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ANNOTATED CONTENT
80 Introduction

[In addition to presenting the results and history, we gave some
basic definitions and notation.|

81 Exact upper bound

[We define some variants of least upper bound (lub, eub) in
(A)0rd, <p) for D a filter on A*. We consider < p-increasing se-
quence indexed by ordinals ¢ or indexed by sufficiently directed par-
tial orders I, of members of A7) Ord or of members of (A)Ord/D
(and cases in the middle). We give sufficient conditions for existence
involving large cofinality (of § or I) and some amount of choice.
Mostly we look at what the ZFC proof gives without choice. Note
in particular 1.8, which assumes only DC' (ZF is not mentioned of
course), the filter is X;-complete and cofinality of § large and we find
an eub only after extending the filter.]

82 hpp

[We look at various ways to measure the size of theset [[ f(a)/D,
like supremum length of < p-increasing sequence in [] }?c?) (called
ehppp), or in [[ f(a)/D (called hppp), or we ce&fﬁemand them
to be cofinal (gaeet?i*ng epp or pp); when we let D vary on I' we write

ehppr ete. So existence of <p —eub give downward results on pp.]
83 Nice family of filters

[In this paper we can say little on products of countably many;
we can say something when we deal with Ni-complete filters. So as
in [Sh-g], V, we deal with family F of filters on A* which is nice.
Hence suitable ranks from function f from A* to ordinal and filter
D € FE are well defined (i.e. the values are ordinals not infinity).
The basic properties of those ranks are done here.

We then define some measures for the size of [] f(a)/D (i.e.

acA*
Tw, Ts, T), looking at subsets of [] f(a)orof [] f(a)/D which
a€A* agA*

are pairwise Zp. In conclusion 3.12 we, under reasonable assump-
tion, prove that some such measures and sup{rks(f) : D € E} are
equal. In 3.14 we have a parallel of 1.8: sufficient condition for the
existence of eub when we allow to increase the filter. We end defining
normal filters and a generalization.

The basic point is that for every f € (A)Ord (if F is nice) for
some D € E we have rk3,(f) < rk%(f) and in this case the rank
determine f/D, and order on rank the order among such f; so we

can represent [[ f*(a)/D as the union of < |FE| well ordered sets.]
acA*
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84 Investigating strong limit singular

[We deal with ®4 g, which means that we can regard RN« as
a substitute of the family of regulars (not just individually) i.e. we
can find (e(7) : ¢ < &), (i) is an unbounded subset of ¢ of order type
which belongs to R. We give the basic properties in 4.2, then move
up from p to rk% (1) with appropriate choice of R. With this we have
a parallel of Galvin-Hajnal theorem (4.5). Here comes the main
theorem (4.6) assuming DC, u singular of uncountable cofinality
(and E a set of filters on cf(u) which is nice), if p = |H(p)| (kind
of strong limit) then set theory “behave nicely” up to 2#: 2* is an
aleph, there is no measurable < 2* and p* is regular.

We end defining some natural ideals in this context of ®, r.]

85 The successor of a singular of uncountable cofinality

[Here we prove our second main theorem: if (A\; : i < k) is
increasing continuous (E a nice family of filters on x) then for at most
one A, for stationarily many ¢ < k, the cardinal )\;r has cofinality \.]

86 Nice F exists

[The theorems so far have as a major assumption the existence
of a nice E. Using inner models we show that as in the situation
with choice, if there is no nice E then the universe is similar enough
to some inner model to answer our questions on the exponentiation
and cofinality.]

0 Introduction

Originally T disliked choiceless set theory but ([Sh 176]) discovering (the first
modern asymmetry of measure/category: a difference in consistency strength
and)

[ZF + DC]|
if there is a set of Wy reals then there is a Lebesgue non-measurable set

I have softened. Recently Gitik suggested to me to generalize the pcf theory
to the set theory without choice, or more exactly with limited choice. E.g.: is
there a restriction on (cf(X,) : n < w)? By Gitik [Gi] ZF+ “every aleph has
cofinality Ny” is consistent.

It is known that if ZF 4+ DC + AD then there is a very specific pattern of
cofinality, but we have no flexibility. So we do not know e.g. if

“ZF 4+ DC + (V6)[cf(0) < No] + (VB < a)(Ng41 is regular)”

is consistent for &« = 1, or a = 2 etc. The general question is what are the
restrictions on the cofinality function.
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Apter repeated the question above and told me of Apter and Magidor [ApMg]
in which the consistency of ZF + DCyx_ + [H(Ry)| = Ny, + “Ny 11 is measurable”
was proved (for an earlier weaker result see Kafkoulis [Kf ]) and was quite
confident that a parallel theorem can be similarly proved for X, .

My feeling was that while the inner model theory and the descriptive set
theory are not destroyed by dropping AC, modern combinatorial set theory
says essentially nothing in this case, and it will be nice to have such a theory.

Our results may form a modest step in this direction. The main result is
stated in the abstract.

Theorem 0.1 (ZF + DC) If p is singular of uncountable cofinality and is
strong limit in the sense that H(p) has cardinality p then p* is regular and
non measurable.

Note that this work stress the difference between “bounds for cardinal arith-
metic for singulars with uncountable cofinality” and the same for countable
cofinality.

Another theorem (see section 5) says

Theorem 0.2 OB If (u; : ¢ < K) is an increasing continuous sequence of alephs
> K, then for at most one A, {i : cf(u]) = A} is a stationary subset of r (see
3.17 (3)).

We were motivated by a parallel question in ZFC, asked by Magidor and
to which we do not know the answer: can X, be strong limit and for ¢ € {1, 2}
there is a stationary set Sy C w; such that [] N5+2/J§d has true cofinality

§eS,
Nwl +5?
It was known that “there are two successive singulars” has large consistency
strength.

We do not succeed to solve Woodin’s problem (show consistency of “ZF +
DC,,+ every aleph has cardinality R or N;”), and Specker’s problem (show con-
sistency of “ZF+ every P(k) is the union of countably many sets of cardinality
< k”). For me the real problems are:

(a) (ZF) Is there an aleph s (i.e. suitable definition) such that DC) implies
that the class of regular alephs is unbounded?

(b) For which k < A, does DC,, implies X is regular?

(c) (ZF)Is there x such that DC,, implies that for every u for a class of alephs
A, the set P(A) is not the union of < p sets each of cardinality A and
cf(\) >k ?

We try to assume only standard knowledge in set theory but we start by
discussing what part of pef theory survives (see [Sh-g] and history there) so
knowledge of it will be helpful; in particular section 6 imitates [Sh-g, V, §1]
so it also uses a theorem of Dodd and Jensen [DJ]. On set theory without full
choice see [J1], on cardinal arithmetic and its history [Sh-g]. Lately Apter and
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Magidor got consistency results complementary to ours and we intend to return
to the problems here in [Sh 589, §5].

Definition 0.3 A cardinality is called an aleph if there is an ordinal with that
cardinality, or just the cardinality of a set which can be well ordered and then it
1s identified with the least ordinal of that cardinality.

Notation 0.4 «,f,7,€,(, &, 1, j are ordinals; é a limit ordinal; A, u, &, x, 6, o are
cardinals (not necessarily alephs),

Reg is the class of regular alephs (see Definition 1.1(7)),

D a filter on the set Dom(D),

A =) mod D means Dom(D)\ A € D,

Dt ={A: ACDom(D), and A # () mod D},

D+ A={X CDom(D): X U Dom(D)\ A) € D}.

For a filter D, p = min{x : there is no function A : Dom(D) — & such
that for every i < x we have h=1(i) # () mod D}.

Z,J denote ideals on the set Dom(Z), Dom(.J) respectively; definitions given
for filters D apply also to the dual ideal {Dom(D)\ A: A€ D} but T+ A =
{BCDom(Z): B\ AecTI}

I, J are directed partial orders or just index sets.

A cone of a partial order I is a subset of the form {a € I : I = a¢ < a} for
some ag € I.

For a set A let (A) be

sup{a : a is an ordinal and there is a function from A onto « or « is finite}.

Note that if |A| is an aleph then 8(A) = |A|T. Also 6(A) is an aleph. If
g : A — 0 has unbounded range then cf(§) < 6(A) (and |Rang(y)| is an aleph
< 0(A)) see Definition 1.1(7).

Let 0~ (A) be

min{a : @ an ordinal and there is no one to one function from « into A};

clearly 6~ (A*) is an aleph and 0~ (A) < 0(A).

For a directed partial order I, J. Ibd is the ideal of bounded subsets of I and
DY is the dual filter (usually I is a regular aleph).

If f,g: A* — Ord and D is a filter on A* then

f<pg means {a€A*: f(a)<g(a)}eD,

similarly for other relations (< p,=p, #p). Note: <p is a quasi order (as maybe
fo <p fr <p fo, fo # f1) but <(A*)Ord/D,<D> is a partial order and #p is
not the negation of =p.

Definition 0.5 Let |A| <* |B| mean that there is a function from B onto A
(so |A| < |B| = |A| <* |B| but not necessarily the converse). (Note: for well
ordered sets <, <* are equal, in fact “B is well ordered” is enough.)
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1. ACx p is the aziom of choice for every family {A; : t € I} of sets, |Ay| <
we, where i = (u, : t € I), I a set of cardinality < X\. If p, = p for
all t € I then we write ACx . We may write ACt ,, AC| z instead,
similarly below.

2. If in part (1), I is a well ordering (e.g. an ordinal) then DCr is the
dependent choice version.

DCy  is DCrp where (Vt € I)py, = p.

3. Let ACx mean YpuACy ,; and ACox = (Ypu < X) AC,; and ACx <p,
ACxp, ACcxn <p, ACxp, ACcxp, ACcx <, have the natural mean-

mgs.

4. DCy meansVpu DCy p, and DCeq, DCy <y, DCceq p and DCcq <y have
the natural meanings. DC' is DCly,.

1 Exact upper bound

Definition 1.1

1. A partial order I is (< N)-directed (or (< A)-directed) if for every A C I
of cardinality < X (of cardinality < \) there is an upper bound. If A = 2
we omit it. Note that 2-directed is equivalent to (< Ng)-directed.

2. We say that J is cofinal in I if J C I and (Vs € I)(3t € J)[IF s <t].

3. Lis endless if (Vs e I)(Fte [l EFs <t

4. We say X > cf(I) if there is a cofinal J C I of cardinality < X and
A =cf(I) if X is the smallest such X i.e. (YA1)(A > cf(I) = A1 > A) (it
does not necessarily exist, but is unique by the Cantor-Bernstein theorem,).

5. Let F be a set of functions from A* to ordinals, D a filter on A*. We say
g:A* = Ord is a <p —eub (exact upper bound) of F if:

(1) feF=f<py
(il) Ifh:A* = Ord, h < max{g, 1}
then for some f € F we have h <p max{f,1} (where f* = max{f,1}

means [* is a function, Dom(f*) = Dom(f) and for every x €
Dom(f*) we have f*(x) = max{f(x),1}).

6. Let I be (< X)*-directed if in (1) we ask |A|<*\. We define similarly
“f*(I) < X7, and also “I is (< )"~ directed”, “cf*(I) < X7, “f*(I) =
A7 (e.g. cf*(I) = X means (VA1)[A1 > cf*(Z) = X <* Aq]), so actually
we should say cf™(I) = XN/=* where A\i=*X2 iff A1 <* Ag <* Ay, Instead
A< N)* -7 we may write “(<* X)-".
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7. The ordinal 6 is regular if § = cf(0) where

cf(a) = min{otp(A) : A C « is unbounded}.

Clearly if I is well ordered then cf(I) is a regular ordinal, and a regular
ordinal is a cardinal.

8. We say A is unbounded in I if A C I and for not € I\ A do we have
(Vs e A)(s <rt).

9. cf_(I) < X if there is an unbounded A C I, |A| < X; similarly cf* (I) < A,
of* (I) = A.

10. hef (1) < X (the hereditary cf _(I) is < X) if for every J C 1, cf_(J) < \;
stmilarly het* (I) < A, hef* (I) = A.

Definition 1.2 Let I be a (< Ng)-directed (equivalently a directed) partial order
(often I will be a limit ordinal § with its standard order, then we write just ¢ ).

1. F = (F, : t € I) is <p-increasing (or <p-increasing) if:
(a) |J Fy CPo(P)Ord and Fy # 0,

tel

(b) if fo € Fy,, (fore < 2) and ty <; t1 then fo/D < f1/D (or fo/D <

fr/D).

2. F/D is smooth (or F is D-smooth) if:
(a) |J Fy, CPo(P)Ord and Fy # 0,

tel

(c) fi,f2 € Fr = fi/D = f2/D.
3. Let F = (Fy : t € I), we say F /D is semi-smooth (or F is semi-D-smooth)

if:

(a) |J Fy CPo(P)Ord and Fy # 0,

tel

(o) if Il 4o <ty <te<ts” and f; € Fy, forl < 4 then

{a € Dom(D): fi(a) < fo(a)} < {a € Dom(D): fo(a) < fs(a)} mod D,

4. F is almost D-smooth (or F/D is almost smooth) is defined similarly but
()" if I =to <t1 and fo, f'y € Fy,, and fi1, f'1 € Fy, then

{a € Dom(D) : fo(a) < fi(a)} = {a € Dom(D) : f'y(a) < f';(a)} mod D,

5. f c Dom(D

)Ord is a lub (least upper bound) of F/D (or <p —lub of F) if:

(a) fe UFi=[f<py,

tel

(b) if ¢ € Pom(P)Ord satisfies (a) too then g <p ¢'.
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6. g € Po(P)Ord is the eub of F/D (or <p —eub of F) if

(¢ fe UF, = f<pg,
tel

(b) if f* <p max{g,1a+}, then f* <p max{f, 1a«}; note that if for some
g € F we have g #p 04~ then this is equivalent to: if f* <p g then

@f e JR)UT <p 1)
tel

(note: if =(g #p O0a+) this holds vacuously).

Observation 1.3 1. We have cf(0) =0, cf(a+ 1) = 1. For a limit ordinal
0, cf(d) = cf*(9) is reqular and infinite; each regular ordinal is an aleph.
For a linear order I, cf*(I) < X\ iff I is not (< \)*-directed. For a limit
ordinal § we have: cf(6) <* |A| iff cf(0) < 8(A).

2. If F is <p-increasing then it is semi-D-smooth.
3. If F is <p-increasing then it is almost D-smooth.

4. If I is a partial order, |I| an aleph, then there is J C I, linearly and well
ordered by <j with no upper bound in I\ J.

5. We are assuming that each Fy is a set; if we consider classes, intersect
them with H(x) for x large enough.

6. IfY = (Yo :a<6) isa sequence of subsets of A and a < B < & implies
Y, C Y3 and cf(6) > 0(A) then Y is eventually constant i.e.

(Fa<o)(VB)(a<B<I—=Yz=Y,)

7. If F = (F, : a < 6) is <p-increasing, A* = Dom(D) and 0(P(A*)/D) <

cf(0), then we can define, in a uniform way, from F a club C of 6 and
Y/D € P(A*)/D such that:

(a) F | C is <piy-increasing,
(b) fi,f2 € UCFt = f1 =pt+@a"\Yy) fo-
te

8. If (Fy : a < 0) is <p-increasing, f is a <p —lub of |J Fau

a<d
then {a € A*: f(a) a limit ordinal} € D.

REMARK: Not O(P(A*)) > 6(P(A*)/D) as |P(A*)|* > |P(A*)/D|.

PROOF: (1)—(6), (8) Check.
(7) For a < 8 < 6 let

ELs;={Y/D: YCA*and: Y =0 mod DorY € D"
and for some f; € F, and fo € Fg we have fi <pty fa}
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Eg,B:{Y/D: YCA*Y =0 mod D or Y € DT
and for every fi € F, fo € Fg we have fi <piy fa}

Clearly

x), El . C P(A")/D, 0/D € E° ;, C E! ,, and a1 < ap < B2 < B1 =
B a,p a,p

E¢ C Ef

az,B2 ai,B1

and

(¥)2 if oy < az < Bz < By then EY, 5 C EO

[ed ar,Br”

As cf(d) > 0(P(A*)/D), for £ € {0,1} and a < § the sequence (Eiﬂ 1B € [a,0))
is eventually constant (by 1.3(6)), so let 74 € (a,§) be minimal such that
o §7<5éEf;ﬁ:Ef;wg.

Let B, = Eé ¢+ Clearly
(*)3 Eg c Eéa
($)a £<2& a<f= ElCE;fCPA")/D,
(*)s a < B = ELC Ej CP(A*)/D.
)

Applying again 1.3(6), by (%)4, we find that for some a(x) < § we have a(x) <
a<d=E)=Ej, soby (x)3+(x)s weget a(x) < a<d = Eg = E; = E .
Choose by induction on £ an ordinal 8. < §: for e = 0 let 5. = «a(x), for

e=(C+1let 5. = max{vgg,'y}gs} < ¢ and for € limit 5. = |J B¢. So for some
(<e
limit ordinal e(x) we have: f. is defined iff ¢ < e(x), and (B: : € < &(x)) is
strictly increasing with limit 4.
Choose f* € Fg,, f* € F3, andlet Y* = {x € A*: f*(z) < f**(z)}. Clearly
Y*e E,}%”ﬁ1 = Eég = Ei(*) = Eg(*) hence

freFg, & [ € Fgy = ' <piy~ [
So clearly Y*/D does not depend on the choice of f*, f**, ie. f' € Fg, & " €
Fg,={zxeA*: fl(z) < f"(z)} =Y* mod D.

In fact we can replace (8o, 81) by any (Bey, Be,) With g9 < €1 < (). So
clearly the conclusion holds with ¥ = A*\ Y*. H
Claim 1.4

1. If (fs : B < &) is such that: fz: A* — Ord and'

5207 | P@A*xa)
a<f(A*)

then for some B <y < § we have fg < f,.

Isee 4.5 below



Paper Sh:497, version 1995-12-04_11. See https://shelah.logic.at/papers/497/ for possible updates.

Sh 497 October 5, 2020 10

2. [ACy )] If I is (< AN)*-directed, H an increasing function from I to
J, |J| <X (I,J partial orders), then H is constant on a cone of I.

3. If I is (< 0(J))-directed, |I| an aleph, H an increasing function from I to
J and 0(J) < X then H is constant on a cone of I.

4. [ACy 11, ACaB] If I is (<* X)-directed, H an increasing function from
I to J = 4B, B partially ordered set, hef* (B) < \ (J ordered by: f <
g <= (Ma € A)(f(a) < g(a))), and |A] < X then H is constant on a
cone.

5. In part (2), instead of |J| < A, actually hef* (J) < X suffices (see Defini-
tion 1.1(10)).

6. [ACy,] If D is an Ry-complete filter on A* and F = (F,, : a < ) is almost
D-smooth, and § > 0~ (U{*(P(A*)/D) : a < (P/A*)/D or a < w})
then for some B <y <6, fg € F, fy € Fy we have fg <p f,.

PROOF: 1) Assume not. For each § < § choose by induction on i,
a(B,1) = ag,; as the first ordinal « such that:

(*) a < B and for every j < i, ag; < a and for a € A*
[fapiy(a) > fola) <= faj(a) > fala)].

So ag,; is strictly increasing with ¢ and is < 3, hence ag; is defined iff i < ig
for some ig < 8. The sequence {{ag; : i < ig) : B < §) exists. Now for 8 < 6,
i <j<igletug,;=:{acA*: fopi(a) > fas,j(a)}. Foreach a € A* and
B < § we have:

vg(a) =:{i <ig: faes,i)(a) > fz(a)} is a subset of ig and

(faqp.iy (@) : i € vg(a))
is a strictly decreasing sequence of ordinals; hence vg(a) is finite.

Now ig = |J wvg(a) (asif j €ig\ (U vg(a) then ag j, 5 are as required). So
acAx a€A*
we have a function vg from A* onto {vg(a) : a € A*}, a set of finite subsets of

ig whose union is ig. Now this set is well ordered of cardinality |ig| (or both
are finite), so ig < 6(A*).

Let Ag; =:{a € A" :icwvg(a)} ={a € A" : fop,(a) > fz(a)}; also for no
B1 # B2 < 6 do we have (ag, ;, Ap, i 1 < ig,) = (0,4, Ap,,i 1 1 < ig,): as by
symmetry we may assume 1 < f2; now S is a good candidate for being ag, ;,,
SO A, i, is well defined and < f31, contradicting the definition of ig,. Similarly

51 < 52 < 5, Vi < igz [Z < ap, & QByi = OBy 4 & A527¢ = Aﬁl,i}

is impossible. Clearly if j < i, 8 = a; then (ag; 1 i <ig) = (., 11 < j).
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Now for every 8 < ¢ let us define cg = {ag,; : i < ig}. So |cg| < O(A*).
Let Xg = {(i,a) : i <igand a € Ag,;} so Xz Cig x A* and ig < (A*). It
is also clear that for 81 # B2 (< 0), Xp, # Xg,. (Just let f be a one-to-one
order preserving function from cg, onto cg,, let o € cg, be minimal such that
f(a) # a and we get a contradiction to the previous paragraph.)

So there is a one-to-one function from § into J{P(A* x a) : a < 0(A*)}.
Butd>6-( |J P(A* xa)). So we are done.

a<O(A*)

2) Letforte J Iy ={sel:H(s)=t} So{ly:te JIL #0}is
an indexed family of < |J| nonempty subsets of I, |I;| < |I|, so by assumption
there is a choice function F' for this family. Let A = {F () : t € J, I; # 0},
so |[A|<*|J|, so as I is (< A)*-directed and |J| < A there is s(x) € I such that
(Vt € J)(F (L) <rs(*)).

Thus H(s(x)) is the largest element in the range of H. As H is increasing
it must be constant on the cone {s: s(x) <; s}.

3)  Like part (2) (with F'(I;) being the first member of I; for some fixed
well ordering of I).

4) By the proof of part (5) below it suffices to prove cf* (4B | Y, <) < \;
where Y = Rang(H) C A B, clearly Y is (<* \)-directed (proved as in the proof
of (2)). Also AC) |y holds as [Y| <* |I|. Let for (a,b) € A x B,

Yiupy = {h:h €Y and B b= h(a)}.

Let for each a € A, B, = {b € B: for some h € Y we have h(a) = b} C B.

Case 1 for some a € A, B, is a non empty subset of A with no last element.
B, has an unbounded subset B*, |B*| <* X as Y is (<* \)-directed, to get
contradiction we need a choice function for {Y(,;) : b € B*}; by AC, |y| one
exists.

Case 2 not case 1.

Let h* € 4B be h(a) = the maximal element of B,. If h* is in Y then it is the
maximal member of Y so c¢f* (AB [Y,<) =1 < \. If not to get contradiction
it suffices to have a choice function for {Y, j«(q) : @ € A} which again exists.

5) Like the proof of part (2). Let J; = Rang(H) and J2 C J; be unbounded
in Jp, |J2] < A and choose F as a choice function for {I; : t € Jo, I; # 0}.

6) Letfor f <~ <6, Ys, € P(A*)/D be such that : for every fz € Fz and
fy € F, we have Yg , =: {a € A* : fz(a) > f,(a)}/D. We can assume toward
contradiction that the conclusion fails, so 8 < v < § = Y3, # 0/D. For each
B < ¢ we define by induction on i an ordinal ag,; = a(8,4) as the first « such
that:

(Vi <i)(ap; <a<f)and (Vj <i)(Yas,a = Yas,.8)-

So clearly ag; increase with ¢ and is <f, hence for some ig < 8 we have ag;
is defined iff ¢ < ig, and ((ag,; : 1 < ig) : B < J) exists. Clearly for i < j < ig,
Yasiap; = Yas,p- If for some g and Y the set {i < ig:Ye,, s =Y} is infinite,

S0

let j, the n-th member. By ACy, we can find (f;, : n < w) with f; € Fj
=Y, so

n?

ABin s XB in 41

Ap={a€A : fo,, (a)> fafm.n+1 (a)} € YCWMM%J_n+1 =Y.
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Hence (| A, # 0 (as D+ Ag is a proper X;-complete filter remembering Yp , #
n<w

(/D) and we get a strictly decreasing sequence of length w of ordinals (fo, , (a) :

n < w) for a € () A,, a contradiction. So ig < #(P(A*)/D). (In fact let

n<w
bg ={i <ip:Yas,p & {Yas,.p:J <i}}, then |bg| = |ig| or both are finite, and
clearly otp(bg) < 8~ (P(A*)/D), but 8~ (P(A*)/D) is an aleph or finite number,
hence i, <w V i, < 07 (P(A*)/D)). So B+ (Ya,, : i <ig) is a one-to-one
function from 4 to U “(P(A*)/D) [why? because if 81 # B2 have the

a<6(P(A*)/D)
same image, without loss of generality 51 < [2 and B; could have served as
QB i, contradiction so the mapping is really one-to-one]. LI

Claim 1.5 [DCy, x an aleph > [P(A*)| and: ACp(a+y or |I| is an aleph]
Assume:

(i) D is a filter on the set A*

(ii) I is a (< |P(A*)|)*-directed partial order
(e.g. an ordinal §,cf(8) > 6(P(A*)))

(iii) F = {f,:t e I} is <p-increasing, f; : A* — Ord

Then F' has a <p —eub

PROOF: Let 8* = sup |J Rang(f;), it is an ordinal, and let X = A7 (3*).
ter

By DC,; as |P(A*)| < k, so without loss of generality x = |P(A*)|T, |P(A*)| an

aleph.

We can try to choose by induction on a < k functions g, € X such that:
(a) (V8 < )(=9s <D ga)
(b) (vt € I)(ft <D ga)
(c) go(a) =sup{fi(a) : t € I}

By 1.4(1) the construction cannot continue for « steps; so as DC; holds, for
some o = a(*) < kK we have (g, : @ < (%)) and we cannot choose gq(s). By
clause (c) clearly a(x) > 0. Let B, =: {gg(a) : 8 < «a(*)} so B, is a set of
ordinals, |By| < |a(x)| (as |a(x)| is an aleph) and (B, : a € A*) exists.

Define H : I — [] B, as follows:

acA*

H(t)(a) = min(B,\ fi(a)) (well defined as go(a) € B,).

Clearly |Rang(H)| < [P(A*)|IA" = |P(A*)| (as |A*| is an infinite aleph hence
[A* < A*| =|A*))and [ F s <t= H(g) < H(s) mod D. As [ is (< |P(A")])*-
directed, by 1.4(2) if ACp(a~) and 1.4(3) if |I| is an aleph we know that H is
constant on some cone {t € I : s* < t}. Now consider H(s*) as a candidate
for go(s): it satisfies clause (b), clause (c) is irrelevant so clause (a) necessarily
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fails, i.e. for some S < a*, gg<pH(s*) so necessarily a(*) = 8+ 1, and so gg is
as required. m

DiscussioN 1.5A: In 1.5 the demand DCy is quite strong, implying P(A*) is
well ordered. Clearly we need slightly less than DC), - only DCy .y but a(*) is
not given a prioriso what we need is more than DC|p(a~)|. Restricting ourselves
to N;- complete filters we shall do better (see 1.7).

Claim 1.6 (1) [AC\pa=y, ]  If (i), (ii), (iii) of 1.5 hold, and g is a <p-lub
of F' then

(a) g is a <p-eub of F

(1A) [ACp(a+xa=),1 + ACa-] Assume in addition
(i1)* Iis (S |P(A* x A*)|)*-directed partial order
Then

(b) for some AC A* and t € I we have:
(o) Ae DT &t<;s=fs|A=g] AmodD,
(B) a€ A < [cf(g(a)) =2 O(P(A")) V g(a) = fi(a)],
(v) if A ¢ DT, without loss of generality A =10, (changing g)

(2) If (i), (i1), (iit) of 1.5 hold, |I| an aleph, g a <p-lub of F then (a) above
holds and if ACx~ also (b) above holds.

(3) Assume:

(i) D is a filter on A*
(ii) I is a partial order, O(P(A*)/D)-directed
(iii) F = (F; :t € I) is <p-increasing
(iv) || is an aleph
(v) g a <p-lub of F
Then (a) above holds. If ACa~ then also (b) holds.
Even waving ACa~ (but assuming (i)-(v)) we have
(b)’ for some A C A* and t(x)
(a) if Ae DT and t(x) <t el and f € F; then
flTA=g[] AmodD
(B) assume (ii)"; for no C C Ord such that |C| < 6(P(A)) and
{a € A*\ A:g(a) =sup(CNg(a))} # 0 mod D.

REMARK: In 1.6(1A) instead A* x A* we can use A* x ( for every ( <
0(P(A*)/D)

PROOF: 1) (a) Let f € A°0rd, f < max{g,1a~}. We define a function
H:1I— P(A) by H(t) = {a € A* : f(a) > max{f:(a),1}}. By 1.4(2) we
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know that H is constant on a cone of I, more exactly H', H'(t) = H(t)/D is
increasing and is constant by the proof of 1.4(2). Let ¢t € I be in the cone. If
H(t) = 0 mod D we are done, otherwise define f* to be equal to g on A*\ H(t)
and equal to f on H(t). Now f* contradicts the fact that g is a <p —lub. Now
check.

1A)()yfor ACA*let Iy ={tel:A={aecA*: fi(a) = g(a)}} if not
empty, and I otherwise. Let us apply ACp(a«y,; to {Ia : A € P(A*)} getting
{ta: A€ P(A)}. Let t(x) € I be an upper bound of {t4 : A € P(A)} (exists
by assumption (¢4)). Let

Ao =:{a € A" : fiy(a) # g(a)}

and
Ay ={a € Ay : g(a) is a limit ordinal}

and lastl
' A =:{a € A; : cf(g(a)) < O(P(A))}.

Now clearly t(x) <; s € I = fs < g mod (D + Ap) and Ay = A; mod D.
If A =0 mod D we are done, so assume A’ € D*. By ACx- we can find
(Cy : a € A*), such that for a € A’ we have: C, an unbounded subset of g(a)

of order type cf[g(a)]. Let for a € A*\ A’, C, = {0}, and for h € [] C, let
acA*

IV = {t € I : h <p max{f:,1a-}}. Now the assumption of 1.6(1A) implies
that of 1.6(1), hence clause (a) holds, and hence I} is not empty. As we have
AC\- clearly |A*| is an aleph, and §(P(A*)) is an aleph with cofinality > |A*|,
hence {otp(C,) : a € A*} is a bounded subset of 6(P(A*)), so we can find a
function hA* from P(A*) onto ¢* = sup{otp(C,) : a € A*}. Let h, be the unique
one-to-one order preserving function from otp(C,) onto Cg, so (h, : a € A*)

exists. For h € [ Cy let
acA*

X = {(a,b) :“ € A* and h; ' o h(a) = h*(b)} C A* x A*.
Clearly the mapping h — X}, is one-to-one from [[ C, into P(A* x A*). Hence

acA*
by ACP(A*),I
| I Cal < IP(A" x A)| = [P(A7),
acA*
so we can find a function G, Dom(G) = [[ C,, G(h) € I}. By (ii) we get that

acA*
Rang(G) has an <j-upper bound t(x*), and we can get a contradiction.

2) Follows by (3) (with Fy =: {f})

3) (a) Let <* be a well ordering of I. Let f € A)0rd, f < max{g,1a-}.
For every A € D7 let ta/p be the <*-first £ € I such that for some f; € F; we
have {a € A* : fi(a) > f(a)} = Amod D. Now A+ t4,p is a mapping (maybe
partial) from P(A*)/D into I and |I| is an aleph, so

{ta/p : A€ DT} <O(P(A")/D) (< 0(P(A"))).
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But I is (P(A*)/D)-directed so there is t(x) € I such that
(VA S D+)(tA/D <r t(*)

Any fi(s) € Fy(s) satisfies f < max{fy), La-}.
(b) + (b)’ For each A € DF, let t4,p be the <*-first ¢t € I such that

AC{aecA": fi(a) = g(a)} mod D

if there is one. So clearly
{tayp: A€ D" and ta/p is well defined}
is a set of <*-order type < 8(P(A*)/D), hence there is t(*) € I such that
Ae D" & tasp well defined = t4,p <p t(*).
Let
Ay =:{a € A" fi)(a) # g(a)}
Ay =:{a € Ag : f(a) a limit ordinal}

and

A =:{a € Ay : cf(g(a)) < O(P(A¥))},
as in the proof of 1.6(1A) we have for A = Ap, clause («) of (b) and of (b)’
holds, and A; = Ag mod D, and if A’ = () mod D we are done. As for clause
(b)(B) by ACa~, if it fails then (8) of (b)’ fails, so it suffices to prove (b)’. Now
clause (o) holds, and we prove (5) as in 1.6 (1A). LI

Claim 1.7 [DCy, + ACp(a+)] Assume:

(i) D is an Ri-complete filter on a set A*,

(ii) I is a (< |P(A*)|)*-directed partial order,

(iii) F ={f::t e I} is <p-increasing, f; : A* — Ord.
Then F has a <p —eub

REMARK 1.7A:

1. Given F = (F, : t € I) is <p-increasing (i.e. [[ Fs<t& fel, & g€

I, = f <p g]) we can use J = (|J Fi, <p) as the partial order instead [
tel
with f, = g for g € | F, so claim 1.7 applies to F' = (F; : t € I) too;
tel

similarly for 1.5 . Note that if I is (< \)*-directed so is J. Also 1.6 (1) (in
the proof replace H by H' : H'(t) = H(t)/D), concerning 1.6 (1A) check,
and lastly for 1.6 (2) see 1.6 (3))

2. If we want to demand only ACp(a~) x, then A = I1 5. is large enough.
a€A*
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3. Note ACp(a~) can be replaced by ACpa+y/p-

PROOF: By 1.6(1) it suffices to find a <p-lub. Let for a € A*,
Ba =:sup{fi(a) :t € I} +1 € Ord.

For every A € D™, there is no decreasing w-sequence in ( [[ Ba, <p+ta); hence
acA*
by DCy, there is a function g € [[ B, satisfying:
acA*

()a  (VteI)[ft <ptag]
(i) a if ¢’ satisfies (i) then —(¢’ <p+ta 9).

By ACpa-y we can find (g4 : A € D) with g4 € [] B. that satisfies (i)4 +
a€A
(i3)a. Let By = {ga(a): A€ DT}U{Bs} s0 |Bs| < |DT| < |P(A")]
Let H : I — B* =[]{B, : a € A*} be H(t)(a) = min (B,\fi(a)). Clearly
H is an order preserving mapping from (I, <) to (B*/D,<p). Also

B*/D| <* |B*| <* [ IDF] = [DF[AT < [p(a) AL
a€A*

But as ACp(+) holds clearly A* is well ordered, hence |A*| x |A*| = |A*|, hence
[PA)IAT = [P(A)].

By 1.4(2) we know that H is constant on a cone, say {t: s(x) <y t}.

Assume ¢g* =: H(s(x)) is not a <p-lub , so some ¢’ exemplifies it. Let
A={ae€ A*:¢'(a) < g*(a)}, so A€ DT and g4 is well defined.

By the choice of g4 and ¢’ clearly —(¢’ <p+a ga) hence

Ay ={a€ A" :¢'(a) > ga(a)} #D mod D+ A

So Ay = A1NA € D*;and g4 <pya, g- But by the choice of g* = H(s(*))
(as (Va)(ga(a) € B,)) clearly ¢* <pya ga. Together we get g* <pia, ¢, but
this contradicts the definition of A as A; C A. u
Claim 1.8 [DCyx,] Consider the conditions:

(i) D is an Ri-complete filter on A*,
(ii) I is a (< |P(A*)/D|)*-directed partial order,

(iii) F = (Fy :t € I) is <p-increasing, so f : A* — Ord for f € U F,
ter

(iv) g: A* = Ord and (Mt € I)(Vf € F})(f <p 9),
(v) no ¢’ <p g satisfies ().

Then the following implications hold:
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(1) If (i), (iii) then some g satisfies (iv).

(2) If (i), (4i), (iv) then some g* < g satisfies clauses (), (v); if for g clauses
(i), (iii), (iv), =(v) hold, we can ask also g* <p g.
(3) [ACp(a-y/p.1] If (i)-(v), and F is D—smooth then there is D*, such that
(a) D* an Rj-complete filter extending D,
(b) g is <p~ —lub of F.

(4) In (3) we can omit smoothness.

(5) If (i)-(v) and |I| is an aleph then for some D* clauses (a), (b) of (3) hold
(i.e. we can drop AC in part (3)).

PROOF: (1), (2) are contained in the proof of 1.7

(3) Let D* = {A C A* : for D+ (A*\A), clause (v) fails}. Clearly D* is ®;-
complete filter and () ¢ D*. Clearly F is <p--increasing and g is a <p--upper
bound of F. If g is not a <p«-lub, there is ¢’ € (A*)Ord, a <p«-upper bound of
F such that —[g <p- ¢'], so

A'=:{a€ A" :¢'(a) < g(a)} # 0 mod D*.
For each t € I, for every f; € F; let
Y; ={a€A": fi(a) > g'(a)}/D € D*/D

(well defined as F' is D-smooth), and ¢ ++ Y is an increasing function from I to
(D*/D,<p), by 1.4(2) we get a contradiction.

(4) Use 1.9(3) below to regain smoothness.

(5) Left to the reader (just use 1.4(3) instead 1.4(2)). L

We have used

Observation 1.9 1. [ACpa-)/p,1 or |I| is an aleph] If F = (F; :
t € I) is <p-increasing (where f; : A* =: Dom(D) — Ord), I is
(< |P(A)/D|)*-directed then for every g : A* — Ord for some t* € I
and ACA* forallfe | F

t*<tel
{a € A" : f(a) > g(a)} = A mod D.
Similarly for f(a) = g(a), f(a) < g(a).
2. In (1) in the case |I| is an aleph, “I is (< O(P(A)/D))*- directed” suffices.

3. [ACy,) Assume F = (F; : t € I) is <p-increasing. Let I be a partial order
(< Rg)*- directed,

In={{th :n<w):t, €I and ty, <;tpi1 forn <w},
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<t = [(Vn<w)@m <w)(td < th)],
iO <7 Lﬂ ’Lffo <r El&ﬁ(fl <7 fO)
Let Ff = {sup, .y, fn : (fn :n <w) € [] F,} and F* = (F} : t € I)

7
nw
where of course (sup fn)(a) = sup fn(a). Then

n<w n<w

(a) F* is <p-increasing and smooth

(b) g is a <p-lub of F iff g is a <p-lub of F*
(c) g is a <p-eub of F iff g is a <p-eub of F*

(d) I, J are equi-directed, what means: there is an embedding H of I into
J (a partial order) such that its range is a cofinal subset of J [use
Ht)=(t:n<w)]

4. [ACx,] Assume I = & where 0 is a limit ordinal of cofinality > Ry, and
let F = (F, :a <) be <p-increasing (where each F, C A0rd is not
empty). Let J = {a < §:cf(a) =No}, and for a € J let

F* =:{sup f,:  for some strictly increasing sequence {ay, : n < w)
n

of ordinals < o we have o = |J an, and f, € Fy, }.

n<w

Then F* = (F¥ : a € J) satisfies clauses (a)-(d) from part (3), and of
course J is well ordering.

PROOF: Check.

2 hpp
Definition 2.1

1. Let T be a set of filters on A* = A} = Dom(T"). For an ordinal a, we let
hppr(a) be the supremum of the ordinals B+1 for which there is a witness
(F, D), which means:

(i) DeT,
(ii) F=(Fy,:v<p), with F, # 0,

(iii)) U F, €A q,
v<B

(iv) F is <p-increasing.

2. ehppr(«) is defined similarly, but each F., a singleton; the definition of
shppr (@) is similar too, but F' is smooth. We can replace o by f € (A7) 0rd

in all these cases here (i.e. F C [ f(a)). If Fo = {fa} we may write
acA*

F = {(fo:a < p) instead of F.
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3. If T = {D} then we write D instead of T. We say that T' is Ry-complete
if each D € T is Ry-complete, and similarly for other properties.

4. We define ppr(@) as in (1) but add to (i)-(iv) also

(V) there exists (aa a€ Dom(D)> such that:
(@)  B(A") <
(8) cfp({ag:ac€ A*)) = « (see below), each oy a limit ordinal,
(v) foreveryge [ o, thereis f € |J F, such that g <p f.
a€A* y<B

5. eppr(a), sppr(a) are defined similarly.
6. For a filter D with the domain A*,

cfp({aq 1 @ € A*))
= inf{otp(C): C C |J a, and {a € A* : oy, =sup(C'Nay,)} € D},
a€A*
limsup({ag : @ € A*)) = min{a: {a € A* : oy, < a} € D}.
D

REMARK: 1) Note that in 2.1(4) clause (8) (i.e. cfp((aq :a € A*)) = ) is a
replacement to “(a, : @ € A*) is a sequence of limit ordinals with tlim(cf(oy) :
a€A*)=a".

2) Note pp stands for pseudo power, h for hereditary, s for smooth, e for
element (rather than set).

Observation 2.2 1. hppr(«a), ehppr(a) and shppp(«) increase with « and
T; and ppr(«), eppr(a) and sppp(«) increase with T.

) <

)

a) and eppr(a) < ppr(a) <
nd ppp( ) < hppr(a).

3. apr(a) =sup{xp(a) : D € T'} for z € {pp, epp, hpp, ehpp, spp, shpp}.

4. zp(a) = sup{zp(B) : 6(Dom(D)) < B < a} for x € {hpp, ehpp, shpp} if
6(Dom(D)) < cf().

hppr (a
ehppr (o

2. ehppr(a) < shppr(a)
0(“Va), and eppp(c)

INIA

5 Ifa#b= a, # ap then cfp({ag : a € A*)) > mingep |A].

REMARK 2.2A:
If hppr(a) > B, and cf(8) > O(P(Dom(D)) and relevant criterion for exis-
tence of <p —eub holds for D € T' then for some o < « we have ppp(a’) > S.

See below.
ProoOF: Easy, e.g.
5)let C C U ag exemplify cfp({ay : a € A*)) = otp(C). Let

a€A*

A'={a€eA*:C, #a} where
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C,={B€C:5<a,but fornobe A" do we have 8 < ap < g}

So there is a one-to-one function from A’ into C' and
otp{ag :a € A’} < otp{a,:a € A’} +w,
so we can finish.

Definition 2.3

1. I has the true cofinality §, 6 an ordinal if there is a cofinal J C I and a
function h from J onto ¢ such that h(f1) < h(f2) = f1 <1 fa.

2. I has strict cofinality §, 6 an ordinal if the function h above is one-to-one.

Claim 2.4 1. If I has the strict cofinality 6 then I has the true cofinality §
and cf(I) < 4.

2. If I has the true (strict) cofinality 6 then I has the true (strict) cofinality
cf(8) (which is regular).
8 IfF =(Fy:a<9d), U F,C®)Ord, F is <p-increasing and F has
a<d

<p-eub (g : a € A*) then [] ao/D has the true cofinality cf(J).
a€A*

4. If T has the true cofinality 61 and o then cf(61) = cf(d2).

REMARK 2.4A: We did not say “I has the true cofinality A = cf(I) < \.
But it is true that: I has true cofinality A implies c¢f*(I) <* A.

Claim 2.5 Let ', A* be as in 2.1(1).

1. [|A*| an aleph, DC|p«+] Assume § < hppr(a),d a cardinal and cf(0) >
O(P(A*)). Then for some D € T' and & = (o, : a € A*), with each aq
being a limit ordinal < o we have, [[ «@a/D has the true cofinality .

a€A*

2. [ACa-] If [] «a/D has the true cofinality p then [] cf(aq)/D also
acA* a€A*
has the true cofinality p.

3. [|A*| an aleph and DC|p++] Assume w < a < Ry and R, > 0(P(A¥)). If

R, < hppp(Ry) then (Aq can be mapped onto ~y. Similarly for Rogty <
PPD(Nao-s-a)-

4. Similar claims hold for pp, shpp, spp, ehpp and epp.

PROOF: 1) By the definition of Appp(a) we can find D € T and a <p-
increasing sequence F = (F, : a < §), with F,, C (A") & non empty.

If g€ A (a+1)is a <p —eub of F then by 2.4(3), oy =: g(a) for a € A* are
as required. Now such ¢ exists by 1.5 which is applicable by 1.7A(1).
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2) Let F' = (F, : a < u) exemplify that [] ag has true cofinality u. By
a€A*
AC\~ we can find (C, : a € A*) € V, C, a club of o, of order type cf(ay,). For

fe 1l aq let f€ € [I C’abef®(a):min(Ca\f(a)),sof§f®E [l Ca

acA* acA* acA*
and f1 <p fo = f{ <p 5. Now apply 1.3(7) to ({f®: f € F,} : a < p).
3) Tt is enough to map 7o onto (v — 1)\ . We define a function H from
(A into y\a. For f € Aa,if ( I] N¢(q), <p) has true cofinality g1 > R,
a€A*

then let H(f) = 8. By ACx+ and 2.5 (2) it is enough for every 8 such that

R, < Ngp1 < R, to find f € A)(R,) such that ( [] f(a),<p) has the true
acA*
cofinality Ng41. Now we use part (1) of 2.5.

4) By 2.2 or repeating the proofs. LR

Claim 2.6 [DCy, + (VD € I')ACppompy)] In 2.5(1), if T is Ni- complete
then the conclusion holds.

PRrROOF: We can use 1.7 instead of 1.5.

Definition 2.7

pefp{ag :a € A*} =:{\: X is the true cofinality of [[ aa/D
for some filter D on A* which belongs to T'}.

REMARK 2.7A: We could phrase 2.5 for pcfp.

Claim 2.8 1. If X\ is an aleph, ;1 < X < eppp(p) and 6(Dom(D)) < A then
A is not measurable

2. If X is an aleph, p < A < eppp(N),
then there is no (< |Dom(D)| + p)-complete uniform ultrafilter on A.

PROOF: 1. Let (F,D) witness A < eppp (1), so f € F = Dom(f) = A*,
where A* =: Dom(D); so let F' = {f, : @ < A}, where F,, = {fa}. Assume D*
is a A-complete ultrafilter on A. For each a € A*, we have a function g, : A — p,
defined by g.(a) = fa(a). So g, is a one-to-one map

from s’ =: {a < X : (VB < @)(ga(B) # ga(a))} onto Rang(g.) C u,

so |Rang(g,)| is an aleph < p (or finite). Hence |Rang(g,)| < A. By the choice
of D* for some unique 7, we have B, =: {a < X : fo(a) = v} € D*, as
(fo : @ < A) exists also (v, : a € A*) exists as well as (B, : a € A*). Clearly
{va :a € A*}| < 0(A*). As D* is (< |A*|)-complete, B* =: [ B, € D*, but
a€A*
[, B € B* = fo = fg], a contradiction.
2. Same proof. [

REMARK 2.8A: You can also phrase the theorem in terms of A-complete filters
on A which are weakly x-saturated (i.e. for every h : A — X < A, for some
C C X of cardinality < &, {a < X : h(a) € C} € D). Here instead of |A*| < A
we need: D is uniform and —(\ < |[(47)gk|).
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Definition 2.9 Let E be a set of filters on a set A*.

1. E has the I-lub property (I a directed set) if:
for every Do € E and F = {f; :t € I} € (Y)0rd such that {f; : t € I} is
< p, -increasing,
there is D, Dy C D € E such that there is a <p-lub for F.

2. “E has the I-eub property” is defined similarly. The I-*eub is defined
similarly for <p-increasing F = (Fy : t € T). Similarly I-*lub.

3. If E = {D} we shall say D has this property.

3 Nice families of filters

HypoTHESIS 3.0: FE is a family of Ry-complete filters on A* = Dom(FE), such
that (for simplicity) D € E & A € Dt = D + A € E. Our main interest is in
nice E (defined below).

Definition 3.1 We call E nice if
DE (Vf: A* = Ord)(VD € E)(rkh(f) < o0)

(see below). Let &4~ mean &g for some E, with A* = Dom(FE) and ®.[F] =
S with A* = k.
Let E[Do] = {D :DyC D e E}

Definition 3.2

1. The truth value of 1k%(f,E) < a (for o an ordinal f : A* — Ord, E
usually omitted):

rk%(f) < «a if for every A € DV and fi <pia f (and f1 : A* — Ord)
there is D1, D+ A C Dy € E and B < a such that rk2D1(f1) < B.

(So f =p Oa- implies Tk*(f) < 0)

2. 1tk (f) = a if 1kp(f) < a and S[ki(f) < B] for B <a
k7 (f) = oo if 1khH(f) < o for no a
1k}, (f) = min{rk}, (f): D C Dy € E}
(really we should have written vk3,(f, E) etc.).

REMARK: Why start with rk*? To be consistent with [Sh-g] Ch.V.
Convention 3.3 Let f,g vary on Y)0rd and D € E and A, B C A*.

Claim 3.4 1. tk5(f) < B, B < a implies 1k%(f) < a; so tk%(f) is well
defined as an ordinal or oo (ZF is enough for the definition,).

2. If f < g orjust f <p g and | = 2,3 then vk’ (f) < tk'5(g) (so f =p g
implies tk (f) =tk (g)).
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3. In 3.2(1) we can demand in addition f, < f.
4 KD (f) < TkD(f).
5. If D1 C Dy then vk}, (f) <1k, (f).
6. For every f, D, for some D1 such that D C Dy € E we have

k' (f) = 1kD, (f) = 1k, (f).

7. vk3(f) = sup{rk}h, 4(9) +1: A€ DT and g <pia f}.

8. If A€ D* then vk}, (f) <tk 4(f) <1kDya(f) < k5 (f).
[Why? By parts (5), (4), (7)+(4) respectively.]

9. If vk%(f) =tk (f) then for every A € Dt
tkhy 4 (f) = 1kp o a(f) = ki, (f) = tkp ().

10. If f <p g then vk}, (f) < rk},(g) or both are cc.
[Why? Apply part (6) to g, D and get Dy. Now

Tk (f) < 1k, (f) < kD (f) +1
< sup{rk}, ;4(h) +1:h <p,4a g and A € D}

= rkle (g) = rngl (g)'

(Why the inequalities? by D C Dy, using part (5); trivially; as f <p, g
hence f <p g; by definition of rk*; and by the choice of Dy respectively. )]

11. ||fllp < tkd(f Jlp - the Galvin—-Hajnal rank which is defined by:
D

[fllp = sup{ligllp +1:9 <p f}).
[Why? part (10).]

12. If forl1=1,2, erD(fl) = rk3D(fl) =aqp and ay < ag then f1 <p fa.
[Why? If not then for some A € DV we have fo <pia f1, so by part (2)
we have rk2D+A(fg) < rk2D+A(f1), but by part (1) rk%+A(f2) =ay > =
vk3,, 4(f1), a contradiction.]

18. If forl=1,2 rki(fl) = rkg(fl) =aqp and a1 = ag then f1 =p fo.
[Why? If not then by symmetry for some A € DT we have fi <pia fa2,
so by part (10) we have 1k, 4, < vk, 4(f2) and by part (9) we get a
contradiction.]

14. If rk2D0(f) < 00 and (g >p, f) then for some Dy € Ep,, rkle(g) <
rk%, (f) < co.
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15. If {A, : t € I} C D and (VD1)(D C Dy € E — (3t € I)(A, € D)) (e.g.

I finite, |J A: € D) then
tel

rk%f) = sup{erD_,_At(f) t €I} and vk (f) = min{rk?’D+At(f) :tel}
[Why? The inequality > by part (8), the other by the definition (or part
(7) and part (9)).]

Observation 3.5 1. (a) If f=g+1, D € E then tkh(f) < tkh(g) + 1; if
in addition k%, (g) = k%, (g) then k3 (f) = 1k’ (g) + 1.

(b) If every f(a) is a limit ordinal then vk (f) is a limit ordinal.
(¢) f=p Oa- iff tkh(f) =0.
() xkp(f) =0 iff ~(0a- <p ).
2. If f=g+1 then:
(a) tk5(f) € {rkp(g), rk(g) + 1},

(b) if tk3,(f) = k3, (g9) < oo then vk3,(g) is a limit ordinal of cofinality
< O(P(A*)) and even < §(P(A*)/D).

3. If Rang(f) is a set of limit ordinals, F C [] f(a) is such that
acA*

l9 < f=(3heF)(g<h)
then tk% (f) = sup{rk},, o(h) : h € F,A € D*}.
4. If 6 = vk3,(f), cf(8) > O(E) then® for some D1, D C Dy € E, [] f(a)/D;
acA*

has true cofinality 6 (moreover by a smooth sequence (Fy, : oo < cf(9)))

5. If rk5(f) = a < oo then for every B < « there are D, g such that
DCDyeFE,g<p, fand rk%l(g) = rk%l(g) = g.

PROOF: 1)(a) By 3.4(7), 3.4(2), 3.4(8) and common sense respectively

rk} (f) = sup{rkp,a(¢g)+1: A€ DV and ¢’ <pia f}
< sup{rk}, 4(9) +1: A€ D*}
< sup{rkp (9) + 1} = rkiy(g) + 1

and by 3.4(4) and 3.4(10) respectively
tkD, (f) 2 1k (£) = rk®(g) + 1.

Together we have finished.
(b) By part (c) proved below, k% (f) > 0, so assume toward contradiction
that k) (f) = a+ 1, so (by 3.4(6)) for some D; we have D C D; (€ E) and

2

we can use this to prove a result parallel to 2.5 (3)
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rk, (f) = 1k, (f) = 1k} (f). By 3.4(7) for some A € DF and g <p,;a f we
have rk2D1+A (9) = a. By 3.4(10), 3.4(10), 3.4(9) and the choice of « respectively

So rk?b1+A (9) < a contradicting the choice of A, and g.

(¢) If f =p 0p~ then the supremum in 3.4(7) (or the definition) is taken on an
empty set so tkh(f) = 0. If ~(f =p 0a~) then A =: {a € A* : f(a) > 0} and
g € A)0rd, g(a) = 0 appears in the supremum in 3.4(7) (or the definition) so
rkhH(f) >0+1=1>0.

(d) By (c) and the definition of rk®.

2) By 3.4(2), 3.5(a) respectively we have

rk}(g) < vk}, (f) < 1kh(g) + 1.

Thus clause (a) holds. For clause (b) assume rk?,(f) = rk%(g), and call this
ordinal a. If a = 0 we get contradiction by 3.5(1)(c) as tkh(f) = o, f =g + 1.
If @ = B+ 1 then for some A € D and g1 <p4a g we have rk},, 4(g1) = 3 so
by 3.4(7), 3.4(10), and the choice of g1, A, and the choice of 8 respectively:

erD(f) > rk:z)+,4(g) +1> rk?b+,4(91) +1=8+1=aq;

contradiction. So a is a limit ordinal and {rk%, +a(9) : A€ D"} is an unbounded
subset of a hence cf(a) < O(P(A*)) (in fact cf(a) < (P(A*)/D)).

3) By 3.4(7) and 3.4(2).
4) By 3.4(7), and rk%(f) being a limit ordinal

§ =1k5(f) =sup{rkph,(9) +1: A€ D* and g <pya f}
= sup{rkp, 4(9) : A€ D¥ and g <pya f and g < f}
= Sup{rkgbl(g) : forsome A€ DT, g<pya fand g < f
and D+ AC Dy € E and
rkp, (9) = 1k, (9) < 8}
= sup{rk}, (9): DC D1 € E,g<p, fand g < f
and 1k}, (9) = rkp, (9) < 6}

= sup  sup{rk}, (9): g <p, fand g < f
Di1€E,D:DD

and k3, (9) =1k}, (g9) < d}.
As cf(§) > O(F) necessarily for some Dy we have D C Dy € E and

0 = sup{rk}, (9) : g <p, f and g < f and vk}, (9) = rkp, (9) < 6}.
For o < 6 let

Fo={9:9< f.g<p, [, and a =1k}, (9) = 1k, (9)}
and S = {a < 4§ : F, # 0}, it is necessarily unbounded in §. Now by 3.4(12),

(13), F = (F, : a € S) is <p,-increasing and smooth.
5) Suppose 8 < «, f, D form a counterexample. Then we prove by induction

on v > ( that
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() if g € ®)Ord, and D C Dy € E and g <p, f and tk}, (g) > S then
rkp(g) = 7.

For v = 3 clearly (%), holds trivially.

For v > 3, we can find D such that D; C Dy € FE and rk?j:,1 (9) = 1rk2D2 (9) =
Jrk%2 (g), but g < rk%1 (g) by assumption, so as 8, «, f, D form a counterexample
B < rkBD1 (g) so by 3.4(7) applied to erD2 (9) wecan find A € D and g1 <p,+a g
such that rk%2+A(gl) > B, so by the induction hypothesis rk%H_A (1) > U{mn:
B < v < v} Now by 3.4(9) we know rk3D2+A(g) = rk‘;’j2(g). Together we
get the required conclusion in (x). So rk}h(f) = sup{rkph, 4(g) +1 : A €

D" and g <pya f} is a hence > S so for some A € Dt and g <py 4 f we have
rk%+A(g) > B hence by (x) it is > «, contradiction. N

Definition 3.6 For D a filter on A* and f : A* — Ord let
Tsp(f)={F:FC H f(@) satisfies fr € F & fa € F & f1 # fo = fi #p f2}

i€ A*

Twp(f)={(F,e): FC [] f(i), eis an equivalence relation on F,
1€EA*
~fi e fa= fi #p fa},
Tp(f) ={(F.e) € Twp(f):eis =p| F},
Tsp(f) = sup{|F|: F € Tsp(f)},
Twp(f) = sup{|F/e|: F/e € Twp(f)},
Tp(f) = sup{|F/e|: (F,e) € Tp(f)}

(it is a kind of cardinality; of course the sup do not necessarily exist). We

may write I'/e € Twp(f) instead of (F,e) € Twp(f) and also may write

F=(F:tel) for (F,e) if F = F:, and feg < (3t)[{f, g} C Fi] and so the
i

Fy’s are pairwise disjoint.
Observation 3.7 1. F € Tsp(f) = (F,=) € Twp(f).

2. TSD(f) S TU)D(f).

3. IfF = (F,:a < a*) is<p-increasing, JF., C [ f*(a) thentk (f*) >
acA*

o*; s0 hppp (f*) <tk (f*); also (Fy : o < a*) € Twp(f) hence |a*| €

4. [ACA-] If f,g € 2 Ord and D is a filter on A* and {a € A* : f(a) =
g(a)} € D and X € {T,,Tw, T} then Xp(f) = Xp(g).

Claim 3.8 1. [E is nice] Assume ' C (“)0rd. We can find {(Fp,hp) :
D € E) such that:
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(a) F= DLEJE Fo

(b) hD : FD — Ord
(c) if f1,f2 € Fp then hp(f1) < hp(f2) <= f1 <p f2 and hence

hp(fi) = hp(f2) < f1=b f2, s0

hp(fi) <hp(f2) <= f1 <p f2

(d) if F C ~elj[4*f(i) then (Fp,=p) € Tw(f).

2. Instead of “F is nice” it suffices that F C [ f*(a), tkh(f*) < cc.
acA*

PROOF: 1) Let Fp =: {f € F :1kh(f) =tk (f)(< 00)}, hp(f) = 1k (f).
Now clause (a) holds by 3.4 (6), clause (b) holds as E is nice (see 3.1). For (c):
it holds by 3.4(12), 3.4(13). Lastly clause (d) follows from (c).

2) Similar (see 3.4 (14)). W5

Conclusion 3.9 Let Dy € E.

1. [ E is nice | Assume F C [ f*(a) is in Tsp,(f*).
acA*

(a) If |E| is an aleph then so is |F|.

(b) F can be represented as \J{Fp : Do € D € E} such that Fp’s
cardinality is an aleph < ehpp 5 (f*).

(¢) [|F[ < |E| x ehppp(f)

2. [ E is nice | Assume (F,e) is in Twp,(f*)
(any (F,=p) will do for F C (A)0rd).

(a) If |E| is an aleph then so is |F/e|.

(b) F/e can be represented as \J{Fp/e: Dy C D € E} such that |F/e|
is an aleph < hpp(f*).

(c) [F/e| <" |E[x hppp(f*)
3. Instead of “E is nice”, ‘TkZDO (f*) < o0” suffices.

PROOF: 1) Tt follows from 2) as in this case e is the equality.
2) For D € Ejp,), let

Fp={f € F:xkb(f) =tk (f) and: if fi € /e and 1k (f1) = rkd(f1)
then k% (f1) > tkh(f)}.

Let hp : Fp — Ord be hp(f) = rk3,(f). So (for f1, fa € Fp):
hp(fi) =hp(f2) HE fi/e= fo/e.
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Also F/e =U{Fp/e : D € E}. So clause (b) holds, for clause (c) let G(D, «)
be y iff y has the form f/e where f € Fp, hp(f) = a; so G is a partial function
from |E| x hpp(f*) onto F/e. Note that clause (a) follows as | X| < |Y], |Y]
is an aleph implies |X| is an aleph. (We can choose a well ordering < of E, we
can let Fj, = {f : f € Fp and letting f € F}, for no f’ € f/e and D' < D do
we have ' € Fp/}. Let U{hp | Fj, : D € E} so letting h(f/e) = hp(f) for
[ € F},, clearly h is one-to-one function from F' onto a set of ordinals.)

3) Similar proof (remember 3.4 (13)). [P

Claim 3.10 1. IfF isin Tsp(f) andrk}(f) = a < oo then |F| <* |a|x|E|.
2. Assume (F,e) € Twp(f) and rk(f) = a < co. Then |F/e| <* |a| x |E|.
PROOF: Included in the proof of 3.9.

Claim 3.11 If a = 1k}, (f*), Do € E then we can find (Ap : D € Ep,)),
a={Ap : D e Ep,}, and ((Fp,hp) : D € Ejp,)) with (Fp,hp) as in 8.8,

Fp C I f*(a) with Rang(hp) = Ap and
acA*

hp(f) =a = 1kp(f) =1kp(f) = o

Proor: Because there is “no hole in the possible ranks”. I.e. we apply 3.8

to F'= J] (f*(a)+ 1), and get ((Fp,hp) : D € E|p,)). Our main problem is
acA*
that some f < aisnotin |J Rang(hp). Then use 3.5(5). | B
DEE[Dy]

Conclusion 3.12 Assume F is nice and for simplicity |E| is an aleph,
f e ®)0rd and (Va € Dom(E)) (f(a) > |E|).
1. Then the cardinals

sup  [tkp(f)l, sup (Tp(f)), sup (Twp(f))and sup {hppp(f)}
DeEp,) DEE|p DEE(p,) DEE|p

are equal.

2. Assume ACx-. If f1, fo are as in the assumption and {a € A* : |f1(a)| =
|f2(a)|} € D then

sup [tk (f1)| = sup |tkp(fa)l
DEE[DO] DEEDO

have the same cardinality.

3. 1ky, (ff) < sup  [tky(f)[* where f* € AD0rd is f*(a) = |f(a)|*

€ED,)

PROOF: 1)
Step A
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() sup (K3(f)+1) > hppy, (f)
DeEp)

If p < hppE[DO](f) then we can find D € Ejp,j and F = (F, : o < ) such

that F, C J] f(a) non empty and F is <p-increasing. We can prove using
acA*
3.4(9) by induction on « < f that

(x%) g € Fo = 1k (f) < o

Now by 3.4(7) we have rk% (f) > o and o < 3 so k% (f) > 3.
Step B
rk%( f) can be represented as the union of E sets each of order type <
hpp i, (f)-
By 3.10.
Step C
sup  [tkp (f)| = hwpp,,,,, (f)-
DeEpg
Why? By steps A, B as |E| is an aleph and f(a) > |E| for every a.
Step D
hppg,,,, (f) < To(f) < Twp(f).
By definition (true for each D separately).
Step E
sup Tp(f) < sup rk%(f).
DEED,) DEED,)
Why? By 3.8
2) By part (1) and 3.7(4).
3) By part (2) and the definition of rk7, . ;o

REMARK 3.12A: If we waive “|E| is an aleph” but still assume f(a) > 0(E) we
get that those three cardinals are not too far.
Claim 3.13 Assume

(A)  Xis an aleph, (\; : i <) is a strictly increasing continuous sequence of
alephs with limit X,

(B)  there is G* = |J G,, G; a one-to-one function from [] A; into some
i< J<i

Af < Xig1 (so if ACs, we need just that each G; exists, i.e. | [ \j| <
j<i
Ait1)-
Then there is F' € Tspea((A] 10 < 6)), and |[F| = ] A;.
<8

(D24 is the filter generated by the cobounded sets of §).

REMARK: This goes back to Galvin, Hajnal [GH], see [Sh 386, 5.2A(1)].
PROOF: Define a function G : [[ A; — [[ Af by
i<6 i<s

G(f)(i) = Gi(f 1) and let F' = Rang(G) LBE
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Claim 3.14 Assume that Dy € E and fo € A)0rd for o < o*.
1. [ E is nice | There are g € “A)0rd and D such that:

(a) Dy CDEeE,

(b) 1kp(9) =rkp(9),

(c) gisa<p-lubof {fo:a<a*}, ie :
(i) Oé<O(* = fa SDg
(ii) if ¢ € A)0rd and fo <p ¢ for all o < a* then g <p ¢'.

(d) Moreover for every A € DT, g is also a <pya-lub of {fo : a < a*}.

2. If fo <p, [* for a < o, rk%o(fa) < oo then there are g € A)Ord, D
satisfying (a)-(d) and we can add

(e) g<f*.

PROOF: 1) Follows by (2), just let f*(a) = supycq- fala).
2) Clearly the set

K={(D,g9):DyCDeFE& (Va<a*)(fo<pg), rk%(g) < oo and g < f*}

is not empty (because the pair (Dg, f*) is in it ). Choose among those pairs one
(D1, g) with rk% (¢g) minimal. So for some D, D; C D € F we have 1"k3D1 (9) =

k% (g9) = 1k (g) (see 3.4(6)), so also (D,g) € K. Clearly (D,g) satisfies (a),
(b), (e) and (c)(i). If (c)(ii) fails then let ¢’ exemplify it and so

A={aer:g(a) <gla)} #0 mod D.

But clearly also (D + A, ¢’) is in the family and (see 3.4(10) and 3.4(9) respec-
tively):
kD1 a(9") < rkbyalg) = 1kp(9)

- a contradiction.
Clause (d) follows from 3.4(9) replacing D by D + A. Wy

Definition 3.15 1. Let E be as in 3.0, k an aleph and k = cf(k) > Ro,
and D® a filter on k. We say that E is [weakly] D®-normal if there is a
function v witnessing it which means:

L s a function from A* = Dom(FE) to k such that
(a) for every D € E
i(D)=:{ACk:1""A) € D}

is a filter on k extending D¥,

(b) every D € E is [weakly] t-normal, which means: if f : A* — K
is t-pressing down (i.e. f(a) < 1+ i(a) for a € A*) then on some
A € DT, the function f is constant [bounded].
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2. We say that E is [weakly] k-normal if this holds for some k as above, filter
D® over k and function t.

3. We say that E is [weakly] (k,S)-normal, where S C &, if this holds for
some filter D® over k such that S € D¥.

4. We say that D is k-normal (with v witnessing it) if B :== {D+A: A€ D"}
is, with ¢ witnessing it.
If Dom(F) = k, ¢ the identity we omit it.
Omitting D from “D-normal” means omitting clause (a).

Remark 3.16 1. Note: for a filter D on x the normality is also defined as
the closure under diagonal intersection; this is equivalent. But it is not
enough that the diagonal intersection of clubs is a club, we need that the
diagonal intersection of sets including clubs includes a club.

2. The club filter D on a regular £ > Ny is not necessarily normal, but there
is a minimal normal filter on it, D®, but possibly ) € D%, see below.

Definition 3.17 1. For an ordinal 6

D' ={A C§: A contains a club of 5}.

2. For P C P(6) we define D3'[P] by induction on ( as follows:

(=0 D3 [P] is the filter of subsets of 6 generated by P U Dg.
¢ > 0 limit Dg [P1= U Dg¢' [P].
§<¢
¢=¢+1 Dy¥[P] = {6\ B : there is a function with domain B,

regressive (i.e. f(a) < 14 a), such that for every B < § the set
{a€d\ B: f(a) =B} =0 mod DF¥[P]}

Dy [P] = LCJDE‘,‘? [Pl

Above we replace nor by wnr if for ( = £ + 1 we replace f(a) = 5 by
fle)<p
If P = () we omit it.

3. We call A C k stationary if A # () mod D°*.

Claim 3.18 1. D§¥*[P] increases with ¢ and is constant for ¢ > 6(P(9))
(so D§"'[P] = D§3ip(s))Pl), moreover it is constant for ¢ = (3" for
some (§°" < 0(P(0)). Note that we get D§ C D3S'[P] even if we redefine
D3 [P] as the filter generated by PUDY. Clearly D3 [P] is the minimal
normal filter on & which includes P.
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2. DY [P] increases with ¢ and it is constant for ¢ > 0(P(5)) (consequently
D™ [P] = D;‘,’gfp(é))[P] and DY¢*[P] € D3Y'[P]), moreover for ¢ > (3™
for some (™ < O(P(8)). Also we get DS C Dy even if we redefine

D3*[P] as the filter generated by PUDRY. Clearly Dy " [P] is the minimal
weakly-normal filter on § which includes P

3. In 1), 2) if cf(8) = 61, the filters DY™, D™ (and also DYP*, D3y ) are

essentially the same. Le. let h:6; — & (strictly) increases continuously
with unbounded range, then

ZfA g (S, A1 Q 51, A n Rang(h) = h//(Al)
then A € DY [P] <= Ay € Dy™[P].

4. If ¢ is not a regular uncountable cardinal then D3°" = P(J).

5. [ACspsy + DC] If 6 regular uncountable, then in 1), 2) we can replace

O(P(8)) by (20Nt and we have O ¢ DE°". Moreover for every regular
o <4,
{a < §: cf(a) =0} #0 mod D5".

PROOF: 1) - 4) Check.
5) We use the variant of the definition starting with D4. We choose by induc-
tion on n < w, an equivalence relation F, on ¢ such that:

(i) Ep is the equality on §,
(ii) Ey41 refine E,,
(iii) the function f,, is regressive where
ful@) = otp{B : BEa but B < a & ~BEns1a and B = min(8/Eny)}
(so it is definable from E,,, E, 1),
(iv) foreach « < d and n < w
Gt =t min{C s 0/ By € DY) < € = min{C : /B, € D}Y)
or both are zero.

We can carry the induction by DC. For n = 0 use clause (i) to define Ey.
For the choice of E, 11, for each a < 6, f,, | (a/E,,) as required exists by the
inductive definition of D§¥ (does not matter if we let Dy be D¢ or DY), but
we have to choose

(fn 1 (@/Ey) : a < §,a = min(a/Ey));

so we have to make < |J| choices, each among the family of regressive function
on §. But as we have a pairing function on J, this is equivalent to a choice of a
subset of 0, so ACs p(5) which we assume is enough.

Now by DC' we can choose by induction on n < w, an ordinal «,, < § such
that
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(%) if B < ap, m < w and ¢ = 0 then sup(8/Em) < ani1 (note 8/E,, is
bounded in §).
(Not hard to show that a,,+1 exists.) Now letting a(x) = | ay, < 4, we get
n<w
()

easy contradiction as ((n "’ :n < w) is eventually zero. W 5

4 Investigating strong limit singular p

Definition 4.1
1. ®a,r means: there is a function e exemplifying it which means:

®a,rle] e is a function, Dom(e) = {0 : 6 < a a limit ordinal } and for
every limit 6 < «, e(9) is an unbounded subset of § such that it is of
order type from R. (It follows that R O o N Reg).

2. If RN « is the set of infinite regular cardinals < o we omit it (then
otp(e()) = cf(5) ).

If R is the set of regular cardinals < o union with o (not {c}!) we write
o instead of R.

3. Let ®Z,R means @q, RU(anReg) -
Observation 4.2
1. If ®a,r, 0 € R is not regular and R’ = R\ {o} then @, r'.
2. If there is e satisfying ®;, ple] below then ®q g holds (for another e)

@, rle] e is a function, Dom(e) = {0 : 6 < a a limit ordinal, § ¢ R}
and for every limit 6 € Dom/(e), e(d) is an unbounded subset of §, of
order type < 4.

3. Also the converse of (2) is true.

4' ]f ®O¢27(11UR1 and ®O¢1,0¢0URO then ®042,0[0UROUR1'

5. For any ordinal « letting jo| be 1 if | is regular and zero otherwise we
have Qg ||+, hence if @q.p then @q, 6445 -

6. If ®j, . then we can define (fg : 8 € [C,ql), fg a one-to-one function from
B onto |B].

7. If ®a.r then we can define f = (fs : B < ), fs a one-to-one function
from 8 onto sup(BN R).

8. If ®u,o and o < At <« (s0 AT is a successor) then AT is regular.

9. If we have: R C « closed, f = (fs: 8 < a), fs a function from sup(RNf)
onto B then ®q R-

See https://shelah.logic.at/papers/497/ for possible updates.
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10. If ®q.r and B <~y <« and [8,y] N R =0 then |8] = |v]|.

PROOF: 1) By part 2) it suffices to have ®], p[e]. Now there is e satisfying
Qq.rle]. We define a function e’ D e | (a\ R) such that Dom(e’) = o\ R': just
choose for €’(0) a club of ¢ of order type cf(o).

2) We are given e such that ®;, ple]. We define €'(d) for § € a limit by
induction on ¢ such that ®,, g[e'] holds.

Case 1: d€ER
We let €/(0) = 0.

case 2: (¢ R
We let v5 = otp(e(d)) so 75 < §. Let gs be the unique order preserving
function from s onto e(d). Necessarily ;5 is a limit ordinal (as e(d) has
no last element), and hence €’(;s) is a well defined unbounded subset of
~s of the order type from R. Let

¢'(6) = {gs(8) : B € €'(3)}-

3)  Straightforward.
4)  Let ej exemplify ®'a,,, aur, (see (3)), then ep U e exemplifies
@y aoURoUR, a0 by part 2) we can finish.

5) Let f be a one-to-one function from « onto |a|. Define a function ¢’,
Dom(e’) = {0 : |a[+jjo] < d < o, ¢ alimit ordinal} which will satisfy ®;7|a|+j|a\
(enough by part 2)).

If § = || choose €/(d) as an unbounded subset of |«| of order type cf(|al). If
0 > |af, let & = min{f5 : § = sup{f(y) : v < B}}, necessarily it is a limit ordinal.
Now, if &5 < |a| we let e(6) = {f () : v < &}. We are left with the case & = |a.
In this case define by induction on i < |af, the ordinal 5; = sup{g(y) : v < i}.
As & = |af clearly (Vi < |af)(Bi < 6), also clearly (Vj < i)(8; < B;). Hence
{Bi : i < |a|} has order type < |af; as § = sup{g(y) : v < |a|}, clearly

0= U Bi, so€(d) dof {Bi : i < |a|} is as required. Hence we have finished

i<|a|
defining €’ and the proof is completed.
6) Let @, [e]; by 4.2(4), 4.2(5) w.lo.g ¢ = [¢|. We define fsz by the
induction on 3:

If=~v+1let fg(v) =0, fa(e) =1+ fy(e) for e < 7.
If B is a limit ordinal, first define gg:

95(7) = (otp(y N e(B)); fmin(e(B)\(v+1)) (7))

So gg is a one-to-one function from 8 into otp(e(3)) X sup,4 |7[. As usual we
can well order this set by (<, is the lexicographic order):

(i1,92) <j (i2,J2) <= (max{iy,ia},i1,72) <z (max{ji,ja},j1,J2)-

Let hg be the one-to-one order preserving function from (Rang(gs), <j;) onto
some ordinal vyg. Let fg = hg o gg; check that 3 is a cardinal.
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7) Similar proof. (We use the fact that there is a definable function giving
for any infinite ordinal a a one-to-one function from a X a into a: just let
Ba < a be the maximal limit ordinal such that (Vy)(y < 8 — v x v < 8), so for
some n, 8" > n, and as above we can define a one-to-one function from « into
B x ...x [ and from it into 3).

—_——

n times

8) Included in the proof of (6).
9) Like the proof of part (5).
10) By (7). W,

Lemma 4.3 Assume ®, r and p > 0(E x E x P(A)) and
o = sup{rk?(ua-, E) : D € E} < o0,

and E, A* are as in hypothesis 3.0 and pa+ stands for the constant function with
domain A* and value p. Then Qq« g+, where R C R* C RU [u, ™) and there
is a (Y, : 0 € R*\ R) (note that o € R* \ R is just an ordinal not necessarily
an aleph) such that:

(a) Y, is a non empty set of pairs (D, ) such that
DeE, §=(,:a€A"), 6,ER

and [] da/D has the true cofinality o (see Def 2.3(1)).
acA*

(b) TheY,’s are pairwise disjoint. Moreover if (Dg,6%) € Yy, for £ =1,2 and
Dl = D2 then (51 #Dl 52.

REMARK: Instead of rk%,(pa-, E) < oo for every D € E it is enough to assume
k%, (i, E) < oo for some D € E with

o = sup{r%(ua-, D) : D € FE and 1k} (ua~, D) < 00}.

PROOF: For a« < o and D € FE let
FP —{f ey k3 (f) =1k5(f) =a} and Ap = {a < o* : FP £},
So (see 3.8):

(a) (o, D)+ FP and D+ Ap are well defined (so there are such functions),

(b) a*= U Ap,

DEE
(c) if f1, fa € F2 then f1/D = f2/D,
(d) if f. € FOZ for e =1,2 and a1 < ag then f1/D < fo/D.
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By 4.2(2)+(1) it suffices to prove ®,. p. 1) Let e be such that ®, rle]

holds. For ¢ € (u,a*), we try to define the truth value of § € R* and €'(9)

such that ®],. p. . 1)l€’] holds. We make three tries; an easier case is when

the definition gives an unbounded subset of § of order type < §: decide 6 ¢ R*
and choose this set as €¢/(d). If not, we assume we fail and continue, and if we
fail in all three of them then we decide § € R, and choose Yj.

First try: e1(9) et {sup(6NAp) : D € E and sup(6 N Ap) < d}.
Clearly this set has cardinality < (F) < p < |d]. So the problem is that it may
be bounded in 6. In this case, by (b) above, for some D € E, § = sup(d N Ap).

Second try: Let E5 ={D : 0 =sup(ApNJ)}.
So we can assume Fs # (). For each Dg € Ej let

Es(Do) ={D € E: Dy C D and there is f € A7)y such that f/D is
<p —lub of {g/D: g € FY°, for some g € Ap, N4}}.

For D € E5(D0) let
(Do,D) — . 3 _ . Do
Fy ={f:f/Dis <p —lubof {g/D:g € Fyg* for some § € Ap, N3}}.

For f € F(S(DO’D), let B(f) ={a € A*: f(a) a limit ordinal}. Now B(f) € D by
1.3(8) because of the assumptions f is a <p —lub and Ap, NJ is unbounded in
0 and let

H(f)={g € u: (va€B(f))(9(a) € e(f(a))) & (Vac A"\ B(f))(g(a) = 0)}.
(remember e is a witness for ®, r). Note that
(e) for Dy € Es, Es5(Dg) is not empty [by 3.14(1)],

(F) if Dy € Es, D € E5(Dy) then F{P0P) £,

(g) if fi. fo € Fy""") then fi/D = fo/D
(as <p-lub is unique mod D) hence

(8)" Hp(f1) = Hp(f2) where Hp(f) ={g/D : g€ H(f)},
(h) if Dy € Es and f € F\?") and g € H(f) then g <p f,

(i) if fe B then [H(f) < TT e(f(0)).
1€Ba(f)

We now define, for f* € F(S(DO’D) a function h = hs ¢+ p,,p from H(f*) to d:
h(g) = min{a < § : @ € Ap, and there is f € FP° such that =(f <p g)}.

(by the way, equivalently for every f € FP0). Now
(§) h(g) is well defined.
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[Why? As otherwise g exemplify f* is not a <p-lub of [J{FP° : a € Ap, N6}
(g is a smaller < p,-upper bound).]
Also

(k) Rang(hs, s+ p,y,p) is unbounded below 4.

[Why? For every a < ¢ there is 8 € Ap, N («,0). Choose f € Fé)", and
define g € A0rd by g(a) = min(e(f*(a)) \ (f(a) + 1)). Now g € H(f*) and
h(g) > B > a.]

(1) Rang(hs s+, py,p) does not depend on f*, ie. is the same for all f* €
i), [by (g)], and we denote it by ts(Dg, D).

(m) h is a nondecreasing function from (H(f*),<p) to 6.

If |E| is an aleph, choose a fixed well ordering <%, of E and if for our ¢ for some
pair (Dg, D) we have otp(ts(Dg, D)) < §, choose e(d) = ts(Dyg, D) for the first
such pair; but this assumption on |E| is not really necessary:

If for some Dy € E5, D € Es(Dy) we consider (i.e. if this set is O.K., we
choose it; easily it is an unbounded subset of 4):

{ts(Do,D): Dy € Es,D € Es(Dy) and for any other such (D’g, D’)
we have otp(ts(Dy, D)) < otp(ts(D'o, D))}

This is an indexed family of unbounded subsets of §, indexed by a subset of
E x E, all of the same order type, which we call 5*. As we know §(E x E) is a
cardinal < §. By observation 4.3A below it is enough to have 8* < |d].

OBSERVATION 4.3A: 1) If B={B.,:c € C}, B. C ¢ = sup(B,), J a limit
ordinal, sup otp(B.) < |d] and 6(C) < ¢ then we can define (uniformly) from ¢,
ceC

B an unbounded subset B of ¢ such that otp(B) < 4.
2) If in part (1) we omit the assumption 6 = sup(B.), the conclusion still holds
provided that —(x) where

(x) for every a* < ¢ we have § = sup | J{B. : a* < sup(B.) < d}.

PROOF: For each i < § =: sup otp(B,) define
ceC

B} = {v: for some ¢ € C the ordinal v is the i-th member of B.}.

So there is a partial function from C onto B, hence otp(B}) < 8(C) < 4. So
if for some %, the set B} is unbounded in ¢ then let B be B} for the minimal
such 7. If there is no such i then let v* = sup{otp(B,) : ¢ € C'}. By assumption
v+ < 4], let

B = {sup(B}) :i <7},

so B C 6, and |B| <* |y*| hence |B| < || hence otp(B) < |4] < § and for every
B < ¢ for some ¢ € C there is vy € B, \ 3, so for i = otp(B.N~) we have: v € B}
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hence v < sup(B;) < sup(B), so sup(B) = 4. So B is an unbounded subset of
¢ of order type < ¢.
2) Clearly

B = {sup(B.) : c € C and sup(B.) < d}

has order type < 0(C) < 4, so if 6 = sup(B) we are done; if not let o* =
sup(B) < 0 and C' = {c € C:§ =sup(B)}, B’ =: {B. : ¢ € C'} are as in the
assumption of 4.3A(1). | Y

CONTINUATION OF THE PROOF 4.3:
Third try: We are left with the case that every ts(Dg, D), when well defined,

has order type 6. Continue with our f* € F(S(DO’D)7 h = hs ¢« p,,p- For each g €
H(f*), we know that there are A € D" and f € F,?(;) such that g | A< f | A.
Now turn the table: for A € DT let

H(f*,A)={ge H(f"): for some (=all) f € F}fgg) we have g<,f}

(clearly the choice of f is immaterial : some, all are the same). Now:
(H(f*,A),<pya) is mapped by h into ts(Dgy, D) C §; moreover for ¢',g" €
H(f*, A) we have: h(g’) < h(¢”") = ¢ <pt+a g” (otherwise the minimal-
ity of h(g”) is contradicted). So (H(f*,A),<p4a) has the true cofinality
otp(t}(Do, D, A)), where t}(Dy, D, A) =: (Rang(h | H(f*,A))). Now by ob-
servation 4.3A if we do not succeed, for some f* < § we have

() if (Do, D, A) above and t}(Ds, D, A) € 3* then otp(t}(Dy, D, A)) = 4.

So we assume that for some 8* < ¢ we have (x). Without loss of generality
f* is minimal. Consider such a triple (Do, D, A) and the appropriate f* = fy.
Notice that H(f*, A) is cofinal in (H(f*),<p4+a4), (we use clause (d) of 3.14).
Now consider whether the quadruple

& = (Do, D, A, (otp(e(f3 (a))) : a € A")/(D + A))

was considered by some earlier 5%, if so, choose minimal §%, and we shall finish
by the observation 4.3B below. To stress the dependency on § we may write
Hs(fs,A), and define Col, for a < p such that o € Dom(e) onto e(a) as the
unique order preserving function from otp(e(«)) onto e(«). Let us define for g €
H(fs,A), the function Col, with domain A*, Coly(a) being otp(e(fs(a))Ng(a))
if f5(a) is a limit ordinal, zero otherwise. Of course Col, depends on the choice
of f¥ but Col,/D does not, and let Hs(f;, A) = {Col, : ¢ € H(fs, A)}, so
Hs(A) =: (Hs(ff,A)/(D+ A), <p+a) has order type d and Hs(A) is cofinal in

[T otpfi(a)/(D+ A), and H and Hs(A) were definable from 6, (Do, D, A) in
acA*
a fixed way.

Similarly for Hse (A). So observation 4.3B below give us a definition of an
unbounded subset Zo(Dyg, D, A, §,0%) of Hs(A) of order type 6%, hence also of
otp(Hs(A), <p) = § which we call Z(Dy, D, A,5,5%®). So

{Z(Dy, D, A,6,6%) : (Dy, D, A) =z | 3 for some = € ¢}
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is a family of unbounded subsets of § of order type 6® so by observation 4.3A
we are done.
Fourth try:

All previous ones failed, in particular there is no 6 as above. We put ¢ in
R*, and let Y5 be the set of quadruple (Do, D, A, (otp(e(fi(a)) : a € A*)/D) as
above (the last one is uniquely determined by the earlier ones).

OBSERVATION 4.3 B If for I = 1,2 we have ¥; € (A7) is cofinal in [ of/D
a€A*

and [g1,92 € Yo = (91 =p 92) V (91 <p 92) V (92 <p g1)] and (Y;/D, <p) is
well ordered of order type d; and §; < d3 and {a € A* : ol = a2} € D (and
al > 0 for simplicity) then from the parameters D, Y;/d, (o : a € A*)/D for
£ =1,2 we can (uniformly) define one of the following:

(a) Y C Yi/D cofinal in [] al/D and a function h from Y into &2, <p-

a€A*
increasing such that d; = sup Rang(h [ Y).

(b) cofinal X C d of order type < 8(P(A*)).

PRrROOF: For g1 € Y7 let

K(g1) =:{g1 €Y : ¢1 <p g2 and there is no g} € Y> such that
95 <p g2 and g1 <p gs},

Kp(g1) =:{92/D : g2 € K(91)},
Kp(g1/D) = | {Kbp(dh) : 9 € Y1 and g} =p g1}.
k(g1/D) is (if exists) the <p-minimal go/D € Y3 such that

95/D € Kp(91/D) = g5/D <p g2/D.

Now K(g1) is a subset of Y5, Kp(g1) is a subset of Y5/D and g} =p ¢} =
Kp(g1) = Kp(g1) hence Kp(g1) = Kp(91/D).
Case 1: for some ¢1/D € Y1/D, the set K,(g1/D) is unbounded in Y5/D.

We can choose the <p-minimal such g¢1/D, so K}, (g1/D) is a well de-
fined cofinal subset of Y5/D (remember Y2/D is <p-well ordered) and easily
otp(K(g1/D),<p) < 0({A/D : A€ D*}) < O(P(A*)).

Case 2: not case 1.

So k is a well defined function from Y;/D into Y5/D, and easily ¢;/D <p
¢/D = K(g,/D) <p k(g}/D).

Let

Y={q1/D: ¢1/D €Y1/D and
l91/D € Y1/D & g1/D <p g1/D = k(g1/D) <p k(91/D)},

and let h(g1/D) = otp({g2/D € Y : g2/D <p k(g91/D)}), so h: Y — d5. Now
Y, h are as required. M sp

W3
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Claim 4.4 [DC+®,[F]]
vk, (11, E)|. Then A <X, for some v < 0(E x E x P(A*) x

and \ =

PROOF:

Observation 4.5

2. If X\ is regular, A > 0(X

e.g. 0(Ax A)=0(A) if 6(A)
and (A x B) = max{6(A), (B
18 reqular.

PROOF:

clearly without loss of generality (A,

1) AsA<* B = 0(A) <0(B)and | 4, <*
zeX

See https://shelah.logic.at/papers/497/ for possible updates.
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Assume p > A* = cf(p) > No, p > 0(E)+£1, Qur

|[RIAT).

By 4.3 and 4.2(10). m,

(U Az) <

zeX

), A= 0(

(0(X) + sup e x 0(Az))*-

Az) (forxz e X) then 0( |J Az) < A So

zeX
is reqular and 0(A x B) < (0(A) +6(B))™T,
)} (or all three are finite) when the later

U ({z} x Az)

zeX
:xz € X) is pairwise disjoint. Let A =

U A, and f: A 2% o, s0 7, < otp(Rang(f | As)) < 0(A) < sup, 0(A,)

zeX

and call the latter A. So a = J{Bg : § < A} where

Let

AP ={ae | A,

reX

{a : for some z € X we have a € Rang(f [ A ) and
8 = otp(a N Rang(f | A.))}.

for the z € X such that a € A, we have:

B is the order type of {f(b) : b€ A, and f(b) < f(a)}}.

Let E be the relation on A defined by a E b < '\ {a,b} C A, so E is an

zeX

equivalence relation, and the A, are the equivalence classes.
Now AP N A, has at most one element, so f | A® respects E, so f induces
a function from A®/E onto Bgs. So

|Bs| < 0(A7/E) = 0({A,

c AP N A, #0)) <0(X).

Hence otp(Bg) < 8(X). So |a] < > |Bg| < A x 6(X) and
B<A

A+ 0(X)*t [sug&(Aw) +0(X)]".

(| J Ax) <

z€A

2) We repeat the proof above. Clearly v, < 6(4;) < A, s0 z — 7, is a

function from X to A, so as A is regular, necessarily v* =

(sup ~vz) < A. So Bg

is defined for 8 < v* only and again |Bg| < 6(X) < A. Hence otp(BB) < X and
hence by “y* < A, A regular” we have 5* = sup otp(Bg) < A and we finish as
B<y*

above.

The “e.g.” follows (with X = A, A, = A x {z},

)\ == Q(A)) .45
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Theorem 4.6 [DC| Assume
(a) p>cf(p) =k >N,

(b) | QL<J#7’(04)| =1,

(c) ®x(E). (Le. E is a nice family of filters on k.)
Then
() 2* is an aleph,

(B) wt is regular, and @ou (s<omci(s)>pyi if b= Ny then Qou g, where RN pu =
Reg N and [R\ p| < 0(y" x |EJ?),

(7) < A <28 = X not measurable,

REMARK 4.6A: Instead of (b), ®,, suffices, if 2 is replaced by p* and |E| is
well ordered.

PROOF: By the proof of 3.13 (and clause (b) of the assumption) there is F'
exemplifying 2/ € Tspra (11).
Let

Ap ={a:F2 #0} and FP = {f€F:1kph(f) =rkp(f) = a}.

Note that F is a singleton denoted by f2 so F = |J Fp where Fp = {fD:
DEE
a € Ap}, so the Fp are not neccessarily pairwise disjoint. By clause (b) we can

prove that as k < p also |P(k)| < p hence |P(P(k))| < u and hence |E| < u so
|E| is an aleph. As |E| is an aleph we can well order E (say by <g) and hence
can well order F":

f<tg it a(f) <alg) or aff) =alg) and D(f) <g D(g)

where a(f) is the unique « such that for some D we have f = faD(f) and D(f)
is the <g-first D which is suitable. As F' is well ordered, |F| is an aleph, but F'
was chosen by 3.13 such that |F| = 2#, so we have proved clause («).
If X € (u, 2], there is F' C F of cardinality A so as in 2.8, A is not measurable
so clause () holds.
Now we shall deal with clause (5).
By assumption (b) clearly ®,,, so 4.3 applies and we get ®ou g~ for R* as there.
Now suppose that for (o; : i < k) € *(RegN ), and D € E, [] 0;/D has the
<K
true cofinality o. If for some A € DV, sup,c40; < p, [[0:/(D + A) is well
ordered by (b), so o < u. So assume tlimpo; = p (i.e. p = limsup{o; : i < k) =
D
lim irg)f(ai 4 < K)), then [[o;/D is u*-directed so cf(o) > u, hence cf(a) > pt.

We conclude R* N u™ C R, hence, by 4.3, ®,+ g, so, by 4.2(8), u* is regular.
This gives the first phrase in clause (3), the second is straightforward. B¢

DiscussioN 4.6B:
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1. If |[E|+|P(k)| is an aleph and the situation is as in 4.6, then we can choose
A C 0(2") which codes the relevant instances of ®,,+ g, ®x g+ (Or ®2u g+ )
and then work in L[A] and apply theorems on cardinal arithmetic (see in
[Sh-g]) as in 4.4 (so we can ask on weakly inaccessible etc.), but we have
to translate them back to V, with A ensuring enough absoluteness.

2. If |E| + |P(k)| is not an aleph, we can force this situation not collapsing
much, see §5.

Definition 4.7 For an ordinal § let
IDj = {AC§:®;545 a4 holds },

ID;,={RC4:R\aclID;},
ID(%,R ={A Cd: there is a function e with domain A such that
the requirement in Qg g [e] holds for a € A},
ID} ko = ID3 pia-
Omitting R means Reg N 4.
Claim 4.8 1. IDj,=1Dj and 6 € ID}, <= ®sRr.
2. ID(%’OC, ID? are ideals of subsets of §.

3. Assume a1 < as < az € Ord and IDng,R,a,, for 1 = 1,2. Then
ID?XS’R’M,

4. 6 € ID? ifA057<‘5‘.

5. [AC\o)] ID} p, is |a|t-complete (see 4.3A, we need to choose the wit-
nesses ey ).

6. A€ ID; <= A€IDj; ,
7. [AC\y] IDj , is |a|"-complete.

We think that those ideals are very interesting.

5 The successor of a singular of uncountable co-
finality

Claim 5.1 Assume cf(pu) = k > Vo, p = |J i where p; increasing continuous,
<K

w an aleph (u; may be merely an ordinal). If f* € *Ord, f*(i) = |u;|T then

If*lpra > p* (hence tk}(f*) > p* when D € E extend DRY).

PROOF: Let a < ut and we shall prove
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(¥) thereis (fs : B < a), fg € [[ f*(i), such that 8 <y < a = fz <pra f,
1<K

Let g be a one-to-one function from « into p. For every f < « let
fa(i) = otp{y < |l "+ g(7) < B}

W

Observation 5.2 [DC + AC,;, + ®x[E], E normal, k an aleph] Assume
(a) (wi:i<k) is strictly increasing continuous sequence of alephs,

(b) fe Il +1), Do € E and 1k}, (f. E) =1k}, (f, E) = pu*,

i<K
(¢) Twp(w;)) <p forDeE andi < k.
Then {i: f(i) = u} € D.

PROOF: Otherwise without loss of generality (Vi)(0 < f(i) < p;) hence
(Vi) (ct[f(i)] < ps). By AC, there is (g; : i < k), g; is a one-to-one function
from f(7) into p;. By the normality and the possibility to replace D by D + A

(for any A € DT), for every f; € [] f(i) and Dy, Dy C Dy € E, for some
<K
A€ Df, and j < k we have (Vi € B)(g; o f1(i) < 1), so we conclude

ph = J{Wpja:DyCD€EE,j<k BeD},
(Fp,j,Aa :« € Wp j a) is <p-increasing and D-smooth, where
Fpjae= {h:fiell f@),lic A= giofi(i) <p;] and
- % (1, B) = kb (1, B)
Wpja={a: Fpjaa# 0}
As Twp(pj) < p, clearly [Wp ; al < p. So
ut = U{WDJ',A :DyCDeE,j<k ACK}

with each set of cardinality < p, as 0(F) < p, 0(P(k)) < p (as in 4.3), we get a
contradiction. L P

Conclusion 5.3 Under the hypothesis and the assumptions (a)-(c) of 5.2, for
the f* € *Ord defined by f*(i) =: pu*, for every D € E we have: 1k3,(f, E) =
rkp (f, E) = pt.

Theorem 5.4 [DC+ AC,, + @, (FE)+ Xy < k = cf(k), E normal or just weakly
normal as witnessed by v Assume (a)-(c) of 5.2 and
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(d) S ={i<r:cf(u)= A} is stationary (see 3.17 (2)), moreover 1=1(S) €
Dy € E for some Dy.

Then cf(uf) = A

PROOF: By 5.2 + 3.14 we know rk% ((u; : i < k), E) > pt so by 3.4+5.1
there are f € [[ (s +1) and D € E such that S € D, tk%(f) =tk (f) = put.

1<K
Without loss of generality each u; is singular; apply 5.2. By ACy there is

(e; 11 < K), e; C pu cofinal, otp(e;) = cf(y;"). Now as in the proof of 4.3 we
know {rk},(h) : D € E,h € [] e;} is cofinal in pt, hence
i<K

{rk%(h) : D € E, h(i) the y-th member of ¢; for i € S, 0 otherwise}

is a cofinal subset of u™. u;,

Conclusion 5.5 [as 5.4+(a), (b), (¢) of 5.2] If (u; : i < K) is a strictly in-
creasing continuous sequence of alephs then for at most one A > Kk the set
{i < k:cf(uf) = A} is stationary

REMARK: We can prove that for all D € E, [] cf(u;)/D has the same cofinal-
i<K
ity.

QUESTION 5.6: Under the hypothesis and assumptions of 5.4 can we in addition
have a stationary S C & such that (cf(u;) : 4 € S) is with no repetition?

6 Nice F exists

Observation 6.1 For an aleph A and a set A*, X471 is equal to

Z AlBE s | 8147

B<O(A*)

provided that Ry < |A*| (otherwise replace |34 by |{f € 4" B : Rang(f) =
BH)-

Convention 6.2 x,0 are alephs, o an uncountable cardinal such that DC.,,
f, g, h will be functions from k to Ord.

Definition 6.3 Assume cf(k) > 6.

1. P, = {f : f a function from some ordinal v < o into Kk U "a} partially
ordered by C is regarded as a forcing notion and Gpg = or simply G' denote
the generic.
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2. h= UGP’g'Q (is forced to be a function from o onto kU "a).

3. alGpg | = (q; i < o) lists in increasing order
{sup(s N Rang(h 7)) : 7 < ).

4. Y = {7, b(v)) 1 v < o,b(v) € K} U{(7,3,B) : v < 0,i < k and h(7) €
"o (())()=ﬂ}

5. D7 4 is the club filter on the ordinal k in K[Y] (K - the core model, see
Dodd and Jensen [DJ]).

6. We can replace a, "o by f € *Ord, [](f(¢) + 1) respectively.
1<K

REMARK: On forcing for models of ZF only see [Bu].

Observation 6.4 1. D7, = D7 ,NP(k)V does not depend on the generic
subset G of P

2. If r is reqular in Ve (e.g. K successor in V) then Dy,
minimal among the normal filters on kK.

o 15 mormal,

Claim 6.5 Assume that

X k.o for some/every G C P, generic over V, in K[Y] there are arbitrarily
large Ramsey cardinals®.

Then rk%zk(a) < oo for E = Eqy the family of filters on k, or E = Ei the

family of normal filters on k in the case of 6.4(2), or even

E=FEy,=={D: Il—pg,a “there is a normal filter D' on k
such that D' NP(k)V = D"}

PROOF: As P7, is a homogeneous forcing, “some G”7 and “every G” are
equivalent. The proof is as in [Sh-g], Ch.V 1.6, 2.9. N 5

REMARK: In [Sh-g] Ch.V we almost get away with K(Y), Y C (2%1)*. We shall
return to this later.
Claim 6.6 Assume that X, . o fails.

1. If in V, X = u™, p is singular > 6(°~(®a)) then X is regular but not
measurable.

2. Bounds to cardinal arithmetic : if p > k then \* < 2 x AT
3

or considerably less
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PROOF: Let G C P,f’a be generic over V. First we shall prove that
(%) A is still a cardinal in V[G].
Assume not. So V[G] = || = |p|, and hence for some P-name H and p € P,

plFp “H is a one-to-one function from p onto \”.

For oo < p let
Ao ={B<X:pkp H(a)# B}.

So (An s a < p) € V and easily otp(A,) < 0(P7,) (map ¢ € P to §if p < g,
q - H(a) = B, and map g € P to min(A,) otherwise). But 0(P7 ) < u, so (as
the sets are well ordered) this implies

VEA=[{J A <D otp(Aa)l <[ D 0P ) < pxp < s

a<p a<p a<p

a contradiction.
Really we have proved

(¥)7  every cardinal > (?(*a)) in V is a cardinal in V[G].
Next we prove
(*)2 A is regular in V.

Assume not. So there are Az C A = sup(A4s), otp(Az2) = cf(N), 49 C p =
sup(Ap), otp(Ag) = cf(p). Let p* = (uH)KYIEN and let in V we have A; C
p* = sup(A1), otp(A1) = cf(u*). Let now A = (Ag, A1, As). In VIG], u,
A are still cardinals. Hence in K[Y[G]] too u, A are cardinals and even in
K[Y[G], A] we have ) is a cardinal. Also u* € (u,)\), hence cf(*) < p hence

K[Y[G], 4] E cf(p*) < p. Now K[Y[G]], K[Y[G], A] are models of ZFC, and
in the latter cf(p*) < otp(As) < p.

As K[Y[G]] does not have unboundedly many Ramsey cardinals and p >
NY = N{([Y[G]], by Dodd and Jensen [DJ] there is B € K[Y[G]] such that
K[Y[G]] E “|B| < (|Ju|")XYIELA” and A; C B, and so we get contradiction
to K[Y[G]] E “p* a successor cardinal > pu”.

Next:

(*)s if p is singular, A is not measurable;

[as by the proof of (x)2, K[Y[G]] | “A = u™” so there is e as in section 4]. Mg ¢

Claim 6.7 [ACp(p(.y) + DC] Assume E is a family of filters on k, D, =
min(E) (that is D, € E, and [D € E = D, C D]) and for some f* € "Ord,
rky, (f*) = 0o. Then 1k}, (a) = 0o for some o, o0 < O(P(P(k)) (and essentially
a < §(P(k))) (i.e. a stands for the function from k to Ord which is constantly

a).
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PROOF: We first prove that there is such o < 6(P(P(k))). If D € E,
k% (f) = oo then for every ordinal « there are A = As, € DT and g =
9f.a <D+A;. f such that rk%+A(g) > . Without loss of generality g7 < f;
so we have only a set of possible (A o, ¢s,a) (for given f).

By the “F” of ZF there are Ay, gr <pta, f, gy < f such that rk%+Af(gf) =

00, SO rk%l(gf) = oo for every D1, D + Ay C D; € E. Note:
k+r=r, [PK)*=PK), [P(Pk)}=IP(P())
(really [A| + 1 = [A] = [P(A)* = [P(A)]). By ACp(p(x)):
(x) if FF C"*Ord has cardinality < |P(P(x))| then we can find
{{As.p.97.0) : f € F.D € E,1xkp(f) = oo}

such that rk?b+Af,D(9f,D) =00, 95,0 <pD+A;p |r 95,0 < [

By DC we can find (F,, : n < w), F,, C "Ord, such that in (x) for F' = F,, we
have Fi,11 = F,U{gyp: f € F,,D € E},and Fy = {f*}. Let F = |J F,, and
n<w
let A= (A;:i< k) be defined by A; = {f(i) : f € F}. Clearly |F,| < |E,| <
|P(P(k))| and hence |A;| < |P(P(k))|. Hence h*(i) =: otp(4;) < 8(P(P(k)))
and sup Rang(h*) < 0(P(P(x))). Now for every f € F we define hy € [] g(i)
1<K

by hy(i) = otp(A4; N f(i)) < g(i). It is now easy to check that 1k, (hs) = oo
as required.

Next we prove that for some o < 0(P(k)) we have rk}, (o) = oco. As
ACp(p(xy), clearly P(r) can be well ordered, so let hg : P(k) — |P(x)| be one-
to-one onto |P(k)|, an aleph. By the first part there is a* < 8(P(P(x))) with

rk2D* (a*) = co. Hence we can find h : P(P(k)) onte x4 1.

OBSERVATION 6.7A: [AC,] If a < 8(P(A*)), |A*| x k = |A*| then "(a+ 1) is
a set of cardinality <* P(A*).

[Why? Let hy : P(A*) 2% a + 1 and let hy : A* x K — A* be one to one.
For each f € ®(a + 1) we can choose B = (B; : i < k), hyi(B;) = f(i), so
B; C P(A*), and (B; : i < k) encodes f and it in turn can be coded by
{(i,2) :i < kand z € B;} C k x A*, but it is not clearly if we have also the
function f — B/. However we can define a function H, Dom(H) = P(A*) and
Rang(H) C "(a+ 1) by

(H(A))(i) = h1({a € A" : ha(a,i) € A}).

Clearly H is a function from P(A) onto “(a+ 1), hence |*(ar 4+ 1)| <* |P(A*)]]
Ws.7a

Of course, apply 6.7A to A* = P(k).
Also [Fil(k)| < |P(P(k))| and |P(P(k))|?> = |P(P(k))|, so by ACp(p(r)) We
can find Yy = ((Ay.p,95,p) : f € “(a* +1),D € E) such that:
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(¥) if 1k} (f) = oo then rng+Af,D(gf,D) =00, Agp € DT,
gr.p € “(a* +1), 970 <p+as;p |

Similarly by ACp(p(.)) we can find Y1 = (dyp : f € ®(a* +1),D € E) such
that:

D Cdyp € E and 1k (f) = rk?iD(f).

We now define the model € with the universe P(P(x)) - just put all the infor-
mation needed below.

Clearly |€| = |P(P(k))|, so we have a choice function H* on the family of
definable (in €) non empty subsets of €. So for A C € we have the Skolem
hull. Now we define by induction on a < ™ (an aleph) submodels M, of €
increasing continuously in « and of cardinality < |P(x)|.

For a = 0: the Skolem hull of {7 : v <|P(k)|}
For o limit: |J Mg
B<a
For ao = f§ + 1: the Skolem hull of |M,|U{z : x € "|M,|}

Now #(M,+) C M+ (as kT is regular as |P(x)| is an aleph). Let H : M+ N
Ord 2% B* < |P(k)|T be order preserving. So as we are assuming that the
conclusion fails, for every f € "(a* +1) N M+,

Ho f* € "B satisfies rkzD* (Ho f*) < 0.
Whereas rk7, (f*) = co. We can conclude as in [Sh 386, 1.13]. .,
We can generalize 6.1-6.7
Claim 6.8 [DC.,, 0 =cf(0) > Ng]  Assume:
(a) D, is a o-complete filter on A*
(b) A*=A, xo0,and 1: A* = o isi(a,a) =«
(c) D* is the following filter on A*; for A C A*:

AeD* < {i<o:{a€A,: (i,a) € A*} € D,} € D, where
D, is the minimal normal filter on o.

(d) E= the family of t-normal filters on A*.

Then for every f € 4" a(x), k% (f) < oo, provided that 4 a(s)-
CoONCLUDING REMARK: We can deal with fc(“~w) as in [Sh 386], [Sh 420]. Also
concerning 6.7 change |A*|.

Also as in [Sh 386] we can define 'rk*(f,£) and so improve 3.12 (as in [Sh
386,52)).
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