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Abstract. We continue our investigation on pcf with weak forla of choice

Characteristically we assume DC + P (Y) when looking and s. We get
s2Y
more parallel of theorems on pcf.

Anotated Content
x0 Introduction, pg.2
x1  On pseudo true co nality, pg.4

[We continue [Sh:938x5] to try to generalize the pcf theory for @-complete
lters D onY assuming only DC + ACp (y). So is similar to [Sh:b, ChXII].
We suggest to replace co nality by pseudo co nality. In particular we get
the existence of a sequence of generators, get a bound to Regpp( )n o
using the size of Reg\ n o using a no-hole claim and existence of lub
(unlike [Sh:835]).

x2  Composition and generating sequences for pseudo pcf, pg.1

[We deal with pseudo true co nality of QR ij and below also in the
i2Z j2Y;

degenerated case each j; :j 2 Y;i is constant. We then use it to clarify

the state of generating sequences; see 2.1, 2.2, 2.4, 2.6,2.2.13.

x3  Measuring Reduced products, pg.23
X(3A) On ps-Tp(9)

[We get that several measures of =D are essentially equal.]

X(3B) Depth of reduced power of ordinals, pg.26

[Using the independence property for a sequence of Iters wean bound
the relevant depth. This generalizes [Sh:460] or really [SB13, x3].]

X(3C) On the Depth
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[We start by basic properties by No-Hole Claim (1.11(1)) and dependence
of =D only (3.20). We give a bound for * @ =D (in Theorem 3.21, 3.23).]
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x 0. Introduction

In the rst section we deal with generalizing the pcf theory in the direction as
started in [Sh:938,x5] trying to understand pseudo true co nality of small produ cts
of regular cardinals. The dierence with earlier works is that here we assume
ACy for any set U of Qj)wer j P (P (Y))j or actually working harder, just

jP (Y)j when analyzing t, Whereas in [Sh:497] we assumed Ay .12y g and
t2yY

in [Sh:835] we have (in addition to ACy (p (v) assumptions like \"(supf (:t2Yq)
is well ordered"). In [Sh:938, x1-x4] we assume only AC + DC and consider
@-complete lters on  but in the characteristic case is a limit of measurable
cardinals.

Note that generally in this work, though we try occasionally not to use DC, it
will not be a real loss to assume it all the time. More speci cdly, we prove the
existence of a minimal @-complete Iter D on Y such that = ps-tcf( ;< p)
assuming AG (v) (and of course DC and)  of large enough co nality. We then

prove the existence ofX Y such that J& ™[ 1= J@™ [ 1+ X, see 1.5 and
even (in 1.6) the parallel of existencea a <p,-lub for an <y -increasing sequence
b : < i, generalize the no-hole claim 1.11, and give a bound on pp faron- x
points (1.10).

In x2 we further investigate true co nality. In Claim 2.2, assuming AC andD an
@-complete lter on Y, we start from ps-tcf( ;< p), dividing by eq( ) = fgs;t):

s = 9. We also prove the composition Theorem 2.6: when ps-tcf{ ps-tcf( = i 1;<bp,
i i
);<e)is ps-tcf((?) i s <D)
)

We then prove the pcf closure conclusion: giving a su cient mndition to ps-
pcfa@ -comp being idempot@nt. Lastly, we revisit the generating sequene.

In X(3A) we measure - g(t) for g 2 Y (Ordnf0g) in three ways and show they

t2yY

are almost equal in 1.12. The price is that we replace (true) o nality by pseudo
(true) co nality, which is inevitable.

In x(3B) we prove a relative of [Sh:513,x3]; again dealing with depth (instead
of rank as in [Sh:938]) adding some information even under ZE. Assuming that
the sequencelD, : n <! i of lters has the independence property (IND), see
De nition 3.11, with D, a lter on Y, we can bound the depth of(Y») by , for
every for many n's, see 3.12. Of course, we can generalize this tds : s 2 Si.
This is incomparable with the results of [Sh:938,x4]; also we add some cases to
[Sh:938,x4].

Note that the assumptions like IND(D) are complimentary to ones used in
[Sh:835] to get considerable information. Our original hog was to arrive to a di-
chotomy. The rst possibility will say that one of the versio ns of an axiom suggested
in [Sh:835] holds, which means \for some suitable algebra'there is no independent
I -sequence; in this case [Sh:835] tells us much. The secondsgibility will be a
case of IND, and then we try to show that there is a rank system m the sense
of [Sh:938]. But presently for this we need too much choice. fie dichotomy we
succeed to prove is with small o-Depth in one side, the resudt of [Sh:835] on the
other side. It would be better to have ps-o-Depth in the rst side. We try to sort
out the \almost equal” in 3.4 - 3.6.

Question 0.1. [DC + AC p (v)]

fri5g
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Assume

(a 2 Ord

(b) cf( ) hrtg(P (Y) foreveryt2Y

(© 2 pcfg comp( ) fort2 Z,infact, = ps-tcf( ;< p,);Dtis a @-

complete lter on Y
(e) (a possible help)X; 2 D¢;hX¢ :t 2 Yi are pairwise disjoint.

(A) Nowdoes 2 ps-pcfg_comp( )? Can we say something orD from

[Sh:938, 5.9] improved in 1.2

(B) At least when trying to generalize the RGCH, see [Sh:460] ath [Sh:829].
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x 1. On pseudo true cofinality

We continue [Sh:938,x5].
Below we give an improvement of [Sh:938, 5.16], omitting DCrbm the assump-
tions but rst we observe

Claim 1.1. AssumeACy.

1) We have hrtg(Z) when =h:t2Yiand 2 ps-pcf( )andt2Y)
cf( )  hrtg(2).

2) We have cf(rkp ( ))) hrtg(Z) when = h¢:t2 Yi;t2Y ) cf(¢)
hrtg(Z2).

fri5g

Proof. Clearly is a regular cardinal.
1) If we have AC for every < hrtg(Z)then we can use [Sh:938, 5.7(4)]. In general
let D be an @-complete Iter on Y such that =ps-tcf( ;< p), exists as we are
assuming 2 ps-pcf( ). Let F = b : < i withess = ps-tcf( ;< p), i.e.
as in [Sh:938, 1.17(1),1.20] note a2 Y ) > 0, we are assumingr ;
also we can assumé& 6 ; for every <

Toward contradiction assume := cf( ) < hrtg(Z). As < hrtg(Z), there is
a function h from Z onto , so the sequencé¥ ;) : z 2 Zi is well de ned. As
we are assuming AG, there is a sequencéf, : z 2 Zi such that f, 2 F ;) for
z2 Z. Nowdene g2 Y(Ord) by g(s) = [f f,(s): z2 Zg; clearly g exists and
g . Butforeachs2 Y, the setff,(s):z 2 Zgis a subset of ¢ of cardinality
< hrtg(Z) hence< cf( s) henceg(s) < . Togetherg?2 is a<p -upper bound
of [f F+ :"< g, contradiction to the choice of F .
2) Otherwise let < hrtg(Z);h » : " < i be increasing with limit rkp( ) and
again let g be a function from Z onto . As ACz holds, we can nd i, : z 2 Zi
such that for every z 2 Z we have rlg (f2) h(z) and f; <p  and without loss
of generalityf, 2 . Letf 2 be f (t) = supffp)(t) : 22 Zg so rky (f)
supf ;:z22Zg=rkp( )> rkp(f), contradiction. 11

friég

Theorem 1.2. The Canonical Filter Theorem AssumeACp (v).

Assume = h:t2VYi2 YOdandt2 Y ) cf( ) hrtg(P (Y)) and
@2 ps-pcfa comp( ) hence is a regular cardinal. Thenthere isD = Dg, an @-
complete lter on Y such that @= ps-tcf( =D ) and D DO for any other such
D2 Filg (D).

Remark 1.3. 1) By [Sh:938, 5.9] there are some suct@if DC holds.
2) We work more to use just ACy vy and not more.
3)If > @ we can replace \@-complete" by \ -complete".

fcl7dg

Proof. Note that by 1.1
1 @ hrtg(P (Y)).
Let

2 (@ D=1fD :D isan@-complete Iter on Y such that ( =D ) has
pseudo true co nality @,

() D =\ D:D 2 Dg.

Now obviously
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3 (&) D is non-empty
(b D is an@-complete lter on Y.
For A Y let Dn = fD 2 D:A 2DgandletP = fA Y : Da 6 ;9,

equivalenty P = fA Y : A 6 ; mod Dg. As ACp (v) holds we can nd
DA :A2P isuchthatDa 2 Da forA2P . LetD =fDa:A2P g, clearly

4 (@ D =\fD:D2Dg
(b D D is non-empty.
As ACp holds clearly

()1 we can choosdF A : A 2 P i such that F 5 exemplies Do 2 D as in
[Sh:938, 5.17,(1),(2)], so in particular is@-continuous and without loss of
generality F A 6 ;;F A forevery <@.

For each <@ let

()2 Fl=ff =HA:A2P i:f satisfyingA2P ) fpo2F Ag

()3 forf 2 F! let supffa : A 2 P g be the function f 2 Y Ord de ned by
f(y) =supffa(y):A2P g

()s Fl=fsupffa:A2P g:f =HhHA:A2P ibelongstoF!g.

Now
()s (@) HF1: <@iiswell de ned, i.e. exist
(b F?
Why? Ast2Y) cf( ) hrtg(P (Y))]
()s F16; for <@.
[Why? As for < , the sequenceF A : A2 P iiswelldened (ashF * : A 2

P iisjandA2P ) F”6;,sowecanuseAG () to deduceF 1 6 ;]
De ne

()7 (@ forf 2 andA 2P let
A(f)y=minf < :f<g modDx foreveryg2 F Ag

(b forf 2 let (f)= minf o(f):A2P g.
Now
()sforA2P andf 2 , the ordinal A (f) < @is well de ned.
[Why? AshF A <@iisconalin( ;;< p,)]
()o (@) forf 2 the ordinal (f) is well de ned and < @
(b if f garefrom then (f) (9).

[Why? For clause (a), rst, (f)iswelldenedand @by ( )g and the de nition
of (f)in ( )7(b). Second, recalling that @is regular hrtg(P (Y)) hrtg(P )
clearly (f) <@ Clause (b) is obvious.]

Now

()wo (@ ifA2P ; <@andf 2F A then A(f)>
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() if <@andf 2F !then A(f)>

[Why? Clause (a) holds because< ~g2F”A) g<f modDs and = )
f2FANT f mod Dp. Clause (b) holds because for somdg : B 2 P i2
fFB :B 2 P gwe havef =supffg :B 2P ghenceB2P ) fg f hence
in particular fo  f, recaling (fa)> by clause (a) it follows that (f) > ]
()uu (@ for <@let =minf (f):f 2F g
(h for <@IletF2=ff2F': (f)= ¢
()12 (8 HF?: <@i is well de ned, i.e. exists
(b if <@then < <@

[Why? is the minimum of a set of ordinals which is non-empty by ()¢ and @
by ( )s, and all members are> by ( )10(a).]

( )1z for <@ we haveF 2 andF 26 ;.
[Why? By ( )11 asF 16 ; andF*! ]
( )14 we try to de ne - < @ by induction on the ordinal "< @
E% " -'_:O [f o <"g
"z +1: .=

()5 (@ if"<@then - < @is well de ned
(b if <" iswell denedthen <

[Why? Clause (a) holds as@is a regular cardinal so the case limit is O.K., the
"= +1holds by ( )12. As for clause (b) recall o(f)> forf 2 F by ( )io(b).]

()1 iff 2 , then for someg 2 [f F 2 :" <@g we havef <g modD.

[Why? Recall that A(f)for A2 P and (f) are well de ned ordinals < @ and
let <@ be suchthat (f)< ,existsas » ". AsF A is<p, -increasing for
A2P clearlyA2P ~g2F*?) f<g modDa. So by the de nition of F !

we haveA2 P ~"g2F1! ) f<g modDp henceg2 F! ) f<g modD . As
F? F?! wearedone.]

()7 if < <@ andf 2F2andg2F thenf<g modD .

[Why? As in the proof of ( )16 butnow (f)= ]
Together by ( )13+( )16 +( )17 the sequencdF 2 :" < @i is as required. 1.,

A central de nition here is

Denition 1.4. 1) For 2 YOrd let J2°™[ 1= fX  Y: ps-pcta comp(

X) g. SoforX Y:X 2J@ ©™[ i there is an @-complete lter D on
Y such that X 6 ; mod D and ps-tcf( ;< p) is well de ned i thereis an

@-complete Iter D onY such that ps-tcf( ;< p) is well de ned and X 2 D.
2) J@ comP jg 3@ M and we can use a se& of ordinals instead of .

fri7gg
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fri8
Claim 1.5. The Generator Existence Claim g

Let 2 Y (Ordnf0g).

1) J5@ ™ ) is an @-complete ideal onY for any cardinal  except that it may
beP (Y).

2) [ACp (vy] Assumet 2 Y ) cf( ) hrtg(P (Y)). If 2 ps-pcfg comp( ) then
for some X Y we have

(A) 3@ ©MP[ 1= 38 P[]+ X
(B) = pS-th( < J=@1 comp. ¢ ]) Wherlea comp[ ]:: ‘]9 COmp[ ]+(YnX)
(C) 2 ps-pcla comp(  (YNX)).

Proof. 1) If notthen we can nd a sequencemA, :n<! i of membersof]@ ©MP[ ]
such that their union A := [f A, : n <! g does not belong to it. AsA 2
J@ P 1 by the de nition there is an @-complete Iter D on Y such that
A 6 ; modD and ps-tcf( ;< p)is well de ned, so letithe =cf( ) and let
b : < i exemplify it.
As D is @-complete andA = [f A, :n<! g8 ; mod D necessarily for some
n;A, 6 ; mod D but then D witnessA, 2J2& ™[ | contradiction.
2) Recall is a regular cardinal by [Sh:938, 5.8(0)] and  hrtg(P (Y)) by 1.1.
Let D = D be as in [Sh:938, 5.19] when DC holds, and as in 1.2 in general,
i.e. =D has pseudo true co nality and D contains any other such@-complete
lter on Y. Now if X 2 D" then = ps-tcfg comp( X;< (p+x) P (x)) hence
X2J@ ™[ s0

()1 X232 ©P[ 1) X =; modD.
A major point is
()2 someX 2 D belongs toJ &, ©™[ |,

Why (' )2? The proof will take awhile; assume that not, we have AG (v, hence
ACp, sowe can ndhF *X;Dyx; x):X 2 Di such that:

(@) x is aregularcardinal *,ie. >
(b Dx is an @-complete Iter on Y such that X 2 Dy and
x = ps-tcf( ;< py)
(0 FX=HmF*: < xiexempliesthat x =ps-tcf( ;< p,)
(d) moreoverF X is as in [Sh:938, 5.17(2)].

Let

() Dy =fA Y:forsomeXi2D wehaveX 2D"*X X;) A2Dxg.
Clearly

(f) D, is an @-complete lter on Y extending D.

[Why? First, clearly D, P (Y)and; 2D, asX 2D ); 2 Dx. Second, if
A2DthenX 2D"X A) A2 Dx byclause (b) hence choosingK; = A the
demand for \A 2 D;" holds so indeedD D;. Third, assumeA = PA, :n<! i
and \A, 2 D,;" for n <! , then for each A, there is a withessX, 2 D, so by



modified:2010-10-24

(955) revision:2010-10-21

PSEUDO PCF SH955 9

AC g there is an! -sequencehX, : n <! i with X, witnessing A, 2 D;. Then
X =\ X, :n<! gbelongs toD and witness that A ;= \f A, :n<! g2 D;
becauseD is @-complete. Fourth, if A B Y and A 2 D,, then some X1
witness A 2 D;, i.e. X 2 D" X X1) A 2 Dy; but then X3 witness also
B2D,]

(g) assumehF : < iis<p-increasingin ,i.e. < ) F and

1< 2Mf12F (N2 F ) f1§D f,and F 6 ; for every or

at least unboundedly many <  then F has a common<p -upper
bound.

[Why? For eachX 2 D recall ( ;< p,)hastrue conality x whichis> hence
by [Sh:938, 5.7(1A)] is pseudo * -directed hence there is a commorx p, -upper
boundedhyx of [f F : < g. Aswe have AG vy we can nd a sequencety :
X 2 Di with each hx as above. De neh 2 by h(t) = supfhx (t): X 2 Dg, it
belongs to as we are assuming 2 Y ) cf( {) hrtg(P (Y)). Soh 2 is a
<p, -upper bound of [f F : < gfor every X 2 D, hence is by the choice of
D, itisa <p, -upper bound of [f F : < g]

But by the choice of D in the beginning of the proof we have =ps-tcf( ;< p)

so there is a sequencdsFA ;< i witnessing it. By clauses (f) + (g) we have
D D; so cIearIyI"F'\ : < ilis<p, -increasing hence we can apply clause (g)
to the sequencel'F'\ : < iandgota<p, -upper boundf 2 , contradiction

to the choice of F* : < i becauseD D;. So () really holds.
ChooseX as in ( )2, now

()3 D= dual(J& ©™[ ]+(YnX)).

[Why? The inclusion holds by ( )1 and ( )2, i.e. the choice ofX as a member of
D. Now for everyZ X which does not belong todJ@ ™[ ], by the de nition
of J@ °MP[ ]there is an@-complete Iter Dz onY to which Z belongs such that

= ps-cf( ;< p)is well de ned and . But * is impossible as we know
that Z X 2 J@™[ ], so necessarily = , hence by the choice oD by using
1.2 we haveD Dy, henceZ 6 ; mod D. Together we are done.]

()a =pstcf( ;< ;@ «m ), see clause (B) of the conclusion of 1.5(2).

[Why? By ( )3, the choice ofJ2 ™[ Jand as = ps-tcf( ;< p).]

()s 2ps-pcla comp(  (YNX)).

[Why? Otherwise there is an @-complete Iter D on Y such that YnX 2 D and
= ps-tcf( ;< p). But this contradicts the choice of D by using 1.2.]
SoX is as required in the desired conclusion of 1.5(2): clause By ( )4, clause
(C) by ( )s and clause (A) follows. Note that the notation J& ™[ ]is justi ed,

as if X © satis es the requirements onX then X °= X mod J@ ™[ . 15

fri9g
Conclusion 1.6. [ACp (v)] Assume 2 Y Ord and each ; a limit ordinal of co -

nality  hrtg(P (Y)).
DIfFt2Y) cf( () hrtg(Fil %@(Y) then there is a function h such that:



modified:2010-10-24

(955) revision:2010-10-21

fr20dg

10 SAHARON SHELAH

1 the domain of hiis P (Y)
2 therange ofhis ps-pcfa comp( )[f Oglf : =sup( \ ps-pcla comp( ))
and has co nality @ or just for someA 2 P (Y)nJ@ ™| ]there is no

@-complete lter D onY suchthatA 2 D and (8B 2 J& ©™[ )(YnB 2
D and ( ;< p) has pseudo true co nalityg, but see 5

3 A B Y) h(A) h(B)

4 h(A)= minf :A2J@ ™[ |g

5 if h(A) = , cf() > @ then 2 ps-tcfg comp( ), i.e. for some @-
complete lter D onY we haveA 2 D and ps-tcf( ;< p) =

6 the set ps-pclg comp ( ) has cardinality < hrtg(P (Y))

7 if h(A)= andcf( ) = @ then we can nd a sequence®, : n<! i such
that A=[f Ap:n<! gandh(A,) < forn<!

g J@ ™[ 1=fA Y :h(A)< gwhencf()> @

g if cf(otp(ps-pcf@ comp( ))) > @ then ps-pcig comp( ) has alast member.

2) Without the extra assumption of part (1), still there is h such that

1 his a function with domain P (Y)

2 the range ofhis ps-pcfa_comp( If Ol = =sup( \ ps-pcla_comn( )
and cf( ) = @ or just cf( ) < hrtg(ps-pcfa@ comp( ) and J& ©™[ 16
[f I8 <™[]: < gg

sA B Y) h(A) h(B)

4 h(A)= minf :A2J@ ™[ g

5 if h(A)and cf( ) hrtg( ps-pcf@ compl[ 1) then 2 ps-pclg comp( ), i.€.
there is an@-complete lter D onY suchthat( ;< p) has true co nality

6 as above
7 as above.

3) In part (1), if also AC holds for < hrtg(P (Y)) then we can nd a se-
quencehX : 2 ps-pcfg comp( )i Of subsets ofY such that for every cardinality
:J @ ™[ 1is the @-complete ideal onY generated byfX : < and 2
ps-pcla comp( )0

Remark 1.7. Recall that if ACp (v) then without loss of generality ACg, holds.

(Why? Otherwise by ACp (vy we haveY is well ordered and AG, hencejYj = n
for somen <! and in this case (1),(2) are easy.)

Proof. 1) Let = ps-pcf @ comp( ). We de ne function h from P (Y) into ~*
which is de ned as the closure of [f Og, i.e. [fOg[f : = sup( \
) g by h(X) = Minf 2 * :X 2J® ©P[ ]9 |tis well de ned as ps-
pcfa comp( ) is @ set (see [Sh:938, 5.8(2)]), and)@ ™[ ] = P (Y) when
sup(ps-pcfg comp( )). This function, its range is included in *, but
otp( ) otp() + 1; also clearly 1 of the conclusion holds. Also if 2
and X is as in 1.5(2) thenh(X) = ; soh is a function from P (Y) into * and
its range include hence j j< hrtg(P (Y)) so ¢ holds. Now rst by 1.1 we have
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2 nf0g) hrtg(P (Y)), hence 2 nfOg) > sup( \ ) so the range of
h is as required in ».

Second, if 2 * andcf( )= @ thencleary 2 *n and we can nd an
increasing sequencé , :n <! i of members of ps-pc& -comp ( ) with limit . For
eachn there is X,, 2 J@nc"mp[ ]nJ<@'n°°m"[ ] by 1.5(2), but AC g, holds, see 1.9
hence such a sequenceX,, : n <! i exists. EasilyA = [f X, :n<! g2 P (Y)
satises h(A) = §ﬁence 2 Rang(h). Third, if = sup( ps-pcfg comp( )) and
cf( ) > @, then Je [ 18 P (Y)while J. «( )= P (Y)soh(Y)=

<
Fourth, assume = h(A); 2 ps-pcfa comp( ) and cf( ) > @, we can nd
h; :i< cf( )i, an increasing sequence with limit , but by the de nition of h
necessarily \ ps-pcig comp( ) is an unbounded subset of so without loss of
generality all are members of ps-pch comp( ). Now hJ; := J<@i COmMPT i<
cf( )i isa -increasing sequence of@-complete ideals onY, no choice is needed,
and by our present assumption@ < cf( ) hence the unionJ = [f J; i< cf( )g
is an @-complete ideal onY and obviouslyA 2 J. So alsoD; = dual(J)+ A is an
@-complete Iter hence by [Sh:938, 5.9] for some&@-complete ideal D, extending
D; we have = ps-tcf( ;< p,) is well de ned, so by 1.5(2) we have someD; \
J@ coMmPr g s put ; = Do\ Jj = Dy J<@‘1°°”‘p[ ] hence i. Hence
i for everyi< cf( ) but is singular so > and 2 ps-pcfg comp( ).
Hence :=min( ps-pcf@ comp( )N ) is well de ned and J& ™[ 1= J. But as

h(A) < we getthat A2 J@ ™[ ] contradiction.
So we have proved s, the fth clause of the conclusion and so Rangh) ps-
pcf@ comp( )[f :cf( )= @and =sup( \ ps-pcig comp( )g. The other
clauses follow from the properties oth.
2),3) Similar proof. 1:6
fr20g
De nition 1.8.  Assume cf( ) < hrtg(Y)and is singular of uncountable co nality

limit of regulars. We let

(@ ppy( )=supf : forsome ;D we have
(a) =ps-tcf( ;< p);
(b Disan@ complete lteron Y
(o) h(:t2Yi; each  regular
(d) limp g
(0 ppy( )=supf *: asabove.
() similarly pp comp:v ( );pp* comp;Y( ) restricting ourselves to -
complete

Iters D; similarly for other properties
(d) we can replaceY by an @-complete Iter D on Y, this means
we X D butnot above.

fr20dg
Remark 1.9. 1) of course, if we consider set¥ such that ADy may fail, it is natural
to omit the regularity demands, so is just a sequence of ordinals.
2) We may use a sequence of cardinals, not necessarily regular; s&8. (o1

I
Conclusion 1.10. [DC + AC p (v)] Assume = hrtg( P (Y)) < ; s as in Def- ’
inition 1.8, ¢ < ; = jReg\ no< and = jReg\ ppy( )n oj then
< hrtig( Y ).



modified:2010-10-24

(955) revision:2010-10-21

fr22g

fr24ag

12 SAHARON SHELAH

Proof. Obvious by De nition [Sh:938, 5.6] noting Conclusion 1.6 alwve and 1.11
below. That is, leting = Reg \ n o, for every 2 Y by 1.6 the set ps-
pcfa comp( )is asubsetof := Reg \ ppy ( )n o, of cardinality < hrtg(P (Y)).
By Claim 1.11 below we have = [f ps-pcfg comp( ): 2 Y g. Sothereisa
function h with domain hrtg(P (Y)) Y suchthat"< hrtg(P (Y)~ 2 )

(h("; ) is the "-th member of ps-pctyg comp ( ) if there is one, min() otherwise).

Soh is a function from hrtg(P (Y)) Y onto the set of cardinality , so we are
done. 1:10

Claim 1.11. The No Hole Claim[DC]

1) If 2 YOrd and ; 2 ps-pcfa comp( ), for transparency t 2 Y ) >0
and hrtg(P (Y)) 1 =cf( 1) < 2, then for some ©2 we have ; =
ps-pcia comp( 0)

2) In part (1), if in addition AC v then without loss of generality °2 Y Reg

3) If in addition ACp (vy +AC < then even witnessed by the same Iter (onY).

Proof. 1) Let D be an @-complete Iter on Y such that , = ps-tcf( ;< p), let
b : < i exemplify this.
First assume hrtg(FiIl@(Y)) 1, Clearly f 2 F ) rkp(f) for every <

», hence in particular for = 1 hence there isf 2 Y Ord such that rkp (f) = 1
and now use [Sh:938, 5.9] but there we change the IteD, (extend it). In general,
i.e. without this extra assumption, use 1.12(1),(2) below.
2) Easy, too.
3) Similarly using 1.12(3) below. 1:11

Claim 1.12. AssumeD 2 Fil'(Y); > @;F Y Ord non-empty for < and
F =h : < iis<p-increasing, a limit ordinal.

1) [DC] Thereis f 2 which satisesf 2[f F : < 19) f<pf but
there is no suchf 2 satisfyingf <p f.
2) [DC + AC< ] For f as above, letD; = Dy . := fYnA:A =, modD or
A 2 D* and there isf 2 YOrd such thatf <p,a f andf 2[f F : <

19) f<p+iaf g NowD;isa -complete Iter and ; 2 D;;D; extendsD
and if cf( ) hrtg(PQ(Y)) thenhF : < i witness thatf is a <p,-exact upper
bound of F hence( =~ f (y);<p,) has pseudo-true-co nality cf( ).
y2yYy

3) [DC + AC < + ACp (v)]

If cf()  hrig(P (Y)) then there is f®2 ¥ Ord which is an <p-exact upper
bound of F ,ie. f<p f% (9 < )9g2F )[f<g modD]andf 2 F )

<
f< D,;:f 0

Proof. 1) If not then by DC we can nd f = i, :n<! i such that:

(a) f, 2 YOrd
(b) fn+1 <fn mOdD
(c) if f 2 F andn<! thenf<f , modD.

<

SoA,=ft2Y :fha(t) <fn,(t)g2 D hence\f A, :n<! g2 D, contradiction.
2) First, clearly D1 P (Y) and by the assumption; 2 D;. Second, iff  witness
A2D;andA B Y thenf witnessB 2 Dj.
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Third, we prove D; is closed under intersection of< members, so assume
< and A= DbA-:"< iis asequence of members @;. Let A = \f A-:"<
g;B- = YnA. for"< andB%=B.n[fB : <"gandB =[f B-:"< g.

Clearly B = YNA;A Y andhB?:"< i isa sequence of pairwise disjoint subsets
of Y with union B. But AC holds hence we can ndh. : " < i such that
f. witnessA- 2 D;. Letfg 2 "Ord be dened by f (t) = f. (t)if t 2 B? or
"=0/t 2 YnB; easilyf 2 F ) f<f mod(D+BY%)butB=1[f BY:"< g

S
and D is -complete hencef 2 F ) f<f mod(D + B). So asA = YnB

T <
clearly f  witnessA = A- 2 D; soD; isindeed -complete.
"<
Lastly, assume cf() hrtg(P (Y)) and we shall show thatf is an exact upper
bound of F modulo D;. So assumd= 2 YOrdandf <f modD;.

Let A = fA2Dj: thereisf 2 F such that f f mod(D + A)g, yes,

<
not D4!

Case 1 ForeveryB 2 D] thereisA2 A;A B.

ForeveryA2 A let 5o = minf :thereisf 2 F such thatf f mod(D +
A)g.

So the sequencér o : A 2 Ai is well de ned.

Let ()=supf a+1:A2Agqitis< ascf() hrtg(P (Y)) hrtg(A).

Now anyf 2 F () isasrequiredasft2 Y :f (t) f(t)gcontains noA 2 A
hence is =; mod D by the case assumption.

Case 2 B 2§)I and there is noA 2 A suchthat A B.
Sof 2 F impliesft2 B :f (t) f(t)g=; modDg, ie. f<f

<
mod(D; + B) so by the de nition of D; we haveYnB 2 D, contradiction to the
case assumption.
3) By [Sh:938, 5.14] without loss of generality F is @-continuous. For every
A 2 D* the assumptions hold even if we replacdd by D + A and so there are
Di;f asin part (2), we are allowed to use part (2) as we have AC . As we are
assuming AG (v) there is a sequencd(Da;fa): A2 D*i such that:

()1 (&) Daisa -complete lter extending D + A
() fa 2 YOrdis a<p,-exact upper bound ofF .

Recall jAj qu jBjis dened as: A is empty or there is a function from B onto A.

Of course, this implies hrtg(A)  hrtg(B).

gletU = hU; :t2 Yi bedened by Uy = ffa(t): A2 D*g[f supff(t):f 2
F gghencet2 Y ) 0< jUj qu P (Y) even uniformly but we have ACy

<

SO0 thered's a sequencéh; : t 2 Yi such that h; is a function from P (Y) onto Uy

hencej Uj quP(Y) Y qP (Y Y)butACp (v) holds henceY can be

t2Y
W@I ordered but without loss of generality Y is innite hence jY Yj =Y, so
J't2Y Utj  quiP (V)i

S
Let G=fg:g2 Q U; and not for every f 2 F do we havef <g mod
t2yY

Dg, sojGj j Q Uiy qu P (Y Y)j=jP (Y)j hence hrtg(G) cf( ).
t2Y
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S
Now for everyg 2 G the sequencehfft 2 Y : g(t) f(t)g:f 2 Fg: < i

isa -increasing sequence of subsets &f (Y), but hrtg( P (Y)) cf( ) hence the
sequence is eventually constant and let (g) < be minimal such that

()g (8 (9 < Y t2Y :g(t) f(t)g:fZSFg=fft2Y:
S <
ot) f(t)g:f 2 ) F gl

But recalling hrtg( G)  cf( ), the or@nal ():=supf (g):g2 Ggis< . Now
choosef 2F (), anddeneg 2 U; by g (t) = min( U¢nf (t)), well de ned
t2yY

S
assugf(t):t2 F g2 U;. Itis easy to check that g is as required. 1:12

<

Observation 1.13. Let D be a lteron Y.
If D is -complete for every then for everyf 2 YOrdand A 2 D* thereisB A
from D* such that f B is constant.

Proof. Straight. 1:13
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x 2. Composition and generating sequence of pseudo pcf

How much choice su ce to show = iy =D when ; is the pseudo true
Q (ij)2y Q

equality of i fori22z,Y =1(;j):122;j 2Yigand = ps-tcf( i1<E
j2v i2z

)? This is 2.6, the parallel of [Sh:g, Ch.II,1.10,pg.12]. fol
elg

Claim 2.1. If  below holds_thenfor some partition (Y1;Y2) of Y and clubE of
we have

(@) ifY;2D" andf;g 2[f F : min(E)g then f = g mod(D + Y3)

(b) if Y22D* thenhF : 2 Ei is <p.y,-increasing
where
(a) is regular  hrtg(P (Y)))
(b F YOrd for < is non-empty
(¢ if 1< 2< andf-2F .for =1;2thenf; f, modD.

Proof. For Z 2 D* let

()@ Sz=1(; ): < andforsomef 2 F andg2F we have
f<g mod (D + Z)g
b S; =1 ): < andforeveryf 2F andg2F we have

f<g mod (D + Z)g.
Note
( )2 (a) if 1 2 3 4 and( 2, 3) 2 SZ then ( 1, 4) 2 SZ
(b)  similarly for S;

(o if 1 2 3 gsand( 16 )" (36 s)and( 2; 3)2S;
then ( 1; 4)2S;

d S; S;.

[Why? By the de nitions.]
Let

()s3J:=fzZ Y:Z2dual(D)orz2D*and (@ < )9 )(; )2S7).
Next

()a (&) J is an @-complete ideal onY
(b if D is -complete thenJ is -completet
(0 J=fZ Y:Z2 dual(D)orZ2D"* and (8" < )(9)

((: )2Sz)g.
[Why? For clauses (a),(b) check and for clause (c) recall ()2(c).]
Let
()s (@ forz2J*let (Z)= minf < :forno 2(; )dowe have
(; )2Sz9

Inote that AC  holds in the non-trivial case as AC p (v) holds, see 1.13
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() ()=supf z:22J%g
()s (@) forz2J* wehave (Z)<
B ()<

[Why? Clause (a) by the de nition of the ideal J, and clause (b) as = cf( )
hrtg(P (Y)).]

Let
()7 (@ forz2D* letfz: ! +1bedenedby fz( )=
Minf :(; )2S;or = g
(R be dened by: f ( )=supffz( ):Z2D*\ Jg

(¢ E=f : alimitordinal < suchthat < ) f ()< gn ().
Hence

()s (@) fZ2D*\ Jthenfz isindeed a function from to
(b f isindeed a function from to
(c) E isaclubof .

[Why? Clause (a) by the de nition of J and clause (b) as = cf( ) hrtg(P (Y))
and clause (c) follows from (b).]

()o Let o= min(E); 1= min(En( o+1)) choosefg2 F ,;f12 F , and
let Yy =fy2Y :fo(y)= fi(y)gand Y, = YnY;
( )10 (Y1;Y2;E) are as required.

[Why? Think.] 21

Claim 2.2. [ACy]
We have = ps-tcf( 1;<p) when

() 2YOrdandt2Y) cf( {) hrtg(Y)

(b) E is the equivalence relation onY such thatset, ¢=
(© =pstef( ;< p)
(d) Y1 =Y=E

(e Dy=fz Y=E:[f X:X 22Zg2Dg
(f) 1=h 1y, :y12 Yii wherey; = y=E) 1y, = .
Remark 2.3. But see 2.4.

Proof. Let F = b : < i withess = ps-tcf( ;< p). For f 2 [f F

< glet fl12 YOrd be dened by flI(s=E) = supff(t) : t 2 s=Eg. Clearly
fll2 ast2Y ) cf() hrtg(Y) by clause (a) of the assumption. Let
FUl=ffll:f 2 F gfor < sofF 1 : < j exists andF !!
Alsofi 2 F [ ~f,2F ,n 1< ,< ) f; pfy,) 11 5 tl1hence
1< 2< Af2Flaf2FLYy £ oty

Now apply 2.1, getting (Y1;Y2) as there, but by the choice of F necessarily

Y1 = ; mod D. Hence for some clukE of ; hF (1. 2Eiis <p -increasing co nal
in
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Lastly, for f 2[f F!!: 2 Eglet fl 12 (")Ord be de ned by fl 1(t=E) =
f (t), well de ned as f (t=E)is constant. LetF [ 1:= ffl 1:f 2 Fllgfor 2 E.
Easily - ['7. 2 Ei witness the desired conclusions. 2:2
By the following claim we do not really lose by usinga Reg instead 2 ¥ Ord. te2ag
e
Claim2.4. Assume 2 YOrd,D 2 Fil(Y)and =ps-pcf( ;< p)so isregular
andy2Y) <
If F : < i witness =ps-tcf( ;< p)andy2Y) cf( y) hrtg(Y) and
hrtg(Y) then for some e:
(a) e2 eq(Y) = fe: e an equivalence relation onY g
(b) the sequenceFe = hFe : < i witness ps-tcf(h y-. : y 2 Y=&,;D=ei
where
() y= = y;D=e = fA=e: A 2 Dg where A=e = fy=e:y 2 Ag and
Fe =ffll:f 2F gfll:v=el Ordisfll(t=e) supff(s):s?2 t=eg;
noting hrtg(Y=6 hrtg(Y).
Proof. Lete= eq( )= f(yi;y2):y12Y;y»2Y and y, = y,0. Foreachf 2
let the function f [ ]& be de ned by f[ l(y) = supff (z): z 2 y=eg. Clearly f [l
is a function from ( y+1)and it belongs to asy2Y) cf( y) hrtg(y).
y2yY
Let H : ! be: H( ) = minf < o> and there aref; 2 F and
fo 2 F such that f{l <f, mod Dg, well dened as F isconalin ( ;< p).
We choose ; < Dby inductiononiby: ;=1[f H(j)+1:j<ig So ¢=0
and h ; :i< i isincreasing continuous. LetF = ffl1:f 2 g, and there is
g2Fy(,y=F ., 1suchthatf<g modDg.
So
() FP  ff2 -eq(f) re ne eq( )g.
[By its choice]
( )2 FQis non-empty.
[Why? By the choice of H( ;).]
() ifi(l)<i(2 < andh 2FQ for =1;2theng <g, modD.
[Why? Let g1 2 Fy( ,,, ) be such that h[1] g1 mod D, exists by the de nition
of F il(l). But H( i) < iw# i hencegr h, mod D so together we are
done.]
S . .
()a  Flisconalin( ;< p).
i<
[Easy, t00.]
Lastly, let F;" = ff=e:e2 F % wheref=e 2 Y=2Ord, is de ned by (f=e)(y=€) =
f (y), clearly well de ned.
. fe29
Claim 2.5. AssumeACy and - = h, :y 2 Yi2 YOrd for = = 1;2. If
y2Y) cf( y)=cf( J)then =pstcf( 1;<p)i =pstcf( i;<p).

Proof. Straight.
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Now we come to the heart of the matter

Theorem 2.6. The Comyposition Theorem [Assume ACz and @ o]

We have = ps-tcf( ij ;<p) and D is a -complete Iter on Y when:
(ij)2y

(a) E isa -complete lter on Z
(b hi:i2zi 5 a sequence of regular cardinals
(c) = ps-tcf( ii<Eg)

i2Z

(d) Y = hY, :i 2 Zi

() D=HD;:i2Zi
(f) Djisa -complete Iter on Y;
(9) =hy i 22Zj 2Yiis asequence of regular cardinals (or just limit
ordinals) 0
(h) i =pstef( ~ ii<p,)
j2Yi
(i) Y=F(@;j):j2Y andi 2 Zg
(j) D=fA Y:forsomeB 2 E we havei 2B )f j:(i;jj)2 Ag2Dig.
Proof.

()o D isa -complete lteron Y.

[Why? Straight (and do not need any choice).]

Let ki : < ;i 2 Zi be such that
()1 (@ Fi=Hhy; : < |iwitness izps-tcf(Q ij 1<)
j2yi
(b Fi 6;.

[Why? Exists by clause (h) of the assumption and AG , for clause (b) recall [Sh:938,
5.17].]
By clause (c) of the assumption letG be such that

()2 (@ G=hG : < iwitness = ps-tcf( Q i <E)
i2zZ
() G 6 ; for <

Now for < let

()s F =f1f:f 2 Q ij and for someg2 G andh =ty :i 2 Zi2
Q @ij)zy o )
'nmewethHZy)fWJ»=m0m
I

( )4 the sequencdF : < i is well de ned (so exists)

( )5 if 1 < 2;f12 F . andf22 F ’ then fl <p f2'

[Why? Letg 2 G. andh = hh, :i 2 Zi2 Q Fig-(i), Witnessf- 2 F . for
i2z

"=1;2. As 1< oby()2wehaveB :=fi2Z:gf(i)<gz(i)g2E. For each

i 2 B we know that gi(i) <g2(i) < i and ash} 2 F g, (iy;h? 2 Fig,(), recalling

the choice ofhF;. : < i, see ()1, we haveA; 2 D; where for everyi 2 Z we

let Aj ;= fj 2 Y :hi(j) <h?(j)g. As hy;h; exists clearlybA; :i 2 Zi exist hence
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A=1f(i;j):12B andj 2 Ajgis a well de ned subset ofY and it belongs toD by
the de nition of D.

Lastly (i;j) 2 A) f1((i;j)) <f 2((i;j )) shown above; so by the de nition of D
we are done.]

()s forevery < the setF is non-empty.

[Why? Recall G 6 ; by ()2 andletg2 G. As hF g :i 2 Zi is a sequence
non-empty sets, and we are assuming Ag there is a sequencéh; : i 2 Zi 2
Figy. Let f be the function with domain Y de ned by f ((i;j)) = hi(j); so

i2z

g;h withessf 2 F ,soF 6 ; as required.]

Q

()7 iff 2 ij then for some < andf 2 F we have
(kj)2y
f <f modD.

[Why? We dene f = i, :i 2 Zi as follows: f; is the function with domain Y;
such that

F2Y) fi.3G)=f£(()):
Q

Clearly f is well de ned and for eachi;f; 2 2y i hence by ()1(a) for some
< jandh2 F; we havef, <h modD; and let ; be the rst such so
hi:i2Zi exists.

By the choice of \G : < i there are < andg2 G suchthath; :i2
Zi <g mod E henceA := fi 2 Z: ; <g(i)gbelongs toE. SoMF gy :i 2 Zi
is a sequ?ju:e of non-empty sets hence recalling ACthere is a sequencén = hh; :
i2Zi2 Fig ). By the property of hF;; : < i, we havei 2 A) f; <h;

i2z2

mod D;. Q
Lastly, let f 2 ij bedenedbyf((i;j)) = hi(j). Easily g;h witness that
(i )2y
f 2 F , and by the de nition of D, recalling A 2 E and the choice ofh we have
f <f modD, so we are done.]

Together we are done proving the theorem. 2:6
febg
Conclusion 2.7. The pcf closure conclusionAssume AG (5. We have ¢ = ps-
pCf@ comp (c) when:
(a) a a set of regular cardinals
(b) hrtg(P (a)) < min(a)
(C) c= ps-pcf@ comp(a)-
Proof. Assume 2 ps-pcfg comp (©), hence there isE an @-complete lter on
csuch that = ps-tcf( ¢ <g). As we have AG (5 by 1.2 there is a sequence

D : 2 d;D an @-complete Iter on a such that = ps-tcf( a;<p ), also
by 1.6 there is a function h from P (a) onto ¢, let E; = fS P (a) : fh(s) :
s 2 Sg 2 Eg. By 2.2 with P (Y) here standing for Y there, we have = ps-tcf
( fh(A): A2 P (8)g;<g,) and E; is an @-complete Iter on P (a).
Now we apply Theorem 2.6 WithE1; D,y : 02 P (a)i; ; th(b): b2 P (a)i;h :
2 ai here standing forE;D; i 2 Zi;; hi 112 Zi;hy ) 2 Yi for every
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j 2 Z (constant here). We get a Iter DyonY = f(b; ): b2 P (a); 2 a such
that ps-tcf( f :(b; )2 YO;<p,).

Now jYj = jP (a)j as@ | a or a nite and all is trivial so applying 2.2
again we get an@-complete Iter D on a such that = ps-tcf( a;<p), so we are
done. 2:7

Theorem 2.8. AssumeAC. and ACp (5. Then c= ps-pcfg comp(C) has a closed
generating sequence fo@-complete lters (see below) when

(a) ais a set of regular cardinals
(b hrtg(P (a)) < min(a)
(c) c=ps-pcf@ comp(d).
De nition 2.9.  For a seta of regular cardinals.
1) We sayb=H : 2 ps-pcfg om(a)i is a generating sequence foa when:

()b a c ps-pcla comp(a)
() J< [a] is the @-complete ideal ina generated byfb : 2 pcfg comp(d)
and < g.

2) We sayF is awitness forb=H : 2c ps-pclag comp(a)i when :

=h . © < iwitness ps-tcf( a;<;_ [q).

3) Above b is closed whenb = a\ ps-pcig comp(b ).
3A) Above b is smoothwhen 2b ) b b.
4) We say above isb full when c= a\ ps-pcfg comp (8).

Remark 2.10. 1) Note that 1.6 gives su cient conditions for the existence of b as
in 2.9(1).
2) Of course, De nition 2.9 is interesting particularly when a = ps-pcfg com(8).

Proof. Proof of 2.8

()1 c=ps-pcfa  com(9).
[Why? By 2.7 using ACp (a).]

( )2 there is a generating sequenckb : 2 d for a.
[Why? By 1.6(3) using also AC..]

()3 letb = ps-pcfg com(b ) for 2c
()a(@ b =h : 2diswell dened

M b ¢
(C) b = ps-pcf@ com(b )
(d) = max(b ).
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[Why? First, b iswelldened asb=h : 2 d is well de ned. Second,b c
asb ahenceb = ps-pcfg com(b) ps-pcfg com(@) = ¢ Third, b =
ps-pcfg com(b ) by Conclusion 2.7, it is easy to check that its assumption hdds
recalling b a. Fourth, 2 b asJ- [a] witnessb = ps-pcfg com(b ) * as
b 2J. +[a and lastly, max(b )= by ( )2.]

We can now choosd~ such that

()s (@ F=H : 2d
b F =H. : < |
() F witness =ps-tcf( a,<;_ a)
(d if 2a < andf 2F. thenf( )=
[Why? For each there is suchF as =ps-tcf( a;<;_ [4). But we are assuming
AC. and for clause (d) it is easy; in fact it is enough to use AG (5 and h as in

2.7, gettinghFp : b2 P (a)i;Fp withness h(b) = ps-tcf( a;<;. [a]) and putting
hWFp:b2h f gitogether for each 2 c]

()s (@8 for 2candf 2 b letfll2 b bedenedby: fli()=

minf < : for everyg 2 F. we havef b (g b) mod
J=[b g
(p for 2cand < IetF[;]:ff[]:fZF; g.
Now
()7 (@ flla fforf2 b; 2c
(p . : 2¢ < iiswelldened (hence exist)
(o F. b .

[Why? Obvious.]

()s let 3 be the @-complete ideal onb generated byfb \' b : 2¢c\ ¢
()od I “™Dp]

[Why? As for o;:::; niii2 ¢\ we have ps-pch comp([f b :n<!g) =
[fb, :n<!tg2J ]

1if 2cand 1< < andf-2F. \for‘:1;2thenf£] fglmod
J .

[Why? Leta =f 2b :fi() f2()g, hence by the assumption onhF .
< i wehavea 2J@ °™[3] hence we can nd a seqauench, :n<n !
suchthat ,2c\ anda b :=[f b, :n< nghencec =ps-pcfg com(a)
[fb :n<ng2J. Soitsuces to prove f{] (b nc) fél (b nc), so let

2bn” b clearly et =fll() so@2F. )f2b) (gb)mod

n
Jo[bDbuta 232 ©“Phlsof,b) (fab) (gb)modJ- [b]hence
f{ ]( ) = fz[ ]( ). So we are done.]

2 if 2candg2 b then for some < andf 2 F. we haveg <f
mod J .
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[Why? We chooserh : 2 b isuchthath 2F ) foreach 2b . Leth;2
be de ned by hy( ) = supfh[ ]( ): 2b and 2 b ghence there are < and
h, 2 F. suchthath; h; modJ- [a]. Now f := h[2] 2 b is as required.]

3 F. witness =ps-tcf( b ;<;).
Why? In( )7+ 1+ 2]

So
4 b =H : 2d isa generating sequence foc.
[Why? Check.] 2:8
Remark 2.11. Clearly b is closed, but what about smoooth? Is this necessary for
generalizing [Sh:460]?
Discussion 2.12. Naturally the de nition now F as in 2.9(2) for a is more
involved whereF = hF 2 ps-pcf com(a)i;F =hF. : < i exemplies
ps-tcf( & J= (@)).
Claim 2.13. Assume
(a) a a set of regular cardinals
(b isregular > @;a
(C) c=ps—pcf com(a)
(d) min(a) is hrtg(P (c)) or at least hrtg(c)
(e F =h : 2d;F =H . : < |witness =ps-tcf( a<?
[a]).
Then
foreveryf 2 aforsomeg2 cifg o2 candh2 fF 4, (): 2
og then (9d2 [ )f < supfh : 2 dg).
Proof. Let f 2 a. Foreach 2 ps-pcf n(@let ¢ = minf < f<g
mod J- [a] foreveryg2 F . gso clearly each ; is well de ned hence = h
2 ps-pcf  com(a@)i exists. Lethg : 2 d be any sequence from F ; . atleast
one exists when AG. Leta. =f 2a:f()<g ()gsoha. : 2 d exists and
we claim that for somed 2 [c]* we havea=[f a= : 2 dg. Otherwise letJ be
the -complete ideal ona generated byfa;. : 2 og,itisa -complete ideal. So
the \no-hole claim”, 1.11 applicable by our assumptions thee is a -complete ideal
J on a extending J such that = ps-tcf( a;<j;,) is welldened. So 2 cand
a. 2 Jp, easy contradiction. 2:13
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x 3. Measuring reduced products

X 3(A). On ps-T p(Q).
Now we consider some ways to measure the size o=D and show that they

essentially are equal; see Discussion 3.8. (126
r26g
Denition 3.1.  Let =h,:y2Yi2 Y Ordbesuchthatt2Y) > 0.

1) For D a Iteron Y let ps-Tp( ) = supfhrtg(F) : F is a family of non-empty

subsets of  such that for everyF; 6 F, from F we havef; 2 F1 " f, 2 F5)

f16p fog, recallingf, 6p f, meansfy2 Y :f1(y) 6 fo(y)g2 D.

2) Let ps-T  comp( ) = supfhrtg(F): for some -complete lter D onY, F is as

above forDg. Q

3) If we allow =0 just replace by =ff:f2 "((+1)and ft:f(t)=
t

tg=; modDg.

fr29g
Theorem 3.2. [DC + AC p (v)] Assume thatD is a -complete Iter on Y and

> @ and g2 Y(Ord nf0Og), if gis constantly we can write . The following
cardinals are equal_orat least 1; ,; 3 are Fill(D)—aImost equal which means: for
1;72211;2;3gwe have -, & -, which means if < -, then is included in
the union of S sets each of order type<

(a)
(b)

‘Z:
1 = supfjrkp, (9)j* : D1 2 Fil'(D)g
2 = supf *: there are D; é Fil'(D) and a <p,-increasing sequence
hHF : < i suchthatF g(y) is non-emptyg
y2yY
() s=supfps Tp,(g)* :D1 2 Fil*(D)g.
fr30g

Remark 3.3. 1) Recall that for D a -complete Iter on Y we let Fil}(D)= fE : E
isa -complete Iter on Y extending Dg.

2) The conclusion gives slightly less than equality of 1; 1; 3.

3) See 3.9(6) below, by it , = ps-Depth* ( ;< p).

4) We may replace -complete by ( Z)-complete if @ | Zj.

5) Compare with De nition 3.9.

6) Note that those cardinals are hrtg(  g).

Stage A 1 |S:ﬁ|1(D) 2, 3.
Why? Let < 4,s0 byclauseéa)there iD; 2 Fill(D)suchthatrkpl(g)

Let Xp, = f < : somef 2 o(y) satises D, = dual(J[f;D 1]) and =
y2yYy

rkp, (f)g, forany D, 2 Fil1(D,). By [Sh:938, 1.11(5)] we have = SfXD2 :D22
Fil1(D1)g. Now clearly D, 2 Fil*(D1) )j otp(Xp,)j < 2; 3; thisis enough.
Why? Letting Fp,; = ff 2Y : rkp,(f) = i and J[f;D 1] = dual(D;)g, by
[Sh:938, 1.11(2)] we havei <j "i 2 Xp,"] 2 Xp,"f 2Fp,i"92Fp,;) f<g
mod D3 so otp(Xp,) < 2; 3.
Stage B > Eﬁll(o) 1 3.
Why? Let < s andlet Dy and F : < i exemplify < 5. Let
= minfrkp,(f):f 2 F gsoeasily < < ) < hence rk (9) .
So < jandasfor < j3this holds by De nition 3.1(2)as < ~f 2F ~g2
F ) f<g modD;) f 6 gmodD;.
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Stage C 3 iﬁll(D) 1, 2.

Why? Let < 3. LethF : < i exemplfy < 3. Foreach <
let D = fdual(J[f;D]): f 2 F g so a non-empty subset of Fit(Y). Now for
everyD; 2[f D : < gletXp, =f < D12 D gandfor 2 Xp, let
p,: = minfrkp(f):f 2 F andD; = dual(J[f;D])gand let Fp,. = ff 2
F :Di=J[f;D]land rkp(f) = p,. gso anon-empty subset o and clearly
N b,: ;Fp,: ): 2 Xp,I exists.

Now

(@ 7! p,. isaone-to-one function with domainXp,

() =1[f Xp, :D12 Fil*(Y)g

(o) If < are fromXp, and p,: < p,. ;f 2Fp,. ;02 Fp,. thenf<g
mod D;.

[Why? For clause (a),if 6 2 X ,;f 2 Fp,. ;02 Fp,. thenf 6 gmodD
hence by [Sh:938, 1.11] we havep,; 6 p,; . For clause (b), it follows by the
choices ofD ;Xp,. Lastly, clause (c) follows by [Sh:938, 1.11(2)].]

Hence (by clause (c))

(d) otp(Xp,)is< andis rkp,(g)forD12[f D : < g Fil1(D).

Together clauses (b),(d) show that < ;; » so we are done. 3:2

Concerning Theorem 3.2 we may wonder \when does;; , being S-almost equal
implies they are equal”.

De nition 3.4. 1) We say \the power of U; is S-almost smaller than the power of
Uo", or write jUsj j Upj mod S or jusj @M jU,j when: we can nd a sequence
hus:s2 Si suchthat Uy = [f us:s2 Sgands2 S)j Usj j Ujj.

2) We say the powerjU,j;jU,j are S-almost equal (or jU;j = jUyj mod S or

jUsj =8 jUoj) when jUsj @™ jUpj 2™ jU,j.

3) Let jU;j 2™ jU,j be de ned naturally.

4) In particular this applies to cardinals.

5) Let jUij <@M jU,j means there is a sequenchus : s 2 Si with union U; such

that s2 S)j Usgj < jUyj.

6) Let jU;j & jU,j means that if jU j < jU1j then jU j <@™ jU,j.

Observation 3.5. 1) If jUsj j Uzjand S6 ; then jUij &M jU,j.
2)If 1 ,andS6 ; then ; &

Proof. Immediate.

Observation 3.6. 1) The cardinals ;; » are equal when 1 =§'m 2 and cf( 1),
cf( 2) hrtg(P (S)).

2) The cardinals ;; , are equal when 1 :g'm > and 1; » are limit cardinals
> hrtg(P (S)).

3)If 1 & ,and =hrig(P (S))then  am

4)1f 1 @M 5 andcf( 1) then | .

5)|f 1 glm gand ;thﬂ 1 ;

Proof. 1) Otherwise without loss of generality , < 1 and by part (3) we have
1 @M 5 and by part (4) we have 1 2 contradiction.
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2) Otherwise without loss of generality » < ; and by part (3) we have ; 2am ,
but < 5, is assume and ; < 1 as » is a limit cardinal so together we get
contradiction to part (5).
3) If hus : S 2 Si witness 1 &M ,, letw="f < 4 forno < do we
have 8s 2 S)( 2 us 2 ug)g so clearlyjwj < hrtg(P (S)) and for 2 w let
v =f < 1:(8s28S)( 2 us 2 ug)gsohv @ 2 wi withess 1 fj,'m 2
hence ; 23 .
4)5) Let < besuchthat ; @™ ,andlethu :"< | witness 1 a@m
that is ju-j ofor"< and[f u-:"< g= 1.

For part (4),if 2 < 1, we have"< )j uj< 1, butcf( 1) > hence
jifif u-:"< g< 4j, contradiction.

For part (5) for "< ,letu?=un[fu : <" gandsootpu’ otp(u-) <

juj* > soeasilyj 1j=j[f u:"< gi=j[f u?:"< g 2 2 2

; ' 3:6

Similarl
imilarly tra7g

Observation 3.7. 1) If ;<& , and @= hrtg( P (S)) then ;<37 .
2)If (<3M 5 andcf( 1) then ;< .
)If 1 <3Im » and 12L then 2.
alf 1 @ ,and @ hrig( P (S)) then ;<33 .
5)If 1 2 ,and@ ;@< zandcf( ) @then ; 9.
6) If sal ,and @ 5 then ..

) to<e 2 2 =t 2 fr38g

Discussion 3.8. 1) We like to measure ( )=D in some ways and show their
equivalence, as was done in ZFC. Natural candidates are:

(A) ppp ( ): say of length of increasing sequenc® (not p! i.e. sets) ordered
by <p

(B) ppy ( ) =supfpp,( ): D an @-complete lter on Yg

(C) Asin 3.1.

2) We may measure” by considering all @complete lters.
3) We may be more lenient in de ning \same cardinality". E.g.

(A) we de ne when sets have similar powers say by divisions t® (P (Y)) sets
we measure{ )= p (p (v) Where g is the following equivalence relation

on sets:
X g Y when we can nd sequencesXy : b2 Bi;hYy, : b2 Bi such
that:
(@ X =1[f Xp:b2Bg
(Y= Yp:b2Bg

(©) iXb) = jYoj
(B) we may demand more: thehXy : b 2 Bi are pairwise disjoint and the
hYp : b2 Bi are pairwise disjoint
(C) we may demand less: e.g.
(©% i Xoj (Yo (X
and/or
() (802 B)(9c2 B)(jXpj j Ycj) and
(802 B)(9¢2 B)(jYbl | Xcj)-
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Note that some of the main results of [Sh:835] can be expresehis way.

(D) rk-supy.g( ) =rk-sup frkp( ): D is @complete lters on Yg
(E) for each non-emptyX Y et

spt(X)= f(D;J): D an @-complete lteron Y;J=J[;D]; = rkp(f)andf 2 Xg

sp(X) = [ spH(X): g

(F) question: If fsp(Xs):s2 Sgis constant, can we boundJ ?
(G) X;Y are called connected whersp(X1);sp(X2)) are non-disjoint or equal.

4) We hope to prove, at least sometimes := (Y ) pp () that is we like to
immitate [Sh:835] without the choice axioms on' . So there isf = HF : < |

witnessing < (Y ). Wedene u= u = f : thereisno 2' such that
8it 2 Y)(f (t)2ff ,(t):n<! g). You may say that u; is the setof <  such
that f is \really novel".

By DC this is O.K,, i.e.

1 forevery < thereis 2'(u;\ )suchthat(8t2 Y)(f (t))= ff ():
n<! g.

[,\]lext for 2 u; we can de neODf; , the @-complete lter on Y generated by
ftay: :f t)=1f ()g: < .Soclearly 6 2u; "Dy =D; ) f 6p
f . Now for each pairD = (Dq;D3) 2 FiI$ (i.e. for the @-complete case) let
#.p =Ff 2u :Dy = DypandJ[f ;Di]g= dual(D2). So is the union of

P (P (Y))-sets (asjYj=jY]j j Y], well ordered.
So

()1 hrig(("! ' ()
( )2 uis the union of P (P ( ))-sets each of cardinality < ppj;@( )
(I') what about hrtg( ) < ps-ppy.q ( )?
We are givenhF . < & F 6 ;;F ; 6 ) F \F =;.
Easier: looking modulo a x Iter D.
()2 forD 2 Fily.g,letFp =ff2F ::(992F )(g<p f)o.
Maybe we have somewhere a bound on the size Bf p .
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X(3B) Depth of reduced power of ordinals
Our intention has been to generalize a relative of [Sh:460Jhut actually we are
closed to [Sh:513x3] using IND but unlike [Sh:938] rather than with rank we deal
with depth. kg

De nition 3.9. 1) Let suck ( ) be the rst ordinal  such that we cannot nd a
sequencdlUy : x 2 Xi of subsets of , each of order type<  suchthat = [f Uy :
x 2 Xag.

2) We de ne suc&']( ) by induction on " naturally: if " =0itis ,if "= +1itis
sucx (sud /() and if " is a limit ordinal then itis [f sud/( ): <" g.

3) For a quasi-orderP let the pseudo ordinal depth ofP, denoted by ps-o0-Depthf)
be sugd : there is a<p-increasing sequencéX : < i of non-empty subsets of
Pg.

4) 0-Depth(P) is de ned similarly demanding jX j=1for <

5) Omitting the \ordinal" means s replaced byj j; similarly in the other variants.
6) Let ps-0-Depth* (P) = supf + 1: there is an increasing sequencéX : < i
of non-empty subsets ofP g. Similarly for the other variants, e.g. without o we use
j j* instead of +1 in the supremum.

7)ForD a lteron Y and 2 Y (Ord nfOg) let ps-o-Depth;, ( ) = ps-0-Depth* ( ;< p
). Similarly for the other variants and we may allow ; =0 as in 3.1(3).

8) Let ps-0-Depth} ( ) be the cardinality of ps-o-Depthf, ( ).

Remark 3.10. Note that 1.12 can be phrased using this de nition. fkag

De nition 3.11. 0) We say x is a lIter ! -sequence whenx = hY,;Dp) : n <
'i = hYx.n;Dx:n :n<! iissuchthatD, is a Itergn Y, for eachn<! ; we may
omit Y, asitis[f Y :Y 2 Dgand may write D if D= D.

n
1) Let IND( x);x has the independence property, means that fQj every sequeac

F =HHmn, :m<n<! ifrom alg(x), see below, there ist 2 Y, such that
n<!
m<n<! ) tn 2Fn,(t (m;n]). Let NIND( x) be the negation.
2) Let alg(x) be the set of sequenceé¥pm : n < m <! i such that Fn
Y- ! dual(Dp).
=m+l
3) We sayx is -complete wheneachDy., isa -complete lter. K6
9
Theorem 3.12. AssumelIND(x) wherex = WY,;Dp):n<! i is as in De nition
3.11, D, is ,-complete, , @1.
1) [DC + ACy, for n <! ] For every ordinal , for innitely many n's ps-o-
Depth((™) ;< p.) .
2) [DC] For every ordinal  for in nitely many n, o-Depth(("") ;< p) , equiv-
alently there is no<p, -increasing sequence of length + 1. fir
g

Remark 3.13 0) Note that the present results are incomparable with [Sh: 38, x4]
- the loss is using depth instead of rank and possibly using \peudo".

1) [Assume ACgq] If in 3.12, for every n we have rko, () > SUGy:1(p,)( ) then
for someD} 2 Filg (Ya) for n <! we have NIND(HY,;D}) :n<! i. (Why? By
[Sh:938, 5.9]). But we do not know much on theD}'s.

2) This theorem appliesto e.g. = @;Yy, = @ ;D = dual(Jg’). So even in
ZFC, it tells us things not covered by [Sh:513,x3]. Note that Depth and pcf are
closely connected but only for sequences of length hrtg(P (Y)).
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3) If we assume INDQY (n);D (ny : n <! i for every increasing 2 "1, which is
quite reasonable thenin Theorem 3.12 we can strengthen the conclusion, replacing
\for in nitely many n's" by \for every n<! large enough".

4) Note that 3.12(2) is complimentary to [Sh:835].

Observation 3.14. If x is a Iter ! -sequence andh <! and IND(x [n ;! ) then
IND( x).

Proof. Let F = hFpm :n<m <! i2 algx), sohFpm :n 2 [n;!) and
m 2 (n;!)i belongs to algk [n ;! bhence by the assumption \IND(x [n ;!))
thereist = hy :n 2 [n ;)i 2 Yn such that t, 2 Fpm (t (n;m)) when

n n
n n <! . Now by downward induction on n <n we chooset, 2 Y, such that

th 2Fpm (M k2 [n+1;m])for m2 [n+1;!). This is possible as the countable
union of members of dualD,) is not equal to Y,,. We can carry the induction and
hy :n<! iis as required to verify IND(x). 3:14

Proof. Proof of Theorem 3.12

We concentrate on proving part (1), part (2) is easier.

Assume this fails. So for somen <! for everyn 2 [n ;!) there is a counter-
example. As ACg holds we can nd a sequence¥, : n 2 [n ;!)i such that

forn2[n;!)

(a)Fn:an;":" |

(b Fpe Yo is non-empty

(o) Fn is a <p,-increasing sequence of sets, i.el'; <", Nfqp 2

Fn;--l"f22 Fn;"g) fl <p, fg.

Now by AC g, we can choosédf, :n2 [n ;!)i suchthatf, 2 F, forn2i[n ;!).

() without loss of generality n =0.

[Why? As x [n ;!) satis es the assumptions onx by 3.14.]

Let
nQ1
1form n<! letYl, = Y- andform;n<! letYgy, = [f V2 :k2
o
[m;inlgsoYp, =; = Yi, if m>n and Y2, =f<>g= Y2, if m=n

2 form nlet G}, be the set of functionsg such that:
(a) gis a function from Yn%;n into +1

() hie 2Yg,) of)<

(© if k2 [m;n)and 2 Y2, . then the sequencehg( “hyi) @y 2 Yii
belongs toF .4
3 Gho» =fg2 G}, :g(hi)="gfor" andm n<! .

Now the setsGy,,, are non-trivial, i.e.

4iffm nand" then Gf.,» 6 ;.
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[Why? We prove it by induction on n; rstif n = m this is trivial. The unique
function g with domain f<> g and value". Next, if m <n we choosef 2 F, 1~
hence the sequencéG,,, 1 : S2 Yo 1i is well de ned and by the induction
hypothesis each set in the sequence is non-empty. As AC , holds there is a
sequenceys :S2 Y, 1i suchthats2 Y, 1) gs2 G‘%;n 14 (5)" Now de ne g as

the function with domain Y., :
g(hi) = "

g(fsin )= gs( ) for 2 Yo, o
It is easy to check that g 2 G%;n;.. indeed so 4 holds.]

5 if g;h2 G%;n and g(hi) < h (hi) then there is an (m; n)-witness Z for (h; g)
which means (just being an ; n)-witness means we omit (d)):
(@ Z  Yg, is closed under initial segments, i.e. if 2 Y2 \ Z and
m k<’ nthen [;n)2Y9\2Z
(b) hi2 z
(if 2Z\ Y% .,im k<n thenfy2Y,: ~hyi2 Zg2 Dy
(dyif 2Ztheng()<h().

[Why? By induction on n, similarly to the proof of 4.]

6 (@ wecan nd g= hg, :n<! i such that g, 2G01;n; forn<!
(b) for gas above forn<!;s 2 Y, let gn+1:s 2 Ghl];n be de ned by
On+1:s( )= G (hSIM).
[Why? Clause (a) by 4 as ACg, holds, clause (b) is obvious by the de nitions in
2+ 3l
We x g for the rest of the proof

7 thereishlZ,.s :s2 Yyi :n<! i suchthat Zns withess (@, ; gh+1s) for n<
I's 2 Yy.

[Why? Foragivenn<l!;s 2 Y, we know that gh+1 (Isi) < = gn(hi) henceZ,.
as required exists by s. By ACy, for eachn a sequencdZ,.s : s2 Y,i as required
exists, and by ACg, We are done.]

g Zn = fhsi® :s2 VY, 1; 2Z, 1s0is a (0;n)-witness
o there is F such that:
(@ F=hmny, im<n<! |
(0 Fmn i Yiin ! dual(Dpm)
(©) Fmn()isfs2 Yy, : "si 2Z, ;gwhen 2 Z, and is; otherwise.

[Why? Check.]
10 F witness IND(H(Y,;Dp) : n<! i) fail

[Why? Clearly F = hFp.n :m<n<! i has the right farm.
So toward contradiction assumet = ht, :n<! 2 Y, is such that

n<!
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()1 m<n<! ) tm Z2Fpn(t (M;n]).
Now

()2 t[mn)2z,form n<!.
[Why? By ( )1 recalling o(c).]

()3 Gn+1 (t [m;n]) <gn(t [m;n)).

[Why? Note that Zn, is a withess for @.; gn+1t,) by ( )2+ 7. Soby 5 we have
2Znt, ) O, () <gn(). Butm<n) t[mn]22Z,) t[mn)2 Zy,
hencegn+1 (t [M;N]) = Gn+1:t, (t [M;n)) <gn(t [M;n)) as required ]
So for eachm <! the sequenceyg,(t [m;n): n<! i is a decreasing sequence
of ordinals, contradiction. Hence there is not as above, so indeed 19 holds. But
10 contradicts an assumption, so we are done. 3:12

Remark 3.15 1) Note that in 3.12 there were no use of completeness demands
except of @-complete when we get rid ofn , still natural to assume @-completeness
because: ifD? is the @-completion of D, then IND(HD? : n <! i) is equivalent to
IND(D, :n<!).

2) Recall that by [Sh:513], i pp(@) > @, then for every > @ for in nitely
manyn<! wehave @ 1< )(cf( )= @) pp() )

Claim 3.16. [DC] For x = hY,;Dp : n<! i with eachD, being an @-complete
Iter 0|b Yn, each of the following is a su cient condition for IND(x), letting Y (<
n) = Ym

m<n

(a) Dhisa( ( Q (Dm)Y <" ))-complete ultra Iter
m<n

for each n in the following gameay.n the non-empty player has a
winning strategy. A play last! -moves. In the Ilg,-th move the
empty player chooseAk 2 D, and hX; :t2 ( Dp)Y )i

m<n
a partition of Ax and the non-empty player chooses 2 Ag.
In tﬁqe end the non-empty player wins the play
if Xt Is non-empty
k<!
(b) like (a) p,ut in the second part the non-empty player insteadty chooses
S« ( Dp)Y(") satisfying jSkj x jSj and every Dy, is ( S)-

m<n L .
complete, S is in nite

() fm<n<! thenDp is ( Q Y )-completé
k=m+1

Proof. Straight.

250 the Yi's are not well ordered! If < hrtg(Yn)) D isj j*-complete then Ym =D, =
If is counterexample D project onto a uniform @ -complete Iter on some
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x 3(B). Bounds on the Depth.

We continue 3.2. We try to get a bound for singulars of uncountable co nality

say for the depth, recalling that depth, rank and ps-Tp are closely related. fe1
clg
Hypothesis 3.17. D an @-complete Iter on a set Y.

Remark 3.18 Some results do not need the@-completeness.

Claim 3.19. Assume 2 Y Ord.
1) [DC] (No-hole-Depth) If +1  ps-o-Depthy, ( ) then for some 2 Y Ord, we

fc2g

have mod D and +1 = ps-0-Depth™ ().
2) In De nition 3.1 we may allow F- YOrdif g2 F-) g<f modD.
3)If 2YOrdand = modD then ps-o-Depth’ ( ) = ps-0-Depth™ ( ).

4)1f fy2Y: y=0g2D" then ps-o-Depth*( )=1.
5) Similarly for the other versions of depth from De nition 3.9.

Proof. 1) By DC without loss of generality thereisno < p suchthat +1
ps-0-Depth” ( ). Without loss of generality itself fails the desired conclusion
hence +1 < ps-0-Depth” ( ). By parts (3),(4) without loss of generality y 2
Y) y>0 As +1 < ps-o-Depth”( ) there is a <p-increasing sequence
hF. :"< +1i with F+- a non-empty subset of . Nowany 2 F s as
required: +1 ps-0-Depth’” ( ) as witnessed byhF - : " < i, recalling part (2);
contradicting the extra assumption on  (being <p -minimal such that...).

2)LetF 2= ffl1:f 2 F.gwherefl J(y)isf (y)if f (y) < y andis zero otherwise.
3),4) Obvious.

5) Similarly. 3:19

fcdg
Claim 3.20. [DC+ACy]If ; 2YOrdandD isa lteron Y andy 2 Y)
jyi=]yjthen psTp( )=ps To( ).
Proof. Straight.
Assuming full choice the following is a version of Galvin-Hanal theorem. te7
c79

Theorem 3.21. [DC + ACvy] Assume (1) < (2) < *, ps-0-Depth* ()
* @ and =hrtg( ¥ (2)=D). Then ps-o-Depth; ( * @) < * @O+ ),

Proof. Let = f : + M «< @M+ gand for every 2 let
(1 F =F()=ff:f2Yf* : < (2gand = ps-Depthy(f)g
()2 obviously F : 2 i is a sequence of pairwise disjoint subsets df (2)

closed under equality moduloD.
By the no-hole-depth claim 3.19(1) above we have

()sif 1< ,arefrom and f , 2 F, then for somef; 2 F |, we have
fi<f,modD

()a > supf +1:F ( *C *))6 ;g implies the conclusion.
Lastly, as = hrtg( ¥ ® =D) we are done. 321

Remark 3.22 0) Compare this with conclusion 1.10.
1) We may like to lower to ps-Depthy, ( (2)), toward this let
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()1 FO=1ff 2F :thereisnog2 F suchthatg<f modDg.
By DC

()2 iff 2F thenthereisg2 F °suchthatg p f modD.
2) Still the sequence of thoseF © are not < p -increasing.

Instead of counting cardinals we can count regular cardina.

Theorem 3.23. [DC+AC v ] The number of regular cardinals in the interval
(* @;ps-depthi. ,( * @) is at mosthrtg(" (2)=D) when:

@ W< @< °

b > @

(c) D isa -complete Iter on Y

(d) * @ =ps-Depthy. ().
Proof. Straight, using the No-Hole Claim 1.11.
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x 4. Private Appendix
Bounds

Saharon: check with [Sh:F1039]
Moved from pg.2
x4  Bounds

X(4B) Minimality for ps-0-Depth

[We de ne\f is (Y;D; )-ps-0-Depth®) -minimal and variants (clarify which
we de@ with). Note existence and how it commutes wittD + A; : i < @i 7!
D + Aii.

i<@

X(4C) Depth is regular and obtained

[A main claimis that for f 2 Y Ord;(Y;D); *-minimal fy : f (y)is regularg 2
D* (see 4.8), existence 4.10.]

X(4D) Weakly inaccessible (to [Sh:F1039])

[We like to show thatif @ < cf( ) < and is notthe accumulation point
of the class of inaccessible cardinals therthere is no (weakly) inaccessible
cardinals 2 (; pp+@_com( )). This will be the main result of this section.
In [Sh:F1039] we shall get a similar theorem with somewhat derent as-
sumptions.]

x5  Try to immitate [Sh:460], pg. 28 [to [Sh:F1039]? till the erd?], pg.29
[Check carefully.]

x6  Absoluteness for non-well founded ultra-powers, pg.36
X7 More pcf with little choice, a try, pg.39
x(7A)  Semi- lter
[Is it helpful to use semi- Iters in [Sh:938, x3,x4]?]
x(7B) Games and Rank, pg.40
[This is an alternative to the present [Sh:F1039] using gam& and forcing.]

x(7C) Various

[In 8.1, 8.2 we show that investigating ps-tcf it is enough toconsiderY a
cardinal. In 8.3 we note AGg( v)) hrg( v) Successor. In?? we (? check).
In 8.6 we show@ < = cf( )< ) rkyw()> *. In 8.5 we use
pigeon? hull for J[f; D ], nec?]

x8 More, pg.42-44
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X 4(A). Replacing rank p by Depth p - [FILL].

In ZFC we know that, e.g. for  singular strong limit of uncountably co nality,

if 2 (; 2 ]is weakly inaccessible thenweakly inaccessible are unbounded below

. We like to prove such results with little choice, for this we look at the minimal
case.

De nition 4.1. 1) We sayf 2 YOrdis (Y;D; )-ps-o-Depth* -minimal when (may
omit Y; D in this section), ps-o-depth; (f ) but forno g2 Ord satisfying g < f
mod D do we have ps-depthy (f).

2) Similarly for other variants.

Claim 4.2. 1) If ps-o-Depthy, (f) wheref 2 Y Ord then ps-o-Depth* -minimal
g2 YOrd is such thatg f modD.
2) Similarly for other variants.

Claim 4.3. If f = g+1 2 YOrd then ps-o-Depth (f) = [f +2: <
ps-o-Depti, (9)g.

Claim 4.4. 1) If f is (Y;D; )-ps-depth-minimal and is a limit ordinal then
fy2Y :f(y) limitg2D*.

2)If = +1; alimitordinal and f is (Y;D; )-ps-minimal, then fy 2 Y :f(y)
a limit ordinal g6 ; mod D.

Proof. Fill more?

De nition 4.5.  Let f 2 Y Ord.

1) Let Jpsodeptn [;D]1=FfA Y :A=; modD orA 2 D" butps-o0-Depthp (f) <
ps-o-depth . 4 (f).

2) Similarly for other variants, but we write ps-o-depth(+) .

Claim4.6. 1) ps-o-Depthy , 5. (f) for * =1;2then ps-depthy 4 A, A, (F)-

2) [ACd If D is (  @-complete and ps-Depthy , 4, (f) for i < @ and A =

[f Aiti< gthen ps-0-Depthy , A (f).

3) [AC< ] If D is -complete andf is ps-Depth-minimal then Jps.o-deptn [f; D ] is
-complete ideal disjoint to D.

Proof. FILL

X(4C) Depth is regular and obtained
Recall

De nition 4.7. We call inaccessible when is regular uncountable limit cardi-
nal.

Claim 4.8. [ACy] Assume is regular andf 2 YOrd is (Y;D; *)-ps-o-depth
minimal. Then fy 2 Y :f(y) is regularg6 ; mod D.

Remark 4.9. The assumption is equivalent to (Y;D; + 1)-ps-0-Depth* -minimal.
Proof. Assume that not, so without loss of generality

()1 f(y)is notregular fory 2 Y
()2 f(y)is>O0fory2Y.
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Let

()3 (& Yy=fy:f(y)successor ordina
(b Ya2=f~fy2Y :cf(f(y)) <f (y)o.
Clearly
( )a hY1;Y>2i is a partition of Y.
By 4.6(1) without loss of generality
() ()2f1,29;Y-(y2 D, so without loss of generality Y-y = Y.

Casel ()=1
We get a contradiction by 4.3 to the minimality.

Case?2 ()=2

By ACy we can nd hCy :y 2 Yi such that Cy is an unbounded subset of (y)
of order-type cf(f (y)). Let =hy:y2Yiwith = otp(Cy) let F: f!
be de ned by (F(f))(y) = otp( Cy\ f(y)) and let H : I f beH(g)(y) =the
h(y)-th member of Cy).

Let h = hhy 1y 2 Yi;hy is the function with domain otp( Cy) such that hy (") =

, "< otp(Cy)r 2CyM"= otp(Cy\ ).

Clearly hy :y 2 Yin<f mod D hence () := dp-o-Depth (hotp(Cy) :y 2
Yi)< .DeneF? yasfF(@:f2F g

y
()s FO:=F%: < iisasin 2.1 below.

[Why? Asgi  g2modD ) F(g1) F(g2) modD.]
So lethYy; Y, Ei be as in 2.1, hence

()6 if Y12 D" then for someg2 f we have * < ps-Depth’,5+Yl(g).
[Why? Chooseg; 2 F yin ) then
(@) F(g1) < modD.

So letting g, = H(F(g1)) 2 f we haveg, <f mod D and eveng, +1 <f mod
D.

Also F %: 2 Ei witness < ps-Depthy, (g2 +1) where F = fgll: g2 F g
where gl I(y) is g(y) if g(y) g(y) and is zero otherwise.]

()ifY22D" then < ps-Depthy,y,( ).

[Why? HF°: 2 Ei witness it, or pedantically for < let () be the -th
member ofE and F = F 0( ) and hF : < i witness.]

Together by 4.6 we are done (check ps/ps-0). 48
Claim 4.10. [DC +AC y]Ifcf( )= > hrtg(P (Y)) and * < ps-Depth)(f)
and isregular hrtg(P (Y)) then there isf; such that

(a) f12 YReg
(b) f1 f modD
(c) f1is (Y;D; *) ps-Depth” -minimal.

fc53g
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f c55g
Remark 4.11 Use just 4.8 and the existence of minimality.

So we can replace \regular" by any property which satis es a mrallel statement.

Proof. We try to choose (f,;yn; m) by induction on n such that

(@ f,2Yord

() fo=f

(0 n=m+1) f, fpy

(d Y,=fy2Y :fy(y)isregulargn[f Y :m<ngand , =1g

() in=1i ,62i Y,2D"andf,is(Y;D; *) ps-Depth® -minimal

(f) ifm<nand n=1then f, Yn ="fm Yn

(99 fn=m+1;Y,2D"* and , =2then f, <f,, mod (D + Yy)

(hy ifn=m+1;Zn =YnYyn[f Yx:k<n and y =1g2 D" then

fn<fm mod (D + Zy).
Each step is O.K. (for (h) by 4.6) and so by DC we can carry the irductive choice.
In this case aD is @-complete, let Z 2 D be the set ofy's such that all the
relevant inequalities mentioned hold. Ashf,(y) : n <! i is not decreasing, for some
my2VYn" m=1,s02%=1[f Yy:m<!; ,=1g2D andletg2 YOrd be
gYm="Ffm ym if m =1;9(y) = @ otherwise.
Easily g is as required by 4.6. Check. 4:10

Conclusion 4.12 In 4.8 we can weaken the assumption - FILL.

Remark 4.13 The point is that we do not have to change the lter, hence the
demand on \ large enough is weaker".

X(3D) Weakly inaccessible (to [Sh:F1039]?)

Claim 4.14. [DC+AC p (v)(?)]
Assumef 2 YOrd is (Y;D; *)-ps-Depth* -minimal. If is weakly inaccessible
then ft : f (t) is weakly inaccessiblg2 D*.

Proof. Let
()1 (@ Yo=ft:f(t)=0g
(b Yy =ft:f(t) asuccessor ordinad
(c) Yz =ft:f(t)alimitordinal of conality <f (t)g
(d) Yz = ft:f(t)is regular cardinal which is a successor
(e) Ya=ft:f(t)is weakly inaccessiblg.
Obviously
()2 hy-:" 4 is a partition of Y.
By 4.6 without loss of generality

()2 (@ () 4andY(,2D
() moreoverY-(y =Y.
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The cases ( ) < 3 are easily discarded.

Also if () = 4 then the desired conclusion holds, so we can assumg ) = 3
and eventually will get a contradiction.

Choosef such that

() f 2 YcCardsuchthat (f (g)* =f(y)fory2 Y.
By the assumption onf we can nd
()F =h : < iis<p-increasing,F f is non-empty.
FILL. 4:14

Discussion 4.15. By ACy and 3.1(?) we can get ps-Depthy (f ). But does
this su ce? Or can we do the regular for ps-Depth-minimal?

X(3E) Higher rank (to [Sh:F1039]?)
1) We like to repeat [Sh:g, V,VI],but there are some di erent points; x = cf( ) >
@, e.g- @.
First, suppose that we have AG «( ;k large enough andH ( ) we have choice
and we know that rkg (f; E) < 1 for f 2, does this imply the same forf 2
Ord? The remedy we take here is DC- . It is enough to use rlé:“(f; E), so the
\antagonist" can chose any \legal lter".
2) Fix E = EX. Now if is regular (or less?) we can nd rk¢ (fo; E) = rkg(fo; E) =
or just rk‘éo(f; E) . Soforevery < ; E :=fE:E E and for some
g <ie) fowe have rkt (g;E) = rk‘E(g;E) = ¢g. Hence for someE; Ey, the
setU ;= f :E;2 E gisunboundedin (and has order type ). For 2 U let
F =ff fo:rkg,(g;E)= rk2 (g;E)= g SotF : 2 Ui is<-increasing
andletf; fobea< g,)-lub.

Hence (forgetting fo) we have rkél(fl; E) = rk°. Suppose we force byP =
f(E): D 2 Eg getting G;D[G] what is (f 1=D)> [Maybe better: what is
hrtg( f%D) for 92 ( )V 7 -

Clearly > . Toward contradiction assume 1 = , = cf( ) or just -
Sug(y(1); 1> E p \hrtg( f1=D) > ; say F witness this. Hence for

< 5 the following set is non-empty "~ -

Dz;; =fD:(Edo, p\(992 (f 1)")(F(g)= andrk*(g;E" *)= rk3(g;E) =

So for someE; = (E1)pp,), the setU, = f < 1 :(9 )D2 2 Dy;; g has order
type 1.

Let = minf :D,2Dy. gfor 2u, LetF?2=1g2(fq)V :Dy »
F(@= .rkp, (@:E)= g

Again hF 2 : 2 U,i is increasing.
3) Similarly with rk 3 °(fo) =  forcing with (D*; ).
4) Now go back to [Sh:460]. The above is just going back to [SB86], [Sh:333], an
avenue | had tried and failed, but why?

5) Instead of DC - we may consider a de nition ofa Iteron[ ] with i2( )" or
so; we do not use real sets just de nitions of the sets used. Noto prove in the game
a () the protagonist wins, we use suchthat A ; jAj) K[AJE ! ().
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x 5. A try on immitating [Sh:460]
Question 5.1. (to [Sh:F1039]?)

Theorem 5.2. For every thereisn ! such that for no seta \ Regn , of
cardinality < and ,-complete ideall on a do we haveps-tcf( a;<;) is a well
de ned (regular) cardinal , When :

(@) h,:n<!iisincreasing with limit

(b AC |

(© ACp ( ,)

(d) bC?

(e hrtg(P ( 1)) < n+1 moreoverhrtg(Fil *( 1)) < ns1 -

Proof. We prove this by induction on ; there is suchn let n( ) be the minimal
such .

Casel <
Easy: evenforn=0,asif = cf( )> anda Reg\ so trivially jaj <
and | is @-complete ideal andhP : < i is witnessto = ps-tcf( a<)

then < hrtg(P (P (sup(a))) (can use less)?.

Case2 =
Let n = 1 and use the @-completeness to get that without loss of generality a
is bounded in and use the proof of Case 1.

Case3cf( )> @; >
We let h - :" < cf( )i be an increasing sequence of cardinaks  with limit
so" 7! n( +)is a function from cf( ) to ! hence for somen; we have = supf - :

n( -)= nig.
Let n; be suchthatcf( )< ) cf( )< ,. Now maxfni;n,g can serve.

Case4 1= * orsup( \ Reg)<
Easy.

Case5¢cf( )= @and > and =sup( \ Reg).
Toward contradiction assume this fails. We rst choosea;; D such that

()1 (@ a Reg\ of cardinality <

(b D as@-complete lter on a
such that

() 1= ps-tcf( a1;<p,) is well de ned and hence>
Without loss of generality
()2 (@ a\ * =;andsup@)< andng=n() maxfn(): 2ag<
I

(b sup(ga) < o<
(C) (al)< n3<
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[Why? Note that n( ) is well de ned for 2 a; by the induction hypothesis. As
D, is @-complete, for somen, <! theseta =f 2a :n() ng2Dj. By
XXX we can replaceD; by D + a‘f and even replacea;; D by a&’; DY, also without
loss of generalityn,  n; and without loss of generality n,  n; and without loss
of generality some min(Reg ) < min(ay).

Also, alternatively, n(sup(ai)) n,. Let nj ni;ny be such that ,, >
hrtg(Fil *(a1)).]

By the assumption toward contradiction, there is a pair (a2; D») such that

+

1 (@ a Reg\ n

(b jagj <
(c) Dyisa ;( )—complete Iter on a
(d) ps-tcf( az;<p,) is well de ned hence>

As hrtg(Fil *(ay)) < ns and min(a;) > min(Regn ) by 1.11, the no-hole claim, we
know

o forevery 2 a, thereis asequence =h . : 2 ai such that
(@ . 2 Reg\ n

(b = ps-tcf( 7 <Dy)-

As we assume AG, recalling japj <

3 (@) thereis asequencédr : 2 ayi as above
() ag=has : 2a liwhereas =f . : 2ag2[Reg\ ] 2
(cp let =h. : 2ai.

By the choice ofn,, etc. and Theorem xxx using clauses (x),(y) of the assumptia

4 foreach 2 a; thereisasetS f b as :sup(ps-pcly com(b) g of
cardinality < , with union a

5 hereishS : 2 ai as above.
[Why? By AC,, because AC, ]
6 there isA 2 D, suchthat (8 2 a;)(9B 2 F )(A B).

[Why? S = [f S : 2 agis a set of cardinality n, as we havejP |j 2

and AC,, holds and jaj n, and ny < n,. De ne an equivalence relatione on

az: 1621 (BA2S) 12A, 22A). Sothefunction 7!'fA2S : 2Ag

witness that ja,=¢ < hrtg(P (S)) hrtg(P ( n,)). But D2 is }_ -complete and
ns > (P ( n,)), SO we are done.]

7 (&) without loss of generality A2S ~ 2a) A2fa;g.
[Why? By xxx.]

3 sup(ps-pcfy com(as; ) for 2 a.
[Why? By 7 and the assumption onS .]

o let D3 be the following Iteron Y =a, &
D, Dp=fA a a:f 2a:f 2a:(; )2Ag2D;92Dyg
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10 (@) ps-tcf( ;< p,) = = ps-tcf( az;<p,) > where
=h. (; )2Yi
(b leth : < i witness it
1 D = fA a a1 ??

We shall try to prove that ( ;< p ) has a small conality. Let c=hc : 2 ai
bec = pcfg com(@s; ) SOJCj< (2. Q
Foreveryf 2 fc : 2agord=H : 2 &i2 [c]@° let Dg = fA
2a;

Y:f 2a:f :(; )2Ag=a modJ-d ]=Jk()[ ]92Dig

1 (@) Dy is an @-complete lter on Y

(b sup(ps-pcfy com( :< b,)) denel, by the minimality of a;
see ()1(d)
2 (a) let c= \ pS-pCf@ com( )
(b lethk. : < 2dbesuchthatF =Hh . : < i withess

= ps-tef( ;< 5. )
5:2
Discussion 5.3. We try to continue below but x5 seems to solve it another way.

Discussion 5.4. We try to analyze the remaining cases. If we addP ( ,)j <
for n<! by forcing without loss of generality

otp(a) = @= cf(@)
D- = dual(J< +[a])
letE="fb, bi:b a;jbg<@ for =1;2g.

So let
23 ) c = pspcfg com(f ; : 2ag N
F=c
2F ) d = pspcfg com(:< J%g)de ne naturally

d=[fd : 2Fg

hA 2 ps-pcfg com( )i-
So

2d) (8@ 2a)(8%a)(; )2A ]

By forcing without loss of generality

jci=@.
Question 5.5. Assumea is the disjoint union of "< @i;a Regn; jag< .

Do we have ps-pchy con(@) = [f PS-Pcla com( )ik (PS-PCia com(@))

countable?
This is a consequence of the existence of smooth closed gestérg sequences;
but does it exist here?

Question 5.6. Does it help to collapse 2 and so nd as an ultralter E ona;
such that V& =E has standardN, etc.?
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X 6. Absoluteness for non-well founded ultra-powers
Question 6.1. (to [Sh:F1039])

This may be used inx5 to immitate [Sh:460]. Here we try to avoid using the
\smooth closed generating sequences".

Check What does this give directly?

fm@

Hypothesis 6.2.

(@ AC (), = ()>@

(b D is a uniform @-complete ultra Iter on = ()

(c) P a forcing notion, D a P-name of an ultralter on P ( )V extending

D ;G PgenericoverV,in V[G];D[D]= D

(d) W =W =D , so in general not well founded, computed inV [G]

(e) ] = je is the canonical embedding ofV into W . .
Remark 6.3. 1) We may demandP (P) well ordered and ACp (p ) holds. m
2) Natural to chooseP = (fD : D and @-complete Iter on extendingD g; ). fm

Clam6.4. If 1+ ,then when

1 (3) 1< 2< 3
2= j( 2){ Y=D,) can we use lessAC<
V satis es enough for Theorem gxxx with( 2; 3) here standing
for (; jY]) there
(b Djis an @-complete ultralter on 3
(© W isV =Dy, ie. (V| 2)p}
(d) j is the canonical elementary embedding of into W
(&) W FE\ ais a set of regular cardinals> j( ) of cardinality j( 3)"
(f) WFE\M : 2d wherec=ps-pcf , .,,(a)i is a generating forcec
(not just (@) as in gxxx")
(99 Y=f :WE\ 2a'g
() for 2Yletl bef :W E < glinearly ordered by<%W so
H @ 2Yiexistsinv
() =h : 2Yiwhere =cf(lp)
() J=f 2Y:WEFE 2bg:W F\b ahave cardinality < j( 2)g
(k) J*=1fZ Y :(Qu)Z wu2J)g
M Jisff :WE 2ug:W F\u2J- [d'9
(m) J*:=fW :(u)(W u2J)g
(a) Y is of cardinality ( 3)¢ ¥)=D, a cardinal

(b if Z2JthenjzZj ( 2){ Y)=Dy (is this well ordered?) no real harm
assuming yes; similarly Y
(c) the following are equivalent
Z W has cardinality 2
forsomeu2 W;W F\juj j( 2)"andZ f a:W E\a2u'g
(d) J* is an ideal of subsets ofY, in fact in [Y] 2
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(e) = ps-tcf( ;JS") for 2Y
(f) J" =fA:A A :b2[Y] zand(8 2b)( <w )g
2b
(9) ps-pcf; comf 1 2@=1f : 2.
Remark 6.5. 1) Applying this in x4 we leta; ,; s standforhf . : 2aqg: 2

a1i=D;j( n,)2=Dj;j022D) there.
2) Well the problem may come from unde nable Dedekind cuts in (Y;<w Y).
Howevera; = hj :i< qi;ap = h-:"< ,ilet D, be a ;-complete Iter on
a, such that = ps-tcf( ap;<p,) is too large. So we usei = h i< 90 2
Reg\ (i);W Flaie. Y=h : 2j(1)i;j(D2)isaj( ;)-complete Iter on
it 2).

We may wonder: what lter does j(D») induce onh «=D; = h «; i< 1i=Dj:
"< ;i (from the outside)?

Exactly D, by the completeness.

Proof. Clause (a) Straight
Clause (b): Follows from clause (c).

Clause (¢} If Z W and jZj 2 (in V) this member of Z has the formf=D ;
with f 2 ( )V, so by AC , we can nd a sequencetf; :i<i ()  »i such that
Z=ffi=Dy:i<i()g. For"< qletz.-=ffi("):i<i()gsohz-:"< 4i2
1V henceZ =hZ-:"< 4i=Dy, 2 W.

As 'V F\ jZ+j 2" for " <, by the relevant version of Los theor@ (quote
use AC,!) we haveW F\jZ j j( 2)"andobviously i<i()) f;2 Z)

"<y

W E\fi=D; 2 Z ". So we have proved one direction. The other is even easier.

Observation 6.6. [AC (]
Los theorem holds and sqg is an elementary embedding.

Clam6.7. If = =D (in V)then foreveryw W the following are equivalent

jfa:W F a2 wgj
for somew 2 W we haveW E\jwj j( )" andu f a:W F\a2w"g.
Proof. See above.

Claim 6.8. If | is a linear order of co nality > then fj(s):s2lgis a conal
subset ofl W = 1 [W ] the linear order with set of elementsfa: W F\ a2 1"gand
IW Ela<b"i W E\(IFa<b)".

Claim 6.9. (Also 3.9!) 1) If W E\ | is the linear order (a;<) 2 Regnj( )" then
in V[G], tcf(1V) 2 Reg" .

2) Moreover if | = f=D ;f : I (the class of regular cardinals)_then for some
p2 G and 2 Regn we have =ps-tcf( f;<p,).

Claim 6.10. If s aregular cardinal > jPj+ andu=hu : < i isa sequence
of non-empty subsets oDrd"W anda2u “b2u ~ < ) W [F a<bthenu
has an lub, i.e. there isa such that

a 2 ord"W
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< Ma2u ) WpFa<ay
if &% satises 1+ ,thenW Fla a°".
Proof. By xxx.
Claim 6.11. (Like 6.5(2).)

Claim 6.12. A su cient condition for W E\ 2 (f=D)\ (Regn\j( )")
is: P=(D*; )and(f;D ) or niceness (check!).

43
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X 7. More pcf with little choice: a try
Question 7.1. (To [Sh:F1039])

X(7A)  Introductory Remark

Discussion 7.2. We observe [Sh:938x3,x4] works if we demand just that Dy a
semi- Iter. Then we replace measurable by the chosen win in aut and choose
game. Third, ?

Lastly, let the chosen choose few instead?

De nition 7.3. We sayD is a semi- Iter on Y when:
(@ D P(Y)
(WifA B YandA2DthenB2D
(c) ;2D andY 2 D.

Claim 7.4. If in [Sh:938, Def.3.1(b)( )] we weaken the demandDy is a Iter on
Yq" to \ Dy is a semi- Iter on Yg" still all the claims (and de nitions) in  [Sh:938,
x3,x4] works.

x(7B) Games and Rank

De nition 7.5. We sayx is appropriate when:

(@ x=(;;;D 15D2)=( x; x; x:Dx1:Dx;2)
b > > are cardinals
(c) Dy.1 Dy, are lters on

De nition 7.6. 1) We sayx is large when the chooser has a winning strategy in
the gameay de ned below.
2) The game ay between the player cutter and chooser last moves in the n-th
move a setAn+1 2 D;;z is chosen, lettingAp = . In the n-th move the cutter
chooses, < andf,:A,! ,,and the chooser chooses, 2 [ ,]°®* ) and let
Anaa =F 2A5 ()2 wyo.

In the end the chooser wins i \f A, :n<! g2Dg,.

For the rest of this section

Hypothesis 7.7. We assumex is large andst is a winning strategy for the chooser
and , =1.

De nition 7.8. 1) P = pos(x,st) is the set of nite initial segments of a play of
the gameay during which the chooser uses the strategyG; we denote such initial
segments bys and Ag is A, for the maximal n <! such that it is well de ned.
2)Fors;t2 P lets ti sisaninitial segment oft.

)LetP s=ft2P:s tg.

De nition 7.9. 1) For s2 P let Dg = Dy.gts = fA «. for not do we have
s t~A\ A;=; modDy.20.

2)We denerks(f)2 Ord [flg bydeningwhenrks(f)= fors2 P;f 2 Ord
and 2 Ord (and let rk(f) = when belowt = s is O.K.)
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rks(f)=Bi < 6 :(rkg(f)= ) forsomet2 P ¢ foreveryg2 Ord
satisfying g <p,.,+a, f wecan nd <  such that rki(g) =

Claim 7.10. 1) For s2 P andf 2 Ord, exactly one 2 Ord [flg we have
rks(f)= .

2) Assumef;g 2 Ord ands2 P. If f = g mod(Dy. + Asg) then rks(f) =rk +(9)
and if f g mod(Dyx.2 + As) then rks(f)  rke(g).

3) [DC] For s2 P andf 2 Ord we haverks(f) 2 Ord.

Proof. Easy.

fgl7g
Claim 7.11. If =rks(f) andh: Ag! then for some"< andt2 P 5 we
haverk{(f)= andh A; is constant.

Proof. Without loss of generality rks(f) = .
Not sure, try de nition by forcing when ... ?
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X 8. Various
x(7C)

De nition 8.1.  AssumeD is a Iteron Y.

1) Letoq(Y) = oq(Y;D)= ff :f afunction from Y onto some ordinab.

2)Forf 2 oq(Y)let e = f(yi;¥2) :y12 Y;¥22Y andf (y1) = f(y2)g.

3) Letoeq(Y) = fe : f 2 oq(Y;dag.

4)Forh2 oq(Y;D)let D=hbefx Rang(h):h (X)2 Dg, a Iter on Rang(f)
which necessarily is an ordinal< hrtg(Y).

5) For f 2 YOrd let g be the following function:

(a) Dom(gr ) = otp(Rang( f))
M g@= 1(9(y2Y~f(y)= "i=otp(f(y)\ Rang(f)).
6) For f 2 Y Ord let hs be the following function:
(a) Dom(hs) =Y
(B hr(y) = otp(f(y)\ Rang(f)) 2 oq(Y;d).
7) AssumeD 2 Fil'(Y)andf = H : < ()i is a<p-increasing sequence of
members of" Ord
(@) we letu=hu, :h2 oq(Y;D)whereup, =f < ():hf =hg
(b fc[)h] =hy : 2 ug,iis<p-increasing.
Claim 8.2. AssumeD 2 Fil',
1) Assumef = i : < i is a<p-increasing sequence of members ofOrd
(@) hugy, h2o0q(Y;D)i is a partition of Y
(b) cf( ) hrtg(oq(Y; D)) then for some h 2 oq(Y;D) the setu;, is an
unbounded subset of
(c) for h 2 oq(Y) the sequencegs : 2 ug., i is a <p=p -increasing sequence
of members of°°m(M Ord
(d) in (b); if =j jthen for someh 2 oq(Y) the setu;.,, has order-type .

2) For 2 Y Ord for every regular hrtg(Y) we have

(a) 2 pS-th —com( ) |_ 2 pS-th -com (g )
(b 2 dp-tef ()i 2 dp-tcf (g ) recalling dp-tcf com( ) = f

for some D 2 Fil'(Y); =tcf( ;D ), equivalently there is a co nal se-
guence of members of g.

Observation 8.3.  If AC g v) then hrtg(Y) is a successor cardinal.

Proof. Toward contradiction assume hrtg(Y) is a limit cardinal say @ ).

For < hrtg(Y)let F ! = fg:ga function from Y onto g, by the de nition of
hrtg(Y) it is non-empty, hence by AC the setF ? = ff : f a one-to-one function
from into Ygis non-empty. AshF 2 : < hrtg(Y)i exists and AC (v) holds,
there is a sequencéf : < hrtg(Y)i with f 2 2. De ne the function pr with
domainf(; ): < hrtg < (Y)gbypr(; )= @+ ,nowpr(; )< @41

<

hrtg(Y) so pr is one-to-one into hrtg(Y ), also the range of pr is an initial segment
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of Ord, and jRang(prj = Dom(pr) as it is one-to-one and obviously jDom(pr)j
together pr is onto hrtg(Y). We dene hy : < hrtg(Y)i by yu, y = f ()
for < @ < hrtg(Y); let u=1f < hrtg(Y): (8 < )y 6 y)g, so easily
< ())@ +1 = ju\ [@;@41)], hencejuj = hrtg( Y), hencehy : 2 hrtg(Y)i
exemplify ( Y) > hrtg(Y), contradiction.

fc3.12yg
Claim 8.4. Assume [?]
(a) Fp : D 2 ps-tcf-1( )i isasin ?
(b D=H;:i<i()< i%?> ps-tcf-1 ()
(c) for D as above and 2 ~ tcf( ;< p,) letFp = fsupff  :i<'g()g:
i
f 2 Q Fpo..,gwheref =supff , :i< g ( )gwhich meanss2 Y )
i<'g ()
f(s)=supff (i):i<’g( )g o
(d) fFp, :D 2~ (ps-tcf-1 (D)) and 2 tcf( ;< p,)gis conal
i<g ()
(e) ps-cf () =sup(ps-pcf ( )) where we deneps-cf( ) S when ...
2
fcl3yajang
Claim 8.5. Assume
(@ D2Fil'(Y); @iand y>1fory2Y
(© rko( )= =1]]j
(d) cf( ) > hrtg(Fil 1(Y)).
1) For some J 2fJ[f;D]:f 2 YOrdg we have =otp(f : thereis 2 such
thatrkp( )= andJ[;D ]= Jg).
2)? In (1) if dual(l) D312 Fil*(Y) then rkp,( )= and?
3) ? Moreover in (1) if 2 ,tkp( )= ;J[;D]1=J thenrkp,( ) ??
Proof. 1) For"< letF.=f 2 rkp( )= "gsoF = h. "< | exists
and"< ) F-6; byxxxxand [f F-:"< g= .
Let Fog = f 2 F« :J[;D] = dual(E)g fcg E 2 Fill(f)) extending D
and letug = f"< :F.t 6 ;g,s0F. = [ fF.e : E 2 Fil}(D)g and
=[fue:D E 2 Fil*(Y)g. Ascf() > hrtg(Fil *(Y)) necessarily for some
E;jugj= but ug =j j hence otpug) = , so dualE) is as required.
2)By (3). ?
3) ? SoJ is from (1) and toward contradiction assume duald) D; 2 Fill(Y)
and 12 , but rkp, (1) ; without loss of generality y2 Y ) 1, > 0 and
rkp,( 1) = 1. Now we chooseF ; F 1E ;E2 as in the proof of part (1) starting
with 1; 1- ??
fcldyg

Claim8.6. [DCI1)If @< =cf( )< thenrkyu( )> ™.
Proof. 1) Clearly J®® is a uniform -complete Iter on . Let h; :i< i be
increasing continuous with limit ; < o. Foreach < 7 let

F = ff :f a one-to-tone function from some subset of onto g

G =fg : g forsomef 2 F gwhere forf 2 F forsome < * weletg be
de ned by
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( )o Dom(gr) = andforeveryi< ;g (i)= otp(fg("):"< ;\ Dom(f)g)g
()1 F 6; for < *
()2 G 6; for < *

Q .
()G
<
[Why? As the setff ("):" 2 ;\ Dom(f)g has cardinal i, SO have order type
< ]
I

()saif 1< ,andg, 2 G, then for someg; 2 G , we haveg; < g, mod J°¢,

[Why? Let g = ¢, SO 1 2 2 = Rang(fy) solet ; = f("1) and i; be a
minfi< : ;>"jg LetU =f"2 Dom(f,):fo(")< i1gandf,="f, U and let
O1 = O,,soclearlyg; 2 G ,. Nowifi2is; Othenffy("):"2 1\ Dom(g,)g
Bi\f fo("):"2 i\ Dom(fz)gand 12fg("):"2 i\ Dom(f,)g, so clearly
a. (i) <ar, ().

Sog: < g, mod JP? is as required.]

For 2[ *; * ) and we shall prove that rkp (g) for someg 2 , this
Su ces.

As () there is w such that

()(a) u=hw:i< i
B i< )j wj=

(c) =[f w:i< g.
As cf( *)= we can choose such that
()@ =hjj< i
(b is increasing, j > ;
(c) is with limit .
Nowy 2 Y let
()wy=1[fw:i2yg
()fory2y
(a) jwgj
(b ??
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x 9. Private Appendix
We can add to [Sh:938, 2.6,2.7]
Claim 9.1. The lter D;4-commutes with the Iter D; (see[Sh:938, 3.1] when:

(@) D* 2 Filge(Y) for " =1;2
(b Dy is -complete
(o) if Jy 2 fJ[f;D1]:f 2 Y1Ordg or just J; is a -complete ideal extending
dual(D;) then A Y; butdual(J;) 2f D+ A : A 2 D] g; this follows from
clause (b) + DC VAC»p (v,) whenDy is -c.c., i.e. there is no sequence
bA; i< i of a pairwise disjoint sets from D]
(d) DC and ACyv,, ACy,
(e) ( ) Dgpis P (Yz2)-complete or just
() ifhMBs:s2Ai2AJ;)andA2Jy;J- 2fJ[f;D-]:fgfor
*=1;2then for someB 2 J; and we haveA A;A 2 J;
we haves2 A ) Bs Bs.

fkl7g

Proof. Stage A

Let A2 D,and B = hBs :s2 Ai 2 A(Dy) and J! = hil : t 2 Y,i where
J}2fJ[f;D,) : f 2 Y20rdgand J, 2 fJ[f;D,) : f 2 '20rdg, i.e. as in the
assumption of 4 of De nition [Sh:938, 2.1]. We should nd A ;B as there.

Stage B

For eacht 2 |, there is A; 2 D] such that J! = dual(D; + A;), hence as AG,
holds such that PA; : t 2 Y,i exist. Why? By clauses (b),(c) of the assumption.

Stage C
Choice of B ;A . Apply clause (d) of the assumption applied to J2;hA; : t 2
[2i). 10:15
fk19g
Remark 9.2. 1) We can weaken \D; is -complete, -c.c."to \ D, is -complete,
*-c.c." when we have some normality conditions.
2) We can replace this by \any J[f; D ] is of the form D, + A for someA 2 D] ".
We can add in [Sh:938 x4]
fk23g

Conclusion 9.3. [AC. and a limit singular cardinality]

Assume =supf < : forsome 2 [; )on thereisa -complete -c.c.
lter D on g. Then for every ordinal for some < ,forevery 2[; )and
-complete -c.c. Iter D on we haverlg ()=

Proof. By 10.15 and [Sh:938, 4.1]. 9:3

We denef : Y ! P (Y2) by f(s)=ft2 Yy:s2 Aig; asDy is (P(Y2))-
complete lters on Y; necessarily alsal, is a (P (Y2))-complete ideal onY; hence
there is

Y, Yzsuchthat A :=fy2 A;:f(y)=Y,gbelongstoJ; .
Chooses 2 A soY, =f(s)=ft2Yy:s52 AiQ.
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x 10. Private Appendix

Remark 10.1 pcf inventory (August 2009)

1) See [Sh:F663] lecture - [Sh:43(6] is locality proved for pcf com( ); > ja.
2) See Rinot question [Sh:F893].

3) See the notes for Larson [Sh:F814] - on HOD.

4) Continue [?], see [Sh:F878].

5) Failed try to continue [Sh:460, x5B], [Sh:F563].

6) [Sh:F355] - on consistency - answer Gitik?

7) [Sh:F354] =sup( \ pcf(a)) is weakly inaccessible.

8) Densities of basic product [Sh:F132], covered by paper Wi Moti?

9) [Sh:F50] to Shimoni.

10) Hopes rank for precipiousness?

11) Sort out? Y, is well ordered, need INDg (D)?

12) (09.10.19) A related question: letx = h(Y,;Dn;hn):n<! i is hereh, : Yy !
Y and D a lter on Y and we try to prove

() foreveryf 2 Y Ord, for every large enoughn we have rky, (f h,)  rkp (f)
or similarly for Depth.

13) (09.10.26, old thought) As we pass from co nality to psewo-co nality, iterate
this notion and then have strong dichotomies.
14) (09.11.15) Think of a problem where:

(a) Depth(' (@);Dg,) large given an answer.
15) Tasks (2010.1.08)

(a) if Y = , then we can replace AG (v) by DC -
(b) replaceY by all < (Y), just split to some ?
(c) De nition dp-pcf (Y) = fx : regular and there is a Iter D such that

= dp-tcf( ;< p)g where: dp-tcf( ;< p) means there is an increasing
co nal of this length

(d) nice results but no existence

(e) given , how much choice needed to ndD with dual(D) = ([ Z]* +(YnZ)
for somezZ?

(f) for a -sequence of length; < p,-increasing in Y Ord, is there <p,-lub for
someD, D;?

(9) smooth closed generating sequence: by D¢;?
(h) generalize [Sh:460]

(i) get bound or Depth @,

(j) try for a dichotomy: with IND

Discussion 10.2. (2010.3.08) Why the question 10.4(1) help? similarly 10.4%).
So assume

(@ f 2 (Reg\ 1)
(b D 6non—principal ultra Iter on
(¢) cf(”~ f (i)=D)= ~
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(d) no f=D <f =D satises (c), or do we use less?

(&) <; hygq; i ,probablyassuming?2 < maybe itis much less interesting
though we may get more than in [Sh:460], thenD is in V 7;jPj = 2

(f) 12 Reg\ 2ni(j< )
(@ *=tef( " 1;<e)
i
(h) for eachi< ;f (i) is inaccessible for any -complete lIter/ideal on
Y,
Without loss of generality @ <f (i).

i
We can nd g 2 (f (i)\ Reg) forj < such that j;cf(g;;<p,). Let
a=fg(@i):j< ogn( )*;V=V=D;j:V! V;a=hg:i< i;A = a=D, so
V F\(g=D)2A"" (A has cardinality j( ))\ (A a setof regulars> j( ))"
So inV we have the basic pcf resultsby_p[a=D : g=D 2 Ai;H 9P . 2

g=Di as in xxx.
Note

V F \there is a division of to setshuj " <" 4i, max pcffg; (i) :
j2upg<f (i)

in V;A islistedbyh.:"2 =Di

inV and =D 2V js linear order with fj(j):j< gunbounded in it

if V E g=D= tcf( 0a=D;<g) then this is essentially true letting E be
g2l
the Iter@n fa:ViFEa2lg 2= cf( gaj<p); = cf( g;<p) we have

= tcf( a;<g)whenthe ,> 2.
a

Discussion 10.3. (2010.3.8) We return to the trying to improve [Sh:460].

Question 10.4. Concerning [Sh:460], so say for > cf( )(= @)? s the rst
counterexample> 2 ~so cf( )= cf( ). Let < ;D an ultralter on  such that
for somef 2 ,cf( ™ f (i);<p)= *.

i2

1) Can we have ¥ =ID is the rst f=D such that cf((_2 f(i);<p)= *?
2) Or at least can we nd a such that I

(@ a=hg i< i

(b) a2 [Reg \ ]5

9 f2 a) Cf(if(i);<o)= " and

W
(d) g2 " cf(gi<p)= ) (f=D <g=D).

f2 a

3) Maybe is the rst such that:

( )1 for arbitrarily large <  (regular < )thereisa2 [Reg\ ] bounded
in ; 2 pcf(@;b2[a ) =2 pcf(b).

In the case clause (d) holds

Claim 10.5. (2010.3.08) We assume an axiom fron{Sh:835]and prove RGCH in
the depth version for > cf( )= @ strong limitand AC ; < ) (P ()) <

fa2g

fg23g



modified:2010-10-24

(955) revision:2010-10-21

fr3lg

fk10g

fkl2g

52 SAHARON SHELAH

Alternative : (2010.3.08)

1) Assume DC. (and soP( ) < for < . Use the RGCH version with nice
representation of pcf@), for the pseudo co nality version. Q

2) Is ps-pcf(ps-pcf@)) = ps-pcf(a)? So we have | = ps-tcfg (- i ;Mp,); =

i
ps-pcfg ( i;<p). Yes (but as anyhow we use pc§ comp. iterating ! ! we are
done).

Moved 2010.1.08 from 13.8, p.7

2) [ACp (v)] If D is -complete but not (< 1 )-complete then AC .

2) So without loss of generality D is -complete not *-complete hence there is a
sequenceA = PA : < i of members ofD with \f A : < g2 D and without
loss of generalityA is with no repetition. This implies < (P (Y)), but we have
AC»p (v) hence we have AC as promised.

Moved from pg.8:
For @-complete ultra Iter we get more

Claim 10.6. [true??] Let D be an @—comple(tf ultra lter on Y. Then for any

f 2 Y (Ordnf0g) we haverkp (f ) = ps-o-Depth( ~ f (t);<p) and the supremum on
t2Y
the left is obtained.

Proof. Obvious. 10:6

Question 10.7. 1) Can we prove parallel of the ZFC results?
2) (09.7.19) Is this not ( =D )?

Moved from Anotated Content:
X(2A)  Getting quasi-rank systems with AC< , pg.7 (090909)?

[We start with pre-rank-system p and de ne rank trying to get a strict rank
system using IND we get that the ranks are< 1 . Has to be read tolgether
with [Sh:938]. While this has to be checked we still use AC ; = n-

n
A new suggestion in 6.2, 6.3d, 6.9(5) has not been elaboted on.]

x3  Connection to IND, pg.13

x4 Appendix, pg.19
[We repeat [Sh:938X5].]
NOTE: pg.9l - can't read the top of this page

Discussion 10.8. Whereas our orignal intention was to use INDk), we actualy
use only INDY(x), which is much better.

De nition 10.9. 1) INDYNY,;D,):n<! i) means thatifno F = hF, :n<! i
is a witness against it which means:

(a) Fn is a two-place function from 1,41 [f xg into dual(Dy)
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(b) there are not, = hpe @ <ni2 I&;n for n <! | stipulating th,n = X we
ha.ve m < n ) tn;m tn 1;m 2 Fm (tn;m +1 ;tn+1 'm ).

2) Let INDYN(Y,; Dp) : n <! i) means that there is nohFp,, :m;n<! i awitness
against it which means:

(&) Fm:n is a two-place function from I, [fg into dual(Dy)

0 upey ("1 1M1 <X g coming from (F n ; F . ).
. . . P fkl4g
Question 10.10. 1) If we try to prove 3.12 with choosing (I=n)?

n

2) Try » = oDepth('" ;<,)is . Really for every 2 Q n we haveF for

n<!
the Y's witnessing failure of IND(x) can we combine to get a contradiction? We

have the Z's colouring by large subsets ofYy., with sub-additivity.

fkl6g
Claim 10.11. [ZFC] 1) If Yy = ;Dp=fu Y :Ynu gandY ! (!)3 then

INDANY,;Dy):n<!).
2)If Yy = 2;Y Dp-co-countable.

Discussion 10.12. We may\yvonder on relatives on 3.12. First, if instead ps-Dept
we use Depth it seems that AC,, is not necessary. Second, we may try to use

ranks instead of depth.

Does looking at the proof of 3.12 give more?

fkl18g
De nition 10.13. 1) We sayf is an (x; )-system or (A; x; ) is a system when
(@ x=HhYn;Dh:n<!i;D,a lteron Y,
(b an ordinal
(¢ f =Hp n<hy” )
(d) fn» 2 ' (with full choice without a more complicated
(e) "< andn<! thenf, <p, fn .
2) we say the pair ;") solve the system @; x; ) when
(a) t2 Q Yn
n<!
(b) "= Hln n <! | Where"n = Hln;‘ :‘ ni;"n;‘
Remark 10.14 With little choice for n<!;" < " we havehup» .. 1t 2 I,i.
If Dn+1 is | -complete then ?
fkl7g

Theorem 10.15. [ACy, for n<! ]
AssumeD, is an @-complete onY, for n<! and IND(hD, : n<! i then for
every , for somen we haverkp, ()=

De nition 10.16.  ACy.» where for everyhA, :y 2 Yi there ishBy :y 2 Yi such
that Ay 6 ;) By 6 ;:iByj jZj.
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Question 10.1-?. Interesting? Natural for a sequence ( Z)-complete lter, as in
we can useh 'Yy 2Yi.

a=2 By
Proof. We choosegy; Z, as in the proof of 3.12 using the de nition.

Remark 10.18 1) In (5B), ??(2) silly? We can nd disjoint Y;Y> with id( Y1) =
id(Y2).

2) De nition ??(2) line 2: 1 7! J.

Discussion 10.19. Seemingly [Sh:835] connect well to [Sh:F955].

So ssumeh ; i< i isincreasing with limit  and that is we should deal with
a game, where..?
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x 11. Private Appendix

Using pure  : July 2009 tm@

Denition 11.1. We say s is a frame when s consists of the following objects
satisfying the following conditions:

(@) hj:i< cf( )i isincreasing with limit

(b) setD
(c) Dg a lteron Ig = 1[d]ford 2 D
(d) ford2 D

() (d) f (e;h): e 2 D andh a function from I¢ onto I, such taht
Dg = fh°{A) : A 2 Deg
() pr(d) (d), asetof so called pure extensions
() ap(d) (d), asetof so calleda-pure extensions such that €; h) 2
ap(d)) le=1g”h=id,,
()d2 p(d)\  a(d)
(") transitivity of ? pr? ap?
(e) j isafunction fromDtocf( ) and Dy is jg)-complete andc 2 ~ par(d) )
1ISi< j@(®
(k) par(d) and for p2 part(d); X, = WX, : $2 Spi is a sequence of pairwise
disjoint subsets of 14 with union 2 Dgq and heps : s 2 Si is such that
eps 2 Dile,, = 1d;De,, = Da + Xpis SO€ps = d + Xps
() () ifdi2 p(do)anddz2 ap(do) then dg+q,d2=dy+5, d2
is a well de ned member ofDs and d3 2 (d2)\  ap(d1)
() above

() aboveife2 (di)\ 1(dy)thene2 ( d).

Question 11.2. Maybe cf( ) replaced by a linear order (which can have a pseudo
co nality)?

We now give examples

fmg
De nition/Claim 11.3. 1) Assume =h,:n<!i;J="h,:n<!i, when

Jn is a p-complete ideal onl,, and , < 41 (Orjust n+1)? We de ne
s=s.; and prove that s is a pre-system as follows (so = s, etc.)

(@ = ,and isgiven
(b Disthestofd:d=( ;A)=( 4;Ag)andforsomem=mgq n=ng<!
we have
()Fa=fF:F="HWn., img<mi ng ngi=Hhd. :mg
mi<ni ngi andFp,., : Q Fey! 3 (my
=mqy+l

() =hyn 1;::0;mi

()|d=@|‘

=m
() Dg = X l4: there are X- 2 J- for someF 2 F,4 for ° 2 [m;n]
such that A\ X f 2 1lg 1 (M1) 2 Fm,n,( [m1;n1]) whenever
mg mMp<nj; Nnggg
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(); 2Dgq and necDy is m-complete
(c) ford2D
() let ( d) be the set of pairs €;h) such that €2 D;me = mg  ng
Ne;F& o, = F. ., whenng my<n; ngandhish() =
[Mg;ng]
() p(d)=f(d;h)y2 (d):Fg, ., isconstantly ; whenng <nj (and
Mg Myi<ni nNe)
() ap(d)=1"f(e;h)2 (d):h=id,, sone = ng
(d) for d2 Ds and A 2 D let e = d + A 2 D be de ned naturally, it is
(da;Ad\ AF)
(e) part (d) is the set of p= (( Xp:s;€ps) : S 2 Si such that: for some so called
witness G = langleGm,;n, : Mg My <ni  Ngi;Gmyn, © Imi+1ingg !
m, With bounded range letting S°= fh 1,.n, : Mg mi<ni; nNgi:
min, < mgandAa = f 2 1g 0 Guyn,( [Ma+1in]) = i,
for my < njy from [mg;nq] we haveS, = fa 2 Al::2 Dy + Aag and
€aps = 0+ Aa
(question): should we allowjRang(Gm,:n,)j be large, etc.?
(f) part(d) = fp2 par(d):jSpj< m,9
(question: should we have pardl) f (e;d;p) : (e;h) 2 ( d) and as
aboveg?

Discussion 11.4. (09.8.17) 1) Discuss (here?) to achieve our hope (dichotomy
using [Sh:835]). We would like for every 2 Dy = dec< (O) to de ne what are

-objects which are a replacement for [ )orq . Maybe we should repalce deg ( )
by closing O by ordered pairing,but rst ignore this.

A natural try de ne when x 2 obj( ) by induction on “g( ).

If 'g( ) =0 then x is just an ordinal.

If 'g( ) = n+1then x consists of a non-empty setF 2 (' ())Ord, a set
A2 D+( yiAs = ft2 A:f(t)> 0g (or PAf :f 2 FijAg2 D+( y?) and a fucntion
which gives for everyf 2 F andt 2 As and objectx; 2 obj(h (1+ 7): " <ni).
We have to: (A) de ne rank, (B) using DC criterion for the rank being an ordinal,
(C) reprove [Sh:938] main Theorem.

2) (09.8.26) The example in [Sh:938x0] can be pushed up: use + @ ordinal
addition, ( ; rky( ) = for all relevant J's. Hence it seems there is no hope for
=@ bug, there may be for = i,. Atleast combine = 1i,; (P ( n)) <

n+l; = n and IND(h , :n<! i) or try the proof of [Sh:460, x1].

n<!

fml@
Claim/De nition 11.5. Like 11.3 but J = hl, : n 2 Oi, FILL. Now 4 is a

decreasing sequence of lengthy + 1, so Dg is ,(n,)-complete ande 2 ( d)

fmy implies e(ne) = a(na), Rang( ¢) rang( e).
Convention 11.6. We naturally let s = h g; ¢;Ds, par( ; ); par( ; )i and

fmiz ls:d;Dsd; Ss;p ; Xs;p;s ; Ds;p;z-
De nition 11.7.  Given a frames let tru( s) be the set of objectst consisting of:
(a) T: a set of nite sequences closed under initial segments
(b di- 2Dfort2T
(C) ht = fht;% . E %2 Ttl
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(d) for non--maxiam 2 Ty;(d;. ;h{. )2 (dy; )and p 2 par(dy. ) sat-
isedsucr,()=1f *si :S2 5, gandd; rcs> = €q,. and hipo res> =
hi for /% 2 T¢;°g() = m;g(%h = nthen ho @ lg, ! la,. IS
hi:h o0 hy. , wherehy. =h{ and =% for =m;:::;;n 1

m +1 T+l

€) i b + we have:h .y, mapsAg,, into Ag
if /%2T h h. Ag,, into A
guestion: put this in De nition 11.17?

fmlg
De nition 11.8.  Given a candidate s we try to de ne a rank; (we may omit the
subscript s as its value is xed).
If d 2 Ds and f 2 '[9lOrd we de ne rk (f) = rk § (f; s) 2 Ord [flg ; or we
may replace \tr" by 1 or omit it; by de ning by |nduct|0n on the ordinal when
rkl (f) »itholds i for every ;< thereis a pair (t;g) such that
(a) t 2 tree(s) where T, is well founded, i.e. with no! -branch
(b) dt:<> =d
() g=Hhg : 2 max(Ty)i
(d) g :lg[di:- ]! Ord
(¢) g <f hi<: modDy,.
(f) ki (@) 1
The choice in ?? though more transparent than the following relative, need nore
use of choice.
fmig
De nition 11.9.  Like 12.9 - FILL - rk3(f ), but maybe rk! is enough.
Check. fm2y
Claim 11.10. Let s be a candidate andk =0; 1.
1) The rank rk¥(f) for f 2 '91Ord is well de ned (2 Ord [flg ).
2) If (d2;h) 2, (dq) and f4 2 '[9:10rd then rk‘gl(f): rk'éz(f h).
3)If d2 Ds and f 2 '910rd and p 2 “par(d) then rkq(f) = minfrke, (f):s2
Sp0.
Proof. 1) Easy.
2) Use + on D - FILL.
3) By induction - FILL.
fm2%§

Claim 11.11. For a free? s the following condition (a),(b) are equivalent: and if
s=s., from 11.3 we can add (c), and ifs = s. ; is from 11.5 we can add clause

©":
(a) rkq(f)= 1 for somed 2 Ds and f 2 'lOrd

(b) theret 2 tree(s) and Y T, such that(8 2 lim, (T{))(9* n)[ n2Y)
andf 2 'l 1Ord for 2 Y such that for any < % from Y we have
foo<f 'y, mod Dy,

(c) : IND( ;J ) when...?
De nition 11.12.  For (; J) asin 11.3 or 11.5 let IND(;J ) mean that:

as%;t De nition 11.3 for every Frnpn : ljm+1:ny ! Im for m<n <! thereis
- suchthatm<n<! ) ()2an( [m+1; 7.

<n

fm2§



modified:2010-10-24

(955) revision:2010-10-21

58 SAHARON SHELAH

Case 2 De nition 11.5
[copied] 1) Abovepﬁ is not well O-founded i : there are"; f such that
~w¢ (@) " =Hjri<! iisincreasing

(b f=nHy ti<j<! i
(o) fi isa functio(s from Iy, oo,y Nt Jn

(d) forevery 2' - forsomei<j wehave i 2f( n;; n; ,3i00 niag )

i<!

Proof. FILL

We quote [Sh:938]

De nition 11.13.  Main De nition : We saythatp = (D;rk; ;j; )= (Dp;rkp; piips p)
is a weak (rank) 1-system_when

(a) is singular

(b) eachd 2 D is (or just we can compute from it) a pair (I;D)=(14;Dqg) =
(1[d];Da) =(1p;d;Dp:a) such that:
() (g)< ,on ( )see??
() Dgisa lteron Iqg

(c) for eachd 2 D, a de nition of a function rk ¢( ) with domain '9lOrd and
range  Ord, thatis rk p.q( ) or rk§( )

(d) ( ) isafunction with domain D suchthat ( d) D
() ifd2Dande2 (d)thenle = I4 [naturalto add Dgq De,

this is not demanded but see??(2)]
(e) ( ) | is a function from D onto cf( )
() letD =fd2D:j(d) igandD;= D ;nDjs«
() e2(d)) j(e) i(d)

(f) forevery < forsomei< cf( ),ifd2D j,thend is (p; )-complete
where:
() wesaythatdis (p; X)-complete (or (X )-complete forp) when: if
f 2'40ord and = rkq(f) and bA; :j 2 Xi a partition * of 14, then
forsomee 2 (d)andj< we haveA; 2 De and = rke(f); so
this is not the same as D4 is (X )-complete"; we de ne (p;jXj*)-
complete, i.e. ;< jXj*)-complete similarly
(g) no hole*: if rkq(f) > then for some pair (e;g) we have: e 2 ( d) and
g <pe f and rke(g) =
(h) if f = g+1 mod Dy then rkgq(f)= rkq4(g)+1
(i) if f  gmodDygy then rkq(f)  rkq(Q).

De nition 11.14.  We say p is a quasi rank -system whenp = (D;rk; ;j; )=
(Dp;rkp; piip: p) satis es De nition m4.3 of x3 of [Sh:938] if = 1, De nition
m4.4 of x3 of [Sh:938] if = 2 except that the rank may be 1 ; we write rkq (f; d)
ford 2 Dp and f 2 'd1Ord.

fm3@

3as long as is a well ordered set it does not matter whether we use a partit ion or just a
covering, i.e. [f Aj :j 2 g=lg4

4we may use another function here, as in natural examples her e we use (d) = fdg and not
so in clause (f)



modified:2010-10-24

(955) revision:2010-10-21

fm32

PSEUDO PCF SH955 59

De nition/Claim 11.15. For a frame s let p be the following quasi rank system:

; D; ;j are as in De nition 11.1
rkq (f) is as in De nition ?
Claim 11.16. 1) If (; J) is as in De nition 11.3 or 11.5 and IND( ;J ) holds, see

De nition 11.12 then pg.; ) is a rak system.
2) Moreover it is a strict one.

Saharon copied. 1) As in the proof of e5.g ofx4 of [Sh:938,x4,e5.g] or better see
the proof of 12.17 except that we use 12.9 instead of 12.8 wieimplify clause (f),
but is cumbersome in other places.

2) We check De nition m4.3 of x3 of [Sh:938,x3,m4.3].

Clause (a)P is singular.

As = | jand < g4+ thisis obvious.
Clause (b): Letd 2 D; = 4;J = Jy now clause () says (I )= (l j) =
©: ©+ < soasforclause (),\D; isa Iteron I ", it holds by the choice
of p.

Clause (c) rkg(f )= rk 4(f; p) is an ordinal as de ned in 12.9.

Clause (d).
Clearly ( d) is of the right form.

Clause (e)
Onj - see 12.13(2)(c).

Clause (f):
We prove by induction on the ordinal that:

(Yifd2Dandjd)>" andA=[f A : < .g2Dqandf 2 'HOrd and
A 2D}) rkara (f) then rkq(f) .

Now De nition 12.9 is tailored made for this.

Older version using 12.8 recheck
For =0and a limit ordinal this is obvious. For = +1lletY =f <
A 2Djgandfor 2Y letn = minfn: thereis (e;h) 2 ( d+ A ) such
that rko(f h) and ¢(0) = ng. Clearly n is well dened for 2 Y, and let
w:="fn:[f A : 2Y andn =ng2D}gand also the rest should be clear.

Clause (g) (no-hole)
By the De nition 12.8 or 12.8 of rk. Saharon 09.5.31 recheck.

Clause (h): rkgq(f +1) = rk g(f)+1.
We prove by induction on the ordinal that:

() foreveryd 2 Dandf 2 '4Ord we have rkg (f) . rkq(f +1) +1.

Clause (i): Obvious.

fm34
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Question 11.17. (09.7.19) Assume little choice and = minf :IND( )g. So

up to  we can apply [Sh:835]. Now above it seemed that if < ) AC and
is a limit cardinal, we can nd bound above to rky hence to rky( ) for J quite

complete ideal.

1) Assume cf( ) = @, we try to apply the above replacing ACc. by DC +( 8 <
)(: IND( )). So the problem is, on the one hand, about [Sh:938%3] with weaker

form of choice (as in [Sh:835]) and on the other hand the rightise of IND( ) here.

2) What above is a successor?

3) Even with choice, the bound on rank does not give a bound onportcf( n;<p)

well above (P ( n)) it gives with choice/without much choice - as can be done in

x1.

Claim 11.18. 1)If F : < iis<p-increasingin ( ; ;< p) thenrkp( )
2)Iff : < iare6p-distinctin ( ;< p)and > (P (‘g( )) then we can
use[Sh:E38]which continues[Sh:497]

3) As in (1) devise to P ( ) on each for someD, D the sequence is
increasing.

Theorem 11.19. 1) If IND(h , :n<! i then [?] - FILL.
2) For @ - [FILL].

The following information is not presently

Claim 11.20. 1) Assume(; J)isasin1l.3andn<! )j P (In)j< n+1. Then
for s='s.;, for everyd 2 Ds we can nd A- 2 J* for 2 Rang( 4) such that
n@)
“2my
2) Moreover, for every p 2 par(d) there is a re nement g such that eacheys(s 2
Sy) is of the form in (1).

3) In part (1) if J, = I where , = cf( ) in[ n; n+1) then in fact Dg + A
is isomorphic to D, where ¢ = 4; A = lg = le.

A- 2D} andDg+ A = D, for somee such thatle = Iq;Ae = QA\_

Proof. FILL.

x 12. Connection to IND
X(2A) Getting quasi-rank system with AC <

Remark 12.1 1) Below we can concentrate on the caseg(J) = !; h, :n<!i
increasing, even 2" < 4 and , = cf( p). p
2) We like to use less choice say only DC not AC ; = n. This is not achieved

n
for q% ; q?, so it seems. So we may like to change [Sh:9383]. Considerk =2;4 in
12.13(2) to use.
3) (09.7.18) We may hope that ifJ, =[ n] we need only, e.g. DC + AG ( ).
But then we do not look at Jn+1 + A;jAj = n41. So maybe havehl};J2:n<! i,
see 12.14 or maybe havé,, anidealon ,;Jmn =[ n] ™, see 12.19.
4) (09.7.18) Try IND ( ) or so ( (A)j = ; jAj = , no! -end-independent se-
quence or INDh j;l; : i < i looking for i, <ip+s < lIdots m 2 m; m 2
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5) (09.7.18) To de ne the ranks for p we better revise the pre-rank-system as follows.
For every d we have p(d) = B'(d), the pure successors and ap(d) = §P(d)
the apure ones and we have interpolation. In the conclusion w try.

In clause (), p-completeness, we shall try to gete 2, (d).

In clause (), also if (e;h) 2, (d);f 2 'eOrd;g=f h 2 '=Ord then rkq(f) =
rke(9).

In the de nition of rk ,, ??, (e;h) 2 (d), we may instead of rk,. ( ; ) ask
for a tree of pure extensions, but well founded tree.
5A) The natural case isJ = h), :n<! i;D=1f : ishyn 1;:::;mig; p(d)
is as there but ¢ = % ¢ but on Iy we use the originalJ. This ne to see that
it ts. If O or larger, we allow \side extension of " but min Rang( ) remains.
6) (09.7.18) But later we have preservation of ranks when we se isomorphicp or p
restricted to \ d and above". S@ ifdy = J°9; , regular, J°9;JP9 + A are the same.

6A) Maybe legal partitions of ~ | ~ is whenl () is dividedto < ().
- ) ) ff6.3 g
De nition 12.2. 1) Let J be called a candidate or -candidate when
(@ J=h):"< i, alimitordinal
(b) J- is anideal on -
() < o and - is non-decreasing.
2) We say that J is a generalized candidate wherfor someO:
(a) O is a linear order with no last element
(b J=h):"2O0i
(c) J- is a @-complete ideal onl- := Dom(J-)=[f u:u2 J-g.
In some sense the simplest example is
f16.3d g
Example 12.3. Let h, : n <! i be an increasing sequence of ordinalsl, :=
[ n]@ 0,
ff6.4 g

Discussion 12.4. (08.6.27) 1) We shall try to de ne a rank (from a p.r.s. or
p.r.s. ) such that clause (j) of m4.6 of x3 of [Sh:938] follows. It seems that a
necessary condition for the rank to be< 1 we need IND().

2) Naturally we can de ne p from J and a reasonable condition is IND() at least
when'g(J)=1!.

3) We can below use generalized candidates.

ff6.5 g
De nition 12.5. 1) We sayp = (D; ;j) be a -p.r.s. (pre-rank- -system with

=1;2;if =2 we may omit it) when in De nition m4.3 or m4.4 of x3 of [Sh:938,
x3,m4.4] it satis es clauses (a),(b),(d),(e) and we add in (9:

() is transitive: if ( hy:dy) 2 ( do)and (hp:dz) 2 ( i) then (hy hy:dy) 2
( do)

[check where used].
2) We sayp is a quasi rank -systemwhenp = (D;rk; ;j; ) =(Dp;rkp; piip; p)
satis es De nition m4.3 of x3 of [Sh:938] if =1, De nition m4.4 of x3 of [Sh:938]
if = 2 except that the rank may be 1 ; we write rkq(f; d) for d 2 Dp and
f 2 '9ord.
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2A) Alternatively: rk , is de ned as in 12.8 below [or 12.9].

Convention 12.6. 1) p is a 2-p.r.s.
2) We usually omit the p when clear from the context, similarly for rk4 (f; p) de ned
below.

Remark 12.7. 1) We shall try to de ne rk. We shall try to prove mainly (f) [th e
version with (e;h) 2 ( d)].

De nition 12.8. For p a p.r.s.,d 2 D and f 2 '[90Ord we de ne rkq(f; p) =
rkg(f; p) by de ning when rk 4 (f; p) for an ordinal by induction on  for all
pairs (d;f); so rk§(f; p) = whenitis but not +1,andis 1 otherwise;
by monotonicity well de ned.

=0: always.

limit : when rk§(f; p) for every <

= +1: when for some f;e) 2 ,(d) and g2 '®lOrd we haveg <p, f h and
rka(9:p)
De nition 12.9.  [Saharon 09.06.01: check that this de nition satis es addtivity
and rk(f +1) = rk( f)+1.

We de ne rk}(f; p) and dp}. (f; p) from Ord [flg for d 2 Dy;f 2 '[Ord by
de ning by induction on the ordinal

(@) when rk}(f; p) and
(b) when dpj. (f; p) for any ordinal
Arriving to  we let:

rki(f; p) i forevery 1< and < 1 thereis (h;e) 2 ( d) such
that rk 3(f h;p) 1anddpl (f h;p)
we de ne by inductionon < 1 whendpj. (f; p) ;itholdsifrk }(f; p)
and forevery ; < and partition PA- : " <" ioflgwith" < ;) parts,
there is (h;e) 2 ( d) such that rki(f h;p) and dpi. (f h;p) 1
and l¢ = |4 (Saharon 09.06.01: or use ;.)
Remark 12.1Q 1) In a variant we demand: andle = Iq * h = id g

2) By 12.9 we may derive a quasi rank system from a p.r.s., but & deal with the
special case which seems most interesting.

Claim 12.11. 1) The rank in De nition 12.8, 12.9 are well de ned.
2) rk§(f; p)  rkg(f; p).
Discussion 12.12. (09.06.01) 1) We would like to use AG, for constant U or at

most U depend on0. By the amount of completeness we need (approaching), if
we use ri( ;f})is it O.K.? Does it?

De nition 12.13. 1) For " =1;2 andp a p.r.s. we sayp is well “-founded when
rky(f; p) < 1 foreveryd 2 D and f 2 '4lOrd.

2) Similarly for p a quasi rank system (so now rk(f; p) is not as de ned in De -
nition 12.9, but is from De nition 12.5(2)).

De nition 12.14. For a candidate J = hJ- : " 2 i;J- anideal on - we de ne
p = p; as follows:
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(a) Dp is the setofd =(I;D)=(1q4;Dq) such that for some = ¢ we have:
() a noQ-empty decreasing sequence of ordinats
()1= )
<g ()
() D=D + Ay for some (; )—Iarge(jubset ofl which means
() A is (; )-large when A = Y- for someY- 2 [ (] © for
“n
“<n and
(") let uq = Ra@g( d);Du, = D
() D=fY ¢y - there is a sequencé- : = “g( )i

<n

suchthat Y, = Y;Yo=f<>gand™ 'g()) Y Q (m)
m<
and‘<‘g()" 2Y)f < (‘): Ahl%Yﬂ_ng()g

(b (d) = f(h;e): for some %we have ¢ = % g 2 Dandh:I ! | is
dened by h( )= h (g(%+ *): <'g ()i and h induces a mapping from
D¢ into Dgg
(@i()= (Cao() D
@ =0 "< g
ff6.11 g

De nition 12.15. 1) Similarly to 12.14 for a generalized candidate] = hJ- : " 2
Oi.
2) For a candidateJ = hJ, :n<! i we dene pj =(D;rk; ;j; )asin12.14 but:

(2)° D = fd : d as in clause (a) of De nition 12.14 but 4 = hn;n  1;:::;mi
wherem ng

(e)° rk is as de ned in De nition 12.8.
3) We de ne p;+2 as in part (1) or by ?? but replace clause @)( ) of ?? or part
(1) by:
()°D =1y Q ¢)- forsomeY:- 2 J- for * < n we have Q cynf 2
Q S
‘ ¢y (O <n) ()2Y]g
<n

4) For > =0;1 let q'J‘;‘ be the g expanded by rk (f; p¥). If * = 1 we may omit it.

ff6.12 g
Claim 12.16. 1) Above pﬁ is not well O-founded i : there are "; f such that
~ws (@) = H' :i<! i is increasing

(b f=H i<j<! i

(o fij is afunction from Iy  ooe i into Jn,

(d) forevery 2 » forsomei<j wehave i 2f( n;; n; 3000 niw )

i<!

2) Similarly for p3 (i.e. = ! we can above demand; = i, so it is equivalent to
:INDRhI, :n<! i,
Proof. 1) As in [Sh:513].
2) Easy as we can add to a function dummy variables. 12:16

Task: 1) Prove p3 satis es clause (f) for rk = rk ; de ned as in 12.8.
2) Check the rk(f +1) = rk( f)+ 1, but see below.
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Claim 12.17. 1) If J = hJ- :" 2 Oi is a generalized candidate ank = 1; 3 then

p'J‘ is a p.r.s. provided that \J- is (O)-complete”(?)

2)If J=hl,:n<! i is a candidate andk = 2;4 then p'J‘ is ap.r.s.

3) In part (1), q'J‘ is a quasi rank system.

4) Assumed = hl, :n<!i;Jyanidealon p; } < pe; = n. Mq'j is
a quasi rank system.

Proof. 1) As in the proof of e5.g ofx4 of [Sh:938,x4,e5.g] or better see the proof
of 12.17(?) except that we use 12.9 instead of 12.8 which sirtify clause (f), but is
cumbersome in other places.

2) We check De nition m4.3 of x3 of [Sh:938,x3,m4.3].

Clause (a)cP is singular.

As = | npand , < .4+ thisis obvious.
Clause (b): Letd 2 D; = 4;J = Jy now clause () says (I )= (l j) =
©: @+ < soasforclause (),\Dpisa lteron | ", it holds by the choice
of p.

Clause (cy rk§(f) = rk 4(f; p) is an ordinal as de ned in 12.9.

Clause (d).
Clearly ( d) is of the right form.

Clause (e)
Onj - see 12.13(2)(c).

Clause (f):
We prove by induction on the ordinal that:

(Yifd2Dandjd)>" andA=[f A : < .g2Dqandf 2 'Ord and
A 2DJ) rkgra (f) then rkq(f)

Now De nition 12.9 is tailored made for this.

Older version using 12.8 recheck
For =0and a limit ordinal this is obvious. For = +1letY =f <
«:A 2Dgjgandfor 2Y letn = minfn: thereis (g;h) 2 ( d+ A ) such
that rk o(f h) and ¢(0) = ng. Clearly n is well dened for 2 Y, and let
w:=fn:[f A : 2Y andn = ng2Djgand also the rest should be clear.

Clause (g) (no-hole)
By the De nition 12.8 or 12.8 of rk. Saharon 09.5.31 recheck.

Clause (h): rkgq(f +1) = rk ¢(f)+1.
We prove by induction on the ordinal that:

() foreveryd 2 Dandf 2 '4Ord we have rkg (f) . rkq(f +1) +1.

Clause (i): Obvious. 12:17



modified:2010-10-24

(955) revision:2010-10-21

f16.19 g

PSEUDO PCF SH955 65

Claim 12.18. AssumeJ = hJ, :n<! i is a candidate andIND(J).
Then p§ is a strict rank system.

Proof. By 12.17 and the de nition, it is a weak rank system. So we shold prove
the \strict", i.e. clause (j) of De nition m4.6 of x3 of [Sh:938] which we do by m4.16
of x3 of [Sh:938]. We use 1(d) = ( d).

On ()2t
Given d we choosg <! suchthatj> ¢(0)and assumee2 D ;.

X(2B) Reuvisiting

The simplest case below isx consistlpn = ; 1 < p+15Jd1n =[ oS ;Jdon =
[ nI° »,ind(; ); = n; minimal (or = 1)indy :2 Ord [flg

For there are algebras on with no independent ! -sequence hence [Sh:835]
and seex5 apply. But if using x we have a rank 2-system for which Theorem m4.13
of x3 of [?] apply (check!)

We may consider the pseudo version (using comgJ). We have to sort out the
amount of choice needed -seemingly.

De nition 12.19. We say that x is a! -candidate whenit consists of fie
(a) setl, forn<! ( acardinaland (< )=
(b) ideal Jhx onl, fork<!;n<!
(C) Jn;k Jn;k+1
(d) .
fk5g

De nition 12.20. For a 2-candidate x we de ne by induction on i <! what is
an x-object c= d of depth i, such that

() forsomeng <mgy <!; isan -increasing sequenc®&l x :k <! i of ideals
oNlmymng, = flk k2 [m;n)g.

The casei =0:
ng = mg +1 and let hq be the one-to-one function froml, onto I, ., and
Ji 20 (Im « + Ac) where Ay 2 3 and Ax  Ayyg fork<! .

The casei +1:
For somek; (1); (2) we have

(a) k2 (mg;ng)
(b ()isani--pair for somei- ifor =1;2
(C) Mg@) = M ;Ng@) = k
(d) My = k;nd(l) =k
(€) Mg = Kingy = n
(f) there are PA14; Aok - k<! i such that
() A 23 (yke
()B2Jgki B Imgn, and for someB; 2 1 3« we have 2 Axy
Ind(z) Nd (2 )f 2 Imd(z) Nd : [ 2 Bg 27?
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Remark 12.21 1) De nition 12.20? seemingly does not behave transitively
2) We may allow ng = mgq.

De nition 12.22.  For x an! -candidate, we de ne a p.c.s.p = p? as follows:
(a) Dy = fd :d is an x-objectg
(b ( d)= fd: for somed; the triple (d;d;,;d;,) is as in De nition 12.20
() j(d) is mg
d = n:n<l!ag.

Claim 12.23. If x is an ! -candidate thenp? is a quasi rank sytem.

Proof. FILL.

De nition 12.24. 1) For an ! -candidate x we say it is well founded when the
p.r.s. p2 is well founded, e.g.px is a weak rank system.
2) For a well founded.

Claim 12.25. If x is a well founded! -candidate thenpy is a strict rank system.

Proof. Stage A We have to check clause (1) from De nition m4.6 ofx3 of [Sh:938].
So assumed; ; ;f are asin there. Choosej <! suchthatj > ng4 and
toward contradiction assumee; g are as in  there.

Stage B We nd ( e;;g:1) satisfying  of clause (j) of m4.6 ofx3 of [Sh:938] and
Me, = Ng; note if we de ne as in [?](2) rather than as in 12.13(3), we would not
need this step, but then we may have to reconsider the proof off) of De nition
m4.3 of x3 of [Sh:938].

Stage C We use AG ) we continue as in 12.18 and irx4. But see footnote to 3
in  in clause (j) of m4.6 ofx3 of [?]. 12:25

x 13. Appendix: psuedo true cofinality

We repeat here [Sh:938x5].
Pseudo PCF

We try to develop pcf theory with little choice. We deal only with @-complete
Iters, and replace co nality and other basic notions by pseudo ones, see below.
This is quite reasonable as with choice there is no di erence

This section main result are ??, existence of Iters with pseudo-true-co nality;
13.19, giving a parallel ofJ< [ ]; and 1.5, on generators oﬂL 1.

In the main case we may (in addition to ZF) assume DC + ACp (p (vy); this will
be continued in [Sh:938].

Hypothesis 13.1. ZF

De nition 13.2. 1) We say that a partial order P is (< )-directed when every
subsetA of P of power< has a common upper bound.

1A) Similarly P is ( S)-directed.

2) We say that a partial order P is pseudo € )-directed whenitis (< )-directed
and moreover every subseff P : < g has a common upper bound when

(a) if < is a limit ordinal
() P=H : < iisasequence of non-empty subsets &f
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(©if 1< 2;p 2P, andp,2 P , then p1 <p p2.

2A) For a partial order S we say that the partial order P is pseudo ( S)-directed
when [f Ps:s2 Sghas a common upper bound whenever

(a) hPs :s2 Si is a sequence
(O pPs P
() if s<standf 2 Ps;g2 Py thenf<,g

(d) if s 2 S then Ps has a common upper bound (so ifS has no minimal
member this is redundant).

fr3g
De nition 13.3.  We say that a partial (or quasi) order P has pseudo true co nality
when: is a limit ordinal and there is a sequencelP : < i such that
(a) P P and =supf < :P non-emptyg
(D) if 1< 2<;p12P ;;p22P ,thenpy<p p2
(c) if p2 P then forsome < andq2 P we havep p Q. .
r4g
Remark 13.4. 0) See 13.2(2) and 13.8(1).
1) We could replace by a partial order Q.
2) The most interesting case is in De nition 13.6.
3) We may in De nition 13.3 demand is a regular Qardinal.
4) Usually in clause (a) without loss of generality P 6 ;, as without loss of
generality = cf( ) using P° = P;( y wheref( ) =the -th member off <
P 6 ;9. Why do we allow P = ;? as itis more natural in 13.17(1), but can
usually ignore it.
fr5g
Example 13.5 Suppose we have a limit ordinal a@j a sequencdA : < |
of sets with A = ;; moreoveru =sup(u)) A = ;. Dene a partial
< 2u
order P by:
(a) its set of elementsisf(;a):a2 A and < ¢
(b) the orderis ( 1;a1) <p ( 2;a2)i 1< 2(anda 2 A . for =1;2).
It seems very reasonable to say thaP has true co nality but there is no increasing
co nal sequence.
frég

De nition 13.6. 1) For a setY and sequence = h :t 2 Yi of ordinals and
cardinal we de ne

ps-tcf-1 ( )= fD: D a -complete Iteron Y suchthat ( =D )
has a pseudo true co nalityg;

see below.
2)We saythat =D or( ;D )or( ;< p)has pseudo true conality whenD
isa Iteron Y = Dom( )and is a limit ordinal and the partial order ( ;< p)
essentially does, i.e., there is a sequenc& = hF : < i satisfying:

5s0 necessarilyfs2 Y : s > 0Og belongs to D but is not necessarily empty; \I; it is non-empty

then = ;, so pedantically this is wrong, but we shall ignore this or__ assume t 6 0 when not
t

said otherwise.
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~r (@ F ff2Yord:f<p g
(h F 60
(¢ if 1< of12F ,andf,2F ,thenf;<f,modD
(d iff 2YOrdandf< modD thenforsome < wehaveg2 F )

f <g mod D (by clause (c) this is equivalent to: for some <
and someg2 F we havef g mod D).

3) ps-pcf () = ps-pcf comp( ) := f @ there is a -complete Iter D onY such
that =D has pseudo true co nality and is minimal for Dg.

A pef-1. ()= fD :D a -complete lter on Y such that =D has true co -
nality g.

5) In part (2) if is minimal we call it ps-tcf( ;D ) or simply ps-tcf( ;< p);
note that it is a well de ned (regular cardinal).

Claim 13.7. 1) If = ps-tcf( ;< p),then( ;< p) is pseudo(< )-directed.

1A) If (S)< = pstcf( ;< p)then ( ;< p)is pseudo( S)-directed.

2) Similarly for any quasi order.

3) Assume AC for < . If cf( ) =cf( )fort2 Y then( ;< p)is
-directed.

4) AssumeACy . If cf( ¢)> fors2Y then ( ;< p) is pseudo *-directed.

Proof. As in 13.8(1) below. 13:7

Claim 13.8. Let =hgs:s2YiandD isa lteron Y.

0) If =D has pseudo true co nality then ps-tcf( ;< p) is a regular cardinal;

similarly for any partial order.

1) If =D has pseudo true conality ; and true conality , then cf( ;) =

cf( 2) =ps-tcf( ;< p), similarly for any partial order.

2) ps-pcf () is a set of regular cardinals so if =D has pseudo true co nality
then ps-tcf( ;< p)is where =cf( ) and =D has pseudo co nality .

3) Always ps-pcf () has cardinality < (fD : D a -complete Iter on Yqg).

4H1lf =hg:s2VYi2 YOordandfs: s= g2 D then ps-tcf( =D ) =
ps-tcf( =D ) so one is well de ned i the other is.

Proof. 0) By the de nitions.
1) Let F : < i exemplify\ =D has pseudo true conality -"for > =1;2.
Now
()if 2fl;2gand - < -thenforsome 3 < 3 ~wehavegi 2 F "2
Fe ) 9 <p %

[Why? Chooseg 2 F ,;, choose 3 - < 3 jiandgs - 2 F 33  such that
g <g® modD|]

Hence
() hyg: 1! 2 iswell de ned when
hi( 1)= Minf 2< 5:(8g1 2 F ' )(8g 2 F 2)(¢1 <g2 mod D)g.

Clearly h is non-decreasing and it is not eventually constant (agf F1: < gis
conalin =D ) and has range unbounded in , (similarly).
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The rest should be clear.
2) Follows.
3),4) Easy. 13:8

Concerning [Sh:835]

fr9.yajan g
Claim 13.9. The Existence of true conality lter [ > @ +DC+AC < ] If

(a) D isa -complete Iter on Y

(h 2Yord

() =rkp( ) satises cf( ) (Fil1(Y)), see below.
Then for some D° we have

() D%isa -complete Iter on Y
()D® D
() =D %has pseudo true co nality, in fact, ps-tcf( ;< p)= cf(rk 5 ( )).
Recall from [Sh:835]
fr9ag

De nition 13.10. 0) Fil*(Y) = fD : D a -complete lter on Yg and if D 2
Fil1(Y) then Fil}(D) = fD°2 Fil*(Y):D D%.

1) Fil*(Y)= f(Dy;D,): D1 D, are -complete lters on Yg.

2) J[f;D]whereD isa lteron Y andf 2 YOrdisfA Y :A=; modD or
rkp+a(f) > rko(f)g.

fr
Remark 13.11 1) On the De nition of pseudo (< ; 1+ )-completeD see [Sh:938,
1.13=0z.51]; we may consider changing the de nition of Fit (Y) to D is @-complete
and pseudok ; 1+ ))-complete Iteron Y.
2) Related to [Sh:835].

Proof. Proof of the Claim of ??

Recallfy 2 Y : y =0g=; modD asrkp(hy :y 2 Yi) = > 0 but
fi;f22Y0rd” (f1 = fomodD) ) rkp(f1) = rk p(f2) hence without loss of
generalityy2 Y) > 0.

Let D= fD%: D%is a Iter on Y extending D which is -completeg. So (D)

(Fill@(Y)) cf( ). Forany < rkp( )and D°2 D let

()2 (@ Fpo=ff2 :rkp (f)= and D%is dual(J[f; D ])g
(B Fpe=[f Fpo: < rkp( )9
(0 po=f < rkp():F,po6g
(d F =1[f F.pw:D%2Dg.

Now

()sif < rkp( )thenF 6 ;.

[Why? By [Sh:938, 1.8(2)=z0.23(2)] there isg 2 ¥ Ord such that g <f mod D and
rkp (g) = and without loss of generality g2 . Now let D®= dual(J[g; D]),
so@;DY 2 Fil*(Y);D°2Dandg2 F o, see [Sh:938, 1.7(2)=20.23(2)], Claim
[Sh:835, 0.10(2)], here we use AC .]

()a fsup( p o):D°2Dand . oisboundedinrky( )gis asubsetof rko( )
which has cardinality < (D) (Fil 1 (Y)) cf( ).

9bg
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[Why? The function D°7! sup( .p o) witness this.]

( )s the setin ( )4 is bounded below rlg () solet () < rkp( ) be its supre-
mum.

[Why? By ()a]
( )6 there isD%2 D such that .p o is unbounded in ( ;< po).

[Why? Choose < rkp( )suchthat: > (). By ( )3 there for somef 2 F
and D°2 D we havef 2 F ( ;0o SO by the choice of ( ) the set .p o cannot be
bounded in rkp ( ).]

()7 if 1< zarefrom poandfi12F ,po;f22F ,pothenf; <pofy.

[Why? By [Sh:938, 1.7=z0.23], [Sh:835, 0.10(2)].]
Together we are done: by ()s there is D°2 D such that . o is unbounded

inrkp( ). Let F = F po: 2 .p ol witness that ( ;< po) has pseudo
true co nality, and so ps-tcf( ;< p) = cf(otp( . o) = cf(rk p( )), so we are
done. 2
So we have
De nition/Claim 13.12. 1) We say that = ps-tcfp (), where is alimit ordinal
when, for some setY:
(a) 2Yord

(b) D =(D1;D2)
(c) D1 D, are @-complete lterson Y

(d) rkp,( )= =sup( p. )where 5. =1f < rkp,( ) for somef <
mod D1, we have rky, (f) = and D, = dual( J[f; D 1]g.
2) If D1 is @-complete lteron Y; = h¢:t 2 Yi and cf( ) (Fill@(Y))

for t 2 Y then for some @-complete Iter D, on Y extending D; we have ps-
tcfio,.0,)( ) is well de ned.

3) Moreover in part (2) there is a de nition giving for any ( Y;D1;D»; ) as there,
a sequencdF : < i exemplifying the value of ps-tcg, ().

Proof. Let := rkp,(f), so by Claim 13.16 below cf() (Fil 1@(Y)) hence has
Claim ?? above and its proof the conclusion holds: the proof is needetbr \ =
sup( p. )", noting observation 13.13 below. 13:12

Observation 13.13. 1) [DC] or just [AC g ].
Assume D is an @-complete lter on Y and f;f, 2 YOrd for n <! and
f(t)=supff,(t):n<! g. Then rkp(f)=supfrkp(fp):n<! g

Remark 13.14 Similarly for other amounts of completeness, see 13.18.

Proof. As rkp(f)= minfrkp+a,(f):n<! gif[f Ah:n<! g2D;A,2D" by
[Sh:71] or see [Sh:835, 1.9=z0.25]. 13:13

Remark 13.15 Also in [Sh:835, 1.9(2)=z0.25(2)] can use AC only, i.e. omit the
assumption DC, a marginal point here.

Claim 13.16. [AC< ] The ordinal has co nality when:
~ (@ =rko()
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() =hy:y2Yi2 YOrd
(c) D is an @-complete Iter on Y
(d) y2Y) cf(y)

Proof. Note that y 2 Y ) > 0. Toward contradiction assume cf() < so
has a co nal subsetC of cardinality < . For each < for sopef 2 Y Ord we
haverkp (f)= andf <p and without loss of generality f 2 y. By AC<

Q y2Y

there is a sequencdf : 2 Ci suchthatf 2 y:;f<p andrkp(f )=
y2yY

Dene g2 Q ybyoly)=[ff (y): 2Candf (y) < 9. By clause (d) we
y2yYy

have y 2 Y ) o(y) < yl.sog<p , hencerk(g) < rkp( ) but by the choice
ofgwe have 2 C) f p ghence 2 C) = rkp(f ) rkp (g) hence

=sup(C) rkp(g), contradiction. 13:16 ‘
ri2g
Observation 13.17. 1) Assume (;D ) satis es

(a) Dalteron Yand =h:t2Yi andeach { is a limit ordinal
b F =W : < @i exemplify @= ps-tcf( ;< p) so we demand just
@=supf <@:F 69

(c) FO=ff 2 t: forsomeg2 F we havef = g mod Dg.
t2yY

Then: IF °: < @i exemplify @= ps-tcf( ;< p) that is
S
() Flisconalin( ;< p)
()forevery 1< <@andf;2F° andf;2F % we havef; f,.

2) Similarly, if D; F satis es clauses (a),(b) above andD is @-complete and @=
cf(@ > @ then we can \correct" F to make it @-continuous that is iF ©: < @i
de ned in (c)1 + ()2 below satises ( )+ ( ) above and () below and so is@®-
continuous, (see below) where

(01 if <@ andcf( ) 6 @ then F = F ©

(0 if <@ andcf( )= @ then F = fsuphf, :n<! i: for some increasing
sequenceh , :n<! i withlimit we haven<! ) f,2F On g, see below

()if <@ andcf( )= @ andfq;f, 2 F ©thenf; = f, modD.

3) This applies to an increasing sequencéF : < i;F YOrd; a limit
ordinal.

Proof. Straightforward. 13:17 t11a
rLsg
De nition 13.18. 0)If f, 2YO0rdfor n<! ,then suphf, :n<! i is de ned as

the function f with domain Y such thatf (t) = [f fo(t):n<! g.
1) We sayF = lF : < i exemplifying = ps-tcf( ;< p) is weakly @-
continuous when

if <@,cf( )= @andf 2 F then for some sequencé( ,;f,):n<! i we
have =[f p,:n<! g n< paa<;fh2F andf =suph,:n<!i;soif
D is @-complete thenff=D :f 2 F gis a singleton.
2) We say it is @-continuous if we can replace the last \then" by \i ".
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fridg
Theorem 13.19. The Canonical Filter Theorem AssumeDC and ACp (v).

Assume = h{:t2 Yi2 YOrdandt 2 Y ) cf( {) (P (Y)) and
@2 ps-pcfg comp ( ) hence is a regular cardinal. Thenthere is D = Dg, an @-
complete lter on Y such that @= ps-tcf( =D ) and D  DP° for any other such
D2 Filg (D).

Remark 13.20 1) By ?7? there are some such@
2) We work to use just ACp (yy and not more.

Proof. Let

1 (8 D=fD :D isan @-complete lters on Y such that ( =D ) has
pseudo true co nality @,

() D =\ D:D 2 Dg.
Now obviously

(c) D is an @-complete lteron Y.

For A Y let Dn =fD2D:A2DgandletP = fA Y :Da 6 ;9.
As ACp (vyy we can nd hDa : A 2 P i such that Do 2 Da for A2 P . Let
D =fDa:A2P g,clearly

2D =\fD:D2DgandD D is non-empty.
As ACp holds clearly

( )o we can chooséF A : A 2 P i such that F 5 exemplies Do 2 D as in
13.17(1),(2), so in particular is @-continuous.

Foreach <@ letF =\ FA:A2P g now

() F
[Why? As by 13.17(1)(c) we haveF # foreachA 2 P ]

()2if 1< 2<@;f12F 1andf22F Zthenf1<f2modD.

[Why? AsA2 P ) fi1<p, f2 bythe choice oftF : < @i, hence the set
ft2Y :fy(t) <f,(t)g belongs toD for every A 2 P hence by » it belongs to
D which means thatf,; <p f, as required.]

()3 iff 2 then for some ¢ < @we havef °2[f F : 2[;:@g) f<f?©
mod D .

[Why? For eachA 2 P there are ;g suchthat < @;g2 FA andf <g
mod D hence °2 [ +1,@"f°2 FA ) f<g<f 9modDa. Let 4
be the minimal such ordinal o < . As cf() (P (Y)) (P ), clearly

=supf A+1: A2P gis< .SoA2P ~g2[fF : 2[ ;)) f<pag
By » the ordinal is as required on -.]

Moreover

( )4 thereis a functionf 7! ¢ in ( )s.
[Why? As we can (and will) choose ; as minimal such that ...]

()s forevery < @thereis 2 ( ;@suchthatF 6 ;.
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[Why? We choose by induction onn, a sequence , = h,a :A2 P ianda
sequence, = lFpa : A2 P i and a function f, such that
() n<@andm<n) mn< ,
() o= and forn> Owe let , =supf ma :m<n;A 2P g
() na 2 ( n;@ is minimal such that there is foa 2 F AH;A satisfying n =
m+1) fm <f .o modDa
() fha :A 2P iisasequence such that each,.a are as in clause ()
(") fn2 isdened by f,(t) =supffma(t)+1: A2P andm<ng.
[Why can we carry the induction? Arriving to n rst, f, is well de ned 2
by clause (') as cf( ) (P )fort2 Y. Second by clause ();h na :A2P iis

well de ned. Third by clause ( ) we can choosdfma :A2 P i asACp
Lastly, the inductive construction is possibly by DC.]

Let =[f ,:n<! gandf =suphf,:n<!i. Easilyf 2\f FA :A2P g
as eachhF A : < @i is @-continuous.]

()s iff 2 thenforsome < andf%2F we havef<f °modD .
[Why? By ()3 +( )al

So we are done. 13:1

Denition 13.21.  For 2 YOrd let J@™ ()= fX  Y: ps-pcfa-com(
X) gandJ@<comP jg g@comp

Remark 13.22 In 1.2, see De nition 13.6(3).
On this and more see [Sh:F955].

fri6.yajan g

fri7g
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x 14. Appendix: Definition of Rank-System

Moved from pg.3:
We de ne a function H from into f x :X 2Dgby:

() (HENX)= Minf < x:iff°2F X thenf f%modDyag.
We let

( ) D be the following Iter on the set Y := D:
Z2Di Z Dand(9X 2D)[Zz f X%2D:X°% Xg].

Now

() D is an @-complete lter on Y
()iffq;f22 andf; f, modD, then H(f1) H(fz) mod D

(") ( t;<p) is pseudo & *)-directed.
t2Y

[Why? By claim 13.7, i.e. 13.7 ofx5 of [Sh:938].]
Because by an assumption

()iffy;f22F and < thenH(fy) = H(f2) mod D.

Why? f1 = f, mod D hence by ? we havef; = f, mod D; hence by (yyy),
H(f1)= H(f2) mod D. FILL
Now by (") + ( zzz) we are done proving (h).]

(i) D D,.

[Why? Because ifA 2 D then X; := A withessA 2 D,asX 2 D" X X3)
X2DM"X A) X2Dx"*"X A Y) A2Dx]]
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