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Abstract

We will prove that there exists a model of ZFC+“c = wy” in which
every M C R of cardinality less than continuum c¢ is meager, and
such that for every X C R of cardinality ¢ there exists a continuous
function f:R — R with f[X]=[0,1].

In particular in this model there is no magic set, i.e., aset M CR
such that the equation f[M] = g[M] implies f = g for every continu-
ous nowhere constant functions f,g: R — R.
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1 Introduction
The main goal of this paper is to prove the following theorem.

Theorem 1.1 There exists a model of ZFC in which ¢ = wy,

(%) for every X C R of cardinality ¢ there exists a continuous function
f:R — R such that f[X] =0, 1], and

(*x) every M C R of cardinality less than ¢ is meager.

Note that (x) of Theorem 1.1 is known to hold in the iterated perfect
set model. (See A. W. Miller [Mi].) This result was also generalized by
P. Corazza [Co] by finding another model leading to the following theorem.

Theorem 1.2 (Corazza) It is consistent with ZF'C that (x) holds and

(") every M C R of cardinality less than ¢ is of strong (so Lebesgue)
measure zero.

Note that the condition (%) is false in the iterated perfect set model and in
Corazza model. (See [BuCil.)

Corazza noticed also that Theorem 1.2 implies the following corollary
(since there exists a universal measure zero set of cardinality non(L), where
non (L) is the smallest cardinality of a nonmeasurable set).

Corollary 1.3 (Corazza [Co, Thm 0.3]) It is consistent with ZFC that (%)
holds and there is a universal measure zero set of cardinality c¢. In particular
in this model there are 2° many universal measure zero sets of cardinality c.

He asked also whether the similar statement is true with “always first-
category set” replacing “universal measure zero set.” The positive answer
easily follows from Theorem 1.1, since (in ZFC) there exists an always first-
category set of cardinality non(M), where non(M) is the smallest cardinality
of a nonmeager set.

Corollary 1.4 It is consistent with ZF'C that (x) holds and there is an al-
ways first-category set of cardinality ¢. In particular in this model there are
2° many always first-category sets of cardinality c. [ ]
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Clearly Theorem 1.1 can be viewed as dual to Theorem 1.2. However,
our original motivation for proving Theorem 1.1 comes from another source.
In [BeDi] A. Berarducci and D. Dikranjan proved that under the Continuum
Hypothesis (abbreviated as CH) there exists a set M C R, called a magic
set, such that for any two continuous nowhere constant functions f,g: R — R
if f[M] C g[M] then f = g. Different generalizations of a magic set were
also studied by M. R. Burke and K. Ciesielski in [BuCi]. In particular they
examined the sets of range uniqueness for the class C'(R), i.e., sets which
definition is obtained from the definition of a magic set by replacing the
implication “if f[M] C g[M] then f = ¢” with “if f[M] = g[M] then f = g.”
They proved [BuCi, Cor. 5.15 and Thm. 5.6(5)] that if M C R is a set of
range uniqueness for C'(R) then M is not meager and there is no continuous
function f:R — R for which f[M] = [0,1]. This and Theorem 1.1 imply
immediately the following corollary, which solves the problems from [BeDij]
and [BuCi].

Corollary 1.5 There exists a model of ZFC' in which there is no set of range
uniqueness for C'(R). In particular there is no magic set in this model.

Finally, it is worthwhile to mention that for the class of nowhere constant
differentiable function the existence of a magic set is provable in ZFC, as
noticed by Burke and Ciesielski [BuCi2]. In the same paper [BuCi2, cor. 2.4]
it has been noticed that in the model constructed below there is also no set
or range uniquness for C(X) for any perfect Polish space X.

2 Preliminaries

Our terminology is standard and follows that from [BaJu], [Ci], or [Ku].

A model satisfying Theorem 1.1 will be obtained as a generic extension
of a model V satisfying CH. The forcing used to obtain such an extension
will be a countable support iteration P,, of length wy of a forcing notion P
defined below. Note that P, which is a finite level version of Laver forcing,*
is a version of a tree-forcing Q{"(K,X) from [RoSh 470, sec. 2.3] (for a 2-
big finitary local tree-creating pair (K, X); it is also a relative of the forcing
notion defined in [RoSh 470, 2.4.10]) and most of the results presented in

'Note that Theorem 1.1 is false in Laver model, since in this model there is a ¢-Lusin
set (there is a scale) and such a set cannot be mapped continuously onto [0, 1].
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this section is a variation of general facts proved in this paper. To define P,
we need the following terminology.

A subset T'C w<¥ is a tree if t[n € T for every t € T and n < w. For a
tree T' C w< and t € T we will write succy(t) for the set of all immediate
successors of ¢t in T, i.e.,

sucer(t) ={seT:t Cs & |s| = |t| + 1}.

We will use the symbol T to denote the set of all nonempty trees T' C w<%
with no finite branches, i.e.,

T={T Cw: T #0isatree & sucer(t)# 0 for every t € T'}.
For T € T we will write lim T to denote the set of all branches of T, i.e.,
ImT = {s € w’:s[n €T for every n < w}.
Also if t € T' € T then we define
T'={se€T:sCt or tCs}.

Now define inductively the following “very fast increasing” sequences
(bi,n; < w:i < w) by putting n_y; = 1, and for i < w

bi = (Z + 2)(7”71!)1‘ and n;, = (bl)(bz)z

In particular by = 2, ng = 2, by = 9, ny = 9, by = 4O etc. (For the
purpose of our forcing any sequences that grows at least “as fast” would
suffice.) Also let

T = UHni:{s[k:k:<w&s€Hni}
k<w i<k i<w

and
T ={TeT:TCT"}.

Forcing P is defined as a family of all trees T' € T* that have “a lot of
branching.” To define this last term more precisely we need the following
definition for every i < w, T € T and t € T Nw"

normrp(t) = log, log,. |succr(t)| € [—o0,00).

4
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Note that normyz«(t) = i for every t € T* Nw'. Now for T € T* and k < w
let
normy (k) = inf{normr(t):t € T & |t| > k}

and define
P = {T € T*: lim norm, (k) = oo} :

k—oo ™
The order relation on P is standard. That is, T € P is stronger than T} € P,
what we denote by Ty > T, provided Ty C T7. Note also that normy, (k) <
norm,. (k) = k for every k < w.
In what follows for ¢t € T' € P we will also use the following notation

normy(t) = normy (|t|) = inf{normy(s):s € T & t C s}.
It is easy to see that
norm (k) = min{norm,(t):t € T Nw*}.
For n < w define a partial order <,, on P by putting Ty >, T if
To>T & Tylw*=Tlw* & normy (k) >n,

where k£ = min{j < w:norm,(j) > n}.

Note that the sequence {<,:n < w} witnesses forcing P to satisfy the
axiom A. (In particular P is proper.) That is (see [BaJu, 7.1.1] or [RoSh 470,
2.3.7))

(i) Ty >ns1 Ty implies Ty >, Ty for every n < w and Tg, T € P;

(ii) if {T,:n < w} C P is such that 7,11 >, T, for every n < w then there
exists T' € P extending each T},, namely 7" = (), _, T, € P; (such T is
often called a fusion of a sequence (T,:n < w);) and,

(iii) if A C P is an antichain, then for every 7' € P and n < w there exists
To € P such that Ty >,, T and the set {S € A: S is compatible with T'}
is at most countable.

In fact, in case of the forcing P the set {S € A: S is compatible with 7'} from
(iii) is finite. Since this fact will be heavily used in Section 5 we will include
here its proof. (See Corollary 2.3.) However, this fact will not be used in the
next three sections so it can be skipped in the first reading.

The following definition is a modification of the similar one for the Laver

forcing. (See [BaJu, p. 353].)
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Let D C P be dense below p € P and n < w. For t € p with norm (t) > n
we define the ordinal number 77} (t) < w as follows:

(1) r}(t) = 0if there exists p’ € D extending p* such that norm,, (t) > n—1;

(2) if 3(t) # 0 and t € w' then

rh(t) = min {a: (EIU € [succp(t)]Z(bi)(bi)n_l> (Vs e U) (rh(s) < a)} :

Lemma 2.1 Let D C P be dense below p € P and n < w. Then r}(t) is
well defined for every t € p with norm, (t) > n.

Proof. By way of contradiction assume that there exists ¢t € p with
norm, (t) > n for which 77 (¢) is undefined. Then n > 1 (since otherwise we
would have r%,(t) = 0) and for any such ¢ belonging to w’ the set

U = {s € succ,(t):r}(s) is defined}
has cardinality less than (b;))®)" ", So
[{s € succ,(t): 5 (s) is undefined}| = |succ,(t) \ U| > |succ,y(t)[/2 (1)

since [suce,()|/2 = (b;)®"™ /2 > (b)®)" /2 > (b)®"" > |U|. Con-
struct a tree py € 7* such that py C pt,

[succy, (s)| > [sucey(s)]/2 (2)

and r}(s) is undefined for every s € py with ¢ C s. The construction can
be easily done by induction on the levels of a tree, using (1) to make an
inductive step. But (2) implies that for every ¢ < w and s € py N w® with
tCs

normy, (s) = log, log, |succy,(s)| > log, log, |succ,(s)|/2 > norm,(s) — 1.

So po € P. Take p/ € D with p’ > pg. We can find ¢; € p’ such that
norm (t;) > norm,(t;) > n — 1. Then r}(t1) = 0, contradicting the fact
that r7(s) is undefined for every s € py 2 p'. [ ]

Lemma 2.2 Let D C P be dense below p € P and n < w. Then for every
t € p with norm, (t) > n there exist p; >, p* and a finite set A; C p; such
that p; = (U, 4, (pe)® and (p)° € D for every s € A;.

6
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Proof. The proof is by induction on r}(t).
If 77,(t) = 0 then p, = p’ € D will satisfy the lemma with A, = {t}.

If r(t) = a > 0 choose U € [succp(t)]Z(bi)(bi)n " from the definition of
5 (t). By the inductive assumption for every u € U there exist ¢, >,_1 p“
and a finite set A, C g, such that g, = (J,c4, (qu)® and (q.)* € D for every
s € A,. Then p; = U,cp @u and Ay = |J,,oy Au satisfy the lemma. (]

The next corollary can be also found, in general form, in [RoSh 470, 2.3.7,
3.1.1].

Corollary 2.3 Let A C P be an antichain. Then for every p € P and n < w
there exists q € P such that q >,, p and the set

Ao = {r € A:r is compatible with q}
is finite.

Proof. Extending A, if necessary, we can assume that 4 is a maximal
antichain. Thus D = {¢q € P: (dp € A)(q > p)} is dense in P.

Let i < w be such that norm, (7) > n+1. By Lemma 2.2 for every ¢t € pnw’
there exists p; >, p' and a finite set A, C p, such that p, = J,c 4, (p)® and
(p+)* € D for every s € A;. Put ¢ = ¢, P+~ Then it satisfies the corollary.
[ |

3 Proof of the theorem

For a < wy let P, be a countable support iteration of forcing P defined in
the previous section. Thus P, is obtained from a sequence (P, Qg): 5 < a),
where each P4 forces that Qg is a Pg-name for forcing IP. Also we will consider
elements of P, as functions p which domains are countable subset of a. In
particular if p € P, and 0 € dom(p) then p(0) is an element of P as defined
in V.

Now let V' be a model of ZFC+CH and let G be a V-generic filter in P, .
We will show that the conclusion of Theorem 1.1 holds in V[G].

In what follows for a@ < wy we will use the symbol G, to denote G N P,.
In particular each G, is a V-generic filter in P, and V[G,] C V[G,,] = V[G].

Since CH holds in V, forcing P, is wy-cc in V. Thus since P satisfies
the axiom A, we conclude that P, preserves cardinal numbers and indeed

¢ = wy holds in V[G].
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To prove that (xx) holds in V[G] consider [],_ n; = imT* with the
product topology. Since [],_, n; is homeomorphic to the Cantor set 2¢ it
is enough to show that every subset S of J],_, n; of cardinality less than
¢VI¢] = w, is meager in [I;, ni- But every € S belongs already to some
intermediate model V[G,] w1th a < way, since P satisfies the axiom A (so
is proper), and the iteration is with countable support. In particular there
exists an a < wq such that S C V[G,]. So it is enough to prove that
([T, ni) N V[Gy] is meager in [T, n

Since V[Gy41] is obtained from V[Ga] as a generic extension via forcing
P (in V[G,]) our claim concerning (%) in V[G] follows immediately from the
following lemma. (See also [RoSh 470, 3.2.8].)

Lemma 3.1 Let V be a model of ZFC+CH and H be a V-generic filter in
P. Then in V[H] the set (], n:) NV is a meager subset of [],

z<w

Proof. Let r € J],_,,ni be such that {r} = ({lim7:7T € H} and put
M =, M; where

j:{sel—lnZ )forevery]<k<w}

Since clearly every M; is closed nowhere dense it is enough to show that
(IT;c,n:s) NV € M. For this pick s € (I];.,n:) NV and consider a subset
D =U,;.,D;j €V of P, where

Dj = {p € P:(Vt € p)(Vk € dom(?) \ j)(s(k) # t(k))}.

It is enough to prove that D is dense in P, since H N D; # ) implies that
S € Mj.
So let pg € P and let j < w be such that py Nw’~! C py(1) and define

p = {t € po: (Vk € dom(t) \ j)(s(k) # t(k))}.

Clearly p is a tree. It is enough to show that p € P, since then p € D; extends
po. But if ¢ € po Nwk for some k& > j and ty € p is an immediate predecessor
of t then

<w

normp (tg)

|succ,(to)] > |succy, (to)] — 1 = (bk_l)(bkfl) _1>0
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S0 succ,(tp) is nonempty and for every s € limp

Zli)rglo norm, (s [) > ili)rgo(normpo(s [i) — 1) = oo.

This finishes the proof of Lemma 3.1. [ |

To show that (x) holds in V[G] we will use the following two propositions.
The first of them is an easy modification of the Factor Theorem from [BaJu,
Thm 1.5.10]. For the case of Sacks forcing this has been proved in [Bala,
Thm 2.5].

Proposition 3.2 Let 8 < a < wsy and y be such that f+v = a. I P} is a
Ps-name for the iteration P, of P (as constructed in V¥#) then forcings P,
and Pg x % are equivalent. [ ]

The analog of the next proposition for the iteration of Sacks forcing can
be found in an implicit form in [Mi].

Proposition 3.3 Suppose that p |- “r € 29\ V" for some p € P,,,. Then
(in V') there exists a continuous function f:2¥ — 2 with the property that

e for every r € 2¥ there exists ¢, > p such that
G |- f(r) =

The proof of Proposition 3.3 will be postponed to the next section. The
proof of () based on Proposition 3.3 and presented below is an elaboration
of the proof from [Mi] that (x) holds in the iterated Sacks model.

First note (compare [Col) that to prove (%) it is enough to show that

(o) for every X C 2 of cardinality ¢ there exists a continuous function
f:2¥ — 2% such that f[X]=2“.

Indeed if X C R has cardinality ¢ and there is no zero-dimensional perfect
set P C R such that |[X N P| = ¢ then X is a c¢-Lusin subset of R. Then
there is ¢-Lusin subset of 2¥ as well, and such a set would contradict (o) since
it cannot be mapped continuously onto [0, 1] (so onto 2¢ as well). (See e.g.
[Mi, Sec. 2].)

So there are a,b € R and a zero-dimensional perfect set P C [a,b] with
|XNP|=c. But Pand 2“ are homeomorphic. Therefore, by (o), there exists

9
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a continuous f: P — P C |a,b] such that f[X N P] = P. Then a continuous
extension F:R — [a,b] of f, which exists by Tietze Extension theorem, has
a property that F[X] D P. Now if g: R — [0, 1] is continuous and such that
g[P] = [0,1] then f = g o F satisfies (x).

We will prove (o) in V[G] by contraposition. So let X C 2¢ be such
that f[X] # 2¢ for every continuous f:2* — 2“. Thus for any such f there
exists an Fy(f) € 2 such that Fo(f) ¢ f[X]. We will prove that this implies
| X| < ¢ by showing that X C V|[G,] for some o < wy. This is enough, since
V[G,] satisfies CH.

Now let D = 2<% € V. Since D is dense in 2* any continuous f:2¥ — 2%
is uniquely determined by f|D. Let F: (2¥)P — 2 F € V[G], be such that
F(fID) = Fy(f) for every continuous f:2% — 2¢. Thus

F(f1D) ¢ f1X]

for every continuous f:2¥ — 2“. We claim that there exists an o < wy of
cofinality w; such that

FI (2P NV[Ga)) € V[Gal. (3)

To show (3) first recall that for every real number r and every a < wy of
uncountable cofinality if r € V[G,] then r € V[Gg] for some f < «. This is
a general property of a countable support iteration of forcings satisfying the
axiom A (and, more generally, proper forcings). In particular

(297 nVIGa] = [ (297 nVIGs) (4)

B<a

for every a < wy of cofinality wy.

Now let {fa: < wy) € V]G] be a one-to-one enumeration of (2)”, and
put ¥, = F(f,). Then there exists a sequence S = ((¢a,Na): < wo) € V
such that ¢, and 7, are the P,,,-names for f, and y,, respectively. Moreover,
since P, is wo-cc in V, we can assume that for every @ < wsy there is a
d(a) < wy such that ¢, and 7, are the Ps,)-names. Also if we choose d(«)
as the smallest number with this property, then function § belongs to V,
since it is definable from S € V.

Note also that for every 5 < ws there is an ho(8) < we with the property
that for every f € (2¢)P N V[Gp] there is v < ho(f3) such that ¢, is a name
for f (with respect to G). Once again using the fact that P,, is we-cc in V

10
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we can find in V' a function h:ws — wy bounding hy € V[G], i.e., such that
ho(8) < h(B) for every 5 < wq. Let

C={a<wy:(Vy<a)o(y),h(y) <a)} eV

Then C' is closed and unbounded in wy. Pick a € C of cofinality w;. We
claim that « satisfies (3).

To see it, note first that the definition of ¢ implies that every name in the
sequence ((p+,1n,):7 < ) is a P,-name. So

Fi{fyy <a} ={{fr,9,):7 < a} € V[Ga].

Moreover clearly {f,:v < a} C (2*)? N V[G,]. However, by (4), for every
[ € (2°)P NV[G,] there exists 8 < « such that f € (2*)P? N V[G;]. Thus,
by the definition of hy and h, there exists v < ho(5) < h(f) < a such that
f =1 So{fy:v<a}l=(2)’NV[G,] and (3) has been proved.

Now take an a < wy having property (3). For this o we will argue that
X C VI|G,]. But, by Proposition 3.2, V[G] is a generic extension of V[G,]
via forcing P, as defined in V[G N P,]. Thus without loss of generality we
can assume that V[G,] = V. In particular

F=F|(29)"nV)eV.

To see that X C V take an arbitrary z € 2 \ V, and pick a P,,-name
T for z. Let py € G C P,, be such that py [~ “7 € 2¥\ V" and fix an
arbitrary p; > po. Working in V' we will find a p € P,,, stronger than p; and
a continuous function f € V' from 2* to 2¢ such that

pl=f(r) = F(f1D). ()

To see it notice that by Proposition 3.3 there exists a continuous function
f:2¥ — 2% such that for every r € 2¥ (from V') there exists ¢, > p; with

¢ |- f() =

Take r = Fi(f [ D) € V. Then p = q, satisfies (5).
Now (5) implies that the set

E = {q € P,,: (3 continuous f:2* — 2¥)(q |- “f(1) = FA(f| D))} eV

is dense above py € GG. Therefore, there exist ¢ € G N E and a continuous
function f:2¥ — 2 such that ¢ |- “f(7) = Fi(f [ D).” In particular f(z) =

11
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Fi(fID)=F(f|D) ¢ f[X], implying that z ¢ X. Since it is true for every
z €2\ 'V, we conclude that X C V.
This finishes the proof of Theorem 1.1 modulo the proof of Proposi-

tion 3.3. n
4 Proof of Proposition 3.3 — another reduc-
tion

In this short section we will prove Proposition 3.3 based on one more technical
lemma. The proof of the lemma will be postponed to the next section.

To state the lemma and prove the proposition we need the following
iteration version of the axiom A. For o < wq, F' € [a]¥, and n < w define a
partial order relation <z, on P, by

qZ2rnp & q2p & (Y€ F)(ql€ |- q(§) > p(E)).

Note that if £ ¢ dom(p) for some & € F' then it might be unclear what we
mean by p(§) in the above definition. However, in such a case we will identify
p with its extension, for which we put p(§) = T*, where T* is the standard
Pe-name for the weakest element 7™ of P. Recall also that if an increasing
sequence (F,:n < w) of finite subsets of a and (p, € Py:n < w) are such
that pny1 >p,n Pn for every n < w and |J,,_, dom(p,) = U, Fn then there
exists ¢ € P, extending each p,. (See e.g. [BaJu, 7.1.3].)

Lemma 4.1 Let o < wy, p € P, and 7 be a P,-name such that for every
v < a
pl-7e2°NVIG.]\ VIG,].

Then there exists qo € P, stronger than p such that for every F € [a]
n < w, and q € P, extending qo there exist (in V) an m < w, nonempty
disjoint sets By, B; C 2™ and py,p1 >Fy q such that

<w
)

pi |=7Im € B;
for j < 2.

Basically Lemma 4.1 is true since p forces that 7 is a new real number.
However, its proof is quite technical and will be postponed for the next
section.

12
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Next we will show how Lemma 4.1 implies Proposition 3.3.

Proof of Proposition 3.3. Let p € P,, and 7 be a P,,-name such that
p |- “r € 22\ V.” Then, replacing p with some stronger condition if
necessary, we can assume that there exists a < ws such that for every v < «

p =7 e VIGJ\ VIG,].

b

In particular, since p |- “7 € V[G,],” we can assume that 7 is a P,-name.

We can also find p’ > p[a such that
P - 71e2NVIG,]\ VG,

Thus it is enough to assume that p € P, and find f € V and ¢, € P, satisfying
Proposition 3.3. (Otherwise, we can replace ¢.’s with ¢, Up[ (w2 \ @).)

For m < w and B C 2™ let [B] = {z € 2*:2[m € B}. Thus [B] is a
clopen subset of 2¥. For every s € 2<¢ we will define ¢, € P,, m, < w and
Bs C 2™s. The construction will be done by induction on length |s| of s.
Simultaneously we will construct an increasing sequence (F,, € [a]<¥:n < w)
such that the following conditions are satisfied for every s € 2<% and n = |s|:

(I0) U{dom(q;):t € 2<“} = U, ., Fn;

(I1) Gs0: gs1 = Fun 45

(I2) By N By =0, and [Byo] U [Ba] C [By];
(I3) qs |- “7[ms € Bg” for every k < 2.

It is easy to fix an inductive schema of choice of F;’s which will force
condition (I0) to be satisfied. Thus we will assume that we are using such a
schema throughout the construction, without specifying its details.

Now let gy be as in Lemma 4.1. This will be our gg. Moreover if g is
already defined for some s € 2<“ then we choose my, ¢, ¢s1, Bso, and By
by using Lemma 4.1 for ¢ = ¢s > qo, n = |s| and F' = F,,. This finishes the
inductive construction.

Next for n < w let m,, = max{m,:s € 25"} and for s € 2" and k < 2 put
BY = {t € 2" :t|mg € Bg}. Then py |- “7m, € B for every k < 2.
Thus, replacing sets By, with B, if necessary, we can assume that my, = m,,
for every s € 2.

13
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Note also that lim,, o, m, = co. This follows easily from (I3) and (12).

Let
P = ﬂ U [BS]-

n<w se2m

Then P is perfect subset of 2¥. Define function fy: P — 2“ by putting
fo(x) =r if and only if € [B,,] for every n < w.

It is easy to see that fy is continuous. Thus, by Tietze Extension theorem,
we can find a continuous extension f:2“ — 2¥ of f;. We will show that f
satisfies the requirements of Proposition 3.3.

Indeed take r € 2* and let ¢, = ¢y1,. Then, by (I1), ¢u41 =50 ¢n for
every n < w. Moreover, by (10), |, ., dom(g,) € U, ., Fr- In addition, we
can assume that the equation holds, upon the identification described in the
definition of >p,. Thus there exists a ¢, € [P, extending each ¢,. But for
every n < w

Gnt1 = 7m, € Byt
so that
qr ||_ fO([{T fmn}] N P) € fO([BT[n-H] N P) g [{T f”‘f' 1}]

Therefore, by the continuity of f,

ol f7) =7,
This finishes the proof of Proposition 3.3.

5 Proof of Lemma 4.1

We will start this section with the following property that will be used several
times in the sequel.

Lemma 5.1 Forcing P has the property B from [BaJu, p. 330]. That is, for
every p € P, a P-name p, and k < w, if p |~ “u € w” then there exist m < w
and p' > p such that p' |- “u < m.”

Proof. This follows immediately from Corollary 2.3 applied to a maximal
antichain in the set D = {q¢ > p: (Im <w)(q |- p=m)}. [ |

Recall also the following result concerning the property B. (See [BaJu,
Lemma 7.2.11].)

14
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Corollary 5.2 Let a« < wy. If p€ Py, n €w, F € [wo]<¥ and p |- “p € w”
then there exist m < w and p' >p,, p such that p' |- “u <m.”

The difficulty of the proof of Lemma 4.1 comes mainly from the fact that
we have to find “real” sets By and Bj using for this only P,-name 7, and
p € P,, which is also formed mainly from different names. For this we will
have to describe how to recover “real pieces of information” form 7 and p.
We will start this with the following lemma.

Lemma 5.3 Letp € P and 7 be a P-name such that p |~ “r € 2*.” Then for
every n,m < w there exist ¢ >, p, i <w, and a family {z, € 2™: s € ¢ Nw'}
such that for any s € ¢ N w*

¢ |- 7Im =z,

Proof. Let D = {p € P: (3x € 2™)(p |- 7[m = x)} and let j < w be such
that norm (j) > n+1. By Lemma 2.2 for every t € pNw’ there exist p; >,, p
and a finite set A; C p; such that p, = U .4, (pr)® and (p;)* € D for every
s € Ay Put ¢ = Uyepns Prand let i < wbesuch that (J{Ay:t € pnw’} C w=".
Then ¢ and 7 satisfy the requirements. [ |

Let p € P and 7 be a P-name such that p |- “7 € 2¢.” We will say that
p reads T continuously if for every m < w there exist 7, < w and a family
{z, € 2™ s € pNw™™T!} such that for any s € p N wimt!

P’ - 71[m = x,.

Lemma 5.4 Let p € P and 7 be a P-name such that p |~ “7 € 2.7 Then
for every n < w there exists ¢ >,, p such that q reads T continuously.

Proof. By Lemma 5.3 we can define inductively a sequence (g,:m < w)
such that gy = p and for every m < w

® (m+1 Zn+m qm; and,

e there exist i,, < w and a family {x, € 2™:s € ¢ Nw'™ "1} such that for
any s € ¢ Nw'™*!
¢ |- 7Im = x.

Then the fusion ¢ = of all ¢,,’s has the desired properties. [ ]

m<w am

The next lemma is an important step in our proof of Lemma 4.1. It also
implies it quite easily for P, = P. (See Corollary 5.6.)
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Lemma 5.5 Let p € P and 7 be a P-name such that
pl-7€e2¢\V

and p reads T continuously with the sequence (in,:m < w) witnessing it.
Then for every n, k < w with norm (k) > n+1 > 2 there exist an arbitrarily
large number m < w and q >, p which can be represented as

q= Upm (6>

teA

where A C pN (wgim \ w<k) and the elements of A are pairwise incompatible
(as functions). Moreover for every t € A we have p; > p', and there exists a
one-to-one mapping succ,(t) > s — x5 € 2™ such that

¢ |-7Im =z
for every s € succy(t).

Proof. Fix p, 7, n, and k as in the lemma. For every u € p N w* and
m < w with ¢ = i, > k consider the following trimming procedure.
For every s € p* Nw'™ let x, € 2™ be such that

P = 7im =,

1

put ¢i41 = p%, and assign to every s € p* Nw'™! a tag “constant z,.” By

induction we define a sequence

Gi+1 < < qi-1 < q—2=<... < q

of elements of P such that for k < j < i every t € ¢; Nw’ has a tag of either
“one-to-one” or a “constant x;” with z, € 2™.

If for some j > k the tree g, is already defined then for every ¢ € g1 Nw?
choose U, C sucey, ,, () of cardinality > .5 |sucey, , (t)| > |succy,,, (¢)|/* such
that either every s € succ,,,,(t) € gj+1 has the tag “one-to-one” or every
such an s has a tag “constant x,.” In the first case put V; = U; and tag ¢ as
“one-to-one.” In the second case we can find a subset V; of U, of size at least
U |'? > |succy,,, (t)]/* such that the mapping V; > s — x, € 2™ is either
one-to-one or constant equal to x;. We tag t accordingly and define

¢; = J{(@+1)": (Bt € g1 N W) (s € V).

This finishes the “trimming” construction.
Note that by the construction for every k¥ < j < i and t € ¢; Nw:
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° ¢ Nw = gj N
e normy,(s) = norm,, ., (s) for every s € ¢; \ w’;

1
e normy () = log, log, |Vi| > log, log, [succ,,,,(t)[+ = normy,, () +
log,, 1 > norm,(t) — 1;

e if ¢ has a tag “constant z;” then every s € (¢;)' N (Uj<l<i wl> has also
the tag “constant z,.”

In particular norm, (u) > norm, (u) — 1 > norm (k) — 1 > n. Thus if we
put ¢m. = g then norm, (u) > n and either u has a tag “one-to-one” or
“constant x,.” Moreover in the second case all s € gy, , N w' have the same
tag “constant x,.”

Now if for some m < w every u € pNw is tagged in g, as “one-to-one”
then it is easy to see that

q= U{qmﬁu: u€pnwh}

has a representation as in (6). Indeed, for every s € gNw' let j, be the largest
j < isuch that s|j is tagged “one-to-one” in g, ,. Let A = {s|js:s € gNw'}.
Then (J,. 4 ¢° is the required representation.

Thus it is enough to prove that there exist an arbitrarily large m such
that all u € pNw* have a tag “one-to-one” in g, .

By way of contradiction assume that this is not the case. Then there
exist an infinite set X, C w and u € pNw* such that for every m € X, there
exists x,, € 2™ with v having a tag “constant z,,” in ¢, ,. In particular,

Gmu |- TIM = 2.

By induction choose an infinite sequence Xo D X; D X5 D - - - of infinite sets
such that for every i < w there exist y; € 2¢ and T; C w=* with the property
that g, Nw<' =T, and x,, |i = y; for every m € X;.

Choose an infinite set X = {m; < w:i < w} such that m; € X; for every
i <w and let ¢ = lim; o0 G, = U<, Ti- Then for every ¢ € ¢’ NT; we have
normy (t) = normg,, ,(t) > normy(t) —1. Thus ¢ € P and ¢ > p, as gy, u > p
for every ¢ < w. So it is enough to prove that

7

¢ |- “Tl7=y; for every j < w (7)
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since then y = {J,;_,y; € 2NV and ¢ |- “7 =y € V,” contradicting the
fact that p |- “7 ¢ V.”
To see (7) fix a j < w and let | < w be such that { > j and | > ¢;. Take
an m € X; C X; such that m > j. Then ¢,,, NwS' =T, = ¢ Nw=.
Fix an arbitrary s € gp, Nw! = ¢ Nw'. Then ¢, , |- “7[m =z,
Tm [J =y, since m € X;. Thus

7

while

But s € gy Nw' € pNw”. So there exists an x, € 2/ with the property
that p* |- “7[j = 2,.” Since q,,, > p*® we conclude that g, , forces the
same thing and so z, = y;. Thus, p® |- “7[j =y;.” But (¢)° > p°. So

(@) [=71i=y;

as well. Since it happens for every s € ¢ Nw' and j < w was arbitrary, we
conclude (7). u

The next corollary is equivalent of Lemma 4.1 for « = 1. It will not be
used in a sequel. However the same approach will be used in the proof of
Lemma 4.1 in its general form, and the proof presented here can shed some
light on what follows.

Corollary 5.6 Let p € P and 7 be a P-name such that
pl-7€e2\V

and p reads T continuously. Then for every n < w there exist an m < w,
nonempty disjoint sets By, By C 2™, and pg, p1 >, p such that

pi |- 71[m e B;
for 1 < 2.

Proof. Let k < w be such that norm (k) > n + 5. Then, by Lemma 5.5,
there exist m, i, < w, and ¢ >, 14 p such that

q = Upta

teA
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where A C pN (wgim \w<k), the elements of A are pairwise incompatible,
py > pt for every t € A, and for every t € A there exists a one-to-one mapping
hy:succ,(t) — 2™ such that

¢ =7 [m = h(s)

for every s € succ,(t).

Let {t;: 7 < M} be a one-to-one enumeration of A such that |¢;| < |t;41]
for every j < M — 1. By induction on 7 < M we will choose a sequence
(C1:i <2 & j < M) such that for every i <2 and j < M

o Cic [succq(tj)](bl)(bl)n, where [ = |t;], and
o the sets {hy,[Ci] C 2™:0 <2 & j < M} are pairwise disjoint.

Given (Cy:i < 2 & r < j) the choice of C and C} is possible since for
L=t

U c

i<2,7<j

<25 (b)®™" <2 T* Nw™| (b) ™" < (by)®)

and |succ,(t;)| > (b)®""™ so we can choose disjoint Cy,Cj € [succq(tj)](bl)(b”n

with
m#&nﬁm(u MMO:Q

1<2,r<j

For i < 2 define p; = U{¢*:s € U, Cj} and B; = U, bt [Cf]. Tt s
easy to see that they have the required properties. [
Let us also note the following easy fact.
Lemma 5.7 Let Q be an arbitrary forcing, q € Q, and let 7 be a Q-name
such that
ql-Te2?\V.

Then for every N < w there exists an my < w with the following property.
If my < m < w then there exist {q, > ¢:n < N}, and a one-to-one sequence
(2, € 2™:n < N) such that

Gn |- TIm = 2,

for every n < N.
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Proof. By induction on n < N define infinite sequences {27 € 2%:i < w}
and ¢ < ¢ <qf <4y, ... such that for every i < w

g =71 = a3

Moreover if 2™ = |J,_, 2} € 2* NV, then the construction will be done
making sure that 2™ ¢ {z*:k < n}. It is possible, since {z*:k < n} € V,
while ¢ forces that 7 is not in V.

Now choose mg < w such that all restrictions {z" [mg:n < N} are differ-
ent. Then for my < m < w define z, = 2" [m and g, = p!’, for every n < N.

Clearly they have the desired properties. ]

Remark 5.8 In the text that follows (including the next lemma) we will
often identify forcing P, with Pg+PZ, where 0+~ = a and P? is a Pg-name
for P, via mapping P, > p+— (p[B,p[a\ B) € PsxP5. However, although
this mapping is an order embedding onto a dense subset of Pgx P?, it is not
onto. Thus, each time we will be identifying an element (p', ¢') € Pg«P* with
a q € P,, in reality we will be defining ¢ as such an element of P, such that
q1B >Frn p and q¢[B |- “gla\ B = ¢ for the current values of F' and n.
To define such a ¢ first find ¢[ S € P and a countable set A C « such that
q|B >Frn p' and g B forces that the domain of ¢’ is a subset of A. (See [Sh,
Lemma 1.6, p. 81]. Compare also [BaLa, Lemma 2.3(iii)].) Then it is enough
to extend ¢ [f to g € P, with the domain equal to A Udom(q[ /) in such a

way that ¢ [¢ = “q(§) = ¢'(§)” for every £ € A.

Using Lemma 5.7 we can obtain the following modification of Lemma 5.5.
In its statement we will use the symbol p|s associated with p € Ps and
s € p(0) to denote an element of Ps such that dom(p|s) = dom(p), (p|s)(0) =

[p(0)]7, and (p[s) (6 \ {0}) = p[(6\ {0}).
Lemma 5.9 Let 1 < < ws, p € Ps, and 7 be a Ps-name such that
pl-71€2°\V[Gy].

Then for every n, k < w with norm,, o (k) > n there exist an arbitrarily large
number m < w, ¢ >0}, p, and a P1-name ¢ such that for every ¢ € ¢(0) Nw*

q|t |- ¢ is a one-to-one function from succ,(t) into 2™

and
qls [[=7m = @(s)
for every s € succy((1).
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Proof. Identify Ps with P; xQ and p with (p(0), p), where Q is a P;-name
for P, and 1+~ =94. Let S =T*Nw* and N = |5].

Take a V-generic filter H in P; such that p(0) € H. For a moment we will
work in the model V[H]. In this model let Q and p be the H-interpretations
of Q and p, respectively. Moreover let 7 € V[H] be a Q-name such that p
forces that 7 = 7. Then p forces that 7 € 2¢ \ V[H]. Thus, by Lemma 5.7
used in V[H] to 7, there exists an mg < w such that for every m > mq there
are {¢s > p:s € S}, and a one-to-one function f:S — 2™ such that

gs = 7m =7[m = f(s)
for every s € S.
Let p be a P;-name for mg. Then, by Lemma 5.1, there exists p’ € P,
and an arbitrarily large m < w such that p’ >, p(0) and p' |- “u < m.”
Now let {¢f > ¢:s € S} and ¢ be the P;-names for {¢; > ¢:s € S} and

f:S — 2™, respectively, such that p’ forces the above properties about them.
Moreover let ¢’ be a Pi-name for an element of Q such that

PO I-4¢ = ¢

for every s € p' NwWHL. Put ¢ = (p/,¢). It is easy to see that m, ¢ and ¢
have the desired properties. ]

+1

Lemmas 5.5 and 5.9 can be combined together in the following corollary.
Its form is a bit awkward, but it will allow us to combine two separate cases
into one case in the proof of Lemma 4.1.

Corollary 5.10 Let 1 < § < ws, p € Ps, and 7 be a Ps-name such that for
every 7 < 0
pl=7e2°\VIG,].

Moreover if § = 1 assume additionally that p reads T continuously. Then
for every n,k < w with norm, (k) > n + 1 > 2 there exist an arbitrarily
large number m < w, i < w with i > k, and q >0}, p such that ¢(0) can be
represented as

q(0) = (Jp, (8)

teA

where A C p(0)N(w="\ w<*) and the elements of A are pairwise incompatible
(as functions). Moreover for every t € A we have p; > [p(0)]*, and there exists
a Py-name ¢, such that

q|t | ¢ is a one-to-one mapping from succ,(t) into 2™
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and
qls = 71m = o(s)

for every s € succ,(g ().

Proof. For § > 1 use Lemma 5.9 with i = k + 1 and put A = ¢(0) N w*.
For 6 = 1 use Lemma 5.5 taking as ¢, the standard names for the maps
succy(t) 3 s — x5 € 2™ u

Next we will consider several properties of the iteration of forcing PP.

For p € P,, where o < ws, and 0: F' = [[,_,ni C WP, where k < w and
F € [a]=¥, define a function p|o as follows. The domain of p|o is equal to
dom(p), and (p|o) [ (dom(p) N B) is defined by induction on f < a:

e (plo)[(dom(p) N B) = U, -5(plo) [ (dom(p) N ) if B is a limit ordinal;

e if 5 =v+1 we put (p|o)[(dom(p) N B) = (p|o) [ (dom(p) N~y) provided
7 ¢ dom(p);

o if 3 =7+ 1 and v € dom(p) we define (p|o)(y) as follows:
(A) if (plo) [ (dom(p) N7y) ¢ P, we define (p|o)(y) arbitrarily;

(B) if (p|o) [ (dom(p) N) € P, then we put (p|o)(y) = 7 where 7
is a P,-name such that

(I ) |- “T = [p(y)]7”
ifye F,and 7 =p(v)if r ¢ F.

We say that o is consistent with p if p|o belongs to P,, i.e., when case (A)
was never used in the above definition. We will be interested in function
plo only when o is consistent with p. In this case intuitively p|o represents a
condition ¢ € P, with the same domain that p such that ¢(v) = p(y) for every
v ¢ F and q(7y) = [p(7)]°") for v € F. We will use a symbol con(p, F, k) to
denote the set of all o: F — w”* consistent with p.

Note that if s € p(0) then function p|s used in Proposition 3.3 is equal to
plo, where dom(o) = {0} and ¢(0) = s. Also such p|s belongs to P, if and
only if s € p(0). Thus we will identify con(p, {0}, k) with p(0) N w*.

For F' € [a]<¥ and k < w we say that p € P, is (F, k)-determined if for
every 3 € F Ndom(p) and o: F N 3 — w* consistent with p the condition
(p|B)|o decides already the value of p(3) Nw*, that is, if for every s € w*

either  (p[B)lo |- “s € p(B)” or (p[B)lo |- “s & p(5).”

22



Paper Sh:653, version 1998-01-28_11. See https://shelah.logic.at/papers/653/ for possible updates.

Note that each p € P, is ({0}, k)-determined. Notice also that for every
pE€P,, k<w,and F € [a]<¥ if pis (F, k)-determined then

{plo:o € con(p, F,k)} is a maximal antichain above p. 9)

This can be easily proved by induction on |F|. In the same setting we also
have

con(p, F 1 B, k) = con(p] 8, F 1 B,k) = {01 B: 0 € con(p, F, k)}

and
(g[B)lo = (q[B)|(a]5)
for every f < a and o € con(p, F, k).

Lemma 5.11 Let o < wq, 7 be a P,-name, X € V be finite, and p € P, be
such that
pll-7eX.

If i < w is such that |X| < ()% t € p(0) Nw’, and n < w is such that
norm,, ) (t) > n > 1 then there exist p; € P, extending p|t and x € X such
that norm,, o\ (t) > n — 2 and

pell-T==
Proof. Let
D={TeP:(3q¢>plt)(Fr € X)(T =q(0) & q |- “T=2")}.

Clearly D is dense above [p(0)]*. We will prove the lemma by induction
on 7} (t), as defined on page 6.

If 74 (t) = 0 then it is obvious.

If rj(t) = a > 0 choose U € [succy (t)]Z(bi)(bi)n " from the definition
of r(t). By the inductive assumption for every s € U there exists Ty € D
extending [p(0)]* such that norm, (s) > n — 2. Choose ¢, and z, witnessing
T, € D, i.e., such that ¢ > p|t, ¢s(0) = T, and

gs |- 7= xs.

Since |X| < (b;)?, we can find an z € X and V C U of cardinality greater
than or equal to |U]/|X] > (b)®)" " /(b))? = (b;)®)" " such that z, = = for
every s € V.
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Let S = [J{¢s(0):s € V}. Then normg(t) = log,, |V| > n — 2. Take
p¢ > p such that dom(p;) = (J,., dom(qs), p.(0) = S, and for 8 # 0

(e[ B)ls |- “pu(B) = 45(B)”

for every s € V. Then p; satisfies the lemma. |

Lemma 5.12 Let « < wsy, p € Py, k <i<w, (X;:k <1 <) be a sequence
of finite subsets from V', and (1;: k < | < i) a sequence of P,-names. Assume
that for every k <1 <1

pl-mneX

and [Xj| < b. If n < w is such that norm, (k) > n +2 > 3 then there

exist a family {z; € Ur<ics Xi:t € p(0) N (Upcy<s w')} and ¢ > p with the
property that p(0) Nw* = ¢(0) N w*, norm, ) (k) > n, and

q!t H— Tt = Tt
for every t € p(0) N (U<« &')-
Proof. For every k <1 <ilet Y, = Hkgjgl X and notice that
Y| < H b; < ( H nj) b <! b < ()2
k<j<l k<j<l

So, by Lemma 5.11, for every t € p(0) Nw" there exist p; € P, extending p|t
and y; € Y; such that norm,, (t) > n and

ygs ||— = yt(l)

for every k < <i. We can also assume that all conditions p; have the same
domain D.

Now let S; = p(0) Nw=*. We will construct inductively a sequence of trees
S; D S;_1 D -+ D Sk, such that for every k <1 <1
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(a) S;Nw! = S N

(b) succg, (t) = succg,,, (t) for every t € S; with [t| > I;

(c) |succs, (t)] > (b)) ™" for every t € S; Nw!; and,

(d) for every s € S;Nw! there exists y, € Y; with the property that

yi[(l+1) =y, foreveryte S;Nw' with s Ct.

To make an inductive step take an [ < 4, ¢« > k, for which S;,; is already
defined. For each s € S;4; Nw' choose y, € Y; and L, € [succsm(s)]?(bl)(b”n
such that

ys=uy [ (I +1) foreveryte L.

Such a choice can be made, since |succs,,,(s)| = |succs,(s)] > ()@ (by
the assumption that normy)(l) > norm,q (k) > n + 2) while [Vi| < (b)*.
Define L = |J{L.:s € S;;1 Nw'} and

S; = {s € S;;1: either |s| <lortC s for somet € L}.

This finishes the inductive construction.

Now put 7' = J{[p(0)]*:t € S, Nw'}, and for every ¢ € Si N (Uyepe; ')
define z; = y;(|t]). Let g € P, be such that dom(q) = D, ¢(0) = T, and
(g B)|t |- “q(B) = pe(B)” for every B € D, B> 0, and t € S, Nw’. Tt is easy
to see that ¢ and all z,’s satisfy the requirements. [

Lemma 5.13 Let o < wq, k,n < w, 0 € F € [wy]<¥, and p € P, be such
that
plB |- norm, 45 (k) > n+2 >3

for every € F. Moreover assume that k < i < w, (X;:k <1 <) is a
sequence of finite subsets from V', and (1;: k < < i) a sequence of P,-names
with the properties that for every k <1 <1

p ||_ T S Xl7
1X,| > 2, and | X;|(m=19""" < b,. Then there exists g > p with the following
properties. For every k <[ <1

e ¢ is (F,l)-determined; and,
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e there exists a family {z, € X;:s € (W) & s is consistent with q} such
that
q‘S H_ T = Zs,

for every s € (w')" consistent with q.

Proof. The proof will be by induction on m = |F|.

If m = |F| = 1 then F' = {0} and the conclusion follows from Lemma 5.12.
(Every p € P, is ({0}, [)-determined.)

So assume that m = |F| > 1 and let § = max F. Then 0 < < a and
P, is equivalent to Ps x P7 where § +~ = a and P is a Pg-name for P,.
Let po = (p[B3,m) € Pgx Py be such that (p[ 3, ) is stronger then p and
plB |- “p(B) = m(0).” Then py >p, p. Thus we can replace p with py.

To make an inductive step, for every [ < i, [ > k, define

X = U{(X,)T:Tg I Cwl}.

j<l
Then
7] < 2l x| < gremst et = (21Xt < |0,
In particular

!)2|Fﬁ,8\ !)2|F\

(ma_11)2071-D
|Xl’|(nz—1 < <|Xl|(nl—1!)2> — |Xl|(nl—1 <.
So the sequence (X|:k <[ < i) and F'N [ satisfy the size requirements of
the inductive assumptions.

Now, for a moment, we will work in a model V[Hjg]|, where Hj is a V-
generic filter in Ps containing p[ . Let p; be the valuation of m in V[Hjp].
By Lemma 5.12 there exist p’ € P, extending p; with p’(0) Nw”® = p;(0) Nwk
and norm,, (k) > n, and for every [ <14, 1 > k, a function frp ()Nt — X,
such that

Pt 7= fit)

for every t € p/(0) Nw'. Note that, f; € X].
Let ¢; and 7 be the Pg-names for f; and p’, respectively, such that p |3
forces all the above facts about them. In particular p[ g |- “p; € X]” for all
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appropriate [’s, so, by the inductive assumption, there exist ¢y € Pz and for
every k <[ <1 a family

{fs € X;:s€e (wl)Fmﬁ & s is consistent with p fﬁ}
such that qo is (F'N S, 1)-determined, gy >rrpn p |5, and

Qls =i = fs

for every s € (w')™ consistent with p[ 3. In particular every go|s decides
the value of 7(0) Nw!, since it is equal to the domain of ¢;, and forces that
norm, ) (k) > n.

Let ¢ = {(qo, 7) and for every s € (w')f" consistent with p define

zs = fs15(s(B))-
It is not difficult to see that it has the required properties. [

Proof of Lemma 4.1. Let a > 1, p and 7 be as in the lemma.

Now for arbitrary f < a, 8 > 1, let § < a be such that 5+ = a. We
will identify P, with Ps x IP§, where P} is a Pg-name for P5. We will also
identify p with (p[ g, 7). Upon such identification, we can find a Pg-name 7*
such that

p|pB |- 7 is a name for the same object that 7 is.

In particular p| g |- “7 |- 7% = 7.7

Now if « is a successor ordinal number put a = § + 1. In this case p[
forces that m and 7* satisfy the assumptions of the Lemma 5.4, so there exists
a Pg-name 7y such that

plB |- mo >, m and 7 reads 7% continuously.

We put qo = (p[ 5, m) and additionally assume that 5 € F.

If « is a limit ordinal, we put myp = 7 and ¢y = p.

Now without loss of generality we can assume that 0 € F' and n > 1. We
also put f = max F' and fix ¢ > qo.

By an easy inductive application of Corollary 5.2 |F|-many times we can
find k < w and p’ >, ¢ such that

P17 |- norm,) (k) > 5 +9
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for every v € F. We can also increase k, if necessary, to guarantee that
21F| +2 < k. (10)
Also since

P8I m |-t = 7

p' | B forces that the assumptions of Corollary 5.10 are satisfied. Thus, ap-
plying it to mp, 7, and k defined above, we can find Pg-names pu, p, 7', A,
and v for m, i, ¢, A and mapping A > t — p; respectively, such that p’ [
forces

pp<w & 7 >y m & 7(0) = U ©(t) is a representation as in (8).
teA
Also, by Corollary 5.2, replacing 7" with an >(o},4s-stronger condition, if
necessary, we can assume that there are m, ¢ < w such that
PIBl-p<m & p<i
Increasing ¢ and m, if necessary, we can also assume that m > 2 and
)2IF|

‘2m’(m—11

< b;. (11)
Now notice that we can use Lemma 5.13 to p’ [ 5 € Pg, and the sequences
(rik <1 <id) ={(7(0)Nw"k <1 <)

and
(Xpk <1<iy=(P(T"Nw™):k<1<4)
since 2|F| + 2 < k implies that for every k <1 <1

2|F|

|Xl|(”l71!)2‘FI < (2(7”1!)2)(7”_1!) <+ 2)(”171!

)2\FH—2

S bl)

where the first inequality is justified by the fact that | X;| < 2(m-1)? " which
follows from the following estimation

T W) < nt <[ nt <! T nt <l T njer < ()

j<l j<l j<i-1 j<i—1
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So we can find p” € Pg which is (F' N f,)-determined for each k <

[ <1
such that p” >rrgnes P’ 13, and that p”|s determines the value of 7/(0) N w!

for every s € (wl)Fmﬁ consistent with p”.

Next notice also that A Nw<!' C T* Nw=!. Thus, the above calculation
shows that we can also use Lemma 5.13 to p” € P3, and the sequences

(k<1 <m)=(ANwSk <1 <)

and
(Xpk <1<i)y=(P(T*NwshH:k <1 <),

1

So we can find p"” € Pg such that p"” >prgni6 p”, and that p”|s determines

the value of A Nw=! for every s € (wl)Fnﬁ consistent with p”.
Now let ¢' = (p”,7') € P,. Then ¢' >F,16 q,

¢' 1 |- normy: (. (k) > n+6

for every v € F, and ¢* is (F,[)-determined for each k¥ < | < i. Hence, by
the condition (11), the assumptions of Lemma 5.13 are satisfied by ¢!, and
the sequences (7:k <1 < m) and (X;:k <[ <), where X; = 2™, 7; is the
restriction to m of the term 7 from the assumptions of Lemma 4.1, while for
kE <1l <11 weput X; = 2 and 7; a standard name for 0. So, we can find
q* >Fnra q*, which is still (F,[)-determined for each k <1 < i, and a family
{x, € 2™ s € (W)F & s is consistent with ¢} such that

¢ls |- 7lm =z

for every s € (w')f consistent with ¢?. Identify ¢* with (¢*]3,72) and
note that ¢?[#3 still forces that 72(0) has a representation as in (8) and
it “determines” a big part of this representation in the sense defined above.
Our final step will be to “trim” ¢* (of which we will think as of con(¢?, F 1))
to ¢ (identified with con(q?, F)7)) for which we will be able to repeat the
construction from Corollary 5.6.

For this first note that for every C' C con(¢?, F), 1) there exists a condition
¢*|C associated with ¢* in a similar way that the condition ¢?|o is associated
to o € con(q?, F,i). Also we will consider the elements of con(q¢?, F,i) as
functions from ¢ x F', where we treat ¢ x F' as ordered lexicographically by
<iex, and for (I,v) € i x F we define

O(l,v) ={{j,8) € i x F:(j,0) <jex {l,7)}
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Put Cy = con(¢?, F,4) and let {(I;,7;):J < r} be a decreasing enumera-
tion of (i \ k) x F' with respect to <j.,. Note that for every s € Cy we can
associate a tag “constant z,” for which ¢?|s |- 7 [m = z,. We will construct
by induction on j < r a sequence Cy D C; D --- D C, such that for every
j <rands € C; the node (l;,7;) of s is either tagged “one-to-one” (in a
sense defined below) or “constant z;” in which case

(@IC)Isli] = 7Tm = 2,

where s[j] = s[O(l;, ;). The above requirement is clearly satisfied for j = 0,
since ¢%|Cy = ¢%, s[0] = s, and so every s € Cy is tagged by some constant.
Thus the tag “one-to-one” does not appear for 7 = 0. For 7 > 0 we will use
the tag “one-to-one” to s € C; if for W = {t € C}: s[j] C t} either

the node (l;_1,7;-1) is tagged “one-to-one” for every t € W

or for every t € W the node (l;_1,7;-1) of t is tagged as a “constant x;,_ 1"
and for every s,t € W if s[j — 1] # t[j — 1] then x4 # x;,_1. Thus if we
think of C; as of tree T'(C;) being formed from all <;., initial segments of
elements of C}, then the mapping succyc;)(s[j]) > t[j — 1] = 2y ;-1 € 2™ is
one-to-one.

So assume that for some 0 < j < r the set C;_; is already constructed. To
construct C; consider first the set D = {s[[(l;—1 +1) X (7,1 +1)]:s € Cj_1}
and note that D = con(¢*|C;j_1, F N (y;_1 4+ 1),1;_1 + 1). Define

Do = {s[j][[(lj=1 +1) x (yj-1 + 1)]:s € Cj1}

Since also Dy = {s[dom(s) \ {(l;_1,7;-1)}:s € D} the elements of D, are
predecessors of those from D in a natural sense. Now, for every sy € D,
let Dy, be the set of all successors of sy which belong to D, that is, Dy, =
{s € D:sy C s}. In what follows we will describe the method of a choice of

subsets E, of Dy,. Then we will define C; by
Ci={seCj_1:s][(lj—1 + 1) X (yj—1 + 1)] € Ej, for some sy € Dy}

Note that by this definition the norms of ¢*|C; and ¢?|C;_; are the same at
every node of a level (I,v) except for (I,y) = (l;_1 —1,7;_1)}, in which case
the norm is controlled by the choice of Ej,.

Now to choose sets E;, C Dy, fix an so € Dy. We would like to look at the
tags of elements from D,, and use the procedure from Corollary 5.6 to trim
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D,,. However the elements of Dy, do not need to have tags. Thus we will
modify this idea in the following way. Let Zy, = {s[j]:s0 C s € Cj_1} and
notice that the elements of Z;, are differed from sy only by a “tail” defined
on some pairs (I,7) with [ < [;_;. Since the possible values of these “tails”
are already determined by ¢?|sy we have

1Z| < [P < (my, 1)

-1

Fort € Z,, and E C Dy, let E[t] = {s[j—1]:s[[(lj—1+1) x (y;_1+1)] € E}.
Then every element of FE[t] has a tag, and we can choose a subset E’[t]
of E[t] of size > |E[t]|'/* with either all elements of E’[t] having the same
tag, or all having the tag “constant” with different constant values. Then
E"t] = {s[[(lj1+1) x (yjo1+1)]:s € E'[t]} is an (£, t)-approximation for
E,,. The actual construction of the set E, is obtained by using the above
described operation to all elements t,...,t, of Z;, one at a time. More
precisely, we put Ey = Dy, and define E, for 1 < v < pas E/_,[t,]. Then
we put F,, = I, and note that

NG

This finishes the inductive construction.
Now define ¢* = ¢?|C, and notice that ¢°> >p,13 ¢>. Indeed, this follows
from the norm preservation remark above and the fact that

—1Zsq| - -1
|E,| > |Dg|* 7 > | Dy, |* > |D (b;_y)

sol

-1 n b'—l - n
Bl 2 D05 2 ()0 )

7j—1

By the above construction for every s € C, every node s[j] of s from level
(Ij,;) has a tag in ¢*. Moreover, although s = s[0] has a tag “constant,”
all this tags cannot be “constant.” Indeed, if [ is such that (¢*5)|(s[i x )
forces that the node ¢*(3)(I) is tagged “one-to-one” while its successors are
tagged as constants, then it is easy to see that the same node (more precisely,
the node from level (max(F N f),l+ 1)) will remain tagged “one-to-one” in
our recent tagging procedure. In particular, for every s € C, there exists a
maximal number js < r for which s[j,] is marked “one-to-one.”

To make the final step let 73 = T(C,) be the tree as defined above
and let {t;:7 < M} be a one-to-one enumeration of {s[js]:s € C,} such
that [sucer (t;)] < [sucer (tj41)| for every 7 < M — 1. We will proceed
as in Corollary 5.6. By induction on j < M we will choose a sequence
(C¥1u <2 & j < M) such that for every u < 2 and j < M
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o if [succy (¢;)] = ()" then Ci € [suce, (£,)]®"; and,
e the sets {h[C}] C 2™ u <2 & j < M} are pairwise disjoint.
Given (Cp:u < 2 & 7 < j) we can choose C and C; since for [ = |t;]

U o

u<2,r<j

<2j ()" < 2|7 NS @) < ) *

and [succr, (t;)] = ()™ therefore it is possible to choose disjoint sets
C9,C1 € [sucer, ()@ with

hCY U CH N ( U h[c:f]> =

u<l2,r<j

For u < 2 define C, = | {(T1)*: s € U,.), C}'} and B, = U,y h[C}]. Tt
is easy to see that p, = ¢°|C, and B, have the required properties. [ |
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