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ON CON(d, > COV,(MEAGRE))

SAHARON SHELAH

ABSTRACT. We prove the consistency of: for suitable strongly inaccessible
cardinal A the dominating number, i.e., the cofinality of *)\, is strictly bigger
than covy(meagre), i.e., the minimal number of nowhere dense subsets of *2
needed to cover it. This answers a question of Matet.

INTRODUCTION

Cardinal characteristics were defined, historically, over the continuum. See cele-
brated Van Dowen [vD84] for the general topologist perspective and the excellent
survey Blass [Bla], and Bartoszyriski [BarlQ] for the set theoretic perspective. In
recent years there have been many results concerning generalized cardinal charac-
teristics. The idea is to imitate the definition of a given characteristic over the
continuum by translating it to uncountable cardinals.

It is reasonable to distinguish regular cardinals and singular cardinals. Among
the regular cardinals, it makes sense to distinguish limit cardinals from successor
cardinals. In this paper we focus on strongly inaccessible cardinals. These cardinals
and their characteristics behave, in many cases, much like Ny, but certainly not
always. See Landver [Lan92], Cummings-Shelah [CS95], and Matet-Shelah [MS].
Our main result is the consistency of cov (meagre) < 9, at a supercompact cardinal
A, and we begin with the following definitions.

We shall define three cardinal invariants (but the paper deals, actually, just with
two of them).

Definition 0.1 (The bounding and dominating numbers). Let A be an inaccessible
cardinal.
Let f,g € M.

(a) f<* gifl{a < A: f(a) > gla)} < A
(b) AC A\ is unbounded if there is no h € *A so that f € A= f <* h
(c) A C *) is dominating when for every f € *) there exists g € A so that

f<'g

(d) the bounding number for A, denoted by by, is min{|A| : A is unbounded in
A)\}

(e) the dominating number for A, denoted by 0y, is min{|A| : A is dominating
in *\}.

Received by the editors June 16, 2009, and, in revised form, March 30, 2015, November 7,
2017, and July 10, 2019.

2010 Mathematics Subject Classification. Primary 03E35, 03E55; Secondary 03E17.

Key words and phrases. Set theory, independence, forcing, cardinal invariants, inaccessible.

This research was supported by the United States-Israel Binational Science Foundation. Pub-
lication 945.

(©2020 American Mathematical Society

5351

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/tran/
https://www.ams.org/tran/
https://doi.org/10.1090/tran/7948

Sh:945

5352 SAHARON SHELAH

Notice that the usual definitions of b and ? are by, and 0y, according to Definition
[0Il The definition of covy(meagre) involves some topology.

Definition 0.2 (The meagre covering number).
Let A be a regular cardinal.

(a) *2is the space of functions from X into 2
b) A2 ={ner2:van}, forver>2:= |J *2
a<A
(c) % C *2 is open in the topology (*2)<y, iff for every n € % there exists
i < Xso that (A2) C %
(d) covy(meagre) is the minimal cardinality of a family of meagre subsets of
(*2) <, which covers this space.

This paper deals with the relationship between 9 and covy(meagre). If X is a
successor cardinal, then covy(meagre) < ?, is consistent (see (b) below). Matet
asked (a personal communication) whether 95 < covy(meagre) is provable in ZFC,
where A is strongly inaccessible. We give here a negative answer.

For \ a supercompact cardinal and A < k = cf(k) < pu = p*, we force large 0
i.e., 0y = u, and small covering number (i.e., covy(meagre) = k). A similar result
should hold also for a wider class of cardinals, and we intend to return elsewhere
to this subject.

Let us sketch some known results. These results are related to the inequality
number and the covering number for category. Recall:

Definition 0.3 (The inequality number). Let x be an infinite cardinal. The
inequality number of k, e, is the minimal cardinal A\ satisfying that there is
a set F C "k of cardinality A such that there is no g € "k satisfying
(Vf € 7)Ba < k)(f(@) = g(a)).
For k = Vg, ¢, = covy,(meagre), see Bartoszynski ([Bar87]) and Miller ([Mil82]).
Now

(a) the statement ¢, = cov,(meagre) is valid for k > Ry in the case that & is
strongly inaccessible, by [Lan92]. But if x is a successor cardinal, it may
fail

(b) if k < k<%, then cov,(meagre) = x*. This is due to Landver ([Lan92]).

We intend also to address:
Problem 0.4. Can we replace “supercompact” by “strongly inaccessible”?

Problem 0.5. (1) Can we prove the consistency of covy(meagre) < b)?

(2) For X strongly inaccessible (or just Laver indestructible supercompact), is
there a non-trivial AT-c.c. (< \)-strategically complete forcing notion @ which is
A\-bounding?

A point which in a previous version was just a step along the way, the referee
asked to be justified fully and was analyzed to be serious. This was done but
eventually was separated to [Sheb]. A posteriori the point is that in the parallel
case for A = N, for full memory F'S iteration such a claim is true. In fact, by Judah-
Shelah [THJISSS], if (Po, Qg : a < a(x), B < ax)) is FS iteration of the Suslin-c.c.c.
forcing notion, Qg with ‘the generic 7 € “w, and for notational transparency, its
definition is with no parameter, and ¢ : 8(x) — () is increasing, and P = (P/,, Q5 :
a < B(x), 8 < B(x)) is FS iteration, but @/B is defined exactly as Q¢(z) but now in
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VP4 rather than in V<, then IFe, ., “(Mces) = B < B(x)) is generic for ]P’%(*) over
V7,

Now this is not clear to us for (< A)-support iteration of (< \)-strategically
complete forcing notions. The solution is essentially to change the iteration: to use
a “quite generic” (< A)-support iteration which “includes” the one we like and use
the complete subforcing it generates; see [Sheb].

We try to use standard notation. We use 0, k, A, i, x for cardinals and «, 3,7, J, €,
¢ for ordinals. We use also ¢ and j as ordinals. We adopt the Cohen convention
that p < ¢ means that ¢ gives more information in forcing notions. The symbol «
is preserved for “being an initial segment”. Also recall that A = {f : f a function
from B to A} and let > A = U{’A : B < a}; some prefer <A, but “> A is used
systematically in the author’s papers. Lastly, Jf\’d denotes the ideal of the bounded
subsets of A.

The picture of cardinal invariants related to uncountable A is related but usually
quite different from the one for 8y. They are more similar if £ is “large” enough,
mainly strongly inaccessible.

1. PRELIMINARIES

Definition 1.1. Let A be supercompact. We say that h : A — J(\) is a Laver
diamond (for \) when for every x € V there are a normal fine ultrafilter D over
I = [(x)]<}] for some x such that x € J#(x) and the Mostowski collapse j on
V!/D maps (h(sup(unk)) : u € I)/D to = (we can use elementary embeddings
instead of an ultrafilter).

Notation 1.2. If P is a forcing notion in V, then V¥ denotes V[G] for G C IP generic
over V; we may write V[P] instead.

The most straightforward way to increase by in the classical case of ¥y is Hechler
forcing = dominating real forcing. A condition is a function f, : w — w which is
separated into a finite stem 7, and the rest of the function. Formally, p = (1, fp)
where 1, < fp.

If p,q are conditions, then p < ¢ iff 5, < 5y and fy(n) > fp(n) for every
n ¢ dom(1,), hence for every n. A generic object adds a function ¢ : w — w which
dominates the functions from the ground model. By iterating Hechler reals, one
increases the bounding number b.

If A = A<*, then one can define the generalized Hechler forcing Dy by replacing
w by X. The basic step is A-complete and A*-c.c. and actually A-centered. Hence
one can iterate and increase b).

In [She92, §81 and 2] and then Goldstern-Shelah [GS93] and Kellner-Shelah
[KS12] consider other invariants. Consider two functions f, ¢ : w — (w\{0}) going
to infinity such that f > g and ask about:

o ¢f, = min{|Z| : F C[If(()]"Y and (¥ € [1f((1))(3g € F)IAn(i) €
9(i)].

e ¢, , =min{F : F C []f(i) and for no g € [T1£(9)]9%) do we have (Vn €

F) (Vi) (n(i) € g(i)).
There are relevant forcing notions; we shall use a A*-c.c. notion as in c.c.c.
creature forcing (see [RS97],[HS)).
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For transparency:
Convention 1.3. Below \,f are as in Definition [4

Definition 1.4. Let A be inaccessible, and let § = (6. : ¢ < \) be a sequence of
regular cardinals < A satisfying 6. > €.
(1) We define the forcing notion Q = Qg by

(o) p € Qiff
(a) p=(n,f) =", f?)
(b) n e [I b for some € < A, (n is called the trunk of p)
(<e
d

(c) fellb

¢<A
(d) naf
(B) p<qqiff
(a) n” <t
(b) f7 < J1, ie., (e < A)fP(e) < fo(e)
(c) if Lg(nP) < e < Lg(n9), then ni(e) € [fP(e), A) actually follows.
(2) The generic is n = U{n” : p € Gq, }.
The new forcing defined above is not A-complete anymore. By fixing a stem
1 one can define a short increasing sequence of conditions which goes up to some

¢ at the (-th coordinate and hence has no upper bound in [] 6.. However, this
(<e

forcing is (< \)-strategically complete since the completeness (=COM) player can

increase the stem at each move.

Remark 1.5. The forcing is parallel to the creature forcing from [She92 §§1, 2],
[KS12], but they are “w-bounding.

Recall the following.

Definition 1.6.

(1) We say that a forcing notion P is a-strategically complete when for each p € P
in the following game O, (p, P) between the players COM and INC, the player COM
has a winning strategy.

A play lasts a moves. In the S-th move, first the player COM chooses pg € P
such that p <p pg and v < 8 = ¢, <p pg, and second the player INC chooses
qs € P such that pg <p g3.

The player COM wins a play if he has a legal move for every 5 < a.

(2) We say that a forcing notion P is (< A)-strategically complete when it is
a-strategically complete for every a < .

Basic properties of Q; are summarized and proved in [GS12] §2].

The following fact describes some immediate connections between various con-
cepts of completeness:

Fact 1.7.

(a) If Q = (Ps, Qs : a < 6,8 < &) is a (< A)-support iteration of (< A)-
strategically complete forcing notions, then Ps is also (< A)-strategically
complete (see e.g. [She00)]).

(b) If P is a (< A)-strategically complete forcing notion, then (*>Ord)V =
()‘>Ord)V]P, and consequently )\ is strongly inaccessible in VT,
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(c) Like (a), replacing (< A)-strategically complete” by “(< A)-complete”.
(d) If P is (< A)-complete, then P is A-strategically complete.

Definition 1.8. For an ordinal a,. = a(x) let Q g o(,) be the class of quadruples
q-=(q,P, @, 77) consisting of (omitting cv. means for some a, and £g(q) = aq = a.):
(a) U= (up: @ < ay) and P = (P, : a < a,) where 2, C [ua]"* uy C a,

without loss of generality &, is closed under subsets (but is not necessarily
an ideal)

(b) (Po,a; Qo : @ < au, B < ) is a (< A)-support iteration, and let Pgo =
Pa0,0(a)

(c) each of P, is strategically (< A)-complete and A*-c.c.

(d) 1s € 116 is the generic of Q3 where 75, the generic of Q4 (defined in clause
(e) below), is U{n, : p € Go, } )

(e) if G C Py is generic over V, then 14[G] in (II6, <jpa) dominate every
v € 110 from V[(n, : v € u)] when u € Z,; moreover, in V[G]
(¥) Q[G] is the subforcing of Qg consisting of the p € Qg such that for

some s, fimp (so np =1, etc.) we have:

(@) p=(n,f) = (p, [p), son € [] 0 for some ¢ < A

e<(
(B) 8= ((wi, fi) 19 < ix)
(7) i <A
(6) for each i < i, we have u; € Pg,n<f; € 116 and f; € V[(n,[G] :
Y € ug)]

(e) f=sup{fi:i<i;ie,e<A= f(e)=U{fie) 1 i <i.}.
(f) Notation: So uqq = Ua,Pga = Pa, etc., but when q is clear from the
context we may omit it.

Definition 1.9 (For q € Q) g o(x))-
(1) We let o < ., Py o = P§, be essentially the completion of Py; we express
it by:
(¥)1 the elements of Py o = Pq 1 o are of the form B(...,n,,,...)i<i+) Where:
(@) ix =i(x) <A
(B) vi € % for i < iy
(7) B is a A-Borel function from **)(I10) into {0,1} = {false, true}; B is
from V, of course, such that ¥p, “B(..., D - Di<i(x) =07,
()2 the order is natural:

R

PLQ ': ”Bl(. .. 77]“/(1',1)’ .. -)i<i(1) S BQ(. .. 7,']W(i,2)’ .. )z<z(2)
iff Ikp, “if Ba(...,1my(,2)[G], -+ -)i<i(1) is equal to 1, then so is

7

Bi( s my(i1), - Ji<i(2)”
(2) For % C o let Py = P5, be the subforcing of Py (4 consisting of
{B( EE) U'y(i)a .. )Z<z(*) S ]Pa(q) : ’L(*) < A
and y; € % for every i < i(x*)}.
Claim 1.10.
(1) For any sequence (uq, P, : & < ay) as above, i.e., as in clause (a) of

Definition [LL8 there is one and only one q € Q) 5 ,, With uga = Ua, Pgqa = Pa
for a < .
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(1a) For a < cvy and % C v, the forcing notions Pq o, Pq % ’s are well defined
and are as demanded in Definition
(2) For every a < a, the set P, of p € Pq , satisfying the following is dense:
x) if 8 € dom(p), then ¢ = p(B) is a P%-name of a member of Qg such that:
B xB
(a) ng,1q, (ug: : @ < i4) are objects (not just P,-names) B
(b) fq =sup{fqi:i<iq}, each fy; is a Pj-name of a member of 110
(c) each f; has the form By (..., 0y(ij) -+ -)j<j(x)<x W}lere {'y(i_,j) 1<
§(i)} C up,; and By, is a Borel function from 2¢)(116) into 110
(d) p(B) = (ng: fo)-
(3) Above for every v C « and j. < A the set of p € P?, such that v C dom(p) A

(VB € dom(p))(Lg(mp(p)) > Jj«) is dense.

(4) Pq,0,0 < Pq,1,o; moreover Pq 1o is dense in Pgyo o and %4 C % C aq =
Po, <P, <Paa; 50 Pqspcay = Pa2a and [Poz| <%

(5) If a < a, and u € Z,, then 1, € 116 dominate every v € (Hé)v[ﬁr“].

(6) Assume G C P is generic over V.5, = 1,[G], and 7/, € (II9)VIE! for
a < a,, and {(a,€) : a < ay,e < a and 14(¢) # 7., ()} has cardinality < A\. Then
for some (really unique) G’ we have G’ C PP is generic over V and a.

(7) Assume G C P§l is generic over V,7, = 1,[G], and 7/, € (I1§)VIE! for
o < a,, and {(a,) : a < ay,e < a and 14(¢) # 1., ()} has cardinality < A\. Then
for some (really unique) G’ we have G’ C Py} is generic over V and .

Proof. See [Sheb]. O

Theorem 1.11. For any ordinal o, there is a quadruple (q, 6., %, h) such that:

(A) (a) g€ Qyg and let 6, = lg(q)

(b) . C 6. has order type .

(¢c) h is the order preserving function from a, onto .

(d) if @ € U, then U Na € Pq.a
(B) if % C U, U C U, otp(%) = otp(%=), and g is the order preserving

function from 2 onto U, then g induces an isomorphism § from Pq 4,

onto Pq 9, mapping ng to nyp) for B € 2.

Proof. By [Shebl §4]. O

2. THE FORCING

In this section we prove the main result of the paper, which reads as follows:

Theorem 2.1. Assume

(a) A is supercompact

(b) A < k=cf(k) < p=cf(u)=p*.

Then for some forcing notion P not collapsing cardinals > X, X\ is still super-
compact in VF and covy(meagre) = k, 0y = p.

Proof. By Lemmal[23|(1) we force [d) while maintaining the supercompactness of \.
By Lemma [277] we force 9\ = p A covy(meagre) = k using a forcing notion P which
is AT-c.c. and (< \)-strategically complete. Notice that X is still supercompact in
the generic extension, so we are done. ([l

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



Sh:945

ON CON(dy > COVx(MEAGRE)) 5357

Definition 2.2. For )\ supercompact we define [y by:

[, for any regular cardinal x > A and forcing notion P € 5#(x) which is
(< A)-strategically complete (see Definition [[L6]2)) the following set . =
Sp = %, p is a stationary subset of [ (x)]<*:
S = Sp =S, p is the set of N’s such that for some Ay, xn,j = jn,
A=Ay, M = My,G = Gy we have (and we may say that
(AN, xn.in, An, My, Gy) is a witness for N € #, p or for (N,P,x))

which means:

(a) N =< (#(x)V,€)andPe N

(b) the Mostowski collapse of N is A, and let jy : N — A be the unique

isomorphism

(¢) NNnA= Ay and V>N C N and Ay is strongly inaccessible

(d) AC M :=(5(xn),€), M is transitive as well as A

(e) G C jn(P) is generic over A for the forcing notion jy (PP)

(f) M = A[G].

Our first lemma is basically close to Laver’s indestructibility. It consists of two
parts. In the first part we prove that one can force [y at a supercompact cardinal
A while preserving its supercompactness. In the second part, we prove that this can
be done in an indestructible manner. Namely, any further extension of the universe
by a (< \)-directed-closed forcing notion will preserve the principle [Jy.

Lemma 2.3.

(1) If X is supercompact, then after some preliminary forcing of cardinality X, A
18 still supercompact and [0y from Definition 2.2

(2) The statement Gy holds in VF when V satisfies [y and P is a (< ))-
strategically complete forcing notion and P is (< A)-directed closed; but see 2.4(2).

Remark 2.4.
(1) Recall “P is a (< A)-directed closed” means:

(x) if J is a directed partial order of cardinality < A and ps € P for s € J and
s <jt= ps <p pt, then the set {ps : s € J} has an upper bound in P.
(2) In Lemma[Z3](2) we can weaken the assumption “BHy and P is (< A)-directed
closed” to:

B if x > A and P € 5#(x), then we have (A) = (B) where:
(A) N < (4(x),€) and AN, xn,Jn, Gn, Q satisfies:
YPQEN,NNA=Ay <xny <\ [N CN
) Qis a P-name of (< \)-strategically closed forcing notion
) j~ is the Mostowski collapse of N; its range is A
) G is a subset of j(P x Q), generic over A
(e) AlG] =2 (xn)
(B) {p € PN N: for some (p',q') € G we have j(p) = p’} has a common
upper bound in P. )

(a
(b
(c
(d

(3) We can e.g. restrict the x to be a strong limit.

Proof. (1) This is similar to the proof in Laver [Lav78] using Laver’s diamond (see
Definition [IT]), but as requested we elaborate. By Laver [Lav78|] without loss of
generality there is a Laver diamond h : A — J#(\). Let E = {0 : 6§ < X and let
a < 0= h(a) € #(0)}, clearly a club of A\, and let (k. : e < A) list {# € E': 0 is
strongly inaccessible} in increasing order.
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We now define q. and x° by induction on € < X such that:

() (a) qc = (P¢,Q¢ : ( <€, < ¢) is an Easton support iteration (so P, Q¢

do not depend on ¢)

(b) P¢ € (k)

(€) x° = (x¢: ¢ <€) where each x¢ is a regular cardinal € [k¢, Ket1)

(d) Q¢ € H#(xet1) is a Pe-name of a (< k¢)-strategically complete forcing
notion

(e) if h(§) = (Q,x) and the pair (Q,x) satisfies the requirements on
(@579(8) in clauses (c),(d), then (QE’ Xf) = h(¢).

Concerning clause (b), which says “P. C J#(k¢)”, note that for ¢ a limit ordinal
letting ke = U{ke : £ < (} we have k<, is a strong limit and:
o if K¢ is regular, equivalently strongly inaccessible, then K. = k¢ and
Pe = U{P: : £ < (}, and so P C U{5(ke) : £ < (} = H(kee) = H(Ke)
o if k¢ is singular, then P; C L%”(nic) C JH(k¢) as k¢ is inaccessible > k.

We can easily carry the induction so qy is well defined, Py = U{P. : ¢ < A} C
U{(ke) 1 e < A} = H(N), and “€ < A = Py /P¢ is (< ke)-strategically complete”;
hence PPy /P¢ adds no new sequence of length < k¢ of ordinals. Clearly it is enough
to prove that in VP> we have .

Toward a contradiction assume x,P,.” = ., p form a counterexample in VP,
hence there are p, € Py and Py-names x,P,., E such that p. lFp, “x > Ais
regular, P € J(x), and %, p is defined as in [y, and E C [ (x)VIPA]<X s a club
disjoint to .. )

As we can increase p,, without loss of generality, x = x and let = = (x,P); and
as V | “\ is supercompact and h is a Laver diamond” for some (I,D,M,j},jo,j1),
we have:

(¥)1 (a) M is a transitive class
) M is a model of ZFC
) XM CM
) j is an elementary embedding from V into M
) crit(j) = A
) i) = (v P)

) I =[2(x1)]<* and x1 > x

) D is a fine normal ultrafilter on I

)
)
)

(1) J=J1oJo-
Moreover, by Definition [[T]
(x)2 x =j1({(f(sup(unNA):uel)/D).
Let g =j(ax) so q = (P¢, Q¢ : ¢ < j(A),§ < j(N)) and ¢ < A = P2 = P, etc.
So
()3 in M the pair z = (x, P) satisfies:

(a) x € (N, j(A)),j(N) is inaccessible

(b) P e (x)

(c) Pis a Py-name of a (< A)-strategically complete forcing notion.
[Why? Because [M]X C M; hence 2 (x*)V C M,
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Now

(%)4 the following sets belong to D:
(a) A ={uecl:z€uand (H(x1),€)lu < (H#(x1),€)}
(b) S ={u € S :unAis an inaccessible cardinal we call A\, }
(c) S = {u € F: the Mostowski collapse N} of (7 (x1), €)[u is isomor-
phic to some (H#(x1), €)}.

[Why? As D is a fine and normal ultrafilter on I.]

(%)5 for every formula ¢ = ¢(—) € L({€}) the following are equivalent:

) (A (x1),0) E ela]

(b) (#(x1),€)"/D = p[(h(unA) :uweI)/D]

(c) 2, € D where 2} ={uel:zcuand (H(x1),€)lu k= olz]}

(d) 22 € D where 22 ={u€l:p.,xeuand ((xu), €)= ¢lju()]}

(e) 22 € D where 22 ={uel: zcu,x, =otp(xulu), and (S (x,,),€)
= eliu(@)]}-

[Why? We have (a) < (c) as D is a fine normal ultrafilter on I = 5#(x1); we
have (c) < (d) as j, is an isomorphism from ((x1), €)[u onto J#(x1); we have
(d) < (e) by the choice of D; lastly, (b) < (c) by the Los theorem.]

Hence

(¥)¢ there is N as required in V.

[Why? Choose u € I which belongs to all the sets from D mentioned in ()4
(%)5. Let ¢ = uNA, so it is inaccessible, even measurable, and let j, () = ju.(x, P)
h(¢), so (by the choice of q) h(¢) = (x,Q¢) and Q¢ is a Pg ¢-name.

Let G be a subset of Py = Py to which p, belongs, G¢ = GNPy, hence is
a generic subset of Pq o over V, hence a generic subset of j,(Pq) € 7 (x¢); and
let N = ((#(x1),€)[u)[G], A = (A (xc)VIGd, €), M = A%ICI. Easily N is as
promised, a contradiction to the choice of p,.

So we are done proving part (1).

(2) Let Q be a forcing notion in V¥ which is (< A)-strategically complete and
(even) (< A)-directed closed, let ) € Q be the weakest condition, let x; be large
enough so that \,Q,E € #(x1), and it suffices to prove that in V¥, the set
S0 is stationary. So let Q, E be P-names such that for some p € P we have
plFp “Q € J(x1) is (< \)-strategically complete, (< A)-directed closed, forcing
notion, E a club of [#(x1)]<* disjoint to .%, @”; no need to use a name for x; as
we can increase p. i

Let x > x1. Now PxQ € J#(x) is a (< A)-strategically complete forcing notion,
and without loss of generality code (x1,E). As [y holds in V we can apply it to
the forcing P>, *Q, so we can find a tuple (N, An, xn,jn, An, My, Gn) witnessing
it; in particular, ~(p7 0) € GN,P+xQ € N, s0 x1,E € N. Let Gp be a subset of
P generic over V which extends {p’ : (p',¢’) € Gn}, possible because Gy is in
V, a subset of P which has an upper bound. This is the only place we use “P is
(< M)-directed closed”.

NeXtv let Vi = V[G]P’]aNl = N[GP]vEl = E[GP]vAl = A[j%(GP N N)] =
Al : (0.q') € Gn].Gr = {qli"(Ge N V)] < (p.g) € Ge).

Let No = N[ (x1)VICr, 7 = S[Gpl, j1 = the lifting of (jI(N N (x))) to
mapping N onto A;. )

_|_
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Now recalling that p forces F is disjoint to .¥, clearly

(x) Ny € E.
Hence
(¥) N1 ¢ A.
But easily in V1 we have (An, xn,j1, A1, M1 = M, Gy) witness N; € S NEq, a
contradiction to the choice of E. O

Discussion 2.5. Suppose that one wishes to force an inequality between two car-
dinal characteristics. There are two general approaches, which can be labeled as
Top-down and Bottom-up. In the Bottom-up strategy one begins with a universe in
which many characteristics are small, e.g., by assuming 2* = A*, and then increases
some of them while trying to keep the smallness of the rest. In the Top-down strat-
egy one begins with a universe in which many characteristics are large. The forcing
aims to decrease some of them while keeping the large value of the rest.

We shall use the Top-down approach, so we begin by increasing by (and )
to some p = cf(u) > A. Notice that by is a relatively small characteristic and,
in particular, always by < 0). The next step will be to decrease cov)(meagre) in
such a way that maintains the fact that 0, = u. We shall increase by by using the
generalization to A of Hechler forcing. This is a standard way to achieve this goal,
but we spell out the proof since it demonstrates the way that we employ Lemma 23]

Claim 2.6. Assume that:

(a) A is supercompact.
(b) A < p=cf(u) =p
Then one can force by = 0, = p while keeping the supercompactness of A\ and
the principle [y.

Proof. Begin with the preparatory forcing of Lemma 23] to make X indestructible
and to force [Jy in such a way that it will be preserved by any further (< \)-directed-
closed forcing. By Lemma 23] as in the applications of Laver-indestructibility we
can assume that GCH holds above X after the preparatory forcing. In particular,
if o = cf () > A, then p* = p follows.

Let Dy be the generalized Hechler forcing. A condition p € Dy is a pair (1, fp)
such that 7, € <\, f, € 2\, and 1, < f,. If p,q € Dy, then p < ¢ iff n, < 5, and
fpla) < fq(a) for every a € A.

Let q = (Po,Qp : @ < p, 5 < p) be a (< X)-support iteration of the generalized
Hechler forcing notions for A. Explicitly, Q, is the Po-name of Dy in VP« for
every a < p. Denote the generic A-Hechler for Q, by f5. So P, is the limit, and
choose a generic G C P,. We claim that V[G] E “by = 05 = p” as witnessed by
(f : a < p). Notice that 2* = p in V[G], so it is sufficient to prove that by = p
in V[GJ.

Since A is regular, each Q,, is (< A)-complete. By Fact[LT P, is (< A)-complete
as well for every o < . Likewise, each Q,, is A-centered, so P, is AT-c.c. (see [SheT8]
or [Shed]). It follows that V[G] preserves cardinals and cofinalities. Moreover, no
new (< A)-sequences are introduced. Notice also that P, is (< \)-directed-closed,
and hence V[G] | “\ is supercompact and [Jy holds”.

The main point is that {f} : @ < p} is an unbounded family in (*))
For this, assume that IFp, “f € AN’. For every a < A fix a maximal antichain

V(G
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(Pas i 11 <o < A) of conditions which force a value to f(«). Let
0 = sup(U{dom(pa,;) : & < A\,i < in}).

Since A < p = cf(u) we see that § < p, and clearly f is a Ps-name. We conclude,
therefore, that f is dominated by f5,;, and hence { f *:a < p} exemplifies by = p.
This fact completes the proof. O

Our second lemma is the main burden of the proof. The statement of the the-
orem requires A to be supercompact in order to obtain the indestructibility prop-
erties given by Lemma 23l The combinatorial part given in Lemma 27 below
requires only strong inaccessibility. However, we assume supercompactness in or-
der to keep [Jy.

Lemma 2.7. Assume that:

(a) A is supercompact

(b) Ty holds

(¢) A<k =cf(rk) < p=cf(u) =p.

Then there exists a A\-c.c. (< \)-strategically complete forcing notion P such
that IFp “Dx = p A covy(meagre) = k7.

Proof. By Claim without loss of generality by = 05 = p. In particular, A is
supercompact, and [y holds in the generic extension. Let (f* : a < p) witness
by = 0, = p, and without loss of generality o < < pu = f* <gpd 15

Recalling Definitions[[.8] [ Claim[[.T0] Theorem [[TT] in V there are 8(x),q, @
Uy, . .. such that:

(#)1(A) q € Q, g,5(«) S0 in particular we have (in q):
(@) (Po,a,Qos:a < B(x),8 < B(x)) is a (< A)-support iteration

(b) &= (ug: B < B(x)), P = (Py: B <)

(c) up C B, P25 C [ug]=* is closed under subsets

(d) Qo has generic 15 € ] 0. and Py o,P1 4 are as in
- e<A

V[{na:
(e) Qo,p is as in Definition [L§(e), so is C Q; (gaceus)]

[1 0-" and = (ns : B < B(x))
e<

(f) %. C B(x) has order type v(x) = k, and (8F : 7 < k) lists % U {B(x)}
in increasing order

(g) If B € ., then [%. N B]=* C Pg; hence C ug and IFp, .., “if v €

V(o : o € 2N BN ] e, then v < jpa ng”
e<A
(h) if o < B(x), then Py, is (< A)-strategically complete and A*-c.c..

(B) Letting P, = Pq,1,48::j<iy for i < k we have:

and Il—]pﬁ+l “Z]ﬁ €

(a) The sequence (P} : i < y(x)) of forcing notions is <-increasing and is
continuous for ordinals i < y(x) of cofinality > A

(b) P} is (< )\) strategically complete for i < (%)

() (T] 6)VF) *U{(H 0Vl i < (%)}
e<A

(d) The sequence (Py g : ,8 < B(x)) is a sequence of forcing notions, <-
increasing; and if 8 < f(x), then Py g < Py g, in fact is dense in it and
if i <~v(x), then P} <Py g-.
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We shall mention more properties later.

[Why are there such objects? We apply Theorem [[T1] and Definition [[8 and
Claim [101]

Also

(¥)2 (a) recall (BF : i < y(x)) lists % U{B(*)} in increasing order
(b) for i < v(x) = &, for i < y(x) let g; be ng: (to avoid excessive sub-
scripts),
(c) let g’ = (g; :i < k)
(d) let go = 1q for a < B(x) and g = (gg : B < B(¥))
(e) Po = Pq,a, and without loss of generality u, = U{u : u € Z,} for
a < B(x).
(%)3 fu€ Py, a<fB(x), thenlrp, ., “ga € [[ 0 dominates ( [] g.)Vllgs:pen]s
e<A e<A
the order being modulo J}\’d.

[Why? By the choice of the forcing; see Definition [[41]

/

(*)a IFe, “g" = (g; : 1 < k) is <jpa-increasing and cofinal in (J]. ) b=, <jva)”.

[Why? By (%)3 noting that ( [] 6.)VIFs) = U{( [T 6.)VI¥4 : i < k}, which holds

e<A e<A
by (+)1(B)(c).]
Now

(¥)5 IFp. “covy(meagre) < K.

[Why? First, notice that we can look at [] 6. instead of *2.
e<A
Second, for each ¢ < A,i < k the set B.; = {n € [] b¢: for every ¢ € [, )
E<A

we have 7(¢) < ¢/(¢) < 8¢} is closed nowhere dense, and by (), we have VP« =
“Tecrc = U{B.; : € < \,i < &}”. In fact, (By; : i < &) suffice. Alternatively
we have (¢} : i < k) is < pa-increasing cofinal in Ie<xf- and let Wi := {n|j : j <
A, n € 2 and for every € € [(,\) we have either 1|[S¢<.0¢, Ne<.0¢) is constantly
zero or min{a : Yecbe +a € n7H ({1} < gi(e)}. So Wi is a closed nowhere
dense subset of *2 and U{W, ¢ : i < k,{ < A} = *2 and x x A has cardinality
A+ k=K.

(¥)6 IFp. “covy(meagre) > K.

[Why? Let us define the P}, ;-name 7] of a member of *2 by 7j(e) = 0 iff gj(e)

[{9V)

is even. Now clearly IFp: 7, is a A-Cohen sequence over VE», (Let us elaborate;
i+1 ~
1; is also a Pg-;-name and IFp,,  “y; is A-Cohen over V4 hence over V7, the
last hence because P} < Pg-. As Pg-11 <Pgy, and Pj, | <Pg:  we are done.)
Also every closed nowhere dense subset of *2 from VF+ is from Vi for some

i < y(x). Soif p Ik “covy(meagre) < k7, then for some ¢ < k and A.(e < () we
have p I “A. is a closed nowhere dense set subset of *2 for ¢ < ¢” and p IF “|J 4;

is equal to the set of *2”. Without loss of generality each A, is a IP;(cy-name,
i(e) < k. Hence i = sup{i(e) : ¢ < {} < k, and 7 gives a contradiction to the
choice of (A; : € < (), so (%) holds indeed.] )

The reader may look at some explanation in Discussion
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Now we come to the main and last point, recalling (f* : a < p) from Claim
(%)7 Fp: ., “no f € (*\) dominates {fZ :a < u}”.
e J

We shall show that it suffices to prove (k)7 for proving Lemma [Z3[2) and that
(*)7 holds, thus finishing.

Why does this suffice? As (f* :a < p) is < jpa-increasing and cf(p) = p > A, this
implies that IFp, “05 > p”. Also in V,p* = >k > X and \]P’fy(*)\ =r* by (A)(g)
of Claim [LT0(4) which is < p and P, satisfies the AT-c.c.; hence Ibp, “2* = pu, hence
together lp; “dx = p”. Also by (x)1(B)(b), “P,,, is (< A)-strategically complete
+AT-c.c.”, and by (x)5 + (x)g we know that “covy(meagre) = k”, so we are done;
hence (x)7 is really the last piece missing. The rest of the proof is dedicated to
proving that (x)7 holds.

We shall use further nice properties of P, g;(j < (%), < 7(x)) which hold by
(%)1 + (%)2 (and (*)s, (x)4) and their proof, i.e., Claim [[.T0] Theorem [[11]

B (a) (@) (gy:7 <7(x)) is generic for P/ :ie., if G is a subset of P
generic over V and g; = ¢;[G], then V[G] = V[(g; : i < 7(¥))]
(B) ifv € (*A)VIGI then for some p € (My(*))V and M\-Borel function
B € V we have v = B((g).) : € < A))
(b) if in V[G],g] € C];[)\ 0 for v < (*) and the set {(7,¢) : v < v(*) and

¢ < Xand gJ(¢) # ¢.,(¢)} has cardinality < A, then g = (¢ : v <
(%)) is generic for P/ ) and V([g"] = V[g']

(c) IFp; “g%, dominates ( I;[)\ 6.) VI

(d) if (C(y) = v < (%)) i; an increasing sequence of ordinals < y(*) (from

V1), then <g’<(7) 1y < (%)) is generic for P, (over V)
(e) if v < (%), then P/ is (< A)-strategically complete and satisfies the
At-c.c.

We shall use H; freely.

To prove (k)7 assume toward contradiction that this fails, and hence for some
condition p* € IE”’W(*) and Pg(*)-name J and A-Borel function B and p € Ay (%) we
have

®p p* IFP;(*) “f € *X and dominates (*A)V” and f = B((g/p(i) 2 < A)).

Now let x be regular large enough and choose N = (N, : ¢ < ) such that
®; (a) N is as in [0y for the forcing notion IP"V(*),N6 € yx’]p;(*); see [y of
Lemma 2.3]
(b) N | € € Ne and otp(N: N k) < f(.); hence |J N € N, and \; =
(<e
otp(Ne N A) > A7 := B{||[Ne|| : ¢ < e} > X{)\¢: ( < ¢}
(c) 0,q,p*Us, f, B, p belong to N..

Next choose f* € M\, i.e., € (*A)V, such that

@9 for arbitrarily large e < X for some ¢ € [AJ,A;) we have f*({) > A [we
can demand more].
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For e < Alet (Ae, Xe,Je, Me, Ac, G.) be a witness for (Ns,IP’fy(*),X) recalling [y
from Definition S0 Ac € (e, ) is strongly inaccessible and € < { < A = A <
A¢ < A¢, recalling ®; and noting (A; : € < A) is an increasing and a continuous

sequence of cardinals below .
Let

(d) For i < otp(ve), equivalently i < je(v(*)), let nf = (je(g’ 9, (E)))A;[Gf] €
[T 0c and let 75 = (05 : i < ic).
C<Ac
Note that clearly
®4 (a) 7° is generic for (Aaja(P;(*))); moreover
(b) for each e < A, if we change 17 (¢) (legally, i.e., to an ordinal < §.) for
< A¢ pairs (¢,() € otp(ve:) X Ac and get 77, then also 77’ is generic for
(Aerfe(P’ ) and Adlif] = M.
(c) like By with V,Pfy(*), A there standing for AE,jE(IE”’W(*))7 Ae here.
Hence clearly
@) for e < A,

(a) let 2. := {v: 7= (; : i <i()) and for some G C P/ ) NN, generic
over N, we have v; € ¢y _0¢ satisfies { < A\, = some 9 € G forces
g»/“(e)‘ﬁ = v;|&}

(b) if 7 € Z; then there is one and only one G = G, as above
) we choose p; = (pf, 17 € ]P’fy( ) NN such that
) Pk .« € Pg(x) moreover, ifj<ocandy P’ () then pZ ., € Py
) Pgy F o < P, Imoreover, if IP’ ) I+ ”z/J < ¢ then pf ¢ are
compatible in P
) {dom(pf ) \Us : 1 € P/ ) is a sequence of pairwise disjoint sets
) if 7 € Z; then
) there is g € Pg(.) which is an upper bound of {p? , : ¢ € Gz}
) then ¢ is (Ve ]P’fy(*))—generic naturally and ¢ H—p/v(*) “j. can be extended
naturally to an isomorphism from

NG | = Ne[(g) 7 € ve)]

onto A [7°]”.
[Why? See [Sheb].]

By the assumption toward contradiction, ®g, and ]P)/w(*) being (< \)-strategically
complete, recalling By, there are ((x),p**, and p' such that (recall that p* €
P’ ) <P1):

®; (a) p* < p** cP ) and p* € Py gy such that Py () | “p™* < pt”
(b) ¢(x) <
(c) p** Ihpu “f (€) < f(¢) whenever () < ¢ < A” where f* is from ®
(d) if v € Dom( +) then 2" ™) is an obJect (not just a Py ,-name) and

)
has length > ((x) (recall that 7" ) is the trunk of the condition
pt(7); see clause (a)(b) of Definition [L4(1)).
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Note that possibly Dom(p™) ¢ U{v. : ¢ < A}. Choose £(x) < A such that
Ae(x) > €(*) + |Dom(pT)| and v € Dom(p™) = e(x) > tg(n" ) recalling clause
(d) of @5 and [Dom(p™)| < X as pT € Py gy and Py gy is the limit of a (< X)-
support iteration.

By ®2 we can add (HC)[)\;(*) < < Aegx) < fH(¢)]. Our intention is to find ¢ €
Py, 5(+) above p*, which (in Py g(,)) is above some ¢’ € IPQ/(*), which is (Ns(*),IP’;(*))-
generic and forces GPQ ., to include a generic subset of (]P’; (*))N =) hence is induced

by some 7 as in ®/, recalling ®4(b). Toward this in ®¢ below the intention is that
pz*) will serve as q.

Let i(*) = i(c(x)) and let y; for i < i(x) be such thatll (v; : i < i(x)) list
{Bf 14 € vey} € % = Ny NU, in increasing order; recall that %, = {; :
i <)} and i < j < v(x) = Bf < B and vo(s) C y(*) has order type i(e(x)).
Next let vy = 7(*) 50 {jc) (V) = 7 € Vo)) = i(*) = jeey(v(¥)). Recall that
Y(¥) = & = cf(k) > X otp(vex)) = otp(Nex) Ny (x)) = otp(Ne() N k); hence
N4y [ “i(*) is a regular cardinal > A.”; hence i(x) is really a regular cardinal, so
call it 0. Now we define a game o as follows

H. (A) Each play lasts i(x) + 1 = 0 + 1 moves and in the i-th move:
(a) if i« = j 4+ 1 the antagonist player chooses &; = £(j) < o such
that j1 < j = £(j1) <£()
(b) then, if 4 = j + 1 the protagonist chooses {; = ((j) € (£(j),0),
but there are more restrictions implicit in Hs below
(c) in any case the protagonist also chooses pj,ﬂi such that Hs
below holds.
(B) In the end of the play the protagonist wins the play iff it always has
a legal move and in the end p} is (P (s V)-generic and {((i) : i <
i(x)} € A.(4); note that trivially it belongs to M.,y = AE(*)[F)E(*)]; see
®3(d)
where
B3 (a) p; € Poy, and p;, (vj : j <i),Ge; CP, NN are as in @)
(b) if j <4, then Py, = “p;' <pj”
) if v € U{Dom(pj) :j < i}, then pf | v Ip, ., “yp:r(” has length
> i(x) and > A .(,)” moreover 1~7pi+("’) is an object, npjm
(d) Poy, b= “p* 17 <p)”
() ' =(vy, :j<i)andrvy, € [ 6,pFisanupper bound of Q. (5 =
L<)\5(*)
{p:(*) o7 1V € Eg( satisfies vl a7 and ¢ € Gy}

—
o

»”

(f) for j < i we have v,, < Pt 9 so pi T IF “vy, a9,
(g) for 7 < i we have (recall 7° from ®3(d))

() vy, = nf,g])) recalling nf,§*) is from @3(d) or

(B) v; € Dom(p*) and {v < Ay : 7728;(0 # vy, (1)} is a bounded
subset of A.(4).

recalling B

IThis is used in M3 and the proof of (x)g. Not to be confused with ¢ of ®3(c).
2The idea is to scatter the nig*)’s. Why not use the original places, as then we shall have a
problem in ®g; the scattering is helpful because we are relying on Claim [[T0] and Theorem [LTT]
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We shall prove

®¢ in the game o
(a) the antagonist has no winning strategy
(b) at stage ¢, if (C(j) : j < i) € N then the protagonist has a legal
move; moreover for any (i) € (£(7),0) large enough the protagonist
can choose it.

Why does ®¢ suffice?

By clause (a) of ®¢ we can choose a play ((£(i),((i),p;,7*) : i < o) in which
the protagonist wins. Recalling IP”W(*) <Py g(x) and Py g(4) is a dense subforcing of
Py 5(x), clearly

®7 there is p such that
) peP,
(b) if }P’;(*) E “p < p” hence p’ € P/B(*)’ then p’,p} are compatible in
P1pe)
(c) pisabove p™* and it forces g/ [A.(x) = vy, fori <ii(x). Hence, Gp, N
N = G(uwzi<’y)'
Then on the one hand

@, p € ]P” () being above p** forces f* | [((*),A) < f I [((*),A), hence f* |
[C(#)s Aex)) < f T [C(*), Ae(x)) recalling that ((*) < A.(4); see ®5 and the
choice of s( ) immediately after ®s.

On the other hand,
®7 pis (Negx), P (,))-generic.

[Why? As it forces 9, [ Ac(x) = vy, for i <ii(x) and (v, 11 <i(x)) is (see H3(g)
recalling Dom(p**) has cardinality < A.(,)) “almost equal” to (n E)) s < i(x))

which is a subsequence of the sequence from ®;. That is {(i,¢) : ¢ < )\E( )1 <

i(+) = o and vy, (1) # 171 (0} € U{{(i0) : ¢ < Ay and v, (1) # () (0} 1 7 €
Ve(x) N Dom(p™)} so is the union of < [Dom(pf)| < A(s) sets each of cardinality
< Ae(s), hence is of cardinality < A.(,). Hence by ®4(c) + Hi(d) the sequence (%)
is generic for (N.(«), P’ ,)). By B2 and the choice of p¥ above, it is (Ne(x), Pl (1))
generic, by ®7(b) also p is]

As f € N it follows from ®7 that

@7 plk “f 1 Ac(x) 1s a function from A ) to A

Together ®, + ®7' gives a contradiction by the ch01ce of f* in ®y and of (%)
above; hence ®¢ is enough. In Lemma 2.8 below we show that ®¢ is true, so we
are done. O

Lemma 2.8. The statement ®¢ holds true.

Proof. Let us prove ®¢. First, assuming clause (b) which is proved below, for clause
(a) choose any strategy st for the antagonist and fix a partial strategy st’ for the
protagonist choosing (pj,z?i) depending on the previous choices and ((i) < ic(x)
such that it is a legal move if relevant and possible. So the only freedom left for the
protagonist is to choose the {(i). So (recalling Hy(A)(a)) we have in V a function
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F:7%0 — o (so F uses st ...) such that:

(*)r playing the game such that the antagonist uses st and the protagonist uses
st’, arriving at the i-th move, ( = (¢(j) : j < i) is well defined, and for the
protagonist any choice (; € (F(¢),0) N % is legal.

Now we have to find an increasing sequence ¢ = (((i) : i < o) from A,
not just from M. = H(xc())V such that F(C]i) < (i) < o and { € A.(,.
As F € H(Xes)) and H(xe(+)) = Ac()[Gey] where G () is a subset of
js(*)(P;(*)) € A_(,) generic over A_(,) and je(.)(Po g(«)) satisfies the /\:(*)—c.c. and
o = cf(0) > A (4 this is possible. That is, there is a j.(.)(Po g(«))-name F, € A,
such that F' = F.[G.(,)], and we define in A_(,) the function F' : 70 — o
by F'((C(7) + j < 1)) =sup{{+1:& € {C(j)+1:j <i}or& <o and
Wi®o 50ey) “F((C(J) : g <)) # &5 clearly this is O.K.

We are left with proving ®g(b).

Case 1 (i =0). Let pi = p™ | .

Case 2 (i limit). By clauses (b) and (c) of Hj, there is p; € Py, which is an upper
bound (even l.u.b.) of {p;r 0 j < i} UQe(u) 7 and it is easily as required. Also 7 is
well defined and as required.

Case 3 (i = j+ 1 and v; ¢ Dom(p**)). Clearly v, is in %, the successor of ~;,
and (3¢)(v; = BF At € ve(y)). As in Case 4 below but easier by the properties of
the iteration.

Case 4 (i=j+1and v; € Dom(p**)). Again v; is in %, the successor of v;, and
(30) (v = B AL € vey).
First we find p’; such that:
® (a) pj' <p; € Py, and pj is an upper bound of 2,y 7
(b) if v € Dom(pj), then p’; [ v I “ég(?jp} () > i(x)” (see B3(c))
(c) P} forcesd a value to the pair (17”+ () fp+(’YJ') [ Ac(x)); we call this pair
a = (%, f9).
This should be clear.
Second,
®9 p}L, hence pj, is (NE(*),IP’fyj)—generic and (v, : j(1) < j) induces the
generic.
[Why? As in the proof of ®7 of Lemma 2.7l when we assume that we have carried
the induction, by Ha, clause (g), and ®4.]
Now
®10 (a) f¥ € (H<<>\E(*) 9<)A£(*)[17‘]]
(b) for every large enough ¢ € (£(4),0) we have
o1 f% <ni™ mod J}
o [ € A w[T"™IC]
o5 (C(j1) : g1 < ) € Acgy[F1¢]
(c) n% < fo.

3Recall that 77p+("’f) is an object, not a name, and p;r is (NS(*),]P’W )-generic
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[Why? Clause (a) holds because f% € ( [T 6¢)V, hence belongs to # (x(x)),
(<A ()

which is the universe of M.(,) so f¥ € M(,y. But M.,y = A, [7°)], recalling
that 7*) is a generic for jg(}P’;(*)). Next as }P’;(*) satisfies the AT-c.c. and \ <
K = cf(y(x)) so je(P),)) satisfies the )\j(*)—c.c.; hence for some (1 < o, f% €
A7 1¢]. Similarly for some (; < o we have (((j2) : j2 < j) belongs to
Né(*)[ﬁs(*) [¢2]. Letting ¢ > max{(3, (2} clearly clauses o5, @35 of ®10(b) holds; also
e there holds by H;(c) (and j., etc.).

®11 Moy = AE(*)[ﬁs(*)] satisfies: for every p € ()‘E(*>)>()\E(*)), in particular,

p=n%,theset {(<o:p< T]Z(*)} is unbounded in o.

[Why? Because the iteration q = (Po, Qs : @ < &, 8 < k) is with support < A
and similarly j.(q).

Lastly, ®10(c) holds by ®sg(c).]

Now we choose ((j) as in clause (b) of ®19 and v; € [] 6. such that % <«

E<)\E(*)

I/j,’l]p+(j) v, f9 <y, and {e < Aoy s v5(e) # 1728))} is a bounded subset of A.(,).
Next choose p € P/, such that p; [v; = pj,n?' 09 = v; and fP7 O\, ) =
o e, A).

We have carried the induction, hence proved ®g(b), so we are done proving
Lemma 2.8 0

=/

Discussion 2.9. (1) The reader may justly wonder why we use V' = V|[g'] =
V[g|%,] rather than simply V[g]. Of course, nothing is lost by it, but why the
extra complication? B

(2) The answer is that during the proof we shall use: if ((i) € % is increasing
with i < (), then also (g¢(;) : i < k) is generic over V for the subforcing of Py 4.
generated by §|%.; see ®7 inside the proof of ®¢ inside Lemma 28 But using
U, = (%), we do not know this.

(3) Now in the parallel case for A = Ry with F'S iteration with full memory, such
claim is true; see the Introduction.

(4) But we do not know the parallel of (3) for A, so we use a substitute using
U, ie., P,
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