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THE YELLOW CAKE

ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

ABSTRACT. In this paper we consider the following property:
(®P?) For every function f : R x R — R there are functions g%, g} : R — R
(for n < w) such that

(Vz,y € R)(f(z,y) = Y g5(x)gn(¥))-
n<w

We show that, despite some expectation suggested by [She97], (®°?) does not
imply MA (0—centered). Next, we introduce cardinal characteristics of the
continuum responsible for the failure of (®P2).

0. INTRODUCTION

In the present paper we will consider the following property:

(®P2) For every function f : R x R — R there are functions ¢%,g! : R — R
(for n < w) such that

(Va,y € R)(f(z,9) = Y g0 (x)gn(y))-

n<w

Davies [Dav74] showed that CH implies (®P%) and Miller [Milb, Problem 15.11],
[Mila] and Ciesielski [Cie97, Problem 7] asked if (®P?) is equivalent to CH. It was
shown in [She97, §3] that the answer is negative. Namely,

Theorem 0.1. (1) (See [She97, 3.4]) MA (o-centered) implies (®P?).
(2) (See[She97,3.6]) IfP is the forcing notion for adding Re Cohen reals then
IFp —(®P?).

The proof of [She97, Conclusion 3.4]) strongly used the assumptions causing an
impression that the property (®P?#) might be equivalent to MA (o-centered).

The first section introduces a strong variant of ccc which is useful in preserving
unbounded families. In the second section we show that (®P2) does not imply
MA (o-centered). Finally, the in next section we show the combinatorial heart of
[She97, Proposition 3.6] and we introduce cardinal characteristics of the continuum
closely related to the failure of (®P?).

Notation Most of our notation is standard and compatible with that of classi-
cal textbooks on Set Theory (like Bartoszyniski Judah [BJ95]). However in forcing
we keep the convention that a stronger condition is the larger one.
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Notation 0.2. (1) For two sequences n, v we write v < y whenever v is a proper
initial segment of 1, and v < n when either v < n or v = 7. The length of
a sequence 7 is denoted by £g(n).
(2) The set of rationals is denoted by Q and the set of reals is called R. The
cardinality of R is called ¢ (and it is refered to as the the continuum).
The dominating number (the minimal size of a dominating family in “w
in the ordering of eventual dominance) is denoted by 9 and the unbounded
number (the minimal size of an unbounded family in that order) is called
b

(3) The quantifiers (V*°n) and (3°°n) are abbreviations for
(Imew)(Vn>m) and (Vm € w)(In > m),

respectively.

(4) For a forcing notion P, I'p stands for the canonical P-name for the generic
filter in P. With this one exception, all P-names for objects in the extension
via P will be denoted with a dot above (e.g. A, f)

1. F—SWEET FORCING NOTION

Definition 1.1. An uncountable family F C “w is spread if

(X) for each k*,n* < w and a sequence (fo,n : @ < wi, n < n*) of pairwise
distinct elements of F there are an increasing sequence (o : i < w) C wy
and an integer k > k* such that

(Vi <w)(Vn <n*)(fa,n(k) < faran(k)).

Remark 1.2. (1) Note that if an uncountable family F C “w has the property
that its every uncountable subfamily is unbounded on every K € [w]* then
F is spread.
(2) If k is uncountable and one adds k many Cohen reals {(c, : a < k) C Yw
then {c, : @ < Kk} is a spread family.
(3) If there is a spread family then b = Ny (so in particular M Ay, (oc—centered)
fails).

Definition 1.3. Let F C “w be a spread family. A forcing notion P is F-sweet if
the following condition is satisfied:

(B)Zeet for each sequence (p, : @ < wi) C P there are A € [w]Nl, k* < w and a
sequence (fon :n <n*, a € A) C F such that (a,n) # (¢/,n') = fan #
for n and
(@) if (o : 7 < w) is an increasing sequence of elements of A such that for

some k € (k*,w)

then there is p € P such that p |- (3%°i € w)(pa, € T'p).

Proposition 1.4. Assume that F C “w is a spread family and P is an F-sweet
forcing notion. Then

IFp “F is a spread family 7.

Proof. First note that easily F—sweetness implies the ccc.
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Suppose that kT < w, (fa.n : @ < w1, n < nT) are P-names for elements of F,
pe€Pand

plrp (Yo, o’ < wi)(Vn,n' < n)((a,n) # (a/,n/) = f.a,n #+ fa/,n/).

For o < w; choose conditions p, > p and functions f,, € F (for n < nt) such
that pa IF (Vn < n%)(fan = fan). Passing to a subsequence, we may assume that

(a7n) # (a/7n/) = foz,n 7£ fa’,n’~

Choose k* > kt, a set A € [w]Nl and a sequence (fo, : @ € A, nt < n <n*)
as guaranteed by ()7, .., of 1.3 for (p, : @ < wi) (note that here, for notational
convenience, we use the interval [n*,n*) instead of n* there). Shrinking the set
A and possibly decreasing n* (and reenumerating f, ,’s) we may assume that all
functions in appearing in (fo ., : @ € A, n < n*) are distinct. By (K) of 1.1 we find
k > k* and an increasing sequence {«; : i < w) C A such that

(Vi < w)(Vn < n*)(fai,n(k‘) < fcwﬂ,n(k))-

But it follows from (@) of 1.3 that now we can find a condition ¢ € P such that
q - (3% € w)(pa; € T'p). As all conditions p, are stronger than p we may demand
that ¢ > p. Now use the choice of the p,,’s and f,, n (for n < n™) to finish the
proof. O

Theorem 1.5. Assume F is a spread family. Let (IP’Q,QQ D a < 7y) be a finite
support iteration of forcing notions such that for each o <~y we have

(1) lre, “F is spread 7, and

(2) IFp, “Qq is F—sweet 7.
Then P, is F-sweet (and consequently, IFp. “ F is a spread family ”).

Proof. We show this by induction on +.

CASE 1: y=p8+1
Let (po : & < w1) € Pgyq. Take a condition p* € Pg such that

p* ke, “{a <wi:palB €Tp,} is uncountable ”

(there is one by the ccc). Next, use the assumption that Qg is F-sweet and get
Ps—names A € [wﬂNl and k*, n* and (fa, : @ € A, n < 7*) C F such that the
condition p* forces that they are as guaranteed by (B)Z ... of 1.3 for the sequence
<pa(6) ta<wi, palf € FIP’B>-

Let A’ be the set of all @ < w; such that there is a condition stronger than
both p* and p,[S which forces that p,(5) is in A. Clearly |A’| = 8y. For each
a € A’ choose a condition ¢, € Pg stronger than both p* and p, [ which forces
that po(3) € A and decides the values of k*, n* and (fan :m < n*). Next we may
choose A" € [A’]Nl, E*,n* and (fan : @ € A7, n < n*) C F such that (for each
a€e A" and n < n*) g IF B =k* & n*=n* & fmn = fa,n 7. Moreover we may
demand that the f, ,’s are pairwise distinct (for « € A”, n < n*).

Apply the inductive hypothesis to the sequence (g, : a € A”) (and Pg) to get
A€ [A”]Nl, kT, nt > n* and (fan : @ € A, n* < n < nT). For simplicity we
may assume that there are no repetitions in the sequence (f,, : @ € A, n < n*)
(we may shrink A and decrease n* reenumerating f, ,’s suitably). We claim that
this sequence and max{k*, k*} satisfy the demand in (&) if 1.3. So suppose that
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(o 11 < w) is an increasing sequence of elements of A such that for some k > k* k™
we have

(Vi <w)(vn < n)(fainlk) < faiin (k).
Clearly, by our choices, we find a condition p* € Pg stronger than p* such that
pt Ik (3% € w)(¢a, € Tp,). Next, in V¥4, we look at the sequence (pq,(8) : ga, €
I'p,, i <w). We may find a Pg-name p*(3) such that (p* forces that)

p*(B) IFg, (371 € w)(ga, € Tp, & pa,(B) € Tg,).
Look at the condition p™pT(3).

CASE 2: v is a limit ordinal.

If (po : @ < wy) C Py then, under the assumption of the current case, for some
Ae [wl]Nl and § < 7, the sets {supp(pa) \ 0 : @ € A} are pairwise disjoint. Apply
the inductive hypothesis to Ps and the sequence (p,[d : a € A). (]

Conclusion 1.6. Suppose that x > X; is a regular cardinal such that k<" = k and
(Vi < k)(u™0 < k). Then there is a ccc forcing notion P of size x such that

IFp “ there is a spread family F C “w of size k & ¢ = k & MA(F-sweet) 7.

Proof. First note that if P is an F—sweet forcing notion, Z C P (for £ < p < k) are
dense subsets of P and p € P then, under our assumptions, there is a set P* C P of
size less than k such that p € P* and
e if p, g € P* are incompatible in P* then they are incompatible in P,
o if (p; 1 i <w) CP* is not a maximal antichain in P then it is not in P*,
e for each ¢ < p the intersection Zg N P* is dense in P*.
(Thus P* < P and so it is F-sweet.)
Now, using standard bookkeeping arguments, build a finite support iteration
(Py,Qq : @ < k) such that
(1) Qo is the forcing notion adding £ many Cohen real F = (f, : o < k) C “w
(with finite conditions), [so in V@ the family F is spread]
(2) for each a < &, IFp . “ Q1 4o is a F-sweet forcing notion of size < x 7,
(3) if Q is a P,name for a F-sweet forcing notion of size <  then for x many
a < K, Q is a P,—name and IFp, Q = Qa
It follows from 1.5 that in VP« (for 0 < a < k) the family F is spread, so there are
no problems with carrying out the construction. Easily P, is as required. O

Remark 1.7. Note the similarity of MA (F-sweet) to the methods used in [She80,
§4].

2. MORE ON DAVIES’ PROBLEM

The aim of this section is to show that (®"?) does not imply M A (o—centered).

Let (v, : n < w) be an enumeration of ¥~ w such that £g(v,) < n. For distinct
po,p1 € Yw let §(po,p1) = 1 +max{m : v, < po & vy < p1}. (Note that
polé(po, p1) # p116(po, p1)-)

Assume that there exists a spread family of size ¢ and let F = (p, : a < ¢) C Yw
be such a family (later we will choose the one coming from adding x many Cohen
reals).

Definition 2.1. Let ( < ¢ be an ordinal and let f:{ x { — R.
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(1) A (—approzimation is a sequence § = (gf; 0 <2, €YW) such that:
(a) gb:¢— Q (for £ <2, €Y w),
(b) if @ < ¢ then (V3 < ¢)(3%k € w)(g5, (@) # 0 & vi < pp),
¢) if @ < ¢, n € “Zw and neither 1 nor v, is an initial segment of p,,
n n 9(n) P
then g9 (a) = g} () = 0.

(2) If o < ¢ and g% = (g5*F : € < 2, n € YPw) (for k = 0,1) are (4
approximations such that gf;o C gf;71 (for all £ <2 and n € w> w) then we
say that g! extends g° (in short: g¥ < gt).

(3) We say that a (—approximation g agrees with the function f if

Vo, B < Q) (f(e, B) = Z gg(a) g%(ﬁ) and the series converges absolutely).

neEY>w

Proposition 2.2. If ¢ are Ce —approzimations (for & < &) such that the sequence

(g€ : € <€) is <—increasing and (e« = |J (¢ then there is a (¢« —approzimation
<€

G¢" such that (V€ < €*)(g¢ = %). Moreover, if f : Cer X (e — R and each g¢

agrees with f[(e x C¢) then ¢ agrees with f.

Thus if we want to show that (®P?) holds we may take a function f : ¢x ¢ — R
(it should be clear that we may look at functions of that type only) and try to build
a =-increasing sequence (g° : £ < ¢) of approximations. If we make sure that g¢ is
a &-approximation that agrees with f[(¢ x &) then the limit g¢ of g&’s will give us
witnesses for f. (Note that by the absolute convergence demand in 2.1(3) we do
not have to worry about the order in the series.) At limit stages of the construction
we use 2.2, but problems may occur at some successor stage. Here we need to use
forcing,.

Definition 2.3. Assume that { < ¢ is an ordinal, and f: ((+1) x ((+1) — R.

Let g = (gf, 10 <2, 1 €YW) be a (—approximation which agrees with f[¢ x (.
We define a forcing notion P?’C as follows:

a condition is a tuple p = (ZP, jP, (rf’n <2, ne jp>w>) such that

(@) j? <w and ZP is a finite subset of ¢, rj, € Q (for £ <2, n € jp>(,u)7

(B) the set {n € J">w : 7o, 7 0or i # 0} is finite, and if n € 3> and
neither 7 nor vy, is an initial segment of p; then rzn =0,

(v) if @ € ZP then

£, Q) = S{g5(a) - 17, i €I w}| < 279,
£(¢0) = S, - gh(a) in € 777w} < 279", and
GO =,y e wh <27
(note that by demand (3) all the sums above are finite),
(0) if a, B € ZP U {(} are distinct then 6(pa, pg) < j7;
the order is defined by p < ¢ if and only if

(a) jP < j%, ZP C Z7 and TZ,] = rgm for n € jp>w, <2,
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(b) if & € ZP then

iq ip 1—20"=7"
Zﬂ’“g,n '971;(04)| el Zw\T w} < 4Tf1’
. . 1 — 24"—J°
Zﬂgn T1n .n€]q>w\3p>w}<4w, and
1— 207"

' q 4
Z{V’gm el Tw\ T P w < A—m—

Proposition 2.4. Suppose that ¢ < ¢, f: ((+1)x ((+1) — R and g is a
C—approzimation that agrees with f1¢ x (. Then:

(1) ]P’ch’C is a (non-trivial) F -sweet forcing notion of size |C| + No.

(2) In VP?C, there is a (C+1)—approximation §* such that g < g* and g* agrees

with f.

Proof. (1) First note that (IP?C, <) is a partial order and easily P]gf £ 0 (re-
member that ZP may be empty). Before we continue let us show the following claim
that will be used later too.

Claim 2.4.1. For each j <w, £ < ¢ and p € Yw the sets
T = {pePy g2},
. € {pePi:cezr), and
. def g . . .o
T 2 {pePfCij< P& (V<2)(3k e (G0, #0& v <p)}

are dense subsets of IP’?C.

Proof of the claim. Let j <w, £ <(, p€¥wand p € ]P’Jgt’c.

If j < 4P then p € 77, so suppose that j? < j. Let (£, : m < m*) enumerate ZP.
Choose pairwise distinct (jg., : £ < 2,m < m*) C (j,w) such that v;, < p¢ and
gﬁs te o (Em) # O (remember 2.1(1b)). Fix j* > j such that ;- is not an initial
segment of any pe . (for m < m*). Let j? = j + max{jsm : £ <2, m <m*} + j*,
Z% = 7P and define 7, ,r{ , as follows.

(1) If y € 7> w then Tem =Tl
i i . . .
(2) 10 € 37>\ T">0\ {pe,, Liem - m < m}\ {peli*}, £ < 2 then v, =0,
. 4P
(3) I n = pclj* then vy, r{ € Q\ {0} are such that [r§, -r{, [ <277 and

14 _ 944
|f(C,C)*Z{T’g,V'T§’VSV€J >w}—r8_’nor‘1}7n|<2 2
(4) I n = pe,, [jom, m < m* then r{ € Q is such that 199 (Em) - il < 277"

and
4 _ 944
F(Emr Q) = > Ag0Em) 1%, v ed Zw) — gh(&m) -1l | <27
if n = pe,, [j1,m, m < m* then 7§, € Q is such that |r§, - g, (&m)] < 23"
and

|£(¢:€m) Z{TOU gz/ (§m) v e jp>w} - ’l"gn g%(fm)\ <2 %"

One easily checks that ¢ = (Z9,5%,(r] £ <2, n€ 1> w)) is a condition in ]P’“}’C
stronger than p (and ¢ € Z7).
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Now suppose that £ ¢ ZP. Take jo > j? such that (Voo € ZPU{(})(0(§, ) < jo).
Let (&, : m < m*) enumerate ZP U{{} and let (jom : € < 2, m < m*) C (jo,w) be
pairwise distinct and such that v;, =< p; & ggm e (&m) # 0. Let j* > jP be such
that v;+ is not an initial segment of any pe, . Put Z9 = ZPU{¢}, j7 = jP+max{jem :
<2, m<m*}+j* and define an like before, with one modification. If &, = ¢
and 1 = pgljo,m then { € Q is such that |f(&,¢) — g5 (&) -7{ | < 272" if &, =&
and 1) = pe[j1,m then g, € Q is such that |f(¢, &) — g, - g}l(g)\ < 272",
Similarly one builds a condition ¢ € 7 stronger than p (just choose j* suitably).
O
Now we are going to show that P?’C is F—sweet. So suppose that (p, : @ < w) C
IP’?C. Choose A € [wl]Nl such that

o (ZP~: € A) forms a A-system with kernel Z,
o for each v, 8 € A, |ZP«| = |ZP#|, jP~ = jP% and

(rpy i €<2,me jpa>w) = (rf"; <2, ne jpﬁ>w>

(remember 2.3(53)),
o if o, € A and 7 : ZP~ — ZP8 is the order preserving bijection then n[Z
is the identity on Z and (V& € ZP*)(peljP> = pr(e) [577).

Let k* = jP>, n* = |ZP= \ Z| for some (equivalently: all) « € A. For a € A let
(fan 1 m < n*) enumerate {pe : £ € ZP~ \ Z}. Clearly there are no repetitions in
(fan :n <n*, a € A). We claim that this sequence is as required in (@) of 1.3. So
suppose that (a; : i < w) C A is an increasing sequence such that for some k > k*
we have
(Vi <w)(Vn <n*)(fa,n(k) < fan(k).

Passing to a subsequence we may additionally demand that for each m < k, for every
n < n*, the sequence (fo, n(m) : i < w) is either constant or strictly increasing.
For n < n* let k, > jP be such that the sequence (fq, nlkn : i < w) is constant
but the sequence (fo, n(kn) : ¢ < w) is strictly increasing. Take j > k such that
if vy, < fasnlkn, n < n* then m < j. Fix an enumeration (&,, : m < m*) of
ZP~0 (so m* = |Z| +n*) and choose j*, jo.m > j + 2 with the properties as in the
first part of the proof of 2.4.1 (with p,, in the place of p there). Put Z9 = ZP=o
and define j7, sz exactly as there (so, in particular, for each 7 € 2w \Jpa0>w

we have rgn = 0). We claim that ¢ IF (3% € w)(pa, € I'pac). So suppose
’ ¥

that ¢’ > ¢, 19 < w. Choose i > ig such that for each n < n* and k' > k,, if

Vm = fa;n |k then m > j9". Moreover, we demand that if k, < k' < j7, n < n*

then Tg,fai,n e = Tf)fam i = 0 (remember 2.3(3)). Then we have the effect that

(v € 37>\ 3" ) (e < 2)(vE € 270\ Z)(rE, - g1(E) = °(E) - v, = 0)).

So we may proceed as in the proof of 2.4.1 and build a condition ¢© stronger than
both ¢’ and p,,.

(2) Let G C ]P’ch’C be generic over V. For 7 € ¥~ w define

gf;’*(é) = 7‘277 where p € G N+,
95 (&) =gh(¢)  for &< (.
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It follows immediately from 2.4.1 (and the definition of the order on ]P’?C) that the

above conditions define a ( + 1-approximation g* = (gf;’* <2, ne w>w> which
agrees with f and extends g. O

Theorem 2.5. Assume that k is an uncountable cardinal such that k<% = k. Then
there is a ccc forcing notion P of size k such that

”

Fp “(®P%) + ¢=k + there is a spread family of size ¢
Proof. Using standard bookkeeping argument build inductively a finite support
iteration (Po, Qq : a < k) and sequences (Co : @ < K), (fo : @ < k) and (f, : @ < k)
such that:

(1) Qo is the forcing notion adding x many Cohen reals (p¢ : € < k) C Y~ w (by
finite approximations; so, in V@, ¢ = x and the family F = {pe 1€ <K}is
spread; we use it in the clauses below),

(2) Ca < K, fa is a Po-name for a function from (Cy + 1) X (Co + 1) to R, g is
a P,—name for a (,—approximation (for the family F added by Q) which

agrees with fo[(Ca X Ca),

(3) Ipryy Quia =P (for F),

(4) if f is a P, name for a function from (¢ +1) x ((4+1) to R, ¢ < x and §j
is a P,—name for a (—approximation which agrees with f[(¢ x ¢) then for
some o < K, @ > w we have

§:§a7 f:fay ¢ = Ca-
Clearly P, is a ccc forcing notion (with a dense subset) of size k. It follows from

2.4(2), 2.2 that IFp, (®P?) (and clearly IFp_ ¢ = k). Moreover, by 2.4(1), 1.5 we
know that, in V0 for each a € [1, x] the forcing notion P, [[1, k) is F-sweet, so

IFp, “ F is a spread family of size x ”

(by 1.4). O

3. WHEN (®P?) raILs.

In this section we will strengthen the result of [She97, 3.6] mentioned in 0.1(2)
giving its combinatorial heart.

Definition 3.1. (1) For a function A such that dom(h) C X x Y and rng(h) C
Z and a positive integer n we define
k(h,n) =min{|Ag| + [A1|: Ay CPX) & A CPY) &
(Vw € [X]™)(3A € Ag)(w C A) &
(Vw e Y™ (EFAe A)(wC A) &
(VAO € Ao)(VAl S Al)(h[Ao X Aﬂ # Z)}

If X =Y and h is as above, and n is a positive integer then we define
k™ (h,n) =min{|A4|: ACPX) & (Vw e [X]")(FA € A)(w C A) &
(VA e A)(h[A x Al # 2) }.
(2) Fore={c, :n<w) € YRand d = (d, : n < w) € “R let h®(¢,d) =
> ¢y - dy, (defined if the series converges).

n<w

We will deal with the following variant of the property (®P?#).

See https://shelah.logic.at/papers/686/ for possible updates.
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Definition 3.2. For a function h: YR x YR — R let (®P?*) mean:

(®P2) For each f: R x R — R there are functions g2, g. : R — R (for n < w)
such that

(Va,y € R)(f(2,9) = h({gn(x) 1 n <w), {(ga(y) : n <w))).

(So (®P?) is (®Pa), where h? is as defined in 3.1(2).)
Proposition 3.3. Assume that a function h : “R x YR — R is such that on of
the following condition holds:

(A) K(h,1) <2801 = ¢, or
(B) k(h,1) < p < ¢ for some reqular cardinal p, or
(C) k= (h,2) < p < ¢ for some regular cardinal .
Then (®P?) fails.
Proof. First let us consider the case of the assumption (A). Let Ag, A; € P(YR)
exemplify the minimum in the definition of k(h,1), A, = {Ag 1€ < k(h, 1)} (we
allow repetitions). Choose a sequence (r¢ : & < k(h,1)) of pairwise distinct reals

and fix enumerations (s : ¢ < ¢) of R and (p. : € < ¢) of “(h’l)/i(h,l). Let
f R xR — R be such that

(V€ < (V€ < w(h, 1)) (f(se,7e) & WAL x AL _(¢)])-
We claim that the function f witnesses the failure of (®P).  So suppose that
9o, gn : R — R. For & < k(h, 1) let be = (g, : n < w) € “R and let (£) < k(h,1)
be such be € Al ). Take e < ¢ such that ¢ = ¢. and let a. = (g (¢) : n < w). Fix

£* < r(h,1) such that a. € AZ. and note that h(ae, bex) € h[AL. x A}pg(go)], S0

F(se,res) # hl@e, ber) = h({gn(se) 11 < w), {gn(re-) :n <w)).

Suppose now that we are in the situation (B). Let cg,cq : pt x ut — k(h, 1) be
+
such that for any sets Xo, X1 € [uT]#* we have

(VC(),Cl < Kl(h, 1))(3(80,61> € Xp X Xl)(Co(EQ,El) = Co & 01(60751) = Cl)

(see e.g. [She94, ch III}). Let Ag, A; C P(YR) exemplify x(h,1), A, = {Aé (<
k(h,1)} (with possible repetitions). Choose a sequence (r. : € < u™) of pairwise
distinct reals and a function f : R x R — R such that

(V{-}O,El < N+)(f(7’5077"51) ¢ h[Ago(so,sl) x A(lzl(sg,el)])'

Now suppose that g%, gL : R — R and let @’ = (g5(r.) : n < w). Choose
Xo, X, € [/ﬁ]fﬁ and (o, 1 < (h, 1) such that al € Af, whenever ¢ € X;. Take
g0 € Xy (for £ < 2) such that cg(gq,e1) = (o, c1(€0,€1) = (1. Then h(al ,al) €

BIA X AL 180 Fregsre,) # h({g0(rey) tn < w), (gh(re,) in < w)).

Now, suppose that the assumption (C) holds. Let {A¢ : £ < k7 (h,2)} be a family
witnessing the minimum in the definition of k= (h,2). Take a function ¢ : pu* x
ut — k= (h,2) such that for every X € [u*]lﬁ and ¢ < k™ (h,2) there are
g0 < €1, both in X, such that c(eg,e1) = ¢ (see e.g. [She94, ch III]). Take a



Paper Sh:686, version 1998-06-23_11. See https://shelah.logic.at/papers/686/ for possible updates.

10 ANDRZEJ ROSLANOWSKI AND SAHARON SHELAH

sequence (1. : € < uT) of distinct reals and define a function f : R x R — R so
that

(vg()?gl < p,+)(f(7'50,7”51) ¢ h[Ac(Eo,El) X AC(€07E1)])'
Like before, suppose that g%, g} : R — R and let a’ = (g’ (r.) : n < w). For each
e < u' there is (¢ € £ (h,2) such that a@2,al € A... Take a set X € [/ﬁ']/ﬁ and

¢* < k7 (h,2) such that (Ve € X)(¢. = ¢*). Then choose €9 < &1 both in X so that
¢(eo,€1) = ¢*. By our choices, a? ,al, € Ac(cy,e,) and h(al ,al ) € Aye,,.)- But

this implies that h({(g2(rc,) :n < w), (gL(re,) 1 n < w)) # f(TeysTe,)- O

Now the phenomenon of [She97, 3.6] is described in a combinatorial way by 3.3,
if one notices the following observation.

Proposition 3.4. Let h : “Rx“R — “R be a function with an absolute definition
(with parameters from the ground model). Suppose that P = (Py,Qq : @ < w1) is a
finite support iteration of non-trivial forcing notions. Then for each 0 < n < w

e, k(h,n) = k" (h,n) =Ny,

Proof. Work in VF«2. For a < wy let A, = VFa N¥R. Clearly ¥R = |J A, and

a<wi
for each a, B < w; we have h[4, x Ag] # “R (remember that the function h has
definition with parameters in the ground model; at each limit stage of the iteration
Cohen reals are added). O

4. CONCLUDING REMARKS

One can notice some similarities between the property (®)P? and the rectangle
problem.

Definition 4.1. (1) Let Ry be the family of all rectangles in R x R, i.e. sets of
the form A x B for some A, B C R. Let B(R32) be the o—algebra of subsets of
R xR generated by the family Ro and let B, (R2) be defined inductively by:
Bo(R2) consists of all elements of Ro and their complements, B,(R2) =

U Bs(R2) for limit «, and Ba4+1(R2) is the collection of all countable
B<a
unions |J A, such that each A, is in B,(R2) and of the complements of
n<w
such unions. (So B(Rz) = B, (R2).)
(2) Let us introduce the following properties of the family of subsets of R x R:
(EKw) PR x R) = B(R2),
(8™ P(R X R) = Ba(R2)

Kunen [Kun68, §12] showed the following.

Theorem 4.2. (1) (See [Kun68, Thm 12.5]) MA implies ([KY).
(2) (See [Kun68, Thm 12.7]) If P is the forcing notion for adding Na Cohen
reals then |Fp —(EIKY).

The relation between (®P?) and ([IXY) is still unclear, though the first implies
the second.

Proposition 4.3. (®P2) = (&Ky)
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Proof. Suppose that A C RxR and let f: RxR — 2 be it characteristic function.
Let g%, gL be given by (®P?) for the function f. For a rational number ¢, n < w
and ¢ < 2 put

def
Agm = {zeR: gf;(w) < q}.
It should be clear that the set A can be represented as a Boolean combination

of finite depth of rectangles A), x A}, (we do not try to safe on counting the

quantifiers). O
The following questions arise naturally in this context.

Problem 4.4. (1) Does (OXY) (or (X)) imply (®P?)?
(2) Is it consistent that for some countable limit ordinal a we have (EXY,) but
(EKY) fails?
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