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VIVE LA DIFFERENCE III

SAHARON SHELAH

ABSTRACT. We show that, consistently, there is an ultrafilter F on w

such that if Nf = (P UQb, PL Q4 RE) (for £ = 1,2, n < w), PLU

Q%Y Cw,and [] Ni/F = [[ N2/F are models of the canonical theory
n<w n<w

of the strong independence property, then every isomorphism from
I1 N./F onto [] N2/F is a product isomorphism.

n<w n<w

ti“d

0. INTRODUCTION

In a previous paper [She92] we gave two constructions of models of set
theory in which the following isomorphism principle fails in various strong
respects:

(Iso 1): If M, N are countable elementarily equivalent structures and
F is a non-principal ultrafilter on w, then the ultrapowers M™*, N*
of M, N with respect to F are isomorphic.

As is well known, this principle is a consequence of the Continuum Hy-
pothesis. Recall that Keisler celebrated theorem (from [Kei67]) says that, if
22 = A% then two models, M, N of cardinality at most AT (and vocabulary
of cardinality < \) are elementarily equivalent iff for some ultrafilter 7 on A,
the ultrapowers M*/F, N*/F are isomorphic. This has given an algebraic
characterization of elementary equivalence.

In [She94b] our aim originally was to give a related example in connection
with the well-known isomorphism theorem of Ax and Kochen. In its general
formulation, that result states that a fairly broad class of Henselian fields
of characteristic zero satisfying a completeness (or saturation) condition are
classified up to isomorphism by the structure of their residue fields and their
value groups. That is, the statement that interest us in the second paper in
this series [She94b], was:

(Iso 2): If F is a non-principal ultrafilter on w, then the ultraproducts
[1Z,/F and []TF,[[t]/F are isomorphic.
P P

The answer we got was, more generally:

Key words and phrases. Forcing, ultrapowers, strong independence property, bigness
notions, definability.
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Theorem 0.1 (See [She94b]). It is consistent with the axioms of set the-

ory that there is a non-principal ultrafilter F on w such that for any two

sequences of discrete rank 1 valuation rings (Ril)nzl’Q’m (i = 1,2) having

countable residue fields, any isomorphism F : [[RL/F — [[ R2/F is an
n

n
ultraproduct of isomorphisms F,, : RL — R2 (for a set of n’s contained in
F). In particular, for F-magority of the n, the valuation rings R., R2 are
isomorphic.

In the case of the rings F,[[t]] and Z,, we see that (Iso 2) fails. For this
our main work was to show the following statement which actually from
model theoretic point of view is more basic and interesting.

Theorem 0.2 (See [She94b)). It is consistent with the axioms of set theory
that there is a non-principal ultrafilter F on w such that for any two se-
quences of countable trees (Tfl)nzljgw for 1 =1,2, with each tree TfL count-
able with w levels, and with each node having at least two immediate suc-

cessors, if T* = [[T¢/F, then for any isomorphism F : T! =5 T2 there is
n

an element a € T such that the restriction of F to the cone above a is the
restriction of an ultraproduct of maps F,, : T} — T2.

From a model theoretic point of view this still is not the right level of
generality for a problem of this type. There are two natural ways to pose
the problem. From now on

Convention 0.3. In the rest of §0 and §2,§3 models are countable with
countable vocabulary if not said otherwise, and we use M, N to denote
models. If we say a model may be uncountable we still assume its vocabulary
is countable if not said otherwise.

Problem 1. Characterize the pairs of countable models M, N which are
pseudo-isomorphic, where

Definition 0.4. We say that the countable models M, N are pseudo-isomorphic
if:

(a) if F is a non principal ultrafilter over w then M¥/F, N“/F are
isomorphic, and
(b) clause (a) continue to hold after forcing by any (set) forcing .
Of course this is not isomorphism (see below on models of a stable theory).
A related problem is

Problem 2. Characterize the pairs of countable models M, N with non-
isomorphic ultrapowers modulo any non-principal ultrafilter 7, M /F, N* /F
in some forcing extension. (I.e., the negation is: such that for every forc-
ing extension there is a non-principal ultrafilter F on w we have M“/F ~
N¥/F.)

There are two variants of the second problem: the ultrapowers may be
formed either using one ultrafilter twice (called 2(A)), or may consider using
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any two ultrafilters (called 2(B)), but see below. As when the continuum
hypothesis holds is too easy ask:

Problem 3. Characterize the pairs M, N of countable models such that
in some forcing extension failing in continuum hypothesis, for every non-
principal ultrafilter F on w, M“/F = N¥/F

Problem 4. Let us write M < N whenever in every forcing extension, if
F is an ultrafilter on w such that N¥/F is saturated, then M“/F is also
saturated. Characterize this relation.

This is related to the Keisler order (see Keisler [Kei67], or [She78al, or
[She90, Chapter VI]), but does not depend on the fact that the ultrafilter is
regular, so some of the results there apply to Problem 4, this in turn implies
results on Problem 2(A). By [She90, VI] we know the following. Let D be
a non-principle ultrafilter on w, and M (countable) model (with countable
vocabulary). If Th(M) is stable then M“/D is saturated. We can replace
Ng here by any cardinal x satisfying k<" = k using regular ultrafilter on x.

Now, by [She71], there is an ultrafilter D on 2% such that for countable
models (with countable vocabulary) M, N

M=N = M2/pD=N"/D.
and we can add “M¥/D is k-saturated” for every  such that 2<% = 920
Also, if 2% = Xy, F is a non-principal ultrafilter on w and M; = M, are
countable, then M /F =2 MY /F (as they are saturated); similarly if MY are

countable models (for £ = 1,2, n < w), My = [[ M./F,, and F; are non-
n<w

principal ultrafilters on w, then My = My = M; = M. On the other hand,
if 2% > Ny, then by [She90, Ch VI] for every regular cardinal 8, ¥; < § < 2%
there is a non-principal ultrafilter Fy on w such that the downward cofinality
of (w,<)¥/Fy above w is 0 so 01 # 02 = (w,<)¥/Fp, Z (w,<)¥/Fp,. This
gives negative results on Problem 2(B) above. If Th(M) is unstable then
some such D, M“ /D is not No-saturated. Why? We can choose ¢(Z,7)
which has the order property, 1g(z) = m choose a,; € "M(i < n < w)
be such that M = @lan, an;] iff i < j < n. Let P, = {an; : 1 < w},
<n={(@n,i,an;) : i < j <n}. Consider (N, P):= [[ (M, P,,<n)\ D, now

n<w
use a “cut” of [] (Pn, <n)/D with cofinality (Xg,®;). So for Problem 4, the

nw
stable theories are minimal.

More general problem is

Problem 5. For which quadruples (Mj, N1, Ms, N3) of countable models,
in some forcing extension for some ultrafilter 7 on w, M{’/F = NV /F but
My JF 2 N§/F? (and other variants as above).

We can also replace above the countable model M by the first order theory
Th(M) e.g. we can define: T} < Ty iff (Th, T, are countable theories such
that) for every countable model M; of T} there is a countable model Mj of
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Ty such that M; < Ms. The present paper is dedicated to sheding some
further light.

Problem 6. We may be more interested in the ultrafilter, so define the order
on the family of ultrafilters on w but here our focus is on model theory. More
specifically, we may ask to investigate <,y where F1 <,y Fo iff 77, F> are
non-principal ultrafilter on w such that for every countable model M, if
M« /Fy is saturated then MY /F;, is saturated.

Working on [She94b] we had hoped to continue it sometime. However,
we actually began only when Jarden asked:

(*) Suppose that F! are finite fields (for n < w, £ = 1,2) satisfying
F! 2 F2. Can we have (a universe and) an ultrafilter 7 on w such
that [[ F!/F and [] F2/F are elementarily equivalent but not

n<w n<w
isomorphic?

That was not an arbitrary question: he knew that many such pairs of
ultraproducts are elementarily equivalent, because the first order theory of
a field F' which is isomorphic to an ultraproduct of finite fields is determined
by its characteristic and its subfield of algebraic elements. Hence we can find
an equivalence relation Fj on the family of finite fields for & < w each with
finitely many equivalence classes of the form: an equation from A, has a
solution in one iff it has a solution in the other with A,, finite, and such
that if F}, F2 are finite fields for n < w and F is a non-principal ultrafilter
on w and for each k the set {n < w : (E!)Ex(F2)} belongs to F then the
respective ultraproducts are elementarily equivalent.

When Jarden asked me, I inquired whether it has the strong independence
property and told him what it is, he said yes. Cherlin gave me the reference
to the strong independence property for finite fields: Duret [Dur80, pp.
136-157].

Here we continue [She92, §3], [She94b, §1]. To give an affirmative answer
to (x), we show that after adding N3 Cohen reals to a suitable ground model,
one gets a universe with an ultrafilter 7 on w and a sequence of models
(M, : n < w) on w such that

(vx) if Ny = (PLUQy, Py, Qp, Ry) (for £ = 1,2, n < w), PUQ, C w,
and [[ N!/F = ] N?/F are models of the canonical theory
n<w n<w
of the strong independence property (see Definition 1.5 below), then:
[J every isomorphism from [[ N}!/F onto [[ N2/F is (first order)

n<w n<w
definable in [[ M, /F for some models M, with universe w

n<w
or what is equivalent but hopefully more transparent

1 if F is an isomorphism from N! = [] N}/Fonto N2 = [] N2/F
n<w n<w
then we can find unary functions F}, from N} into N2 for every n < w
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such that the set of n for which F, is an isomorphism from N} onto
N2 belongs to the ultrafilter and [] (N}, N2, F,,)/F is (N, N2, F).
n<w

Our forcing is adding N3 Cohen reals, but we need that our model of
set theory, i.e. the universe over which we force, satisfies some conditions.
There are two ways to get a “suitable” ground model. The first way involves
taking any ground model which satisfies a relevant portion of the GCH, and
extending it by an appropriate preliminary forcing, which generically adds
the mame for an ultrafilter which will appear after addition of the Cohen
reals. The alternative approach, which we consider more model-theoretic,
is to start with an L-like ground model and use instances of diamond (or
related weaker principles) to prove that a sufficiently generic name already
exists in the ground model. We will fully present the first approach - the
second one should be then an easy modification of the arguments presented
in [She94b, §1].

Our presentation is somewhat more general than needed for (**). By
allowing more what we call ”bigness” properties to be involved in the def-
inition of App, we leave room for getting analogs of (**) for more classes
of models (getting the conclusion for all of them at once, or possibly only
for some) - as long as the respective bigness notions are as in Definition
1.4. This, we hope, would be helpful in connection with the Problems above
(particularly problem 2 and 5). For the problem on fields only the case as-
sociated with the strong independence property is needed; general bigness
notions appear for possible general treatment.

Let us comment on our general point of view. In this paper we try to
advance in Problems 1+2(A) and for this, it seemed, we can take the max-
imal I, i.e., allow all Rg-bigness notions. However, concerning Problem 4
(investigating the partial order < on models), for showing M £ N, the
construction causes N*/F to be almost always non N3-—saturated. We need
finer tools for them e.g. using some bigness notion but not others.

The two previous papers benefited from Gregory Cherlin, the present one
benefited from Andrzej Rostanowski, thank you!

We continue those investigations in [Shec].

Notation 0.5. Our notation is standard and compatible with that of classical
textbooks (like Hodges [Hod93] Chang and Keisler [?] and Jech [Jec03]). In
forcing we keep the older convention that a stronger condition is the larger
one.

(1) We will use two forcing notions denoted by Cy, and App (see Defini-
tions 2.1 and 2.4, respectively). Conditions in these forcing notions
will be called p, ¢, (with possible sub/super-scripts). Note that the
product App x Cy, is a dense subset of the composition App * Cy,

(2) All names for objects in forcing extensions will be denoted with a
tilde below (e.g., g, p).
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(3) The letter 7 (with possible sub/super-scripts) stands for a vocabu-
lary of a first order language; we may also write (M), 7(T) for a
model M or theory T" with the obvious meaning. We will use the
letters p, q (with sub/super-scripts) to denote types.

(4) The universe of a model M will be denoted |M|, but we will often
abuse this notation and write, e.g., a € M. The cardinality of a set
A will be denoted ||A||, and, for a model M, ||M|| will stand for the
cardinality of its universe.

Comment: Why the N3 7 We like to have a preliminary forcing notion App
which for some &, is x-complete, kT-c.c., K<¥ = k; so that every cardinal
is preserved. But for kK = N;, A C kT countable the number of conditions
with this domains (i.e. the number of names of ultrafilters on w as above) is
more than x hence in the natural choice the k-c.c may fail, we may remedy
this but it is easier to use a cardinal s such that u < k = N0 < k.

1. BIGNESS NOTIONS

In this section we will quote relevant definitions and results from [Shear,
Chapters X, XI] (=[Shea], [Sheb]), but we somewhat restrict ourselves here.
The reader interested in the field case only and/or finding Definition 1.1
obscure, may jump directly to Definition 1.5.

Definition 1.1 (See [Shear, Chapter XI, §1]). Let T" be a complete first
order theory (in a vocabulary 7), and K = Kp be a class of models of T
(normally: all models of T') partially ordered by the relation < of being
elementary submodel. Also let ¢ be a first order theory with a countable
vocabulary 7(t) (including equality, treating function symbols as predicates).
(1) We say that K’ is an A-place in K if
(a) K'C K,
(b) if M € K', then A C M,
(¢) if M < N are from K and A C M, then (M € K') & (N € K'),
(d) if M € Kand A C N € K and M, N are isomorphic over A,
then M € K' & N e K.
(1A) A place is an A-place for some A (alternatively use only M < € of
cardinality < &, where € is k-saturated model of T', as in [She90]).
(2) For AC M € K we let K/ = K4 be the class

{NeK:ACNandae“ A = tp(a,0, M) =tp(a,0d,N) }.

We call it the (A, M)-place.
(1) A local bigness notion I' for IC (without parameters, in one variable
x) is a function with domain IC which for every model M € K gives

g@i;—i—g%g%?p(m”a)SOGE(T)&GQM}? B
= ={p(x,a):pe L(r) &aC M}\T,
such that

(a) I'y; is preserved by automorphisms of M,
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(b) Ty, is a proper ideal, i.e., I'}, # () and
(o) if M = (Vz)(p(z,a) — ¥(z,b)) and ¥(z,b) € Ty, then
p(x,a) € Ty,
(B) if p1(z,a1), p2(z,a2) € 'y, then ¢1(z,a1) V ¢(z,a2) €
T,
Elements of I';, are called I'-small in M, members of Fj(/[ are I'-big.
A local bigness notion T' for K with parameters' from A is defined
similarly but Dom(T") is an A-place K’ in K and in clause (a) the
automorphisms are over A.

(2) We say that a local bigness notion I' is invariant for K (or for an
A-place K') if for M < N from K (or from the A-place K') we have
I, CI'yand I}, C T3

(3) A T'-big type p(x) in M is a set of formulas ) (x, a) all of whose finite
conjunctions are I'-big in M.

(4) A pre t-bigness notion scheme ) is a sentence 1q (in possibly in-
finitary logic) in the vocabulary 7(¢) U {P*}, where P* is a unary
predicate, we may say “using P*”.

(5) An interpretation with parameters of t in a model M € K is ¢ =
(pr(yr,ar) : R € 7(t)), where ¢ € L(7) and ag is a sequence of
appropriate length of elements of M. So a predicate R from 7(t) is
interpreted as

{b: M |= or(b,ar), 1g(b) = 1g(gr) (= the arity of R) }.

The interpreted model is called M[p] or M[?! and we demand that
it is a model of t; so in particular M[p] is a 7(t)-model and its
universe is {b € M : M = ¢—(b,b,a=)} defined by p—(z,y,a=)
which we demand is an equivalence relation; here usually equality
on its domains, so we may write just p—(z,a=) or just p(z,a); of
course we could use k-tuples for elements and then lg(yr) = kn for
R an n-place predicate from 7(t)

(6) For a pre t-bigness notion scheme 2 = 1 and an interpretation
@ of tin M € K with parameters from A C M, we define the ¢—
derived local pre-bigness notion I' = I'y, 5 = T'y[@]| with parameters
from A C M (in the A-place K4 nr) as follows:

Given M’ € K4, a formula 9(z,b) in £(7) (with parameters from
M’ of course) is T'y[g]-big in M’ if for any quite saturated N*,
M’ < N*, letting

P* = {a e N*[@] : N* |= ¥[a, 0]}

we have (N*[g], P*) = 1.
In full we may write I' =T'(y ; 5) and even I' = I'(y, s 5 a7, 4)-

lAlternatively use the monster model.
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(7) We say 1 is a t-bigness notion (for T') if for every interpretation ¢ of
t in some A-place K' C K, Ty y 5 is an invariant? local bigness notion
for our fixed K. If there is no T" mentioned or understood we mean
“for every T”. So it is enough in (6) above if we define I'j;r when
M < M.

Proposition 1.2. (1) If T is a local bigness notion for K with parame-
ters in A, M € K ar and p(x) is a I'-big type in M, then it can be
extended to I'-big type q in M which is a complete type over M.

(2) Assume t,,p, M, A are as in Definition 1.1(6). The truth value of
“W(y,a) is T(1y.p-big” depends just on (M [ 7',a,c)cca whenever
the formulas in @ and 9 belong to L(1').

Proposition 1.3. For T, K =Ky and t as in 1.1,
(X) if N < M are from K, and ¢ = (pr(yr,ar) : R € 7(t)) is an
interpretation of t in N, then @ is an interpretation of t in M (i.e.,
M[p] = t) and moreover N[p] < M[p].

The following definition is crucial in our application, the proofs give some
amount of definability, “a local version” and we need to deduce from it a
global one. This is a good property criterion for closing the gap which have
in fact been used for #"4, see more systematically in [Shec].

Definition 1.4. Let ¢ be a first order theory in a vocabulary 7(¢). Suppose
that ¢ is a t-bigness notion scheme, using P € 7(t), a unary predicate,
and ¥(y, ) is a 7(t)-formula. We say that v is (Ng, Ry)—(P, ) -separative
whenever the following condition (@)1{3’19 holds and for simplicity we assume

@—(x,y,a=) is equality on its domain®.

(®)113’19 For every Ro— compact* 7-model M and every interpretation ¢ =
(pr(Yr,ar) : R € 7(t)) of t in M and a set X C |M]| of cardinality
at most Vi, including all parameters of ¢ we have:

if N <M, X C|N|,|N| <Xy, and p(x) is a I'y[@]-big type over
N, ||p(z)]| < Ny, and aj,ag are distinct members of [M|\ |V|
with (recalling 1.1(5))

M k= pplar,ap] A pplaz,ap]
then the type p(z) U {¥(a1,x) < = (az, x)} is I'y[p]-big.

We now define the main bigness notion used

Definition 1.5 (See [Shear, Def. 3.4, 3.5, Chapter XI]). (1) tind = ¢ind
is the first order theory in vocabulary 7(t"!) = {P Q, R}, where

2the “invariant” really follows

30therwise we should inside (@)1}3”97 demands further that for any ¢ € N we have
M = —p—(c,a1,a=) N mp=(c,az,a=) A ~p=(a1,az,a=).

4 A model M is called k-compact if every type over it of cardinality < k is realized; if
we omit K we mean the cardinality of the model
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P, are unary predicates and R is a binary predicate, including
sentences

(Vz)(Vy)(zr Ry — P(z) A Qy)), and

(Vz)(P(z) V Q(x))
and saying that for each n < w and any pairwise distinct elements
ai,...,as, € P, there is ¢ € () such that

a; Rc if and only if ¢ <n.
tind jg ¢ind plus
(V2)(Yy)(32) (Q(z) A Q(y) A z#y — P(2)A(z Rz =-z Ry)).
(2) We define a pre #™-bigness notion scheme I'™@ as follows. The
sentence 1™ says that P* C Q and (P, Q, R, P*) satisfies:
for every n < w, there is a finite set A C P such that

for every distinct ay, ..., a9, € P\ A there is ¢ € P*
satisfying

agRc for¢<n, and —(agRc) forn<l<2n.

(So ™9 is not first order.)
(3) We say that a first order theory 7' has the strong independence
property if some® formula ¥(z, y) defines a two place relation which
is a model of "¢ with P, Q chosen as the whole model i.e. for M = T
define the Tna-model M, |M'| = [M| = PM" = Q™' RM" = {(a,b) :
M = 9(a,b)}
In such case we may also say “¥(z,y) has the strong independence prop-
erties (for 7)”

Plainly,

Proposition 1.6. (1) For a model M of £, an automorphism © of
M s determined by w | PM (i.e., if m,m € Aut(M) are such that
1 fPM:T('Q fPM,Mﬂ'lzﬂ'Q).
(2) Moreover, if ¢ is an interpretation of "4 in M*, M = M*[g)],
7 € Aut(M) and © | PM is definable in M* (with parameters in
M*), then so is .

Proposition 1.7. (See [Shear, Chapter XI, §3] and [She83]) ™4 is q tind-
bigness notion scheme. It is (Na, Ry )—(P,¥)-separative where P € 7(td) is
given and we choose 9(y,z) ==y R x.

Definition 1.8. A mapping F : N' — N? is a A-embedding from N to
N? whenever A is a set of formulas in Ly, (7(N') N 7(N?)) and

if p€ A and N = ¢lay, ..., a,),
then N2 |= ¢[F(a1),...,F(ay)].

[of course, if A is closed under negation, then we have “if and only if”.]

Sof course 9(z, ), 1g(Z) = m = 1g(y) can serve as well
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2. THE FORCING NOTION App

As explained in the introduction, we work in a Cohen generic extension of
a suitable ground model. In this section we present how that suitable ground
model can be obtained: we start with V = GCH and we force with the
forcing notion App defined in 2.4 below , the App comes for approximations,
as the members are approximations to a name for an ultrafilter as we desire.

Definition 2.1. (1) The Cohen forcing of adding N3 Cohen reals is de-
noted by Cy,. Thus a condition p in Cy, is a finite partial function
from N3 x w to w, and the order of Cy, is the natural one. The
canonical Cy,—name for " Cohen real will be called z4.

(2) Let A C N3. For a condition p € Cy,, its restriction to A x w is
called p [ A, and we let Cx, | A=Ca ={p [ A:pe Cy}. Also,

Cnq A
we let wh = (Yw)V e

(3) For a sequence (A,, : n < w) of non-empty sets (and A C N3), we
define
[T* A, = {f € VEs!A . fis a function with domain w,
n<w
and such that f(n) € A4, for every n },
and similarly for models.

(4) For A C X3 and m < w, let I} be the set of all w-sequences of
canonical Ca-names for subsets of "w. Let Qs (for 5 € I\, m < w)
be an m-ary predicate, (05, # (s, whenever 5p # 51 i.e. even when
they are forced to be equal they may be different as sequences of
names, and let

TA ={Qs:5€ Iy & m<w}
(so because of the demand “canonical”, |7a] = Y - [[A[]). Let
MR be a Cp-name for the 7o-model with universe w such that if
8= (s, :n <w) €I, then IFc, (Qs)¥A = s,. So the vocabulary
TA is an object in V, not a name.

(5) If A € Ay, and for £ = 1,2 F, is a Ca,- name of an ultrafilter on
w then F1 = Fa [ A means that IFcja, F1 € Fo, 50 Fo [ Ao is
unique but not always well defined.%

In the definition below the reader can restrict himself to the case t =
tind op = "4 see Definition 1.5 (so we later in Definition 2.4 use only
T = Find)

Definition 2.2. (1) A function G is called an (N3, Ro)-bigness guide if
the domain Dom(G) of G is

{(sz:) A - NB’ HAH < Nl, and
F is a Cao—name of a non principal ultrafilter on w },

6as for Ca,-name A of a subset of w, the truth value of “A € F5” is an Ca,-name but
in general not a Ca,-name.
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and

(@) G(A,F) is a non-empty set of triples (¢,7,9), where’ ¢ is a
(countable) first order theory (or just a Ca-name of a (count-
able) first order theory), 1 is a Ca—name of {—bigness notion

scheme, and ¢ is (a Ca-name for) an interpretation of ¢ in
[1* M /F, and ||G(A, F)|| < R, and

n<w
(8) if (AY, F*) € Dom(G) for £ = 1,2, A' C A% and Ik¢, F' C F?,
then G(A!, F!) C G(AZ, F?).
(2) An (N3,N9)-bigness guide G is ind—full if
(v) for every (A, F) € Dom(G) and a canonical Cao—name ¢ for
an interpretation of ¢4 in HA M7% /F we have (¢4, ind, o) €

n<w
G(A,F).
(3) We say that G is full whenever the following condition holds.

(B) Assume (A, F) € Dom(G) and ¢ is a canonical Cp—name of a
(countable) first order theory in the vocabulary 7(t) € H(Ny), ¥
is a canonical C5-name for a pre t-bigness notion scheme, ¢ €
L, x, (T(£) U{P*}). Let ¢ be a Ca-—name for an interpretation
of ¢t in HA My /F; no need for parameters as all elements are

n<w
interpretation of an individual constant. Suppose (¢,%,¢) i

is
forced to define a bigness notion® I' = L(tw,)- Then (t,7,9) €
G(A, F). N

The clause 2.2(2) is added for our particular application. It can be re-
placed by the use of a family of bigness notions relevant to your interest.

Proposition 2.3. (1) There is a full (N3, N9)-bigness guide G.
(2) If a bigness guide G is full, then it is ind—full.
(3) Full and even just ind-full implies non-emptiness, i.e. G(A, F) #
when defined.

Proof. Trivial. U

Definition 2.4. Let G be an (X3, Ny)-bigness guide. We define the forcing
notion App = Appg. (When G is fixed, as typically in the present paper,
we may and usually will not mention it.)

(1) A condition ¢ in App is a triple ¢ = (A, F,[) = (A%, F4,T'%) such
that:
(a) A is a subset of N3 of cardinality < Ny;

7 note that our forcing App will add no real so as we are considering only countable t,

it is OK to use only old ones. As we may consider names in the Cohen forcing, things are
different so we allow such names
8We can fix a Cx,—name of countable first order theory.
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(b) F is a canonical Cpo—name of a non-principal ultrafilter on w,
such that for 8 < N3 divisible by Ny,

Fl(ANpP) def FN{a:aisaCpngname of a subset of w }

is a Caong—name (of an ultrafilter on w);
Why “canonical”? for the same reasons as in 2.1(4)

(c) I'=(Ts:p € A&cf(B) =Rg), where each I'g is a local bigness
notion I'y[@] for some (¢,9,¢) € G(ANG,F [ (ANS));

(d) If ¢f(B) = Ny, B € A, then it is forced (i.e., IFcy, equivalently
IFc, ) that:
the type realized by the element 23 in the model HA Mg /F

nw
over the model HAmﬂTKw MZnﬁ/(Z: (AN B)) (so it is a type
in the vocabulary Tang) is I'3~big and complete of course, and
moreover this type is a Cpangname ; actually we should say
“by the element zg/(F [ A)”. We call it “the type induced by
x3 according to ¢”.

(2) The order <p,, = < of App = Appg is the natural one:
q1 < q2 if and only if AN C A% lc,, F9 C F®, and ['® |
AN — lj‘(h'

(3) We say that go € App is an end extension of ¢1 € App, and we write
@1 <end @2, if g1 < g2 and sup(A?) < min(A%? \ A%).

(4) For a condition ¢ € App and an ordinal 5 € N3 we define ¢ [ 8 =
(A7 8, F1 [ (A7 §),T4 | (A7N §)).

(5) For B < N3 we let App [ 8 = {q € App : A? C 5} with inherited
order. If G C App is generic over V, then we let G [ f = GN(App |
8).

One easily checks that

Proposition 2.5. (1) If ¢ € App, B < N3, then q | f € App and
q B <end q-
(2) Both <app and <ena are partial orders, (pedantically quasi orders)
on App.

Lemma 2.6. If (q¢ : ¢ < &) is an increasing sequence of members of App,
§ < Ny, and q¢; <end q¢, for ¢1 < (2, then there is ¢ € App such that
A? = |J A% and q¢ <ena q for all { <&.

¢<¢

Proof. We may assume that § > 0 is a limit ordinal. If cf(§) > No, then
we let A= |J A%, F1 = |J F% and 'Y = |J I'%. If cf(§) = Ng, then
¢<¢ (<¢ (<€
additionally we have to extend |J F% to a Cas—name of an ultrafilter on
¢<¢
w, which is no problem. O
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Lemma 2.7. Suppose that ¢ € App, A7 C v € R3, and p is a Caa—name of a
type over the model HAq M'pq/F? (so the type p = p(x) is in the vocabulary

n<w

Taq, finitely satisfiable in HAq M2q/F?). Then:

n<w
(1) Ifcf(y) < Ng, then there is a condition r € App stronger than q such
that A" = ATU {v}, and

A"
IFear “qy/F" realizes p in H M3/ F"7.
n<w
(2) If cf(y) = Vo, (t,9,0) € G(AY, F?) and the type p is (forced to be)
Ly [¢]-big, then there is a condition r € App as in (1) and such that
[ =Ty[g].

Proof. 1) Extend F?to F" so that x.,/F" realizes the required type, (using
“r. is Cohen over VEIA™),

2) Note that every I'y[p]-big type can be extended to a complete I'y @] big
one by 1.2. i ) U

Lemma 2.8. (1) Suppose qo,q1,92 € App, @0 = a2 | B, @0 < a1,
A C B. Suppose further that A%\ A% = {B} and cf(3) = N,.

Assume further that py is a Caa—name for a complete I%Q —big type
over (HAql M'pya, [ F™) such that p1 contains the type po induced by

nw
xg according to gz (such py necessarily exists, by the properties of
bigness). Then there is q3 > qi1,q2 with AB = AT U {5}, such that
xg induces p1 on (HAq1 M'Xq1 /FT) (according to g3 ).

n<w

(2) Assume qo,q1,q2 € App, @0 = q2 | B, g0 < q1 and AT C 3. If
A2\ A = {3} and cf(B) < No, then there is g3 € App, q3 > q1, G2
such that A®B = AT U A%, This clause is like the first one except
the cofinality.

(3) Assume that §1, 62 < No, and (B; : j < 02) is a non-decreasing
sequence of ordinals below N3. Let (p; : i < 1) be an <-increasing
sequence from App. Suppose that q; € App [ B (for j < 02) are
such that:

pi | Bj < qj fori<dy, j<do,

4j <end qjr for j < j' < da.
Then there is an v € App with p; <1 and q; <eng v for all 1 < 6y
and j < 3.

(4) If p = (p; : i < 1) an increasing sequence in App, 61 < Ng, then
P has an upper bound in App. If cf(d1) = Ny we use the (naturally
defined) union.

(5) Assume

(a) «v is a limit ordinal of cofinality Xy divisible by Ng
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(b) p € App, and p is as Car-name of a finitely satisfiable set of
formulas in one free variable x over HAP Mx,/F?

n<w
() Y €Y\ AP, v, < Ypt1 and v = U{y, :n < w}
Then there is q such that
(@) p< g€ App,
(8) AT=APU{v,:n <w}
(7) Fcaq ‘P is realized in & M7,/ F1”

n<w

Proof. 1) Note that this is a strong form of the Ng-c.c., see the proof of
2.9 below. Let A; = A% and let F; = F% for i < 3, and A3 = A UAy =
A1 U{B}. The only possibly not clear part is to show that, in V©As_ there
is an ultrafilter extending F1 U Fo which contains F’, the family of all the
sets

{n<w: My, = elzs(n),a(n)]}

for p(z,9) € p1, £g(y) = m, and a Ca,—name @ of an m—tuple from wj (and
in our notation above a(n) is a Ca,—name for an m— tuple of elements of w,
so pedantically we define a = (as : £ < m), ar = (ae(n) : n < w) where as(n)
is a (C [ A)-name of a natural number and a(n) = (a¢(n) : £ < m) and we
should use below (ag/F : £ < m) instead a). As Fq,Fo, F are (forced, i.e.,
lIFca,) to be closed under intersections (of two, and hence of finitely many),
clearly if this fails, then (as Fy is forced to be a non-principal ultrafilter on
w so m < w implies IF [m,w) € Fo) there are a condition p € Ca,, a Ca,—
name a of a member of F1, a Ca,—name b of a member of Fa, a (Ca,-name
for a) 7a,—formula ¢ and a Ca,—name for an m-tuple @ from w} , such that

plAilke, “p(@,@) ep” and plc,, “anbne=10"

where

¢ = {n: M}, E plas(n) aln)]}.
We may easily eliminate parameters, so we may assume that we have p[z(n)]
only (remember the definition of 7a,). Let p; = p [ A; for i = 0,1,2, and

let HY C Ca, be generic over V such that py € HY. For n < w let A% be a
Ca,name such that

ArH = {y € MY, : thereis ph € Ca, such that
p2 < ph, ph | Ag € H? and
ph IF zg(n)=yandneb”}

(recall y € My, means y € w). Let A" = [T4° 4%/ Fo. So A*[H?] is (the
n<w

interpretation of) an unary predicate from 7a,; in fact Q4x.n<y) is such a
predicate, but we shall write A*(z) instead Q4,:n<w)(®). Thus, in V[H],

either A*(x) € po or =A*(x) € po. The latter is impossible by the choice of
A*, so necessarily A*(z) € po. As also p [ A1 Fca, © o(y) € p1 7, clearly if
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H' C Cp, is generic over V and HO U {p1} C H!, then in V[H'] we have
{new: MX, E3y)(4" (1) & o(y)} € F1[H]

(remember p; is a type over HAql W'k a1 /F1 extending pg). Consequently,
- n<w -

we may find a condition p| € H' C C, stronger than pj, an integer n < w,
and an element y € M7 | (so y € w) such that

pilAge H’, and pjlc,, “ MR, | (A"(y) & ¢(y)) andnca”.

As A: is a Ca,—name, we really have y € A%[H°], and hence (by its defini-
tion) for some py € Ca, we have

p2<7ph, Pyl Ag€H’, and phlF“y=gxs(n)andneb”.

Now for our n we can force n € anbNc by amalgamating the corresponding
conditions p},p, getting a contradiction. As said above this finishes the
proof of the existence of gs.

2) The proof is essentially contained in the previous one (use the very
trivial bigness notion: ¢(z,a) is big in M if and only if M = (Jz)p(zx,a),
so we may use a p1). See also the end of the proof of (3).

3) We will prove by induction on v € X3 that if all 3; < v and all p; belong
to App [ v, then the assertion in (3) holds for some r € App [ 7.

We may assume that §; > 0 (otherwise apply 2.6) and 2 > 0 (otherwise
let 05 =1, Bo =0, ¢, € App [ 0 be above p; | 0 for i < d;; so it just means
F is an ultrafilter extending FPi[0 for i < &;; now if v = 0, then r = ¢,
is as required and otherwise we have reduced the case do = 0 to the case
do =1).

We may assume that 5; = sup{a+1: o € A%} (for j < J2), and also
that the sequence (3; : j < d2) is strictly increasing. Let 8 = sup f; and

_ J<6é2
let ¢ =(J A%, |J F¥, |J I'%), this triple is not necessarily a member
j<62 Jj<d2 Jj<d2
of App.

We first deal with

CASE 1: cf(y) # Ro.

If v = 8, then ¢ € App and we may take r = ¢. So let us assume 5 < 7.
If 95 is a successor ordinal, or a limit ordinal of uncountable cofinality, then
we let ¢* = q (clearly ¢* € App | 5). If cf(d2) = Ny, then we may first
apply the inductive hypothesis to (p; [ 8: 7 < 61) (and (Bj,q; : j < d2)) to
get a condition ¢* € App [ § which is stronger than all p; | 8 and which
end-extends all ¢g;. So in all these cases, we have a condition ¢* € App [ 8
end extending all ¢; for j < d2 and stronger than all p; [ § for i < §; (and
we are looking for an end-extension of it which is a bound to all p; | 8). The
following three subcases suffice as we have already dealt with the possibility
v=0.
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THE SUBCASE 1A: v =+ 1 IS A SUCCESSOR

In this case our inductive hypotheses applies to the p; [ 70,¢%, and 7o,
yielding 79 in App [ 7o with p; [ 70 < 79 for ¢ < 61 and ¢* <egnq 70.
What remains to be done is an amalgamation of ry with all of the p;, where
AP C A™U{vy}, and where one may as well suppose that 7 is in AP: for all
i. This is a slight variation on (1) or (2). For instance, suppose cf(vy) = Ra.

We let
o Ay = U AP, Ag=As\ {0}, A1 = AT, A3 = Ay UA,
o Fi = _Zz-f%, Fa= U FPi. (The latter might be only a Ca,—name of
a filter). -

e For i < 61 let Pi be the Cariny,—name for the (I%-big) type in-
duced by z., over the model TTA7 ™M M JFPi0. Then let

< ~ APinyg
n<w
po= U Pi, and note that it is a Ca,—name for a I’} —big type over
1<
the model T4 M,/ Fo-
n<w

e Let py be (a Ca,name for) a complete ['Yi ~big type over HAl Mx /Fo
- n<w

extending po. (Exists by 1.2; the role of p; is to be the type which

T, realizes over HAl My, /F" according to a condition r which we
nw

will choose below so necessarily it extends (J;_s, p).

Now, in V&43 | we would like to extend F;UFs to an ultrafilter F’ containing
the sets of the form {n < w: M7} [ ¢z, (n)]} for all p(z) € p1. If this
fails, then as

lFey, © (FP i < 1) is increasing ”

we find a condition p € Cyp,, a Ca, name a of a member of F1, and ¢ < dy,
and a Ca, name b for a member of F;, and ¢ such that

plALIF“p(x) €p' Cpr”  and  plrc,, “anbn{n: M}, F ¢lzs(n)]} = 0.

Next we continue exactly as in the proof of (1).

THE SUBCASE 1B: v IS A LIMIT ORDINAL OF COFINALITY o
Since 01 < Vo there is some 7y < 7 such that all p; lie in App [ 79 and
B < 70, and the induction hypothesis then yields the claim.

THE SUBCASE 1C: IS A LIMIT ORDINAL OF COFINALITY N

Choose a strictly increasing and continuous sequence (y; : j < W) with
supremum -, starting with 49 = 8. By induction on j choose r; € App [ v,
(for j < W) such that:

[ ] ’r‘ozq*;
® 7 <end Ty for j < j' < Ny;
o p;i [ vj <rjfori<dand j <Ny.
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[Thus, at a successor stage j + 1, the inductive hypothesis is applied to p; |
Vj+1:75:7, and ;1. At a limit stage j, we apply the inductive hypothesis
to p; [ 7 for i < 01, rj for j' < j, vy for 7/ < j, and ~;.] Finally, we let
r=(U A", J F, |J ). Clearly r € App is as required.

J<Ny J<Ny J<Ny

Now we are going to consider the remaining case:

THE CASE 2: 4 IS A LIMIT ORDINAL OF COFINALITY Nj
If 8 < v (where (3 is as defined at the beginning of the proof), then we
first pick a strictly increasing sequence (7; : j < Ng) of ordinals such that
B < 7o and sup 7; = 7. Then we apply repeatedly the inductive hypothesis
J<No

to build a sequence (g; : j < ¥o) such that ¢; € App [ vj, ¢}, <ena qj, for
jO < j17 q; Send Q[/) (fOI‘ au] < 52)7 and Di T’Yj < q;’ (fOI’ all 7 < 517 J < NO)
Thus we have reduced this sub-case to the only one remaining: 5 = ~v. Now
if for some j < d2 we have §; = v, then r = ¢; is as required, so without
loss of generality (Vj < d2)(8; < ). Then necessarily cf(d2) = Rg and we
may equally well assume that do = Ng.

We take ¢ as defined earlier (so it is the “union” of all ¢;), but it does not
have to be a condition in App: the filter |J F% does not have to be an

J<No
ultrafilter, and we need to extend it to one that contains also |J FP?i. Note
1<

that A* % J Aric J A9 &

1<d1 j<N0
elements of J FP¢ that are not Cpq;—names for any j < Ry, so seemingly
<01
it could happen that one name like that is forced to be disjoint from some
element of F%. Still, also here |J F% is closed under finite intersection
J<No
and similarly |J FP:. So assume toward contradiction, that there are a
<01
condition p € Cp+, ordinals ¢ < §; and j < Wy, a Car;—name a, and a
Ca9;—name b such that

AT, but there might be Ca+—names for

plrc,, “a€ F" &beF¥ &Lanb=10".

Increasing j if necessary, we may also assume that p € Cpq; so Dom(p) C
B; x w. Let H® C Caring; be generic over V such that p [ APi € HY and
let

c={n €w: thereis a condition p’ € Car; stronger than p | APi and
such that p’ | (AP' N B;) € H and p’ e p “nEa”}

Clearly, ¢ € V[H"] is a set from (.Z-"pi I (APiN 5]-)) [HY]. Since p; | 8 < gj,
we find a condition p” € Cq¢; and n € ¢ such that

p<p’ & p'I(APNB)eH & p'lc,,

J

“neb”
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For this n we find p’ € Car; witnessing that n € ¢ (i.e. p’ | (4PiNB;) € HO
and p’ lI-c,,, “n € a”) and next we let p* = p’ Up”. Clearly p* I-n € anb,
a contradiction.

4) Follows, i.e., it is the case dy = 0 of part (3).

5) We choose g, € App,, for n < w such that
A = AP U{y: L <nkp | v < ¢ and g, <end Gn+1 for n < w and let
A =U{A" :n < w}

This is possible for n = 0 let g, = p | Ynt1, for n = k41, let ¢/, € App
be such that A% = A% U {1} and qx <enq ¢, exists by 2.7, and then g,
as required exists by 2.8(1).

Let z be the following Ca-name of an w-sequence:

¢ = (2y,(n) i n <w).

Now we shall choose ¢ such that A = A = U{A? : n < w} = AP U {y, :
n<whn<w= g, <end ¢ and p < g and lF¢, “z realizes p”.

Again the only problem is to find a Ca- name of an ultrafilter on w which
include

FPUlJF" i n <whu{{n: ME, = o(z(n)} : o(z) € p}

As without loss of generality p is closed under conjunction it is enough to
show that:

® if a is a Cap-name of a member of FP, n < w,
b is a Casn-name of a member of F9»
o(x) is a Cap-name of a formula from p
then IFc, “anbn{n: Mar = @(z(n))} # 0”. As in previous cases
this is easy. )
U

Lemma 2.9. Assume V | = GCH. The forcing notion App satisfies the
N3 —chain condition, it is Na—complete, ||App|| = Nz and ||App | 7| < Ng for
every vy € V3. Consequently, the forcing with App does not collapse cardinals
nor changes cofinalities, and IFyp,, GCH.

Proof. The only perhaps unclear part is the chain condition. Suppose to-
wards contradiction that we have an antichain {g, : @ € R3 & cf(a) = Ra} C
App (the index « is taken to vary over ordinals of cofinality W, just for con-
venience). An important point is that G can “offer” at most Ry candidates
for the bigness notion at § < N3, cf(d) = Ny, hence for each 7 € N3 the
restricted forcing App | v has cardinality < Ny. Applying Fodor’s lemma
twice, we find a stationary set S C {a € N3 : cf(a) = Na} and a condition
q* € App such that (Va € S)(qn [ @ = ¢*). Pick aj,as € S such that
sup(Af1) < ag; it follows from Lemma 2.8(3) that the conditions ga,, ga,
are compatible, a contradiction. O

Proposition 2.10. (1) For each p € App and o € N3, there is a condi-
tion q € App stronger than p and such that a € A1.
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(2) F def U{F" : v € Gapp} is an App-name of a Cx,-name for a
non-principal ultrafilter on w. Also, for each r € Gap, we have:

FN ’P(w)(V[GApp])CAT =F".
Proof. Should be clear (for (1) use 2.7 + 2.8(3); then (2) follows). O

Definition 2.11. (1) Suppose Gapp € App is generic over V, V* =
V[Gapp]. For a <R3 we let G4 = Gapp N (App [ @). It is a generic
subset of App [ «; let F* be the (App | a)-name of the C,-name
U{F?: q € G,}. Note: F? being a Caq-name is a Cy-name when
A% C «. Soin V* the sequence (F® : a < W3) is forced (i.e. IF¢) to
be increasing , let F = F™ so F¢ is the C,name for the restriction
F | « of the ultrafilter F to the sets from the universe (V*)Ce

(2) We define an App—name I's of a Cs—name as Fg for every p € Gapp
such that § € AP. (So it is an App * Cs—name.)

Lemma 2.12. (1) Suppose that Gppp € App is generic over V, V* =

V[Gapp), and § < X3, cf(§) = Ny, and H® C Cs is generic over V*.
Then, in V[Gapp N (App | §)][H®], we have®:

[1 M?/F°[H?] is No—compact.

n<w

(2) Also if H C Cy, is generic over V¥, H D H®, then in V*[H]:
(a) I Mg,/F[H] is No—compact,
n<w

(b) zs[H]|/F[H] € [] My,/F[H] realizes aL's[G] [H?)-big type over

5 n<w
[1° My /F°[H°).
n<w
Proof. By 2.7(1)+2.7(2). We can use some 3 with 3 of cofinality less than
Ny to realize each type. O

3. DEFINABILITY

Hypothesis 3.1. In this section we assume that G is an (Ns3, Ny)-bigness
guide, App = Appg, G* C App is a generic filter over V, and V* = V[G*].
For an ordinal o < N3, we let G} = G* N (App | «). Also, H, H® are
the canonical Cy,— and C,—names of the generic subsets of Cyx, and C,,
respectively. We work mostly in V*.

[Note that, by Lemma 2.9, V* &= GCH.]

Definition 3.2. (1) We say that m is an (X3, Ny)-isomorphism candi-
date (or just an isomorphism candidate, in 'V or in V* see below)
if;

(i) m COHSIStS of A* = A*[m] € [N3]<N2, p* = p
Nifm], £ (for n < w, ¢ € {1,2}), F = Ffm), T = T{m] and
(£, &) = (tm], £[m], v fm], Alm]).

INote: My is M) for A=§
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(ii) t,1, @ are Ca~—names as in 2.2(3), A C L(7(t)) is a Ca--name,

equality belongs to it, and T' = L(t0,5,) 1s a bigness notion as
there, 7(¢) is countable; we can assume 7(¢) is an object (not a
name) by adding for each m, Yy predicates with m places said
(by t) to be empty.

(ii) N¢, for n < w and £ € {1,2}, are Cp~—names for countable
models of a (countable) theory t‘, and the universes |N¢| are
subsets of w and with vocabulary 7(t).

Also it is forced (i.e., IFc,, ) that ¢ C Th( I Jy;/f) - Th( I N,%/f),

n<w n<w
where the [] is HN‘“’. Note that we cannot require that 5 = ¢,
n<w n<w )
as ¢t may be infinite, (e.g. #' is) and no N/ is a model of ¢.
(iv) We have predicates Q% € Ta+ (for R € 7(t)) such that @K =
(Q% : R € 7(t)) is the interpretation of 7(t) in I M7%./F
nw
giving [] NY/F. (Remember 2.1(4), 1.4(1); so by the choice
n<w
of Ta+ actually p* = ¢*.)

(v) Fis a Cy,—name (more accurately an App-name of such name,
but we sometimes write F' instead of F[G*| as when G* is con-
stant) and p* € Cy, is a condition such that:

p*lFe,,  “Fisamap from [[ N} into [[ N2”
3 n<w n<w

p* H—CNS “F  represents a A—embedding modulo F ”.
[If m is clear from the context we may omit it.]

Remark 3.3. (1) In m, note that A tells us which first order formulas in
the vocabulary 7(t) does the function F' preserve. In our main case
those are the atomic and negation of atomic formulas in 74
(2) Of course m gives us two interpretations of ¢ in the ultraproduct:
one for £ = 1 and another for £ = 2, and the interpreting formulas
define N in the n-th coordinate. Without loss of generality the
universe of N!, is non-empty for every n < w (and £ = 1,2).

Definition 3.4. For m as in 3.2 let

m- = (,9,5,4, <Z~V7€ tn<w, {=1,2)),

those names involve countably many of the Cohens xg. Also note that as
App is No—complete, this forcing does not add new m™, i.e., V and V* have
the same set of m™, though we have an App—name m of such object.

Observation 3.5. Assume, in V*, that m is an (N3, Ny)—isomorphism can-
didate, I' = I'lm] = ' 5.). Then there is a stationary set of ordinals
d < N3 such that: o
(a)s A* = A*[m] C 6 N A9, cf(d) = Ny, and p* = p*[m] € Cs, and for
some q € G* we have that T' =T is Ty[@] (for (t,1,) from 2.2),
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(b)s for every Cy, | d-name g for an element of [] NL, F(z) is a

n<w
(Cxy [ 6)—name,
[recall App satisfies the Rz—c.c]
(c)s similarly for F~1 and for “y € Rang(F)”,
(d)s lhey, n<w:zs(n) € Ny} €F (sozs/F € [1 NofE)”.
n<w
For such &, we let y* =y} =y p =y, be F(zs) € [[ N2.
- - = ’ n<w
Remark: Also notice that the clauses (b)s, (c)s of 3.5 above say that F°[G*]
is really a Cs—name for a function from ( [] N}L)(V*)C‘S into (] ]NV?L)(V*)C‘S

n<w nw
preserving A—formulas; in the main case it is “onto”.

The Main Isomorphism Theorem 3.6. Assume that m is an (N3, Ng)—
isomorphism candidate as in 3.2, and § < N3 is as in Observation 3.5. Then
there are gs,1',y such that

(a) g5 € App, moreover g; € G*, and I' =T'¥ is F?[@] for (t,9, @) from
2.2 (the set of choices of qs is dense and quite closed)
(b) a5 lFapp p* Fey, “Flzs) = y*7, where y* is a Cass-—name of a

member of “w,

() A* C A%, Ay ¥ Aws 5,

in H°| we have:
d) in V[G3][H°] we h
(i) Fs = F5[GZ)[H®] is a non-principal ultrafilter on w.
(i) The model Ms = T[° M3/ Fs with the vocabulary 75 is No—
n<w
compact where MP = M7[G%|[H®] and NS = N’ [GZ][H?].
(iii) The vocabulary Ta, C 75 is of cardinality < N;.
() Ma, =TT M, /FOIOH) < My | 7.
(v) p* ey “Fs = (F T OH] = ((F | 6)[G" N (App [ 0)])[H’]
is a A—embedding from the model [[° N}/ Fs into [° N2/F;s”,

n<w n<w
recalling p* = p*[m]

(vi) Let ps = ps(x) be the (Ca;—name of the) 1-type in the vocabu-
lary Ta,; such that gs IFapp p* Ibc; “ ps() is the type realized by
x5 over Mas in [] Mxqs/F% 7. [Clearly it is a Caas —name,

n<w

or an App * Caas —name; see clause (d) of Definition 2.4(1).]
Clearly qs IFapp p* IFc; “ps is I'~big”.

(vil) For £ =1,2 let N = I1° NY/Fs (they are in V*[H®], even in

n<w
VI[G3][H?]). We define Rs., C (N)™ x (N3)™ form < w so
that they are (App | ) x Cs- names and (qs | As,p*) forces
(®)1 Rsm includes the graph of Fy, i.e., if a is an m—tuple from
N(Sl, then (a, F5(a)) € Rsm,
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(®)2 the truth value of (a,b) € Ry, depends only on Ly, o (Ta,)—
type realized by (a,b) over Ma, in Ms,

(®)3 Rsm is minimal such that (®)1 + (®)2 hold.

(viii) The relations Rs,, mentioned above satisfy (i.e. (g5 | As,p*)
forces):

(@)1 if ay,az are finite sequences of the same length m of mem-
bers of N}, and ps U {005 (z,a1), ~9Ns (2, a9)} is a Tbig
type over Mg, and ¥,—9 € Alm], where 9N is 9 as in-
terpreted in the interpretation @',
then (a1, Fs(az)) ¢ Rom-

(®)2 Above, we may replace 9, =0 by any pair ¥y, V1 of contra-
dictory formulas from Alm)].

(ix) Note that also

(*)Z: s D'l “the A-type which y* realizes over N%=(TI Jy%/f)(v*)CN3 N

n<w

in the model N? = (] ]~\7,21/.Z-")(V*)(CN3 includes the image
n<w

under F of the A—type which
. 1 1 (V*)CNJ K
x5/ F realizes over Ny = ([ N,,/F)
n<w
in the model N' = (] ]~\7,11/Z:)(V*)CN3 7,
n<w
The proof of the Main Isomorphism Theorem 3.6. Note that we use
the countability of £.
Take a condition g5 € G* such that
(A)% A* C A% recalling that m determine A*, z5,y" are Cass—names (so
d € A%), and p* € Cauwsng, and
(B)% the condition g5 forces (in App) that clauses (b)gs, (¢)s and (d)s from
3.5 hold true (so in particular g5 forces that x5/F € [] N./F,

n<w

y* € J] N2 and (*)5* s from clause (ix) of 3.6 holds as F' is (forced
- n<w =0

to be) a A-embedding), and

(C)% if z is a Cpas—name for a member of [JA" N1 (JT*" N2, respec-
n<w n<w
tively), then F(z) (F~!(z), respectively) is also a Caas—name.

Before we continue with the proof of 3.6, let us note the following.
Lemma 3.7. Let 6 < N3, g5 € App and y*,p* be as above. Suppose that
g5 10=9g<q €G N(App [ 9).

Let 9* be a Ca--—name of a 7(t)-formula. Assume further that ', 2" and
y’, y” are Cp o —names, and p* < p € C,y, and the condition p forces (in
(CAq/) that

(a) gc/’g,//e H NL and 9/791/6 H N?w and

Vo
n<w n<w
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(B) the types of (2',y') and of (2",y") over HAq M7,/ F7 in the model

n<w

HAq M”Aq/.z-"q/ (i.e., the vocabulary and the w structures are from
n<w

VIG;][H N Cadl, the ultraproduct is taken in V[G3][H NC,y]) are
equal.
Then the following conditions are equivalent.
(A) There is r° € App such that gs,¢' <r°, 70 | 6 € G*N(App | §), and

« ATO 1 0 * / 0 0
plbe, o “ 117 No/F" EOW/F 25/ F"] and

nw

TO
1 N2/F° =0ty JF° gy | F°]

n<w

(B) There is r' € App such that qs,q¢ < 7', 7' | 6 € G*N (App | 6) and

1
ple . “TIY Nu/F" EO"/F 2s/F] and

n<w

7‘1
HA N%/;rl }: —* [y///z:rl’y*/frl] »

n<w

Remark: Note that y* is not necessarily a C [ (A% N (§ + 1))-name (though
Zs i), this somewhat complicates the proof.

Proof. By symmetry it suffices to show that (A) implies (B). So suppose
that 70 is as in (A). By 3.104+3.11 below we are done. O

Proof. CONTINUATION OF THE PROOF OF 3.6: We define some Cs—names;
recall H? C Cy, | d is generic over V*, Fs[H®] = U{F"' [H?] : ' € G5}, and

0 0
Mi=]] Mp/Fs, and N§=][ N,/Fs  (for £=1,2).

n<w n<w

Let

ZHH°] = {(g?/.z:g,y/.z:g) € N} x N%: there are a 7(¢)-formula ¥ € A and
conditions p € Cy, and r” € App such that
p*<p, pldeH® zyare Cpr0-s names, and

J al
s <7° 0 15eG*n(App | 0), and

A0 1 0 0 0
plre o * TIN NY/F* | ole/F" 25/ F°] and

nw
0
A" N2/ b =oly/F /2,
Z5[H°] = (N5 x N\ Z5-
Now, it follows from 3.7 (and 2.8) that
(@)s in V[G*N(App | §)][H°], if the types realized by (2'/Fs,y'/Fs) and
(z"/Fs,y"/Fs) over the model |} M% 455/ F%1° in the model

n<w
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H6 M7 455/ Fs are equal, then

n<w

(2'/Fs.y/ | Fs) € 29 ifand only if (2 /Fs,y"/Fs) € Z3.

Now, most clauses of 3.6 should be clear; we say more on (d)(vii,viii), for
notational simplicity for m = 1.

We let Rs1 = Z9, so clause (d)(vii)(®)2 holds.

Since F is (an App * Cyx,name for) a A—embedding from [] N} /F onto

n<w
[T N2/F, if 2/Fs € N}, then ke, “ (z/Fs, F(z)/Fs) € Zg ” . Hence
n<w
clause (d)(viii)(®); holds.
Thus the proof of 3.6 is completed. U

Conclusion 3.8. In V[G*][H™3], for each m, there is a stationary set S C
{6 < W3 :cf(d) = Ng} and conditions ¢, ¢s € App such that for each § € S:
clauses (a)s—(d)s of 3.5 are satisfied,

g5 € G*, g5 | 0 = ¢, g5,y5 as in 3.5,

the conclusion of 3.6 holds,

for every 61,09 € S there is a one-to-one order preserving func-
tion h : A% 29 A% (50 it is the identity on A?) which maps
01, Q51¢'Z517E('~%'51) = Yé onto 02, ¢s,, @52751(@52) = Yba>s

Proof. Straightforward. O

We still have some debts as 3.11,3.10 were used in the proof of 3.6

Definition 3.9. (1) Let ®p,4,r5,f mean that
(a) q,7r,8 € Appﬁ
(b) g<randq<s
(c) A" =A% call it A
(d) fis a Ca-name of a partial (one to one) elementary mapping
from HA M,/ F" into HA M\, /F® over HA‘I M4/ F ie.
n<w n<w n<w
(o) f is a subset of {(g,b) : @,b are canonical Ca-names of

w-sequences of natural numbers},

(B) if GA C Ca is generic over V then in V[Ga], the set
{(a]|GA],b|GA)): (a,b) € f} is a function and

(v) if moreover in V[Ga] the first order formula ¢(z1, . . ., z,)
is in the vocabulary 7aq and (ag,b¢) € ffor ¢ =1,...,n
and we let Fi = F'[GA] and Fo = F[Ga] then

1" M2/ 7 = el@lGal/Frs - - (@nGAD)/F]

iff
1" M3/ P> = Gl [GAD /o, ., (baGAl)/Fol.

nw
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(6) f include the identity may on " M7,/ Fo
n<w
(2) Let @E qrs,f Means that in part (1) we add: f is in isomorphism
from J[* M7, /F" onto [T M7%,/F* (i.e. thisis IFc,).
n<w n<w
Observation 3.10. Assume ®g.q,s f
If cf(B) = Vg or B is divisible by No and has cofinality Ny then we can find
r',s', f such that ®Eqr’ o andr < r',s < s and ke, . “fCf

Proof. By N; uses of 2.7(1) and 2.8(4) if cf(8) = Ng and by N; uses of 2.8(5)
and 2.8(4) if cf(8) = Ro. O

Lemma 3.11. If f1 < 82 < N3 are divisible by N2, g2 € Appg,,q0 = g2 |
B1,q0 < ro € Appg,, 70 < 71 € Appg,, and ®El,q1, s.f (see Definition 3.9)

T0,
then we can find ro, So and ]f’ such that:

Nt
(1) ®627f1277'27327f/
(ii) ™ S T9
(iii) s < s9 and
(iv) IFcpr fc f’
Proof of 3.11: We prove this by induction on fs.

Case 1: 85 =0
Empty

Case 2: 2 = f1 + Ry and cf (1) < No.

It is enough to find &' € App such that letting ' = r; we have A% =
A p <, s<s and ®By,q0",s',f (1.6 without the +), this is enough by
observation 3.10. i

Let f = {(ae,be) : € < €} So it suffices to find a C,,/-name of an

ultrafilter which is forced to include the following families

(2) Fo

(b) F*

(c) the sets of the form {n : M, = ¢(bey(n), ..., be,_,(n))}: where
€0y -+, €Ep—1 < € and 30(3?0, ...xk_1) is a Caez- name of a first order

formula in the vocabulary Tae such that
A"
H MZ@/Z:TI F f[@w/lﬂla - ,QEH/Z'_T/]-
nw
So it suffices to prove that any finite intersection is not empty, but each
of those families is closed under finite intersection, hence it suffices to prove
the following
® p ”_CAT/ “anbnc# ("
when
(a) p € Car
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(b) ais a Caa- name such that p [ A2 |- “a € F2”

(c) bisa (CAs -name such that p [As IF “b e F*”

(d) ¢ = {n : M2, | plbey(n)... ., bo_, ()]} Where ¢ is a Cas-
name of a ﬁrst order formula in the vocabulary Taq, without
loss of generality a predicate as an atomic formula, such that
p “_(CAr/ ¢ HAT MZQQ/‘FT/ = @[Qeo/‘z:rlv s ’gek—l/‘fr,]”

n<w
Without loss of generality p forces that ¢ = Qr2.n<wy-
Let H C Caq be generic over V such that p [ A% € H. In V[H] for each
n we define a k-place relation R? on w
RY = {(mg,...,my_1): thereis p/, p < p' € Cprs P I AT € H such that

p IFn €aand (mg,...,mp_1) € R2}
Now
(*)o p“‘@ H Mqu/}—r Felae/F"s -
hence
(*)1 plFcr “<QEQ/‘Z:T7 s agek71/~z:r> € Q(B%:n<w)”
hence
(*)2 plA"lF <g60/2:’r’ s 7g’£k71/’~rr> € Q(B%:n«u)”
hence
(¥)3 p T A" IF “(bey/F*, .- be 1/ F?) satlsﬁesQ RO :n<w) 1nH MAQO/}"S”
nw
SO

(¥)4 in V[H], the set b’ € F% where b’ = {n : for some p’,p [ A% <
p' € Casoandp’ [ A® € Handp' IF¢,,, “n € band (b (n),...,be,_,(n)) €
R)[H]"}
So clearly b’ is a non-empty set of natural numbers, so choose n € b'.
So there is p1 € Cas,p | A° < p1,p1 | A® € H, p; IF “n € b and
(beg(n), ... be,_,(n)) € RO[H]”. Without loss of generality p; forces values

t0 bey(n), -+ -, be,_, (n), call them my, ..., mg_1. So (mg,...,my_1) € RO[H],
hence by its definition there is po such that p [ A% < ps € Cpawz, p2 IF “n €
a and (mg,...,mg) € R2".

Now p* =: py Ups € C,,v is above p, p* | A% € H, and it forces that
n € aNbNc, which is enough.

Case 3: B2 = f1 + No,cf(p1) =
First by 2.8 we can find 7/, s’, f' such that

[ (a) ro <" € App | b1,
()8<8 € App | fr,
() @21 /1 <&

(d) ®61:QQ [B1,r!,s", f’

Now we continue as in case 2, the I%Ql—bigness of xg, is automatic.

Case 4: (Vy < B2)(7 + Ny < (2)
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Let (e : € < cf(52)) be increasing continuous with limit S2 such that
Y0 = B, cf(7e) < N2 and each 7, is divisible by Ry and stipulate ve¢(g,) = B2-
We choose (7, s, fe) by induction on € < cf(82) such that

( ) ®ﬁw 142 [YesTe,Ses f e holds.
(b) (r()vSO?fO) (T0>57~f)
)T
)

( 76 < re
(d) if ¢ < e then r¢ <re,sc < sc and kg, fcC fe

Clearly if we succeed we are done with case 4.
For € = 0 this is trivial.
For € = ¢ + 1 first find 7“’C € App,_ such that 7’ [ v, < 7"2 and ré [ ve = 7¢,
possibly by 2.8(3). Second apply the induction hypothesis with (8¢, Be, g2 |
BC? q2 f 563 ¢, 8¢ Nf(? TIC) Standing for (BO? /827 q0,42,7, S, f’ T,)'

For e limit of uncountable cofinality take the union (see 2.8(4)).
For € limit of countable cofinality, we first repeat the argument in case 2.
Then use 2.8 and then 3.10. U354

4. BACK TO MODEL THEORY

In this section we present just enough to solve the problem on finite fields.

Definition 4.1. Let M be a model. Assume N; = M@ Ny = MI#°
are models of ¢ interpreted in M by the sequences @', @? of formulas with
parameters from M, and they have the same vocabulary 7" = 7(N}) =
7(N3). Furthermore, let I" be an invariant bigness notion in M (over some
set A of < k parameters, more exactly in Ky 4,)), and A C Ly, o, (7(N1))
and k > Ny (for simplicity) and for a formula ¥(z) € A let ¥,.(Z) be the
result of substituting @ in ¥ so N¢ |= 9[a] iff a € 187 (N?) and M = Vgelal.
(1) We say that (N1, Na) is (k,I', A)—complicated in M when:
for every A—embedding F' of N into Ns, and for every I'-big type
po(z) inside M of cardinality < x such that po(M) C Ny, there is a
I'-big type pi(z) inside M of cardinality < s which includes po(x)
and such that, letting 7(p;) C 7(M) consist of those predicates and
function symbols mentioned in p;(z) (so |7(p1)| < k) and A C M be
the set of parameters of py union with Ay so |A| < k and Ay C A,
we have

(¥)p; (z) letting

R, e {(a,b): ac™(Ny), l_)e_ (N2) and for some ¢ € (Nl) we have
tPL, . (r(p) (@70 A, M) = tpp, (- (€ F(€), A, M) }

the parallel of 3.6(vii)+(viii) holds, so

(@), if a1, ay are finite sequences of the same length m of members
of N, and p; U {ﬂgf (x,a1), ﬁﬂgf (z,a2)} is a I'-big type over
M, and 9, —9 € A, then (a1, F'(az)) & R.
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(®)2 Moreover, in @1 we can replace ¥, = by any pair ¥, of
contradictory formulas from A.
(2) In part (1):

(i) We do not mention A if it is the set of quantifier free formulas
(0f Luseo (T(N1)).

(ii) We replace I by (¢,) if we mean “for all bigness notions of the
form I' = I'(; y, 5), Where ¢ is an interpretation of ¢ in M with
< K parameters and [t| < k, ¥ € Ly ,,” (i.e., ¥ € L+, for some
p < k and in the vocabulary 7(t) U {P*}).

(iii) We omit I' if we mean “for all I'’s as in (ii)”.

(iv) We say M is k—complicated (or: (k,I',A)-complicated) and
omit N7, No if this holds for all N1, Ny as in our assumptions,
but with |7(N7)| < k.

Remark 4.2. More on the relation R,, etc., see [Shec].

Theorem 4.3. Let G be a full (N3, Ny)-bigness guide (see 2.2; recall there
is one by 2.3). Assume that G C Appg is generic over V and H C Cy,
is generic over V[G] and F = Fy,[G|[H], and let (M, = Mg, :n < w)
be a sequence of models as in 2.1(4), that is each with a countable universe
being the set of natural numbers for simplicity, all with the same vocabulary
such that for every k and a sequence (R, : n < w) with R, being a k-
place relation on M, there is a k-place predicate in the common vocabulary
satisfying RM» = R,, for each n. Then

(1) in V[G][H] the model M = [] Mg, /F is Ry—complicated and Na-

n<w
compact.

(2) We can change the demands on G accordingly to the version of No—
complicated we actually used (e.g. not allT'-s, etc.), (so we are using
a different G ).

(3) If N',N? are models of £ (which is defined in from Definition
1.5), interpreted in M, then any isomorphism 7 from N' onto N?
1s definable in M.

(4) If N* = ] N.JF, each N: is countable, and N* is a model of £

n<w

(for ¢ =1,2), and 7 is an isomorphism from N1 onto N2, then there
are A € F and isomorphisms m, from N} onto N2 (forn € A) such
that m = [ m/F.

n<w
(5) Above we may replace : “N* is a model of tilnd 7 by “some formula
é(x,y) in the vocabulary of N' which is equal to that of N?, has
the strong independence property” (in their common theory 19, see
Definition 1.5 on the strong independence property).

10 of course if the strong independence property holds when we restrict ourselves to
say a predicate P we get less, but see [Shec]

See https://shelah.logic.at/papers/509/ for possible updates.
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(6) If Nt are finite fields (for £ = 1,2 and n < w), and [[ N}/F is
n<w

isomorphic to [ N2/F, then the set {n < w : N} ~ N2} belongs
to F. A

Proof. (1) By 3.8.

(2) The same proof.

(3) By 4.4 below and 1.6(2).

(4) Without loss of generality, the universe of Nﬁ is af < w. Now, for
¢ =1,2, we can find Py € Tps such that (Pg)Mgs = |N!| and for Q, € T(N¥)
there is Q; € T with (Q¢)M¥s = QN+ and Ry € 7y with (Ry)™¥s = RN,
Therefore, N* = [] N%/F can be viewed as an interpretation in M by @°.

n<w

Now apply part (3) for I' = F(tilnd7wind’¢1).

(5) This follows by part (4), as the vocabulary is finite, being an isomor-
phism is expressibly a first order sentence.

(6) Thisis a particular case of part (4). Of course without loss of generality
the fields N', N2 are infinite. By part (5) it suffices for infinite ultraproducts
N* of finite fields to find a formula ¥(z, y) in the vocabulary of fields which
has the strong independence property see Definition 1.5. First we deal with
the case that the fields are of characteristic > 2. Consider the formula
J(x,y) saying that x + y has a square root in the field.

We rely on a theorem of Duret, [Dur80, p. 982, Lemma 10], for the value
p = 2 the hypothesis of this lemma holds as the field contains all p-th roots
of the unit (that is 1, —1). The conclusion says that for n and any pairwise
distinct elements a1, ..., an, b1, ..., b, of the field there is an element ¢ such
that a,, + ¢ has a square root and b,, + ¢ does not have a square root for
m =1,...,n. So the formula ¥,(z,y) = (32)(2 = = + y) is as required.

Of course, if the characteristic of the field is 2, then we naturally use
the same theorem but choosing p = 3, so of course maybe the field fail to
have all the p-th roots of the unit, however, as Duret does, in this case we
consider an algebraic extension of N of order 3 by adding a root of 2% — 1
hence all of them getting a new field N. Now the set of elements of N! can
be represented as the set of triples of elements of N*, and the operations of
N¢ are definable in N¥; so our problem is almost notational. E.g. we can
note that recalling N* =[], Nt /F then Nf = [] N{,/F where Nf, is

n<w
equal to N if N! has three 3-th roots of the unit and an algebraic extension
of Nf; of order three which has this property otherwise. Again the first
order theory of N! has the strong independence property and for N}, N2
(by asking on the existence of cubic roots) we get the desired conclusion;
but any isomorphism from N' onto N? can be extended to an isomorphism
from N} onto N2 and we can easily finish. (We could have used the “strong
independence property for m-types”.) ([

nw
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Proposition 4.4. Assume that M is a k—complicated k—compact model. Let
N1, Ny be interpretations of tilnd i M. Then for any isomorphism w from
Nj onto Na, the function w is definable in M by a first order formula (with
parameters).

Proof. Let Ny = M (%] (so @’ has parameters in M) for £ = 1,2 and let F
be an isomorphism from N7 onto Ns.

Let I' be the bigness notion I'(jina yina 51y (s0 Pind € Ly, o). Let po(z) be
the type just saying € @M1, and let p; be the type guaranteed to exists in
Definition 4.1(1), without loss of generality closed under conjunctions. Let
ACM, |Al <k and 7" C 7y, |7*] < K be given by the definition of being
rk—complicated (applied to F'). [Without loss of generality, A includes the
parameters of @', »? and is closed under F' and F~!, and for every n and
for every formula ¢(z) € p;1, A includes the finite set mentioned in 1.5(2).]

Let Ry be as in 4.1(1). Clearly, recalling Definition 1.5(2), there are no
distinct aj,a; € PN*\ A and b € Ny such that (ay,b), (az,b) € Ry, but
a € PNt = (a,F(a)) € Ry. Hence

{(b,a) : (a,b) € Ry and ac PM}

is the graph of a partial function from P™? into P™ which includes the graph
of F~1 | PN2, But F is one-to-one and onto. Therefore, Ry | (PN x PN?2)
is the graph of F' | PN1. But Ry | PM' is definable in (M | 7%,¢)cca by a
formula from Lo 4, 50 also F' | PN s, and thus if N7, Ny are models of #*
also F'is (by 1.6). Applying [She78b, 1.9] (or [Shear, Ch XI]) we conclude
that it is definable by a first order formula with parameters from M, as
required. [l

Similarly we can show the following.

Proposition 4.5. Assume that T' is a (Ng,N1)—(P,¥)-separative bigness
notion, see Definition 1.4. Suppose that N1, No are interpretations of t
in M, and M is k—compact k—complicated (or just k—complicated for T'),
K > No.
(1) If F is an isomorphism from Ny onto Na, then
(¥)1 F | PN is definable in (M | 7%,¢)cea by a formula from Lo,
recalling 7 C T, |T| <k, AC M, |A] < k.
(2) If F is an embedding of Ny into Na, then
(%)2 there is a partial function f from PN2 into PNt which extends
F~1 and is definable in (M | 7%,¢)cea by a formula from Lo .,
where 7%, A are as above.

Remark 4.6. (1) The proposition 4.5 should be the beginning of an anal-
ysis of first order theories T'. For more in this direction see [She94a],

[Shec].
(2) As stated in the introduction, we may avoid the preliminary forcing
with App and construct the name F in the ground model V, provided
V is somewhat L-like. Assuming <(s5on,:cf(5)=wp} 18 enough, but
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we may also use the weaker principle from [HLS93] and [She94b,
Appendix].
(3) We may vary the cardinals, e.g., we may replace No,N3 by &, A,

respectively, provided A\ = k™, K = k<% (so an approximation has
size < k).

Moreover we can replace Xg by 6 = 0<¢ so in full let us assume
that

0=0<" <h=r""<A=kT.
(a) For A C A let C(A) = Ca = {p: p is a partial function from
Dom(p) € [A]<? to >2 } ordered by

p1 <c, p2 iff Dom(p;) € Dom(p2) & (Va € Dom(p1))(p1(a) < pa(a)).

(b) We define Appg as the set of ¢ = (A9, F9) where AY € [A]<"
and F1 is a Caqs—name of a regular ultrafilter on 6 such that for
each a < A\, F1N P(G)VC(A%@) is a Cpano—name.

(c) For a € A € [A]", 24 is the Cpo—name J{p(a) : p € G(a) of
a member of /4.

(d) We define M5 for e < 6, A € [\]<" as the following Cp—name:
it is a model with universe 6,
vy, = {Pp: R = (R. : ¢ < 0), for some m each R, is a Ca-
name of an m—place relation on 6},
(PR)M‘Z = R..
So we may think of Tumes to be an old object whose members
are indexed as Pg, where each R, is a Cp-name. Or we can
consider Ty to be a name and interpret it in ViGca)l-
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