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BANACH SPACES AND GROUPS - ORDER PROPERTIES AND
UNIVERSAL MODELS

SAHARON SHELAH AND ALEX USVYATSOV

ABSTRACT. We deal with two natural examples of almost-elementary classes:
the class of all Banach spaces (over R or C ) and the class of all groups. We
show both of these classes do not have the strict order property, and find the
exact place of each one of them in Shelah’s SOP,, (strong order property of
order n) hierarchy. Remembering the connection between this hierarchy and
the existence of universal models, we conclude, for example, that there are

“few” universal Banach spaces (under isometry) of regular density characters.
1

1. INTRODUCTION AND PRELIMINARIES

In this paper we investigate two natural classes - the class of all Banach spaces
(real or complex) and the class of all groups, from the point of view of model theory,
more precisely, of Shelah’s classification theory for classes of logical structures.
Classification theory is an attempt to classify theories/classes of models according
to their model-theoretical complexity - number of nonisomorphic models, number of
nonisomorphic relatively “nice” models, existence of “nice” (saturated, universal)
models, etc. In order to analyze structure of classes, certain syntactical properties
were defined, some well-known, like the order property (equivalent to non-stability,
see [Sh:c], chapter I) and the tree property (equivalent to non-simplicity, see [Sh93],
[KimPil]), some less known, e.g. the strict/strong order properties (SOP), see
Definition 1.1 below. In this article we test the classes in question with respect to
these properties, as well as a semantic property of existence of universal models,
which is closely connected to SOP.

It follows from results proven here that Banach spaces and groups are not stable
and even not simple, but on the other hand, neither of these classes has the strict
order property. We do more: we find the exact position of each one of these classes
in the SOP,, complexity hierarchy defined in [Sh500], namely we show that Banach
spaces have SOP, for all n, and even FSOP (finitary strong order property),
but do not have the strict order property. This is done in sections 2 and 3. In
section 4 we show that groups have SOP;, but not SOP,. In section 2 we also
derive a conclusion considering nonexistence of universal Banach spaces in many
cardinalities.

Apart from giving particular information about Banach spaces or groups, this
work also gives a certain intuition on the SOP, hierarchy by exibiting natural,
“mathematically concrete” examples of classes that occupy nontrivial positions in

1 This publication is numbered 789 in the list of publications of Saharon Shelah. This research
was supported by The Israel Science Foundation.
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it. For instance, no “interesting” example of a theory/class with FSOP but without
the strict order property was known before.

Note that in this paper we are not investigating the first order theory of a
particular Banach space or group. Rather than that, we are interested in the
class of all groups and the class of all Banach spaces, with the natural notion
of submodel: subgroup in the case of groups, linear subspace with induced norm
in the case of normed spaces. So types in these classes are determined by the
natural embeddings/isomorphisms: isomorphisms of groups in the first case, linear
isometries in the second one. In other words, the appropriate notion of type for
us is the quantifier free type. So when we say “formula”, we mean quantifier free
formula, the same with types (unless specified otherwise).

In short, we are treating both classes as classes of models of universal theories, or
(as both have amalgamation), as so-called Robinson theories. Groups is an example
of a classical Robinson theory, see [Sh54] (called “classes of kind II” there), [Hr].
Banach spaces form a positive Robinson theory, see [Ben02]. Robinson theories are
characterized (see [Hr], [Ben02]) by existence of universal domains, i.e. universal
(for the class) homogeneous models, compact for quantifier free types (in the posi-
tive case - positive q.f. types, see a more detailed explanation below). We will fix
such “monster” models for each class in question in “big enough” cardinalities, and
all our discussions will take place inside these universal domains.

We recall now the definitions of strong/strict order properties ([Sh500]):

Definition 1.1. (1) We say that a formula ¢(Z, ) (or a type p(Z, 7)) exempli-
fies the strict order property (strictOP) in a model M if it defines a partial
order on M with infinite indiscernible chains.

(2) We say that a formula ¢(Z,7) (or a type p(Z, 7)) exemplifies the strong
order property of order n (SOP,) (for n > 3) in M if it defines on M a
graph with infinite indiscernible chains and no cycles of size n.

(3) We say that a formula ¢(Z,y) (or a type p(Z,y)) exemplifies the strong
order property of order < n (SOP<,) (for n > 3) in M if it defines on M
a graph with infinite indiscernible chains and no cycles of size smaller or
equal to n.

(4) We say that a type p(Z,y) (T, § can be of infinite length) exemplifies the
strong order property (SOP) in M if it defines on M a graph with infinite
indiscernible chains and no cycles at all.

(5) We say that a type p(Z,7) exemplifies the finitary strong order property
(FSOP) in M if it exemplifies the SOP in M and Z,y are of finite length.

See https://shelah.logic.at/papers/789/ for possible updates.

(6) We say that a formula/type exemplifies SOP,,/SOP«<,,/SOP/FSOP /strictOP

in a (positive) Robinson theory T if it exempifies it in the universal domain
of T. We say that T has one of the above properties if some (positive)
quantifier free formula/type exemplifies it.

Remark 1.2. (1) Obviously, strictOP =FSOP =SOP =SOP, for all n. All
these implications are known to be proper (see [Sh500]).
(2) SOP,+1 =SOP, for all n (this is less obvious, but still easy - see [Sh500]).
This implication is also proper.
(3) A first order theory T has SOP,, <=it has SOPx,, - once again, see [Sh500].
The right-to-left direction is, of course, obvious; in order to go from left to
right, one might have to change the formula that exemplifies the property.



Paper Sh:789, version 2005-01-20_11. See https://shelah.logic.at/papers/789/ for possible updates.

BANACH SPACES AND GROUPS - ORDER PROPERTIES AND UNIVERSAL MODELS 3

(4) Once we enlarge our logic so that it is possible to define transitive closure
of a (type-)definable relation (for example, going to Ly, ), the strict order
property loses its meaning and becomes equivalent to the SOP. But in
the first order logic, and even in other logics which are still compact, these
two properties might differ. We shall see that the class of Banach spaces
equipped with any logic satisfying Los’s theorem (in particular, with Hen-
son’s logic, see below) exemplifies this.

The SOP, hierarchy is connected in the following way to the well-known classes
of stable and simple theories:

Fact 1.3. ([Sh500]) Any theory/class with SOPs is not simple (and therefore not
stable). This implication is proper, i.e. there exists a non-simple NSOPs theory.

So SOP, hierarchy is “above” simple theories from the point of view of clas-
sification theory (i.e., more complicated), but yet below theories with strict order
property. So by [Sh:c|, theorem 4.7, all theories in the SOP,, hierarchy (properly,
i.e. unstable and without the strict order property), have the independece property
([Sh:c], definition 4.3). In particular, this holds for Banach spaces and groups.

As most people are unfamiliar with positive model theory, we will discuss now
the class of Banach spaces in more detail. In order to turn Banach spaces into a
positive Robinson theory, one has to equip it with the positive strongly bounded
logic. One way to do it is introducing (in addition to the language of a vector space
over a fixed field) predicates Pjg, q,(x) for every 0 < q1 < g2 rationals (interpreted
in the models as “q; < || 2 || < ¢2”) and allowing only positive formulae (i.e., the
only admissible connectives are disjunction and conjunction).

These formulae are in particular positive bounded in the sense of Henson, there-
fore results proven in [Henlov] hold for them. For instance, this logic is preserved
under taking ultraproducts, see the ultraproduct theorem (1.4) below. In fact, this
theorem is one way of showing compactness in the universal domain of the class of
Banach spaces.

See [Henlov] for the basics of positive model theory and [Ben02] on positive
Robinson theories. One can enrich the language, but this basic one will do for our
purposes.

In section 2 we show that there exist normed spaces with SOP,, exemplified by
quantifier free basic positive strongly bounded formulae, and in fact there exists
a normed space with “uniform” definition of those properties, i.e. FSOP. This
is a strong nonstructure result for the class of all normed spaces, and the logic
exemplifying it is the most simple and basic one. No special property of Banach
spaces as a Robinson theory (i.e. compactness) is used in that proof except the
fact that we don’t have to care about indicernibility of sequences exemplifying the
order properties, see 1.12. We could have avoided this usage, but see no need of
doing that, as all the formulae appearing in the proof are positive strongly bounded,
therefore there is no harm in working in a universal domain (which is compact for
these formulae).

In section 3 we show that the strict order property can not be exemplified in
the universal domain of the class of Banach spaces by a positive bounded formula.
This is done using compactness of the monster model. More precisely, we use the
following Henson’s version of Los’s theorem for positive formulae with bounded
parameters. We state only one direction of the theorem, because no new notions
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have to be defined in order to formulate it, and this is the only direction we’re
using here. See [Henlov] for more versions of compactness in positive bounded
logics, precise definitions of the unltraproduct and proofs.

Theorem 1.4. Let V = (V; : i € I) be a sequence of normed spaces, I infinite.
Let 8L be a nonprincipal countably incomplete ultrafilter on I, and let V be the
ultraproduct of V. modulo $ , or, more precisely, the Banach space which is (a
completion of) the normed space we get by “throwing away” all the elements with
infinite norm from the ultraproduct and dividing by the infinitesimals. Let v; € V;,
0y = (v;5 1§ <j*) (j* does not depend on i). Suppose there exists a uniform bound
for (|| vi; ||.i € I,j < j*). Denote v = (v; : i € I)/8 . Then for every positive
bounded formula ¢ (), len(Z) = j*, {i: V; E ¢(T;)} € U =V = ¢(0).

Proof. This follows from a combination of theorems and propositions proved in
[HenIov]. The proofs (as well as formulations) of those theorems use the notion
of “approximal satisfaction” which we do not define here. Those who would like
to see the whole proof, will have to follow the following lead: first, recall that if a
formula holds, then certainly so do all its approximations. Now combine [Henlov]
(9.2) with the fact that the ultraproduct is Rj-saturated by [Henlov] (9.18) and
[HenIov](9.20). O

Remark 1.5. Readers who are worried about the notion of approximate satisfaction
that was ignored, should note that we will use the theorem for quantifier free pos-
itive bounded formulae, for which notions of approximate satisfaction and regular
satisfaction coincide.

Another “test” line for classification of classes of models we consider here is
whether or not a class can admit a universal model in certain cardinals. The
questions discussed are the following (note that (2) seems more natural for our
context than (1)):

Question 1.6. (1) In which regular A can the class of normed spaces have
universal models, i.e. in which regular cardinalities can exist a normed
space that embeds (isometrically) any normed space of the same cardinality
(and less)?

(2) For which regular powers A can exist a Banach space B of density A, which
is universal (under isometries) for spaces of density < X\ (that is, every
Banach space of density < A is isometrically embeddable to B?

These questions are certainly interesting for logicians investigating model theory
of Banach spaces, but they can also be of some interest to functional analysts.
Unlike saturated, big, compact models, etc, the concept and the importance of
universal objects are well understood outside logic as well. Universal Banach spaces,
for example, were studied by Banach himself in [Ban], and Szlenk in [Sz] showed
there is no universal reflexive separable Banach space. Logicians and analysts do
not always agree, though, on the question what a universal Banach space is. In
the theory of Banach spaces more kinds of embeddings than just isometries (which
are the natural functions between normed spaces as logical structures) are allowed.
Therefore, the results here may not be of highest interest to non-logicians. In any
case, we will present almost a full answer to 1.6.

Although questions concerning the univerality spectrum seem not less natural
(or maybe even more so, especially to non-logicians) than spectrum of saturation,
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calculating it is much harder. Every theory T has a saturated model in a regular
A= A<* > |T|. Considering other A > |T|, T has a saturated model in such X\ if and
only if T is stable in A. There is no similar result for universal models. Moreover,
the universal spectrum is not absolute, so we have to deal with consistency results,
as will be explained below.

Every saturated model is universal, therefore, there exists a universal model (of
every theory T) in every regular A = A<*. In fact, existence of universal model
can be shown by a straightforward construction for every first order theory and
many non-elementary classes, in particularthose discussed in this paper, in every
regular A = 2<*. But what about other regular cardinals? It is not hard to see
that it is consistent for every 7' not to have a universal in a regular A < 2<* (see
the appendix of [KjSh409]). Therefore, the only question one can ask for a given
theory T is: for which regular A < 2<* is it consistent that T has a universal model
in A?

A group including the first author as well as Grossberg, Kojman, Dzamonja and
others has been interested in this question for particular theories and classes of the-
ories. In [GrSh174], [Sh175], [Sh457], [DzSh614], [Dz] some positive (consistency)
results can be found.

In [KjSh409], Kojman and Shelah showed a very important for our discussion
here negative result:

Theorem 1.7 ([KjSh409]). Suppose A is a regular cardinal such that for some
cardinal k, kT < A < 2%. Then there is no universal linear order of cardinality
X.  Moreover, no theory with the strict order property (see definition 1.1) has a
universal model in \.

Remark 1.8. We will call a regular A which satisfies the assumption of 1.7, a
cardinal which is far from the GCH.

Remark 1.9. See [KjSh409] for results on singular cardinalities.

In [Sh500] the first author generalized 1.7 to theories which have a weaker prop-
erty than the strict order property - SOPy (see 1.1). This is the most general known
negative result, and the conjecture is that it can not be generalized to bigger classes.
We will use this result in the paper, so it should be formalized explicitly in a way
that will come handy later:

Theorem 1.10. [Sh500] No theory/class with SOPy has a universal model in a
cardinal which is far from the GCH. Moreover, suppose X\ is far from the GCH, M
is a model, ¢(Z,y) exemplifies SOPy in M. Then there exists a linear order J of
cardinality A such that there is no sequence of length(z) - tuples of order type J in
M ordered by p(Z,7).

So the result that the class of Banach spaces has SOP, gives a partial answer to
question 1.6. Together with the fact that there exists a universal Banach space in
every regular A = 2<%, we get a pretty good idea about the universality spectrum
of Banach spaces.

Lastly, we point out that the requirement of indiscernibility of the infinite chains
in the definition of the strong/strict order properties can be omitted. This will
make our life easier when we prove those properties (in sections 2 and 4).

Suppose there exists in a “monster” model M an infinite sequence (a; : i < w)
satisfying ¢ < j = M |= ¢(a;,a;). Then by compactness, there is such a
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sequence of any length in M. Therefore, using the Erdés-Rado theorem, without
loss of generality the original w-sequence (a; : i < w) is also indiscernible. Now,
again by compactness, there is an indiscernible chain as required of any length and
order type (just a chain of the same type as (@; : i < w)).

To be more precise, we are using the following:

Fact 1.11. Suppose there exists an infinite sequence (G; : i € I} (I - some infinite
ordered set) in the universal domain M of some (positive) Robinson theory T,
and let A be a finite set of formulae in the logic of T (note that the logic of T
is compact). Then for any infinite ordered set J, there exists an indiscernible
sequence (b; : i € J) such that for all n there ewist iy < ... < i, in I satisfying
tpa(bo, .-y 0n1) 2 tPa(@;,,-..,a; ). In particular, if A = {p(x,y)} and p(a;,a;)
holds for all i < j in I, the same thing holds for (b; : i € J).

Proof. Use Erdos-Rado and compactness, exactly like the case of M a big model
of a first order theory. For more details, see [Ben0Ox]. O

We will use the following immediate corollary:

Corollary 1.12. (1) If M is the universal domain of a (positive) Robinson
theory and we are interested in strict/strong order properties exemplified in
it, indiscernibility can be omitted from all the items of the definition 1.1.
(2) If T is a (positive) Robinson theory with the universal domain M (or M is
Just a homogeneous model compact in the logic L ), T has SOP/FSOP /SOP,, /SOP<, /strictOP
in L <=it is ezemplified in M by some formula in £ with indiscernible
infinite chains of any order type <=-it is exemplified in M by some formula
in L with an infinite (not necessarily indiscernible) chain.

2. BANACH SPACES HAVE FSOP
Let F be either R or C .

Notation 2.1. We denote the “monster” Banach space (the universal domain of
the positive Robinson theory of all Banach spaces) over F by B . We identify the
class (the Robinson theory) of Banach spaces with B . So saying “B has or does
not have property X” implies that the class has or does not have it.

Theorem 2.2. B has SOP,, for all n > 3. Moreover, there is a positive strongly
bounded quantifier free formula ¢, (Z,y) exemplifying SOP<,, in B with lenz =
leny = 2, such that ©n42(Z,7) F on(Z, ).
Proof. Choose n > 2.

First we define a seminormed space By. As a vector space over [ , its basis is
{aa 1 @ <w}U{bs : @ <w}. The seminorm is defined by s(v) = sup, ., {|f(v)[},
where f, is a functional defined on the basis as follows:

fylaa) =11if a <7, fy(aq) =01if o>~y

fy(bo) =0 if a <, fy(ba) =11if a >y
and extended to every v € By in the only possible way. Note that in fact s(v) =
max,<w{|fy(v)|} (i.e. the seminorm is finite). It is not a norm: it’s easy to see
that, for example, s(ag — a3 — by + bg) = 0. So we define By as the normed space
By/{v : s(v) = 0}. Note that {a, : @ < w}U{by : @ < w} is no more a basis for
By, though it certainly still is a set that generates the vector space. The following
easy fact will be important for us:



Paper Sh:789, version 2005-01-20_11. See https://shelah.logic.at/papers/789/ for possible updates.

BANACH SPACES AND GROUPS - ORDER PROPERTIES AND UNIVERSAL MODELS 7

& 2.2.1. {aq : a <w}U{by : @ < w} is a sequence of distinct non-zero elements
n Bl.

Now denote the completion of By by B (of which we can think as of a subspace
of the “monster” B ).
Now we define a term in the language of Banach spaces (a positive bounded
term) 7, ¢(x y) by
Tne(zy)=(Mn—20z+(n—20+1)y
Now define ¢, 0,0 = T ¢(Ga, ba), 1.€.
Cnpo = (n—20aq + (n— 20+ 1)b,
It is clear from the definitions that
|[fy(enea)l =n—2¢0, if a <y
and
[fy(enpa)l =n—204+1, if o>y
. Therefore (check the calculation),

X 2.2.2.
/\ /\ llen,e4+1,8 — Cntall =2

a<f<wil<n

In this case the maximum is achieved when either y < a < f or a < § < «. For
example, if o« < § <, then f,(cn,0,a) =n—2¢, while fy(cpher18) =n—2(0+1) =
n—20—2.

Also,

X 2.2.3.
/\ /\ ”Cn,m,a — Cn70’5|| =9m+1

a<f<wm<n

In this case the maximum is achieved when o < v < 3, then f(cn,m,o) = n—2m,
while f,(cn0,8) =n+ 1.
Now we define ¢, = @, (x1y1, T2y2):

Pn = /\ (I7n,e41(72,92) = Tne(T1,91)[| £ 2) &

£<n
/\ (ITn,m (@1, 91) = Tno(@2,52)[| =2 2m + 1) &
m<n
I\ UTnm (@1, 1) = Tno(z2,92) || < 2m +2)
m<n

Remark 2.2.4. The last demand is not needed, as the reader will see in the proof, its
only purpose is to make the formula strongly bounded. Readers who are interested
only in Henson and Iovino’s logic, can just omit it.

Now we shall show that ¢, exemplifies SOP<,, in B . First, by 2.2.2, 2.2.3, and
of course 2.2.1, the sequence (anb, : o < w) verifies the first part of the definition
(in B, of which we think as of a subspace of B ), i.e. it is an infinite chain of the
graph defined by ¢,, on B (by 1.12, we don’t need to prove indiscernibility).

The only thing that is left to verify is that there are no cycles of length < n in
this graph, and this is an immediate consequence of the triangle inequality (well
hidden under the cover of long formulae):
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Suppose 2 < m < n, and suppose there are (¢;,d; : i < m) in B such that
B E pnlcidi,ciy1diy1) for i <m and B | pn(cmdm, codp). Then in particular,
from B = @, (cidi, cit1diq1) for i < m follows (taking only the “first component”
of ©y):

® 2.2.5.
/\ (I1Tnyir1(Cigr, div1) — Tnyi(cin di) || < 2)
<m
On the other hand, B [ ¢,(cmdm,codo) implies (taking only the “second
component” of ¢,,):

® 2.2.6.

[7n,m (s dm) = Tn0(co, do) || = 2m +1

But from 2.2.5 follows that |7y m(cm,dm) — Tn,0(co,do)|| < |Tn,m(Cm,dm) —
Tnm=1(Cm—1,dm—1)|| + ... + ||Tn1(c1,d1) — Tn,0(co,do)|| < 2m, which contradicts
2.2.6.

Remark 2.2.7. Careful readers have probably pointed out that we actually showed
that ¢, exemplifies SOP<(,,11) in B, but it doesn’t matter for our discussion.

We know now that ¢,, exemplifies SOP<,,. In order to complete the proof of the
theorem, we need to show that ¢, 42 F ¢, for all n > 3. For this, just note that
Tn,e(2.Yy) = Tnyoe+1(xy), and the rest follows immediately from the definition of
¥n. Q.E.D. O

As corollaries, we derive several nonstructure results.
The first one appears also in [Ben0x]):

Corollary 2.3. The class of Banach spaces is not simple, i.e. there exists a Banach
space, which is not simple, therefore not stable.

Proof. See 1.3 (]

The following corollary can be summarized as “universal normed spaces in reg-
ular cardinals exist only if they have to”, i.e. there are “few” universal normed
spaces (under isometry).

Corollary 2.4. Suppose X is a regular cardinal far from the GCH (see 1.8). Then
there is no universal normed spaces of cardinality A (under isometries).

Proof. SOPy is enough for this result - see 1.10 ([Sh500], Theorem 2.13). O
Remark 2.5. This almost answers 1.6(1).

In fact, if we look closer at 1.10, we’ll find out that a more intersting (for our
context) result can be formalized:

Corollary 2.6. Suppose A is a regular cardinal far from the GCH (see 1.8). Then
there is no universal model for the class of Banach spaces of density A (under
isometries).

Proof. Let M be a candidate. By universality, it certainly embeds B from the
proof of 2.2, and on the other hand is itself embedded in the “monster”. So there
is p(Z,y) exemplifying SOPy in it. Let J be as in 1.10. Now the Banach space B,
built in a similar way as B with basis of order type J (so its density is at most \),
can not be embedded into M, which is a contradiction to universality. [
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Remark 2.7. This almost answers 1.6(2).

Corollary 2.8. There exists a positive strongly bounded quantifier free type type
p(Z, ) with len(z) = len(y) = 2, exemplifying FSOP in B .

Proof. Choose

p(j7zj) = /\ @2n+3(£7g>
new

p is consistent by compactness, as @,+2(Z,¥) implies ¢, (Z,7). Now, as ¢, (Z,7)
exemplifies SOP<,, in B , and (anbs : @ < w) from the proof of 2.2 is an infinite
sequence ordered by ¢, for every n, the result is clear. O

3. BANACH SPACES DO NOT HAVE THE STRICT ORDER PROPERTY

A natural question after we have shown 2.8 is: does B have the strict order
property? Or, a more general question: does having a (type-definable) graph as in
2.8 imply the strict order property (maybe also type-definable)? Suppose we gave
up compactness and allowed ourselves L,,, ., formulae, i.e. infinite disjunctions as
well as infinite conjunctions. Then the answer to the second question is certainly
positive, as one can define the transitive closure of a relation using an infinite
disjunction, and the transitive closure of p(Z, 7) is easily seen to be a partial order
on B . But in our case the implication is not clear, and in fact turns out to be false
- we will give a negative answer to the first question (and therefore to the second
one). So the positive Robinson theory of Banach spaces turns out to be an example
of a class having a “uniform” definition of SOP,, but yet without the strictOP.

Theorem 3.1. B does not have the strict order property exemplified by a posi-
tive bounded type (in particular, B doesn’t have the strictOP exemplified by a p.b.
formula).

Proof. Suppose towards a contradiction that ¢(Z, %) is a positive bounded type
which exemplifies strictOP in B . So for every linear order I, there is an indis-
cernible sequence (a; : ¢ € I) which is linearly ordered by ¢(z,7). We will choose
1=7.

Denote len(z) = len(g) in ¢(Z, y) by n and assume wlog that there exists n* < n
such that A,_,.(a;¢ = aj) for all i € I and (a; : n* < £ < n,i € I) is a linearly
independent sequence over (a} : £ < n*). In other words, we assume

Assumption 3.1.1. (aj : £ < n*) |J (@i : n* < £ < n,i € I) is a basis for
<@i 11 € I>’B

Define for k < w, B}, = (ax,ar+1)s - Denote for any ky > ki + 1, B N B by
V= (generated by (aj : £ < n*)).

Pick m < w and define V,,, as a vector subspace (over F ) generated by (ag, @1, .. ., Gm)
in B . Note that by 3.1.1, V,,, (as a vector space) is just a free amalgamation of
Byj,...,Bl,_; over (a1),...,{ak—1) and V~. We shall define three different norms
on V,,. In order not to get confused between the original indiscernible sequence and
the new normed space that we are going to define, we’ll write (b; : i < m) instead of
(@i <m). Let hy : V;, > B and h_; : V,;, = B be natural (linear) embeddings
such that for 0 < k < m, hy(by) = @y and h_1(bg) = a_x. Let go : (bs) — (bx) be
the natural isomorphism mapping by onto by, and gk = go,k- Let hf; : <5k> — (as)s
be the natural isomorphism mapping by onto ayg, i.e. hi =hy [ (b)) o Gkt
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Now we define three different norms on Bj, (for k¥ < m). | - ||1 is a norm induced
by hy (which is in fact the identity), || - ||—1 is induced by h_1, lastly || - ||o is defined
by max {|| - ||l1, || - ||-=1}. Now we expand these definitions to V,: define for ¢ € V,,,,
i€ {0,1, =1}, ||t =inf {3, [ te ls s te € By D e te = t}. In other words,
Vi as a normed space (with three different norms) is defined by induction on m:
for m =1 it is just B{), Vin41 is the amalgamation (in the regular sense of normed
spaces) of V,,, and B, over (by,). In particular, V;, and B}, agree on the definitions
of the norms, and so do V,,,, and V,,, for m; < mg. Therefore, when we use norms
I - I];, we will not specify in which V;,, they are calculated.

In fact, eventually we’ll be interested only in || - |[;. Our goal is to show that
taking free amalgamations of (Gg, @1)s ... {Gm—1,0m)5s leads (in the limit, when m
tends to infinity - and here is where the compactness of our logic will be used) to a
symmetric type. The two other norms are useful for showing the limit is symmetric,
and their role will become clear in 3.1.4.

Note an easy but important observation:

Remark 3.1.2. For all r € Vp,, i € {1, =1}, || 7 |l: > || hi(7) || 5

Proof. By the definition of || - ||;, given ¢ > 0, there are ¢, € B, for p < m such
that r =3 _  tpand ||l +e >3 . (tplli =2, |l Ri(tp) |8 . The last

equality is true by the definition of || - [|; on B,. As h; is linear, we conclude
[ hi(r) 1z = 1A pemte) I8 < D perm hiltp) I8 < ([ li + 2. As e was
arbitrary, we are done. (I

Let v/, 7" € (bo). Define for 0 < k < m, r, = r' + gi(r""). We will be interested
in || rg ||; for ¢ € {0,1, —1}. Note that by the definition of the norm || - ||;, for each
e > 0, there are t, € B}, for p < k such that 7, = > _, ¢, and [[ry [li +€ >
> p<i I tp lli = | 75 [li- In the following claim we will see what ¢, as above look
like.

Denote (for k < m), V" = (b :n* <€ < n)y,,. Denote (for I < n*), b} = by
for some/all k < w, so b = aj. We will still write V'~ for (0] : £ < n*)y,, =
(a; : L <n*)m .

Claim 3.1.3. Let t, € B}, such that r, = >, t,. Then there exist r), € (by) and
sp € V7 for 0 < p < k such that t, = —r), +7,,; + 5, and for 0 <p < k,r}, €

V,F. Moreover, we may assume 7 = —r' and r, = gi(r"), therefore 3 _, s, = 0.
Proof. As t, € B}’” we can write for every p < k, t, = fpp1 — Tp + sp for 7pp1 €
Vpil,i‘p € V,f and s, € V7. So we get rx = 1"+ gi(r") = —7o + 2o i (p —

Tp) + 7k + X ,cp 8p- By 3.1.1 and the definition of V,,,, (by : £ < n*) U (biy :
n* < £ < n,i < m)is a basis of V,,,. As 7, and 7, are both elements of Ver,
remembering the fact that rp, = ' + gi(r”), where v € (bg) and r”" € (by), we
get that necessarily 7, = 7,. For 0 < p < k, this is going to be 7,. As the
claim does not demand r(, 7, ¢ V—, and we know that ' + 7y € V', as well as
gk (r") — 7, by changing so and s;_1, we may assume 7o = —r’ and 7 = gi(r").
As = =10+ 1+ Spy we get Doy s, =0, QE.D. O

Now we shall show

Claim 3.1.4. (1) For each i € {0,1,—1}, || 7% ||; is an increasing (with k) uni-
formly bounded sequence (the bound does not depend on m).
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(2) For e2aCh1j > 1a m = j27 for each i € {0317_1}7 || T'm ||0 2 || T'm ||z Z
(14271 1y lo

Proof. (1) First we show the boundedness. || ' + gi.(v"") l: < || 7" i+l g&(*") |l: =
| i) s + 1 hugk™) s = | haG?) lls + Il B () |l - So as we see,
the bound does not depend on m.
Now suppose k < £. We aim to show that || 7% ||; < || re ||;- First we’ll
prove this for i = 1.
Choose ¢ > 0. By the definition, there exist ¢, € B, such that r, =

Dop<etp and [[reflu <30 ol tp o < el +e
Let 7, € (by) and s, € V™~ for 0 <p </ be as in 3.1.3.
Then

re =1+ gr(r") = =g + gk (") =

! ! ! A A / ! 12
=-rp+ry =Tty =Ty Ty — T+ gk(T )"‘E Sp
p<L

(remember: > _, s, =0).
Therefore,

® 3.1.5.

Frilly <[F=ro+7ri+soli+ 1 —ri+ra+s i+
=7y 910" + Xec1<peesp In
Remembering that || —r,,_; + gx(r") + s |1 = || hi(—7)_1 + 9(7") + 5) |8
for s € V= (as —rj_y + gr(r"") + s € Bj_,) and using the fact that hy is

linear, we get

=k +96(r") + 2k 1<perSp 1 =
[ ha(=r_1) + ha(ge(r”)) + a3y 1<pee Sp) |13

Now by the indiscernibility of a; in B (note that k — 1 < k, k — 1 < ¢),

| a(=7%_1) + ha(gr(r")) + h1(2k71§p<2 sp) |8 =
| A (=7%_1) + ha(ge(r”)) + h1(2k71§p<f sp) ls =
[ ha(=rhy + 9e(r") + Xy _1<pce Sp) B

But by 3.1.2,
[ ha(=rh—1 +9e(r") + 2k 1<peeSp) |13 < —1hy +90(r") + 30 1cper o It

Combining all the above,

® 3.1.6.

I =rke1 + 95 (r") + 2 1<persp It S M =y +90(r") + 25 1<persp |
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Now we will go back to 3.1.5 and use 3.1.6:
[relh <l =ro+ri+soli+Il—ri+rg+sifi+...

= T ge(r") + 2k 1cpeeSp 1 <
| =76 +7r1+s0 i+ —ry+ry+s1l+...

+ || =1y + ge(r”) + Ek71§p<f sp =
[=ro+ri+soli+Il-ri+ry+sifi+...
| =t e = 9e(r) 3 cperSp I S

Dot T li=> Ity <llrlli+e
p<tl p<tl
As ¢ was arbitrary, we finish for the case i = 1. The same argument is
used for i = —1, and the case ¢ = 0 follows.

(2) Define (just for the proof) B ;; = (@;,a;)s . Just as in case of (b;,b;), we
can define three norms on B ; ; : one is induced from the original norm on
B (an analog of || - ||1), the second one is induced from the norm on B , ;,
using the isomorphism from B ;; onto B ; ; taking a; onto a; and vice versa
(an analog of || - ||=1). The third norm on B ; ; (the one we will be actually
interested in) will be denoted by || - || pe=, and it is naturally an analog
of || - |lo, i.e. the maximum of the first two norms.

So we start the proof with the following

Main Claim 3.1.7. Suppose m >k +1, ¢x € (bk)v,,, ¢m € (bm)v,,. Denote
r=cm—ck € (bg,bm)v,, . Then || 7|1 > (1+ ﬁ)_l | (1) || max

k,m
Proof of the main claim. First of all, wlog k = 0. Pick € > 0. By the defini-
tion of || - |1, there are t, € B;, for p < m such that r = Xt, and || r ||, +
€ > Xty s > || r]1. By the same argument as in 3.1.3, we can find
¢p € (by) for p < m such that for all p, ¢, = c¢p11 — ¢,. Denote || t, |1 =
[ 71(tp) |l by 0p- So
[rll+e=Xpcmep 2|7l

and we aim to show
2
h maz < (1 4+ —)-
| 21(r) llm o < (1 =) -7 [

Instead, we will show

2
| ha(r) [l gee < (1 + E) - Yop

This will certainaly suffice, as this will imply

0,m

2 2
h mar < (1 4+ —) - 1 )
| ha(r) [l <( m) [ {l =+ ( +m) €

and ¢ was arbitrary, while m here is fixed.
By 3.1.2, | ha(r) [l < |7 [l1 £ Zop < (1+ 2)-Xpp. Therefore it’s left
to show that

2
Fho1(r) lls <1+ ) Zep
Denote for p <m and «a € I, ¢y = hg(c,). By the indiscernibility of aq,
foralla < g €I,
o=l e = ||n
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Also, denote for some/all o < 8
o' =leg—cnlls
Note that o* = || h_1(r) |3 , so our goal is
2
<14+ =)
of < (1+ m) Op
For every oo < B € I there is a functional f, 3: B — F, such that

H fu,,@ H = lafa,ﬂ(cg - C%) =0

Choose ¢ such that gy is minimal. In particular,

® 3.1.8.

1
00 < E2p<m Op

Choose ag < a1 < as < az < ay in 1.

0" = ll6§? = 5| = [faraa(c8” = )| = oo (66 — )+
-1

T Z fal’o‘3 (cg4+:0*1 - Cgfle) + fahas( Qatt—1 Cail_m+£+1)+
p=1

- - - -1
T D faras (0T = ) o g (e TN -] <
p=L(+1
<00+t 01+ | farsas (€T = QTN 01+ Ot
The last inequality is true as || fa,,as || = 1.
Denote Bo =as+£€—1, 81 =ag—m+£+1. Find By < 81 < B2 < B3 in 1.
Now note that

B B B B
¢’ = Cpy = (c* — Ceil) -

Therefore, || ¢,* Ce+1 | < 30¢- So (as || far,as [ = 1),

(€0 — ) — (e, — &)

[ faraa (€T =gy N <l 6 = ¢4y || < 3o

Putting all the inequalities together (including 3.1.8), we conclude:

* — 2
0" <00+t 0r-1 F [ faras (¢ T = cgorm +1)|+Q£+1+...+Qm—1§

ZQ}D_QE +3QIZ ng+2Ql<ZQp+2 ZQp:(1+%)ZQp

p<m p<m p<m p<m p<m

which finishes the proof of the main claim.
O

Now assume m = j2 > 1. We aim to show || 7 [lo < || 7 [J1 - (1 + %)
As usual, we pick € > 0 arbitrary and assume || ry, |1 +€ > Zpam| tp |1
for some ¢, € By, satisfying 7,, = ¥p<mnty, where t, = —r}, + 1,4 + Sp as
in 3.1.3. Denote for ¢ < j, 7y = go.; ’[(Té.j), i.e. 7y is a copy of ré,j in (by).

So by the definition of r; = 7’ 4 g;(r"), we have

[rjllo= 17"+ 71 =1+ 72 = Fot oo+ 750 =70+ g;(r") [lo
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Now note that g;(r") = 7j: gm(r"”) = 7, (by 3.1.3), therefore g;(r") =
Gm. i (gm (")) = gm,;(r},). Remembering that m = j2 and the definition of
7;, we get the desired.

Also remember that ' = —r( and X, <., s, = 0 (see 3.1.3). We get:

[rjllo=M—-ro+f—fi+...+7i1=Fj1+ 7+ Spllo=

| =fo+71—F1+...+7j_1 —Fj_1 +fj+2p<msp llo <

| =fo+ 7143y sp llo+ | =F1 4+ 2+ 32 <) Sp lo+

TR e PRSI Zj(j71)§p<m sp llo=

[ Pa(=Po + 71+ 3,5 80) I8 e + 1 (=1 + 72+ 30 pcoi p) I8 pget
o (=i + 75+ D 1) <pam Sp) 1B ez =

[ ha(=r0 475+ 2 sp) 3 roe + 1 ha (=15 4755 + 35 pcnj sp) 13 mge+
o ha(=r(_gy; + 7 + 2 G—1)<pam Sp) |13 oz

(G=1)4,m

The last equality is true just by definition of 7, and indiscernibility of a;
inB .

Now (remembering that j > 1) we can apply the main claim (3.1.7) and
get for each 0 < £ < j the following inequality:

/ /
[ 71 (=75 + Ter1y; + 2ej<peer)s So) 13 N =
2
(1+ ;)” ~Tei T Ty T Xej<p<erny; o

Therefore,

2
75 llo<(1+ 3)(H =0+ 75+ ey Sp =75+ + 3 pcoisp it
+. _sz71)j + 7+ Zj(j71)§p<m sp 1)

Rewriting the last inequality in a different way, we get

2. _
(1+3) Hrllo <

| —ro + 7"2‘ + Zp<j sp v+ *7";‘ + Téj + Zj§p<2j sp [+
o =y i G- <pam Sp I S
[ =ro+ri+soli+ll—ri+ro+sili+ ..+ =1y + 7+ sm-1 lh <

[7m [l +e

Which finishes the proof of 3.1.4 (2) for the case ¢ = 1. A similar
argument is used for ¢ = —1, and we are done.

(]

By 3.1.4 (1), each one of the three sequences (|| 7, ||: : m < w) converges.
By 3.1.4 (2), all of them converge to the same limit. Let us denote this limit by
o) € R
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Let V be an ultraproduct of all the V,,, modulo some nonprincipal ultrafilter

on w (where V,,, is a normed space with the norm || - ||1):
V=T1] Vm/tt
m<w

(see 1.4 for a precise meaning of an unltraproduct of Banach spaces)

Remark 3.1.9. (1) Certainly, this is where the compactness becomes impor-
tant. We will use several times the analog of Los’s theorem for positive
bounded formulae (see 1.4), claiming V = ¢((§; 1 i < w)) it V; = ¢(&;) for
“almost all” 3.

(2) Instead of looking at V;,, and V, we should have looked at their completions,
which are Banach spaces, and not just normed spaces, but it doesn’t matter
(see [Henlov] (6.7), or recall that we deal with quantifier free formulae).

(3) We will think of V' as embedded into our “monster” B .

(4) Note that there is a natural embedding i, of V,,, into V:

im(r)=(0,...,0,r,...,7...)

ie ip(r)=g:w—=>UVm st. g(k)=0 for k <m and g(k) =r for k >
m. Moreover, for k < m we get i,, [ Vi = ig.

So we will not distinguish between elements of V,,, for some m (in fact,
for all k > m) and the appropriate elements of V.

The following discussion will be done inside V' (and therefore inside B ). Let
b, € V be the “limit” of the sequence (b, : m € w), i.e. b, = (b, : m € w)/U . Let
g be the “limit” of (g, : m € w) taking by onto b,,.

Remember that given r/,r" € (bo), we defined 7, = ' + g (") for 1 < m < w.
We expand our definitions: let 7, = '+ g ("), 7—m = 1" +gm (1), for 1 <m < w.
Also remember that for r/,r” as above, we denoted the limit of the sequences (of
real numbers) (|| 7, ||: : m < w) (for i € {1,—1,0}) by p(+',r"”). We are going to
show now that in the limit model (V'), one can exchage the roles of ' and r”.

Claim 3.1.10. Let v, 7" € (bo), T = '+ G (7"), 7y = " +gm ("), for 1 < m < w.
Let p = p(r',r"). Then

(1) For every m, || r—m [+ = || 7m |1
@ lrelv=1rwlv=p
Proof. (1) First, we show || r ||=1 > || 7—m ||1. Pick € > 0 and let (as usual)
— _ !/
Tm =D pemtp sgch that [| rp, |1 4+e2> 32, [ tp [|-1, where t), = —r, +
Thi1 + 8py T € (bp), 77 = =10, g (r") = 17, (see 3.1.3). So

Frm s te> Dl =rp+rppa +spllo= D [ hoa(=rp + 71 +5p) |l

p<m p<m
By indiscernibility, for all p < m,

[ hr(=rp +7rpa +5p) |8 =

I 21(gp.m—@+1) (=7) + Ipt1.m—p(7p11) + 5p) |5
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So
Irm =142 > > 1 1 (Gpume (o) (=) + Gpr1m—p(Thy1) + 5p) |5 =
p<m
1 7 Gpm—p(=Tp) + Gprtm—pe1) (Tp1) + 5p) |13 =
p<m
Z I gp,m—p(_ré)) + gp+1,mf(p+l)(7}/7+1) + Sp ll1
p<m

The equality between the second and the third terms is true because of
the definition of hy, h_1 on V,, and indiscernibility. Now we conclude the
following:

[ 7 -1+ =

Z H gp,mfp(_r;z) + gp+1,m7(p+1)(r;;+1) + Sp 1>
p<m

I 90.m(=70) + gm.0(r) [t = [ gm (") + 7" Iy = | 7—m [l1

As e was arbitrary, we finish. The inequality in the other direction is proven
in the exact same way.

(2) Remember that by 3.1.4, both || rp, |1 and || 7y, ||—1 are increasing se-
quences converging to p. So on one hand, || 7, |1 < p and || r—m |1 < p
for all m < w (remember that by part (1), || 7—m |l1 = || ¥m ||=1)- There-
fore,

3.1.11.
lrollv <p Irewllv <p

On the other hand, for every real € > 0, for almost all m,
[rmli=p—e remli=lrml-1=2p—¢
Therefore, for all real £ > 0,

3.1.12.
[rwllv=p—¢, llr—wlv=p—c¢

Combining 3.1.11 with 3.1.12, we get the desired equalities.
O

The following claim can be viewed as the heart of the proof we’ve been working
hard for:

Claim 3.1.13. tp(bg,b,,) is symmetric, i.e. tp(bg, by,) = tp(by,bo)

Proof. Define the obvious mapping ® from (bg, b,,) onto itself, extending g,, U g *
(“exchanging” by and b, and respecting the linear structure). It is obviously an
isomorphism of vector spaces, so we just have to show it is also an isometry. Take
r € (bo,bs,), then for some 7/,7"" € (by), r = 7" + g (r"). Therefore ®(r) =
" 4+ g,(r"). Now, by 3.1.10, || 7 ||[v = || ®(r) ||v = p(r',7"), q.e.d. O

Now we have obviously reached a contradiction. Why? First of all, note that as
tp(bi, biy1) = tp(as, @ip1) for all i € w, we get q(b;, biy1) for all i (remember: ¢(Z,7)
defines a partial order on B | (a; : i < w) is ordered by ¢). As ¢(Z,7) is a partial
order, it is in particular transitive, so q(bg, b,,) holds for all m > 0, and therefore

See https://shelah.logic.at/papers/789/ for possible updates.
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B = q(bo, b.,) (Lo¥’s theorem (1.4) + the fact that ¢ is a positive bounded type).
But by 3.1.13,B | q(by,, bo), a contradiction to g being a partial order!
O

4. GROUPS

Let § be the “monster” group (the universal domain). As in the previous
sections, we identify the class (of all groups) with its monster. Our first theorem
in this section is a non-structure result.

Proposition 4.1. § has SOP;

Proof. Consider the formula ¢(z,y) defined by “(zyz=1 = y?) A (z £ y)”.

* First, we have to show that there is a sequence (a; : i < w) such that ¢ <

Jj = ¢(a;,a;). But this is trivial by using HNN extentions (see [Rot], p

407) and compactness.

Secondly we have to make sure there is no “triangle”, but this is actually a
well-known example in geometric group theory (see [Grp], p. 493) of a trian-

gle X = (a,b:abat =b*),Y = (b,c:bcb™t = c?),Z = (a,c: cac™! = a?)

that generates a trivial group when put together. Therefore,

§ = (Vo,y,2)(zyr =2 Ayzy L =22 Azazml =22 — 2 =y = 2 = e) (where
e is the group identity). Therefore § = —(3z,y, 2)(w(x, y) A oy, 2) A (2, )),

as required.

]

The proof uses the fact that there can not be a triangle of a certain kind. A
natural question now is - what about quadriangles? In particular, is the group
H = (a,b,c,d : aba™ = b2, beb™! = % cde™! = d?,dad™! = a?) also trivial? Once
again, it’s a well-known fact that it is actually infinite, and the proof is even more
interesting than the fact itself, as it seems very general - it doesn’t speak at all about
the relations between the generators. In fact, the proof suggests a generalization
that roughly speaking says that it is impossible to “collapse” a group with four
generators by forcing relations between only adjacent pairs. Model theoretically,
this leads to the following structure result.

Theorem 4.2. G does not have SOP,, not even type-definable.

Proof. Suppose towards a contradiction that a type p(Z,y) exemplifies SOP; in G .
In particular, there exists an indiscernible sequence (a; : i < w) such that i < j =
p(@;,a;). Define for all i € w, H; = (a;)g. We denote len(z) = len(g) in p(z, )
by a (not necessarily finite) and assume wlog (by indiscernibility) that there exists
a* < asuch that A\,_,.(ai¢ = aj) for all i <w and (a;¢:a* <l < a,i<w)isa
sequence of distinct elements. Define H~ = (a; : £ < o*). As a may be infinite, we
also assume that a; in fact lists H;, and therefore H~ = H; N H; for all i < j < w.

By the indiscernibility , there exists for ¢ # j € w, an isomorphism f; ; : H; — H;
mapping a; onto a;. Define for all ¢ < j € w, H; ; = (a;,a;)g . For j < i € w we
define H; ; by “relabeling”, changing the roles of a; and a;, i.e. as a set H; ; equals
H; ;, and the group action is defined on it such that there exists f :Hj;; — H; jan
isomorphism extending f; ;U f;,;. So for j < ¢, H; ; does not have to be a subgroup

of G (but we can embed it into G , as G is universal, although not necessarily over
H; U Hj).



Paper Sh:789, version 2005-01-20_11. See https://shelah.logic.at/papers/789/ for possible updates.

18 SAHARON SHELAH AND ALEX USVYATSOV

Given two groups GG1 and G» and a subgroup of both, G, we shall denote the free
amalgamation (amalgam) of the two over Gy (see [Rot], p. 401) by G1 *g, G2. Now
let us concentrate on Hy, H1, Ho, Hs. Define Ko = Hy *g- Ho, K1 = Ho 1 *m, Hi 2,
Ko = Hj 3 %, Hs . Once again, those groups do not have to be subgroups of G . It
is obvious, though, that Kj is a subgroup of both K7 and K5 (by chasing diagrams,
see [Rot], p. 401). So we define K = K *p, K».

G is universal, so we can embed K into § . Denote the image of a; under this
embedding by b; € G . Now we note

Claim 4.2.1. tp(bob1,G ) = tp(b1b2, G ) = tp(babs, G ) = tp(bsby, G ) = tp(apa, G ).

Proof. tp(bob1,5 ) = tp(aoai, K) = tp(apas, K1) = tp(aoas, Ho1) = tp(aeas, g ).
The first equality is true because types are preserved under group isomorphisms
(“embeddings”), and the rest - just the definitions of the groups. Using the same
arguments for tp(bibs, G ), we get tp(b1ba, G ) = tp(@1@s, G ), but the latter equals
tp(apai, G ) by indiscernibility. The same argument (replacing K; by K») shows
tp(babs, §) = tp(apa,9). Now tp(bsbo,G ) = tp(asao, K) = tp(asao, K2) =
tp(asao, Hs,0), but the latter equals tp(fg”g(dg) g”’g(dl), G ) = tp(apas, G ) by the
definition of Hs3 o and fg,’g , and by indiscernibility we’re done. O

Now we obviously get a contradiction, as by (4.2.1) § = p(bo, b1) A p(by,ba) A
p(b2,b3) A p(bs,by), which contradicts the fact that p(z,y) exemplifies SOP; in
g. ([l

We derive structure and nonstructure corollaries, using model-theoretical prop-
erties that people are more familiar with than the SOP,, hierarchy:

Corollary 4.3. The class of groups does not have the strict order property. In other
words, no group has the strict order property (in the pure quantifier free language

of groups).

Proof. Obvious, as 4.2 states that the class of groups does not have SO Py, which
follows from the strict order property. O

Corollary 4.4. The class of groups is not simple, i.e. there exists a group with the
tree property.

Proof. We constructed a group with SOP;, which implies the tree property, see
1.3 ([l
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