
C l a s s i f i c a t i o n  o v e r  a P r e d i c a t e  II 

§ 1 I n t r o d u c t i o n  a n d  p r e l i m i n a r y  f a c t s .  

Let 7" be a fixed c o m p l e t e  f i r s t -o rde r  theory ,  and  P • L(T)  be a fixed 

m o n a d i c  p red i ca t e .  

Q u e s t i o n :  Descr ibe  the  s t r u c t u r e  of M ~= Y knowing M ~ P.  

When (Vx) - P ( z )  • T, th is  is a p rob l em a d d r e s s e d  [Sh 1], [Sh 4]. 

If Vx P ( x )  e T, t h e r e  is an e x t r e m e l y  s t rong  s t r u c t u r e  theory .  Gall- 

m a n  dea l t  wi th  the  case  "M has  few (-<t pM I) a u t o m o r p h i s m s  over  pM ,, and 

ge t s  a r e p r e s e n t a t i o n  t h e o r e m .  

But  for  us the  m a x i m a l  s t r u c t u r e n e s s  will be 

"M is p r ime  and even  p r i m a r y  over  pM,, 

This is para l le l  to  the  case  "Y ca t ego r i ca l  in A"; bu t  this  is s t ronger :  

r e m e m b e r  t h a t  by Loewenhe im Skolem T h e o r e m  Y (if non-  tr ivial)  has  

m o d e l s  in all ;k-- IT1 + t~ 0, So the  exac t  paral le l  will be " I IMt ] ,  M t P de t e r -  

m i n e  M", o r  a t  l eas t  "d im (M,P), M t P de te r 'mine  M.'" If we are  i n t e r e s t e d  

in the  " c a t e g o r i c i t y  t h e o r e m "  (= un iquenes s )  we can  r e s t r i c t  onese l f  to the  

case :  

1.0 H y p o t h e s i s  : (VM ~ T) ( IP  M = I]M]I) and even  (a~ • T)(VM ~ lb) 

( tPMI = I IMII)  ( to avoid having  to deal  wi th  the  poss ib i l i ty  t h a t  T is 

u n c o u n t a b l e ,  and  (VM) ~ T)[ [pM ] = JIM Ill b e c a u s e  of Chang ' s  two ca rd ina l  

t h e o r e m  failing for  all A_~ IT l). The las t  cond i t i on  is equ iva l en t  to: 

[N-<M ~= T, PUcN~-------->N=M]. 

Sh:234



48 

We add * to the theorems assumings Hypothesis 1.0 (in our main conclu- 

sion here we shall do.) 

This means that generally from pM we cannot reconstruct M, not even its 

p o w e r ,  

We h a v e  s t a r t  to  d e a l  w i t h  t h e  p r o b l e m  in  [Sh  2], b u t  r e a d i n g  of i t  is  n o t  

r e q u i r e d  ( s e e  t h e r e  on  o t h e r  w o r k s  on t h e  s u b j e c t  of G a i f m a n  H o d g e s  a n d  P i l -  

l ay ) .  

Section 3-4 are given almost as they were lectured in the seminar, 

hence are less formal but are more detailed and repetitious then usual. We 

do not try to save on set theoretic assumptions. In [Sh I] the following 

classification is discussed. 

superstable 1 
stable ~ ~o ~znstable  

unstable ~ superstable (onLy fo r  categories ] ~o--stable 
of  models o f  countable theories) I 

This  c o r r e s p o n d s  to ,  r o u g h l y :  

f o r  e v e r y / )  c 6~(A): 

s t a b i l i t y  ~ e a c h  p r ~a i s  d e f i n a b l e  

s u p e r s t a b i l i t y  ~ p is  a l m o s t  d e f i n a b l e  o v e r  s o m e  f i n i t e / 5 '  E A 

I~0 - s t ab i l i t y  ~ p d e f i n a b l e  o v e r  s o m e  f i n i t e  B C A. 

We e x p e c t  t h a t  t h e  c l a s s i f i c a t i o n  will  b e  ( t h i s )  x ~ w i t h  ~ l e v e l s  of c o m p l e x i t y .  

E a c h  t i m e ,  fo r  t h e  u n s t a b l e  c a s e ,  a n o n - s t r u c t u r e  t h e o r e m  f o r  I T I + - s a t u r a t e d  

m o d e l s ,  a n d  f o r  t h e  u n s u p e r s t a b l e  T a n o n - s t r u c t u r e  t h e o r e m  f o r  l~ -  

s a t u r a t e d  m o d e l s .  O n l y  in  t h e  s t a b l e  c a s e  we c a n  c o n t i n u e  to  t h e  n e x t  l e v e l .  

In fact .  i t  s e e m e d  t h a t  in o r d e r  t o  g e t  n o n - s t r u c t u r e  f r o m  u n s u p e r s t a b i l i t y  

we n e e d  f i r s t  s t a b i l i t y  fo r  a l l  l e v e l s .  We e x p e c t  t h a t  t h e  s o l u t i o n  wil l  be  l o n g ,  

i n v o l v i n g  m a n y  b r a n c h e s .  We c o n c e n t r a t e  o n  t h e  s t a b l e / u n s t a b l e  d i c h o t o m y  

a n d  q u i t e  s a t u r a t e d  m o d e l s .  We s h a l l  u s e  in  " n o n - s t r u c t u r e "  p r o o f s  

h y p o t h e s i s  l i k e  G.C.H, V = L  f r e e l y .  If we d o  n o t  do  t h i s  we m a y b e  f o r c e d  

to  l o o k  a t  d i a g r a m s  we g e t  a t  a p p r o x i m a t i o n  of l e s s  c o m f o r t a b l e  c o f i n a l i t i e s ;  
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if t he  p r o p e r t i e s  a r e  d i s t i n c t  t he  p i c t u r e  will be e v e n  m o r e  e l a b o b o r a t e .  Let  

u s  exp la in  m o r e  t h e  e x p e c t e d  c l a s s i f i ca t ion .  

n = - 1. Is e v e r y  r e l a t i o n  on pM def inab le  in M, also de f inab le  in M rPM? 

1.1 H y p o t h e s i s :  We a s s u m e ,  y e s  and  even:  

" e v e r y  f o r m u l a  is e q u i v a l e n t  (by T) to  an  a t o m i c  r e l a t i o n . "  ( see  [Sh 2]) 

n = 0. If M is s a t u r a t e d ,  IIM]I = k > IT] , is M d e t e r m i n e d  by  M t P ?  I ts  

i s o m o r p h i s m  type ,  ye s  bu t  i t s  i s o m o r p h i s m  type  o v e r  M ~ P n o t  n e c e s s a r i l y .  

1.2 H y p o t h e s i s  : For  e v e r y  ~ ~ M ~ T a n d  ~, p = tpq,(a,P ~) is de f inab le  

(i.e. for  s o m e  ~p~, a n d  c- c pM; Vb- c P~[~(2,b) c p  <=> lp~(b,e)] .  ( see  [Sh 2]) 

1.3 T h e o r e m :  If M is s a t u r a t e d ,  ]]MI] = k > t TI ,  t h e n  M is X-pr ime  o v e r  

P ~  a m o n g  t h e  k s a t u r a t e d  mode l s ,  and  is e v e n  k - p r i m a r y  o v e r  i t  (i.e. 

IMI = l a t : i  <a{, tp(a~,P m L) lai,i < j ] )  is A-isola ted  for  k r e g u l a r ;  t h i s  

p r o v e s  u n i q u e n e s s  o v e r  P ~ ) .  

This  is a w e a k  s t r u c t u r e  t h e o r e m .  

Proof :  Note:  

1.4 Fac t :  For  e v e r y  ~ c m ~ T, tp(g,P M) is ] T]+- i so la ted ,  in f ac t  if 

M < N, t h e n  tp (~,pM) t-- tp (~,pN). 

This  follows f r o m  H y p o t h e s i s  1.2: for  e v e r y  9 t h e r e  a r e  ~bg,~ e (~p~ does  n o t  

d e p e n d  on  g, on ly  on  ~ ( c ) ,v~  ~ P )  s u c h  tha t :  

(Yy c P ) [ ~ ( e , y )  -= #~(y ,a- , ) ] .  

So t h e  f o r m u l a  O ~ ( ~ , ~ )  = ( g y  C P ) [ 9 ( x , 9 )  -= ~P~(O,e~)] is sa t i s f i ed  by  ~, 

i t s  p a r a m e t e r s  a r e  f r o m  P ~ ,  so @~(~,e~) ¢~p (V,P ~)  a n d  eas i ly  

@~(~',ffe) ~ tp~(g,PM). Hence ,  

c tp (~,pu) 
Io~(z,e.):~ e LI ~ tp (c,P u) 

So tp (e,P u) is 1 T1 +-isolated.  

If M < N, t h e n  N ~ 0~(~,e~)  h e n c e  
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tp (<N) 
~%(z,~,,):~ c Lt i - t p ( < N )  

b u t  {®~(x,ff~):~ < L] C tp (ff,PM). 

P r o o f  of t h e  T h e o r e m  1.3: Let  ]MI = lai:i < h{. As k > I TI,  by  t h e  f a c t  

fo r  j < k t p ( ~ a i , i  .~ j>,pM)  is i s o l a t e d  by  a s u b s e t  of power  - IT] + IJ]  < h 

( t ak ing  u n i o n  on all f ini te  s u b s e q u e n c e s ) .  H e n c e  tp (a j ,P~  U lai : i < j ]) is h- 

i so la ted .  So M is k - p r i m a r y  o v e r  PM, e tc .  ( see  [Sh 1], Ch. IV). 

1.5 N o t a t i o n :  Let  t~ be  a v e r y  s a t u r a t e d  m o d e l  on T; we r e s t r i c t  ou r -  

se lves  to " s m a l l "  e l e m e n t a r y  s u b m o d e l s  of it. (see  [Sh 1], Ch. I, §i) .  

1.6 D e f i n i t i o n  : A C fR is c o m p l e t e  if [~ r (A n P )  < I~ t / ~  and  for  e v e r y  

g c A and  ~ t h e r e  is e- ,~ c A n P s u c h  t h a t  ~ ®~(g,g~,a) (0~ as  p rev ious ly ) .  

An e q u i v a l e n t  f o r m u l a t i o n  is: for  e v e r y  f o r m u l a  ~ ( g , y )  a n d  6 < A ,  if 

~ ( ~  C P )  ~o(~,6) t h e n  for  s o m e  ~ C A N P,  ~ ~ [ g , 6 ] .  

H e n c e  if M N P ~  c A C M, t h e n  A is c o m p l e t e .  

1.7 R e m a r k :  1) If A,T a re  c o u n t a b l e ,  t h i s  m e a n s  (by t h e  o m i t t i n g  type  

t h e o r e m  ): 

~M(A c M , ' , M  N P = A  N P )  

2) if A N P is h - s a t u r a t e d ,  k = ]A ] th i s  m e a n s  t he  s a m e .  

1.8 Def in i t ion  : S . ( A ) = I t p ( a , A ) : A  U a c o m p l e t e ,  g N P = ~ | .  Of 

c o u r s e  A c o m p l e t e ,  and  l e t  S.~(A) =~p c S.(A):p = t p ( g , A ) , g ( a )  = m ] .  

1.9 E x p l a n a t i o n :  We are  r e c o n s t r u c t i n g  M f r o m  p M  I t  is r e a s o n a b l e  to  

t r y  to  do t h i s  u s ing  i n t e r m e d i a t e  A, pM C A C M b u t  t h e n  t h e  t y p e s  in which  

we m a y  be i n t e r e s t e d  in r ea l i z ing  a r e  on ly  t h o s e  f r o m  S. (A). 

1.10 Explmaa t ion :  F r o m  w h e r e  c o m e s  t h e  ~a leve l s  of t h e  c l a s s i f i c a t i on?  

We t r y  to  r e c o n s t r u c t  M f r o m  pM (e.g. in t h e  case  of e a t e g o r i c i t y ) .  We l e t  

IIM ll = h0, l e t  M = U M~, M~ i n c r e a s e  c o n t i n u o u s l y ,  IIM~ II = I Yl + t i  1. This 

c a n  be  d e c o m p o s e d  to  k 0 p r o b l e m s  of: 

" r e c o n s t r u c t  M~+ 1 o v e r  pM U M~" 
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By H y p o t h e s i s  1.~ (see  Fact )  tp,(Mi+l,P ~ '  U Mi)[- tP . (M/+I ,  P/~ U AIr), so we 

h a v e  the  r e c o n s t r u c t i o n  p r o b l e m  of Me+ 1 ove r  P ~ + '  Y Mi. We c a n  d e c o m p o s e  

t h e  d i a g r a m  again,  d e c r e a s i n g  the  power  while i n c r e a s i n g  the  d i a g r a m  to  2 n 

se t s .  This is s i m i l a r  to  [Sh 3] (and  [ Sh 4] XII §5, bu t  t h e r e  on ly  t h e  good  c a s e s  

occu r ) .  Note  t h a t  if we al low I P ~  I < I I M I! an  e x t r a  c o m p l i c a t i o n  a r i ses .  

If we h a v e  "good"  b e h a v i o u r  for  o n e  power ,  e v e r y  n ,  we c a n  p r o v e  i t  for  all 

l a r g e r  powers .  For  e a c h  n we look  a t  n - d i m e n s i o n a l  d i a g r a m  

A = U A~u (A~ ~ P ~  if 0 ¢  w ,  A w <[~ if 0 c w ) ,  a n d  a s k  a b o u t  IS.re(A). tf we 
2D C~r~ 

g e t  s t a b i l i t y  (i.e. IS.re(A) I -< IA t l r t ) ,  we c a n  def ine  ( n + l ) - d i a g r a m s  [as  we l ike 

to  h a v e  t h a t  tp,(Au,A~) is d e t e r m i n e d  by  t_p.(Au,Avnu), a n d  g e t  s o m e  u n i q u e -  

n e s s  we dea l  wi th  t h e m  m a i n l y  when  s t a b i l i t y  for  n - d i a g r a m s  was a l r e a d y  

p roved ,  and  1.0 h e l p  s impl i fy ing] .  If e.g. for  e v e r y  n t he  pa ra l l e l  of ~0- 

s t a b i l i t y  holds,  we would be able  to p rove  "M is p r i m e  o v e r  pM, ,  F r o m  in s t a -  

b i l i ty  we wilt t r y  to g e t  n o n - s t r u c t u r e  t h e o r e m s .  We shal l  deal  wi th  r a n k s  

c o r r e s p o n d i n g  to  s t a b i l i t y  ( u n s t a b i l i t y  .) 

1.11 Def in i t ion  : For  e v e r y  c o m p l e t e  s e t  A, for  A1,A 2 ( se t s  of f o r m u l a s  

~0(2)) we def ine  R : R ~ ( p  ,A1,Ae,A ) (we s o m e t i m e s  o m i t  A). 

[ the  r a n k  m e a s u r e  how c lose  we a re  to: 

p h a s  a p e r f e c t  s e t  # ¢  of e x t e n s i o n s  in S.m(A) 

&l is for  " m a n y  e x t e n s i o n "  

A 2 is for  "A U ~ is c o m p l e t e " . ]  

We now def ine  by  i n d u c t i o n  when  R >- a .  

1) R : - - l ~ - > p t -  \ /  P ( x ~ )  
~<¢(~) 

2) R > O < - > R 4 - 1 ~  p U[~ P(xe ) :~  < £ ( ~ ) ]  is f in i te ly  

sa t i s f i ab le .  

3) R->  ~ (6 l imi t )  <==> R -> i for  e v e r y  i < 6. 

4) R--> a + l  < - >  fo r  e v e r y  f ini te  q C p  a n d  c a r d i n a l s / ~ , x  w h e r e  [ a  

odd ~ / z = 0 ]  , [ a  e v e n  ~ = 0 ]  and  / ~ + ~ < X ,  a n d  fo r  e v e r y  f o r m u l a  

~ i ( g , ? ~ t )  E A z and  6~ E A (i < x) t h e r e  a r e  h l - - m - t y p e s  ri( j <-- tz) pa i rwise  
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e x p l i c i t l y  c o n t r a d i e t o r i e s  and d r c P[~ (~ A(i  -: ~), s u c h  that: 

R ~ (  q u r j  u I ( W ~  c P)[~(~' ,b-~,~O - ~,,(~,d~):~, < ,~], a~,a2) -> 

1.12 R e m a r k :  t t  does  n o t  m a t t e r  w h e t h e r  we fix <%b~:~ 6 L >  or  j u s t  

a s k e d  f o r  " s o m e  s u i t a b l e  ! ~ " .  

1 .13 D e f i n i t i o n  : If K is a c a t e g o r y  of c o m p l e t e  A ~ [~ a n d  s o m e  e m b e d -  

d i n g s  f :A -* [~, t h e n  we c a n  de f ine  R fo r  K r a t h e r  t h a n  f o r  A, a l lowing  in  t h e  

d e f i n i t i o n  t o  r e p l a c e  A by  K - e x t e n s i o n  ( i.e. t h e  r j  b u t  n o t  di  c a n  be  f o u n d  

t h e r e ) ,  

1.14 Clairm If [~ t A c a n  be e x p a n d e d  to  an  t % - s a t u r a t e d  m o d e l ,  a n d  AI,A 2 

a r e  f in i te ,  then R~n(p,il,A2,l%) is f in i t e  o r  =. (We m a k e  e x p l i c i t  t h e  d e p e n d e n c y  

on A). 

P r o o f :  By c o m p a c t n e s s .  ( s i m i l a r l y  t o  [Sh 1], ch .  II §2) 

§2 R a n k s  a n d  n o n - s t r u c t u r e  f o r  n = l , 2 .  

2.1 R e m a r k :  We c o n c e n t r a t e  on  t h e  c a s e  A1,A2,A f ini te ,  t h i s  l e a d  t o  t h e  

" s t a b l e / u n s t a b l e "  d i c h o t o m y .  

Of c o u r s e  t h e  r a n k  h a s  o b v i o u s  m o n o t o n i c i t y  a n d  t h e  f in i te  c h a r a c t e r  p r o p e r -  

t ies .  

2 .2 Cla im:  Fo r  e v e r y  f in i t e  m A1,Az,A,n a n d  ~(2,77) t h e r e  is a f o r m u l a  

@(~7) s u c h  t h a t  f o r  a n y  c o m p l e t e  A a n d  a e A 

P r o o f :  By i n d u c t i o n  on  n .  

2 .3 Def in i t i on  : 1) We s a y  p is Al-big ( for  A) i f  A is c o m p l e t e  a n d  

R~n(p ,A1,A2,2 ) -> ~0 fo r  e v e r  f in i t e  A 2 

2) A is u n s t a b l e  if fo r  s o m e  f in i te  AI,I~ = x ]  is A~-big f o r A .  

2 .4  L e m m a  : S u p p o s e  A is c o m p l e t e  a n d  s t ab l e .  T h e n  ]s.rn(A) <- [AI Irl  

P r o o f  : For  e v e r y  p e S.m(A) we c a n  f ind  a c o m p l e t e  qp c p of  c a r d i n a l -  

i t y  < [T{ s u c h  t h a t  f o r  e v e r y  f in i te  AI,A a : R,I(p,A~,A2,2) = R~(qp,Al,k2,2). If 
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I S . ~ ( A ) I  > I A I I T I ,  

t h e n  f o r  s o m e  f i n i t e  A1, ~P r A , :  p < SD(A)~ h a s  p o w e r  > IAI  ITI, t h e r e  a r e  

B c A , I B t - <  ITI , q and  p,p~ cS~,(A) for  i < ( I a l i T i )  + s u c h  t h a t  

qp~ = q p  c S m ( B )  h e n c e  P i r B = P  r B ,  a n d  t h e  p ~ r A ~  a r e  p a i r w i s e  d i s t i n c t .  

The  r e s t  i s  e a s y  n o t i n g :  

g .5  F a c t :  If A i s  c o m p l e t e ,  p ~ S . ( A ) ,  t h e n  Ra(p ,A~ ,Aa ,2 )  i s  ~ o r  i s  e v e n .  

~ .6  L e m m a  : If I A ] = A, A c o m p l e t e ,  [~ r A s a t u r a t e d ,  A u n s t a b l e ,  t h e n  

] am( A )1 = 3x" 

In  f a c t :  t h e r e  i s a  f i n i t e h  l s u c h t h a t  l ip  rA~ :p  < S m ( A ) I I  = 2x- 

P r o o f :  T h e r e  i s  k i s u c h  t h a t  R~(2, = ~ ' ,k , , h2 ,2  ) > n f o r  e v e r y  f i n i t e  A 2 

a n d  n .  We d e f i n e  b y  i n d u c t i o n  o n  a < h f o r  e v e r y  77 < a2  a n  m - t y p e  p n  o v e r  A 

s u c h  t h a t :  

(1) I p ,  I <~0+ le(v)1 + 

(2) f o r  every f i n i t e  A2 R~(Pn,A1,A2,2) >- co 

(4) If a = f l + l  , v c ~2 t h e n  fo r  s o m e  ~o c A 1, c- c A , 9 ( g , g )  < Pn^<0> a n d  

~ ( Z , f f )  C P n ' < l > "  

(5)  F o r  e v e r y  f o r m u l a  ~o (2 , a ,x ) ,  a c A, f o r  s o m e  a ,  fo r  e v e r y  r/ c a2, f o r  

s o m e  e- e A ~ P (Y2  (: P )  ( T ( Z , a , 2 )  = lb~(~,e-))  e Pn" 

F o r  a = 0 , a l i m i t  n o  p r o b l e m .  

How to satisfy (4)?: 

As h 1 i s  f i n i t e  we c a n  c o d e  i t  b y  o n e  f o r m u l a  ( s e e  [Sh  1] II 3.1);  so  l e t  

Al  = ~ ( Z , 1 7 ) | -  W h a t  a r e  t h e  d e m a n d s  on  ~ ?  W r i t e  ~ fo r  ~-: 

~R~(q I J I ~ ( ~ , ~ ) t i , A 1 , A 2 , 2  ) -> n :  fo r  f i n i t e  q ~ p a n y  t a n d  a n y  f i n i t e  Az,n  ] 

( w h e r e  t i s  f a l s e  o r  t r u t h ,  9~-ut~ = ~, ~oyeas, = .q~) 

By c l a i m  2 .2  e a c h  d e m a n d  i s  f i r s t  o r d e r  i n  [~ r A. As ~ t A is  s a t u r a t e d ,  

IPvl <A = IAI,  i t  i s  e n o u g h  t o  s h o w  a n y  f i n i t e l y  m a n y  d e m a n d s  a r e  

s a t i s f i a b l e .  By m o n o t o n i c i t y  i n  r a n k  j u s t  one  is e n o u g h ;  s a y  

R~(q  U I ~ a ( ~ , ~ ) t ,  IA1,A2,3) -> n .  B u t  R n ( q  ..... ) -> n + 2  a n d  u s e  t h i s .  
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A s i m i l a r  p r o o f  w o r k s  fo r  (5).  

2 .7  R e m a r k :  Now t h e r e  a r e  t h e o r e m s  w h i c h  g i v e  u s  fo r  u n s t a b l e  A a n d  

A' ~-> ITI a n  =-A,  IsP. (A')I > ~  IA'I. 
B u t  we s h a l l  b e  " e ~ s y "  o n  t h e  n o n - s t r u c t u r e  s ide ,  a s  t h i s  i s  n o t  o u r  m a i n  c o n -  

e e r n  in  t h e s e  n o t e s .  

2.8 Question: Is s o m e  (=  e v e r y )  m o d e l  s t a b l e ?  

M e a n w h i l e  we a s s u m e  no a n d  g e t  s o m e  n o n - s t r u c t u r e  t h e o r e m s ,  t h e n  we wil l  

a s s u m e  y e s  a n d  c o n t i n u e .  

2 .9  N o t e :  We s h a l l  o b s e r v e  t h a t :  no  ------> (aM ~ Y)( l / I  > IPMI) 

3 .10  T h e o r e m  : S u p p o s e  t h a t  fo r  s o m e  m o d e l s  M C N,  c a r d i n a l  /~, a n d  

f i n i t e  A 1, pN C M, I I / I I  <<-I~,lltpa,(a,M): a c N i l  >-I~ +. 

tf I T! < ;k = h<~, 0 ~, 2 ~ < 2 x* a n d  t h e n  t h e r e  a r e  2 ~+ n o n - i s o m o r p h i c  m o d e l s  

of T of power h +, with the same restriction to P. 

Proof : Expand N to have enough set theory and get N +, let QN÷ = M. Let 

N<> be a saturated model of T/~ (N +) of power k. 

We define by induction ona <k + N~,F~ (for~/ E"2) such that : 

(i) N~ is saturated of power ~, elementarily equivalent to N +, I'~ 

a family of -< k types omitted by N,, moreover no one has a support over N~ 

in the sense of [Sh 5] ( for carrying this we need 0x)" 

(2) F o r  ~ < JZ(7/); N,~rI ~ < N,I, F,ffl9 ~ F,,  FN,, = pNo ,  a n d  e v e n  
QN, = QfO. 

(3) F o r  a = f l + l ,  v c P3, t h e r e  i s  a h i - m - t y p e  o v e r  p N o  r e a l i z e d  b y  

Nv~<0 > a n d  b e l o n g i n g  t o  Fv -< l  >. 

For the continuation of the process in the limit we have to have more 

induction hypothesis as in the paper above; in the case a = ig+l, ~ c P3 N v 

has a k-saturated extension in which k + Am--~rL-types complete over QN<> are 

realized. So there is one Pu with no support <k over N~. So let 

Fv^<t> -- FvLl~pvl, NuA<0 > realizes Pv, (we can get also the dual demand). 
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So, le t  for ~7 c x+3: N v = k) Nnra. Over QNo t h e y  are  pairwise non - i somorph i c ;  
I 1  

as 2 ~ < 2 x*, 2 ~ of t h e m  are  n o t  i s o m o r p h i c  (even over  ¢) (easily, by  [Sh 1, t .2] 

and  N~ t pN.  = N<>tpNo is t he  same.  

Remark :  We can  e l i m i n a t e  the  use of 0 x by fo rge t t i ng  P n by d e m a n d i n g  

t h a t  for a = fl + 1, v c 1~3 t h e r e  is a A l - r n - t y p e  p over  p~Vo which  Nn^<0 > real-  

ize i t  w h e r e a s  N~^<I > " says"  i t  is o m i t t e d  ( and  you  can  d e m a n d  t h a t  you  can  

i n t e r c h a n g e  t h e m . )  

2.11 Remar k :  We can  r ep l ace  h - s a t u r a t e d  by ) t -compact .  

g a g  Theore rm Suppose  t h a t  s o m e  m o d e l  is uns tab le ,  bu t  the  h y p o t h e s i s  

the conclusion of the last theorem 

of the  l a s t  t h e o r e m  fails. 

If IT[ <;k = k<x, 0 I~<~*: cf(~)=M' t h e n  

holds.  

that: 

R e m a r k :  We can  r ep l ace  d i a m o n d  by weak  d iamonds .  

P r o o f  : We define by  i n d u c t i o n  on a for eve ry  7 / c  a2 a mode l  N n such  

(1) N n is ;~-saturated when  g (r/) is a s u c c e s s o r  or  c f  (¢. (~7)) = ;~ 

(2) I g ,  I = ~,(l+g07)) 

(3) Nnt ~ .< N, .  p~V,, = pN... 

Let < <r/~,v,a,F,~>: 6 < ~+, c f ~ = ~,, ~ divides 6(~ ~ is ordinal  e x p o n e n i a t i o n ) >  

be a 0 - s e q u e n c e  i.e. F ~ : 8 - , ~ ,  r l ~ # v ~ < ~ g  and  for  every  r~ # v c x * 2 ,  and 

f u n c t i o n  F:A + -* A + for s o m e  (in fac t  a s t a t i o n a r y  se t  of) 

5 : < rh~,u~,F6> = < nt&vt&F~6> ; so F m a p s  ~ to ~. 

(4) For  e a c h  ~, t h e r e  is a type  q over  N~, which is r ea l i zed  in N~,^<0 > and  

also in Nn,^<l > bu t  Fe(q)  is no t  r ea l i zed  in any  k- s a t u r a t e d  ex t ens ion  N + of 

Nu,^<0 > or  N~,^<I> with pg*=  pN<~ 

If we s u c c e e d ;  t h e r e  will be  no p r o b l e m .  

For  a = 0. a l imit  : no p rob lem.  
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a = f l + l  /~ s u c c e s s o r  : Over  N v t h e r e  is a h i - b i g  p • Sm(Nv) .  Let  i t  be  r e a l i z e d  

b y  ~, N v U g  is c o m p l e t e ,  h e n c e  (as IN ~ pN.  is A - s a t u r a t e d  of pow e r  h) t h e r e  a r e  

( for  e = O, 1) A - s a t u r a t e d  Nv^<e > for  p o w e r  A, s u c h  t h a t  

N u u g  C Nv^<e >, pN~.<,, = pAr~. 

a = ~ + l ,  c f  fl < A: N n = u Nnt 7 is a c o m p l e t e  s e t  w i t h  pN~ s a t u r a t e d  ( see  
7<# 

be low) :  h e n c e  we c a n  f ind  Nn~<e > D N n s a t u r a t e d  w i th  t h e  s a m e  P. We use  

f r ee l y :  

2 .1a  Cla im:  If A is c o m p l e t e ,  IN t ( A  C~ P)  / ~ - s a t u r a t e d ,  IAI = k[ a n d  

ITI  < k = X < X ] ,  t h e n  we c a n  f i n d N ,  P N c A  c N  [ a n d N i s  A- s a t u r a t e d ] .  ( l ike  

t h e  p roof  of t h e  u n s t a b i l i t y  L e m m a  2.6, b u t  s i m p l e r ) .  

The n e x t  ca se  is: 

a = ~ + i  , c f  l~ = h a n d  w.l.o.g. <N~,va,F~> is d e f i n e d .  We d e f i n e  by  i n d u c t i o n  

o n  i a m o d e l  /V ~ of p o w e r  A, N o = N~,,, N J < A¢ for  j < i ,  pN, = pNo a n d  t h e r e  is 

c-~ • N~+ 1 s u c h  t h a t  tpa~(ei,No ) is n o t  r e a l i z e d  i n  / ~ .  We d e f i n e  as l ong  as  we 

c a n  f o r i  < k  +. 

If we c a n  c o n t i n u e  for  i < k + we g e t  t h e  h y p o t h e s i s  of t h e  p r e v i o u s  t h e o r e m .  

As for  l i m i t s  we h a v e  n o  p r o b l e m ,  t h e r e  is a l a s t  AN', w.l .o.g. (by  2.13) i t  is  A- 

s a t u r a t e d .  Le t  N u a A < e > = N  i° for  e = 0 , 1 .  Now IS*m(Nn6){ > A ,  IAd'I--<A, so for  

s o m e  q~ • S m ( N ~ ) ,  F$(q~) is n o t  r e a l i z e d  i n  hal'. Choose  N~^<e  > to  r e a l i z e  q~ 

( p o s s i b l e  as  q~ • S.m(Nm) n o t  j u s t  • S m ( N m ) ) .  F o r  p • 2 # \ l u ~ , r / ~ l  y o u  h a v e  

m o r e  f r e e d o m .  (We c o u l d  h a v e  m a d e  t h e  s i t u a t i o n  s y m m e t r i c ) .  
* @ $ 

So we h a v e  s h o w n  n o n - s t r u c t u r e  w h e n  s o m e  M is u n s t a b l e .  Le t  u s  r e l i s t  

o u r  h y p o t h e s i s :  

T c o m p l e t e ,  P o n e  p l a c e  p r e d i c a t e  

n = - 1 H y p o t h e s i s  A = I . I :  e v e r y  f o r m u l a  is e q u i v a l e n t  to  a r e l a t i o n  

n = O H y p o t h e s i s  B = l . 2 :  For  e v e r y  g c IN, tp (~,PIN) is  d e f i n a b l e  
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n = 1 H y p o t h e s i s  C: F o r  e v e r y  M, I~** (M) I -~ IIM II lr~ 

N o t e :  F o r  e v e r y  M b y  B,tp,(M,P M) 1- tp,(M,t~). T h e  n e x t  s t a g e  is: 

n = 2 Q u e s t i o n  D: Is e v e r y  M0 U pM1 s t a b l e ,  w h e r e  M 0 ~ M 1 < [~? 

2 .14  T h e o r e m  : S u p p o s e  t h e  a n s w e r  t o  q u e s t i o n  D is  yes ,  

A <~=A,A> ITI ->~0. If M is A-saturated of power k +, then over pi there is a 

k-prime model 

(So if (VN ~ T)((IN l = ]IPl]) then M is A -prime over pM) 

2.15 Remark: Really: k<~-- < - A+,k > I TI is enough. 

Proof: If ]PM I ~ k use the previous theorem 1.3. 

Let pM = L3 A~ increasing continuous, [~A~ <[~vPM ~[~rp and for i =0 , 

and i successor -------> [~ ~ At is ),-saturated. 

We define by inducton on i models M i, increasing continuous, 

Mi N P[~ = 4, such that 

(*) for every t c M¢÷~ tp(c,M¢ Y A~+I) is k-isolated 

(**) M0,M~+ I are A-saturated, l[Mi II =k. 

(***) tp (~,Ao) is k-isolated for ~ c M 0. 

Why is this enough? 

Let M 0= Ica: a <A{ Mi÷I\M i = lea: k(l+i)--<~ <A(l+i+l){, maybe with 

repeatiUons. 

Now tp.(Ic ~ : j~<_i a{,A0) is A-isolated (as union of < lal + +B0 such types) but 

tp.(~cp,~ <-- rx{,Ao) ~- tp.(Icp,[J <-- ~x{,P Id) so the latter is k-isolated too; hence 

~P*(ca,P M i.J lea :: ~ < oc|) is A-isolated. Also for (l+i)k <--- ~ < (l+-i+l)k 

tp (ca,pM kJ ~cp,fi' < a l )  i s  k -  i s o l a t e d  by:  

2 . 1 6  Fac t :  If A C) a i s  c o m p l e t e ,  t h e n  

tp (a,A) t- tp (a,A U P[~) 
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P r o o f  of  F a c t  2 .16:  For e v e r y  b - ~ A ,  t p - C d ^ b , A f 3 P ) ~ - t p ( a ~ b , I  ~ ,  

h e n c e  tp (8.,(A (3 PI~) LJ b) ~- tp ( ~ , ~  kJ b),  t ak ing  u n i o n s  ove r  all b ~ A we 

get the fact. 

lye know t p ,  ( t c ~ : ( l + i ) k  -- t6 <-- at,Me UAt+I) is h - i s o l a t e d  and  

tp.(tc~ : ( l+~)k  -< 18 ~ ~t,M~ U & + , )  l - t p . ( l c ~ : ( l + ~ ) k  < 18 -< a~,M~ U P  ~) 

b y  t h e  Fact .  

H e n c e  t h e  l a t t e r  is k - i so la ted ,  h e n c e  tp(c,,, t c # : ( l + / ) k - - -  18 < a{ L) MiU Pt~¢) is 

h - i so la ted ,  b u t  th i s  is tp(ca, lc ~ : 18 < alUPM).  So tp(c~,~c~ : 18 < al Lt P~) is 

h - i s o l a t e d  for  e v e r y  a < k +, and  t h i s  is enough .  

We st i l l  h a v e  to  def ine  Mt 

For i =  O, as A o is c o m p l e t e  k - s a t u r a t e d  of power  k, t h e r e  is M o, p i o =  Ao ' 

M 0 k- s a t u r a t e d  a n d  we know M 0 sa t i s f i es  (***) n e c e s s a r i l y .  

Note:  

2.17 Fac t :  If B is c o m p l e t e ,  k = h <x > II TII ,  [~ r ( B f 3 P  [~) is k- s a t u r a t e d ,  

I BI  = k, t h e n  t h e r e  is a h - s a t u r a t e d  N ~) B , N  N P[~ = B (3 P[~. 

For i + l :  As M¢ LJ A¢+1 is c o m p l e t e ,  and  i ts  i n t e r s e c t i o n  with  F ~ is (Ac+p which  

is) k - s a t u r a t e d ,  c l e a r l y  by 2.1.7 t h e r e  is N¢ ~M~ u Ac+I,N ~ k - s a t u r a t e d  

P N N ¢  =A¢+ 1. We def ine  by  i n d u c t i o n  on a < k , c a c N  s u c h  t h a t  

tp(ca,M¢ u A~+I L)~c~:18 < a l )  is h- i so la ted .  By s t a n d a r d  b o o k k e e p i n g  i t  is 

e n o u g h  to  p r o v e  t h a t  if p(x~)  is a t ype  o v e r  M¢ U ~ + l h / I c ~  : 18 < m] of  p o w e r  

< h t h e n  i t  h a s  a k - i s o l a t e d  e x t e n s i o n  ( o v e r  t h i s  se t ) .  

By the induction hypothesis there is a type 

c1(x13" 18 < or) C tp,(<e13,18 < ~>,M~ UA¢+ 1) 

of power < k sueh that q(~" ~ < ~) k tp.(<cp,~ < ~>,M~U&÷I). Replace in 
p (xa) the c~'s by x~ and get p'(xp : fl --~ a). So p' U q is finitely satisfiable (in 

N~) and of power < k and is over M~UA~+ I. Let I(~77,A~,Af): 7 < ;a I + ;TI~ be 

t he  l i s t  of all  t r i p l e s  ( y , ~ l , ~ 3 ) ;  ,~ ~ lXp " 18 ~i; I I I  is f ini te  a n d  A;,/t 2 ¢ L(T) a r e  
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f i n i t e .  

We d e f i n e  b y  i n d u c t i o n  on  g a t y p e  r 7 in  Ni o v e r  M r U Ai+l  w h e r e  r 7 i s  

i n c r e a s i n g  of c a r d i n a l i t y  < ;k, rT+ 1 = r ~ u r ~ ( y T ) ,  rT  f i n i t e  o v e r  M i U A ~ ÷  1, t h e  

u n i o n  c o n s i s t e n t  a n d  R(rT(yT) ,A , ,Aa ,2  ) i s  m i n i m a l  w h e r e  t h e  r a n k  i s  f o r  

M i u A , + I  ( m i n i m a l i t y :  u n d e r  t h e  c o n s t r a i n t s  r e q u i r e d ) .  As M i u A ~ + I  i s  s t a b l e  

a n d  as  A~+ 1 is  k - s a t u r a t e d ,  N~C~P = &+> we c a n  e x t e n d  r l = l + t r  I t o  r' so  t h a t  

i t s  d o m a i n  is  a s e t  C C A i + I U M  ~ a n d  r ' ~ y  c Sin(C) f o r  a n y  f i n i t e  

C { x ~ : ~ - a ]  of l e n g t h m .  S i m p l y l e t  < c  a : f l - < a >  be  a s e q u e n c e  in  N i r e a l -  

i z i n g r l a l + l : r l ;  now c h o o s e  C 0 c A t +  1 so t h a t Y d c { c ~  : t 8 - < a ] u D o m  r l a l + l r  I, 

t p ( d , P  N*÷I) = tp(g,A{+~) is  d e f i n a b l e  o v e r  C O a n d  l e t  C = C o u D o m  r l=l+lr  I, 

r' =,p(i a :.<_ 

By t h e  d e f i n i t i o n  of R(  , . • ) , 3,5, a n d  a s  fo r  no  k 1 

( V n )  (V f i n i t e  Aa) R a . I U M , ( ~ =  z , A>Aa,2 ) _> n ,  c l e a r l y  r '  h a s  a u n i q u e  c o m p l e t e  

e x t e n s i o n  o v e r  A t + I U M  ~ ( u s i n g  t h e  c o n s t r u c t i o n  of r l ) .  

So we h a v e  f i n i s h e d  p r o v i n g  2.14. 

2 . 1 8  T h e o r e m  : S u p p o s e  t h e  a n s w e r  ( t o  Q u e s t i o n  D) is  no,  k = k <)" > I T[ .  

L e t  Q be  t h e  f o r c i n g  of  a d d i n g  A + C o h e n  s u b s e t s  to  A. T h e n  f o r  s o m e  

A <PI~,IA I =~,+: 

[ ] -¢  " t h e r e  a r e  2 ~) k - s a t u r a t e d  m o d e l s  M , P  M = A, I IM It = x +, p a i r w i s e  n o n -  

i s o m o r p h i c  over  A ."  

2 . 1 9  R e m a r k :  We c a n  r e p l a c e  f o r c i n g  b y  a p p r o p r i a t e  d i a m o n d s  a n d  g e t  

s u c h  m o d e l s .  N o t e  t h a t  t h e  a n s w e r s  to  a l l  o u r  q u e s t i o n s  s o  f a r  a r e  a b s o l u t e .  

P r o o f  : B y  a s s u m p t i o n :  

,cM* , M* N" T h e r e  is  a t r i p l e :  p / e  ~ p N "  < w h o s e  u n i o n ,  pN" U M*, is  u n s t a b l e .  We 

c a n  p r o v e  t h a t  t h e r e  a r e  m a n y  s u c h  t r i p l e s .  B u t  fo r  u s  i t  is  e n o u g h  t o  do  t h e  

f o l l o w i n g .  We d e f i n e  ( in  V) by  i n d u c t i o n  o n  i < R+,A~ s u c h  t h a t  A~ is  s t r i c t l y  

i n c r e a s i n g ,  c o n t i n u o u s ,  ]& ] = ~, ~a t A~ < ~ t P , Ao,Ai+ 1 a r e  k - s a t u r a t e d  
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a n d  w h e n  c f  i = h  ([~rA~+i,Ai)~(~tPN' ,P M') a n d  w h e n  c f  i c t0 ,1 ,hl  

([~ t A~+i,A,) is h - s a t u r a t e d .  

F o r  i = 0 ,  i l imi t  : no  p r o b l e m .  

l+i, i successor or  c f  i < h: easy .  

c f  i = h: [~ r At is h a s a t u r a t e d  of p o w e r  h by  t h e  i n d u c t i o n - a s s u m p t i o n .  

Th ([~ t p N ' p ~ ' )  h a s  t h e  h- s a t u r a t e d  m o d e l  of p o w e r  h s ay  (A,A°), t h e  A °- p a r t  

is s a t u r a t e d  of  p o w e r  h a n d  h a s  t h e  t h e o r y  of [~ t P ,  h e n c e  is i s o m o r p h i c  t o  A~. 

We c a n  i d e n t i f y  t h e m  a n d  c h o o s e  A~+ 1 as  A i. 

Now for  a n y  s e q u e n c e  < r i : i  < lt+,cf i= h> = f of C o h e n  s u b s e t s  of h we 

d e s c r i b e  how to  bu i ld  a h - s a t u r a t e d  m o d e l  M r of T wi th  P~"  = O A~. 

Before this: 

2.20 F a c t :  If M is a ; k - s a t u r a t e d  m o d e l  of T, IIMI] = h, M (3 P[~ = A¢, 

c f  i = h ;  then M kJ A~+l is a h - s a t u r a t e d  m o d e l  of Th(M*oPN'),  a n d  e v e n  

(M U At+l, Ai ,M,At+i)  is a h - s a t u r a t e d  m o d e l  of Th(M ° U p /v"  p~' ,M,  pN') 

( s a m e  a r g u m e n t  as  b e f o r e  p l u s  u s e  of  t .3) .  

We sha l l  de f ine  M r = (J. Me.t, M,.~ d e p e n d s  on  f ~ i  on ly ,  M~,i (3 / ~  = A~, 

M~,¢+ 1 is ; k - s a tu r a t ed .  So in  s.rn(Me,ikJAi+l) t h e r e  is a p e r f e c t  s e t  

h o m e o m o r p h i c  t o  x2; we c a n  ( see  3.6) c h o o s e  a t r e e  I p ~ :  ~/ <: ~>2~ of t y p e s  

Pn c S.m(C~i) C~t i n c r e a s i n g  wi th  7/, P~^<0> ,  P~^<l>  e x p l i c i t e l y  c o n t r a d i c t o r y ,  

C~i c Mr, i 0 A~+I h a s  p o w e r  <-- £ (r/) + S O 

a n d ( Y c  e M , . ¢  u A ~ + i )  ( ~ a )  ( V T / e 2 " )  [ c e  Crn~ ]. 

Now r i de f ine  a b r a n c h  ~t  c ~3 a n d  we d e m a n d  t h a t  M~+ 1 r e a l i z e s  UPnd~- We 

c a n  c a r r y  t h i s  as  u n d e r  o u r  h y p o t h e s i s  s i n c e :  

F a c t  A: tp. (M,P ~) p tp ,  (M,r I~) 

F a c t  B: If A is c o m p l e t e ,  { A ] ~  h, A (3 P s a t u r a t e d  of p o w e r  h t h e n  

( 3 N D A ) [ N i s  h - s a t u r a t e d  a n d N  ( 3 P = A  ( 3 P ] -  

Now, if we add  t o  h h + C o h e n  s u b s e t s ,  t h e r e  is n o  p r o b l e m  t o  de f ine  rE  ( f o r  
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E C A+,E C V a n d  ( I ( S ( E ) , g E ~  " E C h ÷, E ~: V~ f r o m  V s u c h  t h a t :  

~ e v[5.  : j e S (E)  c ~+], 

rE(i ) = rg~(~), w h e r e  gE " h+ ~ S (E)  is  o n e  t o  o n e  a n d  gE C V. 

E 1 ¢ E a ~ i i  < k + : c f  i = ~ ,  rE~(i) d o e s  n o t  a p p e a r  a s  tEe(j)] is  s t a t i o n -  

a r y  

[Easy ,  a s  t h e r e  a r e  S~ c l i  < h+:cf  i = h] f o r  ~ < ~+ s t a t i o n a r y  p a i r w i s e  

d i s j o i n t ]  

S u p p o s e  f ,  a Q - n a m e ,  i s  f o r c e d  t o  be  a n  i s o m o r p h i s m .  As t h e  f o r c i n g  

s a t i s f i e s  h + - e c  t h e r e  i s  a c l u b  D ~ h ÷, D c V s u c h  t h a t  " 

f m a p s  M~E,, ~ o n t o  MrB~, ~ fo r  i c D a n d  f ~ fv/~,~,i d o e s  n o t  d e p e n d  o n  rE,(i ) 

( in  f a c t  d e p e n d  o n l y  on  t h e  g e n e r i c  s e t s  I ~  ( j  ) : j  < i  I U I r : r d o e s  n o t  a p p e a r  

in  rE,,rE21). C h o o s e  i c D, e f i  = ~ , rE,(i ) d o e s  n o t  a p p e a r  in  t h i s  r-~.  L e t  

V += V[rj : r j  @rE,(i)]. N o w f  r Mr~,¢ is  in  t h e  u n i v e r s e  V +, a s  wel l  a s  t h e  t r e e  

of  t y p e s  we h a v e  f o r  MrE,. ~ a f t e r  F a c t  2.20. B u t  in  MrE(¢+I ) t h e r e  i s  a t y p e  

r e a l i z e d  w h i c h  ¢ V +, a c o n t r a d i c t i o n .  

§3 I n t r o d u c i n g  n - d i m e n s i o n a l  d i a g r a m s  a n d  o n  u n i f o r m  l o c a l  a t o m i c i t y  

3.1 R e m a r k :  In  o u r  n o n - s t r u c t u r e  t h e o r e m s  we p r o v e  s o m e t h i n g  l i ke :  If 

..... a n d  A is  s p e c i a l  e .g .  A = / ~ +  = 2~ , ~ a n d  9 Is<x:  c !  ~ =~!  t h e n  o v e r  s o m e  

A c p l ~  ]A I = A, t h e r e  a r e  2 x m o d e l s  M w i t h  P ~  = A p a i r w i s e  n o n - i s o m o r p h i c  

o v e r  i t .  T h i s  e x c l u d e s  e .g .  s i n g u l a r  c a r d i n a l s  e v e n  if  V = L. H o w e v e r  i n  t h e  

c a s e s  we h a v e  d e a l t  w i t h  we c a n  r e a l l y  g e t  2 A* n o n - i s o m o r p h i c  m o d e l s  

Mi, pM, = A ( n o n - i s o m o r p h i c  o v e r  i t )  w i t h  IA I = X f o r  a n y  X > ;~- J u s t  i t e r a t e  

t a k i n g  u l t r a p r o d u e t  f o r  D a n  u l t r a f i l t e r  o v e r  ~.  So w h e n  o u r  p r o o f  r e s t s  o n  

o m i t t i n g  t y p e s  of p o w e r / ~ ,  /~ > l~ 0 t h i s  d o e s  n o t  c h a n g e  m u c h .  F o r  e.g.  /~ = l~ 0, 

we h a v e  t o  u s e  i n d i s c e r n i b l e s  i n s t e a d ;  we s h a l l  r e t u r n  t o  t h i s .  
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3.2. Let  ]9(n)  = l w ; w  ~ tO, 1 . . . . .  n - l t {  

We shall deal with I ~ / 9 ( n )  closed u n d e r  subse ts ,  m a i n l y  with p ( n ) ,  p - ( n )  

and with (A, I ) - sys tem <As: s C I> A = EIA s I s u c h  that 

O~ s ~------>A s </~ 

Ocs ------->A s <li~ 

As NP = As\ ~o{, As C~ At = As c~t 

and more, 

We f i rs t  deal  with smal l  n ;  for  such  s y s t e m s  we m a y  ask a b o u t  s tab i l i ty  ( of 

kJ As), and  e x i s t e n c e  (ofM,  PM C k) As CIV]) 
s E I  s c I  

$ $ $  

Note that: 

for p-(O) we get nothing 

for/9(o) we have just A~ which is ~ ~ O-e, A c P~ and ~ t A~ ~ ~ ~). 
p-(1) = ~¢I 

.~p P ( 0  = i¢ , fol{  

So a p ( 1 ) - s y s t e m  is < AIoI,A,> 

Alo I a m o d e l  

A 0 i t s  P - p a r t  

a / 9 - ( 1 ) - s y s t e m  is j u s t  A¢ ~ pl~ and the  e x i s t e n c e - p r o b l e m  is ~/e/(P ~ = A~). The 

s t ab i l i ty  j u s t  asks  on So (A) when  A < P[~. 

n=2:  a p ( 2 ) - s y s t e m  is <A~,A~01),A~ll),AI0,H > . 

For  ]9-(2) we have  dea l t  wi th  s t ab i l i ty  and e x i s t e n c e .  In th i s  c a se  a u t o m a t -  

ica l ly  t p . (A |o t ,A , )  !- tp*(A|ot,A|l t) .  

n = 3: We have  a cube ,  we add t he  d e m a n d  
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(AilI,A ~) < (All,2i,Alzi). 

We sha l l  a s s u m e  t h a t  T a b s o l u t e l y  h a s  n o  two c a r d i n a l  m o d e l  (i.e. 1.0) ( n o t  

a l w a y s  we sha l l  u s e  i t) .  

3 .3  C l a i m  *: If p/Z C A C M, A s t a b l e  ( a n d  c o m p l e t e ) ,  t h e n  M is l o c a l l y  

a t o m i c  o v e r  A [ t h a t  is Y b  c M,tp (b,A) is l o c a l l y  i s o l a t e d  w h i c h  m e a n s  t h a t  f o r  

e v e r y  ~ = ~(~' ,~),  t h e r e  is ! k ( 2 , ~ ) ~  tp(b,A), lk(2,~) [-tp~(6,A)] a n d  e v e n  

u n i f o r m l y  so (i.e. lb d e p e n d s  on  ~ o n l y  a n d  n o t  on  b, t h o u g h  ~ m a y  st i l l  

d e p e n d  on  b) .  

P r o o f  : F i r s t  a s s u m e  (M,A) is s a t u r a t e d  of p o w e r  k. T h e n  ( see  3.4(2))  we 

c a n  f ind  N,PNcA oN,  IN[  =[a~ :i < k ]  tp(a~,A ulaj,j  < i ] )  is h - i so l a t ed ,  

h e n c e  we c a n  e m b e d  N i n t o  M o v e r  A, by  1.6 t h e  e m b e d d i n g  is o n t o  A, h e n c e  

w.l.o.g.  N = M. So fo r  e v e r y  6 c!: M,tp(b,A) is h - i s o l a t e d .  Fo r  s o m e  q ~ tp  (b ,A) ,  

Iq I < k,q ~ tp(b,A). F o r  e v e r y  ~ = ~ ( 2 , y )  l e t  

F = q ( 2 1 ) u q ( ~  e) L) 1~(2e,Y),~(~,Y), A y~ e A{ 
~<~(y) 

(we h a v e  a p r e d i c a t e  fo r  A).  Now F is n o t  r e a l i z e d  in  M, b e c a u s e  if 

21 -~ b l  , 22 -~ b2 , t] -~ d r e a l i z e d  i t  t h e n  d ~ A and  

q 1 = q (2 )  U l ~ ( 2 , d )  ] is c o n s i s t e n t  (b- 1 r e a l i z e d  it)  

q2 = q ( 2 )  L) [ - ~ ( x , d ) ]  is c o n s i s t e n t  (62 r e a l i z e d  it) 

c o n t r a d i c t i n g  "q ~ tp (b,A)." 

So t h i s  h o l d s  if we r e p l a c e  q by  s o m e  f in i te  q '  c q h e n c e  by  s o m e  for -  

m u l a  ~ , ~ ( 2 , f f ~ )  c tp  (b ,A) .  So 

~.~(2.~ ~) KtP~(6,A), and b ~ . 6 ( 6 , ~ . G )  

S i m i l a r l y  we c a n  d e d u c e  t h e  u n i f o r m i t y  from. t h e  I Yl + - s a t u r a t i v i t y .  

3 .3A N o t a t i o n :  t )  Le t  1.a. s t a n d  fo r  l o c a l l y  a t o m i c ,  u . l .a ,  s t a n d  fo r  u n i -  

f o r m l y  l o c a l l y  a t o m i c .  

2) Le t  A C t C m e a n s  t h a t  if ~ ( ~ , 2 )  < L, 

c C, a c A , [~ ~ ~[~r,a]  t h e n  t h e r e  is c '  c A s u c h  t h a t  [~ ~ ~[~- ' ,a] .  

3 .4  Cla im:  1)* If A is c o m p l e t e ,  u n s t a b l e  a n d  I T l + - s a t u r a t e d ,  t h e n  

Sh:234



64 

o v e r  A t h e r e  is a n  m - t y p e  p of  p o w e r  --- ] T ] wi th  n o  I T ] + - i s o l a t e d  e x t e n s i o n .  

2) If A is c o m p l e t e  s t ab le ,  A - s a t u r a t e d  a n d  A > [ T I, t h e n  

(a) fo r  e v e r y  m - t y p e  p o v e r  A of c a r d i n a l i t y  < A t h e r e  is a n  m - t y p e  

q o v e r  A , p  C q, I q - p l  <- [r[, q h a s  a u n i q u e  e x t e n s i o n  in SIn(A) a n d  i t  is 

in  Sm(A ). 

(b) o v e r  A t h e r e  is 

N n .A~ = n pl~. 

3)* If A is c o m p l e t e ,  A N / ~  
X - s a t u r a t e d .  

a p r i m a r y  m o d e l  N, so  n e c e s s a r i l y  

is A - s a t u r a t e d  a n d  pig C A ~ M then M is 

R e m a r k :  We u s e  " a b s o l u t e l y  n o  two c a r d i n a l  m o d e l "  fo r  1) a n d  3) 

3.5 Cla im:  S u p p o s e  A is c o m p l e t e ,  A Ct b' a n d  C C ~ .  

A ~ t B u C .  

t h e n  

P r o o f :  Le t  g cA, b eB, c- e C, a n d  s u p p o s e  ~ [ g , 6 , g ] .  

Le t  10(~],2) = (aze,z 1, ' ' '  ) [ f ( z 0 , z  1 . . . . .  ~7,2) ^ A P ( z 0 ) ] ,  £ 

~ [ 6 , ~ ] ,  h e n c e  fo r  s o m e  6 '  a A ~ lb[b-',a]. As A is c o m p l e t e ,  
, 

clearly for some c0 , c l  . . . . .  ~ A, ~ ~ [ c ' 0 , ~ ;  . . . . .  6',e].  

so c l e a r l y  

a n d  ~ , b '  e A 

This p r o v e s  A C t  N u C .  

3.6 Claim:  If tp (b ,A)  is l o c a l l y  i so l a t ed ,  A C t  B then tp(b ,A)  [ - t p (b ,B ) .  

If A' is 1.a. [u . l .a . ]  o v e r  A, A ~t  B t h e n  A" is 1.a. [u . l .a . ]  o v e r  A U B.  

P r o o f :  Easy.  

§4 On ]9-(3)-  s y s t e m s  a n d  p - ( 3 )  n o n -  s t r u c t u r e  w h e n  t h e r e  a r e  u n s t a b l e  

/9 - (3>  ~ygcm~.  

4.1 De f in i t i on  : We def ine  w h a t  is a p - ( 3 ) - s y s t e m .  It  is 

s =<A~:~  ~ p - ( 3 ) >  suoh that :  

1) A~,A I I I ,A t21 ,A | t z !  < I~ r P 
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2) T h e  r e s t  a r e  < [~. 

4) A s (3 A t  = A s c o t  

5) ( A | l , 2 ] , A | 2 ~ )  > ( A I q , A # , )  

6) A~I,o] is uni formly locally a tomic  over A~I{ L) A~0~ and 

Ala,0 ] is uni formly locally a tomic  over A~21 U A~0] 

Now 6)fol lows by previous hypothesis ,  for T absolutely with no two cardi- 

nal model,  (see 3.3). We say S is s table if K/As is stable. S has the  exis tence 
s 

proper ty  if (3M D u A s  ) p I ~  c U A s .  
S $ 

4.2 Fact:  Being a ~>-(3)-system depends  on the first theory  only [of 

( kd A s ,  " " " A s  " " " )sep-(3)] (because  we have u.l.a, not  jus t  1.a.). 
s ep-(3) 

E.Question: ts there  uns tab le  p - (3 ) - sys t em?  

4.3 Theorem* : Suppose <As: s c/9-(3)> is unstable, 7~ = h <' > IT1 and 

Q is the forcing of adding X++-Cohen subsets to X( and 2 x = A + , 2 ~+ = 3, ++) and 

_> A ++. Then in V @ there are 2 x++ non isomorphic models of T of power 1~ 

with the same P of power IZ. [If e.g. IZ<~ =~ then we can have A-saturated 

models). 

4.3A Remark: We do not try here to eliminate the set theory. We are 

more interested to show the dividing line is right. 

4.4 Claim: Suppose for ~g =0,i <As~:S E p-(3)> is a /9-(8)-system, 

<@:s E p(Ii,2~)> is saturated of power ~ > I TI, <A~: s ~ p<Ii,2~>, (~ = 0,~) 

are elementarily equivalent and As ~ is saturated of power A when 0 c s. Then 

the two systems are isomorphic. 

Proof: Obviously there is an isomorphism g from <A::~ ~ fX~,21)> 

onto <A~':s ~ p(~.20> . N o w  w e  know (see t . 3 )  that' ,  a s  A S 1  is saturated of 

power ;k, it is unique over ADI C ~ / ~  = A ~ .  So we can e x t e n d g  tA S to a iso- 

morph ism go from A~01 onto A~o ~. Now (by 1.6, 2.16) we know tha t  
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h e , c e  h e n c e  

gO ~)'go L) g is an e l e m e n t a r y  m a p p i n g  We know (by cond i t ion  6 of Definit ion 

4.1) t h a t  Af2,01 is u. l .a over  A~21 U A~01, h e n c e  it is h -a tomic  over  it, so as it is 

k - s a t u r a t e d  it is un ique  over  A[2t U A~o]. H e n c e  g o t  (A~°21 U A~01) can  be 

e x t e n d e d  to  an i s o m o r p h i s m  g~ f rom A~2,01 on to  A~z,o I. As we know 

tp.(Aio21,At2l)  ~ - t p . ( A ~ o 2 t , ~  ) also tp.(Ato,2 l, Al~l) t-tp.(Aio,21, Air21 ) hence 

tp.(AIo,2I,AI21 ~ A~01) ~- tp*(A~o,zl, AIL21 U Alol) [note  A~1,2 ~ uA~01 c Aio,2t] so 

n e c e s s a r i l y  g l  ~ g ~  U gO is an e l e m e n t a r y  mapping .  Now A~I,O ~ is a lso A-prime 

ove r  AHI U Ato I so again t h e r e  is an i s o m o r p h i s m  g2 ex tend ing  

9 '11" (A{~ I U A~0 t) to an i s o m o r p h i s m  f rom A~)I,Ol onto  A{I,0 ~. So it suff ices  to 

prove  t ha t  g2 Ldg ~ is an e l e m e n t a r y  mapping .  As A~l,o ~ is u.l.a, over  

AfH U A~Ol it suffices to prove tP'(A~o,H, AfH U A[o]) 
F tp.(A~o,H, A~,21 U Afo,21), 

for this, by 3.5 (and see 3,3A) it suffices to prove: 

Let c- s e A[,  • e A~U|2 | for s : ¢ , t o l , l l t  be such  t h a t  

~ (  .... cs ..... bs ..... )sep-(2)- We shall  show t h a t  t h e r e  a re  c-s e As ~, ( for  

s e ]9-(2)) such  t h a t  ~ ~o[ .... c~ ..... 6 s .... ]sElf(2). As we have  a l r eady  p roved  t h a t  

tp*(A[o,zl ,A[ol U A[2 I) [- tp.(A[o,zI,A[I,21 U A~ol), w.l.o.g, for some  ~1,~2: 

b) ~ ~ Vg¢,y[q,c'l ,x~tl,ei0l([t01(?7¢,,ell]e[H,c'¢,:glol) -. "d/e(y¢,,x.X~ol] ) 

e) I~ ~ ( V y . e . ¢ ~ o t )  [ ~ e ( y . ¢ . e ~ o l )  * (~y to l )~ (y , , y~o t , e . e~o l ) ]  

d) [~ ~ V y .  y~l ,y lo l ,x¢ ,x l~l ,  2~o~)[~O~(y ¢, yl~,2÷,xl~l,~10l)^ 

@ (y .t,Y to].X ~,X }o l ) -~ ~o( y ~, y } i ], Zj io],X #,x l l t,2.1ol ) ] 

So in fact we have shown that w,l.o.g, el0 ] is empty [replace 9 by ~Pl, (a) is the 

a s sumpt ion ;  so suppose  if; E A~, C-il I C A ~  and ~ 1Ol[ff;,ffiH, be,bill ,b-|0 ]] 

h e n c e  by (b), ~02[~-; ,6-~,blo|]  and  (c) ~(3~to |  ) ~(f f ; ,  ~J|o|~ b¢. b |o | )  and  a s  

A[o | <[~ for some ~i0] eA[0|, ~@[c;,c[0~, b÷,b}0j), and by (d) we finish]. 
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T h e n  we c a n  e l i m i n a t e  t h e  use  of bl01 as tpa(b{01,P  [~) is i s o l a t e d  by  s o m e  for-  

m u l a  in tp(b-loi,A¢) ( for  k a f in i te  s e t  of f o r m u l a s ) .  At l a s t  we k n o w  t h a t  

(A~R,A ~) < (A~LeI,AI2]). 

In  f a c t  we h a v e  p r o v e  

4.5 C l a i m  : If < As:s c p - ( 3 ) >  i s / 9 - ( 3 ) - s y s t e m ,  a n d  < A s : s  c 1~11 ,2 ]>  is 

; k - s a t u r a t e d  t h e n  S is ; k - sa tu ra t ed .  

P r o o f  of  4.3:  The  H y p o t h e s i s  4.3: T h e r e  is a ] O - ( 3 ) - s y s t e m  IAS:s c p - ( 3 ) >  

s u c h  t h a t  C) As u n s t a b l e .  
s 

A s s u m p t i o n s :  h = ;k<x > [ T t, gx = ;k÷, 2x* = h++. 

We f i r s t  de f ine  Ai(i < ;k++) i n c r e a s i n g  c o n t i n u o u s ,  A~ < [~tP, IA~] = ;k+, A/ 

w.l.o.g, a s e t  of o r d i n a l s  < ~ + +  [ c f ( i ) E  {0,1,~, +] ~ A i is s a t u r a t e d ] .  Fo r  

e a c h  j < h + + , c f  ( j )  = ~+ ,  i = j + l  we de f ine  A~a,AJ a fo r  a < h+ s u c h  t h a t :  

a K X  + a < ~  ÷ 
i j (A a ,A,x ) is an  e l e m e n t a r y  c h a i n  ( i n c r e a s i n g - c o n t i n u o u s )  in  a 
i j * * (Aa,Aa) =- (AIII,A¢) a n d  

[ca" (a )=  ;k ~ ~ ,A~.I_  1 , A ~  , A ~  ~ * * (Aa+ 1 ) (A{1,21 ,A~21 ,A~I I ,A~), a n d  is s a t u r a t e d . ]  

We do i t  by  i n d u c t i o n  on i ,  

F o r  i = 0 ,  o r  i l imit :  no  p r o b l e m .  

i = j + l ,  c f  j :#  ;k+: no  p r o b l e m  

i = j+  1, c f  j = ;k+: no  r e a l  p r o b l e m .  F i r s t  we de f ine  by  i n d u c t i o n  on  a, 
(A~a,A{) =- (A{II ,A~)  a c o n t i n u o u s  i n c r e a s i n g  (in a )  

[c f  a c l O ,  1,;k I ~ (A~,A~) is s a t u r a t e d ] ,  so t h a t  

c h a i n ;  

t.) (A~ ,A~)  will be s a t u r a t e d :  
a < A  ÷ 

for  a = 0 ,  o r  a limit  or  a = f l  + 1, c f  (fl) ~ ~,: n o  p r o b l e m  a r i s e  a n d  t a k e  

c a r e  of t h e  s a t u r a t i o n  of t h e  u n i o n  

a = f l + l , c f  fl = ;k: Let  (A|I.aI,A{ai,A{1],A÷) be a s a t u r a t e d  m o d e l  of p o w e r  ;k 

of t h e  t h e o r y  of (A~I,aI,AiaI,A[II,A*~). So (AIH,A~) a n d  (A~,A$) a r e  s a t u r a t e d  
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m o d e l s  of t h e  s a m e  p o w e r  a n d  t h e o r y ;  h e n c e  i s o m o r p h i c ,  so w.l.o.g, e q u a l  a n d  

let 

A~ = Al~,2 t A~ = Ai21 

Now L) A~ is a saturated model of the theory of A;( = the theory of A~) 
a<A ÷ 

and has power A +, so it is isomorphic to At and w.l.o.g, they are equal. So we 

h a v e  d e f i n e d  At. 

Now we d e f i n e  by  i n d u c t i o n  on  i < A ++ 

M r < [~, such that: 

a) M r (~ P~ = A t, Mt increasing continuous. 

b) M t is A-eonstruetible over A t, 

c) when c/ i eL ~O,I,A+| Mi is h-saturated and 

d) ifj <i thenM r is h-atomic over My ~J At; 

We will define the Mi's in some forcing extension K Q of V: but Q is A- 

complete: so (when c/ i e IO, I,A+I) M t is isomorphic over A t to some M/' e V 

[as over At there is in V a h-prime model M i' in fact a h-primary one and this 

property is still true in V Q. This property is also satisfied by M i over At; so 

they are isomorphic: use the uniqueness of the h-primary model (see [Sh i], 

Ch. If, §5). 

Specifically, Q will be "adding A++-Cohen subsets of A, <ra:a < A+>". For 

every sequence ~,~ : <ri,a:i < A÷+,a < A+> (where for some 

h e If, r~, a =r h(t,a),h one to one) we shall define amodel M r For awhilewe 

suppress the superscript ~. 

Case I: i = O: by the proof of the existence of a h-primary model over 

any h-saturated A ~ ~ t P, IA ] = A + (see 2.14). 

Case II: i limit: The only problematic point is "M i is A-constructible over 

A t, and M i is A-atomic over Mj hat for j <i". Let j <i, every g 6M~ 

Sh:234



69 

be longs  

to M~ for s o m e  ~ , j < ~ < i ,  so by the  i nduc t i on  h y p o t h e s i s  tp (ff,A~UMy) is 7t- 

i s o l a t e d ,  but My W A~ U e is compete  hence tp ( c ,A~u/ : ' )  t- tP (c,A~ W / j )  so 

t he  l a t t e r  is h - i so la ted  too. So Mi is h - a t o m i c  over  Mj U A~. 

Na : U 
jeYa 

Now e a c h  My (j < i )  is h - c o n s t r u c t i b l e  over  Aj, h e n c e  over  A i. So (see [Sh 

rv §a] My = U My,., IIMy,.ll = h, My,. increasing eonUnuous  in = and My is 
a < ~  ~ 

h - c o n s t r u c t i b l e  h e n c e  h - a t o m i c  over  Ay U My,a and  even  over  A~ U My,a. Let 

i = U Wa, I Wa] <- h, W a i n c r e a s i n g  con t inuous ,  W a with no las t  e l e m e n t .  Let  
a < ~  + 

My, a, so c l ea r ly  I INal  I --<h. Let 

Co = I -  < h+: v j  < ~ c w., M~,. n i j  = My,.I 

Clearly C O is a c losed  u n b o u n d e d  subse t  of h +. 

Now for eve ry  j < ~ < i ,  M~ is h - a t o m i c  over  Mj U Al h e n c e  (as usual )  

over  Mj U At, and  for  eve ry  ff c M~ t h e r e  is a ( ~ , j )  < h + s u c h  t h a t  

tP (c,M/,a(~j) U (MI,a(~,j) (3 Al)) ~ tp (¢ ,Mj  U A~) Care h- isolated) .  Clear ly  

C1 = l a  c Co:Yg(V j ,~: • Wa)[j < ~ ^ C e M~, a -~ a(C, j )  < a l l  is c losed  

u n b o u n d e d .  It suff ices  to  prove t h a t  for e v e r y  a c C 1, Na+I is h - a t o m i c  ove r  

Na U A~ (hence  h - c o n s t r u c t i b l e ) .  (as we know N o is h - a t o m i c  over  Nt). F i rs t  

we prove  t h a t  for eve ry  j c Wa,M j is h - a t o m i c  over  N a U A/; le t  d c Mj t h e n  

as a e Cl, tp (d ,Mj ,  a U Aj) is h - a t o m i c  h e n c e  tp (d ,Mj ,  a U Ai) is h -a tomic ,  so it  

suff ices  to prove tp (d,Mj, a U ~ )  ~ tp (d , c  U Mj,a U At) for every  ~ c N a. F or  

a ny  s u c h  ~-, as W a has  no las t  e l e m e n t ,  for s o m e  ~ v c M~, a j < ~ c W a. Now 

a ( g , j )  < a, hence 

tp(~,My,a(ej)  u (M~,a(e,j) (~ A~) ) ~ tp(~,My u A4) as d e M y ,  this  impl ies  

t ;  (~-,My,a U At) ~ tp (~,My,a U A~ U d)  and  by s y m m e t r y  we ge t  the  conc lu -  

sion. So we have p roved  t h a t  My is h - a t o m i c  over  N a Y A,, h e n c e  U My is h-  
Y~Wa 

a t o m i c  ove r  N a U .4/, bu t  U My is Msup(W= ) and so we have  p roved  it if 
j e  W= 

sup(Wa) = i .  Now if ~" ~fsup W a < i, t h e n  r e m e m b e r  t h a t  we had  p roved  t h a t  M, 

is h - a t o m i c  over  Me U A~; as we have  ju s t  p roved  t h a t  M t is h - a t o m i c  over  
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Na  U At, t o g e t h e r  we g e t  that Mi is ) t - a t o m i c  o v e r  N a U At" 

Case HI:i = j  + 1,of j < k  +. 

As Mj is A - c o n s t r u c t i b l e  o v e r  Aj, we c a n  f ind  Mj, a, a n d  At,a f o r  a < k + s u c h  

t h a t ,  Mj = U Mj,= w h e r e  Mj,= is i n c r e a s i n g  c o n t i n u o u s  (in a )  
a<:A*  

IIMj,al  1 <- A, Mj h - a t o m i c  o v e r  Mj,a U A3" ( h e n c e  o v e r  Mj,~ U At), a n d  

I At , . I  -- k, At = U At,a. At,a i n c r e a s i n g  c o n t i n u o u s  in a ,  a n d  
a < A  + 

(At.a,Mj.a,Aj.a) ~< (At,Mj.Aj) w h e r e  ALa = At.= N Aj : M i.~ C~ Aj, a n d  w h e n  

c /  a e [0 ,1 ,h] .  (A~,a,Aj,a) is X - s a t u r a t e d ,  a l so  w h e n  c /  a e [0 ,1 ,k l ,  

(At,a,Mj,a,Ai,a) <L~,, (At,Mj,Ai ). 

We de f ine  by  i n d u c t i o n  o n  a ,  Mi,a s u c h  t h a t  At,a I.j Mj,a ~Mi,a, 

P[~'" = At,a, [c f  a e gO, 1k] ~ Mi, a is k - s a t u r a t e d ]  , Mi, a i n c r e a s i n g  c o n t i n u o u s  

in  a ,  a n d  Mi, a is k - a t o m i c  o v e r  Mt, a tJ MLa a n d  a l so  o v e r  At,a I.J Mj. For  t h e  

l a s t  d e m a n d  n o t e  t h a t  

(*) w h e n  c f  a e IO,1,A], as  (At,aMj=,Aja)-<L~o.(At,Mj,Aj) i t  s u f f i c e s  t o  

p r o v e  t h a t  Mi, a is  X - a t o m i c  o v e r  At.a U Mj,a. 

So f o r  a : 0 i t  is easy ,  b y  t h e  l a s t  s e n t e n c e ,  f o r  a - l i m i t  t h e r e  is no  p r o b -  

l em.  Fo r  a = fl + 1, o v e r  At, a U Mj,a t h e r e  is a k - a t o m i c  k - s a t u r a t e d  m o d e l  

Mi,a, b u t  why  Mi,# C Mj,a? As t h e  p r e v i o u s  is k - a t o m i c  o v e r  A~, a (_.1 Mj,a ( [ p rove  

i t  as  y o u  h a v e  p r o v e d  (*) a n d  fo r  fl l i m i t  we u s e  M# : kJ M7+1) a n d  as  
~<# 

IIMi,#ll _<A, c l e a r l y  Mt,p is k- c o n s t r u c t i b l e  o v e r  At,a g Mj,=, a n d  we c a n  

e m b e d  i t  i n t o  Me, a, o v e r  At,= U Mj,a a n d  so b y  r e n a m i n g  we c a n  f inish.  

So Mt ~ ]  U Mi,a is k - a t o m i c  o v e r  Mj [ J A  t ( h e n c e  o v e r  MI U A t  fo r  l [ < i  
a<A* 

( see  [Sh  1] eh.  IV §3]) a n d  is k - s a t u r a t e d .  We st i l l  h a v e  t o  show t h a t  i t  is k- 

c o n s t r u c t i b l e  o v e r  At. F o r  t h i s  i t  s u f f i c e s  to  p r o v e  Mi,a+ 1 is h - a t o m i c  o v e r  

Mt,~ U Af,a+1 w h i c h  we c o u l d  h a v e  g u a r a n t e e d  t h i s  e a s i l y  in  t h e  c o n s t r u c t i o n .  

More e x a c t l y ,  Mi,a+ 1 is a k - s a t u r a t e d  m o d e l  of c a r d i n a l i t y  A e x t e n d i n g  

Mt,a k) Aj,=+t; Now if P is a s e t  of -- A t y p e s  o v e r  Mt,a U Aj,a+l e a c h  w i t h  no  
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s u p p o r t  of p o w e r  <X (i .e .  n o  t y p e  q o v e r  Mr, a L.)Aj,o,+I, ( c o n s i s t e n t ) ,  

t q I < A, q } - p  w h e r e  p i s  t h e  t y p e  f r o m  P), t h e n  t h e r e  is  a h - s a t u r a t e d  

M ~ Ai, a U Mj,a+l, M o m i t t i n g  e v e r y  p c P. Now t h e  o t h e r  d e m a n d s  o n  Mr,a+ 1 

a r e  of t h e  f o r m :  o m i t s  s o m e  t y p e ;  a n d  to  p r o v e  t h o s e  t y p e s  h a v e  n o  s u p p o r t  

< ;k, i t  s u f f i c e s  t o  f i n d  a ( ) t - s a t u r a t e d  M, M ~ A t , ,  U Mj,a+~) o m i t t i n g  s u c h  a 

t y p e  f o r  e a c h  p c P s e p a r a t e l y .  

Case]V:'/, = j + l , c  I j = X +. 

We a c t  e x a c t l y  a s  in  C a s e  III, w i t h  o n e  a d d i t i o n a l  f e a t u r e .  When  

a = fl + 1,ef  fl = X, we d e m a n d  

(**) < Mj,,,,, A,.., Aj, > 

<A~o,2] A~O,1] A~O] ~,,2{, A" ,A~II,A;> = A 
' ' ' ~21 

[ R e m e m b e r  Aj,~,Ai,~( 7 < X +) w e r e  d e f i n e d  in  t h e  f i r s t  p a r t  of  t h e  p roo f ,  so  t h a t  

t h e  r e l e v a n t  p a r t  of (**) h o l d s .  We t h e n  c a n  d e f i n e  Min,(7-> 0), X - s a t u r a t e d  of 

p o w e r  X, Mj,~ ~ p l ~  = Aj,~,, a n d  Mj,~,+I is  h - a t o m i c  o v e r  Ais,+l U Mi; 7, b y  2 .14  

w. l .o .g .  Mj = U Mi,7. Now we d e f i n e d  b y  i n d u c t i o n  o n  7, M~,7, ~ , - a t o m i e  o v e r  
7 

Mj,7 C)At,  r C l e a r t y  t h e r e  i s  a ; k - s a t u r a t e d  m o d e l  of e a r d i n a t i t y  X e l e m e n -  

t a r i l y  e q u i v a l e n t  to  <A[o,2 l, A~0,1 l ,  A[ol,Ail,2I,A[2 I, Ai l l ,A~>, a n d  b y  4.4 i t  i s  

i s o m o r p h i c  to  < Mi,a,M~, a, Mi,#,A~, a, Aj,a,A~,o,Aj,B> so  (**) holds]. 

So t h e  l e f t  s y s t e m  is  u n s t a b l e  so  b y  3.5 Lhere  i s  a n  m - t y p e  p o v e r  i t  of 

p o w e r  < ;k w i t h  n o  A - i s o l a t e d  e x t e n s i o n  o v e r  M~ U M~ U A~,  so in  t h e  c o n -  

s t r u c t i o n  we h a v e  a p e r f e c t  ( i .e .  h o m e o m o r p h i c  to  M) s e t  of p o s s i b i l i t i e s  a n  we 

u s e  ri, ~ t o  d e c i d e  ( e x e e p t  h e r e  we d o  n o t  u s e  t h e  C o h e n  s e t s ,  t h o u g h  o n c e  

u s e d  we m a y  c o n t i n u e  t o  u s e  i t ) .  

The  n o n  i s o m o r p h i s m  is a s  in  p r e v i o u s  p r o o f s .  

R e m a r k :  We c o u l d  s i m p l i f y  t h e  p r o o f  of 4.3 b y  a m o r e  e x t e n s i v e  u s e  of 

0.1. 

§5 G e n e r a l  s y s t e m  a n d  r e l e v a n t  s y m m e t r y .  
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We change slightly the thing we analyze - we shall analyze "the possible 

existence of a A-prime model over any A < 7~". Remember 

Hypothesis: Every formula is equivalent to a relation. 

In this section we shall deal with systems of the following kind: 

5.1 Def in i t ion  :A I - s y s t e m  is S = < A s : s  e I >  ( I  = I (S) )  w h e r e  

1) for  s o m e  n = n ( I )  = n (S ) ,  ]9([1 . . . . .  n - - t ] )  G f G p ( n ) ,  I c lose  

u n d e r  s u b s e t s  

2) A s I~ At = As nt 

3) a) i f O ¢  s,  t h e n  A s < [ ~ r P  , b) i fO e s , A  s <l~ 

4) 
. . . . .  . . . . .  are b o t h  s y s -  

t e m s  (so the definition is by induction on n ) .  

5) if 0 6 s ,  A s is u.l.a, o v e r  U At. 
t CS 

R e m a r k :  This is use fu l  when  no two c a r d i n a l  m o d e l s  exist .  

5.2 Def in i t ion  : 1) A s y s t e m  S is s t a b l e  if U A s is 
s el(s) 

2) A s y s t e m  h a s  t h e  e x i s t e n c e  p r o p e r t y  if t h e r e  is M, 

pm c uAsSc_M.  
8 

3) T h e / - g o o d n e s s  ho lds  if e v e r y / - s y s t e m  is s tab le .  

p r o p e r t y  ]. 

whe re  

4) n * ( T )  is sup In+l " D - ( n ) - g o o d n e s s  holds{ (so n*(T) < a~). 

5) n " ( T )  is sup  I n + l :  e v e r y  p - ( n ) - s y s t e m  h a s  t h e  a t o m i c i t y  

saturated <As+:s C I> -=<As:s 6 I > ,  and m - t y p e  p over U As + 

6) <As: s e I> has the atomicity property if for every [T[ +- 

of eardinality 
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-< T] , h a s  a [ T l + - i s o l a t e d  e x t e n s i o n  ove r  U As. 

5.3 L e m m a  " i) Being  a n / - - s y s t e m  d e p e n d s  only  on i ts  f i r s t  o r d e r  Lheory. 

2) Hav ing  t h e  a t o m i c i t y  p r o p e r t y  ( for  an • -system) d e p e n d s  on ly  

on i t s  f i r s t  o r d e r  t h e o r y .  

3) If < A s : s  e I >  is a s y s t e m ,  n ( T ) > O ,  t h e n  so a r e  

<Asu}nU)_H:s LJln(1)-Ll eI ,  (n(1)-1) ¢ s>. 

4) If J C I sa t i s f i e s  (1) of 5.1 t h e n  <As:s c J >  is a J - s y s t e m .  

5)* If e v e r y  m o d e l  is s t ab l e  (i,e., Is.m(M) I-< I IMII I  r l )  t h e n  

n ' ( T )  = n ' * ( T ) ,  in f a c t  s t a b i l i t y  a n d  a t o m i e i t y  of f ) - ( n ) - s y s t e m s  a r e  

e q u i v a l e n t .  (see  3.4(2)(a)) .  (Without  0.1 we get :  s t a b i l i t y  i m p l i e s  a t o m i e i t y . )  

5.4 L e m m a  : For  a n y  s y s t e m  <As: s e [ > ,  (n = n ( I ) ) :  

a) if O e s  6 I  t h e n  tp.(As, U A t ) ~ - t p . ( A s , U t A t : t  e I , s¢ :  t t ) ;  m o r e o v e r  
t Cs  

for  e v e r y  ~0(2,y) a n d  c e A s for  s o m e  ~0~0(2,6- .e) e tp(c ,  U At), 
t c s  

#,,~(e,6,e) I-~p~(e, Ul&:t c [ , s  ¢ t l ) ,  

b) U As ct kJ As, in fact :  f o r 6 t  e A t ( t  e I )  s u c h  t h a t  ~ o ( . . . 6  t .... ) w e  
(n-1)¢ s s eI 

sel 
c a n  f ind bt + e As_[n_ll , s u c h  t h a t  [ ( n - l )  ¢ t ~ g~+ = 6~], and b~0( .... bt+...). 

P r o o f  : The p roof  is by s i m u l t a n e o u s  i n d u c t i o n  on I/I (for all s y s t e m s  

a n d  b o t h  a) a n d  b)), The p roof  is s p l i t t ed  to  cases .  

P r o o f  of a): 

C a s e  1: T h e r e  is t s I ,  s c t .  

Then we can reduce the problem to one on I+ c I and use the induction 

hypothesis. So if not Case 1 It:t e [,s ~f t I-- [--I s ~. 

Case  2 " not Case  1 a n d  ( n - - l )  ~g s .  
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Let  e c As, ~(2. ,y)  be a f o r m u l a .  

Le t  J = i t  c I : ( n - 1 )  ¢ t l ,  t h e n  by  t h e  i n d u c t i o n  h y p o t h e s i s  [as  

] J ]  < I J  u I n - t l  ] -< t i t ,  b e c a u s e  I n - l ~  ¢ J ,  ( a n d  I n - l ]  c f, as  I is d o w n w a r d  

c l o s e d  a n d  n = n ( f ) ) .  No te  t h a t  n - 1  > 0  as  n - 1  ~g s , O c s ]  f o r  s o m e  

"~(~,b~,v) • t p . ( a  s, u A t ) ,  "~(2,6 ,~) t- tp~(c ,  U At)- 
t c s  t ~ s  

t c J  

So for  no ~ e U At. ~ ( ~ ) [ ~ 9 ( ~ , 5  ,~) ^ ~ ( ~ , a ) ]  ^ ( ~ ) [  
t # s  
t ~ J  

~b~(2,b ~) ^ ~ ~ ( ~ , d ) ] .  App ly ing  t h e  i n d u c t i o n  h y p o t h e s i s  t o  I - I s {  ( fo r  (b)) we 

s ee  t h a t  u I A t : t  c J - l s ] l  ~t u I A t : t  c f - I s ~ .  So a l so  in  UIAe: t c I - ~ s ] l  we 

c a n n o t  f ind  d as  above .  So ~b~(~,fiV,e) t -  tp,p(e, u I A t  :t c I - I s  |) ,  as  r e q u i r e d .  

C a s e  3: Not  1 n o r  2 a n d  t h e r e  is v ,  a m a x i m a l  m e m b e r  of I, 

0 e v , v  # s , ( n - l )  ~ v .  So v , s  a r e  C - i n c o m p a r a b l e .  

By u s i n g  t h e  i n d u c t i o n  h y p o t h e s i s  fo r  I - I v l , s  and  c a s e  2 for  I,v we see  

t h a t  

t p . (A  s, u A t )  [-- t p . (As ,UIA t : t  c I, t # v , s l )  
~; c s  

tp . (A  v, u A t )  [- t p . ( A s , u t A t : t  e i,  t # v])  
t c~ )  

T o g e t h e r  we g e t  t h e  f i r s t  c lose  of (a). As fo r  t h e  s e c o n d :  we c a n  t r e a t  o u r  sys -  

t e m  as  a n  I I I - s o r t e d  m o d e l ,  f ind  a I T l ÷ - s a t u r a t e d  e l e m e n t a r y  e x t e n s i o n ,  so  

a l so  t h e r e  we g e t  t h e  f i r s t  c lose  of (a). By s a t u r a t i v i t y  we g e t  t h e  ~b~ a n d  n o t e  

t h a t  i t s  p r o p e r t y  is p r e s e r v e  by  e l e m e n t a r y  e q u i v a l e n c e .  

C a s e  4: F o r  s o m e  t ~ f ,  0 ~' t a n d t  U [0] q' t .  

Le t  J 0 = {  v EI :O¢  v~, J ~ = [ v  ~ I : 0 ¢  v ,  v U t 0 1 e l l ,  

3-2 = |v • [ : 0 • v ]. We shal l  p r o v e  t h a t  

t p (  0 Au, U Au) k i P (  U Au, U Au) ( b y [ S h  1, eh .  I V § 2 § 3 ] , t h i s  s u f f i c e s  
uEJa u~& uEA uE]o 

f o r  t h e  f i r s t  p h r a s e  of  (a),)  t h e n  p r o c e e d  as  in  Case  3. 
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For  e a c h  v e J2, as tP*(Av ,  O Au)  is u.t.a. 
CIg 

h y p o t h e s i s  U Au Ct t.J | a  u : v g u ,  u e d e U al l ,  

U Au c t  O ~Au : v ~Z u ,  u e I~, t o g e t h e r  
"tL C 'U 

tP . (At , ,  W Au) F t P ( . A v , U I A u  : v e u ,  u e I~). By [Sh 
CV 

* p ( o  &,  o & )  i - - tp(u & ,  LO &), 
yEA UEJ~ Y e A  UCJO 

by t h e  i n d u c t i o n  

h e n c e  by  3.5 

we ge t  

1, IV 3.3] t h i s  g ives  

Case  5: n o t  c a s e s  1,2,3,4. 

So ( n - l )  6 s [as  no t  Case 2] and  ( V t e  f ) ( t  u I n - l l  E I) ,  [if t is a coun-  

t e r e x a m p l e ,  as I is downward  c losed  w.l.o.g, t is m a x i m a l  in I; as  

t U I n - l ]  ¢' I c l e a r l y  t ~ s , n - 1  ~' t ,  by  " n o t  case  4" t U 10] e I  h e n c e  by 

t ' s  m a x i m a l i t y  0 6 t ,  a n d  we ge t  Case 3, c o n t r a d i c t i o n ] .  So 

I = J  U It O I n - l ]  :t e J{ w h e r e  J =  i t  E t : ( n - 1 )  ¢ I ] .  We app ly  t h e  i nduc -  

t ion  h y p o t h e s i s  to  < A s u t n _ l l :  s c J > ,  s - ~ n - 1 ]  ( r e m e m b e r  5.3(3)) so 

t p . ( A s , U [ A t  : t c s , ( n - - t ) e t l )  k- t p . ( A s , U t A t : t  ~ s , s - l n - l ~ ] )  

h e n c e  the  f i r s t  c lose  of (a) follows (by Ax VII of [Sh 1, ch  IV §1]) and  we p rove  

(a) as in t h e  Case 3. 

P r o o f  of (b) of 5.4: Now we p r o v e  (b) of 5.4. Let  Y = {t c I : ( n - 1 )  ¢ t {. 

F i r s t  r e p l a c e  o u r  s y s t e m  by  a [ T I + - s a t u r a t e d  one. Then by  i n c r e a s i n g  t h e  

6 s to s e q u e n c e s  of l e n g t h  < IT[ + we c a n  a s s u m e  for  e a c h  s e f : i f 0 e s  t h e n  

t p ( b s ,  U 6t)  ~ - t p ( 6 s , U I A t : t  e I , s  V t ] ) .  Now we def ine  t h e  6 + . If ( n - l )  ~' s 
f; c s  

let  b% + = bs- Next choose < 6 f : s  ~ ~,0 ¢ s , ( n - 1 ) ~  ~> ,  so that  C c & - ~ . - l ~  

and in the model  < 4 u l . _ , ~ : s ~ l O ( l l  . . . . .  n - 2 1 ) >  it realizes over 

U16~: ~ ~F~I~  . . . . .  n - e l l  the s~me type as <6~:~ ~ I . o ¢ I , ( n - n ~ s >  

(poss ib le  by  (4) of Def in i t ion  5.1). For  t h e  o t h e r s ,  def ine  by  i n d u c t i o n  on 

Is ],bs + s u c h  that t p (  . . . .  6 t . . . .  ) t c s  = t p (  . . . .  6~- . . . .  ) t ~ ,  and  s i m u l t a n e -  

ous ly  p r o v e  t h a t  t h e  m a p p i n g  6 s -* b-s ÷ de f ined  so f a r  is e l e m e n t a r y  ( for  [~). 

5.5 Conc lus ion :  1)* S uppos e  A = h <~ > I TI,  and  <As~:s 6 I >  is a s y s t e m ,  

< A / : O  ¢ s e I >  is A- sa tu r a t ed ,  e a c h  A [  is A - s a t u r a t e  and  of power  A and  
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< As°:0 ~' s e I >  ~- < As1:0 ¢ s  e I>. T h e n  t h e  two s y s t e m s  a r e  i s o m o r p h i c .  

2) If in  (1) we do n o t  a s s u m e  1.0, we n e e d  (A[,c)ceU4e is  A - s a t u r a t e d  
~ra 

w h e n 0 e s  e I .  

5.6 C o n c l u s i o n :  1) If <As:s e 1> is a n  / - s y s t e m ,  ]9(11 . . . . .  n - l )  c d C I 

t h e n  U As is u. l .a ,  o v e r  U As. 
s eI s eJ 

2) If <As:s e I> is a n / - s y s t e m ,  t h e n  fo r  s 6_ I ,  A s 0 P[~ : As-|ot- 

§6 A p r o o f  o f  t h e  e x i s t e n c e  p r o p e r t y .  

6.0 I l y p o t h e s i s :  n "" (T) = ~. 

8.1 V . e o r e m  " :  S u p p o s e  r is c o u n t a b l e  and  < A s :  s is a sys -  

t e m  s a t i s f y i n g :  

( * ) 0 e s  e D - ( n )  ~ A  s is F - e o n s t r u c t i b l e o v e r  U A  t. 
M0 t cs 

] ' h e n  t h e r e  is a m o d e l  M F - c o n s t r u c t i b l e  o v e r  tJ As, u.i .a,  o v e r  it, 
M0 s 

pM C uAs. So t h e  e x i s t e n c e  p r o p e r t y  h o l d s  fo r  s u c h  s y s t e m s .  
$ 

a n d  

P r o o f  : The  p r o o f  is b r o k e n  to s o m e  c l a i m s .  

6 .2 Cla im:  If A c t  C, B is F - c o n s t r u c t i b l e  o v e r  A, t h e n  B is 
t% 

c o n s t r u c t i b l e  o v e r  C (by t h e  s a m e  s e q u e n c e ) ,  tp . (B ,A)}- - tp . (B ,C) ,  

A U B ~ ,  C. 

F- 
~o 

and 

P r o o f  : See  [Sh  1 , Ch. XII]. 

6 .3  C la im *: If M is % o - e o n s t r u e t i b l e  o v e r  t.)A s C M, <As:s e D-(~z)> 

is  a s y s t e m  then M is  u.l .a,  o v e r  t3A s. 
S 

P r o o f  : W.l.o.g. (by e a s y  s e t  t h e o r y )  fo r  s o m e  A >  ILJAs I + IT  I, 
s 
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~, : k <x so let <Ai: s c D - ( n ) )  be a saturated elementary extension of 

<A s :s 619-'(r~ )>. By 6.2 tp.(M, uAi) is ;k- isolated so t h e r e  is a A - p r i m a r y  N, 

M U [3 As O N .  H e n c e  N i s  u.l .a,  o v e r  u A s  see  3.3 a n d  we f inish  b y  t h e  n e x t  
$ 

F a c t  (6.4). 

6.4 Fac t :  If A ~ C, and  B is u.l.a, o v e r  C, tp.(B,A) ]-- tp,(B,C) t h e n  B is 

u.l .a,  o v e r  A ( w i t n e s s e d  in the  s a m e  way). 

R e m a r k :  Note  t h a t  we a s s u m e  A < C, i.e. [~ t A < C r ~ ,  no t  j u s t  A c t  C. 

P r o o f  : Let  6 e B, T e L, t h e n  for  s o m e  

lb~(2.,g ,G) [-tp~,(G,C). As tp.(B,A) [-tp.(B,C) t h e r e  

,~(~,~) [- ~p,(~,e~,~). So 

( w ) [ ~ ( ~ , e , x )  ~ # , ( , ,e~,G)]  ^ 

( v y e  c ) [ (w)(~(~ ,c~ ,b)  ~ ~(~,y)) ~ ( w ) ( ~ ( ~ c  ~) ~ - ~(~,y))] 
, 

so t h e r e  is ~,,b e A with  t h o s e  p r o p e r t i e s .  

6.5 Claim: If <As:s e D - ( n ) >  is a s y s t e m ,  satisfying (*) ( f rom 

k = ~, I A, I > I Y l then we can define < Asa: s e ]9-(n)> (a < k) such that 
s 

~ , ( ~ , e  ,G) c tp (6 , c )  

is ~ (¢ ,a )  c tp.(6,A),  

6. t) 

(1) EIA~I=IaI+ITI 
$ 

(2) <Asa: s e f)-(n)> i<As:  s e f)-(n)> 

(3) < Asa:s E ]9-(r~)> is i n c r e a s i n g  c o n t i n u o u s  in ~. 

(4-)  <As~: s e D - ( n ) >  is a s y s t e m ,  as 

<A•:s e D - ( n + l ) , s  # tO . . . . .  n - l ~ >  

s a t i s f y i n g  (*) in b o t h  cases .  

well as  

( w h e r e  A~au|nl = As ~+1 fo r  s e tg}-(n)), 

P r o o f  : Easy.  [Sh 1, ch. IV, §3] 

P r o o f  o f  6.1: We p rove  i t  by  i n d u c t i o n  on A=~]]A~ I (for all n s i m u l t a n e -  
$ 

ously) .  
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E a s i l y  of t h e  t h r e e  p r o p e r t i e s  d e m a n d e d  of M in  6.1 t h e  f i r s t  i m p l i e s  t h e  

s e c o n d  (by  6.3) a n d  t h e  t h i r d  ( a p p l y  u . l . a ,  f o r  t h e  f o r m u l a  x = y ) .  R e m e m b e r  T 

is  c o u n t a b l e .  

C a s e  1: k = t%. 

So A ~ I  U A s i s  c o u n t a b l e .  By H y p o t h e s i s  6.0, e a s i l y  fo r  e v e r y  ~ ( ~ ' , ~ )  
S 

• A, ~2~ 'q~(x ,~) ,  a n d  ~o1(2,?] ) L h e r e  i s  " O ( e , a l )  , a l  • A,  a n d  

~ ( 2 ~ ' ) [ ~ 0 ( 2 , g ) ^ ~ ( ~ , g l )  ] a n d  ~ ( x , g l ) l - f p ~ ( f f , A )  fo r  s o m e  g.  [ o t h e r w i s e  

r e p l a c e  ~ A s : s  • ] 9 - ( n ) >  b y  a n  e l e m e n t a r i l y  e q u i v a l e n t  I T l + - s a t u r a t e d  s y s -  

t e m  a n d  g e t  c o n t r a d i c t i o n  to  5 .2(6) ] .  So we c a n  d e f i n e  b y  i n d u c t i o n  on  n ,  

~on(x o . . . . .  x n , g n ) ,  e.,~ • A  s u c h  t h a t  D(~x 0 . . . . .  x n ) f n ( x  o . . . . .  x n , g n ) ,  D ( Y  

x 0 . . . . .  x n + l )  (~o~+i(x o . . . . .  xn+l ,  an+l)  --, ~on(x 0 . . . . .  x n ,  a n )  ) a n d  fo r  e v e r y  

lk =~b(x  0 . . . . .  xn;  y )  f o r  s o m e  k > n  a n d  c o . . . . .  c n (2xn+ 1 - . .  xl¢ ) 

~on(x o . . . . .  x k , a ~ )  ~- t p ( < c  o . . . . .  c n > A  ) [ ~ n ( x o  . . . . .  x n , a n ) : n  < co I i s  c o m -  

p l e t e  o v e r  A ( in  [xn :  n < ~ ] )  a n d  is t h e  c o m p l e t e  d i a g r a m  o v e r  A of a m o d e l  

a s  r e q u i r e d  ( r e m e m b e r  AxVII  (of [Sh  1 , Ch. IV. §1]. h o l d s  f o r  F o .  ) 

C a s e  2: ~k > I T I. 

Def ine  A ~ ( a  < k) b y  6.5. We now d e f i n e  b y  i n d u c t i o n  o n  a ,  a m o d e l  M a, so  

t h a t  M a i s  F - c o n s t r u c t i b l e  o v e r  U As a, U As a ~-Ma,  a l s o  if ct is  l i m i t  
t% % s 

M a =  U M~, a n d  a = f l +  1 fd a is  F - e o n s t r u c t i b l e  o v e r  U A s  a uMtB.  We 
p<et ~o s 

s h o u l d  p r o v e  for e a c h . ,  t h a t  < A : : .  is a s y s t e m  -where 

An a = M a, t h i s  f o l l ows  b y  6.5(4)  a n d  n o t i n g  Mn is  u . l . a ,  o v e r  u [ A s  a • s • ] ) - ( n ) ]  

b y  6.3. 

6 .6  T h e o r e m  * " S u p p o s e  T is  c o u n t a b l e .  If M , N  a r e  t ~ c s a t u r a t e d ,  w i t h  

M t Y = N [ P t h e n  M , N  a r e  i s o m o r p h i c  o v e r  P ~ .  ( b y  3.4(3)  t h e  t ~ l - s a t u r a t i o n  

of M [ P i m p l i e s  t h a t  of M). 

t 
P r o o f  : O v e r  pM t h e r e  i s  a F ° p r i m a r y  m o d e l  M +, so  M ÷ i s  F l - p r i m a r y  

t 
a n d  F - p r i r n e .  So i t  c a n  be  e l e m e n t a r i l y  e m b e d d e d  i n t o  M o v e r  pM h e n c e  i t s  
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i m a g e  is e q u a l  to M. S i m i l a r l y  fo r  N. 

This t h e o r e m  is m a d e  m o r e  i n t e r e s t i n g  by t h e  fo l lowing  ( n o t  u s i n g  6.0 

a n y m o r e ) :  

6 .7  F a c t :  A s s u m e  fo r  e v e r y  M, p7~ is s t ab le .  

If t h e r e  a r e  M0 < M,P ~I ~ Mo / M1 t h e n  fo r  e v e r y  A -  ~ [ Tl + 151 we c a n  f ind  

M a n d  a t e M(i < ~) s u c h  t h a t  : 

(a)~ e j  =->ateaj, IIMII  = ~ =  IPMI,  

(b) f o r ¢  < j t p ( a  i , P ~  t 3 t a a : a < i { ) = t P ( a t , P  M Lt ta= :a < i l ) .  

(c)  m o r e o v e r  fo r  e v e r y  6 e M t h e r e  is i ( 6 )  < 5 s u c h  t h a t :  if i ( b )  --~/. < j ,  

tP(a j ,  PM kJ 6 L) laa  :a < i ] )  = tP(a~, PM k) 6 (J |aa:a < i ] )  

P r o o f  : W.l.o.g. M 0 is A + - s a t u r a t e d .  Le t  a e M I - M  o a n d  de f ine  b y  i n d u c -  

t i o n  on  i <6,  N t <Mo, I]Nil I = X  a n d  ai  s u c h  t h a t  klan. k) lai:J < i] C N i a n d  
i<i  

a t e M  0 r e a l i z e s  tp(a, /V~).  By c l a i m  2.16 (or  1.4) k i N  i ,ta¢:i < 6 {  a r e  as  

r e q u i r e d .  

13.8 L e m m a  - 1) U n d e r  t h e  a s s u m p t i o n  of 6.7, if t h e  c o n c l u s i o n  of 6.1 

h o l d s  t h e n  w h e n  I Y l < X < N t h e r e  is a m o d e l  M',  I lM* II = I P ~ ' l  = ~ ,  so  t h a t  

t h e r e  a r e  a i ( i  < 6) as  t h e r e  ( fo r  M ' )  w h e n  5 = h b u t  n o t  w h e n  A < c f  6 <-- t~. 

2) If 1.0 fails ,  A r e g u l a r  2 x = A +, t h e n  we c a n  f ind  M, at ( i  < k) as  

in  6.7, pM is s a t u r a t e d ,  I IMl l  = t l P ~ l l  = x + 

P r o o f  : 1) Le t  M ,a , ( i  < h )  be as  t h e r e ,  c h o o s e  A , P  M c A  < ~ r P ,  

[A ] = k a n d  le t  M* be  F - c o n s t r u c t i b l e  o v e r  M k) A. By t h e  PM's  s t ab i l i t y ,  
~0 

a i ( i  < A) h a s  t h e  p r o p e r t y  in M* too.  S u p p o s e  < c~:i < 6>  h a s  t h e  p r o p e r t y  ( in  

M, i.e. a ) ,b ) ,c )  of 6.7) t o o  a n d  k < c f  5. By [Sh  1 Ch IV §3] we c a n  f ind N ~ M' ,  

M C N, I IN] I  = A, N c l o s e d  e n o u g h  ( u n d e r  h i s t o r y  of t h e  c o n s t r u c t i o n  a n d  t h e  

f u n c t i o n  b -, ct(b-),c / -, c i+l)  , so t h a t  M ° is F 0 - c o n s t r u c t i b l e  o v e r  N kJ A, a n d  

<a{:aicN> has the property in g and cf(supli:aicN])> ITI. Then 
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tp (asupli:a4eNi,N U A) is not ~1- i so l a t ed ,  contradiction. 

2) Left to the reader. 

§7 M a n i p u l a t i o n s  w i t h  s y s t e m s  f o r  a n  a r b i t r a r y  t h e o r y .  

7.0 Discussion: We are dealing with several kinds of/-systems, so we shall 

use the name "I-x--system", x a latin letter to differentiate. For Definition 

5.1 we u se  x = a  a n d  s a y  it  is f o r  [~ o r  fo r  Y. 

7.1 Def in i t i on :  We cal l  S = <As:s c I> an  I - b - - s y s t e m  fo r  T if: 

1) f o r  s o m e  n = n ( I )  = n ( S ) ,  I C [)(n) ,  I ~ p ( n - 1 ) ,  I c l o s e d  u n d e r  sub -  

se t s .  

2)<As's U In- i f  ~_I,'n,-1 ¢ S> <<Asu[n_l]:su In--]-{ EI,~--I ~f S> 

3) e a c h  A s is a m o d e l  of T. 

4) <As:s C J> is a / - s y s t e m ,  w h e n  J =  | s  c I : ( n - 1 )  g'  s 1. 

5) If n - - 1  c t e : I  

At n ( u [ A s  . n - 1  qf s c t l )  ~ u I A  s "n--1  ~ s c I ,  s U I n - l ~  c I { .  

then 

7.2 Fact: i) For S to be an I-b--system for T depends on its first order 

theory only. 

2) If <As:s cI> is an I--b-system then A s nAt =Ash t for any 

s , t  c I .  

P r o o f :  l)  C h e c k ,  

2) P r o v e  i t  by  i n d u c t i o n  on  n .  If n - 1  ~ s U t - t r i v i a l  u s i n g  c o n d i -  

t i o n  4). If n--i e SAt, by condition (4) and the induction hypothesis 

As-In-11 N At- tn-1  | = Asnt- ln-11 a n d  u s e  c o n d i t i o n  (2). If n - 1  c s , n - I  {/ t ,  

t h e n  s N t = ( s - I n - l ]  n t ,  a n d  a g a i n  As_in_l|  n At = Asn~ by  c o n d i t i o n  (4), 

a n d  by  (2) As_in_l ]  = A s I~ ( U  ~A~ : v W i n - l ]  c I, n - 1  # I ] ,  a n d  we f in i sh  by  

(5). 
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7.3 Fac t :  < A s : s  c ] ~ n ) >  is a p ( n ) - b - s y s t e m  for  [ ~ [ P  iff 
<As_l:  s E p ( n + l ) , O  ~' s >  is a ~ ( / 1  . . . . .  n ] ) - a - s y s t e m  (for  an i n t e g e r  k l e t  

s - k  = [i--/c : i e k I s + k  is def ined  s imi lar ly . )  

7 . 4  F a c t :  If n > 0 ,  <As:s c[)(n)) is a p ( n ) - b - s y s t e m  for  r and  for  

s c / ) ( n - 1 )  Bs = (A(s+l)Uioi,As+,) t h e n  <Bs: ' ,  c p ( n - 1 ) >  is a 

f ) ( n - 1 ) - b  - s y s t e m  for  T 1 = Th (AIc, I,A¢) 

Proof :  We p rove  i t  by  i n d u c t i o n  on n 

n:l: so p(n-l) :/9(0) : I¢{, so <Bs:s c/9(n-l)> consistent of one model, of 

T 1 of course :  

n + l :  

Condi t ion:  1) is t r ivial .  

Condi t ion:  2) We shou ld  p rove  

(looking wha t  [ is). 

This is equ iva l en t  to  

( < A(s+I)UIoI,As+I> :s C ~')in--i)> -~ < ( A(s+l)UiO,n|,A(s+l)Ulnl> :s C p(n--1)> 

which  is e q u i v a l e n t  to  

whichholds as <As:s c n+l)) is ap( +l)-b-system. 

Condi t ion:  3) we know <As: s c ]9(n)> i s a  ] ~ n ) - - b - - s y s t e m  h e n c e  by 

t he  i n d u c t i o n  h y p o t h e s i s  for  s c f ) ( n - 1 ) ,  (A(s+l)uioi,A(s+l)) ~ (AIoFAO). As we 

have  p roved  cond i t i on  2), for  s ~ p ( n - - 1 )  Bs "~ Bs Uln-l{ i.e. 

(A(s+l)UiO|,As+l) =-(A(s+l)UiO,n_l| ,A(s+l)Uin_ll ), so t h e  cond i t ion  holds  for  

s U I n - l {  when s e ] ) ( n - l ) .  

So i t  holds  for  e v e r y  s c p ( n ) ,  as r equ i r ed .  
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Condi t ion:  4) Easy. 

Cond i t ion  5): Obvious, (by 5) for  <As : s c /9(n+1)> ). 

"7.5 I ~ m ~ :  ~) Suppose <M~:~ ~ /a")>  is a / a .  )-b - sys tem for 
= E t l M ,  II, ~, > I TI. Then we can  find <Ms,a: s c /9(n)> (a  <h) s u c h  that: 

$ 

T, 

(u) IIM~,,,II = ITI + la l ,  

(iii) Let  for  a < k+,s c p ( n ) ,  

M ~  = M~' ,M~'uI  n ~ = M f  '+ 1 

Then < Msa:s c p(n +i)> is a/9(r~ + l)-b -system for T. 

2) If <Ms:s  e p ( n ) >  is c - s a t u r a t e d  (Va < k ) [ l a l  <~<A] ,  2 Irl <A 

then we can d e m a n d  <Ms,a:S C/5)(n)> is m-saturated when cf a e IO, l{ or 

¢f a>-- ~, but then llMs, =II <- (ITI + foil) <~ (if we ask just for x-compact then 

[[Ms, a [[ -- ([ T] + [at)  <~. 

(2a) We can  even  d e m a n d  th is  for  e a c h  I C p ( n )  s e p a r a t e l y .  

3) If A = m  +, m = ~ < ' >  ITI ,  and <M s :s E~(n)> is saturated,  

t h e n  we c a n  also d e m a n d  < Mf:s c D(n + 1)> is s a t u r a t e d  when  c f  ~ • [I%,m). 

(bu t  ]lMs, a ][ = m) We can,  e x c e p t  for  s o m e  u n b o u n d e d  n o n  s t a t i o n a r y  su b se t  

d e t e r m i n e  i t s  theory- as  t h a t  of <Ns : s  e / 9 ( n + l ) >  a p ( r ~ + l ) - b - s y s t e m ,  pro-  

v,ded that < N~:~  ~ r~)> -= < ~:~ ~ P(~ )>. 
Proof :  1) Easy,  2) Easy, 3) See  proofs  in §4. 

7.6 Lemma:  Suppose  k = A <x, and  2 ;*e = A +~+1 for  E < n .  Suppose  

<Af:s c p ( n ) >  is a p ( n  ) - b  - - sys tem for  T. Let  Y = 4,n  ~II~:~; a s e q u e n c e  of 

o rd ina l s  of l e n g t h  <-- n , r ; (E)  < l+(n-~)] .  

Then  we can  def ine mode ls  MT;,t(r; c d, t c / ~  (7;))) of T su c h  tha t :  

(i) Mn, t is a mode l  of T of power  A ÷(n-e(n)) , i t  is s a t u r a t e d  p ro v i d e d  t h a t  

( w < e ( n ) [ c /  n(e) c Io, l,~+(~-e)~ v e c t ] .  
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(ii) if ~7 c d,t c/tg(g (7/)) a n d  g (~7) < r~, t h e n  

a) M~,t = U IMv^<~>,,: i < X(~-e(n)) I 

b) if ~ /^<6> ~ J 6 l i m i t  t h e n  Mn^<a>, t = U Mn~<i>,t 
~<~ 

c) M,F<i>,tU¢(,rO = M,7^<i+l>. 

(iii) for each 77 c J,S '7 ~I< M~,t :t c/J(l~ (N))> is a p(l~ (N))--b-system. 

(iv) if (Vg < g(~/))[cf N(g) e 10, l,A+(n-rz)I] then S T is saturated and its 

theory is that of < A;:s E p(g(N))> 

Proof: We prove it by induction on n for all possible T, < A;:s c D(n)>. 

For each n > 0 we define by induction on a < k +n the models M<a>, 0 and 

M~,t(~7(O ) < a,) N c d,t cp(g(N)), such that when cf ot E IO,i,A+(n-l) I, M<a>. ¢ 

is a saturated, of eardinality k+(a-O M<a > ~ T, M<a>,il I is saturated, 

<M<a>:a < k + n >  a n  e l e m e n t a r y  c h a i n ,  fo r  a l imi t ,  M<a>--- U M<#>, f o r  
le<a 

a = B + 1 M<=>,¢ = M<a>,IH. 

Fo r  a l i m i t  o r  z e r o  - n o  p r o b l e m .  Fo r  a = fl + 1, cf fl ~ ~O,l,7~+(n-1){, we l e t  

M<a>,tl ~ be  a s a t u r a t e d  e l e m e n t a r y  e x t e n s i o n  of M<#> of p o w e r  k +(n- l )  a n d  

t h e n  u s e  7.5 (2a).  F o r  a = fl + t,fl=O fo r  M<a > t h e r e  is no  p r o b l e m  a n d  t h e n  

u se  7.5. For  a = ~ + 1 ,  c f  t i c  I I ,A+(n-O] ,  M<#>,¢ is s a t u r a t e d .  We use  t h e  

i n d u c t i o n  h y p o t h e s i s  fo r  n - l ,  a n d  T 1 from. 7.4 ( s t a r t i n g  t h e r e  wi th  

<A~:s  c / f l ( n ) > ) .  G e t t i n g  (Mlt,M°t) ~ c 4,n-l. So M<°a>,¢ is a m o d e l  of Y of 

p o w e r  /~+(n-1), s a t u r a t e d  h e n c e  -~ M<e>,¢ so w.l.o.g, i t  is  M<~>, l e t  

M<a>,,# = MI>  = M<a>,f0i , M<a > ^~(*-t0|)-~ is MOt if 0 ¢ t ,  a n d  is M~,(~_I0|)_ 1 if 

O ~ t ,  

7.7. Lemma. Suppose 2, <x > ] T I, gx ÷~ = ~+~+I for I~ < n and 

< Af:s c iron)> a p(n )-b -system for T. Let 

wOO = l a  < x":~ f ,5 = ~ l  

w'(~,)  = w ( x )  u w"-(~.). 

w+(~,) = t a + l  • ,5 c w ( x ) t ,  and  

d'~,n= ~r/: 7 / a  s e q u e n c e  of o r d i n a l s  of l e n g t h  ": r~, ~7(g) < ;k +(n--~), 
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J~,n = ~l c J[,n: fo r  e v e r y  (~+1 < (~(~), ~?((B) c W(k+(n-f))l .  

T h e n  we c a n  def ine  m o d e l s  Mn(r I • J'~,n) of T s u c h  tha t :  

(i) M n is a m o d e l  of T of power  A +(n-~(n)) 

(ii) if 7/ • ~F~, n t h e n  M~ is s a t u r a t e d .  

(iii) if 71 e J~.n is no t  m a x i m a l  t h e n  

i < j ~ M~^<~> < M.^<j>; M.  = L)M.-<,>; fo r  6 l im i t  M.-<~> = L) M.^<i>. 

(iv) For e a c h  7 / • J~ ,n  we def ine  a p(t~ (}7))-5 - s y s t e m  

S" = ( MtS~:t c f)(g, 07))) ,  Mt ~ = Mu(n,t) w h e r e  ~ (u(~7,t)) = ~ 07) and  

=in(e )  if e <~(~)  e ¢ t 
p('~,t )(~ ) / 

We shal l  want:  

(iv) If 77 E 4 , n , 5  "~ is s a t u r a t e d  a n d  ~<A~:s  E fffl(t~ ( ~ ) ) ) .  

P roof :  Like 7.6, on ly  s i m p l e r .  

S~: 

§8 The  s t r u c t u r e  t h e o r y w e  c a n  sti l l  g e t  w h e n  k < n*' (T)  

B.1 Clainz If A C t C, and  B is F~t -cons t ruc t ib te  o v e r  A, t h e n  15' is F~- 

c o n s t r u c t i b l e  o v e r  C (by the  s a m e  c o n s t r u c t i o n )  and  tp . (B,A)  t- tp (B,C). 

Proo f :  See [Sh 1, Ch. XI]. 

R e m a r k :  t) A C t C if e v e r y  m - t y p e  of power  < k o v e r  A r e a l i z e d  in C is 

r e a l i z e d  in A. 

2) The s a m e  ho lds  for  C~, b u t  we i g n o r e  th i s  d i s t i n c t i o n  ( i m p o r t a n t  fo r  

= IT1). 

Sh:234



85 

3) R e m e m b e r  M is  k - c o m p a c t  if e v e r y  m - t y p e  o v e r  M of p o w e r  < k ,  

f i n i t e l y  s a t i s f i a b l e  i n  M is  r e a l i z e d  in  M. 

8 .2  C la im* :  If M is  F x t - c o n s t r u e t i b l e  o v e r  u A s  c M, <As:s • / 9 - ( n ) )  a k- 

c o m p a c t  D - ( n ) - a - s y s t e m  a n d  n < n** (T)  then M is  u . l . a ,  o v e r  u A  s. 

Proof:  W.l.o.g.  fo r  s o m e  /z > E l &  I + I T I, ~ = /~<~  a n d  l e t  

< A s : s  • ] ) - ( n ) >  b e  a / z - c o m p a c t  e l e m e n t a r y  e x t e n s i o n  of < A  s " s  • p - ( n ) >  

w h i c h  h a s  p o w e r / ~ .  As < A s : s  • p - ( n ) >  is  h - c o m p a c t  c l e a r l y  u A  s ~ U As ( in  
S 

c a s e  of s a t u r a t i o n  i n s t e a d  c o m p a c t n e s s  e v e n  C~) so  b y  8.1 M is  F t -  

e o n s t r u e t i b l e  o v e r  uA£, so  tp (M, UAs) 1- tp(M,  U As) h e n c e  t h e r e  i s  a /~- 
$ s S 

p r i m a r y  m o d e l  N o v e r  U A£, M C N. We k n o w  ( s e e  a.a) N is  u . l . a ,  o v e r  uA~ .  So 
S $ 

f o r  e v e r y  e • M a n d  ~o t h e r e  is  a 10 = 10(x,b)  • tp(ff ,UA£). !0 ~- tp~(e ,uA£) .  But  
S 

we k n o w  t p ( e , u A s )  }--tp(e, UAs) h e n c e  fo r  s o m e  O • t p ( e , u A s )  O [--10. So 
$ S s 

c tp (~ ,uAs) ,O I-- tP~(c,uA(°)) .  We g e t  M is  1.a. o v e r  uAs.  B u t w e  w a n t  u . l . a .  
S 

This  fo l lows  f r o m  6.4. 

8.3 Claim*:  Let  S = <As:s  • I> be an / - - a - - sys tem and k > I TI s is X- 

saturated iff <As:s • I F I / ' J ( [ 1  . . . . .  n ( / - ) - - l ) ) >  is h - s a t u r a t e d  a n d  e a c h  

M s(s • I ,  Ocs )  is  h - s a t u r a t e d .  

Proof:  ==> t r i v i a l .  

¢ := :  We p r o v e  i t  b y  i n d u c t i o n  on  I[I- L e t  p = p (x o . . . . .  xm_l) b e  a n  m - t y p e  

o v e r  S. ] D o m  p I < k a n d  p is  f i n i t e l y  s a t i s f i a b l e  i n  S. If 

I = p ( | l  . . . . .  n ( 1 ) - l ~ )  t h i s  is  t r i v i a l .  O t h e r w i s e  c h o o s e  t • I ,  0 • t ,  t m a x i m a l ,  

a n d  l e t  J = I - | t  ]. W.l .o.g.  

I x  0 c A t - u A  s . . . . .  X k _  1 E A t - U A s ,  
s e t  s e t  

x~ ¢ A t - U A s  . . . . .  xm-1 • A t - U A s ]  c p .  
s c t  sc t ;  

As A t i s  u . l . a ,  o v e r  UAs ( a n d  5.1) t h e r e  / s  10(Z,~1) • L(T) s u c h  t h a t  fo r  e v e r y  
s e t  
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a E A t - u A s ,  for  some  6 E u A s ,  ~1~[a,6] and  
s e t  sc/ :  

~b(x,6) [- Ix # e :e  E U[As:s E J{ ( th is  in [~, so w.l.o.g. !h is a tomic ,  we shall  

no t  m e n t i o n  s u c h  th ings) .  So P U Ilb(Xo,Yo), YO C uAs ,  (V 
s E d  

z E u A s ) ( ~ l ~ ( z , y 0 ) ]  is f in i te ly  sa t is f iable  in S. So w.l.o.g, for  (~ < k  
s ~ J  

(aY)[~/(xe,Y)^Y c U As^(Yz e UAs)-!P(z Jg)] e p .  Now le t  
SE] SEd 

,o__ < =o . . . . .  . . . . .  = . . _ J .  and 

p l  = p  Ut (Ve  c u A s ) [ f ( g ° , e ) - - - ! ~ ( e , y ~ ) ]  ^ y~  c u A  s • ~ e L{. 
s el s c t  

Let  p2  be the  c losu re  of p 1 u n d e r  c o n j u n c t i o n s .  Let  p a  = [(2Z0)9:9 e p2  I. 

By the  i n d u c t i o n  h y p o t h e s i s  p3  is r e a l i z e d  say  by 21 -* a l y ~  _, 5~ for  ~ E L 

(you m a y  a r g u e  t h a t  p a has  [ T[ var iab le  no t  s o m e  m '  < ~, b u t  k - c o m p a c t n e s s  

impl i e s  this) .  Now we can  find (~o rea l i z ing  t !~(~° ,6~) :~  ELI .  Still we do no t  

know t h a t  ~^d, 1 r ea l i ze s  p - i t  m a y  c o n t a i n  f o r m u ] a s  which  a re  no t  a tomic .  

Bu t  o u r  c o n c l u s i o n  follows f rom:  

8.4 Claim: Let  <As:s  c I> be an I - a - s y s t e m ,  O c t  c I, 

<'#/~,:~a e L>  wi t tness  t he  u.l.a, of A t ove r  UAs 
s c t  

d l ,d  2 E u A s ,  ~ t ~  E A s - u A s ,  [=~/~(g~',b~) , 6~ E u A s ,  
s c t  s c~  s c A  

-2 . . . , z2 )  . . . , d l )  in (A :s ( - • • ,b~ 
~-1 ^ ~1, c2 ~ ~2 r ea l i ze s  the  s ame  type.  

t max ima l .  Let 

the sequences 

Proof :  Again as in t he  p rev ious  c la im;  t h e n  s o m e  a u t o m o r p h i s m  of 

<As: E Y> take  d 1 to  ~z and  b l  to  b~.  Then  t h e r e  is an  a u t o m o r p h i s m  of N 

e m b e d d i n g  i t  tak ing  ffl to  ~a  

8.5 Claim= Suppose  <As:s  E ~- (n )>  is an  / - a - s y s t e m ,  k - c o mp a c t ,  and 

~=EIAs l  > ITI. 

Then we can find <A~:s c p - ( n ) >  (a  </~) such that 

(~) tA2i < ~ , i ~ = x  +, IA2I  =X, 

(2) <Asa:s c f ) - ( n ) >  <<As:s c] ' ) - (n)>.  
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(3) If J c / 9 - ( n ) ,  <As:S~d  > is A - c o m p a c t  ( Y a < / * )  [ l a ] < ~ < / * ]  

t h e n  <Asa+l:s • J> is A - c o m p a c t  (a l so  fo r  a = -  1). 

(4) If A s is A - c o n s t r u c t i b l e  o v e r  u A t  t h e n  t h e r e  is an  Fa t- 
t c s  

c o n s t r u c t i o n  laS,B.~:i < / ~ >  of A s o v e r  u A t  s u c h  t h a t  fo r  e a c h  a fo r  s o m e  
t C $  

j(~),  

A s a - u A ~  = la{:i < j ( a ) l  , (Vi < j ( a ) B  s C u A ~  
t c s  t c s  

P r o o f :  E a s y  ( for  (4) see [Sh 1 Ch IV §3] 

8.6 C l a i m  *" A c o m p l e t e  s e t  A is s t a b l e  iff i t  h a s  t h e  a t o m i e i t y  p r o p e r t y  

p r o v i d e  d. 

P r o o f :  W.l.o.g. A is s a t u r a t e d  of p o w e r  N, bL = / x  <~ > ] T I. Now e a s i l y  s t a -  

b i l i t y  i m p l i e s  a t o r n i c i t y .  So a s s u m e  a t o r n i c i t y  fo r  A, so t h e r e  is M, A - p r i m a r y  

o v e r  A Le t  (M',A')=-(M,A) be s a t u r a t e d  of p o w e r  bL, so w.l.o.g. A = A' a n d  

M <M' .  By t h e  h y p o t h e s i s  1.0 M = M' . H e n c e  M' is a t o m i c  o v e r  A, so by t h e  

s a t u r a t i o n  M' is u. l .a ,  o v e r  A. Also fo r  e v e r y  p c S,m(A) t h e r e  is a A - s a t u r a t e d  

M" 2) A D pM" r e a l i z i n g  p ,  b u t  as  a g a i n  w.t.o.g. M = M", p is h - i s o l a t e d ,  h e n c e  

F - i so l a t ed .  F r o m  h e r e  a t o m i c i t y  is easy .  
1% 

8.7 L e m m a :  S u p p o s e  [ T I I* < X = h <x, 2 x*e = A +e+l  fo r  g </c  + n .  

1)* In t h e  d e f i n i t i o n  of an  I - a - s y s t e m  we c a n  o m i t  "A s is u.l .a.  

o v e r  u A t  fo r  s • I,O • s"  w h e n  [s [ < n**(T). 
t c $  

e) n ' ( r )  = n " ( r )  

3) tf fo r  £ = 1,2 < As~:s c I )  is a / 9 - ( n  ) - a  - s y s t e m ,  

< As~+l :s +1 c I >  is s a t u r a t e d  of p o w e r / ,  wi th  f i r s t  o r d e r  t h e o r y  n o t  d e p e n d i n g  

o n g  n ( I )  < n* ' (T )  then < As~:s ¢I> ~- < Ase:S < I ) .  

4)* If k + n  < n * ' ( r ) ,  ~As:s  c [ ) - ( n ) )  a n d  / 9 - ( n  ) - a  - s y s t e m ,  

I &  -< X+e, At1 . . . . .  n - l l  is A- s a t u r a t e d  then o v e r  UA s t h e r e  is a k - p r i m a r y  
$ 

m o d e l  M,P m = At1 . . . . .  n - l l .  
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Proof: 1) By 3.3, 

2) See 8.6. 

3) We p r o v e  by  i n d u c t i o n  on n ( s i m i l a r  proof  o c c u r s  p r e v i o u l s y )  we 

s t a r t  w i th  an  i s o m o r p h i s m  f r o m  (Asl+l :s + i c I )  on to  (AsS+I :s +1 c I )  and  

e x t e n d  i t  s t e p  by s t ep .  For  t h i s  we have  to p r o v e  At(0 c t  c I )  i s / ~ - p r i m a r y  o v e r  

h) As, for  t h i s  i t  su f f i ces  to  p r o v e  i t  is u.t.a, ove r  u A s ,  wh ich  follows by  3.3 if 
s c ~  s e t  

we have  p r o v e d  g). 

4) We p r o v e  it  by i n d u c t i o n  on k. For  k =0, LJAs is s t ab le ,  so 

t h e r e  is a A - p r i m a r y  m o d e l  o v e r  it  b u t  

8.8 Claim: If A is c o m p l e t e ,  A C~ F ~  is X- c o m p a c t ,  p c SIn(A) is X- 

i so l a t ed  then p c S.m(A ). 

Far/c+l" Use 8.5 to  g e t  Asa(a < k +(~+1). Now we define by  i n d u c t i o n  on a,A~n ) 
so t h a t  

(i) A~(,~) is ) t - p r i m a r y  o v e r  ulAs°:s c p- (n)] .  

(ii) ~ a+l ~/~n) is k - p r i m a r y  ove r  UIA:+I:s e]9-(n )] U A~(n). 

(iii) A~(,~) = U A~r~)- 
a < 6  

(iv) A~(n) is u.l .a,  o v e r  L)lAsa:s c D - n ) ]  a n d  is a mode l ,  

(v) A/~n) A P~ = A~n-,)+, ( and  tp.(A~(n),wtAs:s e D-(n)] 
I-- tp*(A~(n), [.J IAs : s c ]9- (n){) .  The i n d u c t i o n  s t ep  (for a ) is by  t h e  induc -  

t ion  h y p o t h e s i s  fo r  k (as IA~+I I <--A +k) a n d  7.7 for  a s u c c e s s o r ,  and  

r e m e m b e r  7.5(3). 

§9 Non s t r u c t u r e  w h e n  n *" (T) < ~ a n d  t h e r e  is no  two c a r d i n a l  m o d e l  

9.0 H y p o t h e s i s  " pN C M < N ~ M = N; e v e r y  f o r m u l a  is e q u i v a l e n t  to  

a r e l a t i o n  ( for  T). 

9.1 Main T h e o r e m "  Suppose  X = k  <x, 2 ~+e = X  +~+a f o r g  < n  ~ ; n * ' ( T ) ,  O 
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i s t h e  f o r c i n g  of a d d i n g  h +n C o h e n  s u b s e t  to  V say<r~7 :~  7 c J i , n > "  ( s e e  7.7).  

T h e n  in  V O t h e r e  a r e  2 (~*~) m o d e l  M~, IlM~I[ = I P ~ I  = x  +~ w h i c h  p a i r -  

w i s e  a r e  n o t  i s o m o r p h i c  o v e r  pM; r e a l l y  we c a n  m a k e  IIM~ II = t PM'] = /z ,  f o r  

a n y / ~  -> X + n  

P r o o f -  L e t  < A s :  s c p - ( n ) >  b e  a n  f - a - s y s t e m  w h i c h  is  u n s t a b l e .  

W o r k i n g  i n  V l e t  A~(17 ~ori,n) b e  a s  in  %7 [A,7 s t a n d i n g  f o r  M,1 

<As+ l:s C/!}-(n--l)> for <As:s E~)-(n--l)>) and TN ([~ ~ P) for T]. Define a 

wel l  o r d e r i n g  <* o n  Ji ,n: 7/ -- <* v iff ~7 = v r g (r/) o r  

(~g) [ r /~  e = u t g  ^ r / (£ )  < u(tZ)]. F o r  A c d'x,n,A e V, we n o w  d e f i n e  f o r  e a c h  

n b y  i n d u c t i o n  o n  <* a m o d e l  Nn A s u c h  t h a t  

(i)  N A N P ~ = A , r N  A < [~. 

( i i)  if ~7 c J i , n  i s  n o t  m a x i m a l  t h e n  

[i < j ~ Nn^<~ > A  ~ NAn^<j > ] for 6 l imit  N~^<e> = kJ N,~̂ <~>A and 

N A ( i i i )  if s C t C p ( £  (~7)) t h e n  N~,(n,s ) C v(n , t )  

(iv) The cons t ruc t i on  of < N,:V <* v?  is done in V[< rn:rl <* ~,rl(-A> ]. 

(where by r enaming  assume Q odd the  sets < r n :  7 / c  Ji,n>, rn a func t ion  

f rom X to 10,1{. 

T h e r e  a r e  n o  p a r t i c u l a r  p r o b l e m s  ( e s p e c i a l l y  if y o u  h a v e  r e a d  §4). 
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