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ON T3-TOPOLOGICAL SPACE
OMITTING MANY CARDINALS

SAIIARON SHELAIH (Jerusalem)
[Communicated by: Péter Komjath)

Abstract

We prove that for every (infinite cardinal) X there is a T3-space X with clopen

by oA
basis, 22 points such that every closed subspace of cardinality < 2" has cardinality
< A

§0 Introduction

Juhasz has asked on the spectrums c—sp(X) = {|Y] : YV an infinite closed sub-
spacc of X} and w—sp(X) — {w{¥") : ¥ aclosed subspace of X}. Ile proved [2] that
if X is a compact Hausdorf! space, then |X| > & = ¢ — sp(X) N[k, Z QZA] # 0 and

ALK
w{X) > r = w—sp(X)N[r,29%] £ B. S50 under GCII the cardinality spectrum of a

compact Hausdorff space does not omit two successive regular cardinals, and omits
no inaccessible. Of course, the space S(w)\w, the space of nonprincipal ultrafilters
on w, satisfics ¢ — sp{X) = {Jy}. Now Juhasz and Shelah [3] show that we can omit
many singular cardinals, e.g. under GCII for regular A > & there is a compact Haus-
dorfl space X with ¢ —sp(X) = {u: o < X, cf{p) > k}; see more there and in [5]. In
fact [3] counstiucts a Buulvan Algebia, su rclevaut bo the parallel probleis of Mok
[4). Here we deal with the noncompact case and get a strong existence theorem.
Note that trivially for a Hausdorff space X, [X| > & = c—sp(X)N[k, 227] # &, using
the closure of any set with & points, so our result is in this respect best possible.

We prove

TUEOREM 0.1. For every infinile cardinal A there is a Ty topological space
. . . Ao .
X, even with clopen basis, with 22 poinls such that every closed subset with > A
points has | X| points.
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In §1 we prove a somewhat weaker theorem but with the main points of the
proof present, in §2 we complete the proof of the full theorem.

§1

TurorEM 1.1. Assume A = cf(X) > Ng. Let p = 2% & = Min{x : 28 > pu}.
There is o Hausdorff space X with ¢ clopen basis with |X| = 2% such that: if for
Y C A is closed and |Y| < |X] then Y] < A

Proor. Let 5§ C {§ < &: 4 limit} be stationary. Let Ty = *p for a < & and

let T = U Ty Let § =U{péd+p:8 e Sn{a+ 1)} and let (eo = U{(s: 8 < e}
a<K

Stage A: We shall choose sets ue C T, {for £ < px k). Those will be clopen sets
generating the topology. For each ¢ we choose (I¢, J¢) such that: I is a <-antichain
of ("> u, 4) such that for every p € Ty, (3} (p | o € It} and J; C I and we shall let
e = U (T,c)["] where (TK)["1 =fpcT,rvap). Lot Jo o =T NI, Joy = ToNJ;

veld;
but we shall have o ¢ S = Iy =0 = Jac.

Stage B: Let Cd : it — At Z(T.,) be onto such that for every x € Rang(Cd)
we have otp{a < p: Cd{a) =z} = ju.
We say « codos z (by Od) if Cd(«) — .

Stage C: Definition: For § < k we call 77 a §-candidate if

(@) n=@m:1<X
) mels
(&) GEv< N\ mlyvegEn iy
i< F<A
(d) for every odd 8 < 8, we have Cd{m (B ={(m [ 0 <A
(e} mal0) codes (m; [ v :1 < A), where y = y(n [ A) = Min{y < d:
i< i< A=y [y £y v}, itis well defined by clause (¢) and
(/) 1a(0) > sup{m(0) : i < A,

Stage D: Choice: Choose Ag . C Afor £ < p % k,e < A such that:

E<puxr & ey <ea <A=|Ape, NAg el <Aand even =10

and
n
<. < < UXEEL e <A ﬂ Ag, ¢, Is a stationary subset of A
=1
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Let 5 = {{(51,51), covalbnyEn)} €Ly & < ppx ok is with no repetitions and
n

ElyovnsbEn < /\} and forz € Z let A, = ﬂ Ag, e, Let Do be a maximal filter on A
£=1
extending the club filter such that z € 2 = 4, # # mod Dy.

For A C Alet
BtHA)={reZ:AnA, = mod Dy hut y g z= AN A, # 0 mod Dy}

B(A) =: BH{A) UB(A\A).

FacT. B(A) =: B7(A) UBT(M\A) is predense in Z i
(¥r S E) Iy € B(A)(zUy € E).

Proor. If £ € = contradict it then we can add to Dy the set A\(A, N A)
getting D). Now D} thus properly extends Dy otherwise 4, 1A = @ mod Dg
henee, et #' C » he minimal with this property so =" € BT(A4) and z by assumption
satisfies: —(Jy € E)x Uy € B(A)) sotry y = x. For every z € = we have 4, # 0
mod Dy.

Fact. |B(A)| < A for AC A,

Proor. Let By be the Boolean Algobra freely generated by {x¢ . - £ < o x
k,& < A}, by A-gystem argument, oxcept @ ., N 2ee, = 01 €1 7# &2; clearly By
salisfies AT-c.c.

Let B* be the completion of Bg. Lel f* be a homomorphism from P{A) inte
B* such that C € Dy = f*(C) = 1g- and

f(AE,s) = :J:Eyf'

[Why exists? Look at the Boolean Algebra P(A) let Ty = {4 C A: M\ A € Dy}
and ¥y = L U{A\A A € [,} 18 a subalgebra of F(A), and let I U{Ag. 1 ¢ <
i X &, £ = A} generate a subalgebra 2 of P(A); it extends g, Let f %y — By be
the homomorphism with kernel . Let f be the homomorphisin from 2 inte By
extending fy such that f;(Ag ) = ¢ ¢, clearly exists and is onto. Now fy as B is a
complecte Boolean Algebra can be extended to a homomorphism ff from P(A) into
B*. Clearly Ker(f3) = Ker(fy) = Ker(fg) = Iy so f) induces an isomorphism
from P(A)/ Dy onto Rang(f;) € B*, so the problem translates to B*. So By satisfies
the AT-c.c and is a dense subalgebra of BT hence of range(f}), so this range is a
At-c.c. Boolean Algebra hence P(A)/ Dy satisfies the fact.]

Let B2 be the complete Boolean subalgebra of B* generated (as a complete

subalgebra) by {xs . : £ < 7,6 < A}. Clearly B* = U B, B} increasing with .
YLK
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Stage E: We choose by induction on § € S the following

(A)  wse CTs (for ( < pd +p) and J50 T L, 0 Cwsye
() for each d-candidate 7 = (r; : 4 < A}, a uniform filter L2; on A
extending the filter Dy,
(€Y foreach vy # v in T for some ¢ < ppxd+p we have {v, 1} Cws e
and: (38 € SNEB+1)){(th € Jsr ) = (3 € SN@+1)){ra € Jyr ¢)
(DY fn<wpxd+p<bH <. <&y <pxrande,... 60 <A
T

then ﬂ A, e # 0 mod Dy
£=1

(E) ifé eSnNésisaldcandidate and [ 6 = [ i< A)isa
#1-candidate then Dy, C Iy

(F)1 newse if (AN € Sn{d+1) & pld€lyy)

(F); iff={p:¢ < A)isadcandidate and nx € ws¢ then {i < A
N € wicl € Dyand {(36' € SN{@+ 1)) [ 8 € Joch) =
LIMp, {(3¢" € SN+ 1))(n: 6" € Jyr¢) 14 < A)

(F)a  ws, satisties the following

(a) it is empty if ¢ < (s

{(b) is a pair if ¢ € [Ces.Cs)

{¢} otherwise ws ¢ is the disjoint union w§ . Uwg  Uwj
where w) . = {neTs : 38 € SN+ 1)(n 14 €
ws o)l wie = {n € Ts : ¢ wi } and for no k-
candidate 7 is pann}, wio = {n € Tj 19 ¢ wf Uwg,
and for some d-candidate

=1

and
(V'L < /\)(3(5, e S ﬂﬁ)(m r&’ e 1{}5/!<)
and the set
{i<A: (3 eSnd)(m 16 € Jse)}

or its complement belongs to Dy~ for some 8* < 5}

(Fla Trg=wj, Uwg,
(G) if 77 is a d-candidate and B C X, f*(B) € B (541 then B €
Dy v (A\B) € Dy
We can ask more cxplicitly: there 5 an ultrafilter D} on the Boolean Algebra
B} (5+1) such that Dy — {BCA:f(D)e Dl
The rest of the proof is split into carrying the construction and proving it is
cnough.
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Stage F: This is Enouwgh: First for every s-candidate 7) lets Dy = U{Dp5 1 6 €
8,7 is a d-candidate and ¢ < A = »; an;}. Easily Dy is a uniform ultrafilter on A
Let us define the space. The set of points of the space is T = "y and a subbasc of
clopen sets will be ug: for { < px k where w18 defined as ue =: U{(T O 1 v e J¢}
and J, =: U Js.¢. Now note that

des

()

()

(4)

I =U{l5¢ . 6 € S} is an antichain and Vp € T, 36(p [ 6 € Is¢)
[Why? We prove this by induction on p(0) and it is straightfor-
ward. In details, it is an antichain by the choice Iy = wic, w%,C -
Ts\w§ ¢ As for the sccond phrase by the first there is at most one
such &; let p € T, and assume we have proved it for every p' € Tx
such that p'(0) < p(0). By the definition of x-candidate, If there
is no k-candidate 77 with 7, = p, then for every large encugh
§ € S, there is no d-candidate 7 with oy = p [ &, henee for any
such §,p | § belongs to mf},( or 1o wg‘g, in the first case for some
S ednSwehave (p [ 8) I8 € fpesop 8 € Jp e and we
are done, in the second case p [ § € mg‘c C I5¢ and we arc done.
So assume that therc is a s-candidate 5 with 54 = p, by the def-
inition of a candidate it is unique and 2 < A = 7,(0) < p(0),
so for each © < A there is 8; € S such that o, [ & € [, ¢ and
let v = Min{y < p: (: [ ¥ : 4 < A) is with no repetition}.
Let A = {i < X:m | & € Jsc} so for some B < pu we have
f3(4) € By For § € S, which is > sup[{7,di : 1 < A} we got
p 18 €ws¢ and we can tinish as before.]

X is a T space

[why? as we use a clopen basis we really need just to separate
points which holds by clause (C), 1.e. if », # 2 € X then for
some & € S we have 1y [ 8 # 11 [ & and apply clause (C) to
vy [ 8,v 8]

[X|=p=2"

[why? as T, is the set of points of X]

suppose ¥ = {1 11 < A} L A = T and /\ 1 F - We need to
i<y
show that |ef(Y)] large, i.e. has cardinality 2%,

Choose v such that {5; [ v :4 < A} is with no repetitions.

Let

Wy = {<>} U {p Hor some o < k,p € Ty, p(0) codes (n; [y :1 < A),

So clearly:

p(0) > sup{n;(0) : i < A} and
(VA < €g(p))(@ odd = p(B) codes (; [ B:i< X (p [ B}



Sh:606

92 SHELAT

() WonTi#£0

(i) Wy is a subtree of { U T, €) (i.c. closed under initial segments,
<K
closed nnder limits),

(iil) every p € W; N T, where @ < & has a successor and if a is cven
has o successors.
So |Wi NT,| = p".
So enough to prove
(+) ifpecW,NT, then p € cl{n; :i <A}
Let 7 = (i 14 < Ay = o, = 77 {p) and the flter Dy = U{D(pisi<ny : 0 €
S and § >~} is a filter by clause (E) and even nltrafilter by clause (G).

Now for every (, by clause (F), for d large enough

Truth Value(p € w;) = tmp,, . (Truth Value(y; € ne) i1 < A

As {u¢ 0 ¢ < p x &} is a clopen basis of the topology, we are done.

Stage G: The construction:
We arrive to stage 6§ € 5. So for every d-candidate 7 = (1 1 £ < A}, lot

D;—] = U{D(!]g[51:1§)\) : 61 €4NS and (Th f(51 R S /\) a 6]-(1?LII(“(’1&(’,C},

No1e. |Ts] = i by the choice of «.
Let < be a well ordering of Ts such that: v (0) < 1,(0) = v <§ va.
Hence

(x)  {m i <A} is a d-candidate = /\ N <5 T
A

So let {(1 covme)  Cas < ¢ < Cshlist {(p,00) 1 1 < 1o} such a list exists as
Cs > Ces + p and |T5| = . Now we choose by induction on ¢ < ¢ the following
(@) D,c—J for 7} a d-candidate when ¢ > (s
(B) w50 Ings T
(v} D%“‘ 18 D which was defined above
(&) D,% for ¢ in [(<s,(s] is increasing continuous

() ifs" <w LS <L <. < <prande,. .. 6, <
n

At then ﬂ Ag, oo # 8 mod Df-i
=1
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QY DAY I, Jse satisfies the requiretnent (F),
il Ns 1Y

M) i€ s omed e orviging € wg’g

(0) D.J,‘:J is Dg' + {A4¢) en(¢o) + $1 < ¢} for some function £ : [Ceq,¢) —
A

NoTe. For ¢ =0, cendition {(£) holds by the induction hypothesis (i.e. clause
(D)) and choice of D_:, (and choice of A; .’s if for no §,,7 [ 4, is a §,-candidate.

(¢) if ¢ < (s then:
W, = wg‘( U whl-‘c U wﬁ,( are defined as in (F),

Ig,C - “’(IS,( U wg.c

Jéc,c ={peTsyde wg,i and {or some é-candidate 7 we have gy — 7
hence (Wi < A)(38' € SN &Yn, 18 € we ¢
and {i < X: (38 € SN8)ni 14" € Jir (1} belongs to D}

[Note in the context above, by the induction hypothesis (38" € SN8)[n; 16 €
wy ¢] 18 equivalent to (3¢ € SN &)[n; [ & € Iy ] and thus & is unique. Of course,
they have to satisly the relevant requirements from (A)-{G)].

" The cascs ¢ < (cs, £ limit are casy.
The crucial poiat is: we have (D,c—J 4j a d-candidate) and ¢ € [(cs, {s5) and wo
should define ws,¢, Is ¢ and D?,H to which the last stage is dedicated.

Stage H: Define by induction on n < w,

wh = {v1.¢ )

wh o ={nf 11 < A p € w, and " is a d-candidate with 5 = p}.

Note that 5 <3 p.

Let w =g = 5 = U ws, 50 lwse] < A

n<w

We need: to choose J, ¢ Nwg ¢ so that the cases of (() (i.e. (F)a) for 57, pcw
hold and condition {n) (i.c. (C) for vy ¢, ) holds.

Let wi e = {p € ws¢ : 77 is well defined}, (so wi, C wse). Let wy, =
{p[L.e] : e <e* < A}. Now we define D,C—,;'iclel as DS e+ Ag e, clearly “legal”.

TJP[
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Let Ay = {i <A:ii€ Age and i > ¢ and 1,)2’[(':] ¢ {nfl[c’s’] t g < 1 and

i, < 4} and 'r;f[C'E] #Fvigrach
Obsorve

()1 Ace\AL is not stationary by Fodor’s lemma as (r}f[E] D1 < AY s
with no repetition.

Now we shall prove that

ole]

(#)2 the scts {n]

13 € AL} for € > €7 arc pairwise disjoint.

P . . [<.e1]
So toward contradiction supposc iy € AL ,is € AL £ < £ < " and 7] =

[¢.e2] o
3 and try to get a contradiction.
]

Case 1t i3 > 4.
Asi; € AL wehaved, > g similatly 7y > g3 bub ey < 225042 > €2 > €4, and
. . . [¢.e1l (413 3 . .
by the assumption iy > 1. So 5] belongs to the set {7 e < iy & 4 < i3}

S0 Uﬂ[c.n] # nfl{c‘e‘] as 1,-52[“52] docs not belong to this set as iz € AL

Case 2 ia < 11, .

. . . . . [<.e2] e
As iy € A, necessarily €2 < d2. So gy < iy < iy s0 e, e (i :e<
[Ce1] [€e2]

) . . [¢.e1] . .
it & € <ir}but i, does not belong to this set as &y € A, hence ™' e

cannot be equal.

Case 3 1) = 14.
Asip € AL we have iy € Ag ., similarly iy € A, but those sets are digjoint;
a contradiction. Se ()2 holds.

Now define wéf for £=1,2,n < w by induction on

n: mg‘f = {rpe}
Kl . *
'wﬁj—l = {n} iplgel € wétand i € A and g < £*).

[€.e]
Let w®f = U wS’ now by (#)2, w6 Nws? = B (nate the clause p! # vy ¢

n<w
in the definition of 4%). So we define

.]5,4 = wm‘

Now it is easy to check clause (F), L.e. (¢) and we are done, O

* * *



Sh:606

ON T3-TOPOLOGICAL SPACE OMITTING MANY CARDINALS 95

§2 The singular case and the full result

THEOREM 2.1. Assume A > No. Let g0 = 2%k = Min{k : 25 > u}. There is
a Hausdorf] space X with o clopen basis with |X| = 27 such that for Y C N closed
Y] < |X|=[¥i<A.

Proor. Yor A singular we should replace the filter Dy on A. So let A =
Z Aj, A; strictly increasing X = (&, : j < cf(A). Let Dy ={4 C Xx:
F<ef{ A}
for every j < cf(X) large enough AN /\;L containg a club of /\j“}
We can find a partition {44, : & < /\;') of )\+\/\ to stationary sets; lot us
stipulate A, = @ when Af < < Aand let A* = (A, = U A o < A) (s0
F< effd)
Ap £ Pmod DY and o < <A = Ay MAy =8) Let {fe 1 £ < pxk)bea
family of functions from A to A such that if n < w, & < ... < & < j % & and
€1, 8n < Athen {ov < A [y (a) =g for £ = 1,...,n} is not empty (cxists by
(1), Now for ¢ < pxkande < A we let Ag, = ULA, Selo) = €}, Clearly € <
pxk & 1< <A A NAg e, =0 andalso: ifn < w, 6 <... < < pXxk
mn
and £,,...,¢,, < X then m Ager # B mod D}. Let Dy be a maximal filter on A
=1

T

extending D} and still satisfying ﬂ Ag,eo F B mod Dy for n, &, e,(f < n) as above,
=1

Now the proof proceeds as bcfore All is the same except in stage H where

we use A regular, Dq contains all clubs of A.

The point is that we define A, as before, the main question is: why AL = 4,
mod D7.

Choose j* < cf{\) such that:

€< Age.

So it is enough to show
(e} 0 G <5 < of(A) then ALN[A, A7) = AN [A7;A)) mod Dys

(where DA+—Lhe club filter on AT).
Lookmg at the definition of AC o
N AN) ={ie A Af) i€ A n{x, AT
and nflC‘E] ¢ {nflC ey < dand

iy < 1} and nf[E] #vicl
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1.2l . s - ,
as {yf A £ < )\j) is with no repetition and Fodor’s theorem holds (can
formulate the demand on D). Just check that the use of 4 . in §1 still works.

CONCLUSION 2.2, If A > W,k = Min{x : 2% > 2*}, then there s a T3-space
M |X| = 2% with no closed subspace of cardinality € [A,2"). a4

* * *

We still wauld like to replace 2% by 22",

THREOREM 2.3. For A > Ny there is a Ty space X with clopen basis such that:
neo closed subspace has eardinality in [)\,‘22'\),

Proor. Like the proof of Theorem 1.1 with x = 2.

The only prollem is that 75 — 4 may have cardinality > 2/ so we have tn
redefine a §-candidate (as there arc too many n; | v to code) and in the crucial
Stages G and H we have the list {(# ., #3,) & < |T;|} but possibly [Ts] > 2#. Still
|T] < pl?h < 2.

Stage B":
Let Cd @ jt = Hep+ () be such that for every = € Heys () for o ordinals
o < powe have Cd(a) = A

Stage C":
For limit & < & we call 7j a d-candidate if:

(a) = i<A)

(b) meTs

{¢) for some -y, {n; [ v :i < A} is with no repetition

(d) for odd B < & we have Cd(na(B)) = {((m:(B — 1), m:(B)) 14 < A}

(e)  Cdma(0) = {0, 7,7, (), () - i <j < X and v minimal such
that (Vi < j < Nm(%) # 0y ()}

(fY  oa(0) > sup{n(0) : i < A}
So

(%), if (i 1§ < A) is a §y-candidate, dg < & limit and (3y < do)({m [
v ;1 < A) with no repetitions then {n; [ &g : 2+ < A} is a dp-
candidate

(x)o ifn; € T, for i < & are pairwise distinct then for 2% sequence
€ Tey (i 01 < A) is a w-candidate.
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Stage H:
For cach € < |T;| we can choose wé, ws e, wSf, w™f as in Stage H there. We

choose u, € [§]S* such that: if 7 is a d-candidate 5 € wse (80 9 € wae for i < A)
thenQ€wu, & i <j<A=> Min{y:nlv) #n97)} € u..

By Engelking-Karlowicz {1] there are functions H{ @ Ts — Hoy+«(n) for
T € [Ces,8s) such that for every w € [Ts]* and bt w -y AT thereis Y € [Ces, &s)
such that h € HS.

Ag M < g withous loss of generality |[Rang(HS$)} < A (divide II{ to € 28 = p
functions).

For each e < |T5] let b5 :w§ = Hoae (p) be () = (hz'g(w)),h,g‘] (7)),h5'2(7r,'))

whore

B2 () = otp({r € wh < v <% n}, <)

W) = {{vn(v) v € )

h;’g(n) = truth value of 5 € w0

{is in H \+ as Jw§| < A); let

T. = Min{Y € [C«s, ) : h§ C HE)

(well defined). Let 8 =: sup{y < At : v is the first cardinal in some sequence A
from (Rang{H$)}, let g% be a one-to-one function from 44 into A.

Next we can define the D;ff for 5 a d-candidate; for T <

T+l T,
Dﬁ —_ D,—, "1”' AIlT’W*‘r-

In Stage Y € [Ccs,(s) we deal with all ¢ < |Ts| such that T, = T. Now we
treat the choice of Is ¢, Js ¢, ws . We can finish as before (but dealing with many
cases at onee). Uaz
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