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60  Introduction

§1  On pseudo true cofinality, pg.2

[We continue [Sh:938, §5] to try to generalize the pcf theory for R;-complete
filters D on Y assuming DC + ACpy,. So is similar to [Sh:b, ChXII]. We
suggest to replace cofinality by pseudo cofinality.]

§2  Depth of reduced power of ordinals, pg.10

[Using the independence property for a sequence of filters we can bound
the relevant depth.]

0. INTRODUCTION

In the first section we deal with generalizing the pcf theory in the direction as
started in [Sh:938, §5]. The point is that we assume ACy, for any set U of power

< |P(P(Y))] or actually working harder, just < [P(Y)| analyzing [] as, but we
tey
do not assume ACgypiq,:4eyy- The price is that we replace (true) cofinality by

pseudo (true) cofinality.

In the second section we prove a relative of [Sh:513, §3]; again dealing with
depth (instead of rank as in [Sh:938]) adding some information even under ZFC.
Assuming that the sequence (D,, : n < w) of filters has the independence property
(IND), see Definition 2.3, with D,, a filter on Y;, we can bound the depth of ()¢
by ¢ for many m’s, see 2.4. Of course, we can generalize this to (D : s € S). This
is incomparable with the results of [Sh:938, §4], also we add some cases to [Sh:938,
§4].

Note that the assumptions like IND(D) are complimentary to ones used in
[Sh:835] to get considerable information. Our original hope was to arrive to a di-
chotomy. The first possibility will say that one of the versions of an axiom suggested
in [Sh:835] holds, which means “for some suitable algebra”, there is no independent
w-sequence; in this case [Sh:835] tells us much. The second possibility will be a
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2 SAHARON SHELAH

case of IND, and then we try to show that there is a rank system in the sense of
[Sh:938]. But presently for this we need too much choice. The dichotomy we have
has o-Depth in one side, the results of [Sh:835] on the other side. It would be better
to have ps-o-Depth in the first side.

Question 0.1. [ACp(y)]
Assume

(a) @ € YOrd

(b) cf(ay) > O(P(Y) for every t €Y

(¢) At € pefy, comp(@) for t € Z, in fact, \y = ps-tef(Ila, <p,), Dy is a N;-
complete filter on Y

(d) A= ps—tchl_Comp(O\t (teZ)

(e) (a possible help) Xy € Dy, (X : t € Y) are pairwise disjoint.

(A)  Now does A € ps-pcfy, _comp(@)? Can we say something on Dy from 8.97
in [Sh:938, 5.9]

(B) At least when trying to generalize the RGCH, see [Sh:460] and [Sh:829).

1. ON PSEUDO TRUE COFINALITY

We continue [Sh:938, §5]. A central definition here is

Definition 1.1. For @ € YOrd let JX5 (@) = {X C Y ps-pefiy-com(@ | X) C

Nji-comp . No-comp
A} and J2) is JS

Claim 1.2. The Generator Existence Claim

Let & € Y(Ord\{0}).

1) [ACy,] Jj;zl'comp(&) is an Ry-complete ideal on'Y for any cardinal \ but may
be P(Y).

2) [ACp(y)] Assumet € Y = cf(ar) > 0(P(Y)). If A € ps-pcfy, comp(@) then for
some X CY

(4) Jhreomplg) — Ricompg) 4 X

(B) A = ps-tef(Ila, <Jilkfcomp[d]) where J:i\'coﬂlp[d] — Jﬁi\-mmp[d] +(Y\X)
(O) A ¢ ps_pCle—comp(a f (Y\X))

Proof. 1) Easy by the definition.
2) Recall X is a regular cardinal by [Sh:938, 5.8(0)] and A > 6(P(Y)) by [Sh:938,
5.16].

Let D = D¢ be from [Sh:938, 5.19], i.e. Ila/D has pseudo true cofinality A
and contains any other such R;-complete filter on Y. Now if X € DT then A\ =

Ni-comp

ps_thNl—comp(& r Xa <(D+X)0P(X)) hence X ¢ ']<)\ [6‘]7 S0
()1 X € JEP[a] = X = 0 mod D.
A major point is

(x)2 some X € D belongs to Jﬁ;’fomp [a].
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Why (*)2? The proof will take awhile; assume that not, we have ACp(yy hence
ACp, so we can find ((FX,Dx,\x): X € D) such that

(a) Ax is a regular cardinal > AT, ie. > A
(b) Dx is an Nj-complete filter on Y such that X € Dx and
Ax = ps-tef(lla, <py)
(e) FX = (FX:a < \x) exemplifies that Ax = ps-tef(Ila, <p,)
(d) moreover FX is as in [Sh:938, 5.17(2)].

Let

() Dy ={ACY: for some X; € Dwehave X e DAX C X; = A€ Dx}.
Clearly

(f) Dy is an Ry-complete filter on YV extending D.

[Why? First, if A € D then X € DAX C A= A € Dx hence choosing X; = A the
demand for “A € D;” holds so indeed D C Dj. Second, assume A = (A,, : n < w)
and “A,, € D3j” for n < w, then for each A, there is a witness X,, € D so by
ACy, there is an w-sequence (X,, : n < w) with X,, witnessing A,, € Dj. Then
X = n{X, : n < w} belongs to D and witness that A := N{A4, : n < w} € D}
because D is Rj-complete.|

(9) we can choose an R;-complete filter D3 2O Dj on Y such that (Ila, <p;)
has a true pseudo cofinality.

[Why? By [Sh:938, 5.9].]

(h) assume (F, : a < A) is <p-increasing, i.e. a < A = F, C Ila and
a1 < agNf1 € Fa, Nfa € Foy = f1 <p f2 and F,, # 0 for every or at least

unboundedly many a < A then |J F, has a common <p;-upper bound.
a<

[Why? For each X € D recall (Ila, <p,) has true cofinality Ax which is > A
hence by [Sh:938, 5.7(1)] is pseudo AT-directed hence there is a common <p,-
upper bounded hx of U{F} : a < A}. As we have ACp(yy we can find a sequence
(hx : X € D) with each hy as above. Define h € Ila by h(t) = sup{hx(t) : X €
D}, it belongs to 7@ as we are assuming t € Y = cf(ay) > 0(P(Y)). So h € lla
is a <p,-upper bound of U{F, : o < A} for every X € D, hence is a <pz-upper
bound of U{F, : a < A} but Dj € D3 hence it is also a <pz-upper bound of
U{Fa : a0 < A}

But by the choice of D in the beginning of the proof we have A\ = ps-tef(Ila, <p)
so there is a sequence (F, : o < A) witnessing it. Clearly (F, : o < ) is <p3-
increasing hence we can apply clause (h) to the sequence <ﬁa ta < M) and got a
<pz-upper bound f € Il&, contradiction to the choice of (.7:'(1 :a < A) because
D C Dj C Dj. So (x)z really holds.

Choose X as in (*)2, now

()3 D= dual(JE™P[a] + (Y\X)).
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[Why? The inclusion D holds by (x); and (x)a, i.e. the choice of X as a member of
D. Now for every Z C X which does not belong to Jﬁl)\'comp [@], by the definition
of Jﬁ&'comp [a] there is an Ny-complete filter Dz on Y to which Z belongs such that
0 := ps-cf(Ilev, <p) is well defined and > A. But § > AT is impossible as we know
that Z C X € JY1P[a], so necessarily 6 = X, hence by the choice of D, D C Dy,

<At
hence Z # () mod D. Together we are done.]

(¥)a A = ps-tef(Ila, <J:1A,con]p), see clause (B) of the conclusion of 1.2(2).

[Why? By (%)3, the choice of J25°P[a] and as A = ps-tef(Tla, <p).]
(*)5 A ¢ pS'pCle—comp(a f (Y\X))

[Why? Otherwise there is an Ny-complete filter D on Y such that Y\X € D and
A = tcf(lla, <p). But this contradicts the choice of D.]

So X is as required in the desired conclusion of 1.2(2): clause (B) by (x)4, clause
(C) by (x)5 and clause (A) follows. Note that the notation JX5 P[] is justified,
as if X’ satisfies the requirements on X then X’ = X mod Jﬁl)\'comp [a]. Op0

Conclusion 1.3. [ACx, + ACp(y)] Assume @ € ¥ Ord and each a; a limit ordinal
of cofinality > 6(P(Y)).
1) There is a function h such that

e the domain of h is P(Y)
e the range of h is ps-pcfy, _comp(@) U {p : p = sup(p N ps-pefy, comp(@)) has
cofinality Ng}
e« ACBCY = h(A) < h(B)
e h(A) = min{\: A e JE°°"[a]}
e if h(A) = ), cf()\) > Rg then for some R;-complete filter D on Y we have
A € D and ps-tef(Ila, <p) = A
e the set ps-pcfy,-comp(@) has cardinality < (P (Y))
o if h(A) = X and cf(\) = Xy then we can find a sequence (A,, : n < w) such
that A = U{A, :n <w} and h(4,) < A forn <w
o JI™P[a] = {ACY : h(A) < A} when cf(\) > Ro
o if cf(otp(ps-pefy,-com (@))) > o then ps-pefy,-com(@) has a last member.
2) Assume also a < 0(P(Y)) = AC,. We can find (X : X € ps-pcfy, comp(@))
such that for each A € ps-pcfy, comp(@), the ideal Jﬁ;’comp [@] is the Ry-complete
ideal generated by {X, : p < A} and the filter on Y generated by {Y\X, : p €
AN ps-pefy, com (@)} U { X2} is the filter from [Sh:938, 5.19].

Proof. 1) Let © = ps-pefy, comp(@). We define function h from P(Y) into ©F
which is defined as the closure of ©, i.e. O U {p : p = sup(p N O)}, by h(X) =
Min{\ € ©F : X € JEL"P[a]}. Tt is well defined as ps-pcfy, -comp(@) is a set (see
[Sh:938, 5.8(2),(8)]), and JEL“™[a] = P(Y) when A > sup(ps-pefy,_comp (@)
This function, its range is included in ©F, but otp(©T) < otp(O) + 1; also clearly
the first clause of the conclusion holds.

Now first if A € ©F and cf(\) = Ry then clearly A € ©T\O and we can find
an increasing sequence (A, : n < w) of members of ps-pcfy,-comp(@) with limit A.
For each n there is X,, € Jﬁ;’:omp [d]\Jﬁl);fomp [@] by 1.2(2), but ACy, holds hence
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such a sequence (X, : n < w) exists. Easily A := U{X,, : n <w} € P(Y) satisfies
h(A) = X hence A € Rang(h). Second, A € ps-pcfy, comp(@) = (3A)R(A) = A
by 1.2(2). Third, if A = sup(ps-pcfy,_com(@)) and cf(X) > Vg, then Joy[a] # P(Y)
while Joy+ (@) = P(Y) so h(Y) = A.

Fourth, assume A\ = h(A),A\ ¢ ps-pcfy, comp(@) and cf(X) > Rg, we can find
(Ai 11 < cf()N)), an increasing sequence with limit A, so without loss of generality
all are members of ps-pcfy,-comp(II@). Now (J; := Jil'wmp[d] Dio< cf(N)) is
a C-increasing sequence of Wj-complete ideals on Y, no choice is needed, and by
our present assumption 8y < cf(\) hence the union J = U{J; : i < cf()\)) is an
Ry-complete ideal on Y and obviously A ¢ J. So also Dy = dual(J) is an X;-
complete filter hence for some Ni-complete ideal Dy extending D we have p/ =
ps-tef(Ile, <p,) is well defined, but (Ila, <;,) is pseudo A;-directed hence p/ > \;
for every ¢ < cf(\) but A is singular so ¢/ > A and y' € ps—pchl_Comp(@). Hence
p = min(ps-pefy_comp(@)\A) is well defined and Jﬁ};comp [@] = J. But as h(A) < p
we get that A € JZ,"P[a], contradiction.

So we have proved A € ©F A cf(A) > Rg = X € ps-pefy,_comp(@), this proves
the fifth clause of the conclusion and also proves Rang(h) € ps-pcfy, comp (@) U{p :
cf(u) = Vo and p = sup(p N ps-pefy, _comp(@)}. The other inclusion was proved
earlier, so the second clause of the conclusion holds. The other clauses follow from
the properties of h.

2) Obvious: by part (1) and 1.2, as pefy,-comp (@) < 0(P(Y)). Ois

Definition 1.4. Assume cf(y) < (Y) and p is a singular limit of regulars. We let

(a) ppiy(u) =sup{A: for some @, D we have
(a) A= ps-tef(la, <p),
(b) D is an Ny-complete filter on Y
(¢) a=(a:teY), each ay regular
(d) p= limpa}

(b)  ppy () = sup{AT : X as above}.

{r20}

(c)  similarly pp;_compy (1), PP:.comp,Y(/L) restricting ourselves to k-complete

filters D; similarly for other properties
(d)  we can replace Y by an Nj-complete filter D on Y, this means
we fix D but not & above.

Conclusion 1.5. [DC + ACp(y)] Assume 6; = 0(P(Y')) < p, pu is as in Definition
1.4, po < p1,0 = |Reg Np\po| < prand k = [Reg N ppy- (1) \po| then x < 6(61x¥ 7).

Proof. Obvious by Definition [Sh:938, 5.6] noting Conclusion 1.3 above and 1.6
below. That is, letting Ag = Reg N p\uo, for every @ € YA by 1.3 the set ps-
cfy,comp(@) is a subset of = = Reg N ppy- (i) \o, of cardinality < §(P(Y)). By
1.6 below we have E = U{ps-pcfy,_comp(@) : @ € YA}, So there is a function h
with domain 8(P(Y)) x Yo such that e < (P(Y))Na € Yo = (h(e,a) is the e-th
member of ps-pcfy,-comp(@) if there is one, min(A) otherwise). So h is a function
from O(P(Y)) x Yo onto a set of cardinality &, so we are done. O 5

Claim 1.6. The no hole claim/DC] 1) If & € ¥ Ord and Xy € ps-pefy,_comp(@) and

O(P(Y)) < A1 = cf(A1) < Ag, then for some &' € Tla we have Ay = ps-pefy, _comp(@')-

2) If in addition ACp(yy + AC—, then even witnessed by the same filter (on 'Y ).

{r21}

{r22}
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Proof. 1) Let D be an Ny-complete filter on Y such that Ao = ps-tef(Ila, <p), let
(Fo @ a0 < A2) exemplify this.

First assume H(Filil(Y)) < Ap, clearly f € Fy, = rkp(f) > A1 hence there is
f € YOrd such that rkp(f) = A1 and now use [Sh:938, 5.9] but we change the filter
D, i.e. [Sh:938, 5.9]. In general, i.e. without this extra assumption, use 1.7(1),(2)
below.
2) Similarly using 1.7. Oig

Claim 1.7. Assume D € Fil}(Y),x > Ro, Fo € Y Ord non-empty for o < 6 and
F = (Fo 1 a < d) is <p-increasing, & a limit ordinal.

1) [DC] There is f* € Ha which satisfies [ € U{Fq : a < M1} = [ <p [* but
there is no such f** € Ila satisfying f** <p f.
2) [DC + AC<] For f* as above, let Dy = Dy. 7 = {Y\A: A =0 mod D or
A € D%V and there is f** € YOrd such that f** <pt+m\a) f*and f € U{F, :
a < M} = f <pia [} Now D; is a k-complete filter and O ¢ Dy, and if
cf(6) > 0(P(Y)) then (Fo : a < &) witness that f* is a <p,-exact upper bound of
F hence ([ f*(y),<p,) has pseudo-true-cofinality cf(§).

yey

3) [DC + ACp(y)/

There is f' € YOrd which is an <p-exact upper bound of F, i.e. f <p f' =
(Fa<8)(Fg € Fo)lf <gmod D] and f € | Fo= f<p,-

a<d

Proof. 1) If not then by DC we can find f = (f, : n < w) such that:

(a) fn, € YOrd
(b) fn+1 < fn mod D

(c) if fe U Fo and n <w then f < f,, mod D.
a<d

So A, ={teY : for1(t) < fu(t)} € D hence N{4,, : n < w} € D, contradiction.
2) First, clearly D; C P(Y) and by the assumption () ¢ D;. Second, if f** witness
A€ Dy and AC B CY then f** witness B € D;.

Third, we prove D; is closed under intersection of < k members, so assume
¢ <kand A= (A, :e < () is a sequence of members of Dq. Let A :=N{A.:¢e <
(},Be =Y\A: fore < (and B. = B.\U{B¢ : £ <e} and B =U{B. : ¢ < (}.
Clearly B=Y\A,A CY and (B, : € < () is a sequence of pairwise disjoint subsets
of Y with union B. But AC, holds hence we can find (fX* : ¢ < () such that

£

** witness A. € D;. Let f** € YOrd be defined by f**(t) = f**(t) if t € B. or

€

e=0ANteY\Bseasily f € U Fo=f<f*mod (D+ A.). So clearly f**
a<d

witness A = [ A. € D; so Dy is indeed x-complete.
e<(¢
Lastly, assume cf(d) > 0(P(Y)) and we shall show that f* is an exact upper
bound of F modulo D;. So assume f** € ¥Ord and f** < f* mod D;.

Let A = {A € D there is f € |J F, such that f** < f mod(D + A)}, yes,
a<d
not D1'

Case 1: For every B € Dy thereis A € A, A C B.
For every A € Alet oy = min{f: there is f € Fp such that f** < f mod D +
A}
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So the sequence (a4 : A € A) is well defined.

Let ax) =sup{aa+1: A€ A}, it is < § as cf(d) > 0(P(Y)) > 6(A).

Now any f € Fqu(s) is as required as {t € Y : f**(t) > f(t)} contains no A € A
hence is = ) mod D; and the case assumption.

Case 2: B e Df and there is no A € A such that A C B.

So f € |J F, implies {t € B : f**(t) < f(t)} = 0 mod Dy, ie. f < f**

a<d

mod (D1 + B) so by the definition of D; we have Y\B € Ds, contradiction to the
case assumption.
3) By [Sh:938, §5] without loss of generality F is Ro-continuous. For every A € D
the assumptions hold even if we replace D by D + A and so there are Dy, f* as in
part (2), we are allowed to use part (2) as by 1.8 below we have AC.,. As we are
assuming ACp(yy there is a sequence ((Da, fa) : A € D) such that:

(¥)1 (a) Dy is a k-complete filter extending D + A
(b) fa€YOrdisa <p,-exact upper bound of F.

Recall |A| <. |B| is defined as: A is empty or there is a function from B onto A.
Of course, this implies 6(A) < 0(B).

Let Y = (U : t € Y) be defined by Uy = {fa(t) : A € DY} U {sup{f(t): f €
U Fal}t hencet € Y = 0 < [Uy] <. P(Y) even uniformally but we have ACy
a<d
so there is a sequence (h; : t € Y) such that h; is a function from P(Y) onto

U; hence | [T Us| <. P(Y) xY <, P(Y xY) but ACp(y) holds hence Y can be
tey

well ordered but without loss of generality Y is infinite hence |Y x Y| =Y, so

|tl_£Ut| <« [PV
€
Let G ={g:g € ][ U and not for every f € |J F, do we have f < g mod D},

tey a<d
so |Gl < | [T U <« [P(Y xY)| =|P(Y)| hence 0(G) < cf(9).
tey
Now for every g € G the sequence ({{t €Y : g(t) < f(t)} : f € U Fs}:a<d)

B<a
is a C-increasing sequence of subsets of P(Y), but 0(P(Y)) < cf(d) hence the
sequence is eventually constant and let a(g) < § be minimal such that

(x)g (VB)alg) < B <d={{teY 1 gt) <f()}:[€ L<Jﬁfv} ={{tey:
g) < f@}:fe U Fll

y<a
But recalling 6(G) < cf(¢), the ordinal a(x) := sup{a(g) : g € G} is < §. Now

choose f* € Fo(s)41 and define g* € [] U; by g*(t) = min(U\ f*(t)), well defined
tey

assup{f(t):t € U Fo} € U;. It is easy to check that ¢g* is as required. Oi7
a<d

Observation 1.8. Let D be a filter on Y.
If D is k-complete for every k then for every f € YOrd and A € DY thereis B C A
from DT such that f|B is constant.

Proof. Straight. Uis

{r25}
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Definition 1.9. Let & = (o, : y € Y) € Y Ord be such that t € Y = a; > 0.

1) Let ps-Tp(@) = sup{f(F) : F is a family of non-empty subsets of IIa such that
for every Fy # F» from F we have f1 € F1 A fa € Fo = f1 #p f2}.

2) Let ps-Ty-comp (@) = sup{#(F): for some k-complete filter D on Y, F is as above
for D}.

Theorem 1.10. [DC + ACpy] Assume that D is a r-complete filter on Y. For
any p the following cardinals are equal or at least A\, Az, A3 are (FilL(D)-almost
equal which means: for l1,0s € {1,2,3}, if @ < Ay, then « is included in the union
of |Fil-.(D)| sets each of order type < g, :

(@) M = sup{lrkp, ()| : Dy € Fill (D)}

(b) Ao = sup{A\T: there are Dy € FilL(D) and a <p,-increasing sequence
(Fo t a < \) such that F, C Y p is non-empty}

(¢) A3 =sup{ps — Tp, (u)" : D, € Fil.(D)}.

Remark 1.11. 1) The conclusion gives slightly less than equality of A1, A1, A3, see
2.1 later.

2) We may replace s-complete by (< Z)-complete) if X < |Z].
3) See Definition 2.1.

Proof. Note
(%) <X forl=1,2,3.

[Why? For clause (a), for any Dy, rkp, (i) > p and for clauses (b),(c) use F =
(Fa : a < p) such that Fo, = Y4y := {h : h is the unique function from Y to {a}}.]

Stage A: if x < A1 then y < Ao, As.

Why? As x < A; there is D; € Fill(D) such that rkp, (1) > x. By [Sh:938,
1.11(5)] letting Xp, = {a < k: some f € Yy satisfies Dy = dual(J[f, D1]) and
a = tkp, (f)}, for any Dy € Fill (D) we have x = |J{Xp, : Do € FilL(D;)} and
clearly Dy € Fill(D1) = |otp(Xp,)| < A2, Az; this is enough.

Why? Letting Fo; = {f € Y : tkp,(f) = @ and J[f, D1] = dual(D2)}, we
have: i < jAi1 € Xp, Nj € Xp, Nf € FaiNg € Fay; = f < g mod D;y so
otp(Xp,) < A2, As.

Stage B: If x < A2 then x < Ay, As.

Why? Let Dy and (F, : a < x) exemplify x < Aa. Let v, = min{rkp, (f): f €
Fo} so easily @ < 3 < x = Yo < 73 hence tkp(u) > x. So x* < A1 and as for
f < Ag this holds by Definition 1.9(2) asa < BA f € Fa Ag € Fg = f < g mod
D1:>f¢ngdD1.

Stage C: If p < Az then g < A1, Aa.

Why? Let (Fy : a < x) exemplify x < A3. For each @ < x let J, =
{dual(J[f,D]) : f € Fa} so a non-empty subset of Fil'(Y). Now for every
JeUJora< Atlet Xy ={a<x:J €Ty} and for a € Xy let (50 =
min{rkp(f) : f € Fo and J = dual(J[f, D])}. Now easily o — ;o is a one-
to-one function with domain X; and if < [ are from X; then (;, < (s,
etc. Dl.lO

{r26}
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{r32}
Discussion 1.12. 1) We like to measure (¥ x)/D in some ways and show their
equivalence, as was done in ZFC. Natural candidates are:

(A) ppp(p): say of length of increasing sequence P (not p! i.e. sets) ordered
by <D

(B) ppy- (1) = sup{pp}, (1) : D an Ny-complete filter on Y}

(C) Asin 1.9.

2) We may measure ¥ i by considering all d-complete filters.
3) We may be more lenient in defining “same cardinality”. E.g.

(A) we define when sets have similar powers say by divisions to P(P(Y)) sets
we measure (¥ 1)/ ~p(p(v)) Where ~p is the following equivalence relation
on sets:

X ~p Y when we can find sequences (X : b € B), (Y, : b € B) such
that:
(a) X =U{Xp:be B}
() Y =U{Y,:be B}
(0) [Xo| = V3|
(B) we may demand more: the (X}, : b € B) are pairwise disjoint and the
(Yp : b € B) are pairwise disjoint
(C) we may demand less: e.g.
(©) [Xp| <« Vo] <u | X
and/or
(¢)« (Vb e B)(3c e B)(|Xp| < |Ye|) and
(Vb € B)(Jc € B)([Ye| < | Xcl)-

Note that some of the main results of [Sh:835] can be expressed this way.
(D) rk-supy,a(u) = rk-sup{rkp(u) : D is O-complete filters on Y}
(E) for each non-empty X C ¥y let

1

spq(X) ={(D,J) : D an X;-complete filter on Y, J = J[f, D],a = rkp(f) and f € X}

5Py (X) = U{spa (X) : a}

(F') question: If {sp(Xj) : s € S} is constant, can we bound J?
(G) X,Y are called connected when sp(X;),sp(X2)) are non-disjoint or equal.

4) We hope to prove, at least sometimes v := T(¥ 1) < pp, (1) that is we like to
immitate [Sh:835] without the choice axioms on “u. So there is f = (fo : @ < §)

witnessing v < Y (Y ). We define u = u; = {a: there is no B € “a such that

(Vit € Y)(fa(t) € {fs,(t) : n < w}). You may say that ug is the set of a < d such
that f, is “really novel”.
By DC this is O.K., i.e.

B for every o < 4 there is 3 € “(upNa) such that (Vt € Y)(fa(t)) = {f5,(t) :
n < wh.
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Next for @ € uj we can define Dy ,, the Rj-complete filter on Y generated by

{{t eY: fa(t)=falt)}: B < a}. So clearly a # 3 € ug A Dy, = Df 3= fo #pD
fs. Now for each pair D = (Dy,Ds) € Fil{ (ie. for the R;-complete case) let
Ajp ={a €up: Dy, = Dy and J[fa,D1]} = dual(Dz). So v is the union of
< P(P(Y))-sets (as [Y] = |Y| x |Y], well ordered.

So

()1 7 < O((Mw x “ ()
(%)2 w is the union of P(P(k))-sets each of cardinality < pp;S_’Nl (1)
(I) what about 6("u) < ps-ppyx, (1)?
We are given (Fp : a0 < k) # Fo 0, F0 Cp,a# 3= Fo NFz = 0.
Easier: looking modulo a fix filter D.
()2 for D € Filyy,, let Fop={f € Fo:~(3g € Fu)lg<p f)}.
Maybe we have somewhere a bound on the size of F,, p.
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2. DEPTH OF REDUCED POWER OF ORDINALS

Our intention has been to generalize a relative of [Sh:460], but actually we are
closed to [Sh:513, §3] using IND but unlike [Sh:938] we deal with depth.

Definition 2.1. 1) Let sucx(«) be the first ordinal § such that we cannot find a
sequence (U, : x € X) of subsets of 3, each of order type < « such that 8 = U{U, :
x e X}

2) We define suc[;] () by induction on ¢ naturally: if e =01t is o, if e = (+ 1 it is
sucx (sucgg] () and if € is a limit ordinal then it is U{sucgg] (@) : ¢ <e}.

3) For a quasi-order P let the pseudo ordinal depth of P, denoted by ps-o-Depth(P)
be sup{~y: there is a < p-increasing sequence (X, : a < 7) of non-empty subsets of
Py,

4) o-Depth(P) is defined similarly demanding | X,| = 1 for a < 7.

5) Omitting the “ordinal” and the o, means  is replaced by |7|.

6) Let ps-o-Depth™(P) = sup{v + 1: there is an increasing sequence (X, : @ < 7)
of non-empty subsets of P}. Similarly for the other variants; without @ we use
[

Remark 2.2. Note that 1.7 can be phrased using this definition.

Definition 2.3. 0) We say x is a filter w-sequence when x = ((Y,,, D,) : n < w) =
(Yins Dx.n i n < w) is such that D, is a filter on Y, for each n < w; we may omit
Y,, when it is U{Y : Y € D} and may write D if A D,, = D.

1) Let Il_\TD(x),x has the independence property, means that there for every se-
quence F' = (F,, , : m < n < w) from alg(x), see below, there is t € [] Y, such

n<w

that m <n < w = t,, ¢ Fpn(t](m,n]). Let NIND(x) be the negation.

2) Let alg(x) be the set of sequence (F,., : n < m < w) such that F,, :
1 Y:— dual(D,).

{=m-+1

3) We say x is k-complete when each Dy, is a s-complete filter.

Theorem 2.4. Assume IND(x) where x = ((Y,,, Dy) : n < w) is as in Definition
2.3, D, 1s kn-complete, kK, > Ni.

1) PC + ACy, for n < w] For every ordinal ¢, for infinitely many n’s ps-o-
Depth(()¢, <p, ) < C.

2) [DC] For every ordinal ¢ for infinitely many n, o-Depth(Y")¢, <p) < ¢, equiv-
alently there is no <p, -increasing sequence of length ¢ + 1.

Remark 2.5. 0) Note that the present results are incomparable with [Sh:938, §4] -
the loss is using depth instead of rank and possibly using “pseudo”.

1) If in 2.4, for every n we have rkp, ({) > sucFﬂt(Dn)(C) then for some D} €
Fill(Y,,) for n < w we have NIND((Y,,, D}) : n < w). (Why? By [Sh:938, 5.9]).
But we do not know much of the D}’s.

2) This theorem applies to e.g. ¢ = R,,Y,, = N,,D,, = dual(J;?s). So even in
ZFC, it tells us things not covered by [Sh:513, §3]. Note that Depth and pecf are
closely connected but only for sequences of length > 6(P(Y)).

3) If we assume IND((Y;)(5), Dy(ny : 7 < w) for every increasing n € “w, which is
quite reasonable then in Theorem 2.4 we can strengthen the conclusion “for every
n < w large enough”.

{r28}

{4}

{6}

{x7}
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4) Note that 2.4(2) is complimentary to [Sh:835].

Observation 2.6. If x is a filter w-sequence and n, < w and IND(x[[n.,w) then
IND(x).

Proof. Let F = (Fym :n < m < w) € alg(x), so (Fym : n € [n.,w) and

m € (n,w)) belongs to alg(x[[n.,w) hence by the assumption “IND(x[[n.,w))

there is ¢ = (t, : n € [ny,w)) € [[ Y, such that ¢, ¢ F), . (t](n,m)) when
N>ny

ny <n < w. Now by downward induction on n < n, we choose t,, € Y,, such that

tn & {Fnm({ti : k € [n+1,m]) for m € [n+1,w). This is possible as the countable

union of members of dual(D,,) is not equal to Y,,. We can carry the induction and

(tn, 1 n < w) is as required to verify IND(x). Oog

Proof. We concentrate on proving part (1), part (2) is easier.
Assume this fails. So for some n, < w for every n € [r4,w) there is a counter-
example. As ACy, holds we can find a sequence (F,, : n € [n.,w)) such that

© for n € [n.,w)
(a) Frn=(Fne: <)
(b) Fn.e C ¥n( is non-empty

(¢) Fn is a <p,-increasing sequence of sets, i.e. g1 < g2 < (A f1 €
Frer N fo € Freo = 1 <p,, fo

Now by ACy, we can choose (f, : n < w) such that f, € F, ¢ for n € [n,,w).
() without loss of generality n, = 0.

[Why? As x[[n.,w) satisfies the assumptions on x by 2.6.]
Let

n—1
B form <nletY) =[] Yeand Y, , = U{Y? :kemn]}soY) =
l=m ’ ’
0=V, ifm>nand V), ={<>}=Y, ifm=n
By for m < nlet G} , be the set of functions g such that:
(a) g is a function from Y}, into ¢ + 1

(®) O #n€Yp, =gn) <
(c) if k € [m,n) and n € Y, , then the sequence (g(n"(y)) : y € Yi)
belongs to Fy, g()
B3 Gpne ={9€Gh,:9(() =} fore <Candm <n < w.

Now the sets Q}n)n are non-trivial, i.e.
B if m <nande<(then G, , _#0.

[Why? We prove it by induction on n; first if n = m this is trivial. The unique
function g with domain {<>} and value e. Next, if m < n we choose f € Fp,_1¢
hence the sequence <g}n)n71)f(s) : s € Y,—1) is well defined and by the induction
hypothesis each set in the sequence is non-empty. As ACy;, , holds there is a
sequence (gs : s € Y,,_1) such that s € Y,,_1 = g, € Q}M_Lf(s). Now define g as
the function with domain Ynll_’n:
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9(() =«

g({s)"v) = gs(v) for v € Ynll,nfl'
It is easy to check that g € G} indeed so H, holds.]

m,n,e

Bs if g,h € G, ,, and g(()) < h(()) then there is an (m,n)-witness Z for (h, g)
which means (just being a witness means we omit (d)):
(a) Z C Y, , is closed under initial segments, i.e. if n € Yko)n N Z and
m <k < {<nthenn[[l,n) €Y, NZ
) ez
(c) ifneZnY,,,m<k<nthen {yeYy,:n (y) €Z}e Dy
(d) if n € Z then g(n) < h(n).

[Why? By induction on n, similarly to the proof of H,.]
Bs (a) we can find (g, : n < w) such that g, € ggm forn <w

(b) forn <w,se€Y,let gyi1,s €G) , be defined by
gn+1,s(V) = gn+1(<S>Ay)'

[Why? Clause (a) by Hy as ACy, holds, clause (b) is obvious by the definitions in
Hs + Bﬂg.]

B thereis ((Z,s:s € Y,) : n < w) such that Z,, s witness (gn, gnt1,5) for n <
w,s €Y,.

[Why? For a given n < w, s € Y,, we know that g,+1({s)) < ¢ = g,({)) hence Z, s
as required exists by Hs. By ACy, for each n a sequence (Z,, s : s € Y;,) as required
exists, and by ACy, we are done.]

Bs Z,:={(s) v:se€Y,_1,v € Z,_1,} is a (0,n)-witness
By there is F such that:
(a) F={(Fpn:m<n<w)
(0) Fom : Ynll_,_l)n — dual(D,,)
(¢) Fon(v)is {s €Yy, : v (s) ¢ Z,_1} when v € Z,, and is ) otherwise.
[Why? Check.]
B¢ F witness IND(((Y,,, Dy,) : n < w)) fail.

[Why? Clearly F = (F, ,, : m < n < w) has the right form.

So toward contradiction assume t = (t,, : n < w) € [[ Y, is such that
n<w

(x)1 m<n<w=ty ¢ F,,(t[(m,n]).
Now

(x)2 t][m,n) € Z, for m <n < w.
[Why? By (x); recalling Ko(c).]

(#)s gnt1(E1fm, n]) < gn(Elm,n)).
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[Why? Note that Z, ;, is a witness for (¢n, gn+1.t,,) by (¥)2+Hz7. So by Hs we have
M€ Znt, = Gnt1, (M) < gn(n). But m < n = tl[m,n] € Z, = tl[m,n) € Zny,
hence In+1 (t”mv TL]) = Gn+1,t, (t”mv TL)) _< gn(t”mv n)) as reqlﬂred']

So for each m < w the sequence (g, (t[[m,n) : n < w) is a decreasing sequence
of ordinals, contradiction. Hence there is no t as above, so indeed H;y holds. But

(K10} M9 contradicts an assumption, so we are done. Lo g4
Remark 2.7. 1) Note that in 2.4 there were no use of completeness demands except
of Ny-complete when we get rid of n*, still natural to assume N;-completeness
because: if D!, is the Ry-completion of D,, then IND((D}, : n < w)) is equivalent to
IND(D,, : n < w).

2) Recall that by [Sh:513], iff pp(N,) > R, then for every A > N, for infinitely

(x13) many n < w we have (Vi1 < A)(cf(p) =R, = pp(p) < A).

Claim 2.8. [DC| For x = (Y,,,D,, : n < w) with each D,, being an Ri-complete
filter on'Y,,, each of the following is a sufficient condition for IND(x), letting Y (<

n)= 11 Yn

m<n
(a) ® Dy s a (< ( [[ (Dp)Y(<™)-complete ultrafilter
m<n
o for each n in the following game Ox ., the non-empty player has a
winning strategy. A play last w-moves. In the k-th move the
empty player chooses Ay € Dy, and (X;:t € () D,,)Y (<)

m<n
a partition of Ay and the non-empty player chooses tj.

In the end the non-empty player wins the play
if () X, is non-empty
k<w
(b) like (a) but in the second part the non-empty player instead ti chooses
Sk C (Y2 DY satisfying |Sk| <x |S| and every Dy, is (< S)-

m<n
complete, S is infinite

(e) if m<n<w then Dy, is (<[] Yi)-complete'
k=m-+1

Proof. Straight. ]

Lso the Y}’s are not well ordered! If a < 0(Yy) = D is |a|t-complete then a¥m /D,, = a. If
« is counterexample D project onto a uniform Nj-complete filter on some p < a.
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3
§(3A) Y € Card is enough
Definition 3.1. Assume D is a filter on Y.

1) Let oq(Y) = oq(Y, D) ={f: f a function from Y onto some ordinal}.

2) For f € oq(Y) let ef ={(y1,y2) :y1 € Y,y2 € Y and f(y1) = f(y2)}-

3) Let oeq(Y) = {ey : f € oq(Y,d)}.

4) For h € oq(Y, D) let D/h be {x C Rang(h): h~*(X) € D}, a filter on Rang(f)
which necessarily is an ordinal < (Y).

5) For f € YOrd let g5 be the following function:

(a) Dom(gs) = otp(Rang(f))

(b) gr(i) = aiff By)(y €Y A fy) =ani= otp(f(y) N Rang(f)).
6) For f € YOrd let hy be the following function:

(a) Dom(hy) =Y

(b) hy(y) = otp(f(y) N Rang(f)) € oq(Y,d).

7) Assume D € Fill(Y) and f = (f, : @ < a(¥)) is a <p-increasing sequence of
members of ¥ Ord

(a) welet u = (upy :h € oq(Y,D) where us , = {a < af*) : hy, =h}
(D) f(gh] = (97, 1 @ € usy) is <p-increasing.

Claim 3.2. Assume D € Fill.
1) Assume f = (fo : @ < 68) is a <p-increasing sequence of members of ¥ Ord

(a) (ugy, :h €oq(Y,D)) is a partition of Y
b) cf(d) > 0(oq(Y, D)) then for some h € oq(Y,D) the set uz,; is an un-
( q a Fih
bounded subset of &
c) for h € oq(Y) the sequence (gr, : o« € uz;) is a <p/p-increasing sequence
fa fih /
of members of (" Ord

(d) in (b); if 6 = |0] then for some h € oq(Y') the set ug, has order-type J.
2) For a € Y Ord for every regular X > 0(Y') we have

(CL) A€ ps_thn—com(a) ﬂ. A€ pS_thﬁ—com(g@)

(b) A € dp-tef, com(@) iff X € dp-tef, o (ga) recalling dp-tefycom(@) = {A:
for some D € FilL(Y),\ = tcf(Ila, D), equivalently there is a cofinal se-
quence of members of Ta}.

Observation 3.3. If ACyy then 0(Y) is a successor cardinal.

Proof. Toward contradiction assume 6(Y") is a limit cardinal say Rs,.

For a < 0(Y) let F. = {g : g a function from Y onto a}, by the definition of
0(Y) it is non-empty, hence by AC, the set F2 = {f : f a one-to-one function
from o into Y} is non-empty. As (F2 : a < 6(Y)) exists and ACy(y) holds, there
is a sequence (f, : a < 0(Y)) with f, € F2. Define the function pr with domain

{(a, ) r ¢ <R < O(Y)} by pr(e,¢) = > Ve + @, now pr(a, ) < Nepq < 0(Y) so
e<(¢
pr is one-to-one into A(Y), also the range of pr is an initial segment of Ord, and

{c3.2}

{c3.5}

{c3.7}
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|[Rang(pr| = Dom(pr) as it is one-to-one and obviously |Dom(pr)| > 0; together pr
is onto O(Y"). We define (y, : v < 0(Y)) by Ypr(a,c) = fe(a) for a <Re < 0(Y); let
w= {7 < 0(Y) : (46 < 7y # s}, 50 easily ¢ < 6(x) = Rerr = [un [Re,Res1)l,
hence |u] = §(Y'), hence (y, : v € (Y")) exemplify T(Y') > 6(Y'), contradiction. [
Claim 3.4. Assume [?]

(a) (cfp : D € ps-tef-fil(@)) is as in ?
(b) for any =(D; :i < i(*) < k) € "> ps-tef-fil, (@)
(¢) for D as above and 3 € [T tef(ma, <p,) let Fp g = {sup{fs, : i < lg(B)}

fe 11 Fp.p} where f =sup{fs, :i < £g(B)} which means s € Y =
i<tg(f) _
f(s) = sup{fp, (i) : 1 < Lg(B)}
(d) {Fpj:D e "> (ps-teffil, (D)) and e [I tef(ra,<p,)} is cofinal
i<lg(B)
(e) ps-cf®(ma) = sup(ps-pcf,, (7&@)) where we define ps-cf*(ra) < S when ... ¢
Claim 3.5. Assume
(@) DEFIL(Y), k>R and ay > 1 fory €Y
(¢) tkp(a) = ¢ = (]
() ef(C) > O(FilL(Y)).
1) For some J € {J[f,D] : f € YOrd} we have ¢ = otp({y: there is 3 € Ila such
that tkp(B) = v and J[3, D] = J}).

2) 2 In (1) if dual(I) C Dy € Fil'(Y) then tkp, (&) = ¢ and ?
3) # Moreover in (1) if 3 € lla, rkp(B) = v, J[|3, D] = J then tkp,(3) C ??

Proof. 1) For ¢ < ¢ let F. = {3 € lla: tkp(f) =€} so F = (F. : € < () exists and
€< (= F.# 0 by xxxx and U{F, : e < (} = Ta.

Let F.p = {6 € F. : J|B,D] = dual(E)} for E € Fil.(f)) extending D and
let up = {e < (: Fep # 0}, 50 F. = UU{Fop : E € Fil'(D)} and ¢ = U{ug :
D C FE € FilL(Y)}. As cf(¢) > O(Fil(Y)) necessarily for some E, |ug| = ¢ but
up € ¢ = |¢| hence otp(ug) = ¢, so dual(E) is as required.

2) By (3). 7

3) 7 So J is from (1) and toward contradiction assume dual(.J) C Dy € Fil®(Y)
and a; € Ila, but rkp, (@1) > ¢; without loss of generality y € Y = a1, > 0 and
rkp, (@1) = ¢1. Now we choose F!, F! ;, E; as in the proof of part (1) starting
with aq, (. O34
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4. PRIVATE APPENDIX
We can add to [Sh:938, 2.6,2.7]
Claim 4.1. The filter Dy 4-commutes with the filter Dy (see [Sh:938, 3.1]) when :

(a) Dy € Filee(Yy) for £ =1,2
(b) Dy is o-complete
(¢) if J1 € {J[f,D1] : f € Y1 Ord} or just Jy is a o-complete ideal extending
dual(Dy) then A C Yy but dual(Jy) € {D1+A: A€ D}; this follows from
clause (b) + DC, VACp(y,) when Dy is o-c.c., i.e. there is no sequence
(A; i < o) of a pairwise disjoint sets from Dy
(d) DCy and ACy,, ACy,
(e) (a) Dy is P(Ya2)-complete or just
(B)  if (Bs:se€ Ay € (JS) and A€ JF, Jy € {J[f, D] : f} for
{=1,2 then for some B, € J2+ and we have A, C A A, € J;
we have s € A, = By D B;.

Proof. Stage A:

Let A € Dy and B = (B, : s € A) € 4(Dy) and J* = (J} : t € Ys) where
Jt e {JIf,D1) : f € Y20rd} and Jo € {J[f,D2) : f € 220rd}, i.e. as in the
assumption of B, of Definition [Sh:938, 2.1]. We should find A,, B, as there.

Stage B:

For each t € I, thereis A; € Df such that J! = dual(D; + A;), hence as ACy,
holds such that (4; : t € Ya) exist. Why? By clauses (b),(c) of the assumption.

Stage C:
Choice of By, A.. Apply clause (d) of the assumption applied to (Ja, (A¢ : t €
I)). Us.11

Remark 4.2. 1) We can weaken “D; is o-complete, o-c.c.” to “Ds is o-complete,
oT-c.c.” when we have some normality conditions.
2) We can replace this by “any J[f, D1] is of the form D; + A for some A € D{”.

We can add in [Sh:938, §4]

Conclusion 4.3. [AC, and p a limit singular cardinality]

Assume p = sup{x < p: for some A € [k, ) on A there is a k-complete k-c.c.
filter D on A}. Then for every ordinal ¢ for some k. < pu, for every X € [k, 1) and
k-complete k-c.c. filter D on A\ we have rkp(¢) = (.

Proof. By 5.11 and [Sh:938, 4.1]. a3

We define f : Y7 — P(Y2) by f(s) = {t € Yo : s € A;}; as Dy is (P(Y2))-complete
filters on Y] necessarily also .J> is a (P(Y2))-complete ideal on Y7 hence there is

e V" C Y, such that A* := {y € Ay : f(y) = Y5’} belongs to J; .
Choose s, € A* so Y5 = f(s) ={t e Yo:s5€ A}.

{17}

{19}

{23}
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5. PRIVATE APPENDIX

Remark 5.1. pcf inventory (August 2009)

1) See [Sh:F663] lecture - [Sh:430, §6] is locality proved for pcfy_com(—), 60 > |al.
2) See Rinot question [Sh:F893].

3) See the notes for Larson [Sh:F814] - on HOD.

4) Continue [?], see [Sh:F878].

5) Failed try to continue [Sh:460, §5B], [Sh:F563].

6) [Sh:F355] - on consistency - answer Gitik?

7) [Sh:F354] A = sup(A N pcf(a)) is weakly inaccessible.

) Densities of basic product [Sh:F132], covered by paper with Moti?

) [Sh:F50] to Shimoni.

0) Hopes rank for precipiousness?

11) Sort out? Y, is well ordered, need INDy, (D)?

12) (09.10.19) A related question: let x = ((Yy,, Dy, hy) : 0 < w) is here h,, : Y, —
Y and D a filter on Y and we try to prove

8
9
1

(¥) forevery f € Y Ord, for every large enough n we have rkp, (foh,) C tkp(f)
or similarly for Depth.

13) (09.10.26, old thought) As we pass from cofinality to pseudo-cofinality, iterate
this notion and then have strong dichotomies.
14) (09.11.15) Think of a problem where:

(a) Depth(¥(R,,), Dy, ) large given an answer.
15) Tasks (2010.1.08)

(a) if Y = x, then we can replace ACp(y) by DC,+
(b) replace Y by all u < 6(Y'), just split to some ?
(¢) Definition dp-pcf,(Y) = {z : A regular and there is a filter D such that

A = dp-tef(ra@, <p)} where: dp-tcf(r@, <p) means there is an increasing
cofinal of this length

(d) nice results but no existence

(e) given @&, how much choice needed to find D with dual(D) = ([Z]<"+ (Y \Z)
for some Z7

(f) for a A-sequence of length \, <p,-increasing in ¥ Ord, is there <p,-lub for
some Dy D D17

(g) smooth closed generating sequence: by DC\y|?

(h) generalize [Sh:460]

(7) get bound or Depth N,

(j) try for a dichotomy: with IND

Moved 2010.1.08 from 8.8, p.7:

2) [ACpyy] If D is k-complete but not (< oo)-complete then AC.

2) So without loss of generality D is k-complete not x*-complete hence there is a
sequence A = (A, : a < k) of members of D with N{A, : a < k} ¢ D and without
loss of generality A is with no repetition. This implies x < §(P(Y)), but we have
ACp(yy hence we have AC,; as promised.
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Moved from pg.8:

For Nj-complete ultrafilter we get more

Claim 5.2. [true??] Let D be an Ni-complete ultrafilter on Y. Then for any
f € Y(0rd\{0}) we have rkp(f) = ps-o-Depth( [ f(t),<p) and the supremum on
tey

the left is obtained.
Proof. Obvious. Os.0

Question 5.3. 1) Can we prove parallel of the ZFC results?
2) (09.7.19) Is this not 6(Ila/D)?

Moved from Anotated Content:
§(2A)  Getting quasi-rank systems with AC.,, pg.7 (090909)7

[We start with pre-rank-system p and define rank trying to get a strict rank
system using IND we get that the ranks are < co. Has to be read together
with [Sh:938]. While this has to be checked we still use AC.,, it =3 K.

A new suggestion in 6.2, {6.3d, £6.9(5) has not been elaborated on.]

63 Connection to IND, pg.13

84 Appendix, pg.19
[We repeat [Sh:938, §5].]

NOTE: pg.91 - can’t read the top of this page

Discussion 5.4. Whereas our orignal intention was to use IND(x), we actualy use
only IND’(x), which is much better.

Definition 5.5. 1) IND'(((Y;,, D,,) : n < w)) means that if no F' = (F, : n < w) is
a witness against it which means:

(a) F, is a two-place function from I,,41 U {x} into dual(D,,)
(b) there are no t, = (tn¢ : £ < n) € I, for n < w, stipulating t,, = = we

have m < n =ty mtn—1.m ¢ Fm(Enm+1, tnt1,m)-

2) Let IND"”({(Y,,, Dy,) : n < w)) means that there is no (F},,, : m,n < w) a witness
against it which means:

(a) Fup is a two-place function from I,, U {} into dual(D,,)
(0) uneer € {(e1,61 €1 < @iy < ¢} coming from (F e, Frg)-

Question 5.6. 1) If we try to prove 2.4 with choosing < > (I/n)?

2) Try ¢, = oDepth(%r¢, <,) is >> . Really for every ¢ € [] &, we have F€ for

n<w
the Y’s witnessing failure of IND(x) can we combine to get a contradiction? We

have the Z’s colouring by large subsets of Y ,, with sub-additivity.

{r31}

{k10}

{12}

{14}
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{x16}
Claim 5.7. [ZFC] 1) If Y, = A\, D,, = {u C Y : Y\u < k} and Y — (w)? then

IND ({(Y,,, D) :n < w).
2) If Y,, = k2,Y — D,,-co-countable.

Discussion 5.8. We may wonder on relatives on 2.4. First, if instead ps-Depth

we use Depth it seems that A ACj, is not necessary. Second, we may try to use
n

ranks instead of depth.

Does looking at the proof of 2.4 give more?
Definition 5.9. 1) We say f is an (x, {)-system or (A, x, () is a system when

(a) x={((Y,,Dp, : n <w),D, afilter on Y,
(b) ¢ an ordinal

(© f={fnein<we<()
(d) fne € "¢ (with full choice without a more complicated
(e) e<¢<(andn <wthen f,. <p, fne.

2) we say the pair (£, &) solve the system (4,x, () when

(a) te [ Ya

n<w

(b) €= (&, :n <w) where &, = (g : £ <n),en0 <C.

Remark 5.10. With little choice for n < w,e < £ < e we have (up e :t € I,).
If Dyy1 is Af-complete then ?

Theorem 5.11. [ACy, forn < w.]
Assume Dy, is an Ni-complete on'Y,, for n < w and IND((D,, : n < w) then for
every ¢, for some n we have rkp, (¢) = C.

Definition 5.12. ACy,y where for every (A, : y € Y) there is (B, : y € Y) such
that Ay # 0 = B, #0,|B,| <. |Z].

Question 5.13. Interesting? Natural for a sequence (< Z)-complete filter, as in
wecanuse ( (| :y€Y).

a/€By
Proof. We choose g,,, Z,, as in the proof of 2.4 using the definition. O

Remark 5.14. 1) In (5B), ?7?(2) silly? We can find disjoint Y7Ys with id(Y;) =
id(Y2).

2) Definition ?7(2) line 2: [ +— J.

Discussion 5.15. Seemingly [Sh:835] connect well to [Sh:F955].

So ssume (); : i < k) is increasing with limit p and that is we should deal with
a game, where..?
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6. PRIVATE APPENDIX
USING PURE X: JuLy 2009

Definition 6.1. We say s is a frame when s consists of the following objects
satisfying the following conditions:

(a) (ki i< cf(p)) is increasing with limit p
(b) set D
(¢) Dgq afilter on Iq = I[d] for d € D
(d) ford eD
(o) 2(d) € {(e,h) : e € D and h a function from Ie onto Ie such taht
Dg ={h"(A): A€ D¢}

(B) Zpe(d) C X(d), a set of so called pure extensions

(7) Zap(d) € X(d), a set of so called a-pure extensions such that (e, h) €
Eap(d) = Ile=IgNh= id[d

(6) d € Spu(d) N Lap(d)

(¢) transitivity of 37 3,7 3,57

(e) jis a function from D to cf(i) and Dq is j(q)-complete and ¢ € £ par(d) =
|Se| < Ka)(?)

(k) par(d) and for p € part(d), X, = (X, s : s € S,) is a sequence of pairwise
disjoint subsets of Iq with union € Dq and (e, : s € S) is such that
eps €D, Ie,, =1a,De,, =Da+ Xpssoeps=d+ X,

(l) (a) ifdy € Epr(do) and dy € Eap(do) then d; +d, d, =dy +(S:10 do

is a well defined member of Dy and ds € X, (d2) N Xap(dy)
(8) above

(v) aboveif e € 3(d1) NXq(dz) then e € X(d).

Question 6.2. Maybe cf(x) replaced by a linear order (which can have a pseudo
cofinality)?

We now give examples

Definition/Claim 6.3. 1) Assume & = (k, : n < w),J = {J,, : n < w), when
Jpn is a kp-complete ideal on I, and kK, < Kpy1 (or just K, < Kp41)? We define
s = s; 7 and prove that s is a pre-system as follows (so u = ps, etc.)

(a) p = Xky, and k is given

(b) Disthestofd:d = (n,A) = (na, Aa) and for some m =mgqg <n=nq < w
we have o
(@) Fa={F : F = (Fy,n, : ma <mg <ng <ng)=(F4 tmg <

mi,ny C

ny
my <ni < 7’Ld> and Fm171 : H In(l) - Jn(ml)
l=m1+1
B) n=(m,n—1,....,m)
() la=II L

l=m
(8) Da = {X C Iq: there are X, € J; for some F € F; for £ € [m,n]
such that ANX D {p € Iq : p(m1) ¢ Fpy ny (pl[m1,n1]) whenever
ma <my <ni < natt

{m6}

{m8}
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(¢) © ¢ Dq and nec Dq is Ky-complete

(¢c) fordeD
() let X(d) be the set of pairs (e, h) such that e € D, me = mq < ng <
ne, F2 ,, = F3 . when ng < miy < ny < nq and h is h(p) =
plmd,nd]

(8) Yp(d) = {(d,h) € X(d) : Ey,, ,,, is constantly () when ng < n; (and
ma < my < ny < ne)
(v) Zap(d) ={(e,h) € £(d) : h = id;, S0 ne = na

(d) for 0 € Ds and A € D} let e = d + A € D be defined naturally, it is
(ndaf4d r111,17)

(e) part (D) is the set of p = ((Xp,s,€p,s) : s € §) such that: for some so called
witness G = langleGmy ny : ma < my < n1 < ng),Gmy o, - Iy 41,00 —
Km, with bounded range letting S" = {{amy.n, : Mma < M1 < n1 < ng)
Qmyng < I{ml} and A = {p € Iq : Gml,nl(p”ml + 1,711]) = Qmy,ng
for my < ny from [ma,nq] we have S, = {a € A’ : ) € Dgq + Az} and
ég,p,s = d + A[l

(question): should we allow |Rang(G,, n, )| be large, etc.?

(f) part(d) = {p € par(d) : |Sp| < Kmqg}

(question: should we have par(d) C {(e,d,p) : (e,h) € X(d) and as
above}?

Discussion 6.4. (09.8.17) 1) Discuss (here?) to achieve our hope (dichotomy using
[Sh:835]). We would like for every n € Dx = dec<,,(O) to define what are n-objects
which are a replacement for (I,))orq. Maybe we should repalce dec<,(6) by closing
O by ordered pairing,but first ignore this.

A natural try define when x € obj(n) by induction on £g(n).

If £g(n) = 0 then x is just an ordinal.

If Lg(n) = n + 1 then = consists of a non-empty set F € n®)Ord, a set
A€ D;(e),AB ={teA:f(t) >0} (or (Af: fe F), Ay € D;(e)?) and a fucntion
which gives for every f € F and t € Ay and object z;, € obj((n(1+¢): £ < n)).
We have to: (A) define rank, (B) using DC criterion for the rank being an ordinal,
(C) reprove [Sh:938] main Theorem.

2) (09.8.26) The example in [Sh:938, §0] can be pushed up: use A + X, ordinal
addition, (A, rks(A\) = A for all relevant J’s. Hence it seems there is no hope for
u = R, but there may be for ¢ = J,,. At least combine pu = 3,,0(P(\,)) <
Unt1, b= > A and IND((\, : n < w)) or try the proof of [Sh:460, §1].

n<w
Claim/Definition 6.5. Like 6.3 but J = (J, : n € O), FILL. Now 74 is a
decreasing sequence of length ng + 1, so Dgq is ki, (n,)-complete and e € X(d)

@7 implies 7e(ne) = na(na), Rang(na) C rang(ne).
m
Convention 6.6. We naturally let s = (Rs, us, Ds, par(—, —),¢par(—,—)) and

Is,dv Ds,da Ss,pa Xs,p,& Ds,p,Q-

{m10}

Ma (

{m12}

Definition 6.7. Given a frame s let tru(s) be the set of objects t consisting of:

(a) T¢ a set of finite sequences closed under initial segments
(b) d¢,, e DforteT
(€) he=(h%,:p<QoeT)
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(d) for non-A-maxiam p € T, (di ,, b)) € Epe(de ) and p, € par(dy ) sat-
isfied sucz, (p) = {p"(s) : S € Sp,} and d¢ p-<s> = €q,, and hy o <s> =
h{ for p<ao € T, lg(p) = m,lg(o) = n then h,, : Ia,, — Ila,, is
he,hp,, oy 0...0hg p, where hy ., = h,:fp[ and pg = o[l for { =m,...,n—1

(e) if p<p € Ty we have: h, , maps Aq, into Aq,
question: put this in Definition 6.17

Definition 6.8. Given a candidate s we try to define a rank; (we may omit the
subscript s as its value is fixed).

If d € Dg and f € 140rd we define tki (f) = rki(f,s) € Ord U {cc}; or we
may replace “tr” by 1 or omit it; by defining by induction on the ordinal { when
rki (f) 2 ¢: it holds iff for every (1 < A there is a pair (t,g) such that

(a) t € tree(s) where Tg is well founded, i.e. with no w-branch

=
Q.

)
(b) di=<> =d

(c) g=1(9p:p€ max(Ty))

(d) g, : 14[ds,,] — Ord

(€) 9o < foht <>, mod Dg,
() 1S (95) 2 .

The choice in 7?7 though more transparent than the following relative, need more
use of choice.

Definition 6.9. Like 7.9 - FILL - rk%(f), but maybe rk' is enough.
Check.

Claim 6.10. Let s be a candidate and k =0, 1.

1) The rank k5 (f) for f € 119 0rd is well defined (€ Ord U {co}).

2) If (da, h) € Spp(d1) and f1 € 11 10rd then vk (f) = rhk5,(f o h).

3) Ifd € Dy and f € "M Ord and p € lpar(d) then rka(f) = min{rke, (f) : s €
Sp}.

Proof. 1) Easy.

2) Use + on D - FILL.

3) By induction - FILL. O

Claim 6.11. For a free? s the following condition (a),(b) are equivalent: and if
s = sz j from 6.3 we can add (c), and if s = s j is from 6.5 we can add clause

(c)F:
(a) tka(f) = oo for some d € Dy and f € ' Ord
(b) there t € tree(s) and ¥ C Ty such that (Vp € lim,(7¢))(3°n)[pin € Y)

and f, € HNaerlOrd for p € Y such that for any p < o from Y we have
fo<foo h;yg mod Dag, ,

(¢) —IND(R, J) when...?
Definition 6.12. For (&,.J) as in 6.3 or 6.5 let IND(%, J) mean that:

Case 1: Definition 6.3 for every Fy,n @ g1 — Jm for m < n < w there is

n € [[ Ir such that m < n <w = n(l) ¢ F.(nl[m+ 1,1]).
£<n

{m16}

{m18}

{m21}

{m25}

{m26}
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Case 2: Definition 6.5 -
[copied] 1) Above p; is not well 0-founded iff: there are &, f such that

@z f (a) &= (g i <w) is increasing

b) f=(fiji<j<w)
(¢) fijis afunction from I\., o, ..., into Jg,
(d) foreverya € [] ke, forsomei < j wehave a; € f(n,, 0, 1y---s 0y )
i<w
Proof. FILL O

We quote [Sh:938]

Definition 6.13. Main Definition: We say that p = (D, 1k, 3, j, 1) = (Dp, 1kp, Xp, Jp, tp)
is a weak (rank) 1-system when:

(a) p is singular

(b) each d € D is (or just we can compute from it) a pair (I, D) = (Iq, Dq) =
(I[d], Da) = (Ip,a, Dp.a) such that:
(o) O0(Ia) < p, on O(—) see 77
(8) Daq is a filter on I4

(¢) for each d € D, a definition of a function rkq(—) with domain /[4/Ord and
range C Ord, that is rkp a(—) or rk§(—)

(d) (a) X is a function with domain I such that ¥(d) C D
(6) ifdeDandeec X(d) then Io = Iq [natural to add Dgq C De,

this is not demanded but see 7?(2)]
(e) («) jis a function from D onto cf(u)

(5) let DZi = {d eD j(d) Z ’L} and Dz = DZi\Di+1

(7) e €%(d) = j(e) 2 j(d)

(f) for every o < pu for some i < cf(u), if d € D4, then d is (p, < o)-complete
where:

() we say that d is (p, < X)-complete (or (< X )-complete for p) when: if
f€dOrd and ¢ = rkq(f) and (A; : j € X) a partition? of I, then
for some e € 3(d) and j < o we have A; € De and ¢ = rke(f); so
this is not the same as “Dq is (< X )-complete”; we define (p, | X|1)-
complete, i.e. (p,< |X|T)-complete similarly

(g9) no hole?: if rkq(f) > ¢ then for some pair (e, g) we have: e € ¥(d) and
9 <ple] f and rke(g) = ¢

(h) if f =g+ 1 mod Dq then rka(f) = rka(g) +1

(1) if f < g mod Dg then rkq(f) < rka(g).

Definition 6.14. We say p is a quasi rank ¢-system when p = (D,rk, 3, j, 1) =
(Dp,rkp, Xp, jp, pp) satisfies Definition m4.3 of §3 of [Sh:938] if + = 1, Definition
m4.4 of §3 of [Sh:938] if ¢ = 2 except that the rank may be oco; we write rkq(f,d)
for d € Dp and f € 14Ord.

2as long as o is a well ordered set it does not matter whether we use a partition or just a

covering, i.e. U{A;j:j €0} =1Iqg
we may use another function ¥ here, as in natural examples here we use X(d) = {d} and not
so in clause (f)
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Definition/Claim 6.15. For a frame s let p be the following quasi rank system:

e 1,ID, 3, j are as in Definition 6.1
e rkq(f) is as in Definition ?

Claim 6.16. 1) If (R,.J) is as in Definition 6.3 or 6.5 and IND(&,.J) holds, see
Definition 6.12 then psx, .y is a rak system.
2) Moreover it is a strict one.

Saharon copied. 1) As in the proof of e5.g of §4 of [Sh:938, §4,e5.g] or better see
the proof of 7.17 except that we use 7.9 instead of 7.8 which simplify clause (f), but
is cumbersome in other places.

2) We check Definition m4.3 of §3 of [Sh:938, §3,m4.3].

Clause (a): p is singular.
As p=73", Ky and Ky, < Kp41 this is obvious.

Clause (b): Let d € D,n = nq,J = J, now clause () says 0(I,) = 0(|1,)|) =
Kp(0)» Fim(0)+1 < p so as for clause (), “Dy is a filter on I,,”, it holds by the choice
of p.

Clause (c): tk§(f) = rka(f, p) is an ordinal as defined in 7.9.

Clause (d):
Clearly X(d) is of the right form.

Clause (e):
On j - see 7.13(2)(c).

Clause (f):
We prove by induction on the ordinal ¢ that:

(*) if d € D and j(d) > e and A = U{A, : @ < K.} € Dq and f € '14Ord and
An € DY = tkata, (f) > a then rka(f) > .

Now Definition 7.9 is tailored made for this.

Older version using 7.8 recheck:

For @« = 0 and « a limit ordinal this is obvious. For a = f+11let Y = {a <
ke 1 Aq € D} and for o € Y let n, = min{n: there is (e,h) € B(d + A,) such
that rke(f o h) > 3 and 7e(0) = n}. Clearly n, is well defined for @ € Y, and let
w:={n:U{A,:a €Y and n, = n} € DI} and also the rest should be clear.

Clause (g): (no-hole)
By the Definition 7.8 or 7.8 of rk. Saharon 09.5.31 recheck.

Clause (h): rka(f +1) = rka(f) + 1.

We prove by induction on the ordinal « that:

(*) for everyd € D and f € 14Ord we have rkq(f) > a & rka(f+1) > a+1.

Clause (i): Obvious. O

{m34}
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Question 6.17. (09.7.19) Assume little choice and g, = min{u : IND(u)}. So
up to u we can apply [Sh:835]. Now above it seemed that if « < p = AC, and
w is a limit cardinal, we can find bound above to rkq hence to rk;(—) for J quite
complete ideal.

1) Assume cf(p,) = No, we try to apply the above replacing AC.,, by DC +(Va <
1) (-IND(p)). So the problem is, on the one hand, about [Sh:938, §3] with weaker
form of choice (as in [Sh:835]) and on the other hand the right use of IND(y.) here.
2) What above p is a successor?

3) Even with choice, the bound on rank does not give a bound on pp or tef(u"~, <p)
well above O(P(ky,,)) it gives with choice/without much choice - as can be done in

§1.

Claim 6.18. 1) If (fo : @ < §) is <p-increasing in (IL, &, <p) then rkp(a) > 0.
2) If (fo : o < p) are #p-distinct in (Ila, <p) and p > 6(P(Lg(@)) then we can
use [Sh:E38] which continues [Sh:497].

3) As in (1) devise u to < P(kn) on each for some Do D D the sequence is
mcreasing.

Theorem 6.19. 1) If IND((ky, : n < w) then [?] - FILL.
2) For X, - [FILL].

The following information is not presently

Claim 6.20. 1) Assume (R, J) is as in 6.3 and n < w = |P(L,)| < kpy1. Then

for's = s 7, for every d € Ds we can find A, € J for € € Rang(na) such that
n(d)
IT 4 e Dji' and Dg + Ay = De for some e such that Io = Iq, Ae = [ A¢.

‘

lemg

2) Moreover, for every p € par(d) there is a refinement ¢ such that each ey s(s €
Sq) is of the form in (1).

3) In part (1) if J, = fi where A, = ¢f(An) in[kn, Knt1) then in fact Dg + 1A,
is isomorphic to De where ne = ng, A¢ = Iq = Ie.

Proof. FILL. O

7. CONNECTION TO IND

§(2A)  Getting quasi-rank system with AC.,

Remark 7.1. 1) Below we can concentrate on the case £g(J) = w, (k, : n < w)

increasing, even 2" < k11 and Kk, = cf(ky).

2) We like to use less choice say only DC not AC.,, & = > ky. This is not achieved
n

for q’, q%, so it seems. So we may like to change [Sh:938, §3]. Consider k = 2,4 in
7.13(2) to use.

3) (09.7.18) We may hope that if J, = [k,]=7 we need only, e.g. DC + ACp(,).
But then we do not look at J,, 11 + A, |A| = kp11. So maybe have (J}, J2 :n < w),
see 7.14 or maybe have J,, ,, an ideal on kp, Jom n = [n]S"™, see 7.19.

4) (09.7.18) Try IND, (p) or so (7(2)| = &, || = p, no w-end-independent se-
quence or IND(u;, I; : i < k) looking for i, < ip41 < ldotsau, € pm,qm ¢
F(anti, - ,am) € I, . Can we connect by Fodor?

{m37}
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5) (09.7.18) To define the ranks for p we better revise the pre-rank-system as follows.
For every d we have ¥,(d) = Xp(d), the pure successors and X,,(d) = ¥3P(d)
the apure ones and we have interpolation. In the conclusion we try.

In clause (f), p-completeness, we shall try to get e € X,,,(d).

In clause (i), also if (e,h) € X, (d), f € 140rd,g = f o h € 1eOrd then tkq(f) =
rke(9).-

In the definition of rky, ??, (e, h) € X,,(d), we may instead of rky (—, —) ask
for a tree of pure extensions, but well founded tree.
5A) The natural case is J = (J, :n < w),D = {n:nis (n,n—1,...,m)}, %, (d)
is as there but ne = ¢"na but on I,y we use the original J. This fine to see that
it fits. If O or k larger, we allow “side extension of ” but min Rang(7) remains.
6) (09.7.18) But later we have preservation of ranks when we use isomorphic p or p
restricted to “d and above”. So if J,, = J}jg, kn regular, JPd JPd 1 A are the same.

Kn? % Kn

6A) Maybe legal partitions of [] I, ¢ is when I,y is divided to < k).
‘

Definition 7.2. 1) Let J be called a candidate or §-candidate when:

(a) J = (J.:e<6), 6 alimit ordinal
(b) J. is an ideal on k.
(¢) 6 < Ko and K. is non-decreasing.
2) We say that J is a generalized candidate when for some O:

(a) O is a linear order with no last element
(b) J=(J.:e€0)
(¢) Je is a Ry-complete ideal on I. := Dom(J.) = U{u:u € J.}.

In some sense the simplest example is

Example 7.3. Let (k, : n < w) be an increasing sequence of ordinals, .J, :=
[’fn]SNO-

Discussion 7.4. (08.6.27) 1) We shall try to define a rank (from a p.r.s. or p.r.s.*)
such that clause (j) of m4.6 of §3 of [Sh:938] follows. It seems that a necessary
condition for the rank to be < oo we need IND(p).

2) Naturally we can define p from J and a reasonable condition is IND(.J) at least
when £g(J) = w.

3) We can below use generalized candidates.

Definition 7.5. 1) We say p = (D,%,j) be a t-p.r.s. (pre-rank-i-system with
t=1,2; if « = 2 we may omit it) when in Definition m4.3 or m4.4 of §3 of [Sh:938,
§3,m4.4] it satisfies clauses (a),(b),(d),(e) and we add in (d):

(%) X is transitive: if (hq1,d;) € X(do) and (he,ds) € X(d1) then (hgoohy,d2) €
%(do)

[check where used].
2) We say p is a quasi rank ¢-system when p = (D, 1k, 2, j, 1) = (Dp, 1kp, Xp, Jp, ip)
satisfies Definition m4.3 of §3 of [Sh:938] if « = 1, Definition m4.4 of §3 of [Sh:938]
if © = 2 except that the rank may be oco; we write rkq(f,d) for d € Dp and
f e dord.

{£6.3}

{£6.3d}

{£6.4}

{f6.5}
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{f6.7}

{f6.8}

{£6.8d}

{f6.8g}

{£6.9}

{£6.10}
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2A) Alternatively: rkp is defined as in 7.8 below [or 7.9].

Convention 7.6. 1) p is a 2-p.r.s.
2) We usually omit the p when clear from the context, similarly for rkq(f, p) defined
below.

Remark 7.7. 1) We shall try to define rk. We shall try to prove mainly (f) [the
version with (e, h) € (d)].

Definition 7.8. For p a prs., d € D and f € [MOrd we define rkgq(f,p) =
rkY(f, p) by defining when rkq(f, p) > a for an ordinal o by induction on « for all
pairs (d, f); so tk§(f,p) = o when it is > « but not > a + 1, and is co otherwise;
by monotonicity well defined.

a = 0: always.

a limit: when rkY(f,p) > 3 for every 8 < a.

o = 3+ 1: when for some (h,e) € ¥,(d) and g € /¥lOrd we have g <p_ f o h and

rk(g,p) > 6.
Definition 7.9. [Saharon 09.06.01: check that this definition satisfies additivity
and k(f 4+ 1) = rk(f) + 1.

We define rk}(f, p) and dpé)q(f, p) from Ord U{cc} for d € Dy, f € '140rd by
defining by induction on the ordinal (:

(a) when rk}(f,p) > ¢ and
(b) when dpé)q(f, p) > ¢ for any ordinal &.
Arriving to ¢ we let:

e rkl(f,p) > ¢ iff for every ¢; < ¢ and { < oo there is (h,e) € ¥(d) such
that rki(f o h,p) > ¢ and dpl ., (foh,p) > ¢

e we define by induction on £ < oo when dp(liyc(f7 p) > & it holdsif rk(f, p) >
¢ and for every §; < £ and partition (A. : € < e.) of Iq with . < k;(q) parts,
there is (h,e) € %(d) such that rkg(f o h,p) > ¢ and dpl -(f o h,p) > &
and I, = Iq (Saharon 09.06.01: or use X.)

Remark 7.10. 1) In a variant we demand: and Io = Iq A h = idzq)-
2) By 7.9 we may derive a quasi rank system from a p.r.s., but we deal with the
special case which seems most interesting.

Claim 7.11. 1) The rank in Definition 7.8, 7.9 are well defined.
2) 1k} (f.p) < tkq(f.p)-
Discussion 7.12. (09.06.01) 1) We would like to use ACy for constant U or at

most U depend on 0. By the amount of completeness we need (approaching p), if
we use rk§(—, f}) is it O.K.? Does it?

Definition 7.13. 1) For £ = 1,2 and p a p.r.s. we say p is well ¢-founded when
1k, (f,p) < oo for every d € D and f € /[dOrd.

2) Similarly for p a quasi rank system (so now rkq(f, p) is not as defined in Defi-
nition 7.9, but is from Definition 7.5(2)).

Definition 7.14. For a candidate J = (J. : £ € 4),J. an ideal on k. we define
p = p; as follows:
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(a) Dy is the set of d = (I, D) = (14, Dq) such that for some 7 = nq we have:

P
(@) m a non-empty decreasing sequence of ordinals < ¢
B) I= 11 #ne
L<Lg(n)
(v) D = D,, + Aq for some (&, n)-large subset of I,, which means
(6) A C I, is (R,n)-large when A = [] Y for some Yy € [y for
l<n
¢ < n and

(¢) let uqa = Rang(na), Du, = Dy
() D={Y C I kyw) : thereis a sequence (Y; : £ < Lg(n))
l<n
such that Y, =Y, Yy = {<>} and £ < lg(n) = Y C ] Kym)
m<{
and £ < Llgn) Np €Yy = {a<kyp:p () &Y} € Ty}
(b) £(d) = {(h,e): for some p we have ne = ¢0"ng € D and h : I, — I, is
defined by h(p) = (p(£g(o) +¥¢) : ¢ < Lg(n)) and h induces a mapping from
D, into Dq}

(c) j(n) =n(lg(n) — 1)
(d) p=U{ke:e <4}

B {£6.11}
Definition 7.15. 1) Similarly to 7.14 for a generalized candidate J = (J. : € € O).
2) For a candidate J = (J,, : n < w) we define p?j = (D,rk, X, j, 1) as in 7.14 but:
(a)) D ={d : d as in clause (a) of Definition 7.14 but ng = (n,n —1,...,m)
where m < n}
(e)’ rk is as defined in Definition 7.8.
3) We define szr2 as in part (1) or by ?? but replace clause (a)(d) of ?? or part
(1) by:
(6) Dy =A{Y C ]I finw: for some Yy € Jp for £ < n we have [] wye)\{p €
<n I<n
11 sy (36 < m)lp(0) € Vi)
<n
4) For £ = 0,1 let q?z be the g% expanded by rk4(f, p]}) If / =1 we may omit it. . }
_ £6.12
Claim 7.16. 1) Above ;3}7 is not well 0-founded iff: there are &, f such that
®z 7 (@) &= (g1 <w) is increasing
b) f=(fij:i<j<w)
(¢)  fij is a function from Lieiejneiny) t0 Je,
(d)  foreverya € [] ke, for somei < j we have o € f(Qn,, 0n;_ - 0m,, ).

i<w
2) Similarly for p% (i.e. § =w we can above demand e; = i, so it is equivalent to
SIND(J,, : n < w).
Proof. 1) As in [Sh:513].
2) Easy as we can add to a function dummy variables. O7.16

Task: 1) Prove p?j satisfies clause (f) for rk = rkIl) defined as in 7.8.

2) Check the rk(f 4+ 1) = rk(f) + 1, but see below.
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Claim 7.17. 1) If J = (J. : € € O) is a generalized candidate and k = 1,3 then
pfj— is a p.r.s. provided that “J. is 6(O)-complete”(?)

2) If J = (Jn :n < w) is a candidate and k = 2,4 then p" is a p.r.s.

3) In part (1), q’} is a quasi rank system.

4) Assume J = (J, :n < w),J, an ideal on ki, K < Kpi1, b = Skn. Then qf}— 18
a quasi rank system.

Proof. 1) As in the proof of e5.g of §4 of [Sh:938, §4,e5.g] or better see the proof
of 7.17(?7) except that we use 7.9 instead of 7.8 which simplify clause (f), but is
cumbersome in other places.

2) We check Definition m4.3 of §3 of [Sh:938, §3,m4.3].

Clause (a): u is singular.
As = Zn kpn and Kk, < Kp41 this is obvious.

Clause (b): Let d € D,n = na,J = J, now clause (a) says 0(I,) = 0(|1,]) =
Kn(0)» Fn(0)+1 < p so as for clause (), “Dy, is a filter on I,,”, it holds by the choice
of p.

Clause (c): tk5(f) = rka(f, p) is an ordinal as defined in 7.9.

Clause (d):
Clearly X(d) is of the right form.

Clause (e):
On j - see 7.13(2)(c).

Clause (f):
We prove by induction on the ordinal ¢ that:

(x) if d € D and j(d) > e and A = U{A, : @ < k.} € Dg and f € 1140rd and
Ay € DY = tkata, (f) > a then tka(f) > .

Now Definition 7.9 is tailored made for this.

Older version using 7.8 recheck:

For @ = 0 and « a limit ordinal this is obvious. For o = f+ 1 let Y = {a <
ke : Ao € D} and for a € Y let n, = min{n: there is (e,h) € X(d + Ag) such
that rke(f o h) >  and 7e(0) = n}. Clearly n, is well defined for o € Y, and let
w:={n:U{A,:a €Y and n, =n} € DY} and also the rest should be clear.

Clause (g): (no-hole)
By the Definition 7.8 or 7.8 of rk. Saharon 09.5.31 recheck.

Clause (h): rka(f +1) = rka(f) + 1.

We prove by induction on the ordinal a that:

(*) for everyd € D and f € 19Ord we have rkq(f) > a < rka(f+1) > a+1.

Clause (i): Obvious. Uz.17

{£6.17}
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Claim 7.18. Assume J = (J,, : n < w) is a candidate and IND(.J).

Then p?]— s a strict rank system.

Proof. By 7.17 and the definition, it is a weak rank system. So we should prove the
“strict”, i.e. clause (j) of Definition m4.6 of §3 of [Sh:938] which we do by m4.16 of
§3 of [Sh:938]. We use ¥4 (d) = X(d).

On (*)a2:

Given d we choose j < w such that j > 7q(0) and assume e € D>;. O

§(2B)  Revisiting

The simplest case below is: x consist I, = kn, fin < Kni1, J1.n = [kn] <, Jon =
[Fn]<f, ind(p, 0), p = Eky, 4 minimal (or g = 00) indy :€ Ord, U {oo}.

For u there are algebras on v with no independent w-sequence hence [Sh:835]
and see §5 apply. But if using x we have a rank 2-system for which Theorem m4.13
of §3 of [?] apply (check!)

We may consider the pseudo version (using comp.,(J). We have to sort out the
amount of choice needed -seemingly.

{x2}
Definition 7.19. We say that x is a w-candidate when it consists of
(a) set I, for n < w (k a cardinal and (< k) = K
(b) ideal J,, ; on I, for k < w,n < w
(C) Jn,k c Jn,k-l—l
d) K.
(d) (x5

Definition 7.20. For a 2-candidate x we define by induction on ¢ < w what is an
x-object ¢ = d of depth ¢, such that

(%), for some ng < mqg < w,¢is an C-increasing sequence (J, i : k < w) of ideals
on Iy ng = {I : k € [m,n)}.

The case i = 0:

ng = ma + 1 and let hq be the one-to-one function from I,,, onto Iy, n, and
Jok € fALL(Im“;C + Ay) where Ay, € J} and Ay, D Apyy for k < w.

The case 7 + 1:

For some k,¢(1),¢(2) we have

(a) k€ (ma,na)

b) ¢(¢) is an i,-pair for some i, < i for £ = 1,2
) maa) = My, nga) =k

d) md(g) = k,nd(l) =k

ma2) = k,Naz) = n.

there are (A1 5, Az, : k < w) such that

(@) Ak € Ju(o),k41

(B) B € Jay iff B C Inyng and for some By € I,(1), we have n € Agp, C

%m%m@yi{VGLMmm«@iﬁUVEB}E?
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Remark 7.21. 1) Definition 7.207 seemingly does not behave transitively.
2) We may allow ng = mq.

Definition 7.22. For x an w-candidate, we define a p.c.s. p = pJ as follows:
(a) Dp ={d:d is an x-object}
(b) 3(d,) = {d: for some ds the triple (d,d;,,d;,) is as in Definition 7.20
(¢) j(d) is ma
(d) p=U{kp:n <w}.

Claim 7.23. If x is an w-candidate then p2 is a quasi rank sytem.

Proof. FILL. O

Definition 7.24. 1) For an w-candidate x we say it is well founded when the p.r.s.
pY is well founded, e.g. px is a weak rank system.

2) For a well founded.
Claim 7.25. If x is a well founded w-candidate then px is a strict rank system.

Proof. Stage A: We have to check clause (1) from Definition m4.6 of §3 of [Sh:938].
So assume d,(, &, f are as in B there. Choose j < w such that j > ng and
toward contradiction assume e, g are as in @ there.

Stage B: We find (e, g1) satisfying @ of clause (j) of m4.6 of §3 of [Sh:938] and
Me, = na; note if we define as in [?](2) rather than as in 7.13(3), we would not

need this step, but then we may have to reconsider the proof of (f) of Definition
m4.3 of §3 of [Sh:938].

Stage C: We use ACj[g) we continue as in 7.18 and in §4. But see footnote to e3 in
@ in clause (j) of m4.6 of §3 of [?]. O7.25

8. APPENDIX: PSUEDO TRUE COFINALITY

We repeat here [Sh:938, §5].
Pseudo PCF

We try to develop pcf theory with little choice. We deal only with X;-complete
filters, and replace cofinality and other basic notions by pseudo ones, see below.
This is quite reasonable as with choice there is no difference.

This section main result are 8.9, existence of filters with pseudo-true-cofinality;
8.19, giving a parallel of J[a]; and 1.2, on generators of J[<°‘)}\+.

In the main case we may (in addition to ZF) assume DC + ACpp(yy); this will
be continued in [Sh:938].

Hypothesis 8.1. ZF

Definition 8.2. 1) We say that a partial order P is (< k)-directed when every
subset A of P of power < k has a common upper bound.

1A) Similarly P is (< S)-directed.

2) We say that a partial order P is pseudo (< s)-directed when it is (< k)-directed
and moreover every subset U{ P, : @ < §} has a common upper bound when:

(a) if § < Kk is a limit ordinal

(b) P=(P,:a <) is asequence of non-empty subsets of P
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(¢) if a1 < g, p1 € P, and py € Py, then p1 <p pa.

2A) For a partial order S we say that the partial order P is pseudo (< S)-directed
when U{P; : s € S} has a common upper bound whenever

(a
(b
(c

(Ps : s € 5) is a sequence
P, CP
ifs<gtand fe Ps,g€ P, then f <, ¢

if s € S then Ps; has a common upper bound (so if S has no minimal
member this is redundant).

)
)
)
(d)

Definition 8.3. We say that a partial (or quasi) order P has pseudo true cofinality
d when: 0 is a limit ordinal and there is a sequence (P, : @ < §) such that

(a) P, C P and § =sup{a < ¢ : P, non-empty}
(b) if oy < g < 8,p1 € Py, p2 € Py, then py <p p2
(c) if p € P then for some o < ¢ and ¢ € P, we have p <p q.

Remark 8.4. 0) See 8.2(2) and 8.8(1).

1) We could replace § by a partial order Q.

2) The most interesting case is in Definition 8.6.

3) We may in Definition 8.3 demand ¢ is a regular cardinal.

4) Usually in clause (a) without loss of generality A P, # 0, as without loss of

generality § = cf(d) using P/, = Py, where f(a) = the a-th member of {3 <
§ : Pg # (0}. Why do we allow P, = ()7 as it is more natural in 8.17(1), but can
usually ignore it.

Example 8.5. Suppose we have a limit ordinal § and a sequence (A, : a < 8) of
sets with [ Ao = 0; moreover u C § = sup(u) = [][ Aa = 0. Define a partial
a<d aEu

order P by:

(a) its set of elements is {(«,a) : a € Ay and a < 0}

(b) the order is (a1,a1) <p (az2,a2) iff a1 < a2 (and a; € Ay, for £ =1,2).
It seems very reasonable to say that P has true cofinality but there is no increasing
cofinal sequence.

Definition 8.6. 1) For a set Y and sequence @ = (ay : t € Y) of ordinals and
cardinal k we define

ps-tef-fil, (@) = {D: D a k-complete filter on Y such that (IIa/D)
has a pseudo true cofinality};

see below.
2) We say that IIa/D or (Ila, D) or (Il&r, <p) has pseudo true cofinality v when D
is a filter on Y = Dom(@) and ~ is a limit ordinal and the partial order (Ila, <p)
essentially does®, i.e., there is a sequence F = (Fj : 3 < 7) satisfying:

450 necessarily {s € Y : as > 0} belongs to D but is not necessarily empty; if it is non-empty

then ITa = @, so pedantically this is wrong, but we shall ignore this or assume A a; # 0 when not
t

said otherwise.

{r3}

{ra}

{rs}

{r6}



nodi fi ed: 2010- 01- 31

revi sion: 2010-01- 29

(955)

{r7}

{r8}

34 SAHARON SHELAH

®r (a) FzC{fe¥YOrd: f<pa}
(b) Fa#0
(C) if B1 < B2, f1 € .7:51 and fo € .7:52 then f; < fo mod D
(d) if f € YOrd and f < @ mod D then for some 3 < « we have g € F =

f < gmod D (by clause (c) this is equivalent to: for some 3 < 7
and some g € Fg we have f < g mod D).

3) ps-pefu(@) = ps-pef, comp(@) := {7: there is a s-complete filter D on Y such
that TIa/D has pseudo true cofinality v and + is minimal for D}.

4) pcffil,; (&) = {D : D a k-complete filter on Y such that IIa/D has true cofi-
nality ~}.

5) In part (2) if + is minimal we call it ps-tcf(Ila, D) or simply ps-tef(Ila, <p);
note that it is a well defined (regular cardinal).

Claim 8.7. 1) If A = ps-tcf(llay, <p), then (Ila, <p) is pseudo (< N)-directed.
1A) If 0(S) < XA = ps-teflla, <p) then (Ila, <p) is pseudo (< S)-directed.

2) Similarly for any quasi order.

3) Assume AC, for a < X. If cf(ay) > X = cf(\) for t € Y then (Ila, <p) is
A-directed.

4) Assume ACy . If cf(ag) > X for s € Y then (Ila, <p) is pseudo \T-directed.

Proof. As in 8.8(1) below. Us.7

Claim 8.8. Leta = (as:s€Y) and D is a filter on Y.

0) If Ia/D has pseudo true cofinality then ps-tcf(Ila, <p) is a regular cardinal;
similarly for any partial order.

1) If la/D has pseudo true cofinality v1 and true cofinality o then cf(y1) =
cf(y2) = ps-tef(lla, <p), similarly for any partial order.

2) ps-pct (@) is a set of reqular cardinals so if la/D has pseudo true cofinality
then ps-tef(Tla, <p) is v where v = cf(y) and Ila/ D has pseudo cofinality .

3) Always ps-pcty (&) has cardinality < 0({D : D a r-complete filter on Y'}).
4)IfB=1{Bs:s€Y)eYOrd and {s : Bs = as} € D then ps-tef(Ila/D) =
ps-tcf(II3/ D) so one is well defined iff the other is.

Proof. 0) By the definitions.
1) Let <_7-'f; : B < ) exemplify “Ila/D has pseudo true cofinality ~,” for £ = 1,2.
Now
(x) if £ € {1,2} and B¢ < 7y then for some B3y < y3_¢ we have g; € ff;[ ANgs €
Fol = 91 <p g2

[Why? Choose ¢t € féﬁ_l, choose B3_p < 7v3_1 and g3_y € ]_-g;e[ such that
g" < ¢> % mod D]

Hence

(x) h1:v1 — 72 is well defined when
hi(B1) = Min{f2 <2 : (Vg1 € Fj, ) (Vg2 € F7,)(91 < g2 mod D)}.

Clearly h is non-decreasing and it is not eventually constant (as U{F, é B <mtis
cofinal in TI&/D) and has range unbounded in ~, (similarly).
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The rest should be clear.
2) Follows.
3),4) Easy. Us.s

Concerning [Sh:835]
Claim 8.9. The Existence of true cofinality filter [k > Vg +DC + AC.,] If

(a) D is a k-complete filter on'Y

(b) @ €YOrd

(¢) 0 :=rkp(a) satisfies cf(5) > O(Fil’(Y)), see below.
Then for some D' we have

() D’ is a k-complete filter on'Y

() D'2D

(v) e/ D" has pseudo true cofinality, in fact, ps-tcf(Ila, <p) = cf(rk(@)).
Recall from [Sh:835]

Definition 8.10. 0) FilL(Y) = {D : D a k-complete filter on Y} and if D €
Fill(Y) then Fil' (D) = {D’ € Fil'(Y): D C D'}.

1) Filt(Y) = {(D1, D2) : D1 C D5 are k-complete filters on Y'}.

2) J[f, D] where D is a filter on Y and f € YOrdis {A CY : A =0 mod D or
rkpia(f) > rkp(f)}.

Remark 8.11. 1) On the Definition of pseudo (< &, 1 + v)-complete D see [Sh:938,
1.13=02z.51]; we may consider changing the definition of Fill(Y") to D is ®;-complete
and pseudo(< &, 1 + 7))-complete filter on Y.

2) Related to [Sh:835].

Proof. Proof of the Claim of 8.9

Recall {y € Y : ay = 0} = 0 mod D as rtkp({ay : y € Y)) = § > 0 but
fi,f2 € Y Ord A (f1 = fo mod D) = 1kp(f1) = rkp(f2) hence without loss of
generality y € Y = «,, > 0.

Let D = {D’: D' is a filter on Y extending D which is s-complete}. So §(D) <
19(Fil§xl (Y)) < cf(d). For any v < rkp(@) and D' € D let

a) Fyp ={fella:rkp(f) =~ and D’ is dual(J[f, D])}
Fpr ::U{]%“D/ZW < rkD(&)}

Za.pr = {7 < tkp(a): Fy p # 0}

d) .7‘} = U{]:%DN : D" e ]D)}

Now
(x)3 if v < rkp(a) then F, # 0.

[Why? By [Sh:938, 1.8(2)=20.23(2)] there is g € ¥ Ord such that g < f mod D and
rkp(g) = v and without loss of generality g € IlIa. Now let D' = dual(J[g, D)),
so (D,D') € Fil(Y),D' € D and g € F, pr, see [Sh:938, 1.7(2)=20.23(2)], Claim
[Sh:835, 0.10(2)], here we use AC.,.]

(x)a {sup(Ea,p’) : D' € Dand Z5,p is bounded in rkp (@)} is a subset of rk p (7)
which has cardinality < 8(D) < (Fil’(Y)) < cf(9).

{ro}

{r9a}

{r9b}
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[Why? The function D’ +— sup(Eg, p) witness this.]

(%)5 the set in ()4 is bounded below rkp (&) so let vy(*) < rkp (@) be its supre-
mum.

[Why? By (x)4.]

(%) there is D’ € D such that Z5 p is unbounded in (Ila, <p/).
[Why? Choose v < rkp(a) such that: v > (). By (*)3 there for some f € F,)
and D’ € D we have f € F,(,),pr so by the choice of y(x) the set Z4 p cannot be
bounded in rkp(@).]

(*)7 if Y1 < Y2 are from E@)D/ and fl S '7:V17D’7f2 € ‘7:V27D' then fl <p’ fg.

[Why? By [Sh:038, 1.7=20.23], [Sh:835, 0.10(2)].]

Together we are done: by (*)g there is D’ € D such that E5 p/ is unbounded
in tkp(a). Let F = (Fyp : v € Za,p/) witness that (Ila, <p/) has pseudo
true cofinality, and so ps-tcf(Ila, <p) = cf(otp(Es,p’)) = cf(rtkp(@)), so we are
done. ngg

So we have

Definition/Claim 8.12. 1) We say that § = ps-tcfp (@), where § is a limit ordinal
when, for some set Y:

(a) @€ Ord

(b) D = (D, Dy)

(¢) D1 C Dy are Ry-complete filters on YV

(d) 1kp, (@) = 6 = sup(Ep 5) where Ep 5 = {7 < 1kp,(@): for some f < a

mod Dy, we have rkp, (f) = v and Dy = dual(J[f, D1]}.
2) If Dy is Nj-complete filter on YV,a = (ay : ¢t € Y) and cf(ay) > G(Filil(Y))
for t € Y then for some Ni-complete filter Dy on Y extending D; we have ps-
tef(p,,p,) (@) is well defined.
3) Moreover in part (2) there is a definition giving for any (Y, D1, D2, &) as there,
a sequence (F : vy < 0) exemplifying the value of ps-tcfp(@).

Proof. Let ¢ := rkp,(f), so by Claim 8.16 below cf(d) > G(Filél(Y)) hence has
Claim 8.9 above and its proof the conclusion holds: the proof is needed for “6 =
sup(ZEp )", noting observation 8.13 below. Os.12

Observation 8.13. 1) [DC] or just [ACy,].
Assume D is an Ny-complete filter on' Y and f,f, € YOrd for n < w and
f(t) =sup{fn(t) : n <w}. Then rkp(f) =sup{rkp(fn) : n < w}.

Remark 8.14. Similarly for other amounts of completeness, see 8.18.

Proof. As tkp(f) = min{rkpia,(f) :n <w}lif U{4, :n<w} e D,A, € DT by
[Sh:71] or see [Sh:835, 1.9=20.25]. Os.13

Remark 8.15. Also in [Sh:835, 1.9(2)=2z0.25(2)] can use AC; only, i.e. omit the
assumption DC, a marginal point here.

Claim 8.16. [AC.y/ The ordinal § has cofinality > 0 when :
® (a) 0 =rkp(@)
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(b) a={(a,:yeY)e¥YOord
(¢) D is an Yy-complete filter on'Y
(d) yeY = cflay) > 0.

Proof. Note that y € Y = «a, > 0. Toward contradiction assume cf(J) < 6 so §
has a cofinal subset C' of cardinality < §. For each 3 < § for some f € ¥ Ord we
have rkp(f) = 8 and f <p @ and without loss of generality f € [] a,. By AC

yey
there is a sequence (fs : 8 € C) such that fg € [[ ay, f <p @ and rkp(fz) = G-
yey
Define g € [] oy by g(y) = U{fs(y) : B € C and fz(y) < au}. By clause (d) we
yey

have [y € Y = ¢(y) < ay], so g <p @, hence rkp(g) < rkp(c) but by the choice
of g we have 8 € C = fg <p g hence § € C = [ = rkp(fs) < rkp(g) hence
d =sup(C) < rkp(g), contradiction. Os 16

Observation 8.17. 1) Assume (a, D) satisfies

(a) D a filter onY and & = (oy : t € Y) and each oy is a limit ordinal

(b) F = (Fp : B < 0) exemplify 0 = ps-tctf(Ila, <p) so we demand just 0 =
sup{ < 0 : Fp # 0}

(c) Fp={f € Il au: for some g € Fg we have f =g mod D}.
tey

Then: (Fj : 3 < 9) exemplify 0 = ps-tef(Ila, <p) that is

() U Fp is cofinal in (Ila, <p)
B<y
(B) for every p1 < B2 < 0 and f1 € Fj, and fa € Fj;, we have f1 < fo.

2) Similarly, if D, F satisfies clauses (a),(b) above and D is Ni-complete and 0 =
cf(0) > No then we can “correct” F to make it Ro-continuous that is (Fj : < 0)

defined in (c)1 + (¢)2 below satisfies () + (8) above and (v) below and so is No-
continuous, (see below) where

(c)1 if B <0 and cf(B) # Vo then Fjj = Fj
c)a i, < 0 andc = Ng then = {sup(fn : n < w): for some increasing
f B < 0 and cf(8 No th ]—"g f f
sequence (B, : n < w) with limit 3 we have n <w = f, € Fj }, see below
v) if B <0 and c = Ng and f1, fo € then f1 = fo mo .
f B < 0 and cf(8 N d f1, f fg hen f f d D

3) This applies to an increasing sequence (Fz : 3 < 8),Fs C YOrd,§ a limit
ordinal.

Proof. Straightforward. Us.az

Definition 8.18. 0) If f,, € YOrd for n < w, then sup(f, : n < w) is defined as
the function f with domain Y such that f(¢) = U{f.(t) : n < w}.
1) We say F = (F5 : B < \) exemplifying A = ps-tef(Ila, <p) is weakly No-
continuous when:

it 8 < 0, cf(fB) = Ry and f € Fp then for some sequence (G, fn) : 1 < w) we
have = U{B, : n < w},Bn < Bnt1 < B, fn € Fp, and f = sup(f, : n < w); so if
D is Ny-complete then {f/D : f € Fg} is a singleton.
2) We say it is Rg-continuous if we can replace the last “then” by “iff”.

{r12}

{r13}
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{r14}
Theorem 8.19. The Canonical Filter Theorem Assume DC and ACp(y).

Assume @ = (o : t € Y) € YOrd and t € Y = cf(ay) > O(P(Y)) and 0 €
ps—pchl_Comp(@) hence is a regular cardinal. Then there is D = D§, an X;-complete
filter on' Y such that 0 = ps-tef(Ila/D) and D C D' for any other such D' €
Fily, (D).

Remark 8.20. 1) By 8.9 there are some such 0.
2) We work to use just ACp(y) and not more.

Proof. Let

B () D={D: D is an Ry-complete filters on Y such that (IIax/D) has
pseudo true cofinality 0},

(b) D.=n{D:D eD}.
Now obviously

(¢) Dy is an Ny-complete filter on Y.

For ACY letDy ={DeD:A¢ D} andlet P. = {A CY : Dy # 0}.
As ACp(y)y we can find (Ds : A € P,) such that Dy € Da for A € P.. Let
D, ={Da: A€ P.}, clearly

By D.=n{D:D €D,} and D, C D is non-empty.
As ACp, holds clearly

(*)o we can choose (F4 : A € P.) such that F4 exemplifies D4 € D as in
8.17(1),(2), so in particular is Rg-continuous.

For each 8 < 0 let Fj5 = ﬂ{]—"é‘ : A€ P}, now
(¥)1 F3 C Ia.
[Why? As by 8.17(1)(c) we have fg‘ C Ila for each A € P,.]

(%)2 if 1 <P2<0O,f1 € Fj, and fa € Fj, then f1 < fo mod D,.
[Why? As A € P. = f1 <p, f2 by the choice of (¥} : 8 < 0), hence the set

{teY : fi(t) < fa(t)} belongs to D, for every A € P, hence by Hs it belongs to
D, which means that fi; <p, fa2 as required.]

(*)s if f € Ila then for some 3y < 9 we have f' € U{Fj3: B € [Bf,0)} = f < f'
mod D,.

[Why? For each A € P, there are 3, g such that § < 9,9 € ]—“g‘ and f < g mod D
hence 3’ € [B+1,0)Af" € fé‘i = f<g< f'mod Da. Let B4 be the minimal such
ordinal B4 < 4. As cf(6) > 0(P(Y)) > 6(P.), clearly B, =sup{fSa+1: A€ P.} is
<9d.So A€ P NgeU{F;:B€[Bid) = f <pg. By, the ordinal a, is as
required on ay.]

Moreover

(%)4 there is a function f — By in (%)s.
[Why? As we can (and will) choose 3 as minimal § such that ...]

()5 for every (. < O there is § € (B, d) such that Fj # 0.
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[Why? We choose by induction on n, a sequence 3, = (3,4 : A € P,) and a
sequence f, = (fn 4 : A€ P,) and a function f,, such that
(@) Bp<dand m <n= B, < S
(8) Bo = B« and for n > 0 we let B, = sup{Bm.a:m<n,A e P.}
(7) Bn.a € (Bn,d) is minimal such that there is f, 4 € fé‘},A satisfying n =
m+1= f,, < fz,,4a mod Dy
(0) (fn.a:A€P,)is asequence such that each f, 4 are as in clause (7)
(€) fn € & is defined by f,,(t) = sup{fm.a(t) +1: A € P, and m < n}.
[Why can we carry the induction? Arriving to n first, f,, is well defined € Ila
by clause () as cf(ay) > 6(P,) for t € Y. Second by clause (), (Bn.a : A € Py) is

well defined. Third by clause (§) we can choose (fm 4 : A € P,) as ACp,.
Lastly, the inductive construction is possibly by DC.]

Let 5* = U{3, : n <w} and f =sup(f, : n < w). Easily f € ﬂ{f;‘* :Ae P}
as each <.7-'é4 : B < 9) is Np-continuous.]

()6 if f € Tla then for some 8 <y and f" € Fj; we have f < f’ mod D*.
[Why? By (*)3 + (%)4.]

So we are done. Os.19

Definition 8.21. For @ € Y Ord let J23 ™ (@) = {X C Y ps-pcfi, -com(

Ni-comp . No-comp
A} and JZ) is J230TP.

Remark 8.22. In 8.21, see Definition 8.6(3).
On this and more see [Sh:F955].

Ql
e
N

{r16}

{r17}
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9. APPENDIX: DEFINITION OF RANK-SYSTEM

Moved from pg.3:

We define a function H from II& into II{Ax : X € D} by:
(a) (H(f))(X)= Min{8 < \x: if f' € F5 then f < f’ mod Dx}.

We let

(3) D be the following filter on the set Y := D:

Now

ZeDif ZCDand (3X €D)[Z2{X'€D: X' C X}].

(y) D is an Xj-complete filter on Y’
(8) if f1, f2 € la and f; < f, mod D% then H(f;) < H(f2) mod D
(e) (IT M. <p) is pseudo (< A1)-directed.

tey

[Why? By claim 8.7, i.e. 8.7 of §5 of [Sh:938].]
Because by an assumption

(€) if f1, f2 € Fo and o < § then H(fy) = H(f2) mod D.
Why? fi = fo mod D hence by ? we have f; = fo mod Dj hence by (yyy),

H(f1) =

H(f>) mod D. FILL

Now by () + (2zz) we are done proving (h).]

(i) D C Dx.

[Why? Because if A € D then X; := A witness A€ D,as X e DAX C X; =
XeDANXCA=>XeDxANXCACY = A€ Dx]]

[Sh:b]

[Sh:E38]
[Sh:F50]
[Sh:71]

[Sh:F132]
[Sh:F354]
[Sh:F355]
[Sh:430]
[Sh:460)

[Sh:497)

[Sh:513]

[Sh:F563]
[Sh:F663]
[Sh:F814]
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