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STRONGLY MEAGER SETS ARE NOT AN IDEAL

TOMEK BARTOSZYNSKI AND SAHARON SHELAH

ABSTRACT. A set X C R is strongly meager if for every measure zero set H,
X 4+ H # R. Let SM denote the collection of strongly meager sets. We show
that assuming CH, SM is not an ideal.

1. INTRODUCTION

In 1919 Borel wrote the paper [Borl9] in which he attempted to classify all
measure zero subsets of the real line. In this paper he introduced a class of measure
zero sets, which are now called strong measure zero sets, and made his famous
conjecture:

Borel Conjecture: All strong measure zero sets of real numbers are countable.

Recall that a set X of real numbers or more generally, a metric space, is strong
measure zero if, for each sequence {g,, : n € w} of positive real numbers there is
a sequence {X, : n € w} of subsets of X whose union is X, and for each n the
diameter of X, is less than ¢,,.

From the very beginning strong measure zero sets attracted attention of many
mathematicians. Sierpiniski ([Sie28]) showed that, consistently, the Borel Conjec-
ture is false. Namely he proved that the set constructed in 1914 by Luzin in [Lus14]
under the assumption of the Continuum Hypothesis, and now known as Luzin set, is
a strong measure zero set. Recall that an uncountable set or reals is called a Luzin
set if its intersection with each first category set is countable, and similarly, it is
called a Sierpiniski set if its intersection with each measure zero set is countable.
Subsequently strong measure zero sets were studied, among the others, by Besi-
covitch ([Bes34], [Bes42]), Sierpinski ([Sie37]), and Rothberger ([Rot38], [Rot41],
[Rot52]) who established many of their properties. In 1960 in his Ph.D. thesis
Kunen showed that Martin Axiom implies that every set of real numbers of cardi-
nality less than continuum has strong measure zero. In the 70’s and 80’s the drive
to show consistency of Borel Conjecture was stimulating the development of new
forcing techniques, namely countable support iteration. These attempts were suc-
cessful and in 1976 Laver ([Lav76]) showed that the Borel Conjecture is consistent
with ZFC. Recent years brought many new results characterizing strong measure
zero sets — [Paw96b], [Schal, [Sch98] are particularly interesting. For the purpose of
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this paper let us mention the following elementary observation that follows readily
from the above definition:

Strong measure zero sets form a o-ideal.

In this paper we will work exclusively in the space 2* equipped with the standard
product measure denoted as p. N and M denote the ideal of all y—measure zero
sets, and meager subsets of 2“, respectively. The family of strong measure zero
subsets of 2¢ is denoted by SN

For x,y € 2%, x +y € 2% is defined as (z + y)(n) = z(n) + y(n) (mod 2). In
particular, (2¢,+) is a group and p is an invariant measure.

The following characterization of strong measure zero is the starting point for
our considerations.

Theorem 1.1 ([GMS73]). The following conditions are equivalent:

(1) X e SN,
(2) for every set Fe M, X +F #2*. O

Observe that if 2 ¢ X + F={z+ f:z€ X,f € F} then XN(F +2)=0. In
particular, a strong measure zero set can be covered by a translation of any dense
G set.

This theorem indicates that the notion of strong measure zero should have its
category analog. Indeed, we define after Prikry:

Definition 1.2. Suppose that X C 2“.
We say that X is strongly meager if for every H € N, X + H # 2¥. Let SM
denote the collection of strongly meager sets.

Thus the notions of strong measure zero sets and strongly meager sets are dual
to each other and we are interested to what degree the properties of one family are
shared by the other. Of all possible “dual” questions let us mention the following
three:

(1) Is the Dual Borel Conjecture consistent with ZFC?

(2) Are Sierpinski sets strongly meager?

(3) Is SM a o-ideal?
The first question was answered by Carlson who showed in [Car93] that the Dual
Borel Conjecture is consistent with ZFC, that is, that SM may be the ideal of
countable sets. Judah and Shelah strengthened this result ([JS89]) and showed
consistency of

280 > Wy + MA (o-centered) + SM = [R]<™,

and Pawlikowski in [Paw90] improved their result by replacing M A (o-centered) by
MA (precaliber Ry).

The second question was considered in [BJ90], where it was shown that, assuming
CH, every Sierpinski set is a union of two strongly meager sets, which indicated a
possibility of negative answer to the last two questions at once.

Nevertheless, it did not turn out to be the case — Pawlikowski in [Paw96a] showed
that all Sierpinski sets are strongly meager.

Thus, the first two questions have positive answer and also the answer to the
last question is, consistently, positive. In particular, the Dual Borel Conjecture
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implies that SM is the o-ideal of countable sets and in [BS] it is shown that it is
consistent that SM has even larger additivity — for any regular cardinal kK > N, it
is consistent that

2% > k + MA, +SM = [R]<".
In spite of these expectations, the answer to the last question is negative. The
purpose of this paper is to show that
Theorem 1.3. Assume CH. Then SM is not an ideal.

Before we go further let us mention several related families of sets. Suppose that
J is an ideal of subsets of 2¥; in our case J will be either A" or M. A Borel set
H C 2 x 2% is called a J-set if for every z € 2%, (H), = {y : (z,y) € H} € J.
Define

CoOV(J) = {X C R : for every Borel J-set H, U (H); # 2“} ,

rzeX
and

cov(J) = min{|.A| CACT & UA:R} .
Note that
Lemma 1.4. COV(N) C SM and COV(M) C SN.

PROOF. Given F € J let H = {(z,y) : y € F + z}. Tt is clear that,
UpexH)e =F+X. O

We have the following two results:

Theorem 1.5 ([BJ95a], [Paw97]). COV(M) is a o-ideal. O

Theorem 1.6. It is consistent that COV(N) is not a o-ideal.
PROOF. It is an immediate consequence of the following theorem of Shelah:

Theorem 1.7 ([She]). It is consistent that cov(N) = R,,. O

Suppose that cov(N) = R, and let a family A C N witness that. Let H C
2% x 2% be an N-set such that

VG eN Jr €2 GC (H),.

Such a set can be easily constructed from a universal set.

For each G € A choose zg € 2¢ such that G C (H),. It follows that X =
{zg : G € A} ¢ COV(N). On the other hand, every set of size < cov(N) belongs
to COV(N) and X is a countable union of such sets. 0O

We conclude this section with a theorem (learned from I. Rectaw) that relates
the notions of strong measure zero and strongly meager to the classical construction
of a nonmeasurable set by Vitali (a selector of R/Q).

Theorem 1.8. Suppose that G C 2% is a dense subgroup of (2¥,+). Then

(1) G € SM if and only if every selector from 2 /G is nonmeasurable.
(2) G € SN if and only if every selector from 2¥ /G does not have the Baire

property.
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PROOF. The proof below requires the group G to be infinite and the set 2¥/G
to be infinite. A dense group will have these properties.

We will show only (1), the proof of (2) is analogous. Note that if X is a selector
from 2¥/G and G is as above then X is nonmeasurable if and only if X does not
have measure zero.

— Suppose that G € SM and H € N. Let © ¢ G + H. Tt follows that
[z]¢ N H = 0, hence no selector is contained in H.

+ Suppose that G € SM and let H € N be such that G + H = 2¥. For each
x €2¥ [z]g N H # 0. Tt follows that we can choose a selector contained in H. O

Proof of 1.1 as well as many other results concerning strong measure zero and
strongly meager sets were collected in [BJ95b]. A lot of interesting information
about strong measure zero and other peculiar sets is available in [Schb].

2. FRAMEWORK

The proof of Theorem 1.3 occupies the rest of the paper. The construction is
motivated by the tools and methods developed in [RS98]. We should note here
that by using the forcing notion defined in this paper we can also show that the
statement “SM is not an ideal” is not equivalent to CH. However, since the main
result is of interest outside of set theory we present a version of the proof that does
not contain any metamathematical references.

The structure of the proof is as follows:

e In section 2 we show that in order to show that SM is not an ideal it
suffices to find certain partial ordering P (Theorem 2.2).

e The definition of P involves construction of a measure zero set H with some
special properties. All results needed to define H are proved in section 3,
and H together with other parameters is defined in section 4.

e P is defined in section 7. The proof that P has the required properties is
a consequence of Theorem 5.14, which is the main result of section 5, and
Theorems 6.5 and 6.6, which are proved in section 6.

We will show that in order to prove 1.3 it is enough to construct a partial ordering
satisfying several general conditions. Here is the first of them.

Definition 2.1. Suppose that (P,>) is a partial ordering. We say that P has
the fusion property if there exists a sequence of binary relations {>,: n € w} (not
necessarily transitive) such that
(1) If p >n q then p > g,
(2) if p>nt1q and r >pq1 p then T >4 q,
(3) if {pn : n € w} is a sequence such that pny1 >nt1 P for each n then there
exists p,, such that p, >, pn for each n.

From now on we will work in 2% with the set of rationals defined as
Q={x€2¥:V*°nx(n) =0}.

Let Perf be the collection of perfect subsets of 2¥. For p,q € Perf let p > ¢ if
PCq
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We will be interested in subsets of Perf x Perf. Elements of Perf x Perf will be
denoted by boldface letters and if p € Perf x Perf then p = (p1,p2). Moreover, for
P, q € Perf x Perf, p > q if p1 C ¢1 and p2 C ¢o.

Theorem 2.2. Assume CH, fiz a measure zero set H C 2%, and suppose that there
exists a family P C Perf x Perf such that:

(AO) P has the fusion property,

(Al) Foreveryp € P, n € w and z € 2% there exists q >, p such that ¢y C H+=z
orqa C H + 2z,

(A2) for everyp € P, n € w, X € [2°]<%0 i = 1,2 and t € Perf such that
u(t) >0,

p({z€2°:3a2p XU(G+Q) Ct+Q+2}) = 1.
Then SM is not an ideal.

PROOF. We intend to build by induction sets X1, Xo € SM in such a way
that H witnesses that X7 U X5 is not strongly meager, that is, (X; UXs)+ H = 2¢.
By induction we will define an Aronszajn tree of members of P and then take the
selector from the elements of this tree. This is a refinement of the method invented
by Todorcevic (see [GM84]), who used an Aronszajn tree of perfect sets to construct
a set of reals with some special properties. More examples can be found in [Bar].

For each o < wy, ¥, will denote the a’th level of an Aronszajn tree of elements
of P. More precisely, we will define succ(p, @) C P — the collection of all successors
of p on level a. We will require that:

1) Tp={2¥ x 2¢},

2) succ(p, «) is countable (so levels of the tree are countable),

3) if q € succ(p, @) then q > p,

4) if succ(p, o) is defined then for each n € w there is q € succ(p, o) such that

q 2 P
Note that the tree constructed in this way will be an Aronszajn tree since an
uncountable branch would produce an uncountable descending sequence of closed
sets. For an arbitrary P with fusion property the conditions above will guarantee
that we build an w;-tree with countable levels. This suffices for the constructions
we are interested in.

Let T = ,«., Ta Where T, = succ(2¥ x2¥, ). For each p € T, choose xll) €p
and x% € p2. We will show that we can arrange this construction in such a way
that X; = {z}, : p € T} and X, = {2}, : p € T} are the sets we are looking for.

Let {(to,%a) : @ < w1} be an enumeration of pairs (t,:) € Perf x{1,2} such that
wu(t) > 0. Let {2z : @ < w1} be an enumeration of 2¢.

SUCCESSOR STEP.
Suppose that T, is already constructed. Denote X% = {mllﬁ x% :p € Uﬁ<a Tg}.
For each p € ¥, and n € w, let
Zy={2€2:3q>,p XU (g, +Q) Cta +Q+2}.
Note that by A2, each set Z has measure one. Fix

vas () ()2

PET, NEW
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For each p € ¥, choose {p" : n € w} such that

(1) p™ >n41 p for each n,

(2) XU @, +Q) Cta+Q+vya.

Next apply Al to get sets {q@" : n € w} such that for all n,

(1) 9" >p41 P,

(2) ¢ CH+zq0r ¢y CH+ 2z,
Define succ(p,a + 1) = {@" : n € w}. Note that for each n € w there is q €
succ(p, @) such that q >,, p. For completeness, if p € U5<a T3 then put

succ(p,a+1) = U{succ(q, a+1):q € succ(p,a)}.

LiMIT STEP.

Suppose that a is a limit ordinal and T3 are already constructed for 8 < o.
Suppose that pg € %o, o < a. Find an increasing sequence {a, : n € w} with
sup,, o, = a, and for k € w, let {pX : n € w} be such that

(2) PEy1 >nikt1 PE for each k,n € w.

Let pF be such that p¥ >, pF. Define succ(po,a) = {p¥ : k € w}. This

concludes the construction of ¥ and X1, Xo.

Lemma 2.3. X, X, € SM.

Proof. We will show that X; € SM. The proof that Xo € SM is the same.
Let G C 2% be a measure zero set. Find o < wy such that GN (t, +Q) = @ and
io = 1. It follows that,

X1CXU |J mCtatQ+ya CE2\G)+ Yo
PE€ETa+1
Thus X7 4 yo C 2¥ \ G and therefore y, ¢ X1 + G, which finishes the proof. O

Lemma 2.4. X; U X, & SM.

PrROOF.  Let H be the set used in Al. We will show that (X7 UXs)+H = 2¢.
Suppose that z € 2¢ and let @ < wy be such that z = z,. By our construction, for
any p € To41, x}, €z+4+ H or xf) € z+ H. Thus z € (X; U Xy) + H, which ends
the proof. O

This shows that the sets X7, Xo and H have the required properties. The proof
of 2.2 is finished. [

Therefore the problem of showing that SM is not an ideal reduces to the con-
struction of an appropriate set P. We will do that in the following sections.

3. MEASURE ZERO SET

In this section we will develop tools to define a measure zero set H that will
be used in the construction of P and will witness that the union of two strongly
meager sets X7, Xo defined in the proof of 2.2 is not strongly meager. The set H
will be defined at the end of the next section.

We will need several definitions.
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Definition 3.1. Suppose that I C w is a finite set. Let F' be the collection of all
functions f : dom(f) — 2, with dom(f) C 27. For f € F!, let m?c =|{s: f(s) =
0} and m} ={s: f(s) =1}

For a set B C 2! let (B)! =2\ B and (B)? = B.

We will work in the space (21, +) with addition mod 2. For a function f € F let

(B = [ B+s)/®.
sedom(f)
In addition let (B)? = 21,
For f € Fl and k € w, let
Fl, = {g eF . fCg& |dom(g)\ dom(f)| < k}

The set H will be defined using an infinite sequence of finite sets. The following
theorem describes how to construct one term of this sequence.

Theorem 3.2. Suppose that m € w and 0 < § < € < 1 are given. There exists
n € w such that for every finite set I € [w]>™ there exists a set C C 2! such that
1—e+6>|C|-27Ml >1—¢—5 and for every f € Fé,m’

(C)7] o _ml
—(L—g)Mre™s| < 6.
(C)?]
Note that the theorem says that we can choose C' is such a way that for any
sequences sy, ..., S, € 2! the sets s; +C, ..., s,, + C are probabilistically indepen-

dent with error §. Thus, we want § to be much smaller than €™. In order to prove
this theorem it is enough to verify the following:

Theorem 3.3. Suppose that m € w and 0 < § < € < 1 are given. There exists
n € w such that for every finite set I € [w]>™ there exists a set C C 2! such that
1—e+6>|C|-27 W >1—¢—6 and for every set X C 27, |X|<m

|ﬂs€X(C+S)| IX]|
PROOF. Note first that 3.3 suffices to prove 3.2. Indeed, if for every X €
2=,
[Nsex (C +9)| IX]
then we show by induction on m} that for every f € Féﬂn,

_ (1 _ €)m(f)€m}

f
‘|<c> | g

(C)°]

Fix m,é and e, and choose the set C C 2! randomly (for the moment I is
arbitrary). For each s € 2! decisions whether s € C are made independently with
the probability of s € C equal to 1 — . Thus the set C' is a result of a sequence
of Bernoulli trials. Note that by the Chebyshev’s inequality, the probability that
1—e+6>1|C|-271I > 1 —¢— ¢ approaches 1 as |I| goes to infinity.

Let S,, be the number of successes in n independent Bernoulli trials with prob-
ability of success p. We will need the following well-known fact that we will prove
here for completeness.
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Theorem 3.4. For every § > 0,

PROOF. We will show that

p <S" >p+ 6) < e /4,
n

The proof that

P (Sn Spa) < 67n62/4

n

is the same. Let ¢ = 1 — p. Then for each x > 0 we have

Sh i N\ & ek
=~ > < n <
p(n_p+§>_ E )(k)pq <

k>n(p+d
Z o (n(p+o)—k) <Z>pkqn—k <
k>n(p+9d)
e—xn& . Z (Z) (pexq)k(qe—xp)n—k <
k>n(p+3d)

n
n
e—:cn& . Z (k) (pezq)k(qe—xp)n—k — e—:cn& (pea:q + qe—xp)n <
k=0
efmné <pez2q2 + qezzpz)” < efmn(? (p€m2 + qexz)n — efxnéenx2 — en(m2751)'

The inequality pe®?+ge *P < pe””2q2 —&—qe”Qp2 follows from the fact that e® < ¢®” +x,
2

for every z. The expression ¢™* —9%) attains its minimal value at z = & /2, which

yields the desired inequality. [

Consider an arbitrary set X C 2 To simplify the notation denote V = 2f \C
and note that (\,cx(C +s) =2/ \ (V 4+ X). For a point t € 2/, t ¢ X +V is
equivalent to (¢t + X) NV = (. Thus the probability that ¢ ¢ X + V is equal to
(1—¢e)lXl,

Let G(X) be a subgroup of (2f,+) generated by X. Since every element of 27
has order 2, it follows that |G(X)| < 21XI.

Lemma 3.5. There are sets {U; : j < |G(X)|} such that:
(1) VjVs,teU; (s#t—s+tdG(X)),
(2) Vi <|GX)| |U;] = 2"1/|G(X)],
(3) Vi#jUinU; =0,
@) Uj<jaoo Ui = 2"
PROOF. Chhose U;’s to be disjoint selectors from the cosets 2/ /G(X). O

Note that if 1,25 € U then the events t; € X+V and t; € X+V are independent
since sets t; + X and t; + X are disjoint. Consider the sets X; = U;N(, .y (C +s)
for j < |G(X)|. The expected value of the size of this set is (1 —¢)IX!. 21/l /|G(X)|.
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By 3.4 for each j < |G(X)],

g
It follows that for every X C 2! the probability that

§< }msEX(O+ 5)|
- 2]

| X1 1X| —2lfl=242
R I E—— >5) <2 NG,
SIS A i ks

(1—e)l Xl - <(1-e)lXl 454
is at least

1 - 2|G(X)|e2" /G > 1 glX |+ 2 ITIXI77
The probability that it happens for every X of size < m is at least

1 . 2|I|(m+1)2 . 672\I|—m—252.

If m and ¢ are fixed then this expression approaches 1 as |I| goes to infinity, since
lim, o0 P(x)e™® = 0 for any polynomial P(z). It follows that for sufficiently large
|I| the probability that the “random” set C has the required properties is > 0.
Thus there exists an actual C' with these properties as well. [J

4. PARAMETERS OF THE CONSTRUCTION

We will define now all the parameters of the construction. The actual relations
(P1-P7 below) between these parameters make sense only in the context of the
computations in which they are used, and are tailored to simplify the calculations
in the following sections. The reason why we collected these definitions here is that
there are many of them and the order in which they are defined is quite important.
Nevertheless this section serves only as a reference.

The following notation will be used in the sequel.

Definition 4.1. Suppose that s : w X w — w.
Let s©(i,7) = i and stV (i, ) = (s (4,5),5). Given N € w+1, n € w and
few let

s (f) = {(i,s(")(f(i),i)) Li < N}.
We will write s(f) instead of s (f).

We define real sequences {&;,d;,¢€; : i € w}, intervals {I; : i € w}, sets {C; : i € w}
and integers {m; : ¢ € w}. In addition we will define functions §,8§,s : w X w — w.
The sequence {¢; : i € w} is defined first. We require that

(Pl) 0<eip1 <egj for i € w,

(P2) > cnci < 1/2.

Set g = 6o = 1, In = Cp = B,mp = 0 and §(n,0) = §(n,0) = s(n,0) = 0 for all
n € w. Suppose that {g;,0;,€;,I;,C;,m; : i < N} are defined. Also assume that
§(n,1),8(n,i) and s(n,¢) are defined for i < N and n € w.

Put vy = [T, n 2™, Iv = [T4<n vx and define ey such that that

(P3) 0<wvn-eny <epn,

(P4) INEN+2, ey < EN—1-
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Given ey and ey we will define for k € w

ks L2
S(k, N) — max{l.l+leN5N>4} if ey, > 4

otherwise

Next let §(k, N) = §2u~)(k, N), where uy is the smallest integer > log,(8/€%).
Finally define

s(k,N) = 8@~k N).
Note that the functions §(-, N),8(-, N), and s(-, N) are nondecreasing and un-
bounded.
Define

(P5) my = min {m : sV (m, N) > 0},
(P6> on = 2—N-2 -E;GN.

Finally use 3.2 to define Iy and Cn C 2% for § = 6y, e = eny and m = my.
In addition we require that

(P7) I; are pairwise disjoint.
The set H that will witness that SM is not an ideal is defined as
H={ze2: 3% x|l & Cy}.
Note that
p(H) < p (ﬂ J{ze2v:aln, efck}) <3 e 8230,
n k>n k>n
5. MORE COMBINATORICS

This section contains the core of the proof of 2.2. This is Theorem 5.5 which is in
the realm of finite combinatorics and concerns properties of the counting measure
on finite product spaces. We will use the following notation:

Definition 5.1. Suppose that Ny < N < w. Define FY to be the collection of all
sequences F = (fi : i < N) such that f; € F' fori < N. For F € FY and h € wV,
let

Fi={G e F¥ Vi< N Gl) € Fli i |-
Similarly,
Fave N — {G EFN,:GI[Ny=F rNO}.
We always require that for alli < N,
|dom (F(i)) | + h(i) < mi.

Let C = (C; : i < w) be the sequence of sets defined earlier. For Ng < N and
FeFY et

©Rf, = [ (©)F®= {s € 2o UIn=1 1 € [Ny, N) sl € (ci)F@‘)}.
No<i<N

We will write (C)¥ instead of (C)§ and (Cn_1)¥ ™=V instead of (C)%_;.
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Definition 5.2. Suppose that X is a finite set. A distribution is a function m :
X — R such that .
< < —.
0<m(z) < x|
Define oy, to be the largest number o such that m’ = a - m is a distribution, and
putm =73y .y m(x) and m = o, - .
Suppose that a distribution m on X is given and Y C X. Definemy : Y — RT

as X
my (z) = Il -m(x).

Note that 1
- | X| - max{m(z) : z € X}
Observe also that (my)z =mz it ZCY C X.
A prototypical example of a distribution is defined as follows. Suppose that
p C 2¢ is a closed (or just measurable) set and n € w. Let m be defined on 2" as

Qm

m(s) = p(pNis]) for s € 2™.

Note that ™ = pu(p).
The following lemmas list some easy observations concerning these notions.

Lemma 5.3. Suppose that N € w, kO +ko < my, f € FéNko and m is a distribution
on 2I¥. There ezist fo, f1 € F;{\}CO such that | fo \ fl = 1f1\ f| = ko and

M (Cy)fo < TYCx)T < Ty

PROOF. For each x € 2/~ and h € Fé%, let K2 = hU {(z,0)} and hl =
hU{(z,1)}. Note that there is ¢ € {0,1} such that

S m(CN)h, S m

m(CN)hg?E (CN)hifi'

Iteration of this procedure kg times will produce the required examples. [

Lemma 5.4. Suppose that Ng < N are natural numbers, h°, hy € [1;c n mi satisfy

ho(i) + h°(i) < m; fori < N, F € Fé\”ho and m is a distribution on 2%YUIn-1
No,N

Suppose that for every G € Fg' *, a <mcye < b. Let G* € Fgoh([)v be such that
\dom(G*(i)) \ dom(F(¢))| = h1(i) < ho(2) for No <i < N. Then
No,N .
VG € FGO*,ho—hl a S m(C)G S b.
PROOF. Since Fg(i’f}\[o_hl - Fg"};(])\[, the lemma is obvious. O

The following theorem is a good approximation of the combinatorial result that
we require for the proof of 2.2. The proof of it will give us a slightly stronger but
more technical result 5.14, which is precisely what we need.

Theorem 5.5. Suppose that Ny < N are natural numbers, h°, hy € [L;cn mi sat-
isfy ho(i) +h°(i) < m; fori < N, F € Fé\{ho and m is a distribution on 2709 "VIN-1

such that N
2 . Zi:NU €;

Ty, (1 — 8¢;)

mEF =
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There exists F* € FN0 —s(ho) such that
N-1 N-2
No,N  — 2
VG e FF?,s(ho) m(c)e > M(C)F - H (]. — 861) — Z €;.
i=No i=No

Remark. It is worth noticing that the complicated formulas appearing in the
statement of this theorem are chosen to simplify the inductive proof. Putting them
aside, the theorem can be formulated as follows: if mc)r is sufficiently big (where

big means only slightly larger than zero), then there exists F* € FN0 —s(ho) such
m(c)c

that for all G € FNO’ s(ho) the value of cannot be significantly smaller than 1.

mor
The proof of 5.5 will proceed by induction on N > Ny, and the following theorem
corresponds to the single induction step.
Suppose that NV € w is fixed.

Theorem 5.6. If k° + ko < my, m is a distribution on 2In gnd fe Fé’io 18 such

that Mo yr > 2€n then there exists f* € FkaO 5(ko,N) such that

V9 € FY sthy ) Moy - (1 26n) > Tiierys = ey - (1 - 26n),

and

I
V9 € Fi sho.v) TCr)e = Micy)7 - (1= 26n).
PROOF. We start with the following observation:

Lemma 5.7. Suppose that mc )7 > en. There exists fe Ff o —5(ko, N) such that

Vg € FfN*(k N) mcy)e > MCcn)f - (1 — GN).

Similarly, there ezists f € Ff oo —5(ko, N) such that

VgeF M(Cy)s < Mmcy)f - (I+en).

f7 (ko,N)

ProoF. We will show only the first part, the second part is proved in the
same way. If s(kg, V) = 0 then the lemma follows readily from 5.3. Thus, suppose
that §(ko, V) > 0 and let m(cy)s be a distribution satisfying the requirements of

the lemma.
Construct, by induction, a sequence {f, : n < n*} such that
(1) fO = f7

(2) fn+1 S F;‘f’g(ko,]\])a

(3) m(CN)fn Z m(CN)f . (]_ + *6 57\5]%7]\/))

First notice that §(ko, N) was deﬁned in such a way that

1 k <tk
o (14 (e ~2) i) 2

1 ko 5(ko,N)
1 2 05
< T3 ( (kO’N) )eNgN
ko o skeN)

1
M > 1.
2 5(ko, N) NN

\%
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ko . .
Therefore, after fewer than W — 2 steps the construction has to terminate
S(Fo,

(otherwise m(cyys > 1 for some g, which is impossible).
Suppose that f, has been constructed. 3
CASE 1. Vh € F?:,é(ko,N) M(cnyr = Micyys - (1 —en). In this case put f = f,
and finish the construction. Observe that

|f| 4+ 8(ko, N) < k° + n* - 8(ko, N) + 8(ko, N) <

k
0 0 _ _ 0 _
e — . < — .
k +<S(kO,N) 2) s(ko, N) +8(ko, N) < k° + ko — 8(ko, N) < my

I
CASE 2. dh € Ffjj’g(ko,N

that |h| = |fn| + 8(ko, N).
Consider the partition of (C )% given by h, i.e.

(Cn)" = (Cn)" U ((Cx) \ (Cn)").

Note that by considering the worst case we get

(Cn)"]
[(Cn)Tm\ (Cn)"

) M(Cpyr < M(Cy)T - (1 —en). Using 5.3 we can assume

>

0 1 = N
(1 - €N)m'fn EK}J‘” . E%ko’ ) _ 5N -
0 ml 0 ml _ N -
(1_€N)mf"€an “F(SN— <(1—6N)7nfn€an .E%k(h ) _§N>
5(ko,N) on
N N mo m}
(1 — EN) fngN n
20N

1 —si(,ko’N) + -
(1 m[} My,
—en)Miney

. 1
Moreover, since dy < §€;GN , we have

N

1
(1 — EN)m(fJ"n . Ezf"

g%k’o,N) > 9.

b

and thus
s(ko,N) N
EN - mo mh
(1 —en)"imey™ < lgg(ko,N).
1 — g5tkoN) 20N = 9o™N
N B mo m}n
(I—en)"iney
It follows that
T N 5(ko,N) [(Cn) /"
-m n 2(1+*6€ 0 ) -
T (ow)T (Cn)In\(Cn)h 9 NEN |(CN)f”\(CN)h|
(1—en) MW" _

[(Cn)I \ (Cn)"|
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(Cn™ n sk OO O
[(Ch)f\ (Cw)| 27N [(Cx)F \ (Cn)P] [(Cn) T\ (C)P|
. cw)
[(Cx)T\ (O
N 5(ko,N) |(Cn )" [(Cn)"|
1+ —ene . + € - >
2 VN [(C)T N\ (O] N (Cn) T\ (Cn)P
5(ko,N) N
EN - 0 m}
s 1—en)"mey"
1+gGN€I\§kO7N)+€N - ( €N)25 N >
1 Sk 4 o
(1—en) ey
< 1 < 1 <
1+%€N€%kO’N)+§EN€?\(JkO7N) > 1+4n72L 6N“ﬁ\(fk(h]\r)'

Let {hi, ..., hgsto.n } be the list of all functions in F/~ such that dom(h;) =
dom(h) \ dom(f,,). Without loss of generality we can assume f, Uhy = h. The sets
(Cn)mh2 . (Cn ) P est0M) define a partition of the set (Ciy)/™ \ (Cy)". Since

n+1  5ko,N
TUCx)I\(Cn* 2 THCy)T - <1 P )>

it follows that there exists 2 < ¢ < 25(k0,N) guch that

n + 1 s
T (Cynone 2 T ) (1 i QENEN(kU’N)) '

Let fn4+1 = fn U hg. This completes the induction. [

PROOF OF 5.6. Suppose that m(c,)r = ao > 2eny. Without loss of generality
= 1, that is m(c,)r = M(c,)s. This is because if we

we can assume that Um e s
N
succeed in proving the theorem for the distribution Um e 5 TUCN) then it must
N
be true for mc,)s as well.

Apply 5.7 to get [’ € F;J)Vkrg(ko’]\,) such that
Vg € F;J/\[S(ko,N) M(Cyye = ao(l — en).

Let uy be the smallest integer greater than log,(8/¢%;) and define by induction
2 N
sequences {f;, a;,b; : i < upn} such that
(1) bo =1 and fo = f/,
(2) ai,b; € R for i < uy,
(3) |b; —ai] <27 fori < uy,
(4) fiy1 € F;ZEUH)(k()’N)_g(i“)(kO’N) for i < uy,
(5) Vg € F)ICEVS(”l)(ko,N) a;(1 —ey) < mM(Cyys < bi(1+en)-
Suppose that a;,b; and f; are defined and let ¢ = mcys,. Observe that ¢ >
ag - (1 —EN) > EN-
If |c —a;] < 27" then let a;41 = a; and b;.; = c¢. Apply 5.7 to get fir1 €

1 .
F 128040 (ko V) —5042) (ko) SUCH that

1 _
Vg S Ffiil,éﬁﬂ)(k:o,N) m(cN)g < bi+1(]— + GN).
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i = =D ) In
Otherwise let a;+1 = c and b;41 = b; and let f;41 € Fh,§<i+1>(kO,N)—§<i+2>(ko,N) be

such that

Vg € F;iv+1,§(i+2)(k0,N) M(Cy)s 2 i1l = €n).
Put f* = fuy. Note that by the choice of un, |buy — auy| < €&/8. In addition,
suntD) (ko N) > §2un) (k, N) = §(ko, N). Since M(c )7+ 18 equal to either ay, or

buy, and a,, > €n, a simple computation shows that for every g € F§¥7§(kO,N),

Moy - (L=2en) < auy (1 —en) <oy < buy(1+en) < Moy - (1+2en),

and
M(Cnys = Guy (1 —€en) > ao(l —2en) = Mcy)r - (1 —2en). O

Before we start proving 5.5 we need to prove several facts concerning distribu-
tions. The following notation will be used in the sequel.

(1) v = [200V V1] for k € w.
(2) I F € F¥ and k < N then let wy(F) = |(C)F I*|.
Suppose that F € F¥* and m is a distribution on 2709V~

(1) Let mer)F be the distribution on (Cn)¥™) given by

Moy (s) =Y {meyr(t) 15 Cte (OF} for s € (Cy)F).

(2) For Ng < N and t € (C)F Vo et mZC)F be a distribution on (C)§  defined
as
me)F(s) =mcyr(t7s) for s € (C)R, -
(3) Let M e be the distribution on (C)F IV defined as

m gy (t) = m’EC)F for t € (C)F IV,
Lemma 5.8. Suppose that Ng < N, F € F¥*! and G e Fgoﬁ]\wl for some h € wW¥.

Then

t — ot
<m<C>F)<C)3 ~ Meye:
0

PROOF. Fix t € (C)F Vo = (C)G ™o and observe that for s € (C)%y

[(C)R|
mt s) = ~emeyr(tTs) =
(o) e, = oy mer
o)%
I( >N0|. UN+1 m(t/\s):%.m(tﬁs):mzc)c(s). O

(©F,] wnsi(F) wn1(G)
Lemma 5.9. Suppose that F € FN ™! and G Fg’,{bvﬂ for some h € w*. Then
(m?_c)p)(cN)G(N) = ’ITL?_C)G.

PROOF. Similar to the proof of 5.8. O

Lemma 5.10. Suppose that Ng < N, F e FN ™! and t € (C)FINo Then

m’EC)F > wy, (F) - m’EC)F.
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PROOF. Note that
wNO (F) _ 1
wy1(F) (O,

WN, (F) -m(C)F (t“s) S

The next two lemmas will be crucial in the recursive computations of distribu-
tions.

Lemma 5.11. Suppose that Ny < N, F,G € FV*1 F I[No, N] = G [[No, N] and
t € (C)FINon (C)G N0, Then

t _ Lot
Omige TTHOF T Omi o TN O)E

In particular, if F* € Fgf’};NH for some h € w* then

mEC)F INg™ F* 1[Ng,N] m’ZC)G INo™ F* |[Ng,N]
PROOF. Note that under the assumptions the distributions m’EC)F and me)G
have the same domain and the fraction w has the constant value for both
Mcyr (5)

Fand G. O

Lemma 5.12. Suppose that F € F¥ ! and G € Fg‘gl for some h € w*. Then

t
m(c)F [N G(N)

T SR NS
te(C)G IN

micyr
PROOF. Fort e (C)G IV
UN+1 —
. -m(t”s")
Mg emll) _cediaron P (@INF) T
or e
se(Cy)F) NHL
Therefore
Ml e v coy
- (C)F INT &) wy(F) —
S PN L SR LI 7 el
(C)GINTF(N) (C)F INT G(N)
te(C)S IV mﬁC)F re(C)e wy (G)
wN(F) 'UN+1
' = -m(s) =

Z Z #j(l(;) m(s) = Z Z m(c)e (S) = W OJ
)

te(C)G IN tCse(C)CG te(C)G IN tCse(C)G
We will need one more definition:

Definition 5.13. Suppose that m is a distribution on X and U C X. Let my) be
the distribution on X defined as

_f m(x) freU
miy)(z) = { 0 otherwise forz € X.
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Now we are ready to prove theorem 5.5. For technical reasons we will need a
somewhat stronger result stated below.

Theorem 5.14. Suppose that Ng < N are natural numbers, h®, hy € [1;cy mi sat-
isfy ho(i) +h°(i) <m; fori <N, F € Fé)\{ho and m is a distribution on 270VYVIN-1
such that

N
2 Zi:Ng €
-~ . - <
Hi:Ng(l —8¢;)

There exist F* € Fgf};(iv_s(}Lo) and U* C 200V UIN-1 gych that

mEF =

N-1 N-2
(m[U*])(C)F* Z m(C)F . (1 — 86i) — Z €5y
i=Np i=No
and for any G € Fgf:sl\(fho) and t € (C)G ™o My € [Ng, N),
N-1
(mio)(ee = (M) gy - l;[l (1 4e).
i=Mo

PROOF. First notice that 5.5 follows from 5.14. If F* and U* are as required,

then for all G € Fgf’é\([ho)v

mee = () ge 2 D, (mw)ge =

te(C)G INo
T N-1
S (e T E
te(C)G 1Ny i=Np
N-1 S T N—1 ——
H (1 — 46i) . Z (m[U*])(C)F* = H (1 — 461) . (m[U*])(C)F* Z
i=No te(C)F* 1No i=Np
N-1 N-1 N-2
I (-4 <m<c> [ICEEDEDY ) >
i:N() i:NO Z-:J\/v()
N-1 N-2
mor - [[ (-8~ >«
Z=N0 i:NO

We will proceed by induction on N. If N = Ny then the theorem is trivially
true. Thus, suppose that the result holds for some N > Ny and consider N + 1.
Let F € FYoN*1 and let m be a distribution on 270YYI¥ guch that

0,h0
N
2 Zi:No €;

Hfi\;No(l - ei)-

m(C)F >

Recall that by 5.9,

m?‘C)F > mz_C)F = M(Cc)F > 2en,
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and apply 5.6 with m = m?rc)F, K = |dom(F(N))|, ko = ho(N) to get fo €

1
FFI\(]N),kofé(ko’N) such that
Y9 €FX oy M ©@F v e 2 g - (1 - 2en).

Let {s; : 1 <i < wn(F)} be an enumeration of (C)FIN. By induction, build a
sequence {f; : i < wy(F)} such that
(1) fi € fixr, A
(2) ko — |dom(f;)| = 8@ (ko, N),
(3) for every i > 1 one of the following conditions holds:

2¢
In N
(a) Vg S Fﬁ,é(%*l)(ko,[\/) ’LUN<F)’

(b) for all g € FI¥

fi,52i+1)0

msi (C)F INTg <

W (1—=2en) <mSi(gyrin—y < m* ye in= (14 2en).

Suppose that f; is given. If
26]\/
wy (F)

I s .1 _
V9 € FEsaivn (g MTTH@FINTY <
then put fip1 = f;.

: 1 1
Otherwise, let f{, | € Ffj§(2i+3)(kU,N) be chosen so that

moi+t FIN~F . = 2en .
(©F N T (F)

In particular, by 5.10, M ey, 2 26N Let k = ko — |domf/, ,|. By 5.6,

such that for all g € FL¥

. s In
there exist f;11 € Ff{H,l%—é(E,N) F SN

m511+1(C)F N (1 + 2en) > mSitt (C)F IN—g > m8i+1(c)F T (1 — 25N)~

Note that & > ko — |dom f;| — 833 (ko, N). Using the induction hypothesis we get
that k& > 8@ (kg, N) — 8%+ (ko, N) > 8@+ (o, N). 1t follows that §(k, N) >
53 (Lo, N) and ko — |dom(fis1)| = 8%+ (ko, N), which finishes the induction.

Let FX(N) = fy @) Since wy(F) < |2f0UIn=1| it follows that s(ko, N) <

s@unE)+D (ko N). Thus F*(N) € F{i‘z\(rN),ho(N)—s(kO n):

Observe that m*(cyrin=9 = m e v, (8) for every s € (C)F

N In particular,
mS(C)F INT™ F*(N) = m(c)F IN— F*(N) (S)

By the construction, for every g € F{,X(N)’S(kO’N) and s € (C)F IV,

1—2ey  — 14 2epn

m(_C)F v (8) - m <SmeoyFing < m(_c)F in e (8) - 1— 2en

or otherwise

261\/ - 2€N
d S ~g <
w ( ) an m (C)Fu\r

~ wn(F)
Moreover, by the choice of fo, for every g € F{;\f(N) s(ko,N)?

mS(C)F IN—Fr(N) <

’ITLJF(C)F INTg 2 m(C)F . (1 — 261\[).
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Even though we do not have much control over the values of m(_C)F (v~ (v (8)
. Let

we can show that many of them are larger than
wN (F)

_ 2en
U= {s c(C)F IV, M gyr v (8) = o (F) }

I
Note that for every g € FFJ\*,(N),s(kO,N)’

(1 =2en) -Mcyr <mT(gyrin—g =TM(CF N5 = m=(c)Fin-g <
D mgrive (8t Y migeine(s)
seU s€(C)F IN\U
2en 1+ 2en

14 2en _
: Zm(C)FrNA F*(N)(S) +wN(F) ’ UJN(F) ’ 1—2pn —

1—26]\[
seU
142 142
+ eN + 2en Zm(C)F NAF*(N)()

Qen -
Nl ey T 1= 2en
It follows that
— (1 - 2€N)
Z m(C)F PN F*<N)(S) > m m(C)F - 261\[ (]. - SEN) m(C)F - 26N.
seU
Define distribution m* on 2foYUIn-1 a9
_ _ 2€N
P if R >
m*(s) — m(c)F [N F*(N) (3) 1 m(C)FrN F (N)(S) = U)N(F)
0 otherwise
Clearly,
N-1
2 Z’L No €i

- B
CFIN = Zm oF v (8) 2Ty - (1 —8en) — 268 > —x— -
D= [Ty, (1~ 8e)
Apply the induction hypothesis to m*, F [N and hg[N to obtain F* [N and V* as

in 5.14. Let

U ={se2l P VIN  g[[yu---UIy_1 € V' NU}.

It remains to check that F* and U* have the required properties.

(m[U*])(C)F* = Z (m[U*]);C)F* = Z (mr‘/*})(c)w rN( )

s€(C)F* 1N sE(C)F* IN
- N—-1 N-—-2
() g = e [[(1=800= 3 i
i=No 7,=N0
N-1 N-—
(Mo - (1—8en) —2en) - [ (1—8ei) — 6 >
i:Mo i:Mo
N N-1
m(C)F . H (1 - 8EZ> - Z €5,
i=M, i=M,

which gives the first condition.



Paper Sh:607, version 1998-05-13_11. See https://shelah.logic.at/papers/607/ for possible updates.

TOMEK BARTOSZYNSKI AND SAHARON SHELAH

To verify the second condition suppose that G € F;V?’:(/,; 1), My € [Ny, N] and

t € (C)G ™o, By the inductive hypothesis we have that

20

I 7 N—-1
(m[*V*]>(C)GrN = (m[*U*])(c)F* v 1:\[4 (1= dey).
i=Mo

By 5.11 and 5.12,

G

—
(m[U*])(c)G - Z (m[U*])(C)G v re e (8) — s
tCse(C)G 1N (m[U*])(c)F*

S

- (M) (oyr 1v— am

Z (m[U*])(c)G e (8) =
tCse(C)G IN (m[U*]) (C)F IN~ F* ()

- () (e 13- o

Z (m[U*])(c)G iv—Eran () 5
tCse(C)G IV (m[U])(c)F INTE(N)

Now

() (e 13- o

Z (m[U*]>(_c)G v (8) =
tCse(C)G IN (m[U])(c)F N~ F*(N)
)t 1-— 26N

! 1— 2y ( )
M+ S): = My« S)-
( w ]) (c)yem ( ) I+ 2en tCsE(ZC)G IN vl (e ( 1+2ey —

tCse(C)G IV
_  N-1 - N
1—2en ( N t 3
M. . 1—4e;) > (m?,. . (1—4¢) =
v 1) o T 4e ( v ]) o1 i
14 2en (©F ™ i (©F ™2,
g N
(m[U*])(C)F* . H (1 _4€i)7
i=Mp

which concludes the proof.

6. MEASURES AND NORMS
In this section we will examine the consequences of the combinatorial results

proved earlier on measures on 2¢.
For U C2L U] ={r€2¥ x| €U}.
If p C 2<% is a tree, s € p, and N € w, then
(1) [p] denotes the set of branches of p,
(2) ps={tep:tCsorsCi},
(3) pN =pl(loU---Uly_1).
We will identify product with concatenation, i.e., (s,t) with s™¢, and similarly for
infinite products. Most of the time we will also identify p with [p].

Definition 6.1. Let ji(c)r be the measure on (C)F defined as the product of count-
ing measures on the coordinates. In other words, if s € 2'¢ then

-1
(sl = 4 NCRFBEif s € (Cp)F®
He) (Is]) { 0 otherwise



Paper Sh:607, version 1998-05-13_11. See https://shelah.logic.at/papers/607/ for possible updates.

STRONGLY MEAGER SETS ARE NOT AN IDEAL 21

Given a perfect set p € Perf,
peyr(p) = lim M~
NI C)FN
Note that pcyr (p) = pcyr (pN (C)F).
Definition 6.2. For a function f € w* define log,(f) € w* as

log, (f)(N) = max {k: skl (F(N), N) > 0} .

For hy,hs € w* define hy =~ hy if loggs(h1) = logs(ha). Clearly ~ is an equiva-
lence relation.
Let X be the collection of functions f € w* such that

(2) f=min{g: f ~ g}.
For f € w* define functions f, f~ € X as follows: f=XN{g: f~g}, and

rw;{thb@h@—@ﬁ@MW%}vmwﬂmm>o

0 otherwise
If fe X andn € w let ip(n) = max{k : log,(f)(k) < n}.

Remarks. Note that X # (). By P5, h € X, where h(k) = my, for k € w. Also,
lim,, 00 i5(n) = oo for f € X. The purpose of the restriction put on the set X’ is
to make the mapping f +— log.(f) one-to-one. In practice, we will only use the fact
that if logs(f)(n) = 0 then f(n) = 0.

Definition 6.3. For a perfect set p C2¥, F € F¥, N € w and h € X, define
[p.F,h]n = inf {M(C)G(P) G e Fg}f} :
We will write [p, F,h] instead of [p,F,h]o.
The following easy lemma lists some basic properties of these notions.

’pN ) (C)F[N‘

Lemma 6.4. (1) The sequence (C)FIN]|

ke w} is monotonically de-

creasing for every p € Perf,
(2) . F1,hln > [p, Fa, hollw if By € FR
(3) if p1 N p2 =0 then [p1 Up2, F, h]n > [p1, F, h]n + [p2, F, h]n.

PROOF. (1) is obvious, and (2) follows from 5.4.
(3) Take e > 0 and let G € Fg,:" be such that

[p1 Upa, F RN + € > pcye (pr U pz).

Now

[p1 Up2, F AN + & > pcye (pr Upa) > peye (p1 Upz) >
N(C)G(pl) + /j’(C)G(pQ) 2 lea F, hﬂN + [[_?727 F, h]]N
Thus [p1 Ups, F,h]n +€ > [p1, F, h]n + [p2, F, h] ;v and the inequality follows. O

The following two theorems are the key to the whole construction.



Paper Sh:607, version 1998-05-13_11. See https://shelah.logic.at/papers/607/ for possible updates.

22 TOMEK BARTOSZYNSKI AND SAHARON SHELAH

Theorem 6.5. Suppose that pcyr(p) >0, h € X and 0 < e < 1. Then there exist
p*Cp, h*e€e X, Ny €w and F* € Fgf,;‘ih* such that
ey (p) = (1 =) - weyr(p),  [p* F R > (1 —2¢) - peyr (p)

and

VYN Vs € (p*)V [p*,F*, h*]x > 0.
Moreover, we can require that h*(N) = s(h)(N) = h™(N) for N > Np.

PROOF. Find Ny € w such that
o) > e
He H;X)No(l —8e;)’
2) 12N, (1 —46) <,

(1) p
(2)
(3) neyr@) - Tlign, (1 =86) = >N, € = (1 —€) - eyr (p),
(4) h(N )>Of0rN>N0

For N € w let m™ be the distribution on 2709 "YIN-1 defined as

_|UL Iil 1 N
mN(S):{ 2 <N ifsep

1

0 otherwise

Note that m® is the counting measure of p”.

Use 5.14 to find Fy € FND’Nh N_s(hIN) and Uy, C 270V UIN-1 guch that

vy _PVnURn(©Fy N n©F N 55,
(m[U]*V]) (C)FZ*V - |(C)F?V > |(C)F [N| HV 1 861 ZJ\; (&
1=Np 7 0

and for My € [Ng, N), s € pN[IgU--- U Ipgy1 and G € FMo.N

Fy,s(hIN)’
NNUxn(C)E NaUurn(COF | &
I(C)€ [(C)F"| iy

By compactness, there exist F* € F¥ and U* C 2<% such that
YN 3M > N (F IN =F%, [N & (U9)N = (U;V,)N).

Put p* = pN U™ and note that, by 5.14, for every N > Ny there exists M > N

such that
@)V (©F N[ U 0 (©F Y] [ nUR)Y N (C)F N
e (C)F TN } (©)Fin ] -
!PMHUIT/IH(C)F?”’ |pMﬁ(C)F[M’ e}

. H —8¢;) — Zel_

©F = qoFm L e

00
M(C)F (p) : H 1 - 861 Z € > 1 - E (C)F (p)

i=Np i=Nog
It follows that

*\ IV N(C F* N
|(p )|(C)F(* rzv | > (1—¢)- pcyr(p)

t(cyr+ (p¥) = lim

N —oc0
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Suppose that s € (p*)Mo for some My > Ny. As above, for N > M, and
G e Flﬁ{o’s(h N the inequality

P NUR Q] Y nTR0 O] B
[(C)€] - I(C)F| . “
Z:M()
translates to
VG e ngﬁ’;h) weye (p5) = oy (p5) - H (1—4e) >
i=M,
L ﬁ (1—4¢)>0
_— . — 4e; .
(@) 1L

It follows that if s € (p*)™0, My > Ny then for all G € Fi:V{O;(h)’

e (p5) = (1 =€) - peyr (P5) > 0.

Define
s(h)(N) if N > Ny

* _
W (N) = { 0 otherwise
Suppose that s € (p*)V. If N > Ny then the above estimates show that
§7F*7 h*]]N Z (1 - E) : :U’(C)F* (p;) > 0.
If N < Ny then by 6.4(3),
SELR N> Y b BRI =

sCte(pr)No

for N € w.

> I F Ry, > 0.

sCte(p*)No

Finally note that for G € Fg. 5.,

peye (p Z e (p Z weyrr (p5) - (1—¢) =

te(pr)No fe(p )No
(1—¢)- ey (") = (1 —2)? - peyr(p) = (1 —2¢) - poyr (p).
It follows that
[[p*vF*vh*ﬂ > (1 - 28) 'M(C)F(p)' U

Theorem 6.6. Suppose that My € w, ¢ < 1 and pcyr(A) = 1. Let p C 2 and
h € X be such that

VN Vs € (p)V [p,F,h]n > 0.
There exist p*, h* € X and F* € Fﬁo};‘ih* such that

(1) p* CpNA,

(2) h*[My = h[Mo,

(3) VN = My logg(h*)(N) = logg(h)(N) — 1,

(4) Vs € p* [pt, F*,h*]n > 0,

(5) Vs € ( )]VIO ;F*?h*]]Mo > (1 - 45) ! HpSvF7h]]Mo'

See https://shelah.logic.at/papers/607/ for possible updates.
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PROOF. Let a = min {[ps,F, hag, : s € (p)M0}. Fix € > 0 and for every
s € (p)Mo find N§ > My as in 6.5. Let Ng > max {Nj : s € (p)™°} be such that
log, (h) (No) > 0.

Fix an enumeration {s; : 0 < i < £} of (p)M°, and define sequences {F;, h; : i < (}
and {pf : 0 < i < (¢} such that

(
(2)
(3) p; C ps; ?VAv
(4) Fir1 € Fpli_gin»
( ) hi+1(N) = S(h,)(N) for N > Ny, i < ¢,
( ) H_p:aFivhiﬂMo > (1 - 45) " H(C)Fi (psi)’

(8) VN Vs € (0))™ [p}, Fi, hi]w > 0.

Suppose that F7, h} are given for some i < £. Find ¢;41 C ps,,, N A such that
H(C)Fs (giy1) > (1— €)1y (ps,)- Let piy1, Fipq and ;41 be obtained by applying
6.5 to gi4+1, F; and h;. After £ steps we have constructed functions Fy, hy and a
set p* = [J,<,pi- Functions Fy and hy = h~ will define walues of F* and h* for
N> Ny.

Define for N € w,

h(N) if N <M,
* _
h UV)‘{ h=(N) if My < N
and F*(N) = Fy(N) for N > Ny. It remains to define the values of F*(N) for
N < Ny.
Define F* [Ny by the following requirements:
(1) ¥~ fMoM: F [ Mo,
W
(2) F* e Fgp®) -,
(3) for N < Ny and s € (p*)?,

PLO(C)F M0 20— (VG € FEER, gy, 220 (C)E £0).

More precisely, by induction on N € [Mg, Ny) define sequences {Ffv 1 < UN}
and {hfv 1 < UN} such that

(1) kg™ = hINg, Fg™ = F [Ny, F)'*' =F)) and by ™' = bl for N > Mo,
(2) VN < Ny Vi <wvx hNIN = h}'|N,
(3) hﬁl = hév [N“s(hi[[N, NO)) for i < vy,
(4> Fﬁl € Fgﬁ\fzizv,hﬁla
(5) if s is the i’th element of (p)™V then exactly one of the following two cases
holds:
() VG € Fa, (C)6 11 (p) #1),

(b) (C)FF 11 (pe) 0 =0,
The construction is straightforward. If case (5a) holds, then we define Ff\_fH =
FY, otherwise there exists G € FN’NO@V such that (C)¢ N (ps)™° = (), and we put

FN.h
N
FY, =G.
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Observe that for N > Mo, h*(N) = h™(N) = s~ (h)(N) = h)F1(N). There-
fore we can carry out this construction provided that logg(h)(N) > 0. However,
by the choice of X, if log,(h)(/N) = 0 then h(NN) = 0 and the required condition is
automatically met.

Finally let

F(N) if N < M,
F*(N)=<{ FY(N) if My <N <N,
F,(N) if N > N,

We will show that p*, F* and h* have the required properties. Conditions (1)—(3)
of 6.6 are obvious.

To check (5) consider s € (p*)Mo. By the choice of Ny, p* and F, we have

n * . Mo, N, (px)Non(C)¢
S F v, > mm{G € Fpding he 1 |S(C)G|| (1 —4e) =

(C)€|

[[pS7F*a h*]]Mo : (1 - 46) > [[p&Fv h]]Mo ' (1 - 46)
To verify (4) we have to show that [p*, F*, h*]x > 0 for s € (p*)V. If N > N,

S

it follows from the construction of Fy. If N < Ny then

@) n ()¢
[P, F* ¥ v > (1 - 4e) 'mln{’KC)(ﬂl 1 G € FRliN et [ -

s No m C G
min{G € ng*o}%?),h*rNo : M} (1 —4e) >

By the choice of F* [Ny, for all G € FE"i\° . n )

()™ 1 (C)€]
(O

It follows that [pf, F*,h*]x > 0. O

7. DEFINITION OF P

In this section we will define a partial order P having properties A0 — A2 from
2.2. This will conclude the proof of 1.3.

We start by defining a partial ordering Q that will be used in the definition of
P.

Definition 7.1. Let Q be the following partial order:

(p,F,h) € Qif
(1) pePerf, FEFY, he X,
(2) |dom(F(k))‘ + h(k) < my for every k,
(3) pC (O)F,
(4) Vs € pV [ps, F, h]y > 0.

For (p*,F1, h1), (p?, Fa, ha) € Q define (p',F1,h1) > (p?,Fa, ha) if
(1) p* Cp?,
(2> F, € F§27h2*h1'

To see that Q has the fusion property we define >,,:
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Definition 7.2. For n > 0 define (p',F1,h1) >, (p?,Fa, ho) if
(1) ( Fl’h ) —( 7F27h2)}

( ) VSG( ) ' [[pstlvhl]]n* > (1_2_n_1)'[[p§7F27h2]]n*1
(3) haln* = haln*,
(4) Fyiln* = Fa[n*,

where n* = iy, (n).

*

Note that (2) implies that (p')*" = (p?)™".
Lemma 7.3. Q has the fusion property.

PROOF. Suppose that {(p"'7 Fi,hi) : k € w} is a sequence of conditions such
that (p*™, Fri1, 1) >k41 (08, Fi, hy) for each k. Let n*(k) = iy, ., (k). Note
that limg_, o, n*(k) = co. Define

(1) h = Upey haIn*(k),
(2) F = Uye, Frln*(k),
(3) P = Upen ()" 4.
Observe that h, F and p are well defined.
Suppose that s € p» %) G ¢ Fg;’ and k > kg, and note that

[y ® 0 (C)S M B] )W n(C)S O]
|(C)G[n*(k)‘ o |(C)G[n*(k)‘ > [p%, F, hi].

Therefore e (ps) > inf;[p*, Fy, hi]. Hence,

1
[[ps»F7h]]n*(ko) > Hp’;Okaovhkoﬂn*(ko) ’ H (1 - 2’€H> =

k>ko
]. kO
]. - W N IIpS 7Fk07 hk‘(]]]n*(ko) > 0

The same computation shows that (p,F,h) >; (p*,Fy, hy). O

Theorem 7.4. Suppose that (p,F,h) € Q.

If ¢ € p and pcyr(q) > 0 then there exist ¢* C q, F* and h* € X such that
(q*vF*vh*) € Q and ((]*,F*,h*) > (vavh’)

Ifn € w and A C p is such that pcyr(A) = 1 then there exist ¢* € pN A, F*
and h* € X such that (¢*,F*,h*) € Q and (¢*,F*,h*) >, (p,F,h).

PROOF. The first part follows from 6.5 and the second from 6.6. [J
The following theorem shows that Q satisfies condition A2 defined in section 2.

Theorem 7.5. For every (p,F,h) € Q, n € w, X € [2°]=%0 and t € Perf such
that p(t) > 0,

({2 €2:3(¢,G. 1) 20 0 Fh) XU(g+Q) Ct+Q+2}) =1,

PROOF. Suppose that (p, F,h) € Q and t is a perfect set of positive measure.
We will need the following observation:

Lemma 7.6.
7! ({Z €2 Hc)F (pﬂ (t +Z)) > 0}) > 0.
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PROOF. Consider the space p x 2“ equipped with the product measure
(oyrlp) % p. Let Z = {(z,2) € px2¥ : z € t +x}. Note that u((2),) =
w(t + ) = p(t) > 0 for each z. By the Fubini theorem

{z: 1 ((2)°) > 0}
has positive measure. But

(Z)={zvep:zet+a}={rvep:zct+z}=pn(t+z2). O

Let X C 2“ be a countable set. Put Zx = {2z €2 : X Ct+ Q+ z}. Note that
Zx has measure one. Thus, without loss of generality, we can assume that X = ().
For each s € p let

Ze={2€2Y: poyr(psN(t+2)) >0}.

By the lemma, yi(Zs) > 0 for each s. Let Z = (,c,(Zs + Q). This is the measure
one set we are looking for.
Fix z € Z and n € w. Note that /,L(C)F(t +Q+2)=1and apply 74. O

Definition 7.7. Let P C OxQ be the collection of elements ((pl, Fi,h), (p* Fo, h))
such that

(1) Wk dom (Fy(k)) = dom (Fa(k)),
(2) Vk Vs € dom (Fy(k)) (Fl(k)(s) =1 or Fa(k)(s) = 1).

For ((pla F17 hl)v (qla G17 hl))7 ((p2a F27 h2)7 (qQa G27 h2)) S P and n € w deﬁne

((plthhl)a(qlleahl)) Zn ((p27F27h2)a(q27G27h2)) Zf
(p", F1,h1) >0 (0*, Fa, ha) and (q1,G1, h1) >n (g2, G, o).

Strictly speaking, the partial order used in the proof of 2.2 was a subset of
Perf x Perf while P defined above has more complicated structure. Nevertheless it
is easy to see that it makes no difference in the proof of 2.2 as conditions Al and
A2 refer only to the first coordinate of P.

Lemma 7.8. P has the fusion property.
PROOF. Follows immediately from the definition of P and 7.3. [
Next we show that P satisfies Al.

Lemma 7.9. For every p € P, n € w and z € 2“ there exists q >, p such that
G CH+zo0rqgpCH+z.

PrOOF. Suppose that ((pl, Fi,h), (p? Fo, h)) € P and z € 2¥.

CASE 1. There exist infinitely many k such that z[I} € dom(Fl(k)).

It follows from the definition of P that in this case there exists ¢ € {1,2} and
infinitely many k such that F;(k)(z[Ix) = 1. In particular, since p* C (C)¥i, for
every r € pi,

3%k x|}, ¢ Cr + z[1}.

Thus, p* C H + 2.

CASE 2. z[I; € dom (Fl(k)) for finitely many k.
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Let n* = ip(n). Define for k € w, and i = 1,2

_ | Fi(k) if k <n*
Gi(k)_{ F;(k)U (2]1},0) if k>n* >’

¢ =p'N(C)% and

~ n(k) if k < n*
f(k) = { s(h(k), k) if k> n*

Clearly ((ql,Gl,f), (go, Gg,f)) >n ((pl,Fl,h), (pQ,Fg,h)) and the same argu-
ment as in the first case shows that it has the required properties. [

Next we show that P satisfies A2.

Theorem 7.10. For everyp € P, n € w, X € [2“]§N°, 1=1,2 and t € Perf such
that u(t) >0,

,u({zEQ‘”:Han,pXU(Qi+Q)§t+Q+Z}) =1

PROOF. Suppose that ((p*,Fi,h), (p*,F2,h)) € P, n € w, X C 2 is a
countable set, and t is a perfect set of positive measure. Without loss of generality
we can assume that ¢ = 1. Consider the set

Z={2€2Y:3(¢,G, f) >n (p",F1,h) XU (¢+Q) Ct+Q+z}.

By 7.5, u(Z) = 1. Fix z € Z and let (p/, F},h’) >, (p',F1,h) be such that p’ +Q C
t + Q+ z. Now define F}, by putting F4(s) = 1 for every s € dom(F}) \ dom(F3).
Clearly, ((¢,F}, 1), (p?, F4, 1')) is the condition we are looking for. [J
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