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CONSTRUCTING BOOLEAN ALGEBRAS FOR CARDINAL
INVARIANTS

SAHARON SHELAH

ABSTRACT. We construct Boolean Algebras answering some questions
of J. Donald Monk on cardinal invariants. The results are proved in ZFC
(rather than giving consistency results). We deal with the existence of
superatomic Boolean Algebras with “few automorphisms”, with entan-
gled sequences of linear orders, and with semi-ZFC examples of the
non-attainment of the spread (and hL, hd).

ANNOTATED CONTENT

81 A superatomic Boolean Algebra with fewer automorphisms than en-
domorphisms.
We prove in ZFC that for some superatomic Boolean Algebra B we
have Aut(B) < End(B). This solves [Mon96, Problem 76, p.291] of
Monk.

62 A superatomic Boolean Algebra with fewer automorphisms than ele-
ments
We prove in ZFC that for some superatomic Boolean Algebra B, we
have Aut(B) < |B|. This solves [Mon96, Problem 80, p.291] of Monk.

83 On entangledness
We prove that if 4 < x < x < Ded(p) and 2¥* < A, and & is regular,
and A < U pa(x) (see Definition 3.2), then Ens(x, A), i.e., there is
an entangled sequence of A linear orders each of cardinality x. The
reader may think of the case

==y, r=cf(x)<xy=2"=2"<2% and X=x".

Note that the existence of entangled linear orders is connected to

the problem whether always [] Inc(B;)/D > Inc([] B;/D) for an
<6 <6

ultrafilter D on . We rely on quotations of some pcf results.
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84 On attainment of spread
We construct Boolean Algebras with the spread not obtained un-
der ZFC 4 “GCH is violated strongly enough, even just for regular
cardinals”; so the consistency strength is ZFC. We consider this a
semi—ZFC answer.

1. A SUPERATOMIC BOOLEAN ALGEBRA WITH FEWER AUTOMORPHISMS
THAN ENDOMORPHISMS

Rubin has proved that if >+, then there is a superatomic Boolean algebra
with few automorphisms. We give here a construction in ZFC.

We use some notions of [She94a], they can be found in [She]; in particular
Jola] = Jpla] + (a\ bp[a]). For this section we assume

Hypothesis 1.1. (a) A= (\; : i < d) is a strictly increasing sequence of
regular cardinals larger than §; let a = {); : i < J}.
(b) Ao > 219, or at least \g > |pcf(a)l.

The main combinatorial point of our construction is given by the following
observation.

Proposition 1.2. There are sequences (f° : 6 € pef(a)) and (bgla] : 6 €
pcf(a)) such that
(a) f =(f :a <0 CJaisa <Jy[a) increasing cofinal sequence,
(bgla] : 0 € pcf(a)) is a generating sequence,
(b) f2 1 (a\ bg[a]) is constantly zero,
(C) if 01 < 02, a9 < 92 then

zi | (b91 [Cl] N b92 [Cl]) € {fgi [ (b91 [Cl] N b€2 [Cl]) oy < 91}'

(d) for 6 € pef(a) and X € bg[a], fO(N) is a limit ordinal > sup(A N a).
(e) if 1 < b2, both in pcf(a), then there are n < w, o1,...,0, < 6 (all

from pcf(a)) such that by, [a] N by, [a] = Lnj bs, [a].
k=1

Proof. Let o/ = pcf(a), so |a'| < min(a’) and pcf(a’) = o/ (by [She94a, Ch.I,
1.11]). We can find a generating sequence (bg[a’] : 6 € a’) (by [She94a,
Ch.VIII, 2.6]), and hence a closed smooth one (by [She94a, Ch.I, 3.8(3)]).
Now repeat the proof of [She94a, Ch.II, 3.5] or see [She]. Note that “smooth”
means

o ebgla] = b,[a] Cbyld],
“closed” means bgla] = pcf(bgla]) N a; together clause (e) follows. O

Definition 1.3. Let (f? : 6 € pcf(a)) and (bg[a] : @ € pcf(a)) be sequences
given by 1.2 (so they satisfy the demands (a)—(e) there).
(1) For ¢ € {0,1}, 6 € pcf(a) and o < 0 we define the Boolean ring Bg}a
of subsets of sup(a). We do this by induction on 6, and for each 6
by induction on « as follows.
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(a) If 6 = min(a), a = 0, then Bf;,a is the Boolean ring (of subsets
of sup(a)) generated by
{lsup(@anNA),7): A €a, sup(anNA) <y <A},
that is the closure of the above famﬂy under x Ny, zUy, x —y.

(b) If @ € pef(a) \ {min(a)}, then let Bf, = o= U B,
aEGﬂpcf( )
¢) If # € pcf(a), o < 6 is a limit ordinal then B = B
0, P>

(d) If 6 € pcf(a), o = 0, then Be,a is the Boolean ring generated by
UBisu{ U burna).n}.
B<a AEbg[a]
(e) If 0 € pef(a), « = B+ 1 < 6, then
(i) Bg, . is the Boolean ring generated by
Bisu{ |J [sup(an i), f§(\)},
A€Ebg[a]

ii) B} is the Boolean ring generated by
0,

B, U{ | [sup(ani), 50 + 1)}

AEbg[a]
(2) We let
W, = U up(@nd). i) ford € pef(a), §<0,
A€Eby[a]
zhs = U [sup(an), fEA) +1) for 0 € pef(a), 8 <9,
’ Aebgla]
vy = U [sup(Ana),N) for 6 € pcf(a),
A€Eby[a]
Za = [sup(ANa),a) for a € [sup(ANa),A), A €a.
(3) ]Bg ., 1s the Boolean algebra of subsets of sup(a) generated by Bg o
and B¢ stands for the Boolean Algebra of subsets of sup(a) generated
by Bmaxpcf( ),max pcf(a)
[After we shall note that B® = B! (in 1.4) we can write B =B =
B!]
Proposition 1.4. (1) 85’9 is increasing in 0, and for a fixed 0, Bg’a is

increasing in « and is actually a Boolean ring of subsets of sup(a).
2) B is the Boolean ring generated by
0,

{ys:o€pcf(a)NO or c=a=0}U{z,:a <sup(a)}U
{2l :0<0, o €pct(a), a <o, £<2}U
{x§7ﬁ:6—|—1<a&€<2orﬁ—f—lza&ﬁﬁm}.

(3) If v is zero or limit < 0 € pcf(a), then Bg?a = B(;a and ]Bga = Bé’a.



Paper Sh:641, version 2001-11-12_11. See https://shelah.logic.at/papers/641/ for possible updates.

4 SAHARON SHELAH

(4) If (01,01,61) <pex (B2,002,02) and a; € By, for i = 1,2, then
ayNay € By, .
(5) If ¢; € {0,1}, a; < 6; € pcf(a) fori=1,2 and
91<02\/(91=92 & oq <042)\/(91=92 & a1 = an &€1<£2),

then Bgi o, s an ideal ofB

02,02 "
Proof. (1)—(3) Straightforward.

(4) First note that it is enough to show the assertion under an addi-
tional demand that ai,ao are among the generators of the Boolean rings
01 a1’B respectively, as listed in part (2).

CASE 1: One of aj,ag is z4 for some o < sup(a).
Then the other is either yg, or zg, or :cgnﬁ, and in all cases the intersection

02,2

a1 Nas is either empty or it is z, for some o < a. Hence a1 Nay € Bel o

CASE 2: ay = Yo, g = ygn for some ¢, 6" € pcf(a).
If 7 < ¢ then, as a; € Be ay» We easily get az € Be o, and thus the
intersection a1 N asg is in this Boolean ring.

So we may assume that 8" < 6”. It follows from 1.2(e) that there are

o1,...,0, <0 such that
n
bg/[ ﬂ [39// U
k=1
Then a1 Nag = Yo, U... UYs, and Yoy, ..., Yo, € 15’91 ay SO we are done.
CASE 3: a1 = ypr, az = zpy 5 for some 0',0” € pcf(a), m <2, f < 0"

If 7 < @ then ay € 15’9 o, and we are done; so assume that 0 < 0" It
follows from 1.2(c) that then fﬂ// (bg/[a] N bgn[a]) = f& T (bg[a] N bgr[a])

for some o < #'. Like in Case 2, one shows that yy N yyr € 891 i also
Ty o IS’Q1 o, - But now ay Naz =z, N (yor Nyer) € Bel o
CASE 4: a1 = xg?ﬁ, ay = ygr for some ¢',60"” € pef(a), <0, m < 2.

If 0" < @ then aq € ZS'{9 oy and if 0”7 = 0’ then a; Nay = a;. So we may
assume ' < 0”. If by [a] C bgr[a], then clearly a; Nag = a1 and we are done,
so suppose otherwise. Then, using 1.2(e), we find o1, ...,0, < € such that

n
bor[a] N by [a] = U b,, [a]. Since, in this case, all oy, are smaller than ¢ and

Ty 5 N Ygr = U Yo, Ny g, WeE easily conclude a1 Na9 € 15’91 o
CASE 5: a1 = xe,vﬁ,, ay = xg,,ﬂ,, for some 6',0" € pcf(a), B < €,
B" < 0" and m',m" < 2.
If (0", 8", m") <per (0", 5',m') then we are easily done.

If0" =6, 3" =p and 0 =m' <m” =1, then clearly a; Nas = a;.
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Assume that §” = ¢', 3’ < 3”. Then, by 1.2(a), we find pq,...,pup_1 €
0’ N pcf(a) such that

{nea: fm) < £} S by, lal U (e by).
i<k
Then clearly
ai Nag = UGIQGQQZI/#J al\Uy.U‘j
i<k J<k

Also, for j < k, we have
Yu, € By

01,01

and a1 Naz Ny, = (a1 myﬂj) N (a2 myﬂj)7

and the sets a1 Ny, and a2 Ny,; are in Be o by (suitably applied) case 3.
So we can easily finish.
The only remaining possibility is ' < 6”. By 1.2(a) we may pick v < ¢’
such that
£ 1 (bgr[a] Nbg[a]) = £ T (bgr[a] N by [a]).
Then a1 Nay = :Ugflﬁ, N l'g},; N yer Nygr. By the discussion above we know
that 2 5 Nl € Byl

01,01

Now, if ygr C ygr then a1 Nag = mg?lﬂ, N mg}/; and

we are done. Otherwise, yg Nygr € Bg/ C BY (compare Case 2), and

01,01
again we easily get the required conclusion.

(5) Follows. O

Proposition 1.5. (1) B, is a superatomic Boolean ring with {{~} :
v < sup(a)} as the set of atoms.
(2) IB%ga is a superatomic Boolean algebra, in particular B is.

(3) If o, B < 0 € pef(a) and v = WP (ordinal exponentiation; so v < 6
and o+ -y < ), then the rank 0f$2’a+7 — 5”8,«1 is > 3.

Proof. 1) Straight by induction on # and for a fixed € by induction on
a < 6 using 1.4(5).

2) Follows.
3) Easy by induction on S. O
Proposition 1.6. (1) The algebra B has exactly sup(a) atoms, so
| Atom(BY)| = sup(a).
(2) |B| = maxpcf(a).
(3) [Aut(B)| < 2sup(@),

Proof. Parts 1), 2) should be clear. Part 3) holds as the algebra B has
sup(a) atoms by part (1) (and two distinct automorphisms of B differ on an
atom). O

Proposition 1.7. The algebra B has 222xp<f(@) endomorphisms.
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Proof. Let Z C maxpcf(a). We define an endomorphism 7z € End(B) by
describing how it acts on the generators. We let:

T7(20) = =z if B is maximal such that 8 < a <+ w and:
B =0or g limit or « = g € |J [sup(anNA),sup(aNA)+w),
A€a
Tz(yo) = Yo,
TZ(mg,a) = :Eg,a’

xg’a if # < max pcf(a),

Tyz(z5,) = zg, if @ = maxpcf(a), a ¢ Z,
zj, if @ = maxpcf(a), a € Z.

One easily checks that the above formulas correctly define an element of
End(B). Clearly Z; # Z implies Tz, # Tz, and we are done. O

So we can answer (in ZFC) Monk’s question [Mon96, Problem 76, pages
259, 291].

Conclusion 1.8. Assume that p is a strong limit singular cardinal, and
cf(u) > o (or just ppT(u) = (2*)", so most of those with cf(u) = Vg
are OK) and p < k = cf(k) < 2# < 2% (always such p exists and for each
such p such k exists). Then there is a superatomic Boolean Algebra B such

that:
(a) [B| =&,
(b) [Atom(B)| = p,
(c) [Aut(B)| <27,

(d) |End(B)| = 2.

Proof. We can find a C Reg N p such that |a| = c¢f(y) and £ = maxpcf(a).
Why? We know

2k = :qu(H) = cov(u, i, (Cf(u))+? 2) > cov(p, p, Cf(llj’)+a cf(u)),

and now we use [She94a, Ch.II, 5.4] when cf(u) > No; see [She, 6.5] for
references on the cf(u) = R case). O

2. A SUPERATOMIC BOOLEAN ALGEBRA WITH FEWER AUTOMORPHISMS
THAN ELEMENTS

Monk has asked ([Mon96, Problem 80, p.291,260]) if there may be a su-
peratomic Boolean Algebra [B| with “few” (i.e., < |B|) automorphisms. Re-
member that Aut(B) > |Atom(B)| if |[Atom(B)| # 1.

In this section we answer this question by showing that, in ZFC, there is
a superatomic Boolean Algebra B with Aut(B) < |B|. Moreover, there are
such Boolean Algebras in many cardinals.

For our construction we assume the following:

Hypothesis 2.1. (a) p is a strong limit singular cardinal of cofinality Ny,
(B) A=2" K <A,
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(7) T is a tree with & levels, < A nodes and the number of its x-branches
is x > A, and 7" has a root.

Note that there are many p as in clause («) of 2.1, and then we can choose
A=2Mand, e.g., k =min{k: 2" > \}, T ="~2.

Theorem 2.2. There is a superatomic Boolean Algebra B such that:
Bl =x and |Atom(B)|=|T|+ p < |Aut(B)| < A.
Proof. Let TT =T Ulim,(T), so |T"| = x. Let

F = {f : f is a one-to-one function, Dom(f) C T x p,
[Dom(f)| = 1, Rang(f) €T x '\ Dom(f)}.
Clearly |F| < |T x p|* < M = (2M)F =21 = ).
Let Z(ta) = Tta = {(t,)} (for t € T and @ < ) and let 2z = {(s,) :
s <p tand a < p} (for t € TT). (Note that if ¢1,ty are immediate suc-
cessors of s, then z;, = 2,; also the family {z : t € Tt} is closed under
intersections.)

Claim 2.2.1. There is a family As C [T x p)¥° such that

(a) if v, y" € Ay are distinct, then y' Ny" is finite,
(b) ift € Tt and y € Ay, then

yC oz Vo |lynz| <N,

(c) ifY € [T x p]*, and f is a one-to-one function fromY to T x p\'Y
(so f € F), then there is y € Ay such that f[y] is almost disjoint
from every member of As.

Proof of the Claim. List F as {go : @ < A}. By induction on o < A we
choose yq, yl, such that:

(@) Ya,y, are disjoint countable subsets of T' x pu,
(B) Yas Yy are almost disjoint to any y” € {ys, v : 8 < a},
(7) Ya S Dom(ga), Yo = galyal,
(8) if t € T then either y, C 2¢ or |ya N 2| < No.
So assume yg, y,g for 8 < a have been defined. Pick an increasing sequence
(i, : n < w) of regular cardinals such that p = > p, and 2#" < p,41.
nw
Choose pairwise disjoint sets Y;, € [Dom(gq)]#" (for n < w). We may re-
place Y, by any Y, € [V, ]#", and even Y, € [V} |#" with a strictly increasing
sequence (k, : n < w).
Let Y, = {(t},al') : i < pp} be an enumeration (with no repetitions).
Without loss of generality:
e the sequence (level(t}') : i < py,) is constant or strictly increasing,
e the sequence (o' : i < py) is constant or strictly increasing, and
e for each n < w, for some truth value t,, we have

(Vi < j < ppn)(truth value (87 <7 t]) = t,).
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[Why? E.g. use pins1 — (i4n)3]. Cleaning a little more we may demand that
e for n # m, for some truth value t,, ,,
(Vi < pin)(Vj < pamn) (truth value (67 <7 t7') =ty n).
[Why? E.g. use polarized partition relations.] Using Ramsey’s theorem

applied to the partition F'(m,n) = t,,, (and replacing (u, : n < w) by an
w-subsequence), without loss of generality:

either: for some t € T, for every n € [[ pn we have

nw
{(tf;(é),af;(e)) < w} C oz,

or: forevery t € T and n € [] pn we have

n<w

|{(tfy(£)70‘§(@ l<w)inzl <1
Next we choose {(t,,8,) : n € [[ e} € Y, (no repetitions) and for each
I<n

ne [ wn we consider

n<w
Yn = {(tn[bﬁn[f) < w}a y7,7 = ga[yn]

as candidates for y,,y., respectively. Clause («) holds as Rang(gs) N
Dom(g,) = 0, clauses (y) and () are also trivial. So only clause () may
fail. Each 8 < a disqualifies at most 2%0 of the 7’s, i.e., of the pairs (Yns yg)
So only < |af x 2% < X\ = |[“u| of the n’s are disqualified, so some are OK,
and we are done. This finishes the proof of the Claim. ([

Let As be a family given by 2.2.1 and let
Ao={{z}: 2 €T x u} and Ay ={z:teTt}

Our Boolean algebra B is the Boolean Algebra of subsets of T' x u generated
by Ag U A1 U As.

Claim 2.2.2. The algebra B is superatomic.

Proof of the Claim. Clearly, the family I = {b € B : B | b is superatomic}
is an ideal in B. Plainly x4y € I for (t,a) € T' x p. Now, by induction on
a < k we prove that if t € T is of level o, then B | z; is superatomic.

If « = 0, then 2; = () and this is trivial.

If « = 8+ 1 and t is the immediate successor of s, then (as B [ zs is
superatomic by the induction hypothesis) it is enough to prove that B |
(2t — z5) is superatomic. Now, B | (z; — z,) is the Boolean Algebra of subsets
of {s} x u, generated by

Hs,a)} ra<pyu{yn({s} x p) :y € As},

and we are done by 2.2.1(a).
If « is a limit ordinal and cf(«) = Ro, then (B [ z)/idp({2:5: 8 < a}) is a
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Boolean Algebra generated by its atoms

{yNzi:ye Agand y < z & /\ﬁygzs}
s<t
(remember 2.2.1(a+b)), and thus z; € I. If « is limit of uncountable cofi-
nality the same conclusion is even more immediate.
So {2 :te Tt} CI, and B/idg({2 : t € TT}) is a Boolean Algebra
generated by its set of atoms which is included in

{yeA2: =)y < 2)}
(by 2.2.1(a)). Hence we conclude that B is superatomic. O

Claim 2.2.3. (1) Atom(B) = {zq): (t,0) € T x u}, so B has |T| 4 p
atoms, and |B| = x.
(2) |Aut(B)| < 2¥; moreover for every f € Aut(B)
|{(t,0é) €T x 42 f(x(t,a)) 7& x(t,a)}| < .

Proof of the Claim. (1) Easy.

(2) Clearly the second statement implies the first. So let f € Aut(B) and
suppose that f moves at least p atoms. Then there is ¢ € F such that
f(Z(t.0)) = Tg(t,a) for all (t,a) € Dom(g). But, by 2.2.1(c), there is y € Az
such that y € Dom(g) and g[y] is almost disjoint to every member of As.
An easy contradiction. U

O

Remark 2.3. (1) As End(B) > |B| this gives an example for [Mon96,
Problem 76], too. Still the first example works in more cardinals
and is different.

(2) With a little more work we can guarantee that the number of one-
to-one endomorphisms of B is < 2+,

(3) Alternatively, for the proof of 2.2.1 we can use pN0 = 2* almost
disjoint subsets of Dom(gy), say (ya,; : @ < 2#); for each i choose
Yoi € [Ya,i]Y° such that it satisfies clause (b) of 2.2.1 (exists by
Ramsey theorem), so for some ¢ we have: yq,i, y'a’,» = galVYa,i| are
almost disjoint to yg,yj for 8 < a. S0 yYa,i, Y, ; are as required.

3. ON ENTANGLEDNESS

Definition 3.1. (1) A sequence Z = (Z,, : a < «*) of linear orders is
k-entangled if:
(a) each Z, is a linear order of cardinality > k, and
(b) if n <w, a1 <...<a, <a*, and té €I, for £ € {1,...,n},
¢ < kK are such that { # ¢ = tf #+ tg, then for any w C
{1,...,n} we may find ¢ < £ < k such that:

l l l

If K is omitted we mean: k = min{|Z,| : @ < a*}.
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(2) Ens(k, \) is the statement asserting that there is an entangled se-
quence Z = (Z, : a < A) of linear orders each of cardinality .

Definition 3.2. (1) For an ideal J on k we let

U;(x) = min{|A] : A C[x]" and
Vferx)BAe A)({i<k: f(i)e A} e JN)}.

(2) Ded™ (1) =: min{#: there is no linear order with 6 elements and
density < p }.

Theorem 3.3. Assume that i < k < x < Dedt(u), 2* < A, k is reqular and
A < U a(x) (see Definition 3.2). Then Ens(k, A) by a sequence (Zo : a < A)
of linear orders of cardinality k and density pu (see Definition 3.1).

Proof. Let J be a dense linear order of cardinality x with a dense subset
J* of cardinality . Without loss of generality the set of elements of J is
x and of J* is p. Let ug (for i < k, ¢ < x) be pairwise distinct members of

J, andletﬁz(ué:i<n,§<x). Forfe”xletIf:{ujc(i) D1 < K}

Main Claim 3.3.1. If n < w, fo,..., fao—1 € "x and T = (Iy, : £ < n) is
entangled, then we can find A C [x]|* such that |A] < 2* and:
(@) if f€rx and (VA € A)(V*i < k)(f(i) ¢ A), then T™(I;) is entan-
gled

(V* means “for every large enough”).

Proof of the Claim. Assume fo, ..., fo—1 € "y and Z = (Iy, : £ < n) is
entangled.
Let

F ={f €"x:I(Iy) is not entangled }.

For each f, = f € F we fix w/ C {0,...,n} and tﬁ’f € Iy, (for ¢ < n,
j < k) with no repetitions witnessing that Z(Z) is not entangled. Next
we fix a model Ny < (H(34 (x)), €, <*) such that g+ 1 C Ny, ||[N¢|| = p,
I,Z;, I, fY €N andff:te’f:€§n7'</<; € N¢. Note that for i < &
BT v 2 <0<
(i) tf’f ¢ Ny whenever i ¢ Ny,
(ii) e Ny & |z| <k & sup(NfNk)<i<k = id¢ux.
Now we define a relation E on F letting for f,g € F:

fEg ifandonlyif (a) wl/=w9,

(v) (Y <n)(¥j € Npnr)(ty! =19).

Note that F is an equivalence relation on F, and there are at most 2# E—
equivalence classes. Therefore, in order to show 3.3.1, it is enough that for
each E-equivalence class g/E we define a set Y /5 € [x]" such that:

(X) if f € g/E then ~(v*9)(f(i) ¢ Yg/p)-
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Then, letting A = {Y/g : g € F} we will get a family as required in 3.3.1.

So let g € F, w* = w9 and let i* = sup(Ny N k).

For i < k, and a sequence t = (t/: £ < n) € [] Z;, we let
I<n

Vi ={f(G): feg/E & (W <n)(ty! =t") & j <k & v}

We claim that
(iii) if i > * (but i < k) and ¢ € KH Ty,, then |Y}| < 1.
<n

—_— n’f
G =t

Why? Assume toward contradiction that fi(j1), f2(j2) are two distinct
members of Yt—", fi,f2 € g/E, tf’fm = t! (for £ < n and m = 1,2) and
i = uﬁ(jl) ug(h) — /2. Pick disjoint intervals (al,b'), (a2,b?) of J*
such that /™ € (a™,b™) and [t¢ # 7" = ¢ ¢ (a™,b™)] (for m = 1,2
and ¢ < n). Without loss of generality, if n € w* then b! < a?, else b? < al.
We can also pick ag, by € J* (for £ < n) such that a; < t* < by and:
o if t! % ¢ then (ag, b)) N (ag,by) =0,
o if t¢ % "™ then (ag, be) N (™, b™) = 0.
Now, we are going to show that
(iii)* if w C n, m € {1,2}, and iy € Ny, Nk, and af € T* N [ag, t) and
by € T N (¢4, b (for £ < n),
then we can find j € Ny,, Nk \ ig such that
(¥); t77m € (a™,b™), and

é?fm

€€w=>a;<tj <t and Een\w:>#<t§’fm<bj.

So assume that (iii)* fails, so there is no j € N,, N\ 4o such that (x); holds.
First note that then also there is no j/ < i (but 5/ > ig) satisfying (x);:.
[Why? Suppose (x);s holds true and choose aj,b; € J* such that

lew = af =aj <t/ <bj<t’  and
ten\w = t'<af <t <bf =0
The set
Z={jer\ip: (Y <n)(a < tf.’fm <b;) & am < tf.’fm < bm}

is non-empty (as witnessed by j’) and it belongs to the model Ny, . Picking
any j' € ZN Ny, provides a witness for (iii)* (so we get a contradiction).]
Next, the set

Zo=:{j < k:(V<n)(t;I € (af b)) &t} € (a™,0™)}

belongs to Ny, and ¢ belongs to it. But i > i*, so necessarily Zp has
cardinality x (remember (ii)). Let

Zi=Aj€Zp\io: (371 <7)(J1 € Zp & (Vl < n)(tﬁ’lf’" < tﬁ’fm =lcw))}
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By the assumption that (iii)* fails (and the discussion above) we have i ¢ Z.
But again Z; € Ny,,, so |Zy \ Z1| = k. Since the sequence Z is entangled,
we can find j; < j2 in Zy \ Z;1 such that (V¢ < n)(tﬁ’lfm < tﬁ;fm =/(cw).
But then j; witnesses jo € Z7, a contradiction.

Now we are going to use (iii)* twice to justify (iii). First we apply (iii)*
for w =: w*, ig = 0, m = 1 with a} = ay, bZ = by getting j1 € Ny, Nk such
that

lew* = ag<t§’lfl <t and

l Z’fl
ten\w* = "<t <by,
and t;z’fl € (a',b"). Next we choose a/, b, € J* (for £ < n) such that

Lew* = t?’lfl < aj <t' and b; = by,
ten\w* = t'<b) <t§’1f1 and af = ay.
Then we again apply (iii)*, this time for w =: w*, m = 2, ip = j;1 + 1
and aZ, bZ chosen above, getting jo € Ny, N\ j1 such that, in particular,
(Ve < n)(tﬁ;f2 € (af,b))) and tﬁ’f € (a?,b?). Then clearly

(Ve <) (5T <o =0 ew),

and j1 < j2 both are in Ny, Nk = Ny, N k. Since f1, fo are E-equivalent we
know that t?’lf = tﬁ’lf ? (for £ < n), so we may get a contradiction with the
choice of £/2 and we finish the proof of (iii).

Now we let

Yyp=J{V{ i <i<rn&te]][Z}
I<n
It follows from (iii) that |V, p| < k. Clearly, for each f € g/E the set
{7 <rK:f(j) €Yyp} is of size k. Hence Y is as required in (X) and this
finishes the proof of 3.3.1. O

Continuation of the proof of 3.3: Now we can construct the en-
tangled sequence of linear orders as required in the theorem. For this, by
induction on a < A, we choose functions f, € ®x such that:

(®a) the sequence (Zy, : 8 < ) is entangled.

Note that if o < X is limit and fg have been chosen for 3 < o so that (®3)
holds (for 8 < «), then also (®,) holds. Let fy € ®x be any function; note
that (®1) holds true as k is > p which is the density of 7, so in J there is
no monotonic sequence of length p™.

Suppose we have defined fg € "x for B < a so that (®,) holds true.
Let (3¢ : ¢ < o*) list all the sequences (3, : £ < n) C « such that n < w

and A Br # Be,. Let B = (B(¢,€) : £ < n¢). Clearly without loss of
1L
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generality
af=lal V (a<w& o’ <w).
For each ( < a* we apply 3.3.1 to fﬁ(c,o)v---afﬂ((,ng—l) to get a family
AS C [x]" as there (so in particular |AS| < 2#). There is f, € ®x such that

(V¢ < a®) (VA € A9 (Vi < &) (fali) & A).
Why? Otherwise (J .A° exemplifies

(<a*
U jpa(x) <| U AS| < (o] +Ro) - sup{|AS| : ¢<a*} < (Ja[+Rg) x 2# < A.
(<a*
Now, with f, chosen as above, (®4+1) holds true. O

Remark 3.4. Theorem 3.3 should be compared with:

(a) [She94a, Ch.II, 4.10E], see AP2 there on history. There we got only
Enss.
(b) [She97, §2], but there the density is higher.

Conclusion 3.5. (1) Let » be an uncountable regular cardinal < 20,
k< x < 2% and U jpa(x) > 2% (e.g., x = 2%, cf(x) = Kk < X).
Then there is an entangled sequence of length U jpa (x) of linear
orders of cardinality «.

(2) Assume p is a strong limit singular cardinal, p < k = cf(k) < x < 2#
and U jpa(x) > 2* (e.g., x = 2#, cf(x) = £ < x). Then there is an
entangled sequence of length U ;pa (x) of linear orders of cardinality
K.

4. ON ATTAINMENT OF SPREAD
In this section we are interested in the following question

Question 4.1. Let A be a singular cardinal.

(1) Is there a Boolean algebra B such that s*(B) = A, e.g., in the fol-
lowing sense:
there is no sequence (aq : @« < A) € B\ {0} such that
each a, is not in the ideal generated by

Ia:{aﬁ’:/@%a}:
but for each < A there is such a sequence?
(2) We can ask also/alternatively for hd™(B) = A (and/or hL"(B) =
A) defined similarly using {ag : f < a} (and/or {ag : 8 > «a},
respectively).

For the discussion of the attainment properties of spread we refer the
reader to [Mon96, p. 175]; the attainment of hd, hL is discussed, e.g., in
[Mon96, p. 198, p. 191]. Forcing constructions for different attainment prop-
erties for hd and hL are presented in [RS01].
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Theorem 4.2. (1) Assume that p is a strong limit singular cardinal,
No < cf(p) < p <cf(X) <A< 2K,

Then
(X)) there is a Boolean Algebra B satisfying:
(i) B] = A = s(B),
(ii) s(B) is not obtained (i.e., sT(B) = \),
(iii) moreover hd*(B) = hL™(B) = \.
(2) Assume that
(@) (a) p<cf(N) <A,
(b) (i 1@ < d) is a (strictly) increasing sequence of regqular
cardinals with limit p,
(c) J is an ideal on § extending JP4, A€ J*, 5\ Ae J*,
(d) (ga : o < cf(X)) is a <jja—increasing <jja—cofinal se-
quence of members of [[ i, and (ho : o < X) is a se-
€A
quence of distinct members of [] A such that
i€o\A

j<6 = |{hald,gsljra< pB<cf(N)} <A

Then (X)) holds.
(3) Assume that
() (a) < cf(N) <A,
(b) (A\; : i < §) is a strictly increasing sequence of regular
cardinals < p,
(c) J is an ideal on § extending JP4, A C 5, A € J* and
d\AeJt,
(d) ga € [ Ni for a < X are pairwise distinct,
<6
(e) among {ga [ A: o < A} we can find an < j;a-increasing
cofinal sequence of length cf(\),
(f) Hga [i:a < A} =\
Then (Xy) holds.

Proof. 1)  We shall prove that the assumptions of part (2) hold.
As cf(p) > Ro, we know (by [She94a, Ch.VIII, §1]) that there is a sequence
(A\i 11 < cf(p)) such that

p>Nio=cf\) > [N and  tef( [T Ni/J8) = cf (V).
J<i i<cf(p)

Let (ga : @ < cf(X)) be an increasing cofinal sequence in ( [T Ai, <jva ).
i<cf(p) cf(w)

Let ho € [[{A2i41 : ¢ < k} (for a € [cf(N), A)) be just such that hy & {hg :

B < a}, solA ={2i:i<cf(p)}, (ga [ A:a <cf(N), (ha [ (K\A):a<A)
are as required (®2).
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2) Let (x; : ¢ < cf(\)) be an increasing continuous sequence of cardinals
such that

e A= X Xi

i<cf(A)

e xo =0, cf(N\) < x1 and each y;4; is regular.
For a < A let j(a) < cf()\) be such that « € [Xj(a); Xj(a)+1) and let f, €
I A\i be such that:
1<6

fa T A= gjw) and fa T (0\ A) = h,.

Now for n > 1 we define a Boolean Algebra B, (each B, will be an
example):
it is generated by {xo : @ < A} freely except:
(®) ifie A v e [ A, ik (e) < fay, (for k <m, £ <2n+1),
i'<i
and w C m, and
(<2n&kem\w = Yoo <Vretl,
kew = agn=akom+1,

and there are no repetitions in the sequence (v : k < m), and

tk S {07 1})
then N :L‘fx’jm < U N xgg,,
k<m ’ {#n, k<m ”

£<2n+1
where 2t is z if t =1, and —2 if t = 0.

Claim 4.2.1. sT(B,) < A, hd*(B,) < A, hL*(B,,) < A.

Proof of the Claim. Assume toward contradiction that the sequence (ag :
B < A C B, \ {0} exemplifies the failure. Without loss of generality,

ag = kﬂ :c:;((%’%, where £ < m < mg = «B,{) # a(8,m). For each
mg

i < cf(X) we choose S; C [xi, Xi+1), and &;(¥) < 6, m' < w, t[i,€] € {0,1},
Jli, €] < cf(N\) (for £ < m') such that (note that we can permute («(f,¥) :
< mg)):

(i) S; is unbounded in x;41,

(i) for all B € S; we have

mg =mi & (V€ < m)(6(8, ) = t]i, 0] & j(a(B,0)) = jli, ),
(iii) ((a(B,€) : £ < m?) : B € S;) is a A-system with heart (afi,f] : £ <

k'), so

BeS; &l<k = apf)=alif], and ‘
a(Bi,l) = a(B2,le) = (B1=P2 &l =1L)V (l =1l <k),
(iv) for B € S, there are no repetitions in the sequence (fy(g,) [ €i(*) :
¢ < m') and it does not depend on 3,
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(v) for every g* € S; and € < J the set
{B€8i: (W <m')(fap I €= faprn) 1)}

is unbounded in S;.
Note that necessarily
(vi) j[i,€] > for £ € [k*,m?).
Next pick a set S € [cf(A)]*™) such that:
(o) for all i € S we have m! = m*, k' = k*, t[i, (] = t[{], ei(x) = e(x),
(B) ((afi, €] : £ < k*) : i € S) is a A-system with heart («(f) : £ < £*),
o
ieS&lt<lr = ali,l] =al),
(v) also ((j[i,4] : £ < m™*) : i € S) is a A-system with heart (j(¢) : ( €
w*), where w* C m*.
Note that then ¢* C w* C k* (the first inclusion is a consequence of (f3), the
second one follows from (vi)).

Also by further shrinking of the sets S; (for ¢ < cf(\)) and S we may
require that

(A) if iy < i are from S, then j[i1, ] < iz (for £ < m*),

(B) if i1 # ig are from S and 51 € S;; and P2 € S;,, then
{a(B1,0) : £ <m*} N{a(fs,l) : L <m™} CH{al) : L <},

(C) if 11 € S, Y € Sil, then

(V€ < 8)(3F Wi € $)(F¥+1y € 8;) (Y < M) (fatr) [ €= Faup) T €)-

Choose 7; € S; for i € S. Look at fi = (fa(ys,0) £ <m*).
We can (as in [She94a, Ch.II, 4.10A]) find € < § and f = (fo,. .., fm+—1)
such that e € A, £ > e(x) and:

(%) for every ¢ < Ac there is i € S such that:

(Vf < m*)(foc(%-,ﬁ) f5 = ff f€) and (VE em” \w*)(foc(%,f)(g) > C)

So we can choose inductively (g, i (for & < 2n) such that i, € S, (& < A,
and

(V<m®)(fa(y, 0 1€ = fele) and (Veem ™ \w*)(Ck < fa(y, 0)(€) < Cit1)-
Note that, as € € A, we have

(Vﬂ € w*)(fa('yik ) (8) = Gj(alvi, L) (8) =950 (6))

for each k < 2n. It follows from clause (v) above that we may pick v €

Sin \ {i, } such that (V¢ < m*)(foy,e) [ € = fa(y,,0) | €). By our choices,

a(vi,,l) = a(y,£) for £ < k* (so in particular for ¢ € w*). Now, by the

definition of B,,, we clearly have ag, < |J ag,, where 5y = ~;, for £ < 2n
bt

and 2,11 = 7, finishing the proof for s.

Now for hd, hL use clause (C) above. O
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Claim 4.2.2. s (B,) > xi+1, more specifically {zo : o € [xi, Xit1)} are
independent as ideal generators.

Proof of the Claim. Let o* € [xi, xi+1). We define a function hy+ = h :
{Zo:a <A} — {0,1} by:

1 if a=a*,

0 i Lg(fu for) €6\ 4,

1 if lg(fa N far) € A, fallg(fa N far)) > far(bg(fa N far)),
0 if Eg(fa N fa*) € Aa fozwg(fa N fa*)) < fa*wg(fa N fa*))'

We claim that the function A respects the equations in the definition of B,,.
To show this suppose that i € A, t;, € {0,1}, vx € [] Av, vx < fo, (for
i'<i

kE<m,?<2n+1)and w C m are as in the assumptions of (®). Now we
consider three cases.

CASE 1: far 11 ¢ {vg: k< m}.

Then, by the way h is defined, h(zq, ) = h(zq,,) for each £ < 2n + 1 and
k < m. Hence easily

ﬂ h(‘rak,n)tk = U ﬂ h(xakﬁg)tka

k<m {#n, k<m
(<2n+1

and we are done.

CASE 2: far i =vp=, K* € m\ w.

Thus fo. (1) < ..o < fape, (1) < oo < fogey, (1) and h(za,. o) = Moy, )
or h(Zayu ,,) = h(Za,. ). Let £° be 0 in the first case and 2n in the second.

Note that also for k < m, k # k* we have h(z,,) = h(zq,,) for all
¢ <2n+ 1. Hence

N h@a, ) = () 7@a,) N h(@ae )% = [ hlza,,),

k<m k#£k*, k<m
k<m

and we are done.

CASE 3: for Ti =g, K* € w.

Thus o= = og* 241 (sO h(xak*,n) = h(a:ak*,%ﬂ)) and also for £k < m,
k # k* we have h(zq, ) = MTay 5, ). Hence

m h(xak,n)tk = m h(xoék,2n+1)tka

k<m k<m
and we are done.

Consequently the function h can be extended to a homomorphism h from
B, to {0,1}. Clearly h(zo+) =1 and h(z,) = 0 for all « € [x;, xi+1) \ {a*}.
(Remember f, [ A =g; for a € [xs, xi+1), and hence

if a# B €[xixit1) then Lg(faNfs)€d\ A )

Thus we are done. O
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3) We can get the assumptions of part (2). O

Remark 4.3. (1) We cannot really prove in ZFC that there is a Boolean
Algebra B such that s (B) is singular (= s(B) singular not obtained)
as sT(B) cannot be strong limit singular.

(2) Note that the demand (Fu)[p < cf(A) < A < 2H] is necessary by
[She86]. The construction is like the one in [RS00, §7]. Earlier see
[She90, 4.14].

(3) Of course, the proof of 4.2(2) shows that we have the respective
result for finite variants s,, of spread, as well as for hd,,, hL,, (if
m > 3, i.e.,, m = 2n + 1). We refer the reader to [RS98, §1] for the
definitions of these cardinal invariants (see also [RS00] for discussion
and some independence results on s,,; more relevant results can be

found in [She99]).

So we can give examples to 4.1 if we can have for (X)) of 4.2.

Proposition 4.4. (1) If k is strong limit singular cardinal, 2% > W+,
then we have examples of X\, k < cf(X) < A < 2% with (Ky) (of 4.2),
e.g., A=N_+ !

(2) If 6(x) = (27) (), N5 < 257 then also there is A € (25,257,
cf(N) € [27,(25)1F™) as needed in 4.2(3), and hence (Ky).

(3) If k is inaccessible (possibly weakly) 6(x) = (2<F)T"" and Ns4) <
2% then we can find A € [2<7,2F), cf(A) € [2<F, (2<%)H ™), as in
4.2(2), and hence (Ky) holds.

Similarly if K is a singular cardinal, or a successor cardinal by part
(2).

(4) E.g., if Ny, < 2%, then for A =Ry, we have an example for this
cardinal. Generally, if u > cf(u) = Ro, cf(A) = ut and X < 2%,
then there is an example in .

Proof. 1) Should be clear. (Note that pp™ (k) > R+, by [She94b, 5.9,
p.408]).

2) First, for some club C of k™ (for a € C = « limit) we have

()1 §eC &cf(6) <k = pp((2¢)F0) < (2%)Tmin(C\O+D)),
(By [She94b, §4]). Hence (again by [She94a])

(x)2  dEC&cf(6) <k = ((20)F)" < (28)Fmin(@\E+D),
We can for any § € acc(C) with cf(§) = k* do the following: we can find
a strictly increasing sequence (\; : i < k™) of regular cardinals with limit
(28)F0, 28 < Ny, tef((JT Ag)/JPd = (27)F0FL (if we assume pp((2%)T°) >

i<wt

(2%)19+1 we can find more examples).

Note:

j<et = J[u<@)?
i<j
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(by (*)2), as the ideal is JEE; without loss of generality
(*)3 H A < )\j.
i<j
So let (g, : v < (25)19H1) be < Jbd ~increasing and cofinal in ] A; and let
® i<kt
A={2i:i< KT}
Now assume 25" > X\ > ¢f(\) = (2%)9+1; such A exists by the assump-
tion. We can find hq € 2 (for a € [(27)T9+1 X)) with no repetitions.
Note [{g}, I i,hl, [ ©: o < A} <|]I Aj|, which has cardinality < A;. So
J<i
we can apply Theorem 4.2(3).

3),4) Same. O

Discussion 4.5. (1) If Cardinal Arithmetic is too close to GCH (2" <

N,.+ for every k), no example exists as by [She86], ZFC = 2cf(s™(B)) >
|B|. [Why? If B is a counterexample, let A = sT(B) = s(B) (bring a
counterexample); clearly A is a limit cardinal, so 2 > [B| > A >
Neg(n), @ contradiction. ]

If Cardinal Arithmetic is far enough from GCH (even just for
regulars), then there is an example.

I consider it a semi-ZFC answer — see [She00] and [She96].

(2) There are some variants of problem 4.1 related to various versions
of the (equivalent) definitions of s,hd,hL.. For s all versions are
equivalent [Mon96, p. 175]. Concerning hd, hL see the discussion
of the attainment relations for the equivalent definitions of hd in
[Mon96, p. 196, 197] and of hL in [Mon96, p.191]. On the remaining
cases see also in [RS01, §4].

Problem 4.1. Does R, < 2% imply that an example for A = R, exists?
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