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Abstract

We analyze the strong polarized partition relation with respect to several cardinal
characteristics and forcing notions of the reals. We prove that random reals (as well as the
existence of real-valued measurable cardinals) yield downward negative polarized relations.

1. Introduction

This paper focuses on two cardinal characteristics of the continuum, the
reaping number t and the splitting number s. Let us commence with the
basic definitions of these invariants:

DEFINITION 1.1. The reaping number.

(N) Suppose B € [w]¥ and S € w. S splits Bif |[SNB| = |(w\S)NB| =Ry.
(3) {Tw: a < Kk} is an unreaped family if there is no single S € [w]* so that
S splits Ty, for every a < k.

(3) The reaping number v is the minimal cardinality of an unreaped family.
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(T) t, is the minimal cardinality of a collection R € [w]* which is not split-
ted by w-many sets.

The dual of the reaping number is the splitting number. Recall:

DEFINITION 1.2. The splitting number.
(N) Suppose B € [w]*¥ and S € w. S splits Bif |[SNB| = |(w\S)NB| =Ry.

(3) {Sa: a < Kk} is a splitting family in w if for every B € [w]“ there exists
an ordinal o < k so that S, splits B.

(3) The splitting number s is the minimal cardinality of a splitting family
in w.

In the present paper, combinatorial arguments serve in the area of car-
dinal invariants of the continuum. The main tool is the following concept.

1,1
If A > k are infinite cardinals then the strong polarized relation (2) — (2)2’

means that for every c: A x k — 2 there are A € [\]*, B € [s]" such that
¢ | (A x B) is constant. We shall make use of the following theorem from [6]:

CLAIM 1.3. Strong polarized relations below the splitting number.
Assume Kk < s. .
The positive relation (5) — (5), holds iff cf(r) > Ro. O
In a way, the splitting number s is a natural point for proving downward
positive relations. The dual notion of the reaping number t is a natural point

for upward positive relations, as shown in the following theorem from [7]:

THEOREM 1.4. Strong polarized relations above the reaping number.
Assume vt < Kk < ¢.

If v < cf(r) then () — (F)

w

1,1
5 - O

Observe that the requirement about the cofinality of x is stronger in this
theorem, and we do not have full knowledge when Ry < cf(x) < v, see below.
However, some kind of duality is reflected in this theorem. The keypoint
for the results of this paper is that we can prove also a negative downward
theorem with respect to t. It enables us to supply a positive answer to the

following open problem from [8] (Problem 3.19 there):

QUESTION 1.5. Suppose R; < k = cf(k) < A = ¢ and (f)) — (f});l Let
P be Lévy(k, A). Is it possible that (%) - (%))" in VF?

K

w
As we shall see, a wide range of positive answers can be given to the
above problem, i.e., for every regular cardinal x we can build a model of
ZFC in which the Lévy collapse destroys the strong polarized relation for .
Another problem from [8] focuses on the random real forcing. One of
the salient properties of random reals is that they are dominated by old
reals from the ground model, hence the dominating number 9 is unchanged.
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Problem 3.9 (in [8]) asks if one can ruin the positive relation for ? while
iterating random real forcing notions:

QUESTION 1.6. Assume (3)) — (2);1, and one adds A-many random re-

als (for some A > 9). Does the positive relation (3) — (Z);l still hold?

As in the former question, we will be able to show that one can force
a negative relation for 0 after adding random reals to the universe. This
follows, again, from the downward negative relation for t. Moreover, the im-
plication of negative results upon adding many random reals is wider. This
gives rise to the third problem (number 3.12) that we quote:

QUESTION 1.7. Assume « is a real-valued measurable cardinal.
Is it possible that () — (“)1’1?

w/ 2

Concerning this question, we will be able to supply only a partial answer,
by proving many negative relations below the real-valued measruable cardi-
nal. We comment that these relations would give the interesting corollary
that s = Ny whenever a real-valued measurable cardinal exists. Likewise, un-
der the additional assumption that x = ¢ is real-valued measurable we shall

prove that (") -+ (5);1 as well.

Our notation is standard. We shall follow [1] with respect to cardinal
invariants. We employ the Jerusalem forcing notation, so p < g means that
q is stronger than p. In cases where ambiguity lurks around the corner we
shall state the pertinent conventions explicitly. We thank the referee for the
careful reading of the manuscript.

2. Continuum reaping

Investigating the interplay between cardinal invariants and strong polar-
ized relations, one may ask whether there exists a natural cardinal invariant

n so that (2) > (Z);l always holds. The answer is negative. It is shown

in [7] that for every cardinal invariant, the above polarized relation is inde-
pendent. Nonetheless, there is a natural characteristic for which the negative
relation follows, under the extra assumption of being the continuum. Our
basic result says that if the reaping number and the continuum coincide, then
a negative polarized parition relation can be proved dwon to the cofinality
of the continuum:

MAIN CrAM 2.1. Negative downward relations.

Ifv=c Then (}) » (:});1

);’1 for every k € [cf(c), .

K

Moreover, (“) 5 (
w w
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PROOF. Enumerate the members of [w]| by {B,: v < t}. Forevery o <t
let B, = {By: v < a}. The size of B, is less than t, so we can choose a set
Sq which splits all the members of B,. This is rendered for every o < t, and
gives rise to a coloring d: vt x w — {0, 1} as follows:

dla,n) =0 n € S,.

We claim that d exemplifies the negative relation (L) —# (;);1 Indeed,

assume H € [v]' and B € [w]“. Assume toward contradiction that d | (H x
B) is constant. If the constant value is 0 then B € S, for every a € H, and
if the constant value is 1 then B € (w \ S,) for every o € H.

In any case, The set B appears in the above enumeration, so B = B,
for some v < v. Choose an ordinal oo € H so that v < «, and notice that S,
splits B, a contradiction.

Moreover, if k > cf(c) then we enumerate the members of [w]¥ as
{B,: v < ¢}. We choose an increasing and unbounded sequence of ordinals
(ag: € < k) in ¢ (repetitions are welcome), and define B, = {By: v < o} for
every € < k. Again, |B.;| <t for every € < k as t =¢. For every ¢ < k we
choose some S; € [w]¥ which splits all the members of B..

The coloring d: k X w — {0,1} is defined in the same way, i.e., d(g,n) =
0 < n € S.. The same argument shows that d has no monochromatic prod-
uct of size kK X w, so we are done. O

w

Remark 2.2. For any uncountable cardinal # define vy as the minimal cardi-
nality of a subset of [#]® such that no single B € [0]? splits all the members
of this family. One can verify that vy > 6 for every infinite cardinal 8, and
the main claim holds for every 6 (under the parallel generalized assumption

that tp = 29). O
The main claim is optimal in the sense that the assumption vt = ¢ cannot

induce a stronger negative relation in ZFC. The closest attempt would be

T«

1,1
M w)2 for every a < t, but

refuting the positive unbalanced relation (L) — (
the following claim proves its independence:

CLAM 2.3. Unbalanced negative relations.

The assumption t = ¢ is consistent with both ( ) — (t a);’l for every a <t

T
and () = (5 ¢

1,1
" w)2’ for some a < .

PROOF. For the positive direction force p = ¢, in which case vt = ¢ as well.
However, the relation (") — (° a);’l for every a < p is established in [10]

w w

and holds in ZFC, so () — (§ Z);l for every a < t. Observe that t is a
regular cardinal in such models.
For the negative direction choose any A = A®® such that A > N;. Let Q

be a finite support iteration of adding A-many Cohen reals. It is known that
VO (M) » (‘Z});’l for every p € (Ro, A], as shown in [6], Remark 2.4. In
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particular, it holds for g = ¢. As v = ¢ in this generic extension and A > ¥;
we have the consistency of the negative direction. O

We turn back to the balanced relation. In the case of a regular contin-
uum, we can characterize now the strong polarized relation for ¢ as follows:

COROLLARY 2.4. Assume ¢ is a regular cardinal.
Then () — (;);1 iff v <c.

w

PRrROOF. If v < ¢ then Theorem 1.4 gives the positive direction of (:J) —

(;);’1, since ¢ is a regular cardinal. If v = ¢ then Claim 2.1 gives the negative

relation, so the proof is accomplished. O
We employ the above corollary in the proof of the following theorem:
THEOREM 2.5. Lévy collapse and random reals.

Suppose K is an uncountable reqular cardinal.

For every XA = cf(X) > & there is a model of ZFC in which ¢ = X, (%) — ()

and if P =Lévy(k, \) then VF |= (5) —» (f});l

Likewise, it is consistent that (2) — (3));’1 in the ground model, and after

adding A-many random reals for some A > 0 we have (z) - (2);1

1,1
2

PROOF. If kK = Ry then the theorem follows from the fact that 28 = R,
implies (i;) - (2;)1’1 (as proved in [3]). So assume that x > 8;. We begin

with MA + 2% = X\ In this case, s = \ as well, so (Z) — ( ) by Claim
1.3. Observe also that t = A\. We clann that after forcing with IP’ we will get

the negative relation () - (w)i L

Indeed, vt = k in the generic extension. This fact follows from the com-
pleteness of P which ensures that no new sequence of sets of length below k
is introduced. The length A of t-sequences in the old universe is collapsed to
K, but no t-family of size less than x appears. Hence v = ¢ = x in V'. From

Claim 2.1 we infer that () - (“)1’1 as required.
We indicate that if v < k in the ground model then the positive rela-

tion (“) — (w)2 holds both in the old universe and after the collapse (see

w
Corollary 2.4), so the opposite situation is also consistent for every regular
cardinal k above Nj.
For the second assertion, begin with a model in which the positive rela-

tion (2) — (2);1 holds, and ® > N;. This can be done due to [7], based on

the model of [2], upon noticing that v < 0 gives the desired result when 0 is
a regular cardinal (see Theorem 1.4).

We choose a large enough singular cardinal A so that A > 9 but cf(\) <.
By adding A-many random reals we blow up the continuum to A but 9 re-
mains in its place. Moreover, t = A as well (see, e.g., [1]). Since cf(A) <0
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w w

. . 1,1 . .
we conclude that the negative relation (°) - (0)2’ holds in the generic ex-
tension, so the proof is accomplished. O

Can we incorporate singular cardinals in Corollary 2.47 A good under-
standing of polarized relations for singular cardinals above t is needed. It

is consistent that x > cf(k) = v and (7) = (©

K 1,1 . . .
o w)2 . The opposite direction is
not so clear:

QUESTION 2.6. Is it consistent that x > ¢, cf(k) > Ry and (f)) - (Z) é’l?

The negative downward theorem below t (under the assumption that v =
¢) can be used also for a surprising relationship between t and s. One of the
dividing lines in the realm of cardinal invariants is the distinction between
small characteristics (which are bounded by cf(c¢)) and large characteristics
(which are not bounded by cf(¢)). The distributivity number b is a typical
example of a small invariant, while s is a large invariant. Nevertheless, if
t = ¢ then s becomes small:

THEOREM 2.7. Ifv=c¢ then s < cf(c).
Moreover, if t, = ¢ then s < cf(c).

PRrROOF. We prove the first assertion with the aid of the polarized rela-
tions, and the second assertion in a direct way. Let x be cf(c). By Claim

2.1 we have (5) — (f});l, since t = ¢. This relation excludes the possibility

that s > cf(c), because in this situation we have (Z) — (f});l since k is an
uncountable regular cardinal and due to Claim 1.3.

Assume now that v, = ¢. Enumerate the members of [w]* by {B,: v <
¢}, and choose an increasing unbounded sequence of ordinals of the form
(ae: e < k) in ¢. For every € < k let B. be {B,: v < a.}, and we choose a
collection of sets {S%: n € w} which splits the members of B..

The collection F = {S5: ¢ < k,n € w} is a splitting family for [w]*. For
this, pick up any B € [w]¥ and any ordinal € < k so that B € B.. By the
choice of {S5: n € w} there is a set S: which splits B. But S € F, hence
F is a splitting family. Consequently, s < |F| < cf(c), so we are done. O

The above results raise some natural problems. We phrase a couple of
them:

QUESTION 2.8. Small cofinality above t.
(@) Assume v < £ < ¢ and cf(k) <t Is it possible that () - (Z);L? In
particular, is it possible for K = ¢?

L1,

(8) Assume t, = c. Is it provable that (%7) - (%7)," "
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3. Random reals and real-valued measurability

In this section we try to analyze the polarized relation under the existence
of random reals and in the presence of real-valued measurable cardinals. For
a general background and notational conventions used below, we refer to [5].
We commence with a negative downward spectrum which issues from adding
random reals.

THEOREM 3.1. Random reals and polarized relations.
Assume k > Ny and Q is a forcing notion for adding k-many random reals.

Then IFg (?) = (g);l for every 0 < k, and even I-q () - (0)1’1

w/2

PROOF. Choose a generic subset G € Q, and fix a cardinal 8 € [Ry, K].
Let m be the product measure over #2. Recall that p € Q iff p € 2, where
p is a Borel set of positive measure, supported by some countable set u =
up € [H]SNO. We indicate that a support of a given condition p is not unique
(every countable subset of k which contains a support can serve as well),
though a minimal support always exists. For p,q € Q we define p < ¢ iff

-
q = p‘

Let F be the set {f: f is a finite (partial) function from & into 2}. For
every f € F let O(f) be {g € "2: f C g}, denoted also by (%2)/]. By the
definition of the product measure, m(O(f)) = ﬁ In particular, each O(f)

belongs to Q.

We define a Q-name 7 of a function from « into {0,1} by nD f < O(f) €G.
Ifa ek, f={(a,0)}and g = {{a, 1)} then A = {O(f), O(g)} forms a maxi-
mal antichain, so exactly one member of A belongs to G. Hence a € dom(n)
for every o < k. The fact that 7 is a function follows from the directness of
G. This gives rise to the definition of a name ¢ for a coloring from s X w
into {0, 1} as follows:

c(a,n) =n(wa +n).

11
We claim that ¢ exemplifies the negative relation () - (3)2’ :

Assume this is not the case. Pick up a condition p € Q, a color £ € {0,1}
and names of sets A € []?, B € [w]™° so that pIF ¢ | (A x B) = {¢}.

For every a < k we choose a Borel set B, € #2 with support u, € [K]
such that B, € p and B, decides whether & belongs to A in the following
sense: if m(By) > 0 then B, IF & € A and if not then (p — B,) IF & ¢ A.
Similarly, for every n € w we choose a Borel set B, € 2 with support u, €
[k]N0 such that B, € p and the following is satisfied: if m(B,) > 0 then
B, Ik 7 € B and if not then (p — By,) IFn ¢ B.

Let v € [k]=Y° be a support of the condition p so that u, € v for every
n € w. We shall force with the part of Q above p using conditions with the
support v.

<Np
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For any ordinal o € K\ v let ro, ={n€"2: n [ {wa+n:ne B} =1}
Since B is a name of an unbounded subset of w, m(r,) = 0. Indeed, for ev-
ery n € w let {b;: j < n} enumerate the first n members of B, and let f, =
{(wa+bj,0): j <n}. By definition, m(O(f,)) = 5, and m(rs) < m(O(fn))
for every n € w, so m(rq) = 0.

Since p - A € [k]?, there exists an ordinal a and a condition ¢ > p so
that ¢ IF & € A and « ¢ v. Notice that g IF ¢(a,n) = £ for every n € B. It
follows that g € rq, so m(q) = 0, which is impossible since ¢ € Q. O

The effect of adding random reals is sharpened if we assume the exis-
tence of a real-valued measurable cardinal. The classical way to introduce
such a cardinal is the random real forcing, as proved by Solovay, but this is
not the only way. Gitik and Shelah, [9], introduced a different way to intro-
duce such cardinals, and some of the properties of Solovay’s construction are
not shared by all real-valued measurable cardinals. We shall see, however,
that the mere existence of a real-valued measurable cardinal entails strong
negative relations.

We say that k is real-valued measurable iff there exists an atomless x-
additive measure over . The requirement of being atomless implies x < 280,
S0 K is not strongly inaccessible. It is known, however, that such k is weakly
inaccessible. Before embarking on the impact of real-valued meaurable car-
dinals we need some preliminaries. Let (X, X, m) be a measure space. The
measure algebra associated with it is the Boolean algebra B = ¥ /I when
I={AC< X:m(A)=0}. The following belongs to Maharam:

THEOREM 3.2. Maharam’s Theorem.
Suppose m is a homogeneous o-additive measure on a o-complete Boolean
algebra B.
The measure algebra (B, m) is isomorphic to the measure algebra of *2 for
some X\, with the product measure.

This fundamental theorem appears in [11]. Let x be real-valued measur-
able as witnessed by the measure m, and let Z = {a € x: m(a) = 0}. From
Maharam’s theorem there is some p for which P(k)/Z is isomorphic to the
Boolean algebra Borel(#2)/7, where J is the ideal of null sets in #2. It has
been proved in [9], Section 2, that p > k.

THEOREM 3.3. Negative relations and real-valued measurable cardinals.
Let k be a real-valued measurable cardinal.

Then (z) — (Nl);l for every 0 < k.

w

PROOF. Let m: P(k) — [0, 1]g be a measure which exemplifies the fact
that x is real-valued measurable. The collection of sets Z = {a € k: m(a) =
0} is a k-complete ideal over . By the facts quoted above, let u > k be such
that P(k)/Z is isomorphic to the Boolean algebra Borel(#2)/7, where J is
the ideal of null sets in #2. We fix an isomorphism j which exemplifies this
fact. Fix any cardinal 8 < k.
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Viewing the Boolean algebra as a forcing notion, let 7 = (14: a < i) be
a random sequence of reals (i.e. 7, € “2 for every a < p, and 7, = (n(wa +
n): n € w)). For each n, we choose a sequence of sets (Ban: n € w) so that

Bom C k and J(Ban/T) = (#2) @020/ 7 50, j(Ban/T) = {v € "2: v(a) =
(n)}/J.

For every a < p and each n € w we define ey, € "2 by eqn(i) =1 < i €
Ban. We concentrate on the collection T' = {eqn: @ < 0,n € w}. We define
Kk colorings ¢; for every ¢ < k, each ¢; is a function from f X w into 2, by
letting ¢;(a,n) = eqn (i) for each member of 7. We claim that for some i < &

w

For proving this, choose an ordinal i <  for which {(ean(i): n € w): a <
0} is a Sierpinski set, i.e. for every B € “2 of Lebesgue measure zero we have
(ean(i): m € w) ¢ B apart from a countable set of such sequences. Notice
that each sequence of the form (eqn(i): n € w) is an element in “2. Such ¢
exists by the following paragraph, upon noticing that 6 < x.

The existence of a Sierpinski set is a well-known property of real-valued
measurable cardinals, see [4] 6F, p. 215. We make the comment that here
is the only point along the proof in which we use the assumption 8 < k, and
we do not know whether the existence of a Sierpinski set can be guaranteed
if 0 = k.

Assume now that Hy € [0]t, Hy € [w]®, and we shall show that c¢; |
(Hy x Hy) is not constant. Let B be {e € "J2' e | Hy is constant}. Since

H; is unbounded in w we have m(B 5 for every n € w and hence
m(B) = 0. Consequently, (eqan(i): n € w B apart from a countable set
of such sequences. Since |Hp| > Xy we can choose an ordinal o € Hy so that
(ean(i): m € w) [ Hy is not constant. It means that there are ng,n; € H;
such that ¢;(a, ng) # ¢i(a,n1), so we are done. O

1,1
the coloring ¢; exemplifies the negative relation (z) - (N1)2 .

As a consequence, we deduce the following known fact:

COROLLARY 3.4. If there is a real-valued measurable cardinal, then the
splitting number is Nq.

Proor. By Claim 1.3, if 5 > N; then (“:Jl) — (‘Z});’l However, this is
impossible if one assumes the existence of a real-valued measurable cardi-
nal. g

Finally, we return to Question 1.7 and we ask about the negative relation

(5) — (Z);l for the real-valued measurable x itself. If we force the existence

of such a cardinal by the classical way of Solovay, [12], then v = x and the
negative relation follows. It turns out that this is always true:

Cram 3.5. If k is real-valued measurable then v > k. Consequently, if
1,1

¢ = K 18 real-valued measurable then (Z) - (5)2 )
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PROOF. Suppose that x is real-valued measurable and assume toward
contradiction that v < k. Since & is a limit cardinal, § = v+ < k as well. By

Theorem 3.3 we have (g) > (2);’1 However, (z) — (z);’l by Theorem 1.4,
a contradiction.

In case ¢ = k is real-valued measurable we have t = k, hence (5) —# (w

H) 1,1
by virtue of Corollary 2.4, so we are done. %j
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