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THE CONSISTENCY OF ZFC + 2% > X, + #(3,) = #(R,,)

MARTIN GILCHRIST AND SAHARON SHELAH

§1. Introduction. Let « be an uncountable cardinal and the edges of a complete
graph with « vertices be colored with X, colors. For x > 2% the Erdés-Rado
theorem implies that there is an infinite monochromatic subgraph. However, if
k < 2% then it may be impossible to find a monochromatic triangle. This paper
is concerned with the latter situation. We consider the types of colorings of finite
subgraphs that must occur when x < 2%, In particular, we are concerned with the
case N1 < k < N,.

The study of these color patterns (known as identities) has a history that involves
the existence of compactness theorems for two cardinal models [4]. When the graph
being colored has size R, the identities that must occur {7 (X)) have been classified
by Shelah [6]. If the graph has size greater than or equal to N, the identities that
must occur (#(R,,)) have also been classified in [5]. This leaves open the question
of how the sets #(R,,) (2 < m < w) fit between #(X;) and C #{(R,). Some
progress in this direction has been made in the paper [2]. It is there shown that
if ZFC is consistent then so is ZFC + ¥ (R,,11) 2 F(R,,) for each m < w. The
number of colors is fixed at Ny as it is the natural place to start and the results here
can be generalized to more colors. We first give some definitions and establish some
notation.

An w-coloring is a pair (f, B) where f: [B — w. The set B is the field of f
and denoted fid{ f).

DerINITION 1.1. Let £, g be w-colorings. We say that f realizes the coloring g if
there is a one-to-one function k: fld(g) — fid(f’) such that for all {x, y}, {u,v} €
dom(g)

S ({k(x), k(0)}) # f ({k(u),k(v)}) = g({x,¥}) # g({u,v}).

We write f ~ g if f realizes g and g realizes f. It should be clear that ~ induces
an equivalence relation on the class of w-colorings. We call the ~-classes identities.

If f, g, h, k are w-colorings, with f ~ g and 4 ~ k, then f realizes 4 if and only
if g realizes k. Thus without risk of confusion we may speak of identities realizing
colorings and of identities realizing other identities. We say that an identity 7 is of
size v if |fd(f)| = r for some (all) £ € I. In the following we will consider only
identities of finite size.
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Let k be a cardinal and f: [k]* — . We define .#(f) to be the collection of
identities realized by f and .7 (k) to be

(MF) | fi P — o}

We now define a specific collection of identities. Let A: <“2 — w be one-to-one.
Define f: [2°]* — w by f{{e, B}) = h(a N B). We define .# = #(f). Note that
# isindependent of the choice of 4. In [5], the second author proved that 2% > X,
implies .7 (X,,) = 7.

In [2], was shown consistency of ZFC + .7 (®,) # .#(X,,). Here we will show

MAIN THEOREM. If ZFC is consistent then
ZFC 4+ 2™ > R, + # (X)) = F(R,)
is consistent.

This is accomplished by adding v > R, random reals to a model of GCH. As
2% > R, holds in the resulting model we need only show that .7 (X;) D # is true.

§2. The partial order. We establish the notation necessary to add many random
reals to a model of ZFC. For a more detailed explanation see [3]. Letv > X, be a
cardinal. Let Q = *{0,1}. Let T be the set of functions ¢ from a finite subset of v
into {0,1}. Foreacht € T,let S, = {f € Q:t C f } and let S be the g-algebra
generated by { S, : t+ € T }. The product measure m on § is the unique measure
so that m(S,) = 1/2/l. We define %, to be the boolean algebra §/J where J is
the ideal of all X € & of measure 0. We define a partial order (P, <) by letting
P = % \ J and the order be inclusion modulo J. The following two theorems can
be found in [3].

THEOREM 2.1. Pisc.c.c.

THEOREM 2.2. Let M be a model of set theory and G be P-generic. Then M[G] sat-
isfies 2% > v,

Let Y = { y, : @ < v}. Let " denote the collection of all () where j is a tuple
from Y and t(X) is a boolean term with free variables ¥. For a < v denote by
to € T the function whose domain is {a} such that #,{c) = 0. There is an obvious
embedding of T" into & which extends the map y, — S, and respects the boolean
operations. We denote by %, the image of I" in §. It should be clear that & is a
boolean algebra. We call the elements of Y generators. Elements of %, are denoted
by their preimage in I". The following theorem should be clear.

THEOREM 2.3. For p € & and ¢ > 0 there exists a finite u C Y and a boolean
formula ©(%) such that u(z(i) A p) < e.

§3. A combinatorial statement. Here we formulate a combinatorial statement

k4 g, f]

which will play a crucial role in the proof of the main result. We require some
preliminary definitions. Let Y, &, %, %), u and P be as in the previous section.
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Letg, f: @ — w. Foreach L < wlet 97 be afinite set of boolean terms (%) where
% = (x1,...,x7(z)) which is complete in the sense that for any boolean term o (x)
there is some t(X) € 7 such that ¢(x) = 7(¥) is a valid formula of the theory
of boolean algebras. Let 7 = |J{J. : L < w}. In the following we work only
with boolean formulas in 9. List 77 as {tf : i < h(L)}. For L < o define
T, = (9.)%Y). Forw € [«]* and L < w define

Tw,L = { <‘L'1()-CZ’[), AN ,Tg(L)(ff’t» = <‘L’1, Ce ;Tg(L)> S TL}

where ;"' = (x{"{,..., xZ”’f( 1)) is @ sequence of distinct variables for each triple (w,
t, L), and where

NS #ED = (t=uAw=vAL=M).
Let X denote

{5t €T L<ow,we[sF], )

Let (P, L) denote

{ ¢ : ¢ is amapping of [P]*into {1,...,g(L)} }.

DEFINITION 3.1. Let k, m < w and (1,(%¥) : n < k) be a sequence of m-ary
boolean formulas. Let @ be an m-tuple from Y. Then (t,(&) : n < k) is called a
partition sequence if

1 (tm (@) N1,(i)) = 0

for all m, n with m # n, and

y(U{rn(z}):n gk}) =1

The combinatorial statement will now be defined.

DEerFINITION 3.2. Let I be an r-identity, A < w and « a cardinal. We say that
[1,k, 4, g, f] holds if the following is true: there exist %z, T}, (we [k L <4,
1 <m < g(L))such that forallw € [x]?, L < Aand P € [s])

) #,, is a tuple in Y of length (L)

) T €TL (LT ) €T

) (tf (@) 11 <m < g(L)) is a partition sequence
) for N <L,

/t(U{ T BN ) N Ty (1) 2 1 < g(N) }) >1-1/2%
(C5) the measure of
U{ ﬂ{ T} yor) 1 2 € [P} :c € €(P L) Ac realizes I }

is less than 1/L.
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§4. Proof of the main theorem. The theorem follows from the following three
lemmas which will be proved later.

LEmMa 4.1. LetI € #. Fornog, f: @ — wandk > X, dowehave[l,k,w,g, 1]

LEMMA 4.2, Letl € #, K > Roandg, [: o — w be suchthat [I,k,w, g, ] fails.
Then there exists m < w such that [I,m,m, g, f] fails.

LEMMA 4.3. Let I € # and M be a model of set theory satisfying GCH. Let
G be P-generic over M. If it is true in M[G) that I ¢ 7 (R;), then in M there exists
g f: @ — wsuch that [I,m,m,g, {] holds for all m < w.

We suppose that these lemmas are true and prove the main result. Let M be
a model of ZFC + GCH. Let I € # and towards a contradiction suppose
that I ¢ #(X;) in M[G] where G is P-generic over M. By Lemma 4.3 in M
there exist g, f: @ — w such that [I,m,m, g, ] holds for all m < w. But from
Lemma 4.1, {I, N,) ", w, g, f] fails, and so by Lemma 4.2 there exists m < w such
that [1, m, m, g, '] fails, contradiction.

4.1. Proof of the first lemma. Assume that the conclusion of the lemma fails. Let
k> N,. Letg; f: w — o be such that [[, &, w, g, f] holds. We force with the
partial order P, where P is as defined as in the second section with v = . Let
G C P be a generic set. For L <  we define ¢, : [k)* — o by ¢,(w) = m if
7y (du1)/J € G.

PrROPOSITION 4.4. For all w € [ there exists N < o, m < w such that ¢y (w) =
m forall L > N.

ProOF. For w € [k]* define
D,={p€eP:pl-IN3Im(c (w)=mforallL>N)}.

We claim that D,, is dense in P. To this end choose p* € Pandlet p € & be such that
p/J = p*. Let u(p) = 8. AsS > 0 we can choose N such that 3, 1/2F < 6/3.
By (C4) of the definition of [, k, w, g, f],

w(U{NEEminn) 1> N} im <g(N) }) > 1-(6/3).

Thus
,u(U{m{ T (i) :L>N}:m< g(N) } ﬂp) >4/3.

There is thus an m < g(N) such that x(g) > 0, where
q= n{ TP (dwr) : L>N}Np.

Clearly ¢/J + ¢, (w) = m for all L > N. Thus the proposition is proved.
We now continue with the proof of the lemma. Define ¢: [k]* — w by c(w) =
lim; ., c;{w). Fix P € [«]". By property (C5) of [1, x,w, g, f],

sup{ u(p) : p/J |- “cp realizes I on P”} < 1/L.

Thus
sup{ u(p) : p/J I+ “c realizes I on P”} < 1/L
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for all sufficiently large L < . This set has measure 0 and so it is true that ¢ does
not induce / in any generic extension. A contradiction occurs as k > X, and by [5]
every coloring ¢: [k]?> — w must realize 7. Thus the lemma is proved. 4

4.2. Proof of the second lemma. The proof of Lemma 4.2 is accomplished by
showing that it is possible to represent the statement [/, x, w, g, ] by a theory in a
language of propositional constants when the propositional constants are assigned
suitable meanings. The compactness theorem is then used to show that the failure
of [I, k, w, g, f] implies the failure of [1, m, m, g, f] for all sufficiently large m in w.

Throughout this section fix g, f: w — w. Let %) and u be as previously
defined. Let I be an r-identity for some r < w. Consider X, the collection of free
variables previously defined. Define & = { p,, : w € [X]*} to be a collection of
propositional constants. For each partition & of X let ~» denote the associated
equivalence relation. Let

A kP x{(L,m): L<onl<m<g(l)}—>T
be such that & (w, L,m) € 9 forallw € [k and 1 < m < g(L). Let
G ={q},welsf, L<o, 1<m<g(L),i<h(L)}

be a collection of propostional constants. Denote # = ¥ U&. For each &
a partition of X and function & define a truth valuation Vg o : # — {T,F} by
Vo su(pw) = Tifandonlyifw = {i, j} Ai ~o jand Va » (g}, ;) = Tif and only if
& (w, L,m) = tF. There is a propositional theory Ty such that a truth valuation V'
models Ty if and only if ¥ = Vg o for some function & and partition .

Let V" be a truth valuation that models the theory 7. Denote by £y the partition
of X defined by x| ~», x2 <= V(p{x,x,}) = T. Fix a mapping vy: X — Y
such thatvy( ) = 'uV(y) &= x~g, y. ForL<ow, 1 <m<g(L)andw € [s]
define 1L to be 7/ if V(g¥,,;) =T. Lett = t/" denote (‘c{’ﬁ“, . Z’;“(L)) eT,.
For each such sequence let x{ ! denote X7 and write er(u ) for the By-
term obtained from 7}’ Lom(X /1) by substituting the variables %, by their image
under vy. Note that since T is finite, for each L < w and w € [x]?,

Xy —der{xV“” tt =1t/ €Ty AV models Tp }

1s finite.

LeMMAa 4.5. Letk < w and o(x1,...,x;) be a boolean term. For 1 < i < k let
Li <o, 1 <m; <g(L;)andw; € [k)>. Let 6(y) be a statement of one of the forms
u(y) < 1/n, u(y) > 1/nor u(y) = 0, where y runs through By. There exists a
propositional formula y such that for all valuations V modelling Ty, V models y if
and only if

Wi g Vo, Vw
0(0(1{1 @), (i ")))
ProoF. Let W = | J{ X : 1 <i < k}. Define

7" = {V : V is a truth valuation modelling Ty }.
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Since 77, is finite for all 1 <7 < k the collection
S={(t/¥ 1<i<k):Ve?}
is a finite set. For each s € S define
7, ={Ve? (/" 1<i<k)=s}

For the moment fix s € S. Each V € 7| induces a partition, #y, of X and
thus of W. Since every permutation of ¥ induces an automorphism of %, which
preserves the measure, for Vi, V, € 7, Py, [W = Py, | W implies

V:
w(o (el el @)
= (o (el ol @) ).

As there are only finitely many partitions of W there is a formula y, that chooses
those partitions in { &y : V € 7 } that produce the desired measure. We define

X = \/(773 =>Xs);
SES

where 7, is a formula such that V' € 7" implies s = (7 Z “’,;1 1 <i <k)ifand only
if V(g,)="T. -

LEMMA 4.6. There is a propositional theory T such that T is consistent if and only
if [I, K,0, 4, f] hOldS.

PrROOF. By the previous lemma, for each triple (w, L, P) where w € []*, L < @
and P € [k]" there exists a formula y,, ; p such that a truth valuation ¥ models T, U
{xw.r.p} implies (C1)—(C5) hold for w, L, P and the sequences of boolean terms
and generators defined by the valuation. We define T to be

ToU{ywrr:we€[kP, L<wand P € [x] }.

It is easily seen that the consistency of 7' implies that [/, x, w, g, f] holds. In this
regard one should observe that Y is large enough to realize any desired partition.
Now suppose that [/, k, w, g, f] holds. The existence of the sequences of terms
tp =t} ST (L ) and generators iy, = (w15 Uy pr)) defines a func-
tion & and partition £ in the following manner. Let & (w, L, m) =t} if 1, = z}.

A partition &’ of
Uspt=, welsP, L<w}
is first defined by setting xL, ~ g xM if wy 1i = uyp; wheret =t and s = 1.

We choose a partition of X which isan extensmn of #' and denoteit by #. The truth
valuation Vg 5 models the theory T'. This completes the proof of Lemma 4.6.

Now Lemma 4.2 follows by the compactness theorem for propositional logic.
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4.3. Proof of the third lemma. Towards a contradiction let I be an identity on
r < w elements, d a P-name for a function and p € P such that

p Ik “d: [R:]* — w Ad does not realize I”.

Without loss of generality we assume that p = 1p. For each w € [N;]* choose
a sequence (b)Y : n < w) and a sequence (pY : n < w) € [S]° such that
(p¥/J : n < w) is a maximal antichain in P and p¥/J I+ d(w) = b¥. Let
b: [N,]* x @ — w be defined by b(w,n) = b¥.

For w € [%;]?, L < w choose g(w, L) so that

1
Z ulpy) < @2rsL)

n>g(w,L)

LeMMA 4.7. There exists a function [ : [N X @ — w sequences of boolean terms
(0}, :m < g(w,L)) and generators 0,1 (w € [R2]%, L < w) such that:
(1) ﬁw,L = {yw,L,k ik < h(w’ L) }
(2) Form < g(w, L) we have
1
L255(g(w, L))

:u(prwn A Uf,m (ﬁw,L)) < (

ProOOF. This follows immediately from the results in the section where P is de-
fined. B

LeMMA 4.8. There exists a function f : [N;]? X @ — w sequences of boolean terms

(pY,, :m < g(w,L)) and generators t,,1 (w € [N2?, L < w) such that:

(1) 'L-)w,L = {yw,L,k ik < f(ws L) }

(2) (PLm(Bu,r) : m < glw, L)) is a partition sequence.

(3) For m < g(w, L) we have

1 -

<.
283 L[g(w, L))

(4) u(P% 1) AP py (Bur)) < 1/L2EH,

Proor. Let f, o, and ©,,, satisfy the conclusion of the last lemma. For
m < g(w, L) define

P}‘U,m (’Ew,L) - Uiu,m (ﬁw,L) \ U{ azj,i (5w,L) i<m }

w(pm A Y (DwL))

Define
PlLU,g(w,L)(ﬁw,L) =1 \ U{ a}ii (ﬁw,L) i< g(wa L) }

Parts (1) and (2) of the conclusion clearly hold. For m < g(w, L),

1(Po A pE(Bur)) <D p(pP Aoy (Bur))

i<m
< g(w, L) /255 Lig(w, L)} !
=1/2Lig(w, L)
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Form = g(w, L)

w

#(Pytuo.r) D PY gy (TuL)
< Y u(pP Aot (Bun)) +u (U{ pri>glw, L) })
i<g(w,L)
< g(w, L)/(L2*"[g(w, L)]) + 1/L25%.

LemMma 4.9 (GCH). Let s < w and for 1 < i < s let hi: [ x @ — w. There
exists A = (o; 1 i < w) € [N2]? and for 1 < i < s there exist functions h;: w —
such that

Vn<oV¥m<nVwe[{a:n<i<wll (hi(w,m) = fz,(m))

ProOF. A standard ramification argument will show that there exists Zy C N, of
order type N; suchthatfora < f<yinZy, L<w,and1 <i <s

(hi({e B}, L) = hi({a, ¥}, L)).

See [8, 1] for details. Fora € Z;, L < w and 1 < i < s define h;,(L) =
h;({a, B}, L) where B > « is chosen in Z;. By cardinality considerations there
exists a sequence ( Z; : 1 < i < ) of subsets of Z; such that for all k£ < w, we have
Zr1 € Zk, |Zy| =X andforalle, f € Z; 1y,

hi,a f(k + 1) = h,,ﬁr(k + l)

We define 4 = { ¢; : i < w } in the following manner. Let cy be minimal in Z; and
inductively define «; to be minimal in Z;; \ {ao,...,—1}. We then define the
functions A, by h; (k) = h;q, (k).

To verify the lemma let # < @ and m < n. Choose

w={a,} €{a:n<k<o}l
Thenfor1 <i<s
hi(w,m) = hi({og, @}, m) = by, (m) = hig,, (m) = hi(m).
Thus the lemma is proved. .

Let b, g: [X2]* X @ —  be the function chosen above and f, PY m» Up satisty
the conclusion of Lemma 4.8. Let 4 = (o, : i < @) € [¥;]?, 13, g, f: w— W
be the set of functions obtained when Lemma 4.9 is applied with s = 3 and
(h1, hy, hy) = (b, g, f). We now verify that [1,n,n, g, f] holds for all n < w. To this
end fix n < w. Define t < w to be

n+max{gm): m<n}+1.

For w = {i, j} € [n] define w* to be { @i, 0,1; }. Then forw € [n]?, L < n,
1 <m < g(L) define t¢,, to be pY’,, and i1, ; to be Ty» ..

We will now verify that (C1)—(C5) hold for these sequences of boolean terms and
generators. (C1)-(C3) will follow from Lemma 4.10, (C4) from Lemma 4.11 and
(C5) from Lemma 4.12.
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Lemma4.10. Let ¢, f: o0 — o, A C X and ¥, duy, (w € [0, L < n,
1 <m < g(L)) be as defined above. Then
(1) @wr ={yuri:k < f(L)}
(2) (zf (@) : m < g(L)) is a partition sequence.
(3) For m < (L) we have

. 1
w Aty iy, —_ .
R A TG
@) u(pgy Aty ) < 1/L25,
Proor. Forw € [n]?, L < n g(w*,L) = (L) and f(w*,L) = f(L). -
LEMMA 4.11. Let w € [n]* and N < L < n. For the sequences of boolean terms

defined above
(e (U8 ) N2 ) s < 2 (N) ) > 1= 1/27).
Proor.
s (U 8o ) O 22 () <
> (| b ) 0122 (s
= 1= [ (U e ) N 78 o) O 7 m < 2(N)3)')]
=1 _< 37wy At Gen)) + D u(p AtE, ()

n<g(N) n<g(L)

| /\

&(N) })
)Ny im<g(N)}

*

+ ﬂ(pgj(N) A Tllf,é(N)('zw’N)) + lu(pg Aty s L)(aw,L))
u(Utns sm>2)))

>1-—(3/2V%)
>1-1/2%,

This concludes the proof of Lemma 4.11. 4
LemMMA 4.12. Let L < n and P € [n]". The measure of

U{ﬂ{%( :z2€[PP}:cc®(PL)Acrealizes I}

is less than 1/ L.
ProOF. First note that for z € [PJ*and 1 <m < g(L),

i [Tk d(z*) = b(z*,m).

Now z* € [{a, : 5 > t Y2 and m < 50 b(z*,m) = b(m). Thus, for c € (P, L),

g =aer [ {pisy 1 2 € [P }/T IF(Vz € [PP (d(z7) = b(c(2))))
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if ¢ # J. Thus if ¢ realizes I on P and ¢ # J then in some generic extension,
d realizes I on P* = { e, ; : i € P}. Since we assume that d does not realize I we
can conclude that ¢ = J and

#(N(piy = € IPPY) =0.

Secondly note that [# (P, L)| < (L),
We first examine those colorings that induce I and involve at least one color other
than g(L). For each such ¢,

,u(ﬂ{ T e ior) 1 2 € [P)? }) < min{ (e} (@) A pf,;:) 1z € [PP}

By Lemma 4.10 this measure is at most 1/ (2L[g(L)]’2). Thus the probability of any
of the colorings under consideration inducing 7 is less than 1/2L. In the case that
the coloring induces 7 and uses only the color g(L) (implying that there is only one
such coloring),

s (Vg @) 2 € [PPY) < min (25 1) () A Py 1 2 € PP ).

By Lemma 4.10 this value is less than 1/2L. Thus Lemma 4.12 is proved. =
This finishes the proof of Lemma 4.3. a
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