, C{[aal NI }UI C R;UI,.

j<t

Condition (3) is true by the minimality of a;: [, & N
hypothesis, we are done.

Condition (8): We show that g; € H,, for j < i. We have that o; € J so also in I; which, by (7), is a
subset of J,., so g; € Hy,-

Finally, we have that for each i,j < &, g; € Hq, iff i # j. But by Lemma 3.2, there is some iy < |p|*
such that ﬂ#io H,, = ﬂi<|p|+ H,,—a contradiction. 0O

i<iHao; C ﬂﬂem[%m) Hpg, so by the induction

Remark 3.20. So far we have not found applications for this proposition, but it seems like a very nice
proposition in its own right, and it might turn out to be useful.

4. A counterexample

In this section we shall present an example that shows that Property A does not hold in general dependent
(or even stable) theories.

Let S={uCw]|lul <w},and V={f:S5 — 2| [supp(f)| < oo} where supp(f) = {x € S| f(x) # 0}.
This has a natural group structure as a vector space over Fy = Z/2Z.
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For n,m < w, define the following groups:

o Gp={f€eV|uesupp(f) = |ul =n},
o Gy, = Hn Gna
o Gpm={feV]|uesupp(f) = |ul =n & m € u} (so Go,m =0),
« Hym={ne€Gul[nn) € Gnm}
Now we construct the model:

Let L be the language (vocabulary) {P,Q} U{R,, | n < w} U Lag where L4¢ is the language of abelian
groups, {0,+}; P and @ are unary predicates; and R,, is binary. Let M be the following L-structure: its
universe is G, [[w, PM = G, (with the group structure), Q¥ = w and R,, = {(n,m) | n € Hpm}. Let
T = Th(M).

Let p(z,y) be the type {R,(z,y) | n < w}. Note that since H, ., is a subgroup of G, for each m < w,
p(M,m) is a subgroup of G, (and this remains true in elementary extensions).

Claim 4.1. Let N |= T be Ny -saturated. For any m < w, and any distinct oy, . . ., am € QN ﬂigmp(N, ;)
is different than any sub-intersection of size m.

Proof. We show that ();.,, p(N,a;) € ;. P(IV, ;) (the general case is similar). More specifically, we

>=

show that
ﬂ p(N’ai)\ m Rm(Nv ai) 7é 0.
i<m <m
By saturation, it is enough to show that this is the case in M, so we assume M = N. Note that if

n e ﬂigm R, (M, a;), then n € Hy, o, for all i < m. So for all i < m, u € supp(n(m)) = |u|=m & a; € u.
This implies that supp(n(m)) = 0, i.e. n(m) = 0. But we can find n € (,_,, p(M, o;) such that n(m) # 0.
For instance let n(n) = 0 for all n # m while |supp(n(m))| =1 and n(m)({ag,...,am-1}) =1. O

Next we shall show that T is stable. For this we will use x-resplendent models. This is a very useful
(though not a very well known) tool for proving that theories are stable, and we take the opportunity to
promote it.

Definition 4.2. Let x be a cardinal. A model M is called s-resplendent if whenever

e M < N; N’ is an expansion of N by less than x many symbols; ¢ is a tuple of elements from M and
lg(e) < k.

There exists an expansion M’ of M to the language of N’ such that (M’ c) = (N',¢).
The following remarks are not crucial for the rest of the proof.

Remark 4.3. (See [8].)
(1) If x is regular and k > |T|, and A = A<*, then T has a r-resplendent model of size \.
(2) A k-resplendent model is also k-saturated.

(3) If M is k-resplendent then M9 is also such.

The following is a useful observation:

Claim 4.4. If M is k-resplendent for some k, and A C M is definable and infinite, then |A| = |M]|.
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Proof. Enrich the language with a function symbol f. Let 7" = T U {f : M — A is injective}. Then T" is
consistent with an elementary extension of M (for example, take an extension N of M where |AN| = |M]|,
and then take an elementary substructure N’ < N of size |M| containing M and A"). Hence we can
expand M to a model of T". O

The main fact is

Theorem 4.5. (See [S, Main Lemma 1.9].) Assume r is regular and X = \* + 2I7|. Then, if T is unstable
then T has > X\ pairwise nonisomorphic k-resplendent models of size X.> On the other hand, if T is stable
and k 2 k(T) + N1 then every k-resplendent model is saturated.

Proposition 4.6. T is stable.

Proof. We may restrict T to a finite sub-language, L,, = {P,Q, } U{R; | i <n} U Lag.

Our strategy is to prove that our theory has a unique model in size A which is k-resplendent where
k= Rg, A = 2% Let Ny, N; be two k-resplendent models of size \.

By Claim 4.4, |QNe| = |Q™'| = X and we may assume that Qo = QM = A,

Let Go = PN and G; = P with the group structure. For i < n, j < 2 and a < A, let Hf;a =

{x € G, | Rivj (z,)}. This is a definable subgroup of G;. For k < n, let G¥ = Na<n, izk. i<n Hfa In our

original model M, this group is {n € G, | Vi # k, i < n(n(i) = 0)}. Note that G; = >, _,, G¥, and that
Gfo N D ke, kzk, G = G (this is true in our original model ]\k/[, so it is part of the theory). We give each
NE
G% the induced L-structure NF = (G%, \), i.e. we interpret R; 7 = R; N (G¥ x X).
Since these groups are definable and infinite, their cardinality is A, and hence their dimension (over Fs)
is A. In particular there is a group isomorphism f, : G — G7. Note that f,, is an isomorphism of the

induced structure on N7 = (G7,\) (because it is trivial).

Subclaim. For k < n, there is an isomorphism f : GE — G¥ which is an isomorphism of the induced
structure Nj’-C = <G§, A) and extends f.

Assuming this claim, we shall finish the proof. Define f : Gy — G by: given z € Gj, write it as a
sum Y,z where z;, € G, and define f(z) = Y, _,, fr(@x). This is well defined because if 3, _, z =
Y ohen Ty then 7, o (2 —2)) = 0 s0 for all k < n, x, — ), € G and

3 (Felen) = (o)) = 3 (el =) = 3 (o = 24)

k<n k<n k<n

=fn(2xk—x;):fn<0>:o.

k<n

It follows similarly that f is a group isomorphism. Also, f is an L,,-isomorphism because if R°(a, @) holds
for some i < n, @ < X and a € Gy, then write a = Y, _, aj where a; € G§. Since RN (a,a) holds and
RN (ay,, @) holds for all k # i, it follows that R\°(a;, ) holds, so RN (fx(ax), ) holds for all k < n, and
so RN (f(a), @) holds. The other direction is similar.

Proof of Subclaim. For a finite set b of elements of A, let Lg = G? N Naces H,za Form < k+1,let Kj, =

Z|b|:m Li (as a subspace of G;?)7 so K}, is not necessarily definable (however Kg = Gf and K,ZH = G}

3 1In fact, by [8, Claim 3.1], if T' is unstable there are 2* such models.
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are). This is a decreasing sequence of subgroups (so subspaces), G;? =K)> 2 KIJCJr1 = G7. Now it is

enough to show that:

Subclaim. For m < k+ 1, there is an isomorphism f, : K%, — K} which is an isomorphism of the induced
structure (K7, \) which extends f,.

Proof. The proof is by reverse induction. For m = k£ + 1 we already have this. Suppose we have fm+1 and
we want to construct f,,. Let b C X be of size m. If m = k, then it is easy to see that |Lj (K7, N LJ)| =2
(this is true in M), so there is an isomorphism g, : L) /(K% N LY) — Ly /(K1 N LY).

Assume |b| < k. In our original model M, L, C Kj, but here one can find infinitely many pairwise
distinct cosets in L{) J(K) N LJ) Indeed, we can find a type in A infinitely many variables {z; | i < A}
over b saying that x; € Lb and z; —x; ¢ K41 for ¢ # j—for all r < w, it will contain a formula of the form

r—1
V(Zo,~~~72r—1)vt<r(yt)<[ /\(Zt € Ly, Nyl =m + 1)} =T — T F Z%)
=0

t<r

To show that this type is consistent, we may assume that b C Q™ so we work in our original model M. For
such r and b, choose distinct 7g,...,m_1 € G,, such that for s,s" < I:

e n5(i) =0 for i # k.
|supp(ns(k))| = r + 1.
o uy € supp(ns(k)) & ug € supp(ns (k) = w1 Nug = b (s might be equal to s’ but uy # uz).

Then {ns | s < I} is such that n,,, 1., satisfy the formula above for all s; # sy < I: if not, there are
20 € Leyy -y 2r—1 € Le, where |¢;| =m + 1 such that ), . 2 = ns, — 7,,. We may assume that

| supp (2:(k)) = supp (ns, (k) — ns, (k) = supp (s, (k)) Usupp (1., (k)),

but then for t < 7, [supp(z:(k))| < 1 by our choice of ns and this is a contradiction.

Now, let N} be an elementary extension of N; with realizations D = {¢; [ i < A} of this type, and we
may assume \N =M Then add a predicate for the set D, and an injective function from N " to D. Finally,
by resplendence of Nj, |Li /(K 7 N L) =\

Hence it has a basis of size A, and let g, : L) /(K2 N LY) — Li/(K}, ., N L{) be an isomorphism of
Fo-vector spaces.

Note that fy41 [ KO, N LY is onto K, N L} (this is because f,+1 is an isomorphism of the induced
structure). We can write L] = (KJ +1OLJ) SWJ where W7 = L] /(K HHLJ) s0 g induces an isomorphism
from WP to W'. Now extend f,,41 | Kmle N LY to fh o LY — L} using gp.

Next, note that {Lj | b C A, |b] = m} is independent over K,jnH, i.e. for distinct by, ..., b, LiT N
Doier Lj C K’ 7.4+1- Indeed, in our original model M, the intersection Ly, N}, Ly, is equal to Y, _, Ly, v,
so this is true also in N; (in fact, this is true for every choice of finite sets bt—regardless of their size).

Define f, as follows: given a € K, we can write a = Y, 3 a» where a;, € Ly, for a finite B C {b C X |
|b| = m}, and define f,(a) = 3 f2 (ap). It is well defined: if Y,z 25 = >y cpr Yo, then for by € BN B/,
by € B\B' and b3 € B'\B, (T, — Yb, )s Tt Ybs € K941, SO

Yof@) = D )= D feni(me—w)+ Y fusr(ze) = Y fusr ()

beB b’ eB’ beBNB’ beB\B’ beB'\B

It follows similarly that f,, is a group isomorphism.
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We check that f,, is an isomorphism of the induced structure. So suppose a € K%, a < X and i < w. If
i # k, then since KJ, C G¥ for j < 2, both RY°(a, ) and RN (f(a), a) hold. Suppose R;° (a,a) holds. Write
a=7) ycpa asabove. Then, as a € Lyqy N .5 Ly = D 15 Liuga}, We may assume that b € B = o € b.
So by definition of f.,, Ry (fm(a), ) holds. The other direction holds similarly and we are done. 0O

Note 4.7. This example is not strongly dependent, because the sequence of formulas R, (z,y) is a witness
of that the theory is not strongly dependent. So as we said in the introduction, it is still open whether
Property A holds for strongly dependent theories.
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