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Volume 65. Number 3, Sept. 2000

WAS SIERPINSKI RIGHT? IV

SAHARON SHELAH

Abstract. We prove for any u = u<# < 0 < 1. 2 large enough (just strongly inaccessible Mahlo) the
consistency of 2 = 2 — [9]§ andeven2" = 1 — [9](21.2 foro < p. The new point is that possibly § > u*.

Introduction. An important theme in modern set theory is to prove the consis-
tency of “small cardinals” having “a large cardinal property”. Probably the dom-
inant interpretation concerns large ideals (with reflection properties or connected
to generic embedding). But here we deal with another important interpretation:
partition properties. We continue here [6, §2], [8], [7], [9], [10] but generally do not
rely on them except in the end (of the proof of 25) when it becomes like the proof
of [6, §2]. This work is continued in Rabus and Shelah [3].

We thank the participants in a logic seminar in The Hebrew University, Spring
’94, and Mariusz Rabus and Heike Mildenberger for their comments.

Preliminaries.
1. Let <}, be a well ordering of
Z (x) = { x : the transitive closure of x has cardinality < y }

agreeing with the usual well ordering of the ordinals. P (and Q, R) will denote
forcing notions, i.e., quasi orders with a minimal element ) = (p.

A forcing notion P is A-closed or A-complete if every increasing sequence of
members of P, of length less than A, has an upper bound.

2. If P € #(x), then for a sequence p = { p; : i < y) of members of P (not
necessarily increasing) let

a =aj =:sup{j:{p; i< j}hasanupper boundin P}

and define the canonical upper bound of p, denoted by & p as follows:

(a) the least upper bound of { p; : i < a5 } in P if there exists such an element
(b) the <;-first upper bound of j if (a) can’t be applied but there is an upper
bound of { p; 1 i < a5 },
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1032 SAHARON SHELAH

(¢) poif(a), (b) fail, y > 0,

(d) Ppify =0.
Let po & p1 be the canonical upper bound-of ( py : £ < 2).
Take

[a]* ={bCa:|p|=k} and [a]*" =[]’
0<k
3. For sets of ordinals, 4 and B, define OPp 4 as the maximal order preserving
one-to-one function between initial segments of 4 and B, i.e., it is the function with
domain

{a € d:otplan4d)<otp(B)}
and OP; (o) = Bifand onlyif o € 4, f € B and
otp(a N 4) = otp(B N B).

If A, B are sets of ordinals, let 4 <t B mean A is a proper initial segment of B. If
7, v are sequences let # <1 v mean v is an initial segment of v. If we write < (rather
than <1) we allow equality.

Let

Sh={5<A:cf(0) =k}.

DErFINITION 4. A — [o]} holds provided that whenever F is a function from [4]"
to @, then there is 4 C A of order type o and ¢ < @ such that

[w e [A]" = F(w) # ¢].

DEFINITION 5. A — [a]” , if for every function F from [A]" to & thereis 4 C 4
of order type a such that { F(w) : w € [4]" } has power < 6. If we write “< 6”
instead of § we mean that the set above has cardinality < 6.

DEFINITION 6. A forcing notion P satisfies the Knaster condition (has property
K) if for any { p; : i < w;} C P there is an uncountable 4 C w; such that the
conditions p; and p; are compatible whenever i, j € 4.

What problems do [6], [8], [7], [9] and [10] raise? The most important “minimal
open”, as suggested in [10] were:

QUESTION A.
(1) Can we get, e.g., CON(2™ — [X,]3) (generally raise 4 in part (3) below to
higher cardinals)? We solve it here.
(2) Can we get CON(R,, > 2% — [N]3) (the exact R, seems to me less exciting)?
(3) Can we get, e.g., CON(2# > 4 — [u*]3)?

Also

QUESTION B.

(1) Can we get the continuity on a non-meagre set for functions f: *2 — #2?
(Solved in [9].)
(2) What can we say on continuity of 2-place functions (dealt with in Rabus-Shelah

(31)?
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WAS SIERPINSKI RIGHT? IV 1033

(3) What about n-place functions (continuing in this respect [8] probably just
combined with [3])?

QuesTioN C.

(1) [10] for u > N,.
(2) Can we get, e.g.,

CON(2™ > ,, and if P is 2%-c.c., Q is Ny-c.c., then P x Q is 2M-c.c.)?
(3) Can we get, e.g.,

CON(2™ > 1 > Ry, and if P is A-c.c., Q is Rj-c.c. then P x Qis A-c.c.);

more general is

CON(u = pu=* > Ro+if Pis 2*-c.c. Qis u*-c.c. then P x Qis 2"-c.c)?

So several are solved. But, of course, solving two or more of those problems does
not necessarily solve their natural combinations, though probably it does.

§1. We return here to consistency of statements of the form y — [t9](27,2 (i.e., for
every c: [x]*> — o thereis 4 € [x]’ such that on [4], ¢ has at most two values),
(when 2# > y > 60<# > u, of course). In [6, §2] this was done for u = Ry, y = 2,
0 =R, 2 < o < w and y quite large (in the original universe y is an Erdds
cardinal). Originally, [6, §2] was written for any 4 = u<# (y measurable in the
original universe) but because of the referee urging it is written up there for 4 = X
only; though with an eye on the more general result which is only stated. In [8] the
main objective is to replace colouring of pairs by colouring of n-tuples (and even
(< w)-tuples) but we also say somewhat more on the x4 > N case (in [8, 1.4]) and
using only k3-Mahlo (for a specific natural number k) (an improvement for x4 = R
too), explaining that it is like [7]. A side benefit of the present paper is giving a full
self-contained proof of this theorem even for 1-Mahlo. The main point of this work
is to increase 6, and this time write it for 4 = u<# > Ry, too.

The case § = ut is easier as it enables us to separate the forcing producing the
sets admitting few colours: each appear for some d < y, cf(d) = u™, is connected
to a closed subset a5 of § unbounded in J of order type 4", so that below a < J in
P, we get little information on the colouring on the relevant set. Here there is less
separation, as names of such colouring can have long common initial segments, but
they behave like a tree and in each node we divide the set to u sets, each admitting
only 2 colours. ‘

As we would like to prove the theorem also for 4 > Nj, we repeat material on
ut-c.c., essentially from [4], [12], [8].

DEFINITION 7.
(1) Let D be a normal filter on u* to which

{o<pu i cf(0) =u}

belongs. A forcing notion Q satisfies j, where ¢ is a limit ordinal < u, if player I
has a winning strategy in the following game %%, [ Q] defined as follows:

PLAaYING. The play finishes after ¢ moves. In the {th move:
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Player L. If { # 0 he chooses (¢ : i < u* ) such that ¢* € Q and

(Ve < O(Vi<u®) pi <gf
and he chooses a function f;: 4™ — u* such that foraclub of i < u™, f:(i) <i;
if { = 0let g¢ = 0p, f isidentically zero.
Player IL. He chooses ( p} : i < u*t) such that (Vi) ¢ < p; and pj € Q.

OutcoMe. Player I wins provided that forsome E € D: if u < i< j< ut, i,
j €E, cf(i) = cf(j) = u and

N feli) = £:())

i<

then the set
{pj:¢<e}uip:{<e}
has an upper bound in Q; also, if player I has no legal move for some { < i he loses.
(1) If D is
{ACu":forsomeclub E of u” wehavei € E andcf(i) = u==ic A}

we may write u instead of D (in 5, and in the related notions defined below and
above).

(2) A strategy for a player is a sequence F = (Fy 1 ¢ <e), Fytelling him what
to do in the {th move depending only on the previous moves of the other player. .
But here a play according to the strategy F will mean the player chooses in the {th
move for each i < x4 an element of Q which is above and possibly strictly above
(in <g’s sense) of what F; dictates and a function f; such that on some E € D, the
equivalence relation f;(a) = f¢(B) induce on E refine the one which the strategy
induces (this change does not change the truth value of “player X has a winning
strategy”). This applies to the game ®y, in part (5) below too.

(3) We define *+, similarly but for ¢ limit ¢ is not chosen (so player II has to
satisfy for limit ¢ just V¢ < { = (Vi) (p* < pb)).

(4) We may allow the strategy to be non-deterministic, e.g., choose not f just
Sfe/Dyr.

(5) We say a forcing notion Q is e-strategically complete if for the following
game, ®%5, player I has a winning strategy.

PLAYING. A play lasts e moves. In the {th move:

Player 1. If { # 0 he chooses g: € Q such that (V¢ < () ps < ¢¢, if { = 0 let
9 = Dg.

Player II. He chooses p; € Q such that g < pe.

OutcoME. In the end Player I wins provided that he always has a legal move.

(6) Wesay Q is (< u)-strategically complete if for each e < u it is e-strategically
complete.

REMARK 8.
(1) Inthis paper, in the case # = Ry we can use the Knaster condition instead of
*,.
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(2) We use below *;, and not x*;, but *+;, could serve as well.
(3) We may consider omitting the strategic completeness (a weak version of it is
hidden in player I winning %5,[Q]), but no present use.

DEFINITION 9.
(1) Let Ij“f = (_Ff :{<e)be a strategy for player I in the game *$,[Q] for £ = 1,
2. We say F! < F? equivalently, F? is above F! if any play

(@ fe.5%):{<e)
in which player I uses the strategy F? (that is letting

(g :i<pt), f)=F(p :&<L))

we have i < u"=>¢! < ¢* and forsome E € D, i e EAj € EA f(i) =
f(j)= f:(i) = f¢(i)) is also a play in which player I uses the strategy F'.

(2) Let a* < B* < u, St be a winning strategy for player I in the game ®'g.
We say (F® : o < o*) is an increasing sequence of strategies of player I in *5,[Q]
obeying St if:

(a) Fois a winning strategy of player I in x5 [Q]

(b) fora < B < a*, FFisabove F®

(c) if (g, f¢. %) : { <€) is a play of ¥,[Q], Player I uses his strategy F*,
then for any i < u*, letting F*(( p* : & < {)) = (§*°, f,;) e have:

Q ESt((g o< ) < g
(3) Similarly to (1), (2) for the game &, (instead +3,[Q]), omitting St and clause

(c) in (2).

OBSERVATION 10.

(1) Assume Q is u-complete. If § < p and (F® : o < §) is an increasing
sequence of winning strategies of player I in #5[Q], then some winning strategy £°
of player I in +[Q] is above every F*(a < 6).

(2) Assume f* < u and Q is B*-strategically complete with a winning strategy
St. If B < B* and ( F* : a < B) is an increasing sequence of winning strategies of
player I in #5,[Q] obeying St, then for some FP, (F*:a < B+1)isan increasing
sequence of winning strategies of player I in *%,[Q] obeying St.

(3) Similarly with ®3, instead of 3, [D].

PRrOOF. Straight. -

DEerFINITION 11. Assume P, R are forcing notions, P C R, P < R.

(1) We say | is a restriction operation for the pair (P, R) (or (P, R, I)) is a strong
restriction triple if (P, R are as above, of course, and) for every member r € R,
r|P € P is defined such that:

(a) r[P <,

(b) if r|P < p € P then r, p are compatible in R in fact have a least upper
bound,

(c) r' < r?=r'|P < r*|P,

(d) if p € P then p[P = p and P[P = 0p
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(so this is a strong, explicit way to say P < R).
(1') We say weak restriction triple if we omit in clause (b) the “have a least upper
bound”.
(2) Wesay “(P, R, ) is e-strategically complete™ if
(o) | 1is arestriction operation for the pair (P, R).
(B) P is e-strategically complete.
(y) if Sty is a winning strategy for player I in the game ®5,, then in the game
®° = QF[P, R, |:St] the first player has a winning strategy St,.

PLAYING. A play of ®° is a play ( (pr,qr) : { < &) of ®% but
() ((gelP.qcIP) ¢ < e)is aplay of the game ®5 in which the first player uses
the strategy St; (see 7 (2)!).
OurcoMe. If condition (f); below fails in stage ¢ for some { < e then the first
player loses immediately, and if not, then he wins.

(B); forevery { < e, if St; dictate to player 1 in the play ( (g: [P, p:|P) : £ < ()
to choose g; € P and p € Pisabove q; € Pthen {p}U{qg::{ <{}hasan

upper bound. (Read second sentence in 7 (2)).
(2") Wesay (P, R, [)is (< e)-strategically complete if it is { -strategically complete
forevery{ < e.
(3) Let “(P, R, ) satisfy +;” mean (for this and in other definitions many times
I will be understood from context hence omitted):

() | is a restriction operation for the pair (P, R)

(B) P satisfies #;,

(y) If St is a winning strategy for player I in the game | [P] then in the
following game called +;, [P, R, [: St ] the first player has a winning strategy
St,.

PLAYING. As before in «§[R], but

(gitPi<u) (piIP:i<u’) fe:l<e)
is required to be a play of *;[P] in which first player uses the strategy St, (see the
second sentence of 7 (2)).
We also demand that if { pj :j<i} C P, then qf € P; (seem technical, but help
in iterations).

Ourcome. Player I wins provided that for each i < x* and limit { < e the
sequence ( (q7, p;) : & < () satisfies clause (), above and:
(%) for some club E of u* if i < j are from E, cf(i) = cf(j) = u,
N feli) = f:())
é<e
and r € P is a <p-upper bound of { p'[P:{ <&} U {pf;[P :{ < e}, then!
{ryu{pt :C<3}U{p§:C<a}hasanupperboundinR.

LCould let some strategy determine r, no need at present.
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In this case we say that St, projects to St; or is above St;. If we omit the demand
on the outcome (so maybe St; is not necessarily a winning strategy of player I in
+[R]), we say St, weakly projects to St;.

Norte. Naturally in St, the functions f code more information than St;, so we
may use a function g to decode the “older” part.

(3) The game =5 [P, R, [] and “(P, R, |) satisfies *5,” are defined naturally and
similarly projections of strategies. Similarly concerning part (4).
(4) We say (P, R, ) satisfies strongly * if (so when [ is clear from context, it is
omitted; not used):
() |1is a restriction operation for the pair (P, R)
(B) P satisfies *;,
(y) the first player has a winning strategy in the game [P, R, |] where

PLAYING. Just like a play of 7 [R], except that
@ in addition, for every limit ordinal { < e, in the {th move first the second

player is allowed to choose (r; : i < u* ) such that:
r,-C eprP

is an upper bound of { pf [P : ¢ < ¢} and the first player choosing qf has to
satisfy also (V2i) (r¢ < gb).
OurcoME. Player I wins if () from part (3) holds or
(x)~ inthe play ((piIP i < ut ), (qiIP i< put):{<e) of «§[P] the first
player loses, (note concerning the outcome, then now in (x) in part (3), the

existence of r is not (even essentially) guaranteed); so possibly for some { < &
player I has no legal move.

(5) If [, is a restriction operation for (P,, Pgyy) for £ = 1,2, [ = [, o [,, then
“a strategy St of first player in *} [P, P3] project to one for [Py, P;]” is defined
naturally.

REMARK 12. We may restrict ourselves to a suitable family of strategies St; (to
work in the iteration this family has to be suitably closed).

Cram 13.
(1) If the forcing notion P satisfies *;, then P satisfies the u*-c.c.
2) If P satisfies «¢, and R is the trivial forcing {Qp} then the pair (R, P) satisfies *;,
where | is defined by p|R = (.
(3) If (P, R,]) satisfies +¢, then P and R satisfy %
(4) If‘triples (P()a P1> rO), (PlaP2> rl) satisfy *ft then (P03 PZ, [O o rl) Satisﬁes *i‘
(5) If P satisfies *, and |-p “Q satisfies +;,” then P x Q satisfies x;,, moreover the
pair (P, P x Q) (with the natural |) satisfies +,.
PrOOF. Should be clear. =

REMARK 14.
(1) If D is a normal filter on u* to which {6 < 4™ : ¢f(5) = u } belongs, then in
13 we can replace ;, by *, (of course, in part (5), D in V'? means the normal filter

it generates).
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Similarly for the claim below.

(2) Assume that in the game of choosing 4; € D* fori < € (or i < u), with
player I choosing A,;, player II choosing 4»;.;, A; decreasing, player II loses if and
only if he sometime has no legal move; player I has a strategy guaranteeing that he
has legal moves. (If « in measurable ¥ in ¥'-e"(#<#) this holds for some D by [1].)
In fact assume more generally that & isa partial orderand & : # — {4: 4 C ut}
is decreasing:

PEx<y=9) 7 (x)

and & is a function with domain & where & (x) is a non-empty subset of [F (x)]?
and

PEx<y=&@)C&©y)

andif x € #, Eisaclubof u* and f be a pressing down function from u* to u*
then for some y satisfying x < y we have f [{sup(E Na) : a € F(y) } is constant
(above # = (D*,D), & is the identity €(x) = [# (x)]* and we say that a forcing
notion Q satisfies 3, & o if in the following game %, 5 o [Q]. the first player has a
winning strategy.

A play lasts e moves, in the {th move player I chooses x; € # such that

{<{=y:<a x
and if { > O also (¢ : i € F(x;)) such that
E<landie F(x)=pf <qt
and player II chooses y; € & such that x; < y, and (p; : i € F(y;)) such that
{>0Ni€F(y)=q; <o p;.

OutcoMe. Player I wins a play if

(o) foreverylimit{ < € he has a legal move (this depends on having upper bounds
in £ and in Q)
(B) forevery {i, j} € ;.. &(x), in Q there is an upper bound to

{pi:{<e}u{pi:{<e}

The natural generalizations of the relevant lemmas works for this notion.
(3) We can systematically use the weak restriction triples, and/or use the strong
version of ;, for triples in this paper.

Cram 15.

(1) If the forcing notions Py, P, are equivalent then P satisfies 5, if and only if P,
satisfies *;,.

(2) Suppose | is a restriction operation for (P, P;), By the complete Boolean
algebra corresponding to Py, (so By < B,) and |" is the projection from B, to B; and
P, = (B, . {0},>) then

(a) (P, P, 1) is a restrictian triple and
(b) (P1, P2, 1) satisfies 5, if and only if (P}, P}, ") satisfies +¢,.
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(2) In part (2) it is enough to assume that | is a weak restriction operation.
(3) Ifa forcing notion Q satisfies *;, then player I has a winning strategy in the play
even if we demand from him:

Nl =00 =q; =]
IS4
foreachi< ut.
(4) Similarly for (P, R, 1) satisfying %5, demanding

/\[Pfé =0r=>gq; = 0] and /\[pf € P=gq' P
¢<t &<t

CONVENTION 16. Strategies are as in 15 (3), (4).

DEFINITION/CLAIM 17. Assume for £ = 1, 2 that (P, Ry, |,) is a restriction triple,
(P, Ry, |,) satisfies *%, and we let

R-——{(p,rl,rz):p e P, ¥ €R1, %) €R2,
PE“nP<p’and PE“nlP<p”}

identifying r; € R, with (r| P, 1, 0r,), and identifying r, € R, with (r2| P, Og,, 12).
Under the quasi order

(p,ri,r2) < (pi,ri,ry) ifand onlyif p <p p’and
lubg, {p.r1} <g, lubg, {p’, ¥} and lubg,{p, r2} <g, lubg,{p’, 5}.

Then R; < R (for £ = 1, 2) and (R, R, [}) is a restriction triple and it satisfies
*, where (p,r1,r2)[; Ry = the least upper bound of p, r; in R, (see clause (b) of
Definition 11 (1)). Moreover if for £ = 1, 2 we have St, is a winning strategy for
player I in the game «;, for R, projecting to Sty, a winning strategy for player I in
the game «§, for P, then player I has a winning strategy in the game x, for R which
project to St, for £ =1, 2.

DEFINITION/LEMMA 18. Let 4 = u~* < k = cf(k) < A < x. (Usually fixed
hence suppressed in the notation.) We define and prove the following by induction
on (the ordinal) a:

(1) [Definition]. Let Z* = %

x4, 0€ the family of sequences

Q=(Pp.Qpap:f<a)
such that:
(a) (P, QOp:p<a)isa (< u)-support iteration (so P, = Lim, O denotes
the natural limit)
(b) ag C B, lag| <k, [y € ap=a, C ag]
(c) Qp is (< u)-strategically complete, has cardinality < A and is a P -name
(see parts 18 (2) (b) and 18 (5) (b) below).

(1) [Definition]. Q is called standard if: for every f < Ig(Q) each element
of Qp is from V', even from #(x), and the order is a fixed quasi order from V
such that any chain of length < x4 which has an upper bound has a least upper
bound and for any sequence ¥ = (x; : i < J < u), for some y we have p I-p,
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“if X is <g,-increasing then y is its lub” (we can use less), but note that the set of
elements is not necessarily from V.
(2) [Definition]. For Q as above:
(a) a C ais called Q-closed if [f € a =>ay C a]; we also call it (ap: p< a)-
closed and let @9 = (ap: < a)
(b) for a Q-closed subset a of a we let

P,={pe P, :Dom(p) C a and for each § € Dom(p) we have:
p(B) is a P,qg-name (i.e., involving only
Gp, N Pynp so necessarily Qp € V[Gp, N Pyrpl) }

P! ={pe P, :Dom(p)C aand for each § € Dom(p) we have:
p(B)isa P’ -name and: if Q is standard, then p(B) is from V'

(l/f

not just a name }.

On both P, and P}, the order is inherited from P,. Note that P} is defined
by induction on sup(a).
(3) [Lemma]. For Q as above, f < a
(a) Q1B € #/ and is standard if Q is )
(b) if a C 5 then: a is Q-closed if and only if a is (Q[f)-closed
(c) if a C a is Q-closed, then so is @ N B, in fact f is QO-closed and the
intersection of a family of Q-closed subsets of « is Q-closed.
(4) [Lemma]. For Q as above, and 8 < «,
(a) Py < P, moreover,if p € Py, pIf < g € Ppgthen (pl(a~ p))Uq € P,
is a least upper bound of p, ¢
(b) P,/Pgis (< u)-strategically complete (hence does not add new sequences
of length < u of old elements).
(5) [Lemma]. For Q as above
(a) P isadense subset of P,
(b) ifais Q-closed then P, < P, and P} is a dense subset of P,.
(c) if a is Q-¢losed, p € P,, pla < q € P, then (p[(a \ a)) U g belongs to
P, and is a least upper bound of p, ¢ in P,
(d) if a is Q-closed, then Qla € # otp(@) (up to renaming of indexes)
(e) if @ C b C Ig(Q) are Q-closed, then (P}, P;,]) is a restriction triple
(where p[ P} = pla)
6) [Lemma]. The sequence Q = ( P, Qp.ap : p < o) belongs to Z* if a is a
limit ordinal and
/\ Oly e 7.
y<a
(7) [Lemma]. The sequence Q = ( Py, Qp.as : f < a) belongs to Z° if a =
y+1, a Cyisa (Oly)-closed set of cardinality < &, 0, is a P; -name of a
(< p)-strategically complete forcing notion of cardinality < A.
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8) [Definition]. .7 <* = U, #”.
ProoF. Straightforward. -

DEFINITION 19. Let 4 = u<* < k = cf(k) < A < x (usually fixed hence sup-
pressed in the notation) and e a limit ordinal < u. We define the following by
induction on (the ordinal) a:

(1) Welet Z=* = %7, be the family of sequences

Q = (P/g,Q/g,a/;,I/; :ﬁ< a)
such that:
(@) (Pp,Qp.ap: f<a)ecz®
(B) Iy is a family of Q-closed (see part (2) below, it is not what was defined in
18 (2) (a)) subsets of ag, closed under finite unions, increasing unions of
length < u and such that 0 € I
() each ay is (Q])-closed (see part (2) below, this is not as in 18)
(0) if b € I4 then the pair (P}, P:,,u ( ﬁ}) satisfies *7, of course for the natural
restriction operation. °
(2) For Q € %=* (even satisfying just 19 (1) (a) and (f)) we say that a set a is Q-
closedinb (oris(ap, Iy : f < a)-closedinb)ifa Cb C o, [f € a =>ap C 4]
and [ € b~ a=aNay € Ig]. If we omit “in b” we mean b = o
(3) (a) Qissimpleifforall f < a

Is={bCuap:bis a2'% closed and for every y € ag U{p},
ifcf(y) = u* and y = sup(y Nb), theny € b }.

(b) O = (Pp,Qp.apg: f<a), a%=(ag:f<a)andi®=(Iz:f<a)
(c) Qs standard if O~ is standard
(d) 7= = Upeo 7.

Cram 20. Let Q € 5.

(1) If B < a then QIB =: (Py,Qy,ay,Iy iy < B) belongs to X =F; moreover,
ifb C ais c?Q_-_closed then Qb € K =ow®) (yp to renaming of index sets)
understanding I ﬂQ L § ﬂQ [b.

(2) Ifa Cb C B <aandais Q-closed inb then: a is (Q|f)-closed in b.

(3) If < a, a C ais Q-closed and y ca~pf=ana,Npecl, thenanpis
O-closed.

(4) If Q issimple, B < o, a C avis Q-closed and cf(B) # u* Vv (Vy € a~ B) (a, N
a N B is bounded in f3), then a N f is O-closed.

(5) The family of Q-closed a C « is closed under increasing union of length < u and
() belongs to it and o is O-closed.

(6) If a, b are Q-closed, then sois a U b.

(7) Ifa Cb Cc Clg(Q), ais Q-closed in c, then a is Q-closed in b.

8) If f<a, aChCa, aisQ-closedinb, then a N f is (Q]B)-closed inb N B.

PrOOF. Straight. -

REMARK 21. Simple O is what we shall use.
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_Lemma 22. Assume Qecx “*and a, b are O~ -closed subsets of o and a is a
Q-closed subset of b (C «) and Q is simple or at least

(%) acf{aglUlgNy<f<a=>an(y+1)ely

(Hencey < f < aand cf(y) < w==ag Ny € Iy.) Then the pair (P}, P;) satisfies
%€

5

PrOOF. We can assume by 20 (1) that » = . By induction on o we shall show
that for all Q-closed subsets a of a the pair (P}, P}) satisfies +;, (see Definition
11 (3)) and this is proved first when @ = () and then when a # §. So we fix a
strategy St, for the first player in +;[P;]; why does it exist? If @ = 0), trivially, if
a # () by the way the proof is arranged we know the conclusion for (a’,b’) = (0, a),
and as otp(a) < « clearly St, exists. Next we shall choose a strategy for the first
player in the game [Py, P, St,], where at stage { < ¢ the first player chooses

{qg : & < pt}, a regressive function f: from u" to u* and the second player
replies with suitable { pé E<uth
For simplicity the reader may assume that the Qy are u-complete (which is the

case used; otherwise we have to use the (< ,u)-strate~gic completeness (and remember
7 (2) second sentence).

Casel. a=p+1, fea.

So ag C a, now a N B is (Q]f)-closed (by 20 (2)) hence by the induction
hypothesis (P} ;. Pj) satisfies +;. Apply 17 with P}, Pj, P;; here standing for P,
R\, R, there and we get that (R, R) satisfies *¢, which (translating) is the desired

w
conclusion.
CaseE2. a=f+1, f¢a.

We know that a Nag € I. If a = 0 use 17, so assume a # 0.
By Definition 19 (1) (0) we know that (P}, , Py 4)) satisfies x5, By 17 we get

that (P}, P} |, py0,) satisfies +;. Now a’ =1 ay U{f}Ua s O-closed by 20 (6) and

B € a’ so by Case 1 we have: (P}, P;) satisfies +;,. Together by 13 (4) we have:
(P}, P}) satisfies .

CASE 3. « alimit ordinal, cf (o) < p.

Here we use 15 (3).

We can find an increasing continuous sequence (yy : T < cf(a)) of ordinals
< « with limit «, y9 = 0 and yy,| a successor ordinal. Note that (a N yy ;) U yy
is (Qlyry1)-closed as [py limit =Y limit and cf(Y) < x] moreover a U yy is O-
closed. We define by induction on T < cf(a) a strategy St} of player I in the game
*5 [Py, Py, ]such that for Y| < T we have that St} projects to Sty (see Definition
11 (4)) and St is St,.

If we do not assume that all the Qp are u-complete, then we demand that,
moreover, they satisfy: .

R f ((qf i< pt ). fo.(pii<ut):{<e)isaplay of ¥ [P}, Py, . St.],
then for any ordinal 8, looking at (g (8), p (B) : { < &) letting

¢(B.0) =min{{ : g7 (+p) # 0o }

This content downloaded from 195.34.79.253 on Fri, 13 Jun 2014 07:46:21 AM
All use subject to JISTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

Sh:546

WAS SIERPINSKI RIGHT? IV 1043

if ¢ € [¢(8,0),L(B,1)) and ¢f [ forces that (gf () : & € [£,(,0),]) is
increasing, then qf IB forces that some (q;, p; : & < { — (B,0)+1)isa
play of ®6Qﬁ in which player I uses a fix winning strategy (as in 7 (2)!) and

b= qf(ﬁ (), (remember g4 not chosen) and

0<E<l—L(B0)+1=>q, =g P(p)
and

0< &< —L(B,0)=>pl = pi(p).

This, of course, puts on us a burden also in successor y just to increase the condition.
The inductive step is done by 17, the limit stage is straight (using X to show we
can).

CASE 4. « limit ordinal, cf(a) > ut.

During the play, player I in the {th move also chooses an ordinal y¢, y; increases
continuously with {, yo = 0 as follows:

yen =min{y <a: (Vi <u') (V¢ <L) (pf.qf € P))
and y is a successor ordinal }

and he will make qf € P,,, and the rest is as in Case 3.
CaseS. cf(a) = u'.

Let (yy : T < u') be increasing continuously with limit «;, yo = 0, cf(yy) <
U, yri1 asuccessor ordinal and we imitate Case 4, separating to different plays
according to the value of

jf =min{ j < i : for each & < { we have pf lyi € P,, and qf lyi € Py, }. -

CLAIM 23. Assume
(a) Q-: <PoquuaasIa e <5>
(b) & alimit ordinal )
(c) for every a < & we have Qo € H .
Then Q € H<°.
Proor. Check. -
CrAM 24. Assume
) Q€T
) aq C ais Q-closed, |aq| < K
) I, C{b Cay:bisQ-closed}
) 1, is closed under finite unions, I, is closed under increasing unions of length < p
and P € 1,
(e) Qu isa P} -name of a forcing notion of cardinality <
(f) i}’b € I, then (Py, P} * Qa) satisfies *;,
(g) Py =Lim, 0.
Then Q™ (P,, Qo da, 1) belongs to =",
ProoF. Check. -
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THEOREM 25. Suppose u = u~* < k = A < y and y is measurable.
(1) For some forcing notion P of cardinality y, u-complete not collapsing cardi-
nalities not changing cofinalities we have:

lFp “2* = y and for every o < u and 0 < x we have y — [0]2,”

(and for a fixed € we can add the Axiom: if Q is a u-complete forcing notion of
cardinality < k satisfying x and 7o C Q dense for o < o* < x then some directed
G C Q is not disjoint to any .%,,).

(2) Wecanreplace “u-complete” by “(< u)-strategically complete” (in the demand
on P and, in the axiom, on Q).

REMARK 26. We can add “P satisfies ;,” if the appropriate squared diamond
holds which is true in reasonable inner models.

ProOF. We concentrate on part (2). If we would like to do part (1), we should
just demand all the Q; are u-complete.

STAGE A. Fix a limit ordinal € < u and let
X ={Q e X : Qissimple and standard },
x.o=J 7z

a<y
(Note: Q-closed will mean as in 19 (3) (a), 19 (2).) As the Q’s are simple we shall
not write the I’s. By preliminary forcing without loss of generality “y measurable”
is preserved by forcing with (#>2, <) (= adding a Cohen subset of y), see Laver [2].
Let us define a forcing notion R:
R={Q:0ecx*forsomea< yand Q € #(x)}
ordered by: Q' < Q% if and only if Q' = Q?[1g(Q").

As R is equivalent to (¥>2, <) we know that in ¥Ry is still measurable. Let
Q% = (Pp,Qp.ap : f < x) be |JGg and P, be the limit so P* = P; C P,
is a dense subset, those are R-names. Now R x P* is the forcing P we have
promised. The non-obvious point is IFg.ps “x — [012,” (where 6 < &, 0 < p).
So suppose (r*, p*) € R * P} and (r*, p*) IF “the colouring z: []* — o is a
counterexample”f Let y; = (2%)*. Let Gk C R be generic over V, r* € Gg.
By [7], but the meaning is explained below in V' ® we can find an end extension
strong (x1, 1> 1, 25772 (k + A 4 24)*, w)-system M = (M, : s € [B]<™) such
that M, < (Z ()", #(y1), €), for x = {y, Gg, p*. 1}, (i.e., x € (), M, and
B € [x]*). We do not define this as for helping to prove the next theorem (27) we
assume less, in V[GRg]:

(%)o M = (M, : s € [B]<#"")) is an end extension (yi, x, y, 25", (k + A +
24+ n*)-system for x, for some 2 < n* < w.

where (*)o means, in V[Gg]:

(*)) B € [y and My < (7 ()", Gr, #(y1), €),x € N, My, M; N M, =
M. Furthermore, | M,|| = 25***?" and [M,]****?" C M,. In addition, for
v, vz € [B]", n <1+ n* thereis f,,.,, the unique isomorphism from M,
onto M,,, and:

I’Ul ﬂsll = I’Ugﬂszl, €] EVy, €2 EVy =>fv1.vz(€l) = &3.
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Finally, s<t= M, Ny < M;Ny.
We meanwhile concentrate on case n* = 2.

STAGE B. We assume (*)V.
Let

C={6<y:5=sup(BNd)and
(s e[BNOY) forsomen < 1+n*= M,Ny CJ)}.
Let y(+) = min(B). Now for p € P; N M)y and ¢ = (c|,¢2) € 0 X 7 let us
define the statement
(*)5) lfp < pO e P*n M{y(*)} then we can find pl, p2 S P; n M{y(*)}, pO < pl,
p® < p? such that: for y; < 75, y € B, y, € B, wecan find r, r; €
P* N\ My, 5,y (so Dom(r,) C My, ,,y N x) satisfying for £ = 1, 2:

relF“t({y1.72}) = e”
rel(x VM) < f penind (p") (for strong system: equality)
rel(x OV Mp,_ 1) < fomh i) (p?) (for strong system: equality).

As |o x a| < p and the relevant forcing notions are (< u)-strategically complete,
easily
F ={p € P NMy, :forsomeé, (x);hold}
is a dense subset of P N M, ()}, but this partial forcing satisfies the " -c.c. Hence
we can find #* = { p; : { < u } C 7, a maximal antichain of Py 0 My, () hence
of Py (as #=(M,.),) is a subset of M(,(,),). For p € #* we can choose ¢|(p),

c2(p) € o such that: (x )(”(” <P pold.

STAGE C. As G was any subset of R generic over V' to which r* belongs, there are
R-names y(+), ((pe,ci(pe)icalpe)) &< p), (My:s € [BIN), (foi:(s0) €
Un<tin- ([B" X [B]") ) forced by r* to be as above. As R is y-complete, y > 25+4+2",
without loss of generality * forces values y (x), My, M.y, ((pf. cf (pf), ¢35 (pf))

{<p)
We now try to chpose by induction on ¢ < 6 + 1, Q°, a¢, ¢ such that:
(A) (a) Q° € R
() 0" = {r*)
(c) 1g(Q%) = of
(d) ¢ <{=0%=Qlat
(e) (af:¢ <0+ 1)is (strictly) increasing continuous
(f) af <y < att!
(8) O Ikg “y* € B”
(h) Q%! forces (I-x) a value to

(M 0V :se[Bn (e + D)

which we call { M, : s € [B/]<"*"" ).
(B) if¢ <0+ 1, cf(¢) >,uthen

(@) a” = Ulx N Myscyy : {60 &2} € [ e < LIS )
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(b) IQH1 = {b : b an initial segment of aa-f“ and cf(otp(b)) # ut }

[explanatlon this satisfies the simplicity demands]
Al+1 A¢

(c) QQ = {h : hafunction, Dom(h) C u,|Dom(h)| < u,h(i) € Qg_[,*
when deﬁned} (see (d) below); order iy < hyif i € Dom(hy) = (i) C
hy(i) where Qa( « is defined in clause (d) below
[explanation: the forcing notion in clause (d) adds a subset 4 of { such that
on {yp : f € u} the colouring 7 get only two values; the forcing notion
from clause (c) makes ¢ the union of < u such sets and this induces a
representation of B, as a union of u sets on each 7 get at most two colours]

(d) Qg;* = {u:u € [{]°#, and for some & < u we have: for every j; < j,
from u, we can find p!, p?, r{, r, such that for £ = 1, 2 we have: pi <
Pl My NP re € PE0 My, o,y re F“t({y. 7)) = ¢ (p2)”,
Fe r(XﬁM{y_,-l }) S f{;r(*)},{;’j] } (pl ): re r(XmM{Yj3_g}) S f{y(*)},{yj]_[ } (P2),
andr; € GPa; orry € Gpag }

StaGE D. Again we shall use less than obtained for later use.

The point is to verify that we can carry out the induction. Now there is no
problem to do this for { = 0 and for { limit. So we deal with { + 1 ,{ < 0 and we
are assuming that Q° is already defined. If cf({) < u clause (B) is empty and it is
easy to satisfy clause (A). So assume cf({) > u*. Now as before clause (A) is easy.
The point is to choose Q%! or just 0“1 (ay + 1) to satisfy clause (B). Now Q,, is
chosen by clause (B) so Q°*![(ar + 1) is now fixed. )

The point is to prove that the condition concerning *;, from Definition 11 holds
as required in Definition 19 (1) (d). From now on we may omit the superscript
O“or O (ar + 1) s0 P}, = PQ( ]r(a‘+1), etc.

That is, we assume b € Ial and we will prove that (P,j, P;‘  Ulas}

Note
(#)1 if O+ is well defined (or just O*![(ae + 1) € R) and cf (¢) > u then (P,,,
is well defined and) in V7o, {91 : T < &} is well defined apd it can be
represented as | J,_ Wi such that each u € [%;]<* belongs to QaS *

(4)2 i £(1) < £(2) < Cand of(¢(1)), ef(£(2)) > u then @2 € 0. also for
the compatibility relation

) satisfies *5,.

(x)3 the elements of Qg;* are from V/, in fact are sets of ordinals of cardinality < u
ordered by C and the least upper bound of set of cardinality < x4 members is

the union (if there is an upper bound), so Qa( ¥ 1S - complete

(%) OFis well defined and I-p,, “for & < £, if cf (&) > u then, Qaf « is the union of
u sets, each set (< u)-directed and with any two elements having a least upper
bound”.

Hence

(¥)s if cf(¢) > ut, then in V' each subset of Qg;: of cardinality < ut is
included in the union of g sets, each directed and with any two elements
having a least upper bound.
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Note that by the definition of Qg* we have

(%) a family of < u members of ng,* has.a common upper bound if and only if
any two of them are compatible, and then the union is a least upper bound of
the family.

Soif cf({) > u*, we are done as by (x)s + (+)s we have IFp, “Q; satisfies +;,” and

can use 13 (4).

So we can assume { = Y(x) < 6 + 1 and cf({) = cf(ay) = u*, and let (Y(i) :

i < u) be increasing continuous with limit ¢ and cf(Y(i)) < ufori < u*. Let

b € I,,, hence b is a bounded subset of a;. So by the induction hypothesis and 13

(4) without loss of generality

b= My, pe,y N : To < Ty < T(0) }.
Define ¢y = by = b and for T € [Y(0), Y (*)) let
biy =boU (M{VT} n aC) U U (M{J’Y]-J’T} n aé)
T1<T(0)
(the third term could be waived with minor changes),

by = by x), b2 = b1 Ub; x() 41>

e = J{brr : T €[7(0), T(x)) }

3 = day, = H{Mpe, oy Ny 1 T < T(5), T2 < T(x) }
and

€4 = Aoy, U {ar}.
NotE. Thereisno c;.

All these sets are Q% -closed except c¢4. We now choose several winning strategies
which exist by the induction hypothesis on .

Let Sty be a winning strategy of the first player in a game above ;[ P; ]. Let St; be
a winning strategy of the first player in *} [P} , P; ] which projects to Sto. For every
T € [Y(0), T(+)) let St; v be a winning strategy of the first player in +;[P; , P} ]
conjugate to St; (by OPp, . 5,).

For T = (T1,T2), T1 <Yy, {T1, T2} C[Y(0),Y()) let

byt = b1y, Ubiy, U(Mr, v,y Nex)
and let St, + be a winning strategy in *ul P, 1 Ubyr,> P, ;] which is above St y, x
St; r, (remember that both project to Sty, use 17); also note as long as the second
player uses conditions in P;jm then so does the first player (for each i < u*
separately).

Also, the first player has a winning strategy in * [Py, P,] but we want a very
special winning strategy St,: (letting g, be a fixed pairing function on 4 ™) in a play
((pfri<ut), (g i<u’), f¢: &< e) where the first player uses the strategy
St, we demand that clauses (a)—(d) below holds on f1¢, p>T¢, p3¢< | seeclause

(d):
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(a) ((pilbo i i< ut),(qibo i i< ut), f1€:¢ < e)isaplay of *£ [P} ] in
which the first player uses the strategy Sty)
(b) foreach Y € [Y(0), Y(x)) defining

278 _ pilbiy ifY(E)>T
! pilby  IfYGE) <Y
el q;’ tbiy ifY@E)>7T
’ gilby  ifY(E) <Y

we have: ((p?™< i < ut)(g*TC i < ut), f2TC L & <€) is a play of
5 [Pp,» Py . ]in which the first player uses the strategy St; .
(¢) For any pair ¢ = (¢1,¢,) of ordinals in u X €, let
Y(i,¢) = T:(i) is the {;th member of Dom(g™) ~ Y (i)

3¢ :
pitt = OP[’I.Y(O)'bI,YfU)(pI: rbI‘Tf(i))

3¢,
qi o= OPbl.’r(O)‘/’l.T:(i) (qzé rbl-Tg(i))’

we demand that ((p?'g‘é i< ,u*),(q?'g'é ci<ut), f34 & < g)isa play of
[P P;:I.Y(O)] in which the first player uses the strategy St; vq).
So foreach i < u, for {; < u too large Y (i, ) is not well defined and we stipulate
the forcing conditions are (.
(d) fe(i) codes f1<(i), (f*T<@) : T € [Y(0),Y(x) and (3 € bix ~
bo) [p;(B) # 0g,]) and (f3<€@i) : ¢ € uxe,and T;(i) is well defined )

and the information on p¢ (ay(+)) and it codes

{ (1,41, 8) : B, the {oth member of Dom(p?) satisfies
ji=min{j : € Dom(p5) }.
and g is the {;th member of Dom(p‘fl )}

and

{{J,£1,¢y) : for some T, B, the {;th member ofDom(pf),
belongs to b v \ by and satisfies

j =min{ ;" : (Dom(pf/) N(byx ~by) #0}
and the {,th member of Dom(p$) belongs to by \ by }

(note: for each {, < e, i < u* wehave: {{; < p: Y (i) is well defined } is a

bounded subset of u).

Check that such St exists, (note that the number of times we have to increase
pilhois < u). _

Clearly c; C c3 are Q-closed,"hence there is a winning strategy St; of the first
player in « [P, P;.] above St; and such that:
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(X) For any T = (Y}, T;) such that Y(0) < Y, < T3 < Y(x), and defining

prIe = pf 1555 ghte = ¢ [b, 5 (can behave similarly in clause (b)), we
have: ((prTe @i < ut), (¢H"¢ i< pt), f4TE & <€) is a play of

*, [Py _1in which the first player uses the strategy St, .
Lastly, let Stq be a strategy of the first player in * [P,
to St; and it guarantees:

() if ((pS i< ut), (qf i< ut), f2:& < e)isaplay of the game in which
the first player uses his strategy St4 then:

(o) q,.‘E la,, forces a value to qf(aT(*))

(B) if Y1 # Y, are from (the value forced on) qf(ay(*)) then ¢ [ay is above

the relevant parts of witnesses to this.

Clearly St is (essentially) a strategy of the first player in +5 [Py , P] (for the
almost *;, case above Sty). All we have to prove is that Sty is a winning strategy
above Stg. So let ((pf ci< ut) (g i< y*),fg : & < g) be a play of
[Py, Pr,] in which the first player uses the strategy Sta.

By the definition of the game * [P}, P;,] without loss of generality for some club
E\ of u* (see clause (a)):

(xx)y if {i, j} C S,‘f' NE (see3) and A f1(i) = f1(j) then

{ pi1bo. p5lho: E< e}
has an upper bound in P;, .

P ] which is weakly project

By clause (b) in the demands on St; y for some club E of u4* we have:
(xx), if {i, j} C S,’f" NE,and Y € [Y(0), Y(x)) and
AL(B1x ~ bo) " Dom(pf) # 0

é<e
and (bi.x ~ bo) NDom(p%) # D= f>T4(i) = f274())]
(which holds if A, /(i) = f£(j)), and r is an upper bound of
{ piTbo. pSlbo: &< e}
then
{pitbix. p5lbir 1 & <e}u{r}
has an upper bound in Pj .
By clause (c) in the choice of St; we know that there is a club E3 of u* such that:
(#x)3 ifE € uxe, {i,j} €SI NEyand A.., f254(i) = f354(j) (which holds if
Neee f2(i) = f2(j)) and r € P} is an upper bound of
{pilho.qf1bo: &<}
then
(e <euin
has an upper bound.
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By clause (e) in the demand on Sts, for some club E4 of u*
(xx)4 if {i, j} C SX" N E4 and Aece ££(i) = f2(j) and r is an upper bound of

{p; 1o, p31bo : & <€}
then
{p{1r(), p1T(7) & <epu{r}
has an upper bound in P;, (even Py o ).
Last

(¥x)s E isaclub of 4™ included in E; N E; N E3 N E4 such that:
i < j € E= Dom(p; c3) UDom(q; Ic3) C ().
The rest is as in [6, §2]. -

THEOREM 27. We can in 25 replace “measurable”, by (strongly) Mahlo.

REMARK 28. It is not straightforward; e.g., we may use the version of squared
diamond given in Fact 30 below.

We first prove two claims.

CLAIM 29. Suppose A is a strongly inaccessible Mahlo cardinal, y > 2 > 0 = 0<°,
€ an expansion of (#(y), €,<}) by < 0 relations. Then for some club E of A for
every inaccessible k € E we have:

(%) for every x € #(k) there are B € [k]* and N, (for s € [B U {m}]z),N{’I.}
(fori € BU{k}),Ny;y (fori € B) and Ny (so Ny, is meaningless) such that
(Lo is like the first order logic but with conjunctions and a string of existential
quantifiers of any length < o):

(a) x € Ny <r,, €and 0 C N;

(b) X € N{/i} <Loo Cand b C N{/i} - N{,-}

(c) s CB=N,NACkand N.NAC k (when defined)

(d) NQ) =<Los N{i} and

min(Ng;y N AN Np) > sup [U{ N,NAi:s C[BNi]S*}

(e) for j < i, Ny is the Lqo-Skolem hull of Ny U N{;y inside €
(f) for j <i, Ny;y N4 isan initial segment of Ny N A
(g) for j <i,
min(Ngj;3 NAN Nyjy) >sup{ Nyj i3 NAcji <ig <i}
(h) Ny, N! have cardinality 0 when defined.
Proor. Let 6, = 27,6, = 2% Let 2 and  be such that:
e x strongly inaccessible

o Ql-<L9+.92 (8
. Ql<n§91
e ANA=k.

This content downloaded from 195.34.79.253 on Fri, 13 Jun 2014 07:46:21 AM
All use subject to JISTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

Sh:546

WAS SIERPINSKI RIGHT? IV 1051

(Clearly for some club E of A, for every strongly inaccessible k € E there is 2
as above; so it is enough to prove (x).). Without loss of generality, x > 6 and
let x € # (k). Next choose B; <Ly ¢, increasing continuous in i for i < &,
(B;1i<j)eB,. |Bll < B,k anordinal and {x, .0, 0, x, 1. A} € Bo.

Let 8 = By+, and let f be a function from B into A, which is an <
elementary mapping (for the model €, Dom(f) = B, Rang(f) C 2A).

Let N <, Cbesuchthat {x,2,B,(B;:i<6%), f,0,0,A,k} €N, 6+1CN,
NIl =6, N<" CN.

Let Nt be N.

Let Ny be N" NAN B, as | Ny|| < 6 we have Ny € AN B. Let Ny = Nt NA
so Ny = Nyoy NB, and Ny N A (C ) is an initial segment of Ny} N A (C &), let
N{,.;} = N*tNB and N{p = f(N{K}), $0 Nipy < LooNyo}. Letap = f (k). Now
we choose by inductionon i < &, «;, N{i}, Nyiy, giand Ny; jy for j < i such that:

+ ot
92 .01

(1) g isan <y, -elementary mapping from Ny into 2, go = idy,,
(2) gilaw) = o
(3) for j < i, Nyj;y is the Ly ,-Skolem hull of Ny U Niy (in €)
(4) Nyixy is the Lyq-Skolem hull of Ny U N{N}
(5) Nixy» N{O,K}.are isomorphic, in fact there is an ismorphism from N} onto
Nyixy extending g; U ldNEK}
(6) for j < i there is an isomorphism from N ;;y onto Ny ;.1 extending
{i} {/jx}
idN{j) U(f_l ° giil) rN{,z}

(7) N¢jy N Ais an initial segment of Ny;;) N A for j < i.

This is possible and gives the desired result (by renaming, replacei < x by o;). -

FacT 30. Let y be strongly inaccessible (k + 1)-Mabhlo, & < y is regular. By a
forcing with a P which is x*-complete of cardinality y, not collapsing cardinals nor
cofinalities nor changing cardinal arithmetic we can get:

()% thereis 4 = (Aq : < y)and C = (C, : a € S) such that:

(@) SC{d<y:6>randcf(d) <k} and {6 € S :otp(Cs) =k} isa
stationary subset of y

(b) Co Cans, [f € Co=Cs=Cynp] otp(Cy) <k, C, aclosed
subset of « and [sup(C,) = @ <= C, has no last element]

(¢) 4o C

(d) BECo=sAy=A,Np

(e) {4 < x : Ainaccessible, and for every X C A the set we have {a <
A :otp(Ca) = K, X Nax = Ay } is a stationary subset of 4} is not only
stationary but is a k-Mahlo subset, moreover we actually get:

(e)* forevery strongly inaccessible 4 € (6, ), ((Aq, Co) 1 € SNA)isaclub

guessing squared diamond, that is clauses (a)—(d) hold with A, S N4 and:
for every club E of 2 and X C A for somed € S we have Cs U {6} C E
and otp(Cs) =k anda € GGU {0} =4, =X Na.

Proor. This can be obtained, e.g., by iteration with Easton support, in which
for each strongly inaccessible A € ¢k, y] we add A4, C satisfying (a)-(d) above, each
condition being an initial segment.
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More specifically, we define and prove by induction on o < y
(1) [Definition] P, = {(a,C. 4) :
(@) a Cy~k™,

(b) for every strongly inaccessible A € (x, x] we have A > sup(a N 4)
(€ C=(C:yea)

(d) C, # 0= cf(y) <rkandotp(C,) <k

(e)/)’ C:>/5‘EaandC/; c,nNp

(f) C, # 0= C, closed

() Ad=(4,:7€a)

(h) 4, isa P,,-name of a subset of y

() feC— I, 4,nf =4y}
order p < ¢ ifand onlyifa? C a?, C? = C9la’, A? = A%|a’.

(2) [Claim] B < a == Py < P,.

(3) [Claim] If p € Py, B < a. then pIf =: (a? N B, Cllanp), Al(a N B))
belongs to Py and: if p[f < g € Py then p, g are compatible in a simple way:
p & q is a least upper bound of {p, q}.

(4) [Claim] If 4 is strongly inaccessible < y and > « then P, = |J,., Po. If in
addition A is Mahlo, then P, satisfies the A-c.c.

Let ¢, = ¢k, Ao = A& for every large enough p € Gp,. The point is that for
every strongly inaccessible 4 € (6, y], P,/P; does not add any subset of 4, and so
((Ci,4:[G]) : i < A) is as required. =

CoNcLusioN 31. Let 8 = 0<° < 1, A a strongly inaccessible Mahlo cardinal,
then for some 6*-complete, A-c.c. forcing notion of cardinality A not collapsing
cardinals not changing cofinalities nor changing cardinal arithmetic, in V7 we get:

(**)j{'z there are ( (B,, M®, C,) : a € S') such that:

(a) SC{d< y:cf(6) <0}and {6 € S : otp(Cs) = 6} is a stationary
subset of y and even of any strongly inaccessible A € (6, x)

(b) Co CansS, [ € Ca=Cs=Conpl otp(Cy) < 6, C, aclosed
subset of « so [sup(C,) = a <= C, has no last element]

(C) Ba Cea, Otp(Ba) =w X Otp(Ca)» ﬁ € Coz = B/)’ = Ba nﬁ

(d) each (M& : s € [B,]=*) is as in 29 (and B, C B) and € C, and
s € [Bp]¥2 = M> = M/

(e) diamond property: if 9B is an expansion of (Z(x), €, <}) by < 0 re-
lations, B € [x]* then for a club E of y for every strong inaccessible
. € acc(E) for stationarily many 6 € S N A we have otp(Cs) =k, Cs C E
and By C B and s € [Bs]<> = M? < B.

PrOOF. By 30 and 29 (alternatively, force this directly: simpler than in 30).
REMARK. In 30 we could force a stronger version.

PRrROOF OF 27. We repeat the main proof, the one of Theorem 25, but using the
diamond from 30 for k¥ = 0. In fact the proof of 25 was written such that it can
be read as a proof of 27, mainly in Stage B we can get () which is proved using
measurability, but use only (x)’. -

Combining the above proof and [8] we get
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THEOREM 32. Suppose
(a) u =g or u is Laver indestructible supercompact (see [2]) or just u as in [8, §4]
(b) Aisn*-Mahlo, 2 > 0 > u
(c) kn+ as in[5] (see below).

Then for some u™-c. c. forcing notion P of cardinality ) we have:

17, Y/ n*41 9
Ibp 2% = 4 — [O] ),

moreover for o < [,
A —s [0]11*4-1.

[N
REMARK 33. What is k,«?
Case 1. pu=N,.

Define on [“2]"" an equivalence relation E: if wy = {#, : £ < n*}, wy = {vp:
£ < n*} are members of [“2]"" both listed in lexicographic increasing order, then
w; E w; if and only if for any ¢; < ¢, < n* and 43 < £4 < n* we have

lg(ne, N me,) < 1g(ne, Ne,) <= 1g(ve, Nvy,) < lg(ve, Nvy,).
Lastly, k,- is the number of E-equivalence classes.

CASE 2. 1 > Ro.

Choose <, be a well ordering of “2 and let E be the following equivalence relation
on [F2]"": if wy = {ne : £ < n*}, wy = {v : £ < n*} are members of [#2]"
both listed in lexicographic increasing order then: w; E w, if and only if for any
£ < by < n*and {3 < €4 < n* we have

(a) lg(ne, Nne,) <lglne Nne,) <= 1g(ve, Nvey) < lglve, Nvg,)
(b) 16, 11g(170, N 10,) <iglne, ne,) ne,118(ne, Nme,) <= ve, 1 g(ve, N ve,) <ig(ve, v,
Ve, I lg(Vgl M v, )
(C) Hey (lg(% n 77152)) = Vfa(lg(vlfl N sz))
REMARK 34. Of course 22 contains
THEOREM 35. Assume
(a) u = u~* and D is a normal filter on u to which the set of ordinals of cofinality
1 belongs and & is a limit ordinal < u™*
(b) O =(Ps,Qp:a<a* B<a*)isa(< u)-support iteration
(c) for each B < a* in the universe V"5 we have: the forcing notion Qp is (< u)-
strategically complete satisfying x5,.
Then for y < B < a* we have: in V"' the forcing notion Py /P, satisfies x5, hence
satisfies the u-c. c.

Proor. For simplicity let D be the club filter on u* plus the set of ordinals of
cofinality u, the proof does not change by this. Let x = 4 = y be regular large
enough, e.g., just > |a*|, |P,+|. Let us for f < a choose ay = f. Now (see
Definition 18) trivially we have: Q* = (P,, Q/;,a/; ta < af, f < a*) belongs to
%jiu (see Definition 19), each § < a* is Q*-closed and P} = Py.

Next for f < a* we choose Iy = {y : y < f} and we shall prove by induction

ony < a* that Q" = ( P,, Qp,ap. Iy 1 < 9, p < y) belongs to K;j’m.x' Now for
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y = 0 there is nothing to do and for y limit this holds by 23, and for y successor
ordinal this holds by Lemma 24, where clause (f) there is proved by 13 (5) and the
induction hypothesis. Having proved this the conclusion holds by 13 (1). -
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