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N,-FREE COGENERATORS

MANFRED DUGAS, DANIEL HERDEN, AND SAHARON SHELAH

ABSTRACT. We prove in ZFC that an abelian group C' is cotorsion if and only
if Ext(F,C) = 0 for every Ry-free group F', and discuss some consequences and
related results. This short note includes a condensed overview of the \-Black
Box for Ng-free constructions in ZFC.
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1. INTRODUCTION

In the theory of abelian groups, locally free groups and their properties have
been the subject of extensive research. In particular, for any given uncountable
cardinal x, we will call a group G k-free if every subgroup H C G of cardinality
|H| < k is free. One of the earliest and easiest examples [1, 17] of a non-free R;-free
group is the Baer-Specker group Z“, the cartesian product of countably infinitely
many copies of the integers Z, and the cartesian product Z* is R;-free for any
cardinal A\. Apart from that, explicit examples of non-free k-free groups are fairly
difficult to come by and require either some elaborate use of infinite combinatorics
or of specific models of set theory. For instance, it is known that every Whitehead
group is Ny-free [18], but the question whether non-free Whitehead groups exist
is undecidable and depends on the chosen model of set theory [2, 14]. In Gddel’s
Universe V=L, non-free k-free groups exist for all uncountable cardinals x, and
k-free groups with prescribed properties are traditionally constructed with help of
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the Jensen diamond principle {. Similarly, assuming only ZFC, the construction
of Nj-free groups with various additional properties is possible utilizing Shelah’s
Black Box. See [3, 9] for some standard literature on these constructions.

In contrast to this, hardly anything has been known about the existence of k-free
groups in ZFC for k > N;. Some first sporadic examples of non-free Ny-free groups
for integers k > 2 can be found in [10, 13], however, the breakthrough in construct-
ing Ny-free groups with prescribed additional properties is more recent. In [6, 15],
Ng-free groups with trivial dual were constructed, and [5] provides a construction
for Ny-free groups with prescribed endomorphism rings. Similar constructions of
N-free groups and modules for k > 2 can be found in [4, 7, 11, 12] and are based on
the M\-Black Box as a guiding combinatorial principle. For cardinals £ > R,,, the sit-
uation concerning k-free groups becomes considerably more complicated. In [16],
a construction for N, .x-free groups with trivial dual is provided for all integers
k > 1, while the nonexistence of X, ..,-free groups with trivial dual is shown to be
consistent with ZFC.

In this note we want to investigate the relation between k-free groups and cotor-
sion groups, where we call a group C' cotorsion if Ext(F,C) = 0 for all torsion-free
groups F. If § and € denote the classes of torsion-free groups and cotorsion groups,
respectively, then

¢ =3+ ={G|Ext(F,G) =0 for all F € §}

and
F=1¢={G|Ext(G,C) =0forall C € ¢}

holds, i.e., the pair of classes (&, €) defines a cotorsion theory. It should be noted
that a group C is cotorsion if and only if Ext(Q,C) = 0 for the additive group of
rationals Q. This is to say that Q is a cogenerator of the cotorsion theory (F, €).
More generally, we call a class § C § a cogenerating family provided that any
group C is cotorsion if and only if Ext(F,C) = 0 for all F' € §’. Therefore, (F, €)
is cogenerated by the singleton {Q}. Determining other cogenerating families for
(8, €) has been of interest and we note in particular the following classical result [8].

Theorem 1. For any group C the following statements are equivalent.

(i) C is cotorsion.
(ii) Ext(Z*,C) =0 for some cardinal X with \¥0 = 2* > |C|.

In particular, with Ag = |C| and A;41 = 2%, the cardinal A = |J,_,,
the property AN = 2* > |C|, and the class of R;-free groups is a cogenerating
family for (§,€). In this note we would like to add the class of Ny-free groups
(k > 1) as yet another cogenerating family, thus providing additional evidence that
in ZFC the class of Ni-free groups is large and of a rich structure.

\; satisfies

Theorem 2 (ZFC). Let k > 1 be some integer. Then the following statements are
equivalent for any group C.

(i) C is cotorsion.
(ii) Ext(F,C) =0 for all N-free groups F'.

Notably, given any group C' that fails to be cotorsion, we will construct an Ng-free
group F¢ with Ext(Fe, C) # 0. To this end, Section 2 provides an easy criterion for
cotorsionness, while Section 3 reviews the A-Black Box. The final construction of F¢
is presented in Section 4, while Section 5 provides an Nj-free analog of Theorem 1.
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It should be noted that the given argument easily adapts to other combinatorial
principles, like the Jensen diamond <», and we make a passing mention of the
corresponding result.

Corollary 3 (V=L). Let k be some uncountable cardinal. Then the following
statements are equivalent for any group C.

(i) C is cotorsion.
(ii) Ext(F,C) =0 for all k-free groups F.
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2. A CHARACTERIZATION OF COTORSION GROUPS

The following criterion distinguishes between cotorsion groups and such groups
that fail to be cotorsion in ways that can be interpreted combinatorially. This will
provide us later on with a useful foothold for applying the A-Black Box.

Theorem 4. For any group C the following statements are equivalent.

(i) Ext(Q,C) #0.
(ii) There exist elements ¢, € C (n € Z=%) such that the infinite system of
linear equations
Tp =M+ 1)zp41 +cn
is not solvable in C.

Proof. For (i) implies (ii), let us consider some group C with Ext(Q, C') # 0. Thus,
there exists some short exact sequence

0 C G —-Q 0
which fails to split. As usual, we will interpret C' as a subgroup of G. For n > 0
choose some g, € G with ¢(g,) = &. Then ¢(g,) = @((n + 1)gn11), and there

exist ¢, € C' = Ker ¢ with
gn = (n+ 1)gn+1 + cn.
We claim that the corresponding infinite system of equations
LTy = (n + 1)zn+1 +¢n
has no solution in C'. Towards a contradiction let us for the moment assume the
existence of such a solution (z,, | n € Z=%) with x,, € C C G. Then g, — x, € G
with ©(gn — 2n) = ©(gn) = % and
n — Tn = (n + 1)(gn+1 - xn-&-l)'
Thus, 1/)(%) ‘= gp — &p, defines a homomorphism ¢ : Q — G with ¢ o1 =idg, and
the short exact sequence splits, contradicting our choice.
For (ii) implies (i), let ¢, € C (n € Z=°) be a set of elements such that the
corresponding system of equations
Tn =M+ 1Dzps1 +cn
is not solvable in C. For a set of free generators y,, (n € Z=°), we define the groups
U= (o= (n+1)yns1—cn | n>0)CC&EPZyn

n>0
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and

V= (yn—(n+Dynt1|n>0)C @Zyn.
n>0

It is readily observed that C' embeds into G := (C’ ®P,~o Zyn) /U canonically via
¢+ ¢+ U. Furthermore, H := (EBnZO Zyn)/V >~ Q, and the canonical projection
e C’@@Zyn — @Zyn

n>0 n>0

induces a homomorphism 7 : G — H with 7(y, + U) =y, + V and 7(c + U) = 0.
Using the fact that every element of G can be represented in the form (c+ zy,,) +U
for suitable ¢ € C, z € Z, and m > 0, we can check Ker7 = C. Summarizing, we
have the short exact sequence

0 C G H~2Q —— 0,

and we claim that this exact sequence does not split. Towards a contradiction let
us for the moment assume the existence of a splitting homomorphism ¢ : H — G
with 7 o1 = idg. We then have

(Yn +U) —Y(yn + V) € Kerw = C,
and with z,, = (yn + U) — ¥(yn, + V) € C holds
=M+ D21 = (Yn— 0+ Dypt1 +U) =¥ (yn — (0 + Dypi1 + V)
= (¢ +U)=9(0+V)=c,+U
in G. From this we infer x,, = (n+1)x,4+1+¢, in C C G, contradicting (ii). Hence,
the aforementioned exact sequence does not split, and Ext(Q, C) # 0 follows.

3. THE A-BLAack Box

We recall the basics of the A-Black Box, keeping this exposition rather short with
the intention of providing a fast and simple reference for future X-free constructions
in ZFC. The proofs of Lemma 9 and Theorem 12 can be skipped for faster access.
The reader may consult [6, 11, 12] for further details and any left out proofs.

3.1. A and A,. Throughout this section, we will employ some standard notations
from set theory. In particular, we will identify 0 = @, n = {0,...,n — 1} for
every positive integer n, and « = {8 | 8 < a} for every ordinal . Let w =
{0,1,2,...} denote the first infinite ordinal. Ordinals will be assigned letters «, 3,
while cardinals will be assigned letters &, A.

Notation 5. Let “\ denote the set of all functions T : w — A, while “TX is the
subset of “ X consisting of all strictly increasing functions 1 : w — A, namely
“IX={n:w— X|nim) <n(n) for all m < n}.

Similarly, “> X denotes the set of all functions o : n — X\ with n < w, while “T>\
is the subset of “” X consisting of all strictly increasing functions n : n — X with
n<w.

For some integer k > 1, let A = (\1,...,Ax) be a finite increasing sequence of
infinite cardinals with the following properties:

(i) Ao =\,
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(i) A\priq = A for all 1 <m < k.

In particular, the sequence A = (Ji,...,0;) is an example and constitutes the
smallest possible choice for A.
We associate with A two sets A and A,. Let

A=2Th x ... x“T\.

For the second set we replace the m-th (and only the m-th) coordinate “T),, by
wT> ., thus let

A =T X x 9N x ... x“TA for 1 <m < kand A, = U Ao
1<m<k

The elements of A, A, will be written as sequences 7 = (11,...,n) with 7, €
@I\, or n, € “T>\,,, respectively. With each member of 7 € A we associate
some elements of A, which result from restricting the length of one of the entries
Dm € “TA of 7.

Definition 6. If 7= (m,...,mk) € A and 1 <m < k,n < w, then let 11{m,n) be
the following element of A C A,

_ _m if m#FILSE,

We associate with 7 its support
M ={m1{m,n) [1<1<m<kn<w}
which is a countable subset of A,.

3.2. The modules. Let R be a commutative ring with 1 and let S C R\ {0} be a
countable multiplicatively closed subset. We introduce the following basic concepts.

Definition 7.

(a) An R-module M is S-torsion-free if sm = 0 for s € S, m € M implies
m = 0.

(b) An R-module M is S-reduced if [\,cg sM = 0.

(¢) The ring R is an S-ring if R as an R-module is S-torsion-free and S-reduced.

(d) Let M be an R-module. A submodule N C M is S-pure if NN sM = sN
for all s €S. We write N C, M.

(e) Let M be an S-torsion-free R-module, and let T be a subset of M. Then
(T, will denote the smallest S-pure submodule of M containing T.

In the following, R will always denote an S-ring. Furthermore, we enumerate
S = {si | i < w} and put ¢, = [[,_, s:; thus, o = 1 and ¢o41 = @ns,. The
S-topology on R, generated by the basis sR (s € S) of neighbourhoods of 0, is
Hausdorff and we can consider the S-completion R of R. Note R C, ﬁ, and see [9]
for further basic facts on R.

Remark 8. The case R = Z presents us with two canonical options for S.

(i) For any prime p, the choice S = {p'|i € ZZ°} gives the p-adic topology.
(ii) The choice S = Z>° gives the Z-adic topology.
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The choice of R-modules is the most flexible part of the A\-Black Box and very
much depends on the respective goals of the final construction. Here we will present
only one simple generic example to discuss some of the more common features of
A-Black Box constructions. In particular, it should be noted that the following
general statement will be responsible for N -freeness of the constructed R-modules,
where Pin(T) denotes the set of all finite subsets of a given set T

Lemma 9 ([11, Proposition 3.5]). Let F : A — P (A,) be any function, 1 < f <k
and Q a subset of A of cardinality Ny_1 with a family of sets uz C {1,...,k}
satisfying | uzm | > f for allT € Q. Then we can find an enumeration (T | oo < Ny_1)
of Q, Ly € uge and ng <w (a < Vy_1) such that

7% 1(la,n) & {0” 1(La,n) \5<0}UU{F(ﬁﬁ)|3§a} for all n > ng,.

Proof. The proof follows by induction on f. We begin with f = 1, so || = ;.
Let Q = {7® | @ < w} be any enumeration without repetitions. From 1 = f < |ug|
follows u; # 0 and we choose any ¢, € um~ for @ < w. If & # f < w, then
7% # 7” and there is nns € w such that 7%1(ly,n) # 7° 1(le,n) for all n > nys.
Since U{F(7®) | B < a} is finite, we may enlarge n,g, if necessary, such that
71 {la,n) ¢ U{F(7P) | B < a} for all n > nag. If n, = maxg<, nag, then

7 1{la,n) & {0° 1(la,n) | B<a}UU{F(ﬁB) | B < a}l for all n > ng,.

Hence the case f = 1 is settled. For the induction step, we let f/ = f + 1 and
assume that the lemma holds for f.

Let || = Ry and choose an Ry-filtration Q = U5<Nf Qs with Qy = 0 and
Q541 \ Qs = N1 (6 < Nf). The next crucial idea comes from [15]: We can
also assume that the chain {Q5 | 6 < Xy} is closed, meaning that for any § < Ry,
7,7 € Qs and 77 €  with

{m |1 <m <k} CA{vm, v, v |V € FO)UF@'),1 <m <k}

m>

follows 7 € Q. Thus, if 77 € Q541 \ 25, then the set
ur={1 < <k|[3n<w,v € Qs such that 71(¢,n) =V 1{{,n) or 71{{,n) € F(V)}

is empty or a singleton. Otherwise there are n,n’ < w and distinet 1 < £,¢ < k
with 71(¢,n) € {71{{,n)} U F(®) and 71(¢',n'y € {7/ 1{¢',n’)} U F(V') for certain
U,V € Qs. Hence
M | 1 <m <k} C{vm, v,V |V e FO)UF@'),1 <m <k},

and the closure property implies the contradiction 77 € Q5.

If § < Wy, then let Ds = Q541 \ Q5 with | Ds| = Xy, and u% = uﬁ\u% must
have size > f’ —1 = f. Thus, the induction hypothesis applies to {u; [ 7} € Ds} for
each § < Ry and we find an enumeration (7°* | a < R;_;) of Ds as in the lemma.

Finally, putting for § < Xy all these enumerations together with the standard in-
duced ordering, we find an enumeration (7% | a < Ny) of ) satisfying the lemma. 4

The sets uz in Lemma 9 are merely auxiliary for the induction proof and one
may rather want to focus oneself on the following simplified statement.
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Theorem 10. For any function F : A — P (A,), and any subset of Q of A of
cardinality || < Ry, we can find an enumeration (T | o < |Q]) of Q, and elements
1<ty <k andng <w (a < ||) such that

“Nlasn) & {77 1{lasn) | B < a} U|J{F@) | B < a} for all n > n,.

Remark 11. In other words, every element 1% of this enumeration picks up some
new element from A, in its support [*] which has not been associated with any of
the previous elements 7j° (B8 < ). This will be the core of the support argument in
the proof of Theorem 12.

We continue with a description of the most common setup for Ng-free construc-
tions in ZFC. We start with the R-module

B= Q}Re7
veA,

freely generated by {ez | 7 € A.} over the S-ring R. The S-topology of R naturally
extends to the S-topology of B generated by the basis sB (s € S) of neighborhoods
of 0. Let

Eg Hﬁey

vEA.

denote the S-completion of B. Thus every element b € B can be written canonically
asasum b= ZUGA* byer with coefficients b € R, and

[b] = {7 € A [ by # 0}

will denote the support of b. We have B C, E, and we intend to construct an
Ni-free module

BC,MC, B

by adding suitable elements y% €B (me A) to B.
For 7 € A and i < w, we call

o] k
- Z qn( Z %(mm))
U

the branch element associated with 77. In particular let

n=0

In addition, given a function F' : A — Pﬁn(A*) we choose elements by, € B for
7€ A and n < w with [bz,] C F(77). Then we introduce branch-like elements yr,;
by adding some corrections to our branch-elements yz;, namely

o k
y%i:Z(Z< Z ) ym+Zq”
n=i m=1

n=t

In particular, we have

k 0o
Yy = ynO Z qn <bﬁ Z en1(m,n>> =Yn + Z qnbﬁn
n=0 n=0

m=1
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Note [y5] = [7] and [y7] € F(77) U [7]. Our module of interest is now given by
M = (B,y; | €A). C, B.

Note the following helpful recursions
k

k
(1) ymi = siymit1 + Z enimiy and Yo = 8y g + by + Z €71 (mi)-
m=1 m=1
As a consequence we have the identity
M = (B,yz | n € M) = (B,yg; | N € Ayi <w).
The central theorem of this section is now the following statement about Ny -freeness.
Theorem 12. Let M be the R-module
M = (B,y |T€Ai<w)=(B,ys|7€A). C, B.

Then any subset T of M with |T| < Wy is contained in a free submodule N C M.
Proof. With M = (B,yg, | 1 € A,i < w), every element g € M can be written as
an R-linear combination of finitely many branch-like elements y%i and of finitely
many generators ey (m,n) of B. In particular, collecting all y’m and ez 1 (m,n) needed

for representing the elements g € T', there exists a subset Q of A of size | < Vi
such that T is a subset of the submodule

Mg = (€51 (mn)s € Y | T € QT € F(7),1 <m < k,n <w) C M.
To complete the proof, we will show that Mg, is a free R-module.
With Theorem 10 we write
Mgq = (€50 1 (mon)» €0 Yo, | @ < |Q, 7 € F(7*), 1 <m < kyn < w)
for a list (7% | @ < |Q) of Q for which there exist 1 < ¢, < k and n, < w with

(2) T 1{lasn) & {17 1(lasn) | B < a} U J{F@) | B < a}
for all n > n,. Let
Mo = (&5 1(mm)» €75 Ymin | ¥ <, 7 € F(77),1 <m < k,n < w)
for any o < |2]. With (1), we have
Moy1 = Mo+ (eqo (mm)s €7 Ygon | 7 € F([%),1 <m < kyn < w)
= M.+ <y/ﬁ”n | n = na) + (eqe (eamy | 7 < 1a)
+ (em, eqa 1 (mny | 7€ F(M"), 1 <m < kym # Lo,n < w).
Hence, any element in M,41 can be represented as a sum of the form

g+ Z TnYpon + Z Treme 1 (6an) T Z ryey + Z Z Torn €79 1 (m,n) >

n>ne n<neg veF (M) n<w 1§;§;
m «

where g € M, and all coefficients r,,r/,,r5, 7/ are from R. Moreover, identify-

ing ey (v € F(n*)) with one of the eza {(m n)s Whenever possible and merging all
eme 1(m,n), ez € M, into g, we may slightly simplify this sum.

Assume now that the above sum is zero. Condition (2) implies that ega s, n)
contributes in this sum only to the branch part ygme, of y%an, for n, < n’ < n.
Applying this to the yr.,,s, starting with the smallest appearing n, we have 77, =0
for all n > n,. Moreover, the remaining summands g, ez {(m,n), and ey trivially
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have disjoint supports. Thus, also all the coefficients r,,, 77,7/, ., and consequently

also g must be zero. This shows that M, = M, & Gabelsa Rb for

Ba = {Ygeieqo ((ta)s €7 1mm) - €7 |
iZ”omj <n0¢71 Smg kvm#za?n<w?ﬁ€ F(ﬁa)}\MON
and Mq = EBQ<\Q| Dies, b is a free R-module. o

Remark 13. It should be noted that the statements of Lemma 9, Theorem 10 and
Theorem 12 hold for any choice of infinite cardinals A1,...,A\p. The additional
properties of X required in Section 3.1 are irrelevant for the Wj-freeness and are
only needed to obtain the added prediction feature. This will be our next stop!

3.3. The prediction. No black box would be complete without some prediction
principle, and it is noteworthy that the prediction of any black box can be traced
back to the following simple general statement.

Theorem 14 (The Easy Black Box). Let A be an infinite cardinal and let C' be
a set of size |C| < 2*. Then there exists some family (¢, | 1 € “TA) of functions
o : w — C such that the following holds.

PREDICTION PRINCIPLE: Given any map ¢ : “T>\ — C and any ordinal o € )\,
there exists some 1 € “TX such that n(0) = a and ¢,(n) = p(nn) for alln < w.

In particular, the A-Black Box for A = (\,...,\) basically constitutes the
result of stacking k Easy Black Boxes on top of each other.

Theorem 15 (The M\-Black Box). For A = (\1,...,\x) a sequence of cardinals as
in Section 3.1, let C = (C4,...,C) be a sequence with |Cyy| < Ay (1 < m < k),
and let C = U, <,,<x Cm- Then there exists some family (pn | 7 € A) of functions
¢+ [1] = C such that the following holds.

PREDICTION PRINCIPLE: Given any map ¢ : A, — C with A, C Cy, for all

1 < m <k, and given any ordinal o € X, there exists some 71 € A such that
Nk(0) = o and @5 C .

4. THE PROOF OF THEOREM 2

For the proof of Theorem 2, (i) obviously implies (ii) as all Ny-free groups are
torsion-free. Thus, we only need to verify the converse statement. To that effect,
we will start with a group C that fails to be cotorsion, and we must provide an
Ng-free group Fo with Ext(Fe, C) # 0.

As C fails to be cotorsion, with Theorem 4, we choose elements ¢,, € C' (n < w)
such that the infinite system of linear equations

(3) Tn =M+ 1Dzp1 +cn
is not solvable in C'. For an infinite cardinal x > |C|, let
A = kY > |C] and A1 = 2N
Then A = (\y,. o i) satisfies the properties of Section 3.1, and we will use the
prediction of the A-Black Box for the choice Cy,, = C' (1 < m < k), cf. Theorem 15.

In particular, there exists some family (p5 | 7 € A) of functions ¢y : [77] — C such
that the following prediction principle holds.
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(4) Given any map ¢ : A, — C, there exists some 77 € A such that ¢z C ¢.

We next want to construct two groups Fo and G¢. To start with, let

B= @Zeg

vEA,

be the group freely generated by {ez | 7 € A.}. Let Z and B denote the Z-
adic completions of Z and B, respectively. Every element b € B can be written

canonically as a sum b = ZUE/\* brew with coefficients by € Z, and
b = {7 € A, | by # 0}

will denote the support of b. For 77 € A and i < w, we call

) ! k
Ymi = Z % ( Z evﬂ(m,n))
m=1

n=t¢

the branch element associated with 7. In particular, let

0o k
%:%O:Zn!< €n1<m,n>>-
m=1

n=0

Note again the recursion

k
(5) Y = (i + Dymiv1 + Z €71 (m.i)-
m=1

These formulas are identical to those in Section 3.2 for the choice S = Z>° and
s; =1+ 1. We now define

Fo=(Byymi |T€Ai<w)=(B,ys|T€A). C. B.
Lemma 16. The group Fe is Ng-free.

Proof. Let H C F¢ be a subgroup of cardinality |H| < Xj. Then, with Theorem 12,
H is contained in a free subgroup of F and therefore free itself.

We start our construction of the group G¢ with a little auxiliary gimmick to
overcome C not embedding into its Z-adic completion 5, as [\,ez>0 nC # 0 may
quite be possible. Let C“ =[], _,, Ce, denote the cartesian product of countably
infinitely many copies of C'. Every element g € C“ can be written canonically as
asum g =y gne, with coefficients g, € C, and [¢g] = {n < w | g, # 0} will
denote the support of g. We define the groups

e}
[g] is finite with Z gn = 0} cev

n=0

Cg, = {geC"*’

and
C=0v/Cy..

Note that C' canonically embeds into C via ¢ — ceq + C¥, = ce,, + C¥,.
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The group G¢ will be constructed as a subgroup of B @ C and will incorporate
our A-Black Box predictions ¢z (7 € A) and the preselected elements ¢, € C
(n<w). Forje A and i <w, let

) | k R o
Zmi = Ymi + <Z % (Cn — Z wn(nﬂm,n)))en + C§n> CBaC.

n=t =1

Again we have a recursion

k k
(6) 2 = (i+1)zgir + Z €71 (m,iy T+ <<Cz - Z ‘%(771<m»2'>)>6i + C?fn)

m=1 =1
We now define
Goe=(BaC,z |[MENi<w)CBaC.
Let 7 : B @& C — B denote the canonical projection. Then 7(ey) = e5 for all
7 e A, and 7(2zg;) =y for all 7 € A,i < w, thus 7(Ge) = Fe.

Lemma 17. We have Goc NKerm = C.

Proof. Every element g € G¢ can be written as a linear combination of some
element from B & C with finitely many elements zz;. With (6) we can limit this
representation to one element zy; for each 7 € A. Thus, we can write

N

g="b+(ceo+C,) + Y nazgese,

a=0
where b € B, c € C, N € Z=2°, and n® € Z, i® € Z=° for all 0 < a < N with
distinct 7% € A. Let us assume 7(g) = 0.

Applying Theorem 10 for the function F : A — Pin(A,) with F(7) = [b]
constant for 7 € A,, we may assume that every element 7% of the enumeration
M* | 0 < a < N) picks up some new element from A, in its support [77%] which
has not been associated with b or any of the previous elements 7° (8 < «). Thus,
m(g) = 0 implies no = 0 for all 0 < o < N, and g = b+ (cep + Cg,,). Hence,
m(g) =b=0 implies g =ceg + Cg, € C.

The following lemma completes the proof of Theorem 2.
Lemma 18. We have Ext(F¢,C) # 0.

Proof. With Lemma 17, we have the short exact sequence

0 C GC ul FC 07

and we claim that this exact sequence does not split. Towards a contradiction let
us for the moment assume the existence of a splitting homomorphism ¢ : Fo — G¢
with m o1 =idp,. Then in G¢ holds

er —YP(er) € Ge NKerr =C

for all 7 € A, and we define the function ¢ : A, — C by ¢(7) = ey — ¥(er).
With (4), we can choose some 7 € A such that ¢z C ¢, thus

e@1(m,n)) = en(m1(m,n))
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forall 1 <m <k and n < w. In G¢ holds

Zin — Y(Ysn) € Goe NKerm = C,
and we set ,, 1= Zg, — Y(Ymn) € C for n < w. With (5) and (6) we then have
—(n4+Dzpi1 = (270 — (0 + Dzgnsr) = ¥ (yn — (0 + Dygngr)

k k
m=1

=1

k
(e71(mmy — Y(exi(mmy)) (( - > ol )en + Cﬁn)

1

k_

m=1

Il
M- &

m=1

[
™=

3
Il

[
W

(71 (m,m)en + CEL) + ((

—

m=

— (et 32 (ol ) - ol <m7n>>))en + i

= cpen +CR,

in G¢. From this we infer x,, = (n+1)z, 11 +¢, in C C C C G, contradicting (3).
Hence, the aforementioned exact sequence does not split, and Ext(F¢o,C) # 0 fol-
lows.

5. FINAL REMARK

In Section 4, given any group C which fails to be cotorsion, we chose cardinals
M =Mo> 0] and Ay =2

and used the A-Black Box for X = (A1,...,\x) to construct an Ny-free group Fgo
with Ext(Fg, C) # 0. It should be noted that B C Fo C B with |B| = A =g
and |B| = |B|Y = A° = Ag. Thus we have |Fc| = \g, and we actually can prove
an even stronger statement as a natural extension of Theorem 1 to Ng-free groups.

Lemma 19 (ZFC). Let X = (\1,...,\) for k > 2 be a finite sequence of infinite
cardinals with

M =AY and A =2M.
Then there exists an Ny-free group F' of cardinality |F| = A\, such that for any group
C of cardinality |C| < A1 the following statements are equivalent.

(i) C is cotorsion.
(ii) Ext(F,C) =

Proof. Again, (i) obviously implies (ii) as all Rg-free groups are torsion-free. Thus,
we only need to verify the converse statement. To that effect, we must provide a
suitable group F' such that Ext(F, C) # 0 for every group C' of cardinality |C| < A;
which fails to be cotorsion.

For this purpose define the family D of groups to contain one isomorphic copy
of every group C' of cardinality |C| < A; which fails to be cotorsion. Note that

D] < AP =2M = .
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‘We now define

F =D Fo,

DED
which is an Rg-free group of cardinality |F| = Ay Ay = A\g. If now C' is any group of
cardinality |C| < A; which fails to be cotorsion, then we can find some C = C’ € D,
and

Ext(F,C) = Ext (@ Fp,C) = [] Ext(Fp,C) #0
DeD DeD
as Ext(Fer,C) 2 Ext(For,C') #0. g
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