Paper Sh:520, version 1995-01-12_11. See https://shelah.logic.at/papers/520/ for possible updates.

ON INVARIANTS FOR w;-SEPARABLE GROUPS
PAUL C. EKLOF, MATTHEW FOREMAN, AND SAHARON SHELAH

ABSTRACT. We study the classification of w;-separable groups us-
ing Ehrenfeucht-Fraissé games and prove a strong classification re-
sult assuming PFA, and a strong non-structure theorem assuming

$.

INTRODUCTION

An w;-separable (or Nj-separable) group is an abelian group such
that every countable subset is contained in a free direct summand of
the group. In particular, therefore, an w;-separable group is Ni-free,
i.e., every countable subgroup is free. The structure of w;-separable
groups of cardinality N; was investigated in [1] and [8]; most of the
results proved there required set-theoretic assumptions beyond ZFC.
(See also [2, Chap. VIII| for an exposition of these results.) Specifi-
cally, assuming Martin’s Axiom (MA) plus =CH or the stronger Proper
Forcing Axiom (PFA), one can prove nice structure and classification
results; these results are not theorems of ZFC since counterexamples
exist assuming CH or “prediction principles” like . In [1, Remark 3.3]
it is asserted that a construction given there under the assumption of
CH (or even 2% < 2%1) of two non-isomorphic w;-separable groups

“is strong evidence for the claim that in a model of CH
there is no possible meaningful classification of all w;-
separable groups. It is difficult to see what conceivable
scheme of classification could distinguish between [the
groups constructed here].”
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But, in fact, the Helsinki school of model theory provides a scheme
for distinguishing between such groups. It is our aim here to use the
methodology of the Helsinki school — which involves Ehrenfeucht-
Fraissé games (cf. [9], [11] or [12]) — to strengthen the dichotomy
referred to above: that is, to obtain strong classification results assum-
ing PFA, and a strong “non-structure theorem” assuming <{.

We begin by describing the Ehrenfeucht-Fraissé (or EF) games, after
which we can state our results more precisely. If « is an ordinal and A
and B are any structures, the game EF, (A, B) is played between two
players V and 3 who take turns choosing elements of A U B through
a rounds. Specifically, in each round V picks first an element of either
A or B; and then 3 picks an element of the other structure. The
result is, at the end, two sequences (a,), <o and (b, ), <, of elements of,
respectively, A and B. Player 3 wins if and only if the function f which
takes a, to b, is a partial isomorphism; otherwise V wins. If A and B
have cardinality x, 3 has a winning strategy for EF, (A, B) if and only
if A and B are isomorphic. (Let V list all the elements of AU B during
his moves.)

We consider variations of these games defined using trees. Given
any tree T, we define the game EF(A, B;T): the game is played as
before except that player V must also, whenever it is his turn, pick a
node of the tree strictly above his previous choices (thus his successive
choices will form a branch — a linearly ordered subset — of the tree).
The game ends when V can no longer pick a node above his previous
choices; the criterion for winning is as before, that is, 4 wins if and only
if the function f defined by the play is a partial isomorphism. We write
A =" B if 3 has a winning strategy in the game EF (A, B;T). For the
purposes of motivation consider first the case & = w. (Our interest is
in the case & = wy.) In this case, we consider only well-founded trees,
i.e., trees without infinite branches; then for every such 7', each play of
the game EF(A, B;T) is finite. (So EF (A, B;T) may be regarded as
an approximation to the game EF, (A, B).) Scott’s Theorem implies
that for each countable A there is a countable ordinal 5 such that if Tp
is any tree of rank [, then for any countable B, B is isomorphic to A if
and only if A ="s B . In terms of infinitary languages, A is determined
up to isomorphism (among countable structures) by a sentence of L,
of rank .

For structures of cardinality N;, it is natural to look at approxi-
mations to the EF game of length w; and use trees which may have
countably infinite branches, but do not have branches of cardinality
Ni; we call these bounded trees. For such T, each play of the game
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EF(A, B;T) will end after countably many moves. We will say A is
T-equivalent to B if A =T B. This relation provides a possible way of
distinguishing between the w;-separable groups constructed in [1] under
the assumption of CH (cf. the remark after the quotation above).

By a theorem of Hyttinen [3], the entire class of bounded trees de-
termines A up to isomorphism; that is, if A and B are of cardinality
N; and A =" B for all bounded trees, then A is isomorphic to B. The
structure of the class of bounded trees is much more complicated than
that of the class of well-founded trees (cf. [12]). However, in contrast
to the situation for countable structures, there is not always a single
tree which suffices to describe A up to isomorphism. Specifically, Hyt-
tinen and Tuuri [4] proved (assuming CH) that there is a linear order
A of cardinality N; such that for every bounded tree T there is a linear
order By of cardinality ¥, such that A =7 By but A is not isomorphic
to Br. They call this result a non-structure theorem for A. It can be
translated in terms of infinitary languages and says that there is no
complete description of A in a certain strong language M,,., (which
we shall not define here).

A similar non-structure theorem for p-groups was proved by Mekler
and Oikkonen [10]; their theorem is proved by carrying over to p-groups,
by means of a Hahn power construction, the result of Hyttinen and
Tuuri. Whether the analogous result for N;-free groups is a theorem
of ZFC + CH remains open, but when we consider the question for
N-separable groups, we obtain an independence result, which is the
subject of this paper. In the first section we prove (with the help of
the structural results referred to above) that assuming PFA

if A and B are wy-separable groups of cardinality Ry such
that A =*"*% B, then they are isomorphic (where w? +w
18 the countable ordinal regarded as a — linearly ordered
— tree).

See Theorem 6. Thus a single, simple, tree contains enough information
to classify any wq-separable group — in the precise sense that a single
sentence of M,,,,,, of “tree rank” w? + w completely describes A.

In section 2 we show, assuming <), that not only does w? + w not
have the property above, but for any bounded tree T', there are non-
isomorphic w;-separable groups AT and BT of cardinality N; which
cannot be separated by 7', in the sense that AT =T BT. (See Theorem
7.) The construction in section 2 is strengthened in section 3 to obtain
a non-structure theorem (Theorem 8.):

there is an wy-separable group A of cardinality Ry such
that for every bounded tree T there is an wy-separable
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group BT of cardinality X, which is not isomorphic to A
but is T-equivalent to A.

(Note that A does not depend on T'.)
We shall make use, at times, of the following simple lemma, where

A* denotes the dual of A, i.e. Hom(A,Z).

Lemma 1. Suppose A C B and A’ C B' C C" where C'/B’ is X;-free,
B/A is countable and (B/A)* =0. If0 : B — C" such that §[A] C A,
then 0|B] C B'.

Proof. 6 induces a homomorphism: B/A — C’/A’. By the hypotheses,
the composition of this map with the canonical surjection: C’/A" —
C’"/B' must be zero; that is, §[B] C B'. OO

1. A STRUCTURE THEOREM

An Nj-separable group A of cardinality N is characterized by the
property that it has a filtration, that is, a continuous chain {A, : v <
wy} of countable free subgroups whose union is A and is such that
Ap = 0 and for all v, A,.; is a direct summand of A. We say that
two Ni-separable groups A and B are quotient-equivalent if and only if
they have filtrations, {4, : v < w1} and {B, : v < w}, respectively,
such that for every o < wq, Aqy1/Aq is isomorphic to A, /AL. We
say that A and B are filtration-equivalent if and only if they satisfy
the stronger condition that for every a < w; there is a level-preserving
isomorphism 60, : Agy1 — Bay1, i.e., an isomorphism such that for
every v < «, 0[A,] = B,. Under the assumption of MA + —CH,
filtration-equivalence implies isomorphism.

In [8] (see also [2, Chap. VIII]) it is proved under the hypothesis of
the Proper Forcing Axiom, PFA| that N;-separable groups of cardinal-
ity Ny have a nice structure theory. More precisely, it is shown that,
under PFA | every Ni-separable group of cardinality Ny is in standard
form. (Roughly, this means that they have a “classical” construction.
We will give a definition below.) Our goal in this section is to use that
theory to prove the following:

Theorem 2. (PFA)w?+w is a universal equivalence tree for the class
of Ny-separable abelian groups of cardinality Ry. That is, any two Ny-
separable abelian groups of cardinality N, which are w? + w-equivalent
are isomorphic.

We shall see in the next section that this is not a theorem of ZFC.
We begin with a weaker result.



Paper Sh:520, version 1995-01-12_11. See https://shelah.logic.at/papers/520/ for possible updates.

ON INVARIANTS FOR w;-SEPARABLE GROUPS 5

Proposition 3. If A and A’ are strongly X-free groups of cardinality
Ny which are w2-equivalent, then they are quotient equivalent.

Proof. Suppose that 7is a w.s. for 4. Let C' be a cub such that if a« € C
then for any n € w, as long as the first n moves of V are in A, U A/ , the
replying moves of 3 given by 7 are also in A, UA. If A and A’ are not
quotient-equivalent, there exists o € C such that A, /A, ®Z) is not
isomorphic to A, /A, ®Z“). Now let V play the game so that during
the first w moves he makes sure that all elements of A,UA! are played;
the result, since 7 is a w.s., is that an isomorphism f : A, — A/ is
obtained.

Then in the next w moves, V plays so that all, and only, the elements
of Ag U A} are played for some 3 > a + 1. This is possible by using
a bijection of w with w x w. The result is an extension of f to an
isomorphism f’ : Ag — Aj. Then, since Ag/An1 and AL/AL ., are
free, we have Ag/A, = Ayt1/Aa ® Ag/Ast1 and similarly on the other
side. Since f’ induces an isomorphism of Ag/A, with Aj;/A[,, we obtain
a contradiction of the choice of a. [J

Suppose A is an Xy-separable group of cardinality N; with a filtration
{A,: v €w},and let E = {J : As is not a direct summand of A}; A
is said to be in standard form if:

(1) it has a coherent system of projections {m,: v ¢ E}, i.e., pro-
jections m,: A — A, with the property that for all v < 7 in wy \ E,
m, o, = m,; and

(2) for every 6 € E there is a ladder ns on § and a subset Ys of Asiq
such that Asy; = As + (Ys) and

(1) for all y € (Ys) and all v < 6 with v ¢ E, 7m,(y) =
> cs(Tast () — Ta(y)) where S = {a € rge(ns): @ <
v}.
(Here a ladder on § means a strictly increasing function 75 : w — §
with rge(ns) C wy \ £ and suprge(ns) = 0.) This property is actually
stronger than the usual definition of standard form (because of the
assertion about the ladder); it can be shown that the Proper Forcing
Axiom (PFA) implies that every strongly R;-free group of cardinality
N; has this property (by essentially the same proof as in [2, Thm.
VIII.3.3]).
Let K, = ker(m,) and let K, 441 = K, N Ayy1. Notice that we can
replace any y in Ys by y + u where u € K, 441 for some a € 6\ E, and
we will still have a generating set of Az, over As which satisfies ().
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Also we can, and will, assume that A,;/A, has infinite rank for every
v¢E.

Lemma 4. Suppose A is in standard form. Then there is a filtration
{A, : v € wi} of A and for each § € E = {0 : As is not a direct
summand of A}, there are: aladderns oné; and a subset ys = {ys; : i €
I} of Asyq which is linearly independent mod As such that if B, = ns(n):

(1) for alln € w, B, ¢ E; and
(2) Asy1 is generated mod As by a set of elements of the form

(1) t(@é) —a
d
where t(ys) is a linear combination of the elements of ys, d € Z,
and a € @pewKp, g,+1-

Moreover, given p < §, we can choose ng such that ns(0) > p.

Proof. Let Y5 and ns be as in the definition of standard form above.
Let s = {ys; : @ € I} be a maximal linearly independent subset of Y.
By the remark preceding the lemma we can (by replacing ys; by ys;+u
for some u) assume that 75(0) > p.

If d divides t(ys) mod A, for some integer d and linear combination
t(9s), then d divides ¢(y5) — a where a = m,41( t(¥s5)) = >_pcs Ta,8+1(
t(ys)) for some finite subset S C rge(ns). O

Proposition 5. Let G and G’ be Ry-separable groups such that G is
in standard form. Suppose that they have filtrations {G, : v € wy}
and {G!, : v € w1} respectively such that the filtration of G attests that
G is in standard form and E = {v € w; : G, is not a summand of
G} ={v € wy : G}, is not a summand of G'}. Suppose also that for
all limit ordinals 6, given a ladder ns on 6§, there is an isomorphism
05 : Gs1 — Gjq such that for all n € w, 0;|Gpm) = G and

Os [Gna(n)ﬂ] =G

!
ns(n)

;76(71)-‘:-1' Then G and G’ are filtration-equivalent.

Proof. We can assume that the filtration of GG is as in Lemma 4. We
prove by induction on v the following:
if p <vand pv €w \Fand f: G, = G, isa
level-preserving isomorphism, then f extends to a level-
preserving isomorphism g : G, — G),.
If v =741 where 7 ¢ E, then the result follows easily by induction
and the fact that G, /G, and G, /G~ are free. If v is a limit ordinal,
choose a ladder ¢, on v such that (,(0) > p and for all n, (,(n) ¢ E,
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and extend f successively, by induction, to g, : G¢,n) — G’CV( and
let g = U,g,.

The crucial case is when v = § + 1 where 6 € E. Let ns; be as in
Lemma 4 with 75(0) > u, and let 65 be the corresponding isomorphism
given by the hypothesis of this Proposition. Let Cs,, = Kz, g,+1. By
induction, extend f to a level-preserving isomorphism fo : Gp0) —
G0 and then extend it to go : G041 = G941 by letting go [
Cso =05 | Csp. Clearly g is level-preserving. By induction extend g
to a level—preseljving fi: Gosay — G;ml) and tl?en‘to gl : GW(I)H —
ng(l) 41 by letting g1 [ Cs1 = 05 | Csy. Continuing in this way we
obtain level-preserving isomorphisms g, : Gy;(n)+1 — G;w( for each
n. Let § = U,g, : Gs — G5.

By Lemma 4, G5, is generated mod G5 by a set of elements of the
form

n)’

n)+1

t(Ys) —a
d
where a € ®ye,Cspn; hence G, is generated mod G by elements

t(05(ys)) — 0s(a)
y .

But then since g(a) = 05(a) for each such a by construction, we can
extend g to g : G541 — G54 by sending each y;; in s to 05(ys,). Since
s is linearly independent over G this is a well-defined homomorphism.
]

Theorem 6. Suppose A and A’ are Ri-separable groups of cardinality
Ny and at least one of them is in standard form. If A and A’ are
w? + w-equivalent, then they are filtration-equivalent.

Proof. We can suppose that A is in standard form, and that we have
chosen a filtration, {A,: v € w;} which attests to that fact. Moreover,
we can assume that if 6 € = {J : As is not a direct summand of A},
then (Asy1/As)* = 0. (Use Stein’s Lemma [2, Exer. 3, p. 112], and
replace Asy 1 by a direct summand, if necessary.)

Since A is quotient-equivalent to A’ by Proposition 3 , we can assume
that there is a filtration {A]: v € w;} of A’ such that £ = {J : A is
not a direct summand of A’} and for 6 € E, Aj, /A5 = Asyi /A5 =0,
so in particular (Aj, ,/A5)* = 0.

Fix a bijection a5 : w — (A \ Aa) U (Aj\ A,) for each a < . Let
= {tap :a < f <wi}.
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Whenever we talk about moves in a game, we refer to the game
EF,2,,(A, A"). Given a strictly increasing finite sequence of countable
ordinals oy < as < ... < «, we will say that V plays according to 1
and {aq, g, ..., ) for the first wn moves if the wk + ¢ move of player
ViS Yagap,, (0) for k=0,...,n —1 and £ € w (where oy = 0).

Suppose that 7 is a w.s. for 3 in the game EF 2, (A, A"). Let C
be the set of all § < w; such that for any integers n > 0 and m > 0
and any ordinals a3 < as < ... < a,, < 0, if V plays according to v
and (o1, @, ..., ) for the first wn moves and then plays any elements
of Ay for the next m moves, then the responses of 3 using 7 are all in
As U Ag

Then C'is a cub: for the proof of unboundedness, note that there are
only countably many possibilities that one has to close under: choice
of n and m, choice of a1 < ap < ... < v, and choice of moves wn, wn +
1,..wn+m—1. (The earlier moves are determined by the 14, q,,, and
by 7.)

There is a continuous strictly increasing function A : w; — w; whose
range is C'. Define h : w; — wy by

h(B) = { h(B)+1 if §is a successor and ﬁ(ﬁ) )
BRI otherwise

Let Go = Ap() and G, = A’h(a). Then for successor 5, G is a sum-
mand of A and for limit § Gs = AB(&) = Ug<sAnp) = Up<sGp, 50
{Go : @ € w} (resp. {G, : a € w}) is a filtration of A (resp.
A"). Given a limit ordinal ¢ and a ladder ns; on 4, it follows — from
Lemma 1 and the definition of C' — that there is an isomorphism
05 : Gsy1 — G,y such that for all n € w, 05[G,,m)] = G;é(n) and
O05(Gsmy+1] = G;n(n) +1- In fact, 05 is the partial isomorphism which
results because 3 wins the game where the wk + ¢ move of V is

Un(ns(n)) s n)+1) (£)

when k& = 2n, and is

Uh(ns(n)+1),h(ns (n+1)) (£)

when k = 2n + 1, and the w? + m move of V is p(5) n(s+1) (M).
Thus we have satisfied the hypotheses of Proposition 5 so we conclude
that A and A’ are filtration-equivalent. [

Now we can prove Theorem 2. PFA implies that every strongly
N;-free abelian groups of cardinality N; is N;-separable and in stan-
dard form. Moreover, assuming PFA, filtration-equivalent X;-separable
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groups of cardinality N; are isomorphic. Thus the result follows from
Theorem 6.

2. A DIAMOND CONSTRUCTION: ONE TREE

The result to be proved in this section is the following:

Theorem 7. Assume <{». For any bounded tree Ty there exist non-
isomorphic Ny-separable groups G° and G* of cardinality ¥, which are
T1-equivalent (and filtration-equivalent) and are both in standard form.

Proof. We will present the proof in layers of increasing detail.

(I) Fix a stationary subset E of w; consisting of limit ordinals and
such that F is the disjoint union of two uncountable subsets F, and
E; such that $(E;) holds.

Given a bounded tree T' (which in practice will be determined by, but
not equal to, T1), we shall identify its nodes with countable ordinals
in such a way that if v <7 p (in the tree ordering), then v < u (as
ordinals).

By induction on o < w; we will define the following data:

(1) continuous chains {GY, : v < a} of countable free groups (for
¢ = 0,1) such that for all v < p < a, G', /G, is free if v ¢ Ey,
and if v € Ey, then G, /G’ has rank at most 1.

(2) homomorphisms 7}, : Gf, = G for v < p < a and v ¢ E
¢

such that: ﬂﬁ’# is the identity on GZ ; for v < p < p, 71'15# C 7,
¢ ¢ _
and for 7 <v < p, 7, om, , =7,

T,V

(i.e., 7T£’ ., 1s a projection and the system of projections is coher-
ent);
(3) for each v with ¥ 4+ 1 < a an isomorphism fy : Gb,, — G,
satisfying:
if v <t Vo, then ,92 r GBIJFI = 191.

(These partial isomorphisms will give 3 her winning strategy.)
For convenience we will use f; to denote (f)~: GL , — G%,,.

Define G* = U, ., G*. (It depends on T, but we suppress that in the
notation.) Now we will indicate how we choose T so that G® and G*
are Ti-equivalent.

Let Tp, = <“*w; \ 0, i.e., the tree of non-empty countable sequences
of countable ordinals, partially ordered by inclusion (so it has ¥y nodes
of height 0). Let T' be the product 73 ® T, i.e., the (bounded) tree
whose nodes are elements (s,0) € T x T, where s and o have the
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same height, and the partial ordering is defined coordinate-wise. (As
above, we identify the nodes of T" with ordinals.)

Suppose we are able to carry out the construction outlined above for
this T. Then since the GY are free, G* is N;-free. Moreover, for v ¢ E,
U,icu Tﬁ}u : G* — G' is a projection which shows that GY is a direct
summand of G* ; so G* is N;-separable (and has a coherent system of
projections; the fact that it is in standard form will follow from the
details of the construction — see part (V)).

We claim that G and G' are Tj-equivalent. In fact, here is J’s
winning strategy in the 7Ti-game. If in his first move V plays so € T}
(which we may assume has height 0), and y, € Gf;% , 3 chooses ag
such that (sg, (ap)) € T is the element vy in the enumeration of T
where 19 > 7o; and she plays f/0(yo) € Gio_fi (Note that the domain
of flo is fo(’) b 2 Gg%) Suppose that after 5 moves V has chosen
so <my 1 <1y ... <1y S, <7y ... in the tree and yo,v1,...,y,, ... in the
groups where y, € G% (1 < ), and 3 has responded to the (th move
with ff*(y,) where v, = (s, {(ag,...,o)). Now if V plays sg >1, s,
(t < B) — which we can assume has height § — and yz € fo;, then
3 chooses ag such that (sg, (ao, ..., ap)) is vz > 73, and plays fﬁ(yﬁ).
Notice that vg >7 v, so ffﬁ extends ffb for £ = 0,1. Therefore the
sequence of moves determines a partial isomorphism, so 3 will win.

(IT) Of course, we also want to do the construction so that G° and G!
are not isomorphic. This will be achieved by our construction of G, ;
for § € Fy (plus the requirement 4 below); when § € E; we will make
use of the “guess” provided by {(FE)) of an isomorphism: GY — G}.

Our construction will be such that when o = p+ 1 where u ¢ E,
then

G, =G, ® Lzl ® Za!,
When o = ¢ + 1 where 0 € Ey, then

G)L=GLo @ Zuﬁ’n & Zvﬁ_,n.
new

We define

0

_o,0
Woy = 2u07n+1 = Ug -

Notice that {w,,, : n € w} generates a pure subgroup of @, ., ZuJ ,,
which is not a direct summand. Hence there is no isomorphism of
D, ., Zuy,, ® LY, with @, ., Zu,,,, ® Zv,, which takes each we., to
Vs.,,- In order to carry out the inductive construction we will define in

addition:
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4. subsets W,[0] of GY for every non-empty finite subset
© of a which is an antichain in 7', satisfying:

(a) for all o < 8, W, [0] C W;5[O];

(b) every element of W,[0] is of the form w,, for
some o € Fy, and n € w.

The functions f2 will be required to satisfy:

(c) for all p < a, j € {0,1} f2() ;) = =, ;; moreover,
if Wep € Wop1[©] and © N {v : v <7 a} # 0, then
fg(wmn) = U;,n'

For any finite antichain © in T', let W[O] = J, W,[©].

Now we will outline how we do the construction so that G° and
G' are not isomorphic. Before we start, we choose a function T with
domain Fy which maps onto the set of all w-sequences (©,, : n € w) of
finite subsets of T" such that (J, ., ©, is an antichain; we also require
that if T(o) = (07 : n € w), then each O7 C 0.

Suppose now that we have defined GY for v < a. If a = 0 € Ej,
then GY, will be defined as indicated above and is such that (as we
will prove)

(IL.1) for all e € {1,—1}, there is no isomorphism of

Go .,y with @, ¢, Zv,,,,®C for any C, which for all n € w

takes w,., to ev,,,.
Moreover w,,, will be put into W,1[07]. (This is the only way that
an element becomes a member of a W,[0].)

If a =6 € By and < 0, we introduce the notation Ags = {t : ¢ is
<p-minimal in § \ B} — so Ags is an antichain. We fix finite subsets
©59 of Ag s which form a chain such that U,,c,05° = Az 5. We consider
the prediction given by {(E}) of an isomorphism h : GY — G} and we
ask whether the following holds:

(I12) 3B <éVeec{l,~-1} Vn € w3 w,, € Ws[03°]
such that h(wem) 7# €v,,,-

We will do the construction of G, so that:

(IL.3) If (I1.2) holds, then Gf_, /G% is non-free rank 1 and
h does not extend to a homomorphism: GY,, — Gj,;.

Assuming we can do all of this, let us see why G° is not isomorphic
to G'. Suppose, to the contrary, that there is an isomorphism H :
G° — G'. Then there is a stationary set, S, of § € E; where {(FEy)
guesses h = H | GY and H : GY — G;. Note that Lemma 1 implies
that H must map Gy, into G§,, because GY,,/GY is non-free rank 1
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but G'/Gj, , is Wy-free by construction. If for any such § (I1.2) holds,
then H | GY., would extend h = H | GY, contradicting (IL.3).

Since (I1.2) fails, for all § € S and all § < § there exists e € {1, —1}
and a finite subset © of Ags such that H(w,,) = ev;n for all w,., €
W5[©]. Now there is a cub C such that for all § € C, all e € {1,—1},
all # < 0, and all finite subsets © of Ags, if H(w,,) # ev,,, for some
Wep € WO, then H(w,n) # ev,,, for some w,,, € W;[0©]. Thus for
all € CNS and all § < 4, there exists e € {1,—1} and a finite subset
© of Ags such that H(w,,) = ev,,, for all w,, € W[O]. Since C NS
is uncountable, it follows easily that there exists e € {1,—1}, and an
uncountable set {O,, : v < w; } of pairwise disjoint finite antichains such
that H(w,.,) = ev}m for all w,, € W[O,] for all v < w;. Since T has
no uncountable branches, by a standard argument (see, for example, [5,
Lemma 24.2, p. 245]), there is a countably infinite subset {v,, : n € w}
of w; such that (J{©,, : n € w} is an antichain. There exists o € Ej
such that Y(o) = (0,, :n €w). Now H | G%,, is such that for all
new, Hwyy,) = ev;’n since Wy, € W,41(0,,]; this contradicts (I1.1),
since @P,,,, Zv,,,, is a direct summand of G}, and hence of G' (by
2).

(III) The next step is to describe in detail the recursive construction
of the data satisfying the properties 1, 2, 3 and 4, as well as (II.1) and
(I1.3). So assume that we have defined G*, and W,[0] for v < « and
flforv+1<a.

There are several cases to consider.

Case 1: « is a limit ordinal. We let GY, = U,.,GY, W,[0] =
U, <o Wo[6]. Clearly the desired properties are satisfied.

If « is a successor, a = p + 1, we will define G¥, so that

(II1.1) if B = {t : ¢t <p pu} and we define gg = U{f} :
t € B}, then gp (which is a function by 3.) extends to
an isomorphism, fg , of G2 onto G, which satisfies 4(c),
ie. forall v <y, je{0,1} f)(z),;) =z, ; and if w,, €
Wa[O] and © N {v : v <p p} # 0, then f)(wopn) = v}

on’

Leaving the verification of (III.1) to the next part, we will show how
to define the data at o (except for the definition of the «f , which we
defer to part (V)).
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Case 2: o= p+ 1 for some p ¢ E. As described above, define
¢ ¢ ¢
G,=G,®Zzx,,®Lz,;.

Let W,[O] = W,[©] for every © C p (= 0 if © is not a subset of p).
Assuming (II1.1), we have f;) as desired.

Case 3: a« = o + 1, where o € Ey. In this case, as stated before,

G\ =G, e Pz, o1,

new
and recall that we, is defined to be 2ul, ., — uy,. Say Y(o) =
(07 :n € w). Define
[ WOl U{w,,} ifO =067
W.[0] = { W, (O] otherwise.

Assuming (II1.1) (with u = o), we can define f°. Now let us see why
(I1.1) holds. Suppose to the contrary that there is an isomorphism H :
G° — G" contradicting (IL.1). Now @, Zv},, is a direct summand of
G, and hence (by 2) a direct summand of G*. Thus H'[@, ., Zv} ] is
a direct summand of G°. But by assumption on H, H '[P, Zv,,| =
@D, Zw,, and the latter is not a direct summand of G° because the
coset of uy ; is a non-zero element of G°/ @, Zw,, ,, which is divisible

by all powér of 2 by definition of the w, .

new

new

Case 4: a = 6 + 1, where § € Ey. If (IL2) fails, let G§,, = G.
Otherwise, let 8 be as in (I1.2). We introduce some ad hoc notation.
For any finite subset © of Ag s, let fo be the function whose domain is
the subgroup generated by {z, ; : p ¢ E, p < 0, j € {0,1}} U Ws[O]
such that fo(z) ;) =z, ; and fe(ws,) = v}, Notice that for all u €
dom(fe) and all v € O, if v <p p and u € dom(f)), then fo(u) = f7(u)
by 4(c). Let ©29 be as before (finite subsets forming a chain whose
union is Ags); for short, let ©,, = ©P9. We claim that:

(IT1.2) given m,m’ € Z\ {0}, n € w, y € G}, for suffi-
ciently large v < ¢ there exists £° € dom(fe,) NG9,
such that k” is pure-independent mod GY,, and is such
that mh(k°) # m'fe, (k) + y. Moreover, fo, (k") is
pure-independent mod G# 41

Supposing this is true — we will prove it in part (IV) — let us define
G +1- Fix aladder ns on 0. Also, enumerate in an w-sequence all triples
(r,d,v) where r € w, d € Z\ {0}, and g € G} so that the nth triple
(r,d,g) satisfies n > r. By (III.2) we can inductively define primes
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Pn, ordinals 4, > n5(n), and elements k3, € dom(fe,) NG, |, pure-
independent over ng .1 such that (if the nth triple is (r,d, g)), p,, does
not divide mh(kg,) —m'fo, (k3,) — y where

m = ?:olpz
m - de =r Di

= o ([T ph(RS)) + 9 — d 3T (IT=, pi) fo, (KS,)-

(Note that since G} is free, every non-zero element is divisible by only
finitely many primes, so we can take p, to be any sufficiently large
prime.) Then we let G, be generated by G§ U {z§,, : n € w} modulo
the relations

pnzg,n+1 = Z((S),n + kg,n
and G} 41 is defined similarly, except that we impose the relations
pnz;,nJrl = Z;,n + fen(kg,n)
We need to show that h does not extend to a homomorphism: Gy, —
G,y If it does, then h(z),) = dzj, + g for some r € w, d € Z \ {0},

and g € G}. Let n be such that (r,d, g) is the nth triple in the list.
Now, in G, we have

n

n j—1
(Hpi)zg,n—i-l = Zg,o + Z(H pi>kc(5),j

i=0 j=0 i=0

so, applying h, we conclude that p, divides

n j—1
dzy, + g+ Y ([ p)n(ks))

j=0 i=0

On the other hand, in G}, we have p, divides

n Jj—1
dzj, +dy (][ pi)fe,(k3))
j=r i=r
so, subtracting, we obtain a contradiction since p,, divides mh(kg’n) —
m' fg. (k3,,) — y, where m, m/, and y are as above.
We let Wy, 1[0] = W5[O] for any subset © of § (and = 0 if © Z ¢).
By (II1.1) we can define fJ.

(IV) In this layer we will prove (III.1) and (I11.2).
First let us prove (I11.2) since for the purposes of proving (III.1) we
will need more information about the nature of the elements kg, . Fix
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m,m’,n,y,v as in (I11.2); there are several cases. In the first two cases
we can use any vy < 0.

Case (i): y # 0. If neither 29, ; nor x9,,, will serve for k%, then

0 0 :

Case (ii): y =0, m # £m’. Let k® =29, . Then by construction,
k? generates a cyclic summand of GY; hence fg,(k°) and h(k°) both
generate cyclic summands of G}. Hence mh(k") # m/'f2 (k).

Case (iii): y = 0, m = m’. Pick ~ sufficiently large so that there
exists w,; € GY,) NW5[0,] such that feo,(ws;) # h(we,). If 29,
will not serve for k° (i.e., h(z3,,,) = x1,,,), then we can take k° to
be 29, + Wo.

Case (w): y =0, m = —m’. Similarly £° can be taken to be of the
form x9.,, 5 or 29, o — wy; Where fo, (wo;) # —h(ws;).

Now if we examine the construction in Case 4 of (III) and the proof
above we see that

(IV.1) each kf, can be (and will be) taken to be of the
form af) i % & where &, is 0, 23 5 or w,; for some
g, ]

We will say that w,; is a part of kgn in case &, is Wy, ;.

J

Before beginning the proof of (III.1), let us observe the following

facts:

(IV.2) Given 0 € Ey and N € w, there is an isomor-

phism ¢' : @, Zuy., ® Zvy, — D, Lu,, & L,

such that ¢'(w,) = v}, for n < N and ¢'(u),,) = u},,

forn > N + 1.
Indeed, we can define ¢'(ul,) = 2¢'(u2, 1) — v}, for n < N (and the
other values appropriately).

(IV.3) Given an isomorphism g : G — G} where § € Ey,

we can extend g to an isomorphism ¢’ : G, — Gj,

provided that (using the notation of Case 4) g(k§,) =

fo, (K3,,) for almost all n € w.
Indeed, if g(k3,,) = fe,(k3,) for all n > N, we can define ¢'(23,,) = z;,,
forn > N and ¢'(23,,) = png'(28,,11) —9(k3,,) for n < N by “downward
induction”. We will apply (IV.3) to the situation of (III.1), with g =
g, 0 = 1, 0 + 1 = «; if we are in Case 4, then the hypothesis on ¢ in



Paper Sh:520, version 1995-01-12_11. See https://shelah.logic.at/papers/520/ for possible updates.

16 PAUL C. EKLOF, MATTHEW FOREMAN, AND SAHARON SHELAH

(IV.3) will hold if there exists t € B such that ¢ >  (where ( is as in
Case 4).

We return to the notation of (IIL.1). Let 7 = sup{t + 1 : ¢t € B};
then domgp = GY. Assume first that 7 = p. In case Gﬁ+1/Gﬁ is free
there is no problem extending gg; in the other case = ¢ € F; and by
the remarks above we can extend gp since there exists t € B such that
t > [ (since sup B = 9).

We are left with the case when 7 < . We will first define an exten-
sion of gp to a partial isomorphism gg whose domain is

{0, v <p,j=0,1}U
dom(gB)+< {w,:c€EgNp+1,newhy >
{v),:0€eEyNp+1,new}

Notice that every kgn for 6 < pu,n € w belongs to the domain of gp.
We let LE]B(xBJ-) = :Eivj for all v, 7. By enumerating in an w-sequence the
set (Eo U E1) N (i + 1) we can define by recursion the values gp(u,,)
and gp(vy,,) so that:

* §5(Wsyn) = v}, whenever w,, € W,41[0] for some © with
BNO #{;

e for all 0 € Ey with 7 < o < p, for almost all n € w, gp(uy,) =
ul ; and

o forall § € Ey with 7 < § < p, for almost all n € w, if (for some
0, M) Wom is a part of kY, , then gp(wem) = v,

om:*
The first condition is required by 4(c). In view of (IV.2), there is
no conflict between the first two conditions because for any o € Ey,
U,.c., ©3 is an antichain, so there is at most one n such that ©7NB # 0.
To be sure that the third condition can indeed be satisfied, we need
to consider the case that for some § € Ej, there are infinitely many
n such that there exists wy, m, which is a part of A, and belongs to
the domain of gg. Say this is the case for n belonging to the (infinite)
set Y C w (for a fixed §). Then for each n € Y 3t, € B such that
t, > o0,. Suppose that the construction of Gfgﬂ uses Ags = Un@,@g";.
Selecting one n, € Y, we see that since @Qf C o,,, 05, > [ and
hence t,, € Ags. Therefore there exists M such that for all n > M,
t,, € ©8% But then, for n € Y with n > M, t, > 0, 2 059 so
t,, < t, and thus t,, <r t,. By the construction in Case 4 and by
4(c), 9p(Wo, m,) = Vs o, forn € Y, n > M. Moreover, there is no
conflict between the last two conditions because, by construction, if
§ € Fy and o € Ey, then w,,, € W;[©5°] if and only if ©2° = 07, but
the elements of {07, : m € w} are disjoint and the ©29 form a chain
under C .
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It remains to extend gp to f,) by defining f7(2J,,) for 7 <6 < p,n €
w. This is possible by observation (IV.3) because of the construction
of gB-

(V) We will define the projections 7}, , by induction on y and then
verify the conditions to be in standard form (see section 1 or [2, Def.
1.9(ii), p. 257]). We refer to the cases of the construction in part (III).
In Case 1, we take unions. In Case 2, for v < pu+1 we let 7T£”u+1 be the

extension of 7}, , which sends Zeach xy, i t0 0 . (Here, 7}, , is the identity.)

In Case 3, for v < o we let m, .,

, be the extension of 7}, , which sends
each ugn and each vin to 0.

Finally, for Case 4, we use the notation of that case. We define
Tosi1(28,) = — 20w, dn k3 ; where m is maximal such that v, +2 < v
and d,,; = [['Z}pi (and d,o = 1 ). (Compare [2, pp. 249f].) The
definition of m) ;. , is similar, replacing k9 by fe,(ky;). Let Y{ =
{25, : m € w}. Then we can easily verify the conditions of [2, Def.
1.9(ii), p. 257] using the information in the proof of (II1.2) about the
form of k3 e

This completes the proof of Theorem 7.

3. A NON-STRUCTURE THEOREM

Our goal is to generalize the construction in the previous section to
prove:

Theorem 8. Assume <y. There exists an N;-separable group G° and for
each bounded tree T, an W-separable group G™* which is T} -equivalent
to GV but not isomorphic to G°. Moreover, all the groups are of cardi-
nality Ny and in standard form.

Proof. We assume familiarity with the previous proof and outline the
modifications, in layers of increasing detail.

(VI) Fix a stationary subset E of w; consisting of limit ordinals
(> 0) and such that E' is the disjoint union of two subsets Fy and E}
such that cardinality {(Ep) and $(Ey) hold. (O(Ep) is not essential,
but convenient.)

We need only consider bounded trees T" on w; such that if v <7 p
(in the tree ordering), then v < u (as ordinals). For each § € E; (resp.
o € Ey), diamond will give us a “prediction” Ty = (0, <s) (resp. Ty)
of the restriction of a bounded tree to § (resp. o). If u < & we write
Ts I pfor (u, <s N(p X p))-
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By induction on 6 € {0} U E we will define the following data:

(1) continuous chains {G? : v < § + 1} of countable free groups
such that for all v <y < 0+ 1, G% /G is free if v ¢ Ey, and if
v € By, then GY,,/G? has rank at most 1.

(2) projections 75, : G% — G% for v < p < 6+ 1and v ¢ E
such that: for v < u < p, ngu C wim; and for 7 < v < p,
T O My = T

(3) for each § € E and each v < § an isomorphism f] : G, —
G2, satisfying:

if 1, <5 v, then f9 | GSlH = f9

1] vy®

Moreover, we require that if § < 0’ are elements of E such that
Ts =Ty | 6, then G = GY for v < §+1; Wl‘f:“ = Wf’“ forv < pu<o+1;
and 9 = 9 for v < 6.

Define G° = U, ., GY and for each bounded tree T on w; let GT =
U{GS : Ts =T | §, v < § + 1}. As before, given T} we can choose T
so that G° and G7 are T}-equivalent.

We indicate how to modify the previous construction so that G°
and GT are not isomorphic. Our construction will be such that when
a = p+ 1 where p ¢ E, then

(*) Go = G, & Zx) , ® Za),
and

(**) Gi = G’i S in’o &) inhl
fordo € E, a < 6.
When o = ¢ + 1 where o € Ey, then

(%) G5, = Gy o P Zu,, & 7Y,
new

and
() G, = G © D 2y, © Loy,
necw
fordo € E, 0 <.

We define
0

on’

Wy = 2ug7n+1 —Uu
In order to carry out the inductive construction we will define in
addition:

4. for§ € E and a < §+1, subsets W2[O] of GY for every
non-empty finite subset © of o which is an antichain in
Ty, satisfying:
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(a) for all a < 8, WS[O] € W3[O];

(b) every element of W2[0O] is of the form w,, for
some n € w and some o € Ey such that Ts [ o =T,.

The functions f2 will be required to satisfy (as before):

: §(0 y — 1 .
(c) for all p < «, j € {0,1} fo(x, ;) = x,,;; moreover,
if wyy, € W4[0] and © N{v : v <5 a} # 0, then
fg (wo,n) = Uzlr,n-
Moreover, in order to carry out the inductive construction we will also
require the following for all d € E, a <6 :

(d) if 0 € Ey with 0 < a+ 1 and Ts | 0 # T,, then
fo(ud,) =k, for all n € w;

(e) for all pairs 1, By with sup{t : t <5 a} < 1 <
By < «, it is the case for almost all n € w that for all
Weo,m € W£+1[@21,52] we have f(i(wa,m) = U;,m‘

(The notation ©52 is defined before (I1.2).)

O(Ey) gives us for each o € Ey a “prediction” Y (o) = (09 : n € w) of
an w-sequence of finite subsets of T;, such that (J,, ., ©7 is an antichain
in T,. The proof that G and GT are not isomorphic will then work as
before.

(VII) The next step is to describe in detail the inductive construc-
tion of the data satisfying the properties given above. Our construction
is by induction on the elements of E. At stage § € E we will define G2
and G° for any a < § + 1 for which they are not already defined. We
will have already defined G? for v < sup{d’+1:8 € E, § < d}. By
following the prescriptions in (*) and (***), we can assume that G9 is
defined for all v < 4.

Let y =sup{d’+1:90 € ENd, Ts | 6’ = Ty}. Then we need to
define G‘; for v < a < d+ 1. We need to do this is such a way that
we are able to define the partial isomorphisms f°. We shall leave the
details of the latter to the next section and describe the construction
of the groups here. There are two cases to consider.

Case 1: v = § € E. Then GY is already defined. If § € Ej, follow
the prescription in (***) and (****). If 6 € Ey, {(Fy) gives us an iso-
morphism i : G} — GY; the construction of GY,; and GY is essentially
the same as in the previous Theorem (Case 4 of (III)); in particular,
if (I1.2) holds, we use an antichain A%; = {t : ¢ is <s-minimal in
0\ B}; GY,, is generated by G U {2, : n € w} subject to relations
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PnZ§pi1 = Z9n + k3, (which keep h from extending) and G5+1 is gen-
erated by G U {ZM n € w} subject to relations pnzénJrl zM + k‘

(where k3, = f& (k§,.)).

For the purposes of later stages of the construction we also define,
for any 0, > ¢ such that 6; € E and T}, [ 0 # Tj, elements kgln € Ggl.
We know that kg, has the form «f, ; + &5, where &5, is either 0, zJ ;,
or w,; for some o, j (cf. (IV.1)). In case &, is 0, let kY = @,
oj o let kgln =x + :1:(1,] Finally, if &, = w,;, let

+ &, where
g - { w}m itTs, [o#T,

in case &5, = 20

ks,

1 .
HnsJn

n_zu Jn

vl Ty [o=T,

07.]

and w} 2ugj+1 1’j. We will be able to show (in the next section)
the followmg

(VIL.1) for any branch B in Ty, | § with 6 = sup{t+1:

t € B}, gg = U{f%' : a € B} is such that for almost all

n, gB(kéo,n) = kg,ln
(This is evidence of what, in view of (IV.3), will enable us to extend
functions.)

Case 2: v < 6. We need to define Gi fory+1 < a<d+1by
induction on a. If we have defined G? for a < p < §, and p does not
belong to Ey, we follow the prescription in (**) or (****). If p € Fj,
then Ts | p # T, (by definition of ). By induction Gg 41 is constructed
as in Case 1 and we have k;g,n as there (with ¢ playing the role of
91 and p playing the role of 4). In particular G° o+1 18 generated by
GYU{z), : n € w} subject to relations p,2),,, = 2, + k), We
deﬁne G‘SJrl to be generated by G5 U {z ‘n € w} SubJect to relations
DnZ gn+1 = zpn + k‘s Finally, we deﬁne G4, as in Case 1.

The definition of the W [0] will be as in (III); specifically, W¢_,[0] =
W2[O] unless a = o € Ey, T5 | 0 = T, and © = 7 for some n, in
which case W2,,[0] = W2[0] U {w,,}.

(VIII) We have defined the groups and the sets W2[0]; the last step
is to show that the partial isomorphisms f° can be defined satisfying
the conditions in 4.

First let us verify (VIL.1). Let 0 and d; be as in Case 1 of (VII) and
suppose B is a branch in Ty, [ 6 with § =sup{t+1:¢ € B}. Then gp
is an isomorphism : G§ — G§* and we want to show that gp(kJ,,) = k3!,
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for almost all n. Recall that kJ, has the form zf, ; 4 &5, where &,
is either 0, x° j» OF W, ; for some o, j; the only case we need to worry
about is when Es.n = Woj.

Let p=sup{fa < §:Ts | a=Ts | a};sop<§and GO = G for
a < pi. Suppose that G§_; and G§, are defined using A% ; = U, ,, ©5°
as in Case 1 of (VII) and Case 4 of (IIT). We consider several cases.
First, suppose that there exists ¢t € A%yé with ¢ > u. Then for almost
all n, t € ©89 and thus if w,; € W[O29] then o > t > u; hence
Ts, | 0 # Ts | o and it follows from 4(d) that gB(kg{n) = kg.,. If this
case does not hold then A C pso A Bs = A 5, 1s an antichain in
Ts, | w="Ts5 | p. If there ex1sts te B w1th 8 <t < p, then there
exists t € B with t € A% ; and hence ¢ € ©5° for almost all n; it follows
easily that for almost all n gp(ky,,) = k;g}n (considering separately the
cases when o < p and o > p). In the remaining case, if & = inf{t €
B :t > B}, then a > p so we have sup{t : t <s, a} < < u < a and
we have the desired conclusion by 4(e) — again distinguishing between
the cases when ¢ < p and ¢ > p. This completes the proof of (VIL.1).

Now we need to verify the analog of (III.1). Letting ¢ and v be
as in (VII), we need to define f2 for v < a < §. Fix a and let
B={t<~v:t<sa}and gg =U{f :t € B}. We can suppose that «
is <s-minimal among elements of {f: v < < a}.

We will first define an extension of g to a partial isomorphism gp
whose domain is

{0, v <a,j=0,1}U >

dom(gp) + <{uan.aEEoﬂ(a+1) n € wpy
{v),:0€eEyN(a+1),new}

Using an enumeration in an w-sequence of Yy UY; where
Yo={oc€Ey :supB<o<~yand Ts [ o =T,}

and
Y1 = {(B1,52) :sup B < By < By < a}

we can define gp such that

(') for all v < a, j € {0,1} gp(z) ;) = =, ;; moreover,
if W, € W9,,[6] and © N B # 0, then gp(woy) = v} ,;

(d) if 0 € EgNa+2, then gp(uy,,) = uj,, for almost
all n, and if Ty | 0 # T, then gp(ul,,) = u}, for all n;

and
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(¢/) for all pairs 81, By with supB < 1 < (s < a,
it is the case for almost all n € w that for all w,,, €
W2,1[05%] we have §p(Wom) = Vg -

Now §B(k527n) is defined for all p € F; with p < a. We need to
define f(z),) for all such p > sup B. In view of (IV.3), we can do
this provided that gp(kS,) = k9, for almost all n € w. We consider
separately the cases: T5 [ p = T,; and T5 | p # T,. The first case is as
in (IV); the last is as in the proof of (VIL.1) (with ¢ playing the role of
d1, p playing the role of § and using (d’) and (¢)).

This completes the proof of Theorem 8.
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