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Abstract. Let K be the class of countable structures M with the strong small index
property and locally finite algebraicity, and K. the class of M € K such that acla ({a})
= {a} for every a € M. For homogeneous M € K, we introduce what we call the expanded
group of automorphisms of M, and show that it is second-order definable in Aut(M). We
use this to prove that for M, N € K., Aut(M) and Aut(N) are isomorphic as abstract
groups if and only if (Aut(M), M) and (Aut(N), N) are isomorphic as permutation groups.
In particular, we deduce that for No-categorical structures the combination of the strong
small index property and no algebraicity implies reconstruction up to bi-definability, in
analogy with Rubin’s (1994) well-known V3-interpretation technique. Finally, we show that
every finite group can be realized as the outer automorphism group of Aut(M) for some
countable Ng-categorical homogeneous structure M with the strong small index property
and no algebraicity.

1. Introduction. Reconstruction theory deals with the problem of re-
construction of countable structures from their automorphism groups. The
first degree of reconstruction that is usually dealt with is the so-called recon-
struction up to bi-interpretability. The second and stronger degree of recon-
struction is known as reconstruction up to bi-definability. In group-theoretic
terms, the first degree of reconstruction corresponds to reconstruction of
topological group isomorphisms from abstract group isomorphisms, while the
second degree of reconstruction corresponds to reconstruction of permuta-
tion group isomorphisms from abstract group isomorphisms. Two indepen-
dent techniques lead the scene in this field: the (strong) small index property
(see e.g. [M]) and Rubin’s V3-interpretation [9).

2010 Mathematics Subject Classification: 20B27, 03C35, 03C15.

Key words and phrases: reconstruction theory, automorphism groups, No-categorical struc-
tures, small index property, outer automorphisms.

Received 2 April 2017; revised 21 March 2018 and 26 September 2018.

Published online 12 April 2019.

DOI: 10.4064/fm640-9-2018 [25] © Instytut Matematyczny PAN, 2019



Sh:1109

26 G. Paolini and S. Shelah

On the reconstruction up to bi-interpretability side, the cornerstones of
the theory are the following two results:

THEOREM (Rubin [9]). Let M and N be countable No-categorical struc-
tures and suppose that M has a V3-interpretation. Then Aut(M) = Aut(N)
if and only if M and N are bi-interpretable.

THEOREM (Lascar [5]). Let M and N be countable Ro-categorical struc-
tures and suppose that M has the small index property. Then Aut(M) =
Aut(N) if and only if M and N are bi-interpretable.

On the reconstruction up to bi-definability side, all the known results are
based on the following theorem of Rubin:

THEOREM (Rubin [9]). Let M and N be countable Xg-categorical struc-
tures with no algebraicity and suppose that M has o Y3-interpretation. Then

Aut(M) = Aut(N) if and only if M and N are bi-definable.

In particular, on the small index property side there is no result that pairs
with the last cited result of Rubin. In this paper we fill this gap proving the
following;:

THEOREM 1.1. Let K, be the class of countable structures M satisfying:

(1) M has the strong small index property;
(2) for every finite A C M, aclyr(A) is finite;
(3) for every a € M, aclyr({a}) = {a}.

Then for M,N € K, Aut(M) and Aut(N) are isomorphic as abstract
groups if and only if (Aut(M),M) and (Aut(N),N) are isomorphic as
permutation groups. Moreover, if 7 : Aut(M) = Aut(N) is an abstract
group isomorphism, then there is a bijection f : M — N witnessing that
(Aut(M), M) and (Aut(N),N) are isomorphic as permutation groups and
such that m(a) = faf 1.

Thus we deduce an analog of Rubin’s result on reconstruction up to
bi-definability:

COROLLARY 1.2. Let M and N be countable Ng-categorical structures
with the strong small index property and no algebraicity. Then Aut(M) and
Aut(N) are isomorphic as abstract groups if and only if M and N are
bi-definable. Moreover, if m : Aut(M) = Aut(N) is an abstract group iso-
morphism, then there is a bijection f : M — N witnessing the bi-definability
of M and N such that 7(a) = fof~ 1.

For a structure M satisfying the conclusion of Theorem it is easy
to determine the outer automorphism group of Aut(M): in fact any f €
Aut(Aut(M)) is induced by a permutation of M. For example, as already
noted by Rubin in [9], using this fact it is easy to see that for R, the
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n-coloured random graph (n > 2) we have Out(Aut(R,)) = Sym(n). Sim-
ilarly, but in a different direction, one easily sees that for M, the K, -free
random graph (n > 3), Aut(M,,) is complete. We show here that in this
setting any finite group can occur:

THEOREM 1.3. Let K be a finite group. Then there exists a countable
RNg-categorical homogeneous structure M with the strong small index property
and no algebraicity such that K = Out(Aut(M)).

Our main technical tool is what we call the expanded group of automor-
phisms of a homogeneous structure M with the strong small index property
and locally finite algebraicity. This powerful object encodes the combina-
torics of Aut(M)-stabilizers of M, and it is a crucial ingredient of our proof
of Theorem [I.1} In Theorem [2.13] we show that the expanded group of auto-
morphisms is second-order orbit-definable in Aut(M) (cf. Definition 2.12)), a
fact of essential importance.

The results of this paper pair with those of [§] and [7], where sufficient
conditions for the strong small index property are isolated and applied in the
concrete case of the group of automorphisms of Hall’s universal locally finite
group. Finally, we would like to mention another recent result of ours [6] in
this area, a powerful non-reconstruction theorem: no algebraic or topolog-
ical property of Aut(M) can detect any form of stability of the countable
structure M.

2. The expanded group of automorphisms. In this section we in-
troduce the expanded group of automorphisms of M (for certain M), and
show that it is second-order definable in Aut(M ).

Given a structure M and A C M, and considering Aut(M) = G in its
natural action on M, we denote the pointwise (resp. setwise) stabilizer of
A under this action by G (resp. Gay). Also, we denote the subgroup
relation by <.

DEFINITION 2.1. Let M be a structure and G = Aut(M).

(1) We say that a is algebraic (resp. definable) over A C M in M if the orbit
of a under Gy is finite (resp. trivial).

(2) The algebraic closure of A C M in M, denoted by aclys(A), is the set of
elements of M which are algebraic over A.

(3) The definable closure of A C M in M, denoted by dclps(A), is the set of
elements of M which are definable over A.

DEFINITION 2.2. Let M be a countable structure and G = Aut(M).

(1) We say that M (or G) has the small index property (SIP) if every sub-
group of Aut(M) of index less than 2%° contains the pointwise stabilizer
of a finite set A C M.
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(2) We say that M (or G) has the strong small index property (SSIP) if every
subgroup of Aut(M) of index less than 2% lies between the pointwise
and the setwise stabilizer of a finite set A C M.

HypOTHESIS 2.3. Throughout this section, let M be a countable homo-
geneous structure with the strong small index property and locally finite
algebraicity, i.e. for every finite A C M we have |acly/(4)| < w.

REMARK 2.4. Notice that all w-categorical structures have locally finite
algebraicity.
NoOTATION 2.5. We let
A(M) ={acly(B) : B Can M},
EA(M)={(K,L): K € A(M) and L < Aut(K)}.
DEFINITION 2.6. For (K,L) € EA(M), we define
Gy =1f € Aut(M): fIK € L}.

Notice that if L = {idk }, then G 1) = G(k), i.. it equals the pointwise
stabilizer of K, and that if L = Aut(K), then Gk 1) = Gk}, i.e. it equals
the setwise stabilizer of K. We then let

PS(M) ={G): K € A(M)}, SS(M)={Gkr :(K,L)c EA(M)}.
The crucial point is the following:
LEMMA 2.7. Let G ={H <G :[G: H| <2¥}. Then G = SS(M).

Proof. The containment from right to left is trivial. Let then H < G with
[G : H] < 2“. By the strong small index property, there is a finite K C M
such that G(K) <HKL G{K} It follows that G(aclM(K)) <HK G{aclM(K)}a
and so without loss of generality we can assume that K € A(M). First
of all we claim that G k) < Gygy. In fact, for g € Gxy, h € Gk and
a € K, we have ghg~'(a) = g9~ '(a) = a, since g~'(a) € K and h € G (K)-
Furthermore, for g,h € G}, we have g 'h e G (k) iff g|K = h]K. Hence,
the map f : gG k) — gIK, for g € Gk, is such that
(%) [ Gy /Gy = Aut(K),
since every f € Aut(K) extends to an automorphism of M. Thus, by the
fourth isomorphism theorem we have H = Gk 1) for L= {f[K : f € H}. m

PROPOSITION 2.8. Let Hi,Hy € SS(M). The following conditions are
equivalent:

(1) Hy < Hy and [Hy : H]) < w;
(2) there are K € A(M) and Ly 4 Ly < Aut(K) such that H; = Gk L,
fori=1,2.
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Proof. The proof of (2)=-(1) is immediate, since by the normality of L;
in Ly we know that, for g € Gk 1,) and h € Gk 1), ghg 'K € Ly, while
the fact that [Hy : H1] < w follows from the proof of Lemma

We show that (1) implies (2) via statements (x); below (each is followed
by its proof). By assumption, H; = Gk, 1, for (K;, L;) € EA(M) (i = 1,2).
()1 K2 C K7.

Suppose not, and let a € Ky — K1 witness this. Then we can find f € G such
that fIK; =idg, and f(a) ¢ Ks. It follows that f € H; — Ha, a contradic-
tion.

(¥)2 K1 C Ks.

Suppose not, and let f, € G, for n < w, be such that f,,[Ky = idg,, and
in addition {f, (K1 — K2) : n < w} are pairwise disjoint. Then clearly, for
every n < w, f, € Hy and {f,H; : n < w} are distinct, contradicting the
assumption [Hy : Hi] < w.

(¥)3 L1 < Lo.

Suppose not, and let h € Ly — Ly. Then h extends to an automorphism f
of M. Clearly f € Hi — Hs, a contradiction.

(¥)a L1 < Lo.

Suppose not, and let g; € L; (i = 1,2) be such that ggglg2_1 ¢ Ly. Then g;
extends to an automorphism f; of M (i = 1,2). Clearly f; € H; (i = 1,2),
and fof1fy L& Hy, a contradiction. =

PROPOSITION 2.9. Let G = {H € SS(M) : there is no H' € SS(M) with
H' CH,H <H and [H : H| <w}. Then PS(M) =G.

Proof. First we show the containment from left to right. Let Hy €
PS(M) and assume that there exists H; € SS(M) such that H; C Ho,
Hy, < Hy and [Hy : Hy] < w. By Proposition H; = Gk, 1, for
(Ki, L;) € EA(M) (i = 1,2) and K; = K = Ko. Now, as Hy € PS(M), we
have Ly = {idx}. Hence, Ly = Lo, and so H; = Ha, a contradiction.

We now show the containment from right to left. Let H € G; then H =
G(K,L) for (K, L) S EA(M) If L 75 {ldK} then letting H = G(K,{idK}) we
have H' C H, H' < H and [H : H'] < w, a contradiction. =

Let L(M) be a set of finite groups such that for every K € A(M) there
is a unique L € L(M) such that L = Aut(K).

PROPOSITION 2.10. Let L € L(M) and H € SS(M). The following
conditions are equivalent:
(1) H=Gx) € PS(M) and Aut(K) = L;
(2) there is H € SS(M) such that H < H', [H' : H| < w, H' is mazimal
under these conditions and H'/H = L.
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Proof. For (1)=(2), let H' = Gky; then, by Proposition [2.8{ and (E[) in
the proof of Lemma 2.7, we find that H' is as wanted. For (2)=-(1), if H and
H' are as in (2), then, by Proposition and (ED, it must be the case that
H' = Gy and H = G (g for some K € A(M) such that Aut(K) = L.

DEFINITION 2.11. We define the structure Ex Aut(M), the erpanded
group of automorphisms of M, as follows:

1) ExAut(M) is a two-sorted structure;

) the first sort has set of elements Aut(M) = G;

) the second sort has set of elements EA(M);

) we identify {(K,{idx}): K € A(M)} with A(M);
) the relations are:

(
(2
(3
(4
(5

(a) Pay ={K € A(M)} (recalling the above identification);

(b) for L € L(M), Proyy = {K € A(M) : Aut(K) = L};

(¢) <gaon)= {((K1,L1), (K2, L2)) : (K, L;) € EAM) (i = 1,2),
K1 S K2 and LQrKl § Ll};

(d) SA(M): {(Kl,KQ) K € A(M) (Z = 1,2) and K; < KQ};

() PAGny = {K € AM) - acl(f) # K € A(M) is minimal in
(A(M), ©)};

(6) the operations are:

(f) composition on Aut(M);

(g) for f € Aut(M) and K € A(M), Op(f, K) = f(K);

(h) for f € Aut(M) and (K1, L1) € EA(M), Op(f, (K1, L1)) = (K3, L2)
iff f(Kl) = Ky and Ly = {erlﬂ'f_l [Ko:m € Ll}

DEFINITION 2.12. We say that a set of subsets of a structure IV is in-
variant if it is preserved by automorphisms of N. We say that a structure M
is second-order orbit-definable in a structure N if there is a injective map j
mapping (-definable subsets of M to invariant sets of subsets of V.

THEOREM 2.13. Let M and N be as in Hypothesis and let G =
Aut(M). Then:
(1) The map jur =j : (f,(K,L)) = ({f},G(k 1)) witnesses second-order
orbit-definability of Ex Aut(M) in Aut(M). R
(2) Every F : Aut(M) = Aut(N) has an extension F : ExAut(M) =
Ex Aut(N).
Proof. We prove (1) by establishing statements (x); below.
(*)1 The map (f, (K, L))+ ({f},Gk,r)) is one-to-one.

Suppose that (K71, L1) # (K2, L2) € EA(M); we want to show that Gk, r,)
# G(K,,L,)- Suppose that K1 # Kj. By symmetry, we can assume that
K1 € Ks. Then there is f € G such that f[Ks = idg, and f(K;) # K,
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since Ko is algebraically closed. Thus, f € Gk, 1,) — G(k,,1,)- Suppose

now that K1 = K = K5 and L; # Lo. By symmetry, we can assume that

Ly & Lo. Let g € L1 — Ls; then g extends to an automorphism f of M.

Thus, f € G r,) — G(k,L,)- Finally, notice that it is not possible that

{f} = Gk 1), and so we are done.

(*)2 The range j(EA(M)) = SS(M) is mapped onto itself by any F €
Aut(G).

By Lemma

(*)3 The range j(Pan))) = PS(M) is mapped onto itself by any F' €
Aut(G).

By Proposition [2.9]

(¥)a For L € L(M), the range j(Pr) = {G(k) : Aut(K) = L} is mapped
onto itself by any F' € Aut(G)

By Proposition [2.10

(*)5 The range j(SEA(
by any F' € Aut(G).

For (K;,L;) € EA(M) (i = 1,2) and F € Aut(G), we obviously have

M) = {(G(Kl,Ll)vG(KQ,Lz)) DGy Ly) 2 G, L)
M) (i=1,2), K1 < Ky and Ly[K; < L1} is preserved

J(K1,L1) D j(Kaq,Le) if and only if F(j(Ki,L1)) 2 F(j(K2, L)), since F

induces an automorphism of (P(Aut(G)), C).

(¥)6 The range j(<a(ar)) ={(G(k1): G(ky)) * Giy) 2 Gkn) K1, Ko € A(M),
K; < Ky} is preserved by any F' € Aut(G).

As in (%), i.e. because any F' € Aut(G) induces an automorphism of

(P(Aut(Q)), Q).
(*)7 The range
(Pmm y) ={H € PS(M) : G # H is maximal in (PS(M),S)}
is preserved by any F' € Aut(G).

As in (%), i.e. because any F' € Aut(G) induces an automorphism of

(P(Aut(G)), S).
(*)s For any F € Aut(G), F({gh}) = F({g})F({h}).
Obvious.
(*)9 J(Op(f,K)) =j(f(K)) = Gyx)) = fGyf " and
F(((Op(f, K)))) = Op(F(f), F(§(K))) for any F' € Aut(G).
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Observe that
F(((Op(f, K)))) = F(fGu)f ) = F())F(G i) (F(f)) !
= F(f)(F((K)) = Op(F(f), F(i(K))),
since by (x)3, PS(M) is mapped onto itself by any F' € Aut(G).

($)10 J(Op(f, (K1, L1))) = (fG ) f fG iy ) f ) and

F(G((Op(f, (K1, L1))))) = Op(F(f), F(§((K1, L1))))
for any F' € Aut(G).

Similar to (x)g.

This concludes the proof of (1). Finally, (2) follows directly from (1),

in fact for F : Aut(M) = Aut(N) letting F = in'Fim we have F
ExAut(M) = ExAut(N). »

3. Reconstruction and outer automorphisms. In this section we
prove the theorems stated in the introduction.

DEFINITION 3.1. Let K, be the class of countable structures M satisfy-
ing:
(1) M has the strong small index property;
(2) for every finite A C M, aclps(A) is finite;
(3) for every a € M, aclyr({a}) ={a};
As in the previous section, we let G = Aut(M). We denote G|{4}) sim-

ply as G(,. The crucial point in asking the additional condition of Defini-
tion [3.1)(3)| is the following;:

PrOPOSITION 3.2. Let M € K, be homogeneous, and define
M= {G(a) :LLGM}.
Then jM(PXl(“]}/I)) = M (recall Definition and Theorem 2.13.

Proof. Notice that by.of Deﬁnltlonnwe have PInln ={{a}:ac€ M}

and so directly by the definition of the interpretation jas (Theorem 2.13]) w
obtain .]M(PXI(IRJ)) =M. u

We will use the suggestive notation M = {G(,) : @ € M} also below.

DEFINITION 3.3. Let M and N be structures and consider Aut(M) (resp.
Aut(N)) as acting naturally on M (resp. N). We say that (Aut(M), M) and
(Aut(N), N) are isomorphic as permutation groups if there exists a bijection
f: M — N such that the map h+ fhf~! is an isomorphism from Aut(M)
onto Aut(N).
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We recall the statement of Theorem [1.1| (without the “moreover” part)
and prove it.

THEOREM 1.1. Let K, be the class of countable structures M satisfying:
(1) M has the strong small index property;
(2) for every finite A C M, aclys(A) is finite;
(3) for every a € M, acly/({a}) = {a}.
Then for M,N € K., Aut(M) and Aut(N) are isomorphic as abstract
groups if and only if (Aut(M), M) and (Aut(N), N) are isomorphic as per-
mutation groups.

Proof of Theorem . Let M, N € K., and suppose that F': Aut(M) =
Aut(N). Passing to canonical relational structures (see |2 p. 26]), i.e. adding
a relation symbol R of arity n for every n-ary Aut(M)-orbit 2 C M™, we

can assume without loss of generality that M and N are homogeneous. Now,
by Theorem M(Q), the isomorphism F induces the isomorphism

F =i Fiu: ExAut(M) = Ex Aut(N).
In particular, F maps Pgl(i%) onto Pzn(i?v). Furthermore, by Proposition
ivM(Pafiy) =M and  jn(PRiyy) = N.
Hence, F' induces a bijection f : M — N such that (recall that F= ‘];VlF.]M)
F(Aut(M)(a)) = Aut(N)f(a) eN.
Let G : b+ fhf~! for h € Aut(M). We claim that G = F. Let in fact
h € Aut(M), a,b € M and suppose that F(h)(f(a)) = f(b). Then
F(h)(f(a)) = f(b) <= F(h) Aut(N) () (F(h)) " = Aut(N) (s
> hAut(M)gh~" = Aut(M)
<= h(a) =b.
So, fhf=Y(f(a)) = fh(a) = f(b), as wanted. Hence, f : M — N witnesses
that (Aut(M), M) and (Aut(N), N) are isomorphic as permutation groups.

Notice that the “moreover” part of the theorem is clear from the proof (since

G=F)

DEFINITION 3.4. We say that two structures M and N are bi-definable if
there is a bijection f : M — N such that for every A C M", A is ()-definable
in M if and only if f(A) is @-definable in N.

Fact 3.5 (|9, Proposition 1.3|). Let M and N be countable Rg-categorical
structures. Then the following are equivalent:
(1) (Aut(M), M) = (Aut(N),N);
(2) M and N are bi-definable.
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Proof of Corollary . Let M,N € K., and suppose that Aut(M) =
Aut(N). As before, passing to canonical relational structures, we can assume
that M and N are homogeneous. Furthermore, since M and N are Np-
categorical, this passage preserves definability. Now, since M and N are
Ng-categorical and with no algebraicity, the conditions of Theorem are
met (see Remark 2.4), and so (Aut(M), M) = (Aut(N), N) as permutation
groups. Hence, by Fact [3.5] we are done. Notice that the “moreover” part of
the corollary is taken care of by the “moreover” part of Theorem "

We now pass to the proof of Theorem

FacT 3.6 (Frucht’s Theorem [3]). Every finite group is the group of au-
tomorphisms of a finite graph.

Proof of Theorem [I.3 Let I' be a finite graph on the vertex set
{0,...,n—1} and

Lp={P;:t<n}U{Ryy:{<k<nand {{,k} € Ep}

be such that the P, are unary predicates and the Ry are binary relations.
Let K be the class of finite Lp-models M such that

(1) (PM ¢ < n) is a partition of M;
(2) R} is a symmetric irreflexive relation on Py X Pj.

Notice that K is a free amalgamation class (see [8, Definition 4]). Let M
be the corresponding countable homogeneous structure. By [8, Corollary 2],
M has the strong small index property, and obviously M is Rg-categorical
and has no algebraicity. Using Corollary it is now easy to see that

Aut(I") = Aut(Aut(Mp))/Inn(Aut(Mr)) = Out(Aut(Mr)).
Thus, by Fact [3.6] we are done. =
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