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ABSTRACT. We deal mainly with Kl/\f, the class of locally finite groups of car-
dinality A, in particular K‘;\le, the class of existentially closed locally finite
groups. In §3 we prove that for almost every cardinal A “every locally finite
G of cardinality A can be extended to an existentially closed complete group
of cardinality A which moreover is so called (A, 0)-full; note that §3 which do
not rely on §1,§2. (in earlier results G has cardinality < A and also A was
restricted).

In §1 we deal with amalgamation bases, for the class of If (= locally fi-
nite) groups, and general suitable classes, we define when it has the (), k)-
amalgamation property which means that “many” models M € Kf\ are amal-
gamation bases and get more than expected. In this case, we deal with a
general frame - so called a.e.c., abstract elementary class. In §2 we deal with
weak definability of a € N\M over M, for = existentially closed If group.
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Annotated Content
§0 Introduction, (label w), pg.3

§1  Amalgamation Basis, (label a), pg.8

[Consider an a.e.c. £, e.g. the class of locally finite groups, Kjs. We define
AMg = {(\, k) : A > K = cf(x), A > LST¢ and the k-majority of M € K}
are amalgamation bases}, on “k-majority” see below. What pairs have to
be there? That is, for all a.e.c. £ with LST¢ < A. One case is when M € K§
is (< k)-existentially closed and some o € [LST{ &, A] is a compact cardinal
or just satisfies what is needed for M. This implies (A, x) € AMg. A similar
argument gives “k weakly compact > LST, = (k, k) € AM;”. Those results
are naturally expected but surprisingly there are considerably more cases:
if X\ is strong limit singular of cofinality ~ and x is a measurable cardinal
> LST, then (A k) € AM,. Moreover if also 6 € (LST, \] is a measurable
cardinal then (X,6) € AMg.]

§2  Definability, (label n), pg.14

[For an a.e.c. ¢, we may say by is t-definable in N over M when M <,
N,b; € N\M and for no N,,by,by do we have M <¢ N,,b; # by € N, and
ortp(be, N, N.) = ortp(b, M, N), equality of orbital types; there are other
variants. We clarify the situation for Kj.]

§3  Complete H are dense in K§ for almost all A-s, (label c), pg.18

[Our aim is to find out when for p1 < A (or even = \) every G € Kg can be
extended to a complete H € K§\X1f7 i.e. ones for which every automorphism
is an inner automorphism. We demand that moreover (A, o)-full, a strong
form of being existentially closed. We prove this for almost all A’s. A major
new point is that we allow g = A.]



Paper Sh:1098, version 2020-02-17_4. See https://shelah.logic.at/papers/1098/ for possible updates.

LF GROUPS, AEC AMALGAMATION, FEW AUTOMORPHISMS SH1098 3

§ 0. INTRODUCTION

§ 0(A). Review.

We deal mainly with the class Kjs of locally finite groups so the reader may
consider only this case ignoring the general frame. We continue [Shel7], see history
there; in it we find many definable types for the class of locally finite groups parallel
to the ones for stable theories; this will have central role here in the construction
of complete existentially closed locally finite groups, in §3.

We wonder:

Question 0.1. 1) May there be a universal G € Klf, e.g. for A = Ny < 2% je.
consistently?

2) Is there a universal G € KY, e.g. for A = 3,? Or just A strong limit of cofinality
No (which is not above a compact cardinal)?

On 0.1(2) see [Shec]. This leads to questions on the existence of amalgamation
bases. We give general claims on existence of amalgamation bases in §1.
That is, we ask:

Question 0.2. For an a.e.c. £ or just a universal class (justified by §(0C)) we ask:
1) For A > LSTy, are the amalgamation bases (in K%) dense in K%? (Amalgamation
basis under <g, of course, see 0.7, 1.6).

2) For A > LST; and x = cf(k) are the s-majority of M € K} amalgamation bases?
(On k-majority, see 1.6(3A)). The set of such pairs (A, k) is called AMg.

Using versions of existentially closed models in K §, for A\ weakly compact we get
(A, A) € AMg; also if (30)[(o a compact cardinal )ALST, < 0 <k < X) = (\,K) €
AM,, by [GS83]. But surprisingly there are other cases: (A, k) when A is strong
limit singular, with ¢f(\) > LST; measurable and x = cf(\) or just A > x > LST,
and k is measurable.

This is the content of §1.

In §2 we deal with the number of a € G5 definable over G; C G5 in the orbital
sense and find a ZFC bound for Kj; .

We consider in §3:

Question 0.3. For which pair (A, u) with A > pu+ RX; or even cardinals A = p > Ny,
does every G € KY  have a complete extension in K7 That is, one for which
every automorphism is an inner automorphism.

We prove that e.g.(to restrict relying on [Shee] in 3.9, we may restrict ourselves
to cardinals A which are successor of regular, still there are many such cardinals;
also ignoring ®; is not a real lose):

Theorem 0.4. If A > 2,V A = AN thenevery G € Klng can be extended to a
complete existentially closed H € KISfA.

The earlier results assume more than A > p, i.e. A= put A pR0 = por (A, p) =
(N1, Ng); see [Shel7] with history; earlier [Hic78], [Tho86]; [GS84], [SZ79].

Note that for Kj¢, the statement is stronger when, fixing A we increase u (because
every Gy € KE has an extension in Kl)f when A > p). We shall deal in §3 with
proving it for most pairs A > p + N;, even when A = p. Note that if A = u* and
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we construct a sequence (G; : i < A) of members from K increasing continuous,
Go = G with union of cardinality A then any automorphism 7 of H = |J{G; : i < A}
satisfies {d < A : m maps G5 onto Gy} is a club, this helps. But as we like to have
A = p we can use only (G; : i < 0), with § = cf(d) € [Ry, ), to be chosen
appropriately. We still like to have, as above, “every m € aut(H) maps G; onto
G; for a club of i < 6”. Generally this fail. However, we have a substitute: if for
unboundedly many ¢ < 6,6 the group G; is 6-indecomposable (see Definition0.13)
and 6 = cf(0) > Ny, then for any automorphism 7 of Gy = |J{G; : i < 0} the set
E={6<0:7(Gs) =Gs}isaclub of §. On indecomposability, see Shelah-Thomas
[ST97, §(3A)] phrased there as CF(G), the cofinality spectrum of G.

An additional point is that we like our H to be “more” than existentially closed,
this is interpreted as being (), 6)-full. A central set theoretic point is that we also
need to have a list of A countable subsets which is dense enough, for this we use
A= AR or just A = A(%R0) | see below, so the RGCH (from [She00]) is relevant. In
earlier version of this paper [Shee], [Shec] were included.

§ 0(B). Amalgamation Spectrum. On a.e.c. see [Shea], [Shef], [Bal09]. We
note below that the versions of the amalgamation spectrum are the same (fixing
A > k) for:
(x) (a) all a.e.c. € with kK =LSTe, A = &+ (7¢);
(b) all universal K with x = sup{||N||: N € Kis f.g.}, A = k + |7¢];

Why? Recall (universal classes are defined in 0.6).

The Representation Theorem 0.5. Let A > k > Ng.
1) For every a.e.c. € with |1e] < XA and LST, < k there is K such that:

(a) (a) K is a universal class;
(B) Imx| <A 2 7o, [T\ Te| < K
(v) any f.g. member of K has cardinality < k.
(b) K¢ ={N|7e: N € K}, moreover:
(b)* if (o) and (B), then (v), where:

(o) I is a well founded partial order such that si,s2 € I has a mib (=
mazimal lower bound) called s1 N sa;
(B) M = (M, : s € I) satisfies s <; t = M, <¢ M; and My, N M,, =
Mslﬂsy.
(v) there is N such that:
e N=(N,:s€l);
o N, € K expand My;
e s<;t= Ny C Ny.
(b)*+ Moreover, in clause (b)*, if Iy C I is downward closed and N° = (N? :

s € Io) is as required in (b)t on NIy, then we can demand there that
NIy = N°.

Proof. By [Shea]. Uo.s

Definition 0.6. 1) We say K is a universal class when:
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(a) for some vocabulary 7, K is a class of 7-models;
(b) K is closed under isomorphisms;

(c) for a 7-model M, M € K iff every finitely generated submodel of M belongs
to K.

Claim 0.7. For ¢, K as in 0.5 and see Definition 1.6.

1)IfN € Ky,, M = N7, then: N is a (A1, A\2)-amalgamation base in K iff M is
a (A1, A2)-amalgamation base in &. o

2) K has (Ao, A1, A2)-amalgamation iff € has (Ao, A1, A2)-amalgamation.

3) AMg = AM; see Definition 1.6(5).

Observation 0.8. If K is a universal class, K > sup{||N|| : N € K is finitely
generated}, A\ > k + |1/, then € = (K, Q) and K are as in the conclusion of 0.5.

§ 0(C). Preliminaries on groups.

Notation 0.9. 1) For a group G and subset A let sbg(A) = sb(A4, G) be the subgroup
of G generated by A.
2) Let Cg(A) :={g € G : ag = ga for every a € G}; this is the cetralizer of the set
A inside the group G.

The following will be used in §(3).

Definition 0.10. Let A > 60 > 0.

1) Let A%l = min{|22| : 22 C [A]? and for every u € [\]? we can find @ = (u; : i <
ix) such that i, < o,U{u; : i <.} = w and [u;]7 C £}; if A = A7 then &2 = [A\]7
witness A = A% trivially.

2) Let A(%9) = min{|22| : 22 C [\]° and for every u € [A]? there is v € [u] which
belongs to #}.

3) Let A% = min{| 22| : 2 C [\]? and for every u € [\]? there is v € &2 such that
lvNu| =0}

4) For A > pu > 6 > vlet cov(\, p1,0,0) = min{| 2| : & C [A\]<* and every u € [A\]<?
is included in the union of < ¢ members of Z7}.

Fact 0.11. 1) If g = 3, or just p > g is strong limit, then for every A > pu, for
every large enough 6 < p we have 0 < 6 = A% = X (hence o < 6 = M0 =
AOo) = X).

2) If 4™ < X and no cardinal in the interval (u*,\) is a fix point then for some
regular o < 0 € (u, \) we have A\(%:9) = X,

3)If 0 <0 < Xthenh =\ = A%l = Xand A = \7 = A(09) =\

4) If 0 < X < 07 then A0 = ).

Proof. By [She94], [She00], and see [She06] gives an alternative simpler proof.
Uo.11

Remark 0.12. As far as we know, possibly, e.g. A > R,, = (V°n) (V£ > n)[\EnRe) =
A) and even A > X, = (In)[A = cov(\, Ny, R, N,)]. See the works of Gitik on
consistency results.
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Definition 0.13. 1) We say M is 6-decomposable (called § € CF(M) in [ST97])
when: 6 is regular and if (M; : ¢ < ) is C-increasing with union M, then M = M;
for some 1.

2) We say M is ©-indecomposable when it is #-indecomposable for every 6 € ©.

3) We say M is (# )-indecomposable when : 6 is regular and if o = cf(0) # 6 then
M is o-indecomposable.

4) We say c : [\]2 — S is f-indecomposable when: if (u; : i < ) is C-increasing
with union A then S = {c{«,8} : a # f € u;} for some i < 6; similarly for the
other variants.

5) If we replace C by <, £ an a.e.c., then we write CF¢(M) or “f—¢-indecomposable”.

Definition 0.14. We say G is 6-indecomposable inside G when :

(a) 6 = cf(6);

(b) G CGT;

(c) if (G; : 1 < 6) is C-increasing continuous and G C Gy = G then for some
1 < 0 we have G C G;.

Claim 0.15. 1) Assume I is a linear order or just a set, and c : [I|> — Z s

0-indecomposable, G1 € Ki¢ and a; € G1(i € J are' pairwise commuting and each
of order 2.
Then there is Go such that:

) G2 € K¢ extends Gy;

) Gy is generated by Gy Ub where b= (bs : s € I);
(¢c) bs commutes with Gy and has order 2 for s € I

) if 51 # so are from I then ? [bs,,bs,] = Uc{sy,sa}s

) Gy is generated by G1 Ub freely except the equations implicit in clauses
(a),(c),(d) above;
(f) sb({a; : i € 27}, Gy) is O-indecomposable inside Go; see Definition 0.14, in
fact it is 6-indecomposable even as semi-group.

2) Assume Gy € Ky and I a linear order which is the disjoint union of (I, : a <
a.),ue C Ord has cardinality 6, and cq : [I,])? — Jo U {0} is O-indecomposable
for a < au,(Jo : @ < ai) is a sequence of sets with union J or JU {0} and
0 € Jsdsy ¢ u and a. € Gy fore € J and a.,ac commute for e, € Jo,a < vy and
each a. has order 2 except for ¢ =0, and we assume ag = e.

Let ¢ : [I]? — J extends each c, and is zero otherwise.

Then there is Go such that:

(a)-(e) as above
(f) if a < o then sb({aa, : € < Ju}, G2) is O4-indecomposable inside Gs.

3) If in part (1) we omit the assumption “c is O-indecomposable” (but retain c :
[I]?> — 0) then still clauses (a)-(e) of part (1) holds.

IThe demand “the a;’s commute in G1” is used in the proof of (*)s, and the demand “ag, has
order 2” is used in the proof of (x)7.

2Mote that as a € 2" = a = a~! and [bsy-bsy] = ([bsy-bsy]) ™! the order between s1,s)2 is
irrelavant; if a € 2" has a differnet order we would have to be more careful.
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4) If X; C G1 C Gy for i < i, and sb(X;,G1) is indecomposable in Gy and
X = U{X; i < iy} thensb(X,G) is indecomposable in Gs.

Proof. By [Shee, =Lb15]. Uo.15

Claim 0.16. If G, € K1<f>\ then for some Go € Klf extending G1 and afy € G for
e {1,2}, a0 < X we have:
@ (a) sb({dl, : £ € {1,2},a < A}, Ga) includes Gy
(b) if £ € {1,2} then {a’, : o < \) is a sequence of pairwise distinct
commuting elements of Go of order 2
(¢) Gy is generated by U{a’, : a < \, £ € {1,2}}

(d) the elements ai((ll)), ai(é))

commute when a(1) # a(2).
Proof. y [Shee, 1.6=Lb24] Op
Definition 0.17. 1) Let Klfyﬂ be the class of pairs (G, G]) such that:

(a) Gi C Gf € Ky;

(b) G1,GT is of cardinality ), u respectively

2) Let (G1,GY) Sl)f,u (G2, GF) means:

(a) (Go,Gf) €KY for 0 =1,2

(b) G2 C Go

(c) GY €G3
3) Wesay (G,GT) € Kl)f . 18 ©-indecomposable when © is a set of regular cardinals
and for every § € ©, G is #-indecomposable inside G™.
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§ 1. AMALGAMATION BASES

We try to see if there are amalgamation bases (Kf\, <¢) and if they are dense
in a strong sense: determine for which regular x, the k-majority of M € K ’)f are
amalgamation bases.

Another problem is Limg = {()\, k): there is a medium limit model in K} }, see
[Shea]. This seems close to the existence of (A, k)-limit models, see [Shel5], [Shell]
and [Shel4]. In particular, can we get the following:

Question 1.1. If the set of M € K, which are an amalgamation base, is dense in
(K, ©), then in (K, C) there is a (A, Rg)-limit model.
We shall return to this in §(3C).

Convention 1.2. 1) ¢ = (K¢, <¢) is an a.e.c. but for simplicity we allow an empty
model, which is < than anybody else.
2) K = K¢, but we may write K instead of ¢ when not said otherwise.

Definition 1.3. 1) For M € K¢ and p > LST and ordinal £ we define an equiva-
lence relation Fyy,, . = ES/)IE = Eé\/[ = FE. by induction on ¢.
Case 1: e =0.

Eé‘/f is the set of pairs (@i, @s) such that: a;,as € > M have the same length and

realize the same quantifier free type, moreover, for u C fg(a;) we have M [(a1 [u) <
M < Ml(azlu) <¢ M.
Case 2: ¢ is a limit ordinal.

E. = ﬂ{EC (< 6}.
Case 3: e =(C+1. B B

alng@ iff for every ¢ e {1,2},a < pand by € *M there is bs_p € “M such
that (alAbl)EC(C_LQAbQ).
Definition 1.4. For y > LST} and ordinal € we define K . = K., K¢ ;. = K, - by

induction on e by (well the notation K. from here and Ky = {M € K : | M| = A}
are in conflict, but usually clear from the context):

(a) K. =K for ¢ = 0;

(b) for e a limit ordinal K. = N{K, : { <¢e};

(¢) for e = ¢+ 1, let K. be the class of M; € K¢ such that: if M; C
M, € K¢ a1 € "2 My, by € #2(M,) then for some by € #2M; we have
aAélEflaAéz.

Claim 1.5. For every e:

(a) for every My € Ky there is My € K. extending H;
(b) EM has < D.41(p) equivalence classes, hence in clause (a) we can® add
[Ma]] < [[Mi]| + Tea ()
(¢) My € K, . when K. has amalgamation and My C My, My € K. implies:
o if ( < e,a€ > (M),by € "> (My) then there is by € “® (M) such
that aABIEfgaABm

3We can improve the bound a little, e.g.if u = xt then J.41(x) suffices.
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(d) if I is a (< p)-directed partial order and My € K. is C-increasing with
s€l, then M =M, € K;

(e) if Hy C Hy are from K. then Hy <Leoo e (t) Ha;

(f) ife = p,pp=cf(p) ore = p*, and Hy C Hy are from K, ., then Hy <r, ,
H,.

Proof. We can prove this by induction on €. The details should be clear. Ois

Definition 1.6. 1) We say M, € K, is a y-amalgamation base when: x = (x1, x2)
and x¢ > || M|| and if My <¢ M, € K,, for £ = 1,2, then for some M3 € K; which
<g-extend M, both M; and M5 can be <g-embedded into M3 over M.

2) We may replace “x,” by “< x,” with obvious meaning (so x¢ > ||[Mol). If
X1 = X2 we may write x1 instead of (x1,x2)- If x1 = x2 = A we may write
“amalgamation base”.

3) We say K¢ has (¥, \, k)-amalgamation bases when the x-majority of M € K is
a Y-amalgamation base where:

3A) We say that the k-majority of M € K, satisfies ¢ when some F witnesses it,
which means:

(¥) (a) F is a function with? domain {M € Kg : M has universe an ordinal
€[ )‘+)}§
(b) if M € Dom(F) then M <; F(M) € Dom(F);
(c) if (M, : a < k) is increasing continuous, M, € Dom(F') and Ma,1o =
F(Msq41) for every a < k, then M, is a y-amalgamation base.

4) We say the pair (M, Mp) is an (x, , k)-amalgamation base (or amalgamation
pair) when: M <; My € Ky, |M| = &, || Mo| = p and if My <¢ M, € K<, for
¢ =1,2, then for some Ms, f1, fo we have My < M3 € K; and f; <g-embeds M,
into M3 over Mj.

5) Let AMg = AM; be the class of pairs (A, k) such that K has ((A\\), A, k)-
amalgamation bases.

Definition 1.7. 1) For € ¥, A,k as above and S C AT (or § € Ord but we use
S NAT) we say £ has (¥, A, k, S)-amalgamation bases when there is a function F
such that:

(x)r (a) F is a function with domain {M : M is a <-increasing continuous
sequence of members of K each with universe an ordinal € [\, AT)
and length ¢ 4+ 1 for some i € S};

(b) if M = (M, :i < j) € Dom(F) then:

(a) F(M) S Kg;
(8) Mj <¢ F(M);
(v) F(M) has universe an ordinal € [\, A*];

(c) if 6 = sup(SN6) < A* has cofinality & and M = (M; : i < §) is <
increasing continuous and for every j < x we have j € S = M;+1 =
F(M[(j+1)) hence M[(j+1) € Dom(F) then Mjs is a Y-amalgamation

base.

4We may use F with domain {M : M = (M; : i < j) is increasing, each M; € K has universe
an ordinal « € [A\,A1)}; see [Sheb].
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2) We say ¢ has weak (¥, A, k, S)-amalgamation bases when above we replace clause
(c) by:
(c) if (M; i < AT) is <e-increasing and j € SNAT = M1 = F(M|(j + 1))
then for some club E of AT we have § € F and cf(6) = k = M; is a
Y-amalgamation base.

3) We say € has (¥, A\, W, S)-amalgamation bases when W C A7 is stationary and
in part (2) we replace (in the end of (¢)’, “6 € FE and cf(d) =" by “6 € ENW?”.

Proof. Easy. 0119

Claim 1.8. 1) If A = k > LST¢ is a weakly compact cardinal and M € K,; 1, see
Definition 1.4 then M is a k-amalgamation base.

2) If k is compact cardinal and A = \<* and M € K1 has cardinality X, then M
is a (< 00)-amalgamation base; so € has (< 0o, A\, > k)-amalgamation bases.

3) In part (2), k has to satisfy only: if T is a set < X of sentences from Lygpe)+ x,
and every I' € [T]<* has a model, then T has a model.

Proof. Use the representation theorem for a.e.c. from [Shea, §1] which is quoted in
0.5 here and the definitions. g

Conclusion 1.9. If the pair (A, k) is as in 1.8, then € has (A, k)-amalgamation
bases; see 1.6(3).

Claim 1.10. If ¢, K are as in 0.5 and the universal class K, i.e. (K,C) have
(X, A\, k)-amalgamation and X > LST(E), then so does t.

Proof. Easy. Ui 10

A surprising result says that in some singular cardinals we have “many” amalga-
p g Y g y g
mation bases.

Claim 1.11. If u is a strong limit cardinal and cf(u) > LSTe is a measurable
cardinal (so p is measurable or p is singular but the former case is covered by
1.8(1)) then ¢ has (u,cf(p))-amalgamation bases.

Proof. By 1.10 without loss of generality € is a universal class K. Without loss of
generality p is a singular cardinal (otherwise the result follows by Claim 1.8). Let
k = cf(p), D a normal ultrafilter on x and let (u; : ¢ < k) be an increasing sequence
of cardinals with limit p such that pg > LSTe + k.

We choose u such that:

()1 (a) u=(ta:a<p)
(b) G = (Uq,i 11 < K);
(¢) Uq, € [a]* is C-increasing with i;

(d) o= U uin;
<K
(e) if a < B < pu', then u,,; C ag, for every i < k large enough

For transparency we allow =™ to be non-standard, i.e. just a congruence relation
on M.
We now choose functions F, G by:

(x)2 (a) dom(F)={M € K; : M has universe some « € [u, u")};
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(b) for o € [, u™) let M, = {M € K : M has universe o}

(c) for M € My, u C  let M[u] = MIsb(u, M) and let MU = Mu, ],
hence u C a = MJu] <¢ M; recall that sb(u, M) C M is well defined
and belongs to K because K is a universal class

(d) if M € dom(F') has universe o then M+ = F(M) satisfies:

() M CM* € My (equivalently M <¢ Mt € M, ))
(B) ifi < k and M[ua;) € N € K,,,, then exactly one of the follow-
ing occurs:
e there is an embedding of N into M over M [uq, ;]

e there is no M’ € K extending M and an embedding of N
into M’ over M

This is straightforward. It is enough to prove that F' witnesses that K has (u, k)-
amalgamation bases, i.e. using F((M; : i < j)) = F(M;).
For this it suffices:

(x)3 M*, M? can be amalgamated over M, (in K) when :
(a) (M; :i < k) is C-increasing continuous;
(b) M; € K, has universe o
(c) F(Majy1) = Maiyo;
(d) M, C M* € K, and M,, C M? e K,,.

We can find an increasing (not necessarily continuous) sequence (¢(i) : i < k) of
ordinals < & such that i < j < kK = Ua, (), C Uq,.,,; and 50 u; = uq
C-increasing.

Without loss of generality M!, M? has universe 8 = a,; + p.

Now,

<) )i 18

e(i

(%) let (uf : i < k) be C-increasing with union 8 such that:

1< Kk=u Cuj.
Notice that:

B it suffices to prove that: for every i < r, M[u}], M?[u}] can be C-embedded
into M, over M,[u;] (you can use its closure); say h! is a C-embedding of
M*[uf] into M,, over M[u;].
It suffices to prove H by taking ultra-products, i.e. let N; be (u™, M, M*, M*[u,|u;, h%),=1 2
and let D be a normal ultrafilter on x and “chase arrows” in [[ N;/D. It is possible
<K
to prove H by the choice of F' so we are done. 011
Claim 1.12. 1) Assume k > 0 > LSTy, 6 is a measurable cardinal and x is weakly
compact. then ¢ has (k,0)-amalgamation bases.
2) Assume k,0 are measurable cardinals > LSTy and p > k + 0 is strong limit
singular of cofinality k. Then € has (u,0)-amalgamation bases.
3) If k > 0 > LSTe, 0 is a measurable cardinal and {M € K% : M is a (x1,X2)-

amalgamation base} is <g-dense in Kt , then € has (x1, X2, K, 0)-amalgamation
bases.
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Proof. 1) As ¢ has (k, k)-amalgamation bases by 1.8(1) we can apply part (3) of
1.12 with (k, &, k, 0) here standing for (x1, x2, %, 0) there.

2) Similarly to part (1) using 1.11 instead of 1.8(1).

3) Similar to the proof of 1.11, that is, we replace B by Claim 1.13 and ()3 by:

(x)3 if M € K, then F(M) is a member of K¢ which is a y-amalgamation base
and M <¢ F(M).
Ui12

We finish the section with some comments; we actually proved:

Claim 1.13. Assume k is a measurable cardinal, M = (M; : i < k) is <g-increasing

(not necessarily continuous) and My, := |J M; is of cardinality < min{x1, x2} and
<K
each M; is a x-amalgamation base. Then M, is a X-amalgamation base.

Claim 1.14. 1) In 1.11, we can replace “(u,cf(p))—amalgamationbase”by“(p, cf(u), S)-
amalgamation base” for any unbounded subset S of S.

2) Similarly in 1.12.

Question 1.15. 1) What can AM, = {(\, ) : £ has (A, k)-amalgamation, A > LST}

be?

2) What is AM; for € = Kexe?

3) Suppose we replace k by stationary W C {6 < A" : cf(§) = k}. How much does

this matter?

Discussion 1.16. 1) May be helpful for analyzing AMk,, but also of self interest

is analyzing &y, ,[K] with k,n possibly infinite, see [Shel7, §4].
2) In fact for 1.15(3) we may consider Definition 1.17.

Definition 1.17. For a regular 6 and p > o fixing € let:

(A) Seqﬁva is in the class of N such that:
(a) N ={(N;:i< a)is <g-increasing continuous
) i#0= [N =p
(B) Seqiw ={n = (N'N?):N'c Squ,aJrl and 8 < o = Nj = Nj so let
NB = Nn,ﬁ = Né;
(C) we define the game O ,, for n € Seq}t’a;
(a) a play last a + 1 moves and is between AAM and AM;
(b) during a play a sequence ((M;, M/, f;) : i < ) is chosen such that:
() M; € K, is <g-increasing continuous;
(B) fiis a <g-embedding of Ny ; into M; and even M/;
() fiis increasing continuous for limit 4, fs = |J f; and fj is empty;
<9
(0) M; <y M ; < M;y and for i limit or zero M] = M;;
(¢) («) if i =0 in the i-th move first AM chooses My and
second AAM chooses fy = 0, M) = Mo;

(8) ifi = j+1, in the i-th move first AM chooses f;, M/ and second
AAM chooses M;;

(v) if 7 is a limit ordinal: M;, f;, M| are determined;
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(0) if i = a + 1, first AAM chooses N; € {N!, N2} and then this
continues as above;
(d) the player AMM wins when AM has no legal move;
(D) let Seqy be the set of A, p, 6 such that there is n satisfying:
(a) ne Seq}ha;
(b) Npgy1, N2 g o cannot be amalgamated over Ny g(= Nj 5, ¢ = 1);
(¢) in the game Oy, the player AM has a winning strategy.

Question 1.18. 1) What can be Seq, for ¢ an a.e.c. with LST, = 7
2) What is Seqg 7

Claim 1.19. Let S be the class of odd ordinals.
1) If € has (X, A\, k, S)-amalgamation then € has (X, \, k)-amalgamation.
2) If A\ = A<" then also the inverse holds.

Proof. Should be clear. 0119
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§ 2. DEFINABILITY

The notion of “a € My\M; is definable over M;” is clear for first order logic,
M; < M,. But in a class like K}y we may wonder. We can also consider the general
case of an a.e.c.,e, see 2.1, but we shall concentrate on If groups.

Claim 2.1. Below (i.e. in 2.3 - 2.6) we can replace Ky by:

() € is a a.e.c. and one of the following holds:
(a) ¢ is a universal, so k; = ¢[{M € K¢ : M is finitely good} determine €;

(b) like (a) but ¥y is closed under products;
(c) like (a), but in addition:
(o) Op = O, is an individual constant;
(8) if My, My € K, then N = My x My € Ky, ; moreover fo: My —
N is a <g, -embedding for £ = 1,2 where:
e fila1) = (a1, 0as,);
e fa(az) = (Onsy, a2).
Discussion 2.2. Can we in (c) define types as in 2.3 such that they behave suitably
(i.e. such that 2.5, 2.6 below works?) We need cf(A, M) to be well defined.

Definition 2.3. 1) For G C H € Kjs we let uniq(G,H) ={z € H: it HC H" €
Kir,y € HT and tp,,(y, G, H') = tpys(z, G, H) then y = z}.

1A) Above we let uniq, (G, H) = uniq} (G, H) = {z € “H: if H C H* € Ky, then
no yj € *(H™) realizes tp,4(Z,G, H) in H' and satisfies Rang(y) N Rang(z) C G}.
1B) Let uniq? (G, H) be defined as in (1A) but in the end “Rang(z) = Rang(y)”.
1C) Let uniq? (G, H) be defined as in (1A) but in the end “z = §”.

2) For G; C Gy C G3 € Kj; let uniq(Gl,Gg,Gg) = {37 € Gq: if G3 C G € Kyt then
for no y € G\G3 do we have tp,(y, G1,G) = tpps(z, G1, G2).

Question 2.4. 1) Given A, can we bound {|uniq(G, H)| : G C H € K¢ and |G| < A}
2) Can we use the definition to prove “no G € Klzflu is universal”?

To answer 2.4(1) we prove 2* is a bound and more; toward this:

Claim 2.5. If (A) then (B), where:

(A) (a) G € Kys for n < ny;n. may be any ordinal but the set {G, :n < n,}
is finite;
(b) hapn : I —= Gy for a < vi,n < ng;
(c) if s €I, then the set {(Gn,han(s)): a <. and n < n,} is finite;
(B) there is (H,a) such that:
(a) H € Ky;
(b) @ = (as: s € I) generates H;
(c) if soy...,8k—1 € I then
tpa ({as, 1 € < k), 0, H) = ﬂtpat(<ha7n(so), vy han(sk—1),0,Gr);

(d) the mapping bs — as for s € I, embeds H, into H when :
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(x) He € Gy, forn < n., L. C I, {bs: s € L) list the elements
of H, (or just a sequence of elements which generates it) and
a<YNANSELNAN<N,= han(s) =Dbs.

Proof. Note that:

()1 there are H and @ such that:
(a) H is a group;
(b) a={as:s€l);
(C) as € H;
(d) for any finite u C I and atomic formula ¢(Z},)) we have H |= p(ay,))
iff for every n < n. and a < v, we have G, = ¢[..., han(8),.. Jscu-

[Why? Let Go, = Gy, for a < v,,n < n, and let H' = II{Gqa,, 1 1 < Ny, a0 < 74}
and let as = (han(s) : (,n) € (Y4, n4)) for s € I and, of course, a = {as : s € I).]

(*)2 Without loss of generality a generates H.
[Why? Just read (x); and replace H by the subgroup of H generated by a.]

x)g If u C I is finite, then sb(ay,), H) is finite (and for 2.1 it belongs to K

[u]

[Why? By Clause (A)(c) of Claim 2.5; and for the generalization in 2.1 recalling
2.1(d) ]

(x)4 H € Kyt (i.e. (B)(a) holds).
[Why? By (%)2 + (*)3; for 2.1 use also 2.1(d).]

()5 Clause (B)(c) holds.
[Why? By (x)1(d).]

(¥)g Clause (B)(d) holds.
[Why? Follows from our choices.] Os 5

Claim 2.6. If Gy € KlgfA and Gy C Gy € Ky has cardinality < p = p* (e.g.
G1 C Gy € K, i =2*), then for some pair (Gs, X) we have:

S¥ (a) GQQGgGKg
(b) X C G3 has cardinality < 2*
(¢c) if ¢ € Gs, then exactly one of the following occurs:
() c € X and {b € G3 : tpy(b,G1,G3) = tpy(c,G1,G3)} is a
singleton and moreover this holds also in G4 whenever Gs C
G4 € Ky;
(B) there are ||Gs|| elements of G realizing tpps(a, G1,G3);
(d) ifa < AT, a € “(Gs) and p(Zj)) = tpas(a, G, G3), p’(f[a]) = tpys(a, G, G3),
then for some non-empty & C P (a) closed under the intersection of
2 to which « belongs we have:
(o) if @',a" € “(G3) realizes p(Ta)) then u = {f < a : (aj =
ag)} € Z;
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(8) ifu € P then we can find (a. : € < ||G3||) a A-system with heart

u (Ze [_151,51 = C_L62,52 ~ ((51361) = (52752)) \4 (61 = 62 S ’U,)),
each a. realizing p(T(o) and even p'(T(y))).

Remark 2.7. 1) Can we generalize the (weak) elimination of quantifiers in modules?
2) An alternative presentation is to try GL /&, where:

e & C {E : F is an equivalence relation on I such that I/F is finite} and
(& >) is directed;
e GLis GII{f: f + G and there is E € & such that sEt = f(s) = f(t)}.

3) For suitable (I, D, &) we have: if p is a set of < p basic formulas with parameters
from G; = GL /& we have: p is realized in Gy iff every p1,..., 00, ~p;i € D, @0
atomic is realized in Gj.

Proof. We can easily find G5 such that:

(*)1 (a) G, CGs € Kg;
(b) if G3 C H € Kyt,y < AT,a € "H and v = {a < 7 : a, € G3}, then
there are a® € 7(G3) for € < p such that:
(O‘) tpbs(aE7G1’G3) = tpbs(a’G17G3);
(B) ife,( < pand o, B < yand a, = ag then ((e,a) = ((,8))V(a =
BEUNAE =a, = al,).

‘We shall prove that
(¥)2 Gs is as required in @.

Obviously this suffices. Clearly clause @(a) holds and clauses &(b) + (¢) follows
from clause &(d).

[Why? Without loss of generality G; = KY, let (ag : B < A) list the elements
of Gi. For ¢ € G3 let a. = (ag : f < A)"(c) and applying clause (d) we get
P C P(A+1) as there. We finish letting X :={c € G3: A ¢ Z.}.]

Now let us prove clause ®(d), solet a < A", a € *(G3) and p(Z[o)) = tp,(a, G1, G3)
and p'(Z[q)) = tPps(a, G1,G3); without loss of generality @ is without repetitions
but this is not used.

Define:

(¥)3 &Z ={u C a: there are @',a"” € “(G3) realizing p(ZT[4)) such that u = (V3 <
a)(B € u=ajy = ap)}.
Now
(*)4 ae .
[Why? Let @’ = a” = a.]
()5 if u1,us € &, then ug Nug € .
[Why? Let ay,a; witness that uy € &, i.e. both ay,ay realize p(Z[,)) in G and
u={B<a:ayz;=ays}
Let I = I, + > I. be linear orders (so I.,I.(¢ < p) are pairwise disjoint),

e<p
where we chose the linear orders such that I. = o for ¢ < p and let s. g be the
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B-th member of I and I, has cardinality A and let (¢, : s € I,) list G3 such that
Cs(x) = €a, and s(x) € L.
We shall now apply 2.5, so let
(@) v=1l4+a+aand n, =1
(b) for e < p, v < ¥4 let (hy0(se,8) 1 B < a) be equal to:
e aif y=0;
e ajif ye{l+(:¢<eh
e afif ye[l+(:C€e,a)}
e ayif ye{ltat(ic<e)
eajif ye{l+a+(: (€l a)lh
(¢) hyo(s) =csfor s eI,y <
(d) Gs,Gs, 1,1, here stand for Go, H,, I, I, there.

We get (H,a*) as there, so by (B)(d) there essentially G3 C H and by (B)(c)
there the a*[I. realizes p(Z[4)); moreover, realizes p'(Z(y)); also (@*[I. : e < p) is a
A-system with heart u.

The rest should be clear; we do not need to extend G3 by (x);.] Oy 6
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§ 3. DENSITY OF BEING COMPLETE IN KIf

We prove here that for almost all cardinals A, the complete G € Ki"lf are dense
in (K§, ¢);

Discussion 3.1. 1) We would like to prove for as many cardinals p = X or at
least pairs u < A of cardinals that (VG € K}})(3H € K$)(G € H A H complete).
We necessarily have to assume A > p + N;. So far we have known it only for
A=pt p=pR (and A = Ry, u = Ry, see the introduction of [Shel7]). We would
like to prove it also for as many pairs of cardinals as we can and even for A = p.
2) Given G € K we shall find m consisting of:

e G = (G;:i<0), increasing continuous, Gay; € K%,

e for unboundedly many ¢ < 6, we make a step toward Gy being in Keys, by
realizing all suitably definable complet gf types on G;, formally p € Sg(G;)
in G;41 but not to lose control, we like to combine those types “nicely”, as
in [Shel7, §3]

e for unboundedly many i < 6, G; is f-indecomposable inside G 3.

e also G; <g Gy, see 3.2(3).

This will imply that any automorphism 7 of Gy maps G; onto G; for a club of ’s.
This replaces “if G, € K1<f , is C-increasing continuous for & < A" any automor-
phism 7 of G = |J{Gs : @ < A} maps Gs onto Gs for a club of § < A™” which
was used in earlier proofs. The present construction rely on §(0C) (so on [Shee],
[ShelT7]).

3) We shall use A = A(%R0): how does this help? We ask, given 7 € aut(Gy) whether
for every i < 6, on the centralizer C(G;, Gy) of G; in Gy, the automorphism is not
the identity.

The proof split, in the first case the answer is yes. Let ¢; € C(G;, Gy) witness
it. If we assume X\ = A{%R0) we may (without loss of generality the set of elements
of G5 be X), have an a priori list of A countable sets in which a countable subset
of {¢; : i < 0} necessarily appear; in fact, many as we can consider any {c; : ¢ €
v}, v € [0]?. To finish, we use on the one hand, Gy is “nicely” constructed over Gy
and on the other hand the ¢’s in m to be derived for a witness of Pr, (A, A\, A, Rg).

The second case is when the answer to the question is no, so for some i < 6 this
fails, then we shall prove that for every j, 7[G; is induced by an inner automorphism
(as G; a conjugate in C(G;, Gy)), so we need just no 6-branch is the natural tree.

In this section, in particular in 3.2(3) we rely on [Shel7].

Hypothesis 3.2. 1) A > 0 = cf(f) > X, but there is no u such that A = p* A p >
cf () = 0, this® exclude very few pairs.
2) K = Kj;.
3) & is a set of schemes (for Ky, see [Shel7, Def.0.9=Lal4], there are < 2% ones)
consisting of all of them or is just of cardinality < ), is dense and containing enough
of those mentioned in [Shel7, §2]

Also f(6) = 6, ie. 6 is closed, see [Shel7, 1.6=La21,1.8=La22] hence by
[Shel7] there is such countable &. Recall that G <g H means that G C H and for
every b € “> H for some a € “>G and s € c/(&) we have tp,,(b, G, H) = ¢s(a, G).

5We can exclude more but immaterial here.
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4) S = (S, S,83) is a partition of #\{0} to stationary subsets, such that S3 C
Sgo = {d < 0 :cf(d) = No} and for every ¢ € Sy there is j such that i € {j,j +
1,j+2} C Sy but j+3 ¢ Sy and w?|j; we may let Sy = {0} and Si™it = {i € S; : i
is a limit ordinal }.

Definition 3.3. Let M; = Mi 0.5

be the class of objects m which consists of:
(a) G; = Gm,; for i < 6 is increasing continuous, Gy is the trivial group with
universe {0}, G; € K<) has universe {fa : @ < |G1|}, and for i € (0 +
1)\{0,1} the group G; € K, has universe {#a+j:a < Xand j < 1+i}
and so eg, = 0;
(b) if ¢ < 0, then we have:
() e sequences b; = (b; s : s € I,),a; = (a; 5 : 5 € J;);
e cach a; , is a finite sequence from Gj;
e cach b; 5 is a finite sequence from Gj1;
e [; is a linear order of cardinality A with a first element;
e J; is a set or linear order of cardinality < A;
e if i =0then J; C \,I; C X\ and (l_)l-ys = (b s) : s € I;) lists the
members of G possibly with repetitions and a@; s = ();
o if {g(@;s) = 1 then let @; s = (a;,s) and similarly for the b; ¢-s;
e (I; : i < ) are pairwise disjoint, and so are the I; , when defined,
also s € I; = s € X for transparency. Similarly concerning
(J; 11 <6)
(B) Giy1 is generated by U{b; . : s € I} UGy;
(V) @imin(s;) = €G3
(0) ¢ : [L)2 = X
(c) [toward being in Keyy] if ¢ € S1, then J; = I; and we also have (s; s : s € I;)

such that:

(o) 8,5 € G;

(B8) tPbs(biys, Gis Git1) = gs, . (@i,5, Gi) 50 £g(bis) = n(8i5) and Lg(ais) =
k(ﬁi,8)5

(’)/) if sg <r --- <I; Sn—-1 then tpbs(Bi,soA Ce ABi,sn,lyGiy Gi+1) is gotten
from (8; 50, @i s), - - - s (Si,s, 15 Gi,s,_,) Dy one of the following two ways:

Option 1: we use the linear order I; on X\ so tqu@i,s,Gi,s,Gi,t) is
equal to ¢s, (@i, Gis) where G s is the subgroup of G4, generated
by G; U {b; 4 :t <y, s}, see [Shel7, §(1C),1.28=La58];
but® we choose:
Option 2: intersect the atomic types over all orders on {ayg,...,a,—1}
each gotten as in Option 1, so I; can be a set of cardinality A, see
[Shel7, §3]; so clause (b)(7) is the only use of "I is a linear order”.

(0) c; is constantly zero;

(d) [toward indecomposability] if ¢ € Sy then:
(o) J; CXand J; = U{Jia : @ < A} disjoint union
(8) (i, : @ < ) is a partition of I; C X;

6Option 1 is useful in some generalizations to K¢ not closed under products.
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Gy is generated by G; U {b; s : s € I;}

C (Iiaci7Gi+17Gi7<bi,s A Ii>,<ai75 .S € Ji>a<Ii,a La < /\>7<Ji,a :
a < A)) is like (I,¢,Ga,G1, (bs,ces 58 € I),{as 1 s € J),(Ii g :a <
A)s (Jia t 0 < A)) in 0.15(2)

(n) assume i € {j,j + 1,5+ 2} C S5y,
e, if i = j then we apply 0.16, i.e. 0.15(2), with for transparency
I, J; T\ I; = {20,200+ 1 : a € J;}, and ¢; being zero except for the
pairs (2a,2a + 1) for a € J;
o, if £ € {1,2} and i = j + £ then we apply 0.15(1) and J; = J; and
Aj o0 = bﬁ,a

(e) [against external automorphism] for i € Sz the triple (barj, I;, J;) satisfies

(recalling ¢ € S5 = cf(i) = Ng):
() ji = (jin : n < w) is increasing with limit
(B) Ii = (I .o : a < ) is a partition of I;; for s € I; let a;(s) be the o < A
such that s € I, , and let ¢; o = ci[[Iiya]Q;
() (Ji,a : @ < A) is a partition of J; and J; o = {way : £ < w}
(0) @iware € Gy, ,,, commutes with G, , and if £ # 0 then it has order 2,
and ¢ G, , and a; ,q = eg,; moreover:
e for some infinite v C w\{0} we” have £ € W\v = aiwate =
egi,Z €V = Gjwatel € C(Gj[i’woé+z]7 Gj[i,wa+£]+1)7 where:
o jli,wa+£) € [fi, jiet1);
(€) if s,t € I; o then [b; s, bi¢] = G c g5,y and ci{s,t} € {wa+L: L <w};
Q) if s,t € I; and a;(s) # ;(t) then [b; s, bi ] = eq,
(n) b;,s commutes with G;.

Convention 3.4. If the identity of m is not clear, we may write G ;, etc., but if
it is clear from the context we may not add it.

Definition 3.5. 1) We shall say that s = (\,0,1,.J,5,7,¢) is a legal parameter
when it is as in Def 3.3, ignoring the G, a; s, l_)m—s; but we usually omit A, § as they
are clear from the context.

2) We say s is a short parameter when we replace ¢ by ¢ : [\]> — \. the c;
and c; . are the restrictions of c to the suitable sets, except that when the value is
7illegal” i.e. not in the required set it is corrected to be zero; illegal values are when
for 5,7y € I; the value is not in J; o U {0} or as demanded in 3.3(d)(¢), 3.7(d)(0)
and 3.3(e)(0).
2A) We shall say that the legal parameter s is derived from the short parameter
when they are as above; we may not pedantically distinguish between them.

3) We say that m € M satisfies the legal/short parameter s when it satisfies s.
4) We shall say that the legal parameter s is 6-indecomposable whenfor every j €
SLimit the function cj; : [[;]* — J; is f-indecomposable.

7An alternative is v = w\{0}, @iwate € C(Gj; ;5 Gy, 441 )- In this case in 3.7(e) (¢) we naturally
have cc € C(Gj,, Gis+1) and ¢op = 1,41 = 2,.... But then we have to be more careful in 3.10, e.g.
in 3.10(1) if we assume, e.g. X\ = A9 and 0 > Ry all is O.K. (recalling we have guessing clubs
on Sgo)' However, using scg, see ([Shel7, 2.17=Lc50]), the present is enough here.
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Claim 3.6. 1) If s is a legal parameter and Gy is a group of cardinality |Js 1|
thenthere is m € My which satisfies this parameter.
2) If s is a short parameter then there is a unique legal parameter derived form it.

Definition 3.7. 1) Let My = Mi p.g be the set of m € M, satisfying the following
additions to Definition 3.3:

(c) (e) if s € &,i e Sy,ae ™) (G;) and k = k(s), then for A elements s € I;
we have (s; 5,a:,5) = (5,a);

(d) (0) if {j,j+1,j+2} C Sy then
o) if i = j then {a; : @ € J;} generates G;1+1 and of course a; o, =

(i)

oy if £ € {1,2} and i = j + ¢ then ¢, if #-indecomposable.

(e) (Q) if (i. : € < ) is increasing continuous and i < 6 and ¢, € C(G;_,Gi_+1)
has order 2 and for transparency c. ¢ G;_ then for some
(i,a,v,€9,01,...,€0,€1,...) wWe have:

o1 i <f0,a < Xandv Cw\{0} is infinite;

0 o<1 <...<Band 1<y <l <.

o3 i =U{e,:n <wl;

oy ji,wa—&-én < ian < ji,97a+€n+1 and Om,i,wa+tl, = Ceps

1A) Let My 5 = M9 5 be the set of m € M; as it satisfies (c) of part (1).

2) Let My = M‘i 0.5 be the class of m € M, such that in addition:

(f) there is a short parameter s of m such that c is a witness of Pro(A, A\, A, No);
see Definition 3.8(1) below.

3) M3 = M3 , - means m € M, satisfies

(f)" there is a legal parameter s of m such that (c,I? I?) is a witness of
Pr. (), A, Rg, R, 0); see Definition 3.8(2) below; where I* = (I, : i € Sy).

4) Let My 5 = Mi‘z g be the class of m € M 5 such that in addition:

(f) as in part (2).
The following definition 3.8(1) of Pry is just a sufficient condition for what we need

to get many cardinals. Then 3.8(2) give a replacement of Pry which is sufficient for
our purposes, not the best we can get.
Definition 3.8. Assume \ > 1 > o + 6 + 01, 0 = (0o, 6,); if 6y = 0; we may write
0o instead of .
1) Let Pro(A, 1, o,0) mean that there is ¢ : [A\]> — ¢ witnessing it which means:
(%)c if (a) then (b) where:
(@) (@) for © = 0,1 and o < A we have (" = { ai < i <i), a
sequence without repetitions of ordinals < A
(B) 10 < bo,i1 < b5
(v) h:igxip — o
(b) for some ap < a3 < p we have:
e if igp < ip and i1 < iy then C{Cgo,iovcl } = h(io,il).

a1,
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1A) We define Pry (A, p, 0, 0) similalry except that in clause (a)(v) we demand that
the function h is constant.

2) Let Pr.(\, u,0,0,60) mean that 6 = cf(6),\ > p,0,0,0 and some pair (c, W)
witness it, which means (if A = p we may omit A, if 0 = @ A A = p then we can
omit o, \):

(a) Wy = (Wf i< p)forf=1,2and W, W is a sequence of pairwise disjoint
subsets of A; but we may replace p but a set of cardinality p, even using
two different such sets.

(b) c:[N? — o;

(¢) ifi € Wy and € € u. € [\]<? for e € W; and y < ¢ then for some ¢ < { < \
we have:

(@) & ¢ uc, (¢ ue;
(B) efe. ¢} =
(7) if & € uc\ue and & € u\u¢ and {&1, &2} # {e,(} then c{&1, &} = 0;
(0) optional (ue,u¢) is a A-system pair (see proof);
(d) if (% : ¢ < 0) is C-increasing with union W; where ¢ € W then for some

¢ < 6 we have Rang(c|[%:]?) = o.

3) We will say that the legal parameter s witness Pr. (X, p, 0,8, 60) when (¢, 1;, J;)

witness it, (so I; = (Is; : 4 € S3) and J; = (I, : i € S3)).

Fact 3.9. 1) If A = u = o is successor of regular and 07 = 67 < A then the
property Pro(A, p, 0,0, 6) holds

2) There is a -indecomposable colouring ¢ : [A]?> — 6

3) If (X, 0 are as in Hyp 3.2(1) and) u = A\,0" < \,0 = Ry then we can find a legal
parameter s such that for every i € Sy \ SLi™it the function c; is f#-indecomposable,
but do we have some freedom left for ¢ € Sy7..

4) If (A, 0 are as in Hyp 3.2(1) and) u = \, 0" < \,0 = Xy then we can find a legal
parameter s which witness P Pr, (A, A\, Ro, R, 0)

Proof. 1) By [Shed] and see history there.
2) Follows from part (1),
3) If part (1) apply then this follows, using a short parameter using such colouring.
Otherwise Choose s as in 3.6(1) such that for every non limit ¢ € S, the function
c; is a f-indecomposable function from [I;]* onto J;, this is possible by part (1) or
directly by part (3).
4) By the recent version of [Shee], we can get more.

Us.g

Claim 3.10. 1) Assume 6 = cf(6) € (Rg, A), A = AOR0) op just X = MORo) | see
Definition 0.10 recalling (see 3.2). If G € K<y, then there is m € Mi,e,S such
that Gm1 = G.

1A) If in part (1), in addition Pro(A, A\, A, Rg) or just Pro(A, A, R, Rg) then we can
add m € Miﬂﬁ
1B) If in part (1) , in addition Pr.(\, A, Vg, Ng, 8) then we can add m € Mi,e.é‘"
(but here this always holds).

2) If X > 2% then in part (1) we can strengthen Definition 3.7 adding in clause
(e)(g)e1, o2 that v = w\{0} hence by =1,(1 =2,....

3) In part (2), if in addition Pro(X, A, Ro,Ro) then we can add m € M55 5.



Paper Sh:1098, version 2020-02-17_4. See https://shelah.logic.at/papers/1098/ for possible updates.

LF GROUPS, AEC AMALGAMATION, FEW AUTOMORPHISMS SH1098 23

4) If X\ > p:= 1, (or just u strong limit) then for every large enough regular 6 < p,
the assumption of part (1) holds.
5) If above = Xy < X\ = \?, then the assumption of part (1) holds.

Proof. 1) We us Claim 3.9(2),(3) still we have freedom in choosing the j-s the j-s.,
see below; then we shall choose m € My accordingly.
Case 1: A = XX see §(0C).

Let 2 be a subset of [A\]X of cardinality A witnessing A = A% 5o

(¥)1 if u € [A]? then [u]® N2 £ 0.

Without loss of generality v € & = otp(v) = w.
Hence

(¥)2 if @ € Y\ is increasing then Sp = {6 < 6 : cf(§) = Ry and for some increasing
£ € “§ with limit 6 we have {e,, : n < w} € P} is stationary
(%)3 there is a stationary Sz C {§ < 6 : cf(d) = Vg is stationary.

[Why? If 6 > Ry trivially, if not increasing & by decreasing using a pairing func-
tion.]
Now use 3.9(2)
Case 2: \ = \{Ro)
Now we choose G; and if i < 6 also a;, b; as required; but anyhow we are
concentrating on the case A > 280, and then the two cases are equivalent.
1A) Similarly using 3.9(1)
1B) Similalry using 3.9(4)
2) Should be similar.
3) Straightforward.
4) By [She00] or see [She06, §1].
5) Check the definitions and 0.16. 0310

Note that 3.11)(2),(3) is not used here but will help later,
Claim 3.11. Let m € M;.
1) Ifi < j<0 andi¢ Si™ then G <o Gm,j, see 3.2(3).
2) For every finite A C Gm g there is a sequence @ = (u; : i € v) such that:
(x)L fori€ S,
(a) v C 0 is finite and 0 € v for notational simplicity;
(b) u; C I; is finite® for i € v;
(c) if i € v, then tpy((bis : s € ui),Gi, Gy) does not split over U{a;s :
JjEVNi and s € u;};
(d) ifi € S and s € u; then a; s C sb({l_r’S rjevni, s €u;t,Gy);
(e) ifi € SoUS3 and s,t € u; then G;cqss C sb({bjs : j € vNi,s €
uj}’ Gi);
(f) if AC Gm,; and i € (0,0) then v Ci;
(¥)2 A is included in sb({b; s : i € v,s € u;}, Gy).

3) We have i = (u} Uu? : i € v) satisfies (x)1, i.e. (x)L from part (2) holds when :

8Note that in 3.11(2) we allow “u; is empty”.
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@ (a) ag=(ubf:icv) forlt=1,2;
(b) we have (%)L, for £ =1,2;

(c) ifi € v, 81 € u\u? and sy € u?\u} then c;{s1,s2} = 0.

SA) If vi C vo,u? = (u; : i € vo), it = w?lvy and i € va\v1 = u; = () then
(Fg & (Hga- .
4) The type tpy (b5, : s € ul,l € {1,2}),Gy,Git1) does not split over {b5, : j €

vNi,s€uf,le{1,2}}U{aja} when:

(a) e = <u§ 1J Ev);
(), holds for £ =1,2;
)

Proof. 1) By part (2) recalling the assumptions on &.

2) By induction on min{j < 6 : A C G ;}. Note that for A C G; clause (x)%(c) is
trivial.

3),4) Easy, too. Os 11

Main Claim 3.12. Ifm € My, then Gm,g € K$U is complete and is (), 0, &)-full,
(see [Shel7, 1.15=La33]) and extend Gm 1.

Proof. Being in Kl\f is obvious as well as extending Gm,1; being (A, 6, &)-full is
witnessed by (Gm,; : ¢ < 0),51 being unbounded in 6 and clauses 3.3(c), 3.7(c)(e)
so far m € M 5 is sufficient.

The main point is proving G ¢ is complete, so assume 7 is an automorphism
of Gmyg.

Now

(¥); if i € Simit thenG; is f-indecomposable in G 3.

[Why? By 3.7(d)(9) .]

So (m(Gm,i) 1@ < 8) is <k,-increasing with union Gm ¢ hence by (*); above,
if i € S6[limit], is a limit ordinal then (V*°j < )(Gm,; € 7(Gm,;)). The parallel
statement holds for 7! hence E is a club of 6 where F = {i < 6 : i is a limit
ordinal, hence i = sup(S1 N#) and 7 maps Gm,; onto G ; }; note that by 3.7(c)(e)
and the middle demand, i € F = G; € Keys.

Next we define:

(x)2 S*istheset of i € ENSy such that 7 is not the identity on C(Gm,i; Gm,itw)-

The proof now split to two cases. Case 1: S*® is unbounded in 6

So for i € S*® choose ¢; € C(Gm,i; Gm,i+w) such that 7(¢;) # ¢;. Without
loss of generality c¢; has order 2, because the set of elements of order 2 from
C(Gm,i; Gm,i+w) generates it, see [Shel7, 4.1=Ld36,4.10=Ld93]. Choose (i =
i(e) : € < 0) increasing, i. € S® andso asi.+w <i.y1 € Eclearly m(c.) € G j(e+1)-
Now we apply 3.7(e), 3.8(1) and get contradiction by 3.11(4) recalling 3.7(2)(h) and
3.3(e); but we elaborate.
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Now shall we apply 3.7(1)(e), (indirectly 3.10(1), 0.10). So there are (i, «, v, £o, {1, . ..,€0,€1,---)
as there, in particular i € S3 and here v = w\{0}. Now for every s € I; , we apply
3.11(2), getting us = (us, : ¢ € vs) and let £5 be such that vs C j; wate,, Without
loss of generality i € vs,s € us,;.
Now consider the statement:

(%)3 there are sy # sq € I; , and k such that:
(a) c{s1,82} = li;
(b) b > ls,, lsy;
(c) if t1 € UW{us, . 1 ¢ € vy \i}, b2 € Wug,, : ¢ € vy, \i} and {t1,t2} #
{s1,52} then c{ti,t2} = 0;
or for later proofs:
() (@) if t1 € ug, ;\Us,,; and to € ug, ;\us, ; and
[ ] {tl,tz} 75 {81,82} then C{tl,tg} = O, or just
o 1,1y € Ii,a = C{t17t2} < gk;

o i1, € Iip, B < N8 # a then J; upicit to) < Jiwate(k)
(We use ji,wa-‘r@ € (j;:[ajz[+1) - CheCk);
(B) ifteviNugand ¢ >i,(0 € 83),8 < Aand t1 € v, ,,t2 € Vs,
then c{t1,t2} = 0.

Now why is (*)3 true? This is by the choice of ¢, that is, as ¢ witnesses Pro(, A, A\, Rp)
Now to get a contradiction we would like to prove:

(*)a the type tp((m(bs,), 7(bs,)); Gm.i» Gm,e) does not split over G j, .\, U
{¢i(e,) } hence over G, 5(2,) U {cic(r)) }-

It follows from (x)4 that tp((bs,,bs,), ™ H(Gm,i), ™ (Gm,e)) does not split over
T NG i) U {m H(ci(e))}). But i(eg),i € E have it follows that (G, ;) =
Gm,i and W_l(Gi(Ek) = Gij(e,)) has tp((bs,,bs,), Gm,i, Gm,e) does not split over
Gi(ep) UL (eie)) }-

Now [bs,,bs,] = 7 ([bs,,bs,]) = T (ci(e,)) which is # ¢c,). But as ¢, €
C(Gm,i(er)s Gm o) clearly also ﬂ_l(ci(ek)) belongs to it, hence it follows that W‘l(ci(sk)) €
sb({ci() }; Go), but as ¢,y has order two, the latter belongs to {c;.,),eq, }-

However W’l(ci(ek)) too has order 2 hence is equal to ¢, ); applying 7 we get
Ci(e) = T(Ci(e,)) @ contradiction to the choice of the ¢;’s.

Case 2: i, =sup(S°®)+1is < 0.

Now for any ¢ € S’ := ENS1\ix by [Shel7, 2.18=Lc62] there is g; € Gm,i+1 such
that 0% (Gm.i) € C(Gm;; Gm.it1)- So if a € G then g; 'ag; € C(Gp i, Gmiis1)
and a = g;(g; "ag;)g; " hence 7(a) = m(gi)m(g; ‘agi)m(g; ') = 7(9:)(9; ‘agi)m(gi) !
recalling i ¢ S® being > i, hence 7(a) = (g;7(g;) ™) tagin(g; ). If for some g the
set {i € S': g; = g} is unbounded in # we are easily done, so toward contradiction
assume this fails.

But for every ¢ € acc(FE) N S1\ix, we can by 3.11(1) choose a finite a; C G5 and
55 € G such that tpyy(m(gs)g; ', Gs, Go) = gs;(as, Gs) and let i(6) € ENJ be such
that as C Gi(é)-

Clearly:

® ifdl,dz c G(S,dg # 7T(d1) then tpbs(<d1,d2>,a5,G5) 7£ tpbs(<d1,7r(d1)>,&5,G5).
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[Why? Because 7(d;) = 7(gs)g; "d1gim(g5)~" and the choice of as.]

Hence for some group term o, (Zy444,)) We have m(dq) = afj (dy1,as) and oq4,
depends only on tpy(di, as, Gs). By Fodor Lemma for some i(x) the set S = {0 :
0 € acc(F) N S1\ix and i(d) = i(x)} is a stationary subset of 6.

Now we can finish easily, e.g. as G for § € S belongs to Keyir and we know that
it can be extended to a complete G’ € Ky or just see that all the definitions in
® agree and should be one conjugation. Os.12

Conclusion 3.13. 1) Assume A > 3, and G € K, and 0 = cf(0) € (Ny,2y) is
large enough and & is as in 3.2(3). -

Then there is a complete (\,0,8)-full H € KU extending G.
2) Instead X > 3, we can assume A\ = AN > Ry,

Proof. 1) Fixing A and § and it suffices to find m € M3 , such that Gm1 = G. As
A > 3, the assumption of 3.10(1) holds for every sufficiently large 6 < J,; hence
there is m € M? such that G, 1 is isomorphic to G and S as there.

20,8
As X is a successor of a regular, the assumption of 3.10(1A) holds (by 3.8(1)
hence m € Mi 9.5+ S0 by 3.12 we indeed are done. Os.13

Remark 3.14. The assumption “A > 3,7 comes from quoting 3.10(2) hence it is
“hard” for A < 3, to fail. Similarly below.

Of course we have:

Observation 3.15. If m € My 5 then Gm is (A, 0,6)-full and extends Gmo.
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