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CLONES ON REGULAR CARDINALS
MARTIN GOLDSTERN AND SAHARON SHELAH

ABSTRACT. We investigate the structure of the lattice of clones on an infinite set X.
We first observe that ultrafilters naturally induce clones; this yields a simple proof of
Rosenberg’s theorem: there are 22" many maximal (= “precomplete”) clones on a set of
size A. The clones we construct do not contain all unary functions.

We then investigate clones that do contain all unary functions. Using a strong negative
partition theorem from pcf theory we show that for many cardinals A (in particular, for

all successors of regulars) there are 22" many such clones on a set of size .
Finally, we show that on a weakly compact cardinal there are exactly 2 precomplete
clones which contain all unary functions.

1. INTRODUCTION

1.1. Definition. Let X be a nonempty set. The full clone on X, called & or €(X) is the
set of all finitary functions on X: ¢ = J,—, O (") where 0™ is the set of all functions
from X™ into X.
A clone (on X) is a set € C € which contains all projections and is closed under compo-
sition. That is,

(1) For all 1 <k < n, the function 7} : X" — X, m(z1,...,2,) = 2, is in €.

(2) whenever fi,...,fr €N O™, g€ €N O™, then the function

(1, .y xn) = g(fi(xy, o), o fr(xn, o 2))

(which we sometimes call g(f1,..., fx)) is also in .
Alternatively, € is a clone if € is the set of term functions of some universal algebra
over X.

The set of clones over X forms a complete algebraic lattice with largest element &’. The
coatoms of this lattice are called “precomplete clones” or “maximal clones”.
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Many results for clones on finite sets, and in particular a classification of all precomplete
clones on finite sets can be found in [Sze86].

Rosenberg proved in [Ros76] that if X is an infinite set of cardinality A then there are
22! many precomplete clones on X. In section 2 we will give a short new proof of this
theorem, using ultrafilters.

Let 0, the “full unary clone”, be the clone generated by &™), i.e., the set of functions
which depend only on one argument:

OV = {fort: fe oW 1<k<n}

The clones that we construct in section 2, as well as the clones in the family constructed
by Rosenberg, all have the property that they induce a proper submonoid of the monoid
0" of all unary functions. This raises the following question: What is the structure of
those clones that contain the full monoid of all unary functions, i.e., the interval [0V, 6]?
In particular, what can we say about the precomplete elements in this interval?

If X is a finite set with k£ elements, then it is known that this interval is actually a finite
chain (with £+ 1 many elements). In particular, there is a unique precomplete clone above
the full unary clone, namely, the set of all functions which are either essentially unary or
not onto.

We now turn to infinite sets. Again we will be mainly interested in the maximal or
“precomplete” clones above &'V Since €@ is finitely generated over @, it is clear that
the interval [0V @] is dually atomic, that is, every ¥ € [0, 0) is contained in some
precomplete ¢ € [0V, 0). (See fact 1.3.)

For the case of countable X, Gavrilov proved in [Gav65] that there are exactly 2 pre-
complete clones in this interval, and Davies and Rosenberg (see [DR85]) gave an explicit
example of one precomplete clone in this interval for every infinite X.

It turns out that (for any infinite set X of regular cardinality), the clones on X above
0 can be naturally divided into 2 classes, depending on whether the binary functions of
the clone are all “almost unary” or if there is a “heavily binary” function among them (see
definitions 3.1 and 5.1).

In section 3 we show that among the clones whose binary part is almost unary, there is
a unique precomplete clone (namely, the clone from [DR85], which we call U, see 3.3).

Finally, we discuss the case which was hitherto unknown, and which turns out to be
the most interesting from the set theoretical point of view: clones with heavily binary
functions. The structure of the set of these clones depends on partition properties of the
cardinality of the underlying set:

(1) If the cardinality of the underlying set is a weakly compact cardinal (or ¥y), then
there is a unique precomplete clone in [¢", &] which is heavily binary (so altogether
there are exactly two precomplete clones above &(): % from 3.3 and 7 from 5.11.)
This result, which generalizes Gavrilov’s theorem for N, is proved in section 5.

(2) If the cardinality A of the underlying set satisfies a certain negative partition prop-
erty Pr(\) (see also 6.4) — in particular, we know Pr(k™) for all regular ), then
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there are 22" many precomplete clones above @) which are heavily binary.
This result is proved in section 4.

In an appendix we briefly discuss partition relations and the combinatorial principle Pr(\).
All sections of the paper can be read independently, but they all rely on notation, facts
and concepts established in this introduction.
We plan to investigate clones on singular cardinals in a separate paper.

1.2. Notation. We fix an infinite set X. For n € {1,2,...} we write 6™ for the set of all
functions from X" to X, 0 = 2, O™.

For any set of functions .# C & we let cl(.#) be the smallest clone containing .# as well
as all unary functions.

We will write A = |X| for the cardinality of X. It will often be convenient to have a
well-order of X available; we will then identify X with the ordinal \.

We call a function f : X x X — X a “pairing function” if f [ {(x,y) : © # y} is 1-1.
For the rest of the paper we fix a pairing function pr. We will assume that the cardinality
of the complement of the range of pr is equal to the cardinality of X: |X \ ran(pr)| = .

We fix a value 0 € X, and we will assume that 0 is not in the range of pr.

When we consider terms in which several functions are nested, we may write fz or gxry
for f(x) or g(z,y) to avoid too many parentheses.

We identify X™ with the set of functions from {1,...,n} to X. Iff sNt =0, sUt =
{1,...,n},a:s— X, b:t— X, then aUbis in X",

If € C O is a clone, we let €™ =€ N oM.

1.3. Fact. (1) If f: X x X — X is a pairing function, then there are unary functions g,
g1, g2 such that the function (x,y) — g o f(g1z, goy) is a bijection from X x X
to X.
(2) If ¢ C 0, {pr} U 0V C ¥, where pr is any pairing function, then ¢ = . [Use
(1)

(3) If 0V C € C O, pr ¢ €, then the clones which are maximal in
{92: €CP2C 0 pr¢ P}

are exactly the precomplete clones extending 4. (Using Zorn’s lemma this easily
implies that the interval [0V, &) is dually atomic: Every clone above 0!, except
for @ itself, is contained in a precomplete one.)

1.4. Remark. As we shall see in section 3, we cannot relax the assumption “pr is 1-1 on
{(z,y) : x #y}” in 1.3(2) to “pris 1-1 on {(z,y) : z < y}.”
1.5. Definition. Let J be any index set, and R C X”. Let f € 0.

We say that f respects R iff:

whenever pt = (pl i€ J),...,p" = (pl' : i € J) are all in R,
then also (f(p},...,p"):i € J) € R.

We let PolR be the set of all functions respecting R.
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We will usually be interested in the case where R is a set of n-ary functions on X, i.e.
R C XX

1.6. Fact. The following observations follow easily from the definitions and from the facts
above.

If € is a clone and %”(”)_7& 0™, then Pol€™ C 0. In fact, (Polg ™)™ = g™,
If € is a precomplete clone and €M) # ¢, then € = Pol€™W.
) If % is a precomplete clone and €M = @1, then € # ¢, and € = Pole'®

L.7. More Notation. Let € be a clone on the set X. We let € be the set of all functions
f: X" — X* (n,k > 0) such that each function 7¥ o f is in ¥.

The “closure under composition” of the clone % just means that % is closed under the
usual notion of composition, i.e., whenever f : X® — X™ and g : X™ — X" are in % then
also go f € €.

1.8. Acknowledgment. We are grateful to Lutz Heindorf for his thoughtful remarks on an
earlier version of the paper, and for alerting us to Gavrilov’s results.

2. A NEW PROOF OF ROSENBERG’S THEOREM

Let X be an infinite set. Rosenberg [Ros76] has shown that there are 92! many precom-
plete clones on X. Using transfinite induction he first constructs 92! many clones with
certain orthogonality properties and then shows that they can be extended to pairwise
different precomplete clones.

We give here an alternative proof of Rosenberg’s theorem, utilizing the well-known fact
(see e.g. [CN74]) that on every infinite set X there are 22 ultrafilters. We will find an
explicit 1-1 map from the ultrafilters to precomplete clones.

2.1. Definition. Let I C Z2(X) be a maximal ideal.
We define

¢ = J{feo™: vVAeI flA" e I}
n=1
2.2. Fact. (1) e <O
(2) € is a clone
(3) If f: X* — X, ran(f) € I, then f € €;. More generally, if A € I, f: XF — X"
and the range of f is contained in A", then f € €.
(4) I can be reconstructed from %7 as

I={ACX: Forall f: X — X: If ran(f) C A, then f € 67},
so in particular the map I — %7 is 1-1.

(5) %7 is a precomplete clone, i.e.: For all f € &'\ %, the clone generated by €7 U {f}
contains all of &.
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Proof. Parts (1), (2) and (3) are clear. We only check (4) and (5).
For (4), let

I'={ACX: Forall f: X — X: If ran(f) C A, then f € €,}.

By (3) above, I C I’, so we check I’ C I. Let A ¢ I. We want to prove A ¢ I', i.e., we are
looking for a function f : X — X such that

ran(f) C A, but f ¢ %

If |[A] < |X \ A], then let Ay := A, otherwise we must have |A| = |X|, so we can write
A as a disjoint union A = Ag U A; with |Ao| = |X| = |A1], Ao ¢ 1.

In either case we have found a set Ag C A, |Ag] < |X \ Ao, Ao ¢ I. So there is a function
f:X — X with f[X] = f[X \ Ao] = Ao. So f ¢ € while ran(f) C Ay C A. Thus, the
function f witnesses that A ¢ I’

We now turn to the proof of (5). We may assume that I is nonprincipal, i.e., all finite
sets are in I. [Otherwise I = {A C X : ap ¢ A} for some ag € X, and in this case %7 is just
Pol(R) (see 1.5 with a singleton index set J), where R = X \ {ao}. It is well known (and easy to
see) that the clone Pol(R) is precomplete, for all unary relations R # ), X .]

Call a function f “conservative” if it satisfies f(as,...,a,) € {a1,...,a,} forallay,... a, €
X. Clearly all conservative functions are in 7.

Let f: Xk — X, f ¢ 6. So there is some set A € I with f[A*] & I. Let By = f[A¥],
BlzX\Bo. SOB()¢], B1€I.



Paper Sh:737, version 2001-09-08_11. See https://shelah.logic.at/papers/737/ for possible updates.

6 MARTIN GOLDSTERN AND SAHARON SHELAH

Now let g : X™ — X be arbitrary. We have to show that g is in the clone generated by
¢ and f. Pick two distinct elements 0, 1, where {0, 1} € I. The function

ifz=0

is conservative, hence in %7;.
Let Cy = g '[By], C1 = g ![Bi], and define two “approximations” go, g1 to g as follows:
o Jg@) ifzed )0 itz € Cy
Note that the range of ¢; is contained in B; U {0}, hence g; € I.
Let x(z) =0 if z € Cy, x(z) = 1 if z € (. By definition of H, ¢(z) = H(XZ, goT, 1),
so all we have to show is that H, x, go, g1 are all in the clone generated by %7 and f. We
already know that

(1) H € €; (because H is conservative),
(2) ¢1 € €7 (because the range of g; is in I),
(3) x € € (because the range of x is in I)

It remains to show g is in the clone generated by %7 and f.
Let f*: By — A* be an “inverse” of f, i.e.,

Vbe By: f(f7(b) =0

(f* | By can be an arbitrary function with range C A*.)
Define g} : X™ — X* by gh(c) = f*(go(c)). Note that the range of g, is C A¥, A € I,
50 gh € €.
Now we have, for all ¢ € X™, go(¢) = f(f*(90(¢))) = f(g5(€)), so go is in the clone
generated by 67 and f.
U

2.3. Conclusion. On any infinite set X there are exactly 221! many precomplete clones.

Proof. The upper bound follows from || = 2/¥I. For the lower bound: it is known that

there are 22 many maximal ideals, and we have just shown that the function I — %
maps them injectively to precomplete clones. O

3. ALMOST UNARY CLONES

In this section we will consider clones on an infinite set X of regular cardinality. We will
call a set “small” if its cardinality is smaller than the cardinality of X, and we will say
that there are “few” objects with some property if the set of those objects is small.

For example, if X is countable, then “small” will mean “finite”. If X has cardinality Ny,
then “small” will mean “finite or countably infinite”.

[With this notation, the property “X has regular cardinality” can be rephrased as “X
cannot be written as a union of few small sets”|
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3.1. Definition. Let g : X™ — X. We say that g is almost unary iff there is a function G
which is defined on X, each G(z) a small subset of X, such that for some k:
V(xy, ... x,) € X" gz, ..., x,) € G(xy)
If X itself is a cardinal, then we can equivalently say: ¢ is almost unary iff: for some k,
G: X — X, forall xy,...,2, € X: g(z1,...,2,) < G(x).
3.2. Definition. Let % C O be the set of all almost unary functions.

In definition 5.1 we will call functions in €® \ % “heavily binary”.
The set % ?) is called T} in [Gav65].

3.3. Definition. Let % := Pol @ (see 1.5).
That is, a function f € 0™ is in % iff

Vgl,...,gne?/@):f(gl,...,gn)e@/@)

where f(g1, ..., g,) is the function (z,y) — f(g1(2,9). ..., ga(z,y)).
Note that Z N0 =% NP, and % C % .

3.4. Example. Let X = X\ be a cardinal, so the small subsets of X are exactly the bounded
subset of A.
(1) The function min is almost unary: min € % ()

(2) the function max is not almost unary.
(3) The median function med, defined by

med(z,y, z) = max(min(z, y), min(y, z), min(z, 2))

is not almost unary, but it is easy to check that med respects all binary almost

unary functions, so med € % \ % .
(4) Let pra be defined by

pr(z,y) ifzx>y

pra@,y) = {O otherwise

(where pr is a pairing function). Then pra € % .

The following was already observed by Davies and Rosenberg [DR85]. In the countable
case, Gavrilov [Gav65, Theorem 4] showed that Pol% ) is precomplete.

3.5. Conclusion. Assume ¢ € [0V 0). 1f pra € € (see 3.4), and if € contains a binary
function not in %, then € = 0.
Hence, PolZ ? is an example of a precomplete clone containing all unary functions.

Proof. Let p1, po: X — X be two 1-1 functions such that the ranges of py, po, pr are
disjoint. Since € contains a function which is not almost unary, there is some H € €®
with H(z,ps0) = x = H(p10, ) for all z in the range of pr. Then the function

(Iay) = H(pl(prA(x,y)) ) pQ(pTA(y,x)))

is a pairing function. O
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(We will meet a similar argument again in the proof of 5.10.)
We now show a kind of converse to this theorem: Pol%/(® is the unique precomplete
clone which contains all unary functions and only “almost unary” binary functions.

3.6. Theorem. Assume that ¥ C 0 is a precomplete clone, oV CE, 6% Cyu®.
Then € = Pol% @.

We will prove this theorem below. We start by investigating which coordinates are
responsible for a function having a large range.

3.7. Definition. Let g € 0™ . We define a set S, of subsets of {1,...,n} as follows.

(Here we write X* for the set of all functions from s to X.)

3.8. Lemma. Assume cl(g)® C % . Then
Vrte Syirnt#0

Proof. Choose r and t in S, with » N'¢ = ). Using unary functions, we will construct a
binary function in ¢l(g) which is not in % ®.

Let s := {1,...,n} \ (ruUt), so {1,...,n} = rUsUt. So there is some a € X" and
a sequence (% : a € X) of elements of X" such that all values g(a U z%) are different.
Similarly, there is some b € X™* and a sequence (7° : 8 € X) of elements of X* such that
all values g(bU ¢°) are different.

Now for £ = 1,...,n define functions h, as follows: Fix some element 0 € X.
(To(0) ifler, a0
b(¢) ifler,a=0
_Jal) ifles, a#0
huler, B) = b(t) ifles,a=0
ys(l) iflet, B#0

Formally, the functions h, are in &3, but each of them is essentially unary: hy(a, 3)
depends only on « for £ € r U s, and only on 3 for ¢ € t. This implies that h, € 0.
Now the function F' = g(hy,...,h,), ie., F(a,B) = glhi(a, B),..., hn(a, 5)), will be
a binary function in cl(g) but not in % ®, since the values F(a,0) = g(Z, U a) are all
different, as are the values F(0, 3) = g(y5 Ub). O

The previous lemma will allow us to relate any “almost unary” clone to Pol%/ ():

3.9. Lemma. Assume 0 C €, € C %@, Then € C Pol®. That is: whenever
dy,....d, € %®, gc €™, thenalso f :=g(di,...,d,) € #P.

Proof. Since each dy € %, we can find a decomposition {1,...,n}=rUt, rnt =10, and
a function D mapping each a € X to a small subset D(a) € X such that:

(1) Forall £ € r, all o, 5 € X: dy(c, 5) € D(cv).

(2) Forall £ € t,all a, 5 € X: dy(c, B) € D(DB).



Paper Sh:737, version 2001-09-08_11. See https://shelah.logic.at/papers/737/ for possible updates.

CLONES ON REGULAR CARDINALS 9

By the previous lemma, we cannot have both r and ¢ in S, so wlog assume ¢ ¢ S,,.

Now fix any element 0 € X. We will show that the set {f(0,5) : 5 € X} is small.

Consider f(0,3) = g(d1(0,8),...,d,(0,)). Identifying X™ with X1\ we can write
the tuple (dy(0,8),...,d,(0,0)) as agUygs, ag € X", ys € X*. Now note that for £ € r we
have d,(0, 8) € D(0), so ag € D(0)", which is a small set.

Hence

{£(0,8): e X} C{g(aUy) :a€ D),y € X'}

For each fixed a € D(0)® the set {g(aUy) : y € X'} is small (since ¢ ¢ S,), so, since D(0)
is small, also

{glauy):aeDO),ye X'} = |J {g9aUy):ye X'}
aeD(0)"

is small. 0

Proof of theorem 3.6. Assume 0 C ¢, €® C %@, and assume that € is precom-
plete. Then by lemma 3.9, we have € C Pol% . But since € is precomplete, we must
have € = Pol .

4. SUCCESSORS OF REGULARS

We fix a set X of regular cardinality A\, and for simplicity we write X = A\. We fix a
pairing function pr : A x A — X\ as in 1.2.
We will use the following combinatorial principle Pr (A, p):
There is a symmetric function ¢ : A x A = p with the following anti-Ramsey
property:
For all sequences (a; : ¢ < \) of pairwise disjoint finite subsets of A, and for
all ¢g €

there are ¢ < j < A such that ¢ [ (a; X a;) is constant with value ¢,

(See section 6 for background)
We fix a function ¢ witnessing the above statement.

4.1. Definition. For any A C u we define a function Fy : A x A — X as follows:
max(a, ) ifa=0orf=00r a=p
Fa(a, B) = 1 pr(a, B) if c(a, B) € A
0 otherwise
4.2. Fact. If AU B = p, then cl(Fya, Fp) = 0.
Proof. We will show how to construct a pairing function from F4 and Fjp.
Define
pT/<Oé, 6) - FA(-FA(aJ 6)7 FB(aa ﬁ))
We claim that for all distinct a, 8 > 0: pr'(«, 5) = pr(a, B).
Indeed, if ¢(a, B) € AN B, then

p?“,(()[,ﬁ) = FA<pT’(Oé,6),p7’(Oz,ﬁ)) = pr(a,,@’),
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if ¢(a, B) € A\ B, then

pr'(a, B) = Fa(pr(a, 8),0) = pr(e, B)
and if c(a, B) € B\ A, then

pr'(a, B) = Fa(0,pr(e, B)) = pr(a, ).
Hence pr’ is a pairing function. O
4.3. Main Lemma. Assume that A € By U---U By. Then
Fa ¢ cl(Fp,,...,Fg).
We will prove this lemma below, but first we will show how it can be used.

4.4. Definition. We say that & = (A; : i € I) is an independent family of subsets of X, if
every nontrivial Boolean combination of sets from &7 is nonempty, i.e.:
Whenever Jy and J; are finite disjoint subsets of I, then

(A4 n((X\A4) # 0

i€Jy i€Jy
The following theorem of Hausdorff is well known:

4.5. Theorem. If | X| = p, then there is an independent family o/ = (A; : i € I) of subsets
of X with [I] = 2¢.

Proof. See [Kun83, Chapter VIII, exercise A6] or [Kop89, Example 9.21]. O

4.6. Theorem. Assume Pr(\, ). Then there are at least 22" many precomplete clones
above the unary functions on the set A\. (Hence: If A = k™, k regular, then there are 22"
many precomplete clones above & (1).)

Proof. Let (A; : i € 2*) be an independent family of subsets of u. Write —A; for u \ A;.
For each J C 2* we let

%7 = the clone generated by {Fy, 11 € JYU{F 4, :i¢ JyuoW.
We will now show that

(1) €; # 0, for all J C 2#
(2) Whenever J; # J,, then €, U %), already generates 0.

This will conclude the proof, because (1) together with fact 4.2 implies that each % can
be extended to a precomplete clone, and (2) implies that no single precomplete clone can
contain €, U €, for distinct Jy, Jo.

Proof of (1): Wlog there is some i ¢ J. By independence, A; cannot be covered by
any finite union from {4; : j € J}U{—A4; : j ¢ J}. So by the lemma, Fy, is not in the
clone €.

Proof of (2): If J; # Jo, then there is wlog some i € J; \ Jo. Now Fyu, € €, F_a, € 6,,
and by fact 4.2, {F4, F_4} generates 0. O
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We now prepare for the proof of the main lemma 4.3. Our situation is the following:
We have a function ¢ witnessing Pr(A, p). Using ¢ and our fixed pairing function pr
we have defined functions F4 : A X A — X for every A C p in 4.1. We are given sets
A,Bl,...,Bk gu, AZBlLJUBk PleCoEA\(BlLJUBk>

We want to show that Fa ¢ cl(Fp,,..., Fp,), i.e., the functions Fp,, ..., Fp,, together
with all unary functions, do not generate Fj4.

4.7. Definition. “Terms” over A are defined inductively as follows:

(1) The formal variables x, y are terms, as well as every element of \.

(2) If o is a term, f: A — A a unary function, then (f, o) is a term.

(3) If o7 and oy are terms, 1 <1 < k, then (Fg,,01,09) is a term.
Every term 7 induces (in the obvious way) a function 7 : A x A — A which is in
cd({Fp,,...,Fp,}). Conversely, every binary function in cl({Fp,,..., Fp,}) is represented
by a term.

We call a term “constant” if it is an element of A\, and we call a term x-unary if y does

not appear in it, similarly for x-unary. A term is unary if it is x-unary or y-unary. (By
definition, the constant terms are both x-unary and y-unary.)

For the following discussion, fix a term 75. Our aim is to find a large set on which all
subterms of 7y behave like unary functions. We will first explain how to find (terms for)
these unary functions, and then we show they are indeed realized on some large set.

4.8. Definition. Let S C X. For any term 7 we will try to define a unary term 7°. Whenever
o is undefined for a subterm o of 7, then also 7° will be undefined. Our definition proceeds
by induction on the structure of 7. “B” will stand for any of the sets By, ..., B,.

() T=xorT=yorT=cé€ M\

In this case, 7% = 7.

(2) 7= (f,0),and 0° =c € \.
In this case, 7° is also a constant, namely: f(c).
(3) 7= (f0), 0% = (g.%).
If fogis1-1on S, then 79 := (f o g,x).
If f o g is constant with value d on S, then 7° := d.
If f o g is neither 1-1 nor constant, then 79 will be undefined.
(4) 7 = (Fp,01,09), and of and o5 are constant (say, with values ¢; and cy):
In this case we let 75 := Fp(cy, ca).
(5) T = (Fp,01,09), 0¢ = (f,x), 02 = d (a constant).
If the function h : @ — Fp(f(x),d) is 1-1 or constant (say, with value = ¢) on S,
then we let 7% := (h,x) or = ¢, respectively. (If h is neither constant nor 1-1 on S,
then 7° is again undefined.)
(6) 7 = (Fp,01,09), and 07 = (f1,x) 05 = (fo,%).
If the function h : z +— Fp(fi(x), fa(x)) is 1-1 or constant (say, with value = d),
then we let 79 = (h, x) or d, respectively. (Otherwise, 7° is again undefined.)
<7> T= (F3701702)7 and O-ig = <f17X)7 O'“; = (f27Y>‘
We let 75 := 0. This is the crucial case of our definition.
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(8) Repeat all the above items with x and y interchanged, and/or o; and o9 inter-
changed.

4.9. Fact. Whenever 7° is defined, then 77 is either constant, or of the form (f,x) or (f,y),
where f is 1-1 on S.

4.10. Fact.
(1) If 75 is defined and S’ C S , then 7% is defined.
(2) Fix a finite set T" of terms which is closed under subterms. Then: for every set S

of regular infinite cardinality there a set S’ C S of the same cardinality such that:
For all 7 € T, 7% is well-defined.

Proof. Proceed by induction on the complexity of the terms. We have to thin out the set
S finitely many times in order to make finitely many functions 1-1 or constant. O

4.11. Lemma. Assume that 79 is defined, |S| = A\. Then there are o < 3 in S such that
T(&,ﬁ) = Ts(a7 /B) and C(CY, ﬁ) = Co.

Proof. Let T be the set of subterms of 7 (including 7 itself). Collect all the 1-1 functions
appearing in o° for 0 € T, i.e.:

F={f: JoeT o= (fx)oro’=(fy)}

The set .# is finite, the identity function is in %, and all functions in .# are 1-1. We may
thin out the set S so that the family

{fl): feF}tiael)
is pairwise disjoint. So since ¢ witnesses Pr(A\, i), we can find o < [ such that
For all f,g € F: c(f(a),g(B)) = co (and f(a) # g(B)).
This implies F,(f(«),g(8)) = 0.
Now we can prove by induction on the complexity of the subterms o of 7 that o%(«, 8) =
o(a, B). O

Proof of lemma 4.3. Let ¢g € A\ (By U--- By), and let 7 be a term. We will find «, 8
such that 7(a, 8) # Fa(a, B).

We can find a set S such that 7° is defined. Let .# be again the finite set of 1-1 functions
used in defining 7°. We can thin out the set S such that for all f € .Z:

Va,8€S: a# 8 = fla)#pr(a,B) # f(B)

[Why? For each such f € .# define a partial function f such that f(a) = 3 whenever
f(a) = pr(a,B), a # B. f is well-defined, since pr is a pairing function. We can thin out
S to get: Va € S: f(a) ¢ S. This is sufficient.]

Now thin out S such that Va € S: f(a) ¢ S or f(a) = a, and that none of the finitely
many constants appearing as 7° is equal to pr(a, 8) for a, 3 € S.

By lemma 4.11, we can find o < § with 7(a, 8) = 7°(a, 8), and c(a, ) = co. Now we
have Fa(a, B) = pr(a, B8) (as c(a, B) = co € A). On the other hand, 7° is either constant
or of the form (f,x) or (f,y) for some f € Z. So 7%(c, B) # Fa(a, B).

This concludes the proof of lemma 4.3 and hence also of theorem 4.6.
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5. WEAKLY COMPACT CARDINALS

In this section we deal with clones on infinite sets whose cardinality A satisfies A — ()3

(so either A = Nj or A is weakly compact).

Our main result here is that (in addition to the precomplete clone from section 3) there
is only one more precomplete clone containing all unary functions. This result was proved
for the case A = Ng already by Gavrilov [Gav65].

The proof we give here is self-contained and does not rely on Gavrilov’s paper; however,
many of the notions we use (in particular the case distinction depending on the behaviour
of f A, f V) have obvious parallels in [Gav65).

Recall that A — ()3 implies
A= (Vi
for all n, k < w, i.e.: Whenever h : [\|" — {1,...,k}, then there is a subset S C A, |[S| = A
such that i [ [S]" is constant.

5.1. Definition. Let H : \" — .

(1) We say that “H depends on the k-th coordinate” iff there is (aq, ..., ax_1, Ggy1,- - -, Gp)
such that the set

{H(ai,...,a5-1,%,...,a,) : & € X}

has more than one element. In this case we may also write H symbolically as
H(x1,...,%,) and say “H depends on x;,”. For n = 2 we may also say “H(x,y)
depends on x” or “... ony”.

(2) We say that H(xy,...,x,) depends heavily on the k-th coordinate (or: “on x;”) iff
there is an n — 1-tuple (aq, ..., ax_1, a1, - -, ay,) such that the set

{H(ai,...,a5-1,%,...,a,) :x € \}

has A many elements.
(3) We say that € C & is “heavily binary” if there exists H(x,y) € €, which depends
heavily on x and which also depends heavily on y.
Thus, the functions which are not “heavily binary” are exactly the “almost unary” functions

of definition 3.1, and the heavily binary clones are exactly those ¥ C ¢ which satisfy
€2 ¢ .

5.2. Example. Let H : A x A — X be a function satisfying
(%) Va>0: H(a,1) =a = H(0,a)

[E.g., the max function has this property.]
Then H depends heavily on x and y.

Conversely, if € is a clone containing all unary functions and at least one heavily binary
function, then € contains a function H satisfying (x) above.

The following example shows that there are nontrivial heavily binary clones above &(1).
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5.3. Ezample. We will write [X]<" for the family of subsets of X of size < n, and we will
write [X]<® for the family of finite subsets of X.
(1) Let 2 be the set of all functions f € & such that:
for some n, f: X" — X,
and there is a function Q : X — [X]<%o,

Vay- - xn o fo,...,2,) € Qay) U---UQ(z,)

(2) Let & be the set of all functions f € & such that:
for some n, f: X" — X,
and there is some k and a function P : X — [X]<F,
Vay--xy o fo,...,2,) € P(x) U--- U P(x,)
Then:
(A) & and 2 are clones.
PC2Co0.
& contains a heavily binary function, as well as all unary functions.

)

(B)

(C)

(D) If X is finite, then trivially & = 2 = 0.
(E) If X is countably infinite, then & C 2 = 0.
(F) If X is uncountable, then & C 2 C 0.

We leave the verification of this fact to the reader.

B
F

5.4. Theorem. Assume that A — (\)3, i.e., A is weakly compact or A = Ry. Then there is
a unique precomplete clone which contains all unary functions and is heavily binary.

By example 5.3 there are nontrivial heavily binary clones above 0! so by fact 1.3(3)
there must be at least one precomplete such clone. So it is enough to show the following:
Whenever €, %, are heavily binary clones on A\, 0V C %, N %, then cl(¢, U %) = O
implies 41 = 0 or 6, = 0.

In 5.11 we will give an explicit description of this precomplete clone.

To make the proof clearer, we need a few definitions and lemmas.
5.5. Definition. For S C A, let

As={(o,) € SxS:a>p} Vs={(a,8) € SxS:a<pf}

We let VAg :=VsUAg ={(a,8) € S xS:a+#p}.

We will write A, V and VA as abbreviations for Ay, Vy and VA, respectively.
5.6. Definition. For & = (au, g, a3, ) € X, B = (B1, B2, B3, B1) € A* we define & ~ f3 iff
Vi,je{1,2,3,4} : (u < a; & B; < B;).
5.7. Definition. Let F : VAg — X. We say that I is canonical on S iff:

For all @ ~ 3: If F(ay,az) < F(as, ay), then F(By, B2) < F(Bs, Ba).
[This also implies: For all @ ~ : If F(ay, as) = F(as, ay), then F(5y, B2) = F(Bs, ba).]

5.8. Fact. Let F': VA — X. If A — ()\)3, then
vS € (A} 39" € [S]*: F is canonical on S’
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The proof uses the partition relation A — (\)} for some large n. We leave the details to
the reader. See also fact 6.2.

Given a finite set Fi,..., F, of functions from VA — ), we can apply the lemma repeat-
edly and get a single set S € [A\]* on which all F; are canonical. This yields lemma 15 of
I1,§2 in [Gav65].

5.9. Lemma. Assume that F is canonical on VAg, where S € [A\]*. Then:

(1) F | Ag satisfies one of the following properties:
o F'| Agis 1-1 [typical examples: pr, pra.]
e [’ | Ag depends injectively on the first coordinate: F(z,y) = g(x) for some
1-1 function g. [typical examples: 77, max]
e I | Ag depends injectively on the second coordinate: F'(z,y) = g(y) for some
1-1 function g. [typical examples: 73, min]
e '] Ag is constant.
(2) Similarly for F' | V.
(3) If at least one of F' | Ag, F' | Vg is 1-1, then F[Ag|NF[Vs] = 0, or F is symmetrical
onSxS. (F(x,y) = F(y,x)).

Proof. Wlog we may assume S = \.
1 and 2 are easy. For 3, assume that F(«, 5) = F(9,7), with a < 8, v < §. We have to
distinguish several cases:

Case 1: « = v, f = §. Since F(a,f) = F(B,a), and F' is canonical, we have
F(z,y) = F(y,x) for all z,y, so F' is symmetrical.

Case 2: a =7 < <. So F(a,p) = F(6,«). Pick any ', with 6 < ' < ¢'.
Then (o, 8,7,0) ~ («a, 8,7,d), so F(a, ) = F(J,«) implies F(«,5) = F(0,a),
this means F(¢', ) = F(0, ).

Similarly we find F(«, 5) = F(a, 8'). So F is neither 1-1 on A nor 1-1 on V.

Other cases: Similar to case 2.

g

5.10. Lemma. Let € be a clone containing all unary functions. If € contains a heavily

binary function H and also a canonical function F’ which is 1-1 on A (or even: canonical
on some VAg and 1-1 on Ag, for some S € [A\]*), then ¢ = 0.

Proof. By 1.3, it is enough to find a function g € ¢ which is 1-1 on VA.

If F' is symmetrical and 1-1 on A (and also 1-1 on V, of course), then we may assume
(replacing F by ho F for some appropriate h € 0 if necessary), that F(z,y) > max(x, y)
for all x,y. We claim that the function

(2, y) = F(z, F(z,y))
is 1-1 on VA. Indeed, if F(z, F(x,y)) = F(2/, F(2',1)), then we have:
either z = o/, F(x,y) = F(2', /),
orx = F(z',y), F(z,y) = 2.
In the first case we get either y = 3/ directly, or x = ¢/, y = x, so again y = ¢/.
The second case leads to a contradiction: = = F(2',y) > 2/, v < F(x,y) = 2.
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So we assume now that F': A X A = )\ is canonical but not symmetrical. By lemma 5.9,
we know that F[A]N F[V] = (). Replacing F by ho F for an appropriate h € 6", we may
assume that

e [ | A is constantly 0.
e F' | V takes only even values > 0, and is 1-1.

Since % contains a heavily binary function, ¢ contains some function H with H(0,z) =
x = H(z,1) for all z > 0. Now check that the map (z,y) — H(Fzy, Fyx + 1) is a pairing
function. U

Proof of theorem 5.4. Assume that 7 is a term for a function in cl(%, U%3) representing
a 1-1 function on A x A\. Find a set S C X of size A such that 7 [ S is canonical (see
definition 5.7). Since € contains all unary functions, % also contains a monotone bijection
between S and A, so wlog we will assume that 7, as well as every subterm of 7, is canonical
on \.

Let © be the set of subterms of 7.

Let Ux C O (and Uy C O) be the set of those terms o which induce unary functions on
A (V, respectively), i.e.,

Un={0€®:3f e ¥(a,pB)eA:o(a,f)=f(a)] or [V(a,5) € A:a(a,B) = f(B)]}

Let o be a minimal subterm of © which is not in Ux N Uy, wlog o ¢ Usy.

Let G be the outermost function in the term o, say G € %1, G n-ary. It remains to show
that %) contains a pairing function.

All proper subterms of ¢ represent unary functions, so there are n functions fi,..., f,
and some k£ < n with

Va < f: ola, B) = G(fi(a), ..., fio1(@), fx(B), .., [n(B))-

So the function induced by ¢ (which we again call ¢) is in 4. Now o [ A is not
essentially unary. But o is canonical, so by lemma 5.10 we have a pairing function in %7.
This concludes the proof of theorem 5.4.

Gavrilov [Gav65] gave the following explicit description of the precomplete heavily binary
clone for the case of a countable base set. It turns out that the same description works
also on weakly compact cardinals.

5.11. Ezample. Let Ty := {g € 0@ : VS € [A* : neither g | Ag nor g | Vg are 1-1}.
Equivalently, let T3 be the set of all g € € such that:
For all 1-1 functions hq, ha: g(hq, he) is neither 1-1 on A nor 1-1 on V.

let 7 = Pol(T).

Then:
1) 7 is a clone, 7 2 Ty.
) All unary functions are in 7.
) The binary function pra (see 3.4) is not in 7.
) The binary function max is in 7.
) 7 is a precomplete clone.

(
(2
(3
(4
(5
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Hence, .7 is the unique precomplete clone which is heavily binary and contains all unary
functions.

Proof. (1)—(4) are easy (using fact 5.8.
Proof of (5): Let € be a clone properly containing .7. So ¢ contains a function which

is 1-1 on some set Ag. Now use lemma 5.10 to see that € = 0.
O

6. APPENDIX: SET THEORETIC ASSUMPTIONS

6.1. Definition. Let A, u, n, ¢ be cardinals (usually: X and p infinite, n finite). The
“partition symbol”

A= ()
says: Whenever the set [A]", the set of subsets of A of cardinality n is partitioned into ¢
classes (i.e., whenever f : [\|" — C, where |C| = ¢), then there is a subset A C A with at
least © many elements such that all subsets of A of size n are in the same equivalence class
(i.e., the restriction of f to [A]" is a constant function).

For example, the infinitary Ramsey theorem
NO — (No)g

says: whenever the edges of a complete (undirected) graph on countably many vertices are
colored with 2 colors, then there is an infinite complete subgraph, all of whose edges have
the same color.

We will mainly be interested in the situation A\ — (A)3. If A — (\)3, and X is an
uncountable cardinal, then A is called “weakly compact”.

6.2. Fact. If X\ — ()\)3, then for all finite n, c we have A — (\)?

.
(In fact 5.8, we use this property in the particular case n = 4 and some large number c,
approximately ¢ = 32%.)
The property A — (A\)3 is a rather strong statement, i.e., it has many interesting conse-
quences. Therefore, its mere negation,

XA (N3
or explicitly:
There is a map f : [\]> = {0,1} such that for any A C X of cardinality A
the function f | [A]? is not constant [i.e., is onto {0, 1}]
is a rather weak property of A\. There is, however, a strengthening of this negative
partition relation which already yields interesting consequences.
6.3. Definition. The statement A /4 [A]3, the “negative square bracket partition relation”
means:
There is a map f : [A\]*> — X such that for any A C X of cardinality A the
function f | [A]? is onto A

We will now consider an even stronger property of \:
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6.4. Definition. Let A > Ny and p be cardinals. The statement (or, depending on your
point of view, the “principle” or “axiom” Pr(A, i) is defined as follows:

There is a symmetric ¢ : A X A — p with the following property:
For all k € w, for all sequences (a; : i < ) of pairwise disjoint subsets of A,
of size k, for all ¢y € u:

there are i < j < A such that ¢ | (a; X a;) is constant with value ¢,

Note that if we consider the case yp = A, and weaken the conclusion by allowing only k£ =
1, we get just A /A [A]3.

This statement as well as several variants of it, are discussed in [She94, 111.4 and appendix
1]. What we call Pr(\, u) corresponds to Pri(A, A, p, Xg) there.

While the property Pr(\, \) is quite strong (in particular: sufficiently strong to prove
the result in section 4), it turns out that is is not so rare: Pr(\, A) holds for many successor
cardinals already in ZFC without extra axioms. More general results (with proofs) can be
found in chapter III of [She94], and also in [ES05] and [She97].

(1) If there is a nonreflecting S C {0 < Wy : ¢f(d) = R}, then Pr(A,A) holds. See
[She94, I11.4.6C(6)].

(2) If kK > N is regular, then Pr(k™,k*). See [She94, I11.4.8(1)], and [She97, theorem
1.1] for the proof of Pr(Ry,Ny). For xk > 2% there is a proof in [She90].

(3) If k is singular, and the set of Jonsson cardinals (=cardinals without a Jonsson
algebra) is bounded in k, then Pr(x*,x") holds. In particular, Pr(R,,1,R11)
holds. See [ES05, 1.18].
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