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MORE ON THE REVISED GCH AND THE BLACK BOX

SAHARON SHELAH

ABSTRACT. We strengthen the revised GCH theorem by showing, e.g.,
that for A = cf(A\) > 3., for all but finitely many regular x < .,
it holds that “\ is accessible on cofinality x” in some weak sense (see
below).

As a corollary, A = 2* = y* > 1, implies that the diamond holds on
X when restricted to cofinality & for all but finitely many x € RegN ..

We strengthen previous results on the black box and the middle di-
amond: previously it was known that these principles hold on {6 : § <
A, cf(8) = (3,)1} for sufficiently large n; here we succeed in replacing a
sufficiently large J,, with a sufficiently large N,,.

The main theorem, concerning the acceessibility of A on cofinality &,
Theorem 3.1, implies as a special case that for every regular A > 3,
for some k < J,, we can find a sequence (Ps : 6 < A) such that u €
Ps = supu = 0 & |u| < Ju, [Ps| < A and we can fix a finite set ?
of “exceptional” regular cardinals § < 3, so that if A C \ satisfies
|A] < 3., there is a pair-coloring ¢ : [A]*> — & so that for every c-
monochromatic B C A with no last element, letting ¢ := sup B it holds
that B € Ps — provided that 6 := cf(d) is not one of the finitely many
“exceptional” members of 0.
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0. INTRODUCTION

The main result of this paper is to define for any cardinal A\ a set dp(\)
of regular cardinals < A such that for the strong limit # < A it holds that
6 Ndp(A) is finite, and for every x € Reg N #\dp(A), in some sense A has not
too many subsets of cardinality . It is our main aim here to use this to
show: if cf(A\) > p and k € Reg N p satisfies A = sup{a : k ¢ 0p(|cr|)} then
A has a “good” sequence (P, : a < \), Py C [a]=" and if A = M\* more (see
3.5, 3.8).

This gives as a main consequence that: if g > 6, A = cf(2#) then (A, k)
has the BB (Black box) and (a version of) the middle diamond for all but
finitely many x € Reg satisfying 3, (k) < . Also A = 2 = ™ > 0 = X has
diamond on cofinality « for all regular  for which 3,(k) < X except finitely
many.

So this is part of pcf theory ([17]) continuing in particular [21]. The
proof of the main theorem 3.1 of this work is in §1 here adapted to be a
shorter proof of the Revised GCH theorem from [21], so it present a short
and self-contained proof of the Revised GCH and (§0) discuss its potential
extensions.

By pcf theory ([17],[21]) a worthwhile choice of a definition of power for
k < X regular is AW/ (or A<%~), the minimal cardinality of a family of subsets
of A each of cardinality < k such that any other subset of A\ of cardinality &
is equal to (or is contained in) the union of < £ members of the family (see
Definition 1.2).

This gives a good partition of the exponentiation as A" = A & 27 <
M (Vo)(o = cf(o) < k = A< = )X). So G.C.H. is equivalent to: &
regular = 2° = k™ and [k < A are regular = A<"> = )],

Let 97 (\) = {k : K be regular < X\ and A < A~*>}. In [21] the Revise
GCH theorem is proved:

® if A > 23, then 0 (\) N J, is bounded, i.e., A = A<F> for every
sufficiently large regular x < J,,.

We can replace J, in the RGCH theorem by any strong limit cardinal 6.

The advances in pcf theory reveal several natural hypotheses. The Strong
Hypothesis (pp(u) = pt for every singular p) is very nice, but it implies
the SCH and hence does not follow from ZFC. The status of the Weak
Hypothesis (somewhat more than {u : cf(p) < p < A < pp(p)} is at most
countable) is not known but we are sure its negation is consistent though it
has large consistency strength, but not sure about (Va)(ja| > |pcf(a)|). Still
better than ® would be the following (which we believe, but do not know,
particularly (2)):

conjecture 0.1. 1) for every X\, 07 (\) is finite, or at least
2) for every strong limit p, X > p = 0T (X\) N p is finite.
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Here we define a set 99(A) N @ whose finiteness and other results on it
(see 3.1 and consequences) form a step in the right direction and suffice to
improve the results of [7]. In particular, the results allow us to use “x = W,
for some n” rather than “some regular x < 3,”. This looks like the right
direction in infinite abelian group theory (as there are non-free almost k-free
abelian groups of cardinality £ when x = V,,). So we can hope to get the
right objects in each cardinality N,,, whereas consistently they may not exist
for arbitrary k = cf(k) < 3,. However, at the moment the results here
do not suffice to get e.g. “there is an N,-free abelian group G for which
Hom(G,Z) = {0}”; for this we need k = Rg V k = Ry. It is quite “hard” for
this to fail for every \; see [25].

The work here continues also previous work on I[\]. By [10], if A = p* and
p is strong limit singular, then for some A € I[\] and some ¢ : [u*]? — cf(u),
if B C pand c | [B]? is constant (or just has bounded range), § = sup(B),
cf(6) # cf(p) then 6 € A.

By Dzamonja and Shelah [2], using [21], if A = uT and u is strong limit
singular, then for some s < u, for some A € I[)], if for every A’ C A,|A’| < 0
for some c : [A] = K, we have: if B C A’,c | [B] is constant, § = sup[B],
cf(6) > k, then § € A. By [20, 5.20], conditions on Tp help to prove that
I\ is “large”.

On pcf theory and versions of the RGCH without the axiom of choice,
see [19], [9] and more in [24].

We tried to make this paper as self-contained as is reasonably possible.
Recall

We thank Menachem Kojman, Andreas Liu and Shimoni Garti for stylistic
improvements and corrections.

Definition 0.2. 1) For an ideal J on a set X:

(a) JT = P(X)\J; we agree that J determines X so X = Dom(J) —
this is an abuse of notation when U{A : A € J} C X but usually
clear in the context;

(b) for a binary relation R on Y and an ideal J on X and for f, g € XY,
let fRyg mean {t € X : =f(t)Rg(t)} € J; the relations we shall use
are =, #, <, <.

2) If D is a filter on X, J the dual ideal on X (i.e., J ={X\A: A € D}) we
may replace J by D in the notation fR;g.

3) Let (V/t)p(t) mean {t : —p(t)} € J; similarly 37, vP 3P,

4) Let S = {6 < A:cf(§) =k} and S2,, = {§ < X : cf(0) < k}.

Definition 0.3. 1) Let A = (A; : i € X), D a filter on X, and for simplicity
first assume i € X = A; # (. We let

(a) TH(A) = sup{|F|: F CIIA and f1 # f2 € F = f1 #p fo};
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(b)
(1) TH(A) = Min{|F|:(i) FCI{4;:ic X}
(2) (1)) fi#foeF=fi#p f
(3) (i4) F maximal under (i) + (i7)};

(c) TA(A) = Min{|F| : F C HA and for every f; € IIA, for some
fo € F we have =(f1 #p f2)}-
2) If {i : A; = 0} € J then we let TH(A) = FY Y) where Y = {i :
A; # 0}; note that if {i : A; #@}eJthenTé( )
3) For f € ®*Ord and ¢ < 3 let T%(f) mean T ({f ( ) < K)).
4) If TO(A) = TL(A) = Tl%(fl) then we let Tp(A) = TH(A) for £ <
3; similarly Tp(f); we say that F witnesses Tp(A) = X if it is as in the
definition of TH(A) = X; similarly T3(f).

(07

Remark 0.4. Actually the case A = A = (A, : @ < k) is enough, so we
concentrate on it.

Claim 0.5. Let A\ = ()\; : i < k). (0) If Dy C Dj are filters on x then
Tf,o(j\) <T5 () for£=0,2.

1) TA(N) < TEHN) < TO(N), in particular TH(N) is well defined.

2) If (Vi)A; > 2% then T} /_\) =TH(N\) = T2 2(N), so the supremum in
0.3(a) is obtained (so, e.g., TpH(\) > 2" suffice; also (Vi)\i > 2% suffice).

3) min{\; : i < K} < T[E)(S\) < I1 M-

Proof. 0) Check.

1) TH(A) is well defined as every family F satisfying clauses (i) + (ii)
there can be extended to one satisfying (i) + (ii) + (iii), so as () satisfies ()
+ (ii) really T} (A) is well defined. If F exemplifies the value of T LN, it
also exemplifies T3(A) < |F|; hence easily T3(\) < TH(A) and so T2 2(N) is
well defined. In the deﬁmtlon of T9(\) the Min is taken over a non-empty
set (as maximal such F exists), so Tg(j\) is well defined.

Lastly, if 7 exemplifies the value of T} () it also exemplifies T9()\) > | F|,
so TH(A) < T(N).

2) Let u be 2. Assume that the desired conclusion fails so T3(\) <
T2 (N), so there is Fo C I\, such that [f1 # fo € Fo = f1 #p f2], and
|Fol > TA(N) + u (by the definition of T9())). Also there is Fo C IIA
exemplifying the value of T%()). For every f € Fy there is g; € F» such
that —(f #p gf) (by the choice of 7). As |Fo| > TA(A) + p, for some
g € F, the set F* =: {f € Fy : gf = g} has cardinality > T? 2(X) + p. Now
for each f € F* let Ay = {i < k: f(i) = g(i)} clearly Af € DT. Now
[+ Ag/D is a function from F* into P(k)/D; hence, as p > |P(k)/D], it
is not one to one (by cardinality consideration), so for some f’ # f” from
F* (hence form Fy) we have Ap /D = Agn/D; but so
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{li<k:f@Q)=r"O)}2{i<k:f@)=g@)IN{i<r:f'(i)=g(i)} = ApmodD

and hence is # () mod D, so =(f" #p f”), contradicting the choice of Fy.
U

Claim 0.6. Let J be a o-complete ideal on k.

DIfA= (A i <k), A= (N :i<k),\ = |A then T5(A) = T5\) and
if A€ J,B=k\A then T4(\) = Tf{B(;\ I B).

2) Tr(\) > 2% iff (YV/t)(As > 25); note that T;(X\) > 2% include its being
well defined.

5) Ty(AY) < TH(2) if (W) (A < 7).

4) If Dom(J) = U{A; : ¢ < (},( < 0 and N\; > 2% for i < Kk then
TN = Min{T9, (A | Ac):e < and Ac € J*t}.

5) In part (4) if X = (X\; : i < &) then the following are equivalent:

(1) for every f € [[ \i we have Tj(f) < A;

1<K

(i7) for some e < (,Ac ¢ J and for every f € [] \i we have Tyra (f |
1<K
Ag) < A

Proof. E.g. (and the one we use):

4) Let AL = A \U{A¢: € <e}fore <.

First assume that 7 C IIX and f; # fo € F = fi #; fo. Then for
each £ < ( satisfying A, € J*, clearly Fl&l = {f | A. : f € F} satisfies

|FEl| = |F| as f = f | A. is one to one by the assumption on F and
Flel C 1?[4 \i; so |[F| = |Fll| < TgrAE(A I A.). As this holds for every e < ¢
1EAe

for which A. € J* we get |F| < Min{T9, (A | A.) : e < (A € JT}.
By the demand on F we get the inequality < in part (4). Second, assume
< Min{TB[AE(X I Ac) 1 e < (,A. € JT}. So for each such e there is
Fo C I A such that f # g e Fe = f #5a. 9,|Fe| > p*. For each e < ¢
€A,

let fS € F. be pairwise distinct for a < ), and define f, € I\ for a < p+
as follows: f, | AL = fS when A, € J*; f, | AL is zero otherwise.

Now check. [l

Definition 0.7. For A regular uncountable and stationary S C A let (Df) s
mean that we can find P = (P, : a € S), Py C P(«) of cardinality < A such
that for every A C X the set {av € S: AN € Py} is stationary.

Definition 0.8. For A regular uncountable let [A] be the family of sets S C A
which have a witness (E,P) for S € I[)\], which means
(¥) Eis a club of \,P = (P, : a < A),Pa C P(a),|Pal < A, and for
every d € E NS there is an unbounded subset C' of é of order type
< ¢ satisfying o € O = CNa € U5 Pp-
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Claim 0.9. ([15]): 1) For X regular uncountable, S € I[\] iff there is a pair
(E,a),E a club of \,a = (aq : @ < \),aq C a such that f € aq = ag =
aoN B and 6 € ENS = § = sup(as) > otp(as) (or even 6 € ENS =0 =
sup(as)), otp(as) = cf(d) < 4.

2) If kT < X and \, K are regqular, then for some stationary S € I[\] we
have § € S = cf(0) = k.

Claim 0.10. 1) Assume that f, € "Ord for a < A\, A = (2%)" or just A =
cf(A) and (Yo < N)(|a|® < X) and S1 C {6 < A: cf(0) > Kk} is stationary.
Then for some stationary So C S1 we have: for each i < k the sequence
(fa(i) : o € Sa) is either constant or strictly increasing.
2) Assume D is a filter on k and f, € "Ord for a < ¢ is <p-increasing
and
(a) cf(d) > 2% and Sz as in part (1), or
(b) cf(d) > K, Sy C § = sup(Ss) and f|Sz is as in the conclusion of part
(1) or,
(¢) D is closed under the intersection of decreasing sequences of members
of length cf(0),S2 C 6 = sup(S2) and fo < fg for a < from Ss.
Then (fo : a < 0) has a <p-eub fs € "Ord, i.e. in fact f5(i) = U{fa(3) :
o € S} where “fs is <p —eub of f7 mean
(i) a<5:>fa§Df5
(ii) of f/ € *Ord & f' <p Max{f, 1.} then (a < 0)(f" <p fa)-
3) If f£ = (fL : a < &) is <p-increasing, f£ € "Ord for £ = 1,2 D a
filter on K and £ € {1,2} ANa < & = 3B < d3_o(f <p fg_é)g € "Ord then
g is <p —eub of f' iff it is a <p-eub of f>.

Proof. Part (1) follows easily from the Erdés -Rado partition theorem (see
14.5 in [?]) as follows: color (a, 3), for a < B in S} by the least i < k such
that fo (i) > fg(i) if there is such ¢ < s and color (a, 3) by x otherwise.
Since for every color ¢ < k there is no homogeneous set with color ¢ of
cardinality w, there is a homogeneous stationary set S’ C S with color k.
Since for each i < k there is club E; so that either f,(7) is constant on
S"N E; or for every a < 8 in E; NS’ it holds that f, (i) < fz(), by letting
So = 81N ()<, Ei we finish the proof of (i).

Part (2) is Remark 1.2A on page 44 of [17], which follows from the pcf
Trichotomy Theorem, which is Claim 1.2 on p. 43 of [17].

Part (3) Easy too. O

Observation 0.11. Assume that J, J1, Jo are ideals on k and J = J1 N Js.
If f € ®(Ord\ w) then Tf(f) = Mz’n{Tﬁl(f),Ti(f)}.
Proof. As J C Jy clearly T;(f) < 1,5y For £ = 1,2 by 0.5(0). This prove

the inequality < in the observation. For the other inequality use a pairing
function in f(i) for each i < k. O



Paper Sh:829, version 2006-02-16_11. See https://shelah.logic.at/papers/829/ for possible updates.

MORE ON THE REVISED GCH AND THE BLACK BOX 7

1. THE REVISED G.C.H. REVISITED

Here we give a proof of the RGCH which requires little knowledge; this
is the main theorem of [21] — see also [22, §1]. The presentation is self-
contained; in particular, the pcf-theorem is not used (hence proofs of some
pcf facts are repeated here in weak forms).

Definition 1.1. 1) For A >0 >0 = cf(0) let Al™% = Min{|P|: P C [\=*
and every u € [A]=? is the union of < ¢ members of P}.
2) Let Ao} = \l&ol,
3) For A > 675 let Aomfl = Min{|P| : P C [A]=" such that for every
u C A of cardinality < 6 we can find ¢* < ¢ and u; C u for ¢ < ¢* such that
u=U{u; i <i*} and [u]=F C P}
4) We may replace 6 by < 6 with the obvious meaning (also < k).

The following is a relative of Definition 1.1 not used in §1 but mentioned
in 1.3.

Definition 1.2. 1) For A > 6 > cf(0) = o let A<7%> = Min{|P|: P C [\’
and every u € [A\]<? is included in the union of < ¢ members of P}.

2) Let )\<U> — )\<0 0’>‘

3) For A > 0<% let A<7%9> = Min{|P| : P C [A\]=* such that for every
u C A of cardinality < 6 we can find ¢* < ¢ and u; C u for ¢ < ¢* such that
u C U{u; 1 i <i*} and (Vo € [4]5%) (3w € P)(v C w)}.

4) We may replace 6 by < 6 with the obvious meaning (also < k).

Observation 1.3. Let A\ >0 >k > 0 = cf(o).

1) A <> < /\[n} < ASK> | 9F,

2) A<00> < \ofl < \<o0> 4 90 byt see (3)).

8) If ¢f(0) < o then \<%> = S{\<00"> . ¢ < 0 < 0} and AoV =
(AT 5 <0 < 0}

4) \<o:k,0> < )\[U,n,@} < \<0o:k,0> 49K,

Proof. Easy. O
The main claim of this section is

Claim 1.4. Assume

(a) Ng<o=cf(o) <k<0<0,
()staa complete ideal on K,

(c) A=(N\ z</<c) and 8 < \; for any i < K,
(d) Ty (A) = A,

(e) A 69]—)\ fori < K (yes O not 0;!),
(f)zf8<3f07‘z<lithenna<3

1<K

(g) 0 =6% and 2° < .
Then \001 = ).
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Remark 1.5. 1) We may consider using a p*-free family f (see Section 2).
2) Actually we use less than T3 (\) = \; we just use

(a) there are fo € [[ A; for @ < X such that a < 8 = fo #5 f3,

1<K
(b) there are f, € [ \i for @ < A such that for every f € [[ \; for
1<K <K

some a, =(f #7 fa)-

3) Actually, “Ny < ¢” is not used here.

Proof. Let f = (fa : @ < \) be pairwise J-different, f, € [ \; (i.e. a #
1<K

B={i: fali) = f5(i)} € J).

For each i <  let P; C [A;]=Y be of cardinality \; and witness )\[ O = i
that is: every u € [\]=? is the union of < & members of P;; such a family
exists by assumption (e). Let M < (H(x), €) be of cardinality A such that
A+1C Mand f,(N\:i<k),(P;:i <k),J,P(k) belong to M.

Let P = M N[A=?. We shall show that P exemplifies the desired conclu-
sion. Now P is a family of < |[M|| = X subsets of A each of cardinality < 6;
hence it is enough to show

(*) if u € [A\]Y then u is included in the union of < & members of P (or

equal to; equivalent here as 20 < X hence ug Cus € P = uy € P).
Proof of (x): For every i < r let u; = {fa(i) : @ € u}; so u; € [N]=?, and
hence we can find (v; ; : j < j;) such that v; ; € P; and u; = U{w;j : j < ji}
and 0 < j; < 0. For each € [] j; let
<K
wy ={a€u:i<r= foli) € vy}

Clearly u = U{wy, : n € [] ji} as for any o € u for each i < k we
1<K

can choose €;(a) < j; such that fu(i) € v () and let 9, = (gi() 1 i < K),

clearly 1o € [] ji and so & € wy,, . By the assumption (f) asi < kK = j; < 0,

i<K
clearly | [ ji| < 0 and hence it is enough to prove that n € [] j; = w, € P.
<K 1<K
Asue M A |ul <60 = P(u) C M it is enough to prove, for n € [] ji, that

1<K
® wy, is included in some w € M N [A]<Y.
Proof of ®: Asi < k = |P;| = \; and Ty(\) = A by 0.6 thereis G C [] P;
<K
satisfying |G| = X and (Vg € [[ P:)(3g' € G)({i : g(i) = ¢'(i)} € JT). As
<K
(P; : i < k) € M without loss of generality G € M and as A+1 C M
we have G C M. Apply the choice of G to (v;,u) : i@ < &) € [] Pi; so
1<K

( )} belongs to J+.
KGR < N C M)
A: for every ¢ € B
H|‘ﬂ§m=9
€B

for some g € G C M the set B =: {z<n:v

Clearly B € M (as B C k,P(k) € M and ]77 m)\

and hence (v 177(1) : 4 € B) € M hence w = {«
|

<2
<
we have fo(i) € v;,@} belongs to M. Now [w| <
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because o < B < A = fo #5 f3 = fo | B # fg | B. Lastly w, C w as
a € wy& i < K = fo(i) € v; (), S0 we are done. O

Remark 1.6. We could have used instead the w above the set w' = {a < X :
{i: fa(i) € Ui,n(i)} € J+}.

To make this section free of quoting the pcf theorem we use the following
definition.

Definition/Observation 1.7. 1) For a set a of regular cardinals and o =
cf(o) < cf(N) let

(4)

Zxla] = {b C a: there is a set F C IIb of cardinality < A
(5) such that for every g € H b we can find j < o and
(6) fi € F for i < j satisfying 0 € b = (3i < 5)(g(0) < fi(0))}.
2) Clearly JZ,[a] is a o-complete ideal on a but possibly a € JZ,[a].

Remark 1.8. In fact, if Min(a) > [a], JZ,[a] = {b C a: pCfa-complete(b) C
A} ={b C a: b is the union of < o members of J_)[a]} can be proved, but
this is irrelevant here.

For completeness we recall and prove claims 1.9 - 1.12, used in the proof
of 1.13, the revised GCH.

Claim 1.9. X\ = A=< when
(a) A >2<9 >0 =cf(o) > Ny and cf(h) ¢ [0,0),
(b) for every set a C RegNAT\O of cardinality < 6 we have a € JZ\+ la].

Proof. Let x be large enough; choose M < (H(x),€,<}) of cardinality
A where <} is any well ordering of H(x) such that A +1 C M and let
P = M N [A]<?; we shall prove that P exemplifies A = Al©<?.

Clearly P C [A]<Y has cardinality A so let v € [A\]< and as 2<9 < X it is
enough to show that w is included in a union of < ¢ members of P, thus
finishing.

Let f be a one-to-one function from x =: |u| onto u so k < #. By induction
on n we shall choose f,, v, such that

® (a) fn is a function from k to A 41,
(b) Up = (Une 1€ < £p) is a partition of k which satisfies
en <oand k =U{v,e e <ept,
(¢) fo(i) = A for every i < k,
(d) fn+1(2) < fo(i) for i < R,
() (3) < fuli) and if £(3) < fuli) then fus1(3) < fuld),

1See use in 3.1. In the notation of [17] this means that: b € JZxla] <> pef,_comp(b) C
A
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(f) fn | vne € M for each € < gy,
This is sufficient: {Rang(fy, [ vne) : n < w,e < &,} is a family of < o sets
(as 0 = cf(0) > Np and n < w = o > &) each belonging to P (as f, |
Une € M) and their union includes u because for every i < k, f,(i) = f(4)
for every n large enough (by clauses (d) + (e) of ®).

So, all we need is to show, by induction, that we can choose the elements
of ®. For n =0, f,, is constantly A\. So assume n =m + 1 and f,, is given;
let,

uno = {i <K frn(i) = f(i)}
Up1 = {i < Kk : fim (i) > f(i) and is a successor ordinal or just has cofinality < 6},
Un,2 = Kf\un,O\Un,l-

As 2% <2< <\, clearly the partition (uy 0, tn1,un2) of & belongs to M,
so it is enough to choose f, 41 [ u, ¢ and an appropriate partition of u, ¢ to
< o parts separately for £ = 0,1, 2.

Case 1: ¢ =0.
Let fn | uno = fin | Uno and vy e = Ve NUpp for € < ep,.
Case 2: ¢ =1.

Let C = (C, : @ < \) € M be such that Cy = 0,Cqy1 = {a},Cs
is a club of § of order type cf(d) for limit ordinal 6 < A. Let f, [ un;
be defined by f,(i) = Min(Cy, ;)\ f(i)). For each ¢ < &y, the function
Jn T (un,1 N vme) belongs to M and hence (Cy, iy : 7 € Up,1 MUy e) belongs
to M, and fy, | (un,1 NUme) € I Cy,.(i); hence it is enough to prove

1€UR,1MNVUm, e
that II C'fm(z-) is € M. But as up 1, Vm, and C and f,, | U belongs
1€UR,1MVUm, e
to M, clearly II Ct..(:) belongs to M; hence it suffices to prove that
1€UR, 1MVUm, e
it has cardinality < A.

Subcase 2A: cf(6) > k.

Note that sup{|Cy, )| : @ € um1 Nvme} < 0,50 as [up1 Nvpe| <k <0
and 2<% < )\ clearly | II  Cy.6)l < A so we are done. Let vy e, i =

1€UM,1MVn, ¢
Ui Ny, for i < ey, and let €], = e, + .

Subcase 2B: cf(f) < k; hence cf(0) < o.

Let 0 = ¥{0; : ¢ < cf(0)},0¢ € [k, 0) increasing with ¢ and for ¢ < cf(6)
let up1¢c = {i € uny @ [Cp i) < O¢}. So for each ¢ < cf(#) we have
(0c)% < 2<% < Xand f, | (unicNme) € M. So we have a partition to
cf(f) < o cases. Let vy ¢, +6it¢ = Um,i A Un,1 N Up 1 and el = Em + e,

Case 3: £ =2.

It is enough to define fy, [ (vme N up2) for each € < gp,. Let Ay =
cf(fm (7)), it is > 6, so that (A, 1 @ € Uy e Nup2) € M and hence there is
a sequence (hy; 1 € Up2 N Ume) € M where hy,; is increasing continuous
function from A, ; onto some club of f, (7).

Let a = {\n; : @ € up2 N Uy} Applying assumption (b) and Definition
1.7(1) it is easy to finish.
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In detail, as a € JZ,.[a] there is a set F C [[{\n; : 1 € up2 NUme}
of cardinality < A witnessing it; without loss of generality F € M and
hence F C M. Let g € [[{\ni : ¢ € up2 Nvpm} be such that ¢ € uy2 N
Um,e = hni(9(Ani)) > f(i) (e.g. g(An,;) is the minimal ordinal such that
this occurs).

By the choice of the family F there are (,.(x) < ¢ and f;ms,c e F for
¢ < Gne(*) such that (Vi € up2 Nopme) (30 < Cne(%))(g(Ani) < f{nEC()\m))
For ¢ < Gui(*) we let vpee = {0 € Ve 1 £ < (= g(Anyi) 2 6;717&7§(>\n’g)
but g(Ani) < fr,cc(Ani)} 80 (Umec + ¢ < Gue(x)) is partition of vy,
Now we define f,, [ (un2 N vme) as follows. For ¢ < (,. we choose f, |
(tp,2 N Um,é,c) by (fn | (um? N ’Um,syC))(i) = hm,i( ;n,a,g()‘n,i))- 0

Claim 1.10. There is A = ()\; : i < k) and o-complete ideal J on r such

that Ty(A) > X and i < k = 2% < \; < X\ when

® (a) 2" <\, Rg <o =cf(0) <k,
(b) a CRegNA\(2%)" has cardinality < k and a ¢ JZ,[a].

Proof. Let A = (); : i < k) list a and let J = JZ,[a], and by induction on
a < X\ we shall choose a function f, € [[a such that § < a = fg <; fa-
Arriving to o for every b C a let Fi* = {f3 [ b : B < a}; so by the definition
of JZ,[a], for every b € J* := P(a)\J, there is g € []b witnessing it
because the set F¢* does not witness b € JZ,[a]. Let f, € Ila be defined by
Ja(0) =sup{gg(0) : be J" and 6 € b}. Now f, € Haas 0 € a = f,(0) <0
which holds as |JT| < 2lal < 2f < 9. Also if B < a and we let bg ={0ca:
f5(0) > fa(0)}, then b§ € JT implies easy contradiction to the choice of gg”g

(and f,). So we can carry on the induction and so (f, : @ < A), fa € [\

where f! (i) = fo(\i) exemplify T7(\) > X as required. O
Remark 1.11. This is the case Min(a) > 2/9 from [11, XIII]).

Claim 1.12. If ® below holds, then we can get equality in 1.10, i.e., there
is N' = (N, 14 < k) such that

(Oé) 28 < )\; < A,
(8) if f € H N then Ty(f) < A,
)

_ 1<K

() Ty(N) = A,
where
® (a) 2" <\, Rg <o =cf(0) <k,
(b) 28 <A <A,
(c) J is a o-complete ideal on k,
(d) Ts(A) = A

Proof. Clearly {i : \; < (2%)™} € J for n < w (by 0.5(0),(1)); so by 0.6(1)
without loss of generality i < x = \; > (27)72.
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As (H (N\i+1, <) is well founded (i.e., has no (strictly) decreasing infinite
sequenlc<enof members) and there is f € H (N + 1) satisfying T9(f) > A (i.e.
X itself), clearly there is f € JRReY —i—Z <1’; for which T9(f) > X satisfying
ge llhi+1),9<sf impliesz?g(g) < A. Now as above {i < k : f(i) <
(2"“)jr<2§E € J, so without loss of generality i < x = f(i) > (27)*2. Let
X, = |f(i)|; hence X satisfies demands («) + () of the desired conclusion,

and T;(N) = T5(f) > A. So assume toward contradiction that it fails
clause (), so by the last sentence we have T;(\') > A and we shall derive
a contradiction, thus finishing. So there is {f, : @ < AT} C [] A such
<K
that « # 8 = fo #7 f3, and let uq, =: { : f3 <; fa}. Note that
for o < B8 < AP € v = fo <y f3) = (B € ua = fo <j fp) as
fa #g fp. If for some o < A, |uq| > A, then {fg : B € us} exemplifies that
T;(fs) > X and clearly f, <; N < f, a contradiction to the choice of f. So
a < At = |us| < A. Hence by the Hajnal free subset theorem [5] there is
S C AT of cardinality AT such that (Vo # 8 € S)(8 ¢ ua). So if a # 3 are
from S then (fo < f3), contradicting 0.10(1). O

The revised GCH Theorem 1.13. If 0 is strong limit singular then for
every A > 0 for some & < 6 we have A = A0,

Remark 1.14. 1) Hence for every A > 6 for some n < w and k; < 6(¢ <
n),Ng = ko < K1 < ... < Ky = 0, for each £ < n,2" > Kppq or A =
AlFo<ren] where w) = (27¢)*.
2) If o € (cf(#), ) and A > 6 then Ao = \o<0l = 57001 . ¢ ¢ [, 0)}.
3) Note that 1.13, with A = A%< 4 1.14(1) holds also for 6 regular
strong limit uncountable by Fodor lemma.

Proof. We prove this by induction on A > 6.

Let o =: (cf(0))" < 6.

Case 0: A =6.

Let P be the family of bounded subsets of 8, so |P| = 6 and every u € [f]=?
is the union of < cf(f) members of P; hence (by Definition 1.1(1),(4)) we

have Al70 = ).
Case 1: X > 0 and for every a C Reg N A\@ of cardinality < 6 we have
ac JZ,[al.

By 1.9, we have A<l = X (recalling cf(§) < o and 1.3).

Case 2: Neither Case 0 nor Case 1.

Trivially for every k € [0,0), clause (a) of ® of 1.10 holds. As this is not
Case 1, the assumption (b) of ® of Claim 1.10 holds for some « for which
o < k < 0, and hence the conclusion of 1.10 holds for some A\ = ()\; : i < k)
and J; we have 2 < \; < X and Ty(\) > X\ where J is a o-complete ideal
on k. So the assumption, i.e., ® of Claim 1.12 holds, and hence also its

conclusion, which means that for some )\ we have
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(N ) =\,
T;(f) < Aif fe [T A

1<K
We can find an increasing sequence (6. : ¢ < cf(#)) of regular cardinals
from the interval (o,0) with limit . As we can replace this sequence by
((6c)" : ¢ € C) for any unbounded C' C cf(6), without loss of generality
e < cf(d) = 62 = 6.. By the induction hypothesis, for each ¢ < x there is
e(i) < cf(h) such that N, = (X))lf=0<0 > g or X, < O=(s)- For ¢ < cf(0)
define A¢ = {i < k: X, > 0 and (i) = ¢} and Actgye = i <k : N, < 6
and (i) = (}. So (A; : e < cf(f) + cf(6)) is a partition of k into < o sets
hence by 0.6(4) we know that

TYN) = Min{Tg[AE(X’ [ Ac) re < cf(f) + cf(d) and A. € JT}.

Hence for some ¢ < cf(f) + cf(f) we have T9(\) = TE[AC(S‘/ [ A¢) and
A¢ € JT, so by renaming without loss of generality Ac = . If ( > cf(f) as
Kk < 0,0 strong limit we get T9(N) < [ Ai < (6¢)" < 0, a contradiction, so

1<K
¢ < cf(f). As Ac € Jt by 0.6(2) clearly T%AC(X’ [A¢) > Tria (N1 Ae)

Now for each ¢ € ({, cf(#)) we would like to apply Claim 1.4 with J, X', o, &, 93, O¢
here standing for J, \, o, k, 0,6 there. (But note that 6 of 1.4 and 6 of 1.13
are not the same.) Does the assumptions (a)-(g) of ® of 1.4 hold?

Clause (a) there means Xy < 0 = cf(0) < k < 9+ < ¢ which holds as

= (cf(0))",60Ff = 0c and ¢ < { < cf(H).

Clause (b) means J is a o-complete ideal on x which holds by clause (i)
of ® above.

Clause (c) there means N = (X, : i < k) which holds by clause (ii) of ®
above.

Clause (d) there says T7(\') = X which holds by clause (iv) of ® above.

Clause (e) there means ()\;)[92’95] = A, which holds as (i) = (, so by its
choice (X;)l%<0 = X! but 6, < 93 < 6¢ < 0 and hence, by the monotonicity

in the definition, this gives (A} )[9+ el — = )} as required.
Clause (f) means “if 9; < 6’+ for i < k then [] 0; < 0+” which holds as
1<K
or = 0.
Clause (g) means 6 = 0.

So we get the conclusion of 1.4 which is )\[94+ el — \. As this holds for
every £ € (¢,cf(0)) and (f- : € < cf(0)) is increasing with limit 6, by 1.3(3)
we get A — ) As Bzr < 0, choosing 0 =: (92“ we have finished. O
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Concluding Remark 1.15. We can in 1.4 assume less. Instead of § = 6%, it
is enough (which follows from [18, §3]; see 0.5) to assume:

® for every N < X we can find F C [] A; of cardinality A" such that

1<K
f#9eF=[f#s9
This is seemingly a gain, but in the induction the case (Va C RegNAT\0)(|a| <
kK=ac J%& [a]) is problematic.
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2. THE FINITELY MANY EXCEPTIONS

What here is needed in later sections? Only 2.11 is essential. Definition
2.15 + observation 2.16 tells us what the set of exceptional cardinals 9g,,(\)
for A is; and 2.3 proves it is finite. We do not succeed to prove e.g. A >
Ny, ARy < Ry, & 09u(N) = A<®n> — X\: but we shall in §3 prove some
consequence. Now all this is used in Section 3 only if we like to say explicitly
what the finite set of possible exceptions is, i.e., in 3.3, but it is not used in
3.1 itself, which still uses Claim 2.11.

The rest clarifies the situation in various ways. In Definition 2.4 we define
“)\ is a D-representation of A\” and when such representation is exact/true
and in Definition 2.5 we give a name to the content of 2.3: i.e., we say
that when r = ((\;, Dy, Dy, K,) : 7 € T) is a representation. In 2.6 we
spell out basic properties of representations; in 2.8 we ask about possible
improvements, which the rest supplies.

In 2.11, 2.12 we guarantee that every A, is regular if A is. In 2.13 we
deal with “Tp, 4(\) = Tp()) for every A € D" and in 2.14 we deal with
how close we can get to “D,, is a co-bounded filter on «,,”. In 2.18, 2.19 we

further investigate the possible representations of A (needed for 3.3).
A<a7.u’76> — A
) - 7

In 2.1 we prove a relative of 1.4 assuming only i < Kk =
replacing 2° < X by 2% < X and getting A<?*?> = X. But so far it has no
conclusion parallel to 1.13. Note that Claim 2.1 is not needed for reading
the rest of the paper.

In full:

Claim 2.1. Assume

(a) Ng<o=cf(o) <k <I< <,

(b) J is a o-complete ideal on k,

() A= (\:i < r),

(d) T7(\) = X\ and moreover this is exemplified by a (u*, J)-free family,
(e) /\<a w0> — N fori <k,

(f) zf@ < 0 fori <k then [] 0; <0,

1<K
(g) 0=0% and 2" < \.
Then A<Om0> = X,

Remark 2.2. 1) Recall F C *Ord is (u*,J)-free when for every F' C
F,|F'| < p* we can find A = (Af : f € F') such that Ay € J and
1 b€ FIAie m\(Ap UAg) = (i) # Fali) (we can use fu(i) < fo(d)).

2) The addition to the assumption in clause (d) of 2.1 compared to clause
(d) of 1.4 is mild.

Proof. Let f = (fo: o < A) be (ut, J)-free, fo € [] \i pairwise J-different,
1<K
(ie., o # = {i: fo(i) = fs(i)} € J), exists by clause (d) of the assump-

tion.
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For each i < & let P; C [\;]S* be of cardinality \; and witness )\fa’“ 0>

\;; that is: every u € [)]=? is included in the union of < @ members of

setg ,(Pi) =: {v: v € [\]=? and every w € [v]# is included in some member of P;};

such a family exists by assumption (e). Let M < (H(x), €) be of cardi-
nality A such that A+ 1 C M and (\; : i < k), (P; : i < k), J,P(k) belong
to M.

Let P = M N[A\]S#. We shall show that P exemplifies the desired conclu-
sion. Now P is a family of < ||[M|| = X of subsets of A each of cardinality
< p; hence it is enough to show

(*) if u € [A]=? then u is included in the union of < 9 sets v € setg ,(P).

Proof of (x): Let u; = {fa(i) : @ € u}; so u; € [N\]=Y, and hence we can
find (vi; : j < ji) such that v;; € setg ,(P;) and u; = U{w;; : j < j;} and
0 < j; < 0. For each g € [] j; let
1<K
wy={a€u:i<k= fu(i) € Ui,n(i)}.
Clearly u = U{wy, : 7 € [[ ji} as for any a € u for each i < k we can
1<K

choose ¢;(a) < j; such that f,(i) € v; ;,() and let 7, = (gi() : i < k) clearly
Na € ] ji and o € wyy,,. By the assumption (f), as i < k = j; < 0, clearly

1<K
| I il < 0; hence it is enough to prove that n € [[ ji = wy € setg,(P).
1<K 1<K
So it is enough to prove for n € [] j; and w € [w,]>* that

<K
® w is included in some w’ € M N [A]<H.

Proof of ®: As i < k = |Pi|l = A\ and Ty(\) = X thereis G C [[P;
<K
satisfying |G| = XA and (Vg € [[ P:))(3¢" € §)({i : g(i) = ¢'(i)} € JT). As
i<K
(Pi 11 < k) € M, without loss of generality G € M and as A+ 1 C M we
have G C M. For each i < k we have: if a € w then f,(i) € v; moreover
fa(i) € v ) and so A; = {fa(7) : @ € w} is a subset of v; ,(;)) of cardinality
< p but v; )t € setg,, hence A; is a subset of some Al € P;. Apply the
choice of G to (A} : i < k) € [] Pi; so for some g € G C M the set
i<k
B =:{i: A, = g(i)} belongs to J*. Clearly v’ = {a < A: for some Y € J*
for every i € Y we have f,(i) € g(i)} belongs to M. Now |w'| < u®; as
a < B <AN= fo#7 fabut fis uT-free, we moreover have |w'| < p. Lastly,
by the last two sentences w’ € M N[A]S# = P; also w C w’ because B € J*

and a € w& i € B = fqo(i) € A; C A, = g(i), so we are done. O

Claim 2.3. If 0 > o = cf(c) > No, cf(0) ¢ [0,0) and X > 0, = 2< then
there is ((Ay, Dy, Dy, ky) : m € T) such that
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(a) T is a subtree of “=0 (i.e. <> T C >0, T is closed under initial
segments) with no w-branch; let maxy be the set of mazximal nodes
of T,

(b) A\, is a cardinal € (2N and van =\, > A, and Acs = ),

(¢) Ky is a regular cardinal € [0,0) if n € T\maxy and K, is zero or
undefined if n € maxr and (o) € T & a < Ky,

(d) if n € maxy then

(*)a, for no k < 8 and o-complete filter D on k and cardinals \; €

(2<9,\,) fori < K do we have Tp((N\; 1 i < K)) > Ay,

) Dy, is a o-complete filter on K, when n € T \maxr,

) TDW(<)‘n“<a> ta < ky)) = Ay if n € T\ maxr,

) if f€ Il Ap<a> then Tp, (f) < Ay,

)

a<nn

that

(@) if n € maxy, Dy = {{n}},
(B) if n € T\maxy then

= C maxy , : the following set belongs to
7 D, A - the foll bel D,
(8) {a < Kyt ANmaxy p—~<a> € Dy~<a> 1},

() if cf(X) > 0, then n € T = cf(\,;) > 0.,
(j) we can replace above “\ > 6,” by A\, > 0 for any cardinal O such
that cf(9) > 0 A (Vy < 9)(Va < 9)|a|Nl < D.

Proof. We leave clause (j) to the reader.

Case 1: Ignoring clause (i).

We prove this by induction for A > 2<¢. If \ satisfies the requirement
(*¥)x from clause (d) let 7 = {<>}, A\, = XA and ks, Do are trivial. If A
fails that demand use claims 1.10 +1.12 to find D, k, A such that

(%) k € [0,0),D is a o-complete filter on &, A=A :a<k)and A\, €
(2<9,)), a cardinal and Tp(\) = A, but f € [[ Ao = Tp(f) < \.

a<k
Now for each a < k we can use the induction hypothesis to find (A}, x5, Dy, D)
1 € To) as required in the claim for \,. Now we let:

> >
A
Y
I
>
=
A
Y
I
=

D<> = Da
Dioy~n = Dy for a < k,n € Ta,
Do ={A: ACmax7 > and {a < k: {n:{(a)"n e AN
max7, <~ € D2, } belongs to D},
(8) Dy~ ={{{)"v:veB}:Be Dy}
Easily, they are as required.
Case 2: Proving the claim with (i), so dealing with A satisfying cf(\) > 6,.
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If \ satisfies the requirement in clause (d) we finish as above. Otherwise,
we can find & € [0, 0), D, X such that
(*¥) (i) D is a o-complete filter D on k,A = (Ao : a < k) and A\, €
(259, ),
(ii)) A <Tp((\a: a < K)).
By 1.12 without loss of generality
(i) A=Tp((Aa:a<k))and f € [[ Aa=Tp(f) <A

a<k
Let B := {a : cf(Ay) > 04}. If B € DT and Tpip(f | B) < A for every
f € I\ (hence Tpip(A | B) = A because Tpip(A[B) > A by 0.5(0), and if
Tpip(A[B) > A by the proof of 1.4(2)), then we can use A | B,D | B (and
renammg) hence we are done. So assume that this fails, i.e.,

X B¢ Dt or Be DN, Tpip(f | B) > A for somefEHA.

In both cases A [ (k\B),D | (k\B) are as required in (%) (in the second case
we use 0.6(5)), so by renaming, without loss of generality B = (). For each
a < klet (A\oe:e < cf(Ny)) be increasing continuous with limit A,, and
let f = (fc:¢ < \) witness Tp(\) > A. For each ¢ < X for some h¢ € []

a<k

cf(Aa) we have fo < (Aqpe(a) 1@ <K).
What is the number of possible h¢? At most [] cf(Aa) < (64)" but

a<k
0, =2<% 0 <r<Bandcfd) =0V cf(h) <o
If cf(6) = 0 then (0.)" = (2<)* = 2<% and so [{h¢ : ¢ < A} < 0. < cf(N).
If cf(#) # 0 then cf(f) < o; hence by 0.6(5) for each ¢ < A for some
Yo < O, the set Ar = {a < k : he(a) < ¢} belongs to DY, and (Vf €
IT X)(Tpra (f 1 Ag)) <A As k<6 and [{Ac: ¢ <A} <28 <270 =4,

a<k

clearly for some pair (A,~) the set {{ < X : (A¢,v¢) = (A, )} has cardinality
A, so renaming, without loss of generality ( < x = A; = k and so again
H{he : ¢ <A} <6, < cf(N).

So for some h, [{{ < X : he = h}| = A, contradiction to clause (4iz) of (x)
above.

We finish as in case (1). O

Definition 2.4. 1) We say that A = (\; : i < k) is a D-representation of A
when:

) D is a filter on &,

) Tp(A) = A,
) if f € J[ A\ then Tp(f) < A

1<K

) D is a filter on &,
) TD+A(A)_AfOrA€D+
) if fe J] i and A € Dt then Tpya(f) < A.

1<K

(a
(b
(c
2) We say that ) is an exact D-representation of A when:
(a
(b
(c

3) We say that the D-representation is true when:



Paper Sh:829, version 2006-02-16_11. See https://shelah.logic.at/papers/829/ for possible updates.

MORE ON THE REVISED GCH AND THE BLACK BOX 19

(d) cf(\) = tef(IIX, <p).
4) We can replace the filter by the dual ideal.

Definition 2.5. 1) We say x = (A}, Dy, Dy, k) : € T) is a (0,0,0)-
representation if the conditions in Claim 2.3 hold; see clause (j) there. If
0 = 0 we may omit it. Writing just ¢ mean 6§ = |T|* + 0.

2) We say x is an exact/true representation when each (A~ <q> @ a0 < k)
is an exact/true D,-representation of ;.

3) We say that x is strict when D,, is a ,-complete filter.

Claim 2.6. 1) Assume

® (a) /:\* = (\; 11 < R) is a Dy-representation of X,
(b) X' = (\ij : j < ki) is a D;-representation of A;,
(¢) D is ¥p.(D; :i < k), i.e., the filter on uw = {(i,7) : i < K,j <

Iii}

defined by D ={ACu:{i:{j <k;:(i,j) € A} € D;} €
D*};
(d) cf(N), cf(\;) are > |u| and X\, \i, i j are > 214,

Then A = (N : (i,j) € u) is a D-representation of .
2) Like part (1) for evact representations, i.e., if in ®(a),(b) we fur-

ther assume that the representations are exact then also A an exact D-

representation of .

3) Like part (1) for true representations: if Ny = tcf( [ Xij, <p,), A =

J<Ki

tef (] Mi, <p.) then A =tcf([] Nij, <p). Similarly for min-cf, etc.

i< (i,5)

4) Assume that D is an Ni-complete filter on koA = (N 1i < k) and
Tp(A) > X > 2% and i < kK = \; > 2". Then we can find N such that
i <k=2"<XN <\ and N is a D-representation of X. If we demand only

Tp(A) > X then we know only N, < ;.

Proof. 1)

()1 A=Tp((Aijj : (4,5) € w)) N
[why? Let G' = {¢}, : @ < A;} witness that T})i()\’) = \; and
let G* = {g& : @ < A} witness that T}, (\*) = A. We now define
G = {go : @ < A} where g, € [[ A\i; is defined by go((7,7)) =
(4,5)€u
9;*(2‘) (j) and we can easily check that o < f < A = g4 # gs mod
D so G witnesses that TH(A) > X so by clause (d), Tp(\) > A.
Now if g € T[] Ai; then for each i the function (i.e. sequence)
(i,9)€u
(9((4,7)) : § < K;) belongs to [[ Ai; so for some v; < \; we have
J<Ki
{7 :9((i,5)) = ¢-,(4)} € D;. Similarly for some § < A we have {i <
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Ky = gz,(z)} c D;_*. Basily {(i,7) € w: gg(i,j) = g(4,7)} € DT, so
G witness that Tp(A) = A is as required.]

(x)2 if g € II{\;j : (4,75) € u} then Tp(g) < A

[Why? Without loss of generality ¢((7,j)) > 0 for every (i,7) € u.
For each i < k, let g; € [[ Aij be defined by ¢;(j) = g((4,7)). So
J<Ki
gi € [] Xij; and hence p; =: Tp,(g9i) < Ai; hence there is a sequence
J<K;
(R, : @ < ;) such that k!, € [ ¢:(j) and (Vh € T] ¢:(j))Ba <
I<ki I<K;
wi)(—(h #p, k). Clearly ji = (u; : i < k) € [[ A\ and hence p, =:
1<K
Tp, (1) < A; choose (g3" : @ < i) which exemplifies this. We now
define £z € T1 (i) by £5((0,4)) = K. (i) and it suffices
(4,9)€u «
to show that Tp(g) < w«(< A) is exemplified by {f¥* : a < v}
which is proved as in (x)1, the second half of the proof.|
So we are done.

2) Similarly.

3) By [17, Ch. 1].

4) Easy (and proved above). O

Remark 2.7. So if D is defined from D, (D; : i < k), as in 2.6 and A = (\; ; :

(Z,j) S u),)\i = TDZ-(</\i,j 17 < Iﬁ:fi)), A= TD*(<Ai 1 < K>) then \ = TD()\).
Question 2.8. We may wonder whether for Claim 2.3:

0) Can we add that the representation is strict?

1) If X is regular can we add: each )\, is regular. Can we moreover get
the representation is true?

2) Can add the case of nice filters and get exact representations? (on nice
filters/ideal see [17, V], [15]).

See below 2.12, 2.13(2), but first

Claim 2.9. Assume 6 > o = cf(o) > Wg and cf(0) ¢ [0,0), and \ >
9,cf(9) > 0 and (Yo < 6)(VB < 9)(|8]!*! < 8). Then X has a strict (9,0, 0)-
representation.

We repeat the proof of 2.3; however using 1.10 we need to ask there some-
what more: for some k1 € [0, k|, the ideal J is ki-complete and kK\rk1 € J
(so we can use (N\; 1 i < K1)). As in the proof of 1.10, we use [17] without
loss of generality k1 = |a| is minimal. Now if a is not the union of any < k1
members of {bg[a] : 6 € AN pcfla)}, let (N\i 11 < k1) list a and let J be the
k1-complete ideal on k1 generated by {{i < k1 : \; € bg[a]} : 0 € AN pefla)}.
If a is U{bg_[a] : € < £*} where e* < k1 and O € pcfla)N\ fore < ¥, then,
by [17, 1,§1], we can replace a by {0: : € < e*}.

Observation 2.10. 1) Assume that

(a) Ji,Ja are ideals on k with intersection J.

(b) f €*(Ord\w).
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Then Ty(f) = MindTy,(f), Ty, (f)}-

2) If (a) above holds and X is a J-representation of A, then for some
¢ € {1,2}, X is a Jo-representation of \.

3) Assume X\ = Ty, (\) and Jy a o-complete ideal on k,0 > Ny and Jo =
{ACk:AeJiorAe Jf and Ty (0 4)(A) > A}. Then J; is a o-complete
ideal on k (extending Ji and consequently, k ¢ Ja).

Proof. Easy; e.g.
1) By using pairing functions.
2) By 0.6(5). ]

Claim 2.11. If A = (\; : i < k) is a J-representation of A, \ > cf(\) > 2,

k>0 =cf(0) >Ny and X > cf(X) = cf(N) > 2% and J is an o-complete

ideal on K then for some o-complete ideal J D J, the sequence X\ is a J'-

representation of X\ and [[ A\i/J’ has true cofinality cf(\) (hence {i : \;
<K

singular} € J" when X\ is regular).

Proof. First assume A is regular. By the pcf theorem there is u* C & such
that A ¢ pcf{cf(\;) : ¢ € k\u*} and cf(\) > cf J] A;. First, assume that A

S

is a (J + u*)-representation of A, so A = Ty~ (), but this implies that for
some u € (J 4+ u*)" we have [] \;/((J + u*) | u) has true cofinality cf()\)

€U

by [20, 1.1] actually a variant of [20, 1.1](2); see the e-version.

[Why? Apply [20, 1.1](2) with J + u*, (\; : i < kK),2" here standing for
J,(f(i) : i < k), in the assumption there. This is acceptable, as clearly
the assumption there holds, so by the conclusion of [20, 1.1] there are u €
(J +u*)T and X = (X, : i < k) satisfying 2¢ < X, = cf()\]) < \; such that
A = tef([[ N}, <jjur). By the choice of u*,{i € u: X, = X\;} € J+u*, a

€U

contradiction to “) is a (J + u)-presentation”.]

So “Xis a (J 4 u*)-representation of \” is impossible. Hence by 2.10(3)
we have A\ [ u* is a (J | (s \ u*)-representation of A, so without loss of
generality u* = k, so A > max pcf{\; :i < k}. Let 1 ={uCKk:ue€Jor
u ¢ Jand P(u)NJy C J} where Jo ={u C k:u € J or for some v € J we
have A > max pcf,_ompi{i @ @ € u\v}}. Clearly Jz is a o-complete ideal
on k extending J, Jj is o-comp by 2.4(3) and by their definitions we have
JiNJs = J. So by 2.10(2) for some ¢ € {1,2}, X is a J;- representation of \.

Case 1: ¢ =1.

So A = Ty, ()\) and hence by [20, 1.1](1) for some v € (J1)* we have
that [[ Ai/(J1 | v) has true cofinality A\. So if u € Jy\J, then for some

1€V
w Cu,u’ € Jand A > max pef({)\; : i € u\u'}), but by the definition of J;
we have Ji | (u\u') = J [ (u\u') and hence (vN(u\u')) J(vNu') = vNu € J.
But this means v Nwu € J for every u € Jo\J hence v € Jj, contradiction.
Case 2: (= 2.

By the pcf theorem [] \;/J2 has true cofinality A.
1<K
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So we have finished the proof for the case A is regular; hence we are left
with the case A > cf(\) > 22". Let (A : € < cf()\)) be an increasing
sequence of regular cardinals > 2% with limit A\. For every e < cf()) there
is A = (\¢ 1 i < k) € IjcxA; such that T;(\°) = A; and f <; \° =
T5(f) < Ae. Hence there is an Nj-complete ideal J. on x extending J such
that T, (X) = Ac but f € I;<,c(A€) = Ty (f) < A and tef(Il;< ) = A

As we are assuming cf(\) > 227, clearly for some ideal J, on s the set
{e < cf(N) : Jo = J,} is unbounded in cf(\).

Without loss of generality J. = J, for every € < cf(\). Clearly € < ( =
{i: X = /\f} € Jy, so by 0.10(1) it follows that without loss of generality
(A€ : e < cf(\)) is a <j,-increasing sequence and hence by 0.10(2) it has
a lub f modulo J; without loss of generality f is < A, and without loss of
generality it is a sequence of cardinals call it N = (X, :i < k).

Clearly cf(ILi<,xA;/J.) = cf(X) and Ty(N) = X =T, (N).

Let A={i < r: N, =N} Nowif A € (J,)" and I = J,+ (k\ A) satisfies
fell XN =Ti(f) <A ie., Iis as required, we are done. Otherwise, by

1<K
monotonicity 77(\) > X and there is f; € I« i satistying T7(f1) > A.
Note that if x\ A € JF then Ty a(XN) > A; hence letting fo = (f1 |
A)U (N | (k\ A)) we have fa € [[ Ai but Ty, (f2) > A; but by the choice

_ 1<K _ _
of f = X, for some ¢ < cf(\) we have ) < A* mod J. But we have
Ty, (A°) = AL, Ty, (N) = X > \¢; contradiction. O

Conclusion 2.12. In 2.3 we can add:

(7) if X is regular then every ), is regular and for n € 7\ maxs we have
)‘TI = th( H )‘ﬂﬁ(a)/Dﬁ)‘
a<kqg
Now 2.8(2) (and also 2.8(1)) are answered by (but 2.13 is not further used
here):

Claim 2.13. Assume ? that the pair (K[S], V) fails the covering lemma for
every S C Jo(k) (or less). Then in 2.8 we can add:

1) If a € Reg N A\(2<9)" and |a| < 0 and a € J2,[a], A > 2= then for
some k = cf(k) € [0,0) and Kk-complete ideal J on k and X\ = (\; : i < k)
we have:

(a) cf(\) > 2<0 = cf()\;) > 2<7,

(b) (\i :i < k) is an exact true J-representation of X,

(c) if A is reqular then every A; is regular.
2) For any normal filter D on k we can further demand in part (1) that for
some function v : k — K the pair (J,1) is nice and A € D = 17} (k\A) € J.

2A4) If 0 > 0 = cf(0) > Ny and D is a normal filter on 0 we can add in

part (1) that the pair (J,1) is nice and A € D = 1= (k\A) € J. Similarly
for normal filters on [o]<?.

2without this assumption much more follows; see [17, V].
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3) So in 2.3, we can strengthen clauses (f),(g) to

(f)T if Ae Df,n € T\maxy then Tp, 1 A((Aj-<a> : a < ki) = N (and
hence the parallel result for D, ),

()" ifne T\maxy, A€ D} and f € [] Mj~<a> then Tp, 1 a(f) <Ny

a<ky
(and hence the parallel result for Dy ), this being an exact represen-
tation; see Definition 2.4(2),
(R)t for each n € T\maxy for some function v, : Ky, — Ky the pair
(Dy, 1) is mice,
(4) if A is regular then every X, is regular.
Proof. By [15, §3], very close to [16].
1) There are D a k-complete filter on k and \; < X such that Tp({\; :
i < K)) > X\ (by the pcf theorem). By the results quoted above without
loss of generality D is a normal filter on s x k for the function ¢ defined
by ¢(a, 8) = a. Now we can choose (D, \) such that D is a nice filter on
& X K, Tp(A) > X and tk%,(A) is minimal. As Dy C Dy = Tp,(A) < Tp,(A)
without loss of generality rk3)(\) = rkh(\) and so A € DF = 1k}, 4, () =
k. 4(N) :_rk?l’)(j\) and TD+A(/_\_) > Tp(N). If TD+A(/_\2 > A then for
some f € [[ANTpra(f) > A let N = (f(i) : i < k), so N <p A; hence
rk?,, 4(N) < 1k}, 4(X) and we get a contradiction).
2), 2A), 3) Left to the reader. O

Claim 2.14. We can add in 2.3

(k) for eachn € T\maxr, for every unbounded A C &, the set U{|wo, wa+

w) 1 a < K} belongs to Dy .

Proof. By [17, VIL,§1]. O
Definition 2.15. Assume ®; < cf(o) =0 <6 < A\
1) Let 9p(A) = 0279()\) = {k : k € RegN#\o such that we cannot find a strict
(0, 0)-representation ((Ay, Dy, Dy, ky) : n € T) satisfying & ¢ {r, : n € T}}
(and so finite!; see below). If 0 = X; we may omit it. If 0 = Ry,0 = )\ we
may omit both.
2) Let 01(\) = Di’e()\) ={k: k= cf(k) < X\ and for arbitrarily large oo < A
we have € 9(|a|)}; note that if cf(\) > Ry we can deduce the finiteness
of 91(\) from the finiteness of 99(A\). For A regular let d3(\) = 0376’9*()\)
defined as in (1), omitting (d),(f),(g) of, 2.3 adding (j) from 2.12 and: if
n € maxr,a C Reg N A, \ b, |a| < 6 then A, ¢ prf,_ ... (a) (it too is finite).
If §, = 0 we may omit it [important, but not here].
3) Let 2,(A) =0}, p(A) = 0¢(A) U{Ro} for £ =0, 1; similarly 9} 4(A).
If we omit o we mean o — Ny, 7
Observation 2.16. 1) IfX; <o = cf(o) <0 < X then 0279()\) is finite.
2) If cf(\) > Rg then 0(1779()\) is finite.

Proof. 1) Let ((Ay, Dy, Dy, ky) : n € T) be 77a strict (0, 0)-representation
(exist by 2.19(1)). If Dgﬁ()\) is infinite we can find pairwise distinct " €
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0879()\) for n < w. For every € maxy there is a finite w, C w such that
{kppe 1 € < Lg(n)} N{K" :n <w} C{K" :n € wy}; in fact, |w,| < Lg(n).

By an easy partition theorem on trees we can finish. (That is, we use
dpr : T — Ord which is defined by dp(n) = U{dpr(n{a) : () € T };
it is well defined as 7 has no w-branch (as n<av = X\, > A,). Now by
induction on the ordinal o we can observe that if p € T and dp7(p) < «
then there is 7' = ’770’ C 7 and w C w finite such that p € 7', 7" closed
under initial segments and p < v € T/ = {a < Kk, : v (o) € T'} € Df
and maxy € maxy and v € maxy = w, = w. For p € maxy this is
trivial; otherwise use that D is Nj-complete. For p =<> we get 7' = T ;
let D), =Dy [{v:n<dve€maxy},D; =Dyl{a:n"(a) € T'} forne T,
so that for every n € w\w, (X, Dy, Dy, ky : 1 € T') exemplifies ™ ¢ 07 ()
(on stronger partition theorems see [?]).

2) Similar. O

Remark 2.17. Note that if ((A,;, Dy, Dy, ky) : n € T) represent X strictly
(see 2.8(1)), the regular cardinal x does not belong to {x, : n € T} and
(U; : i < k) is an increasing sequence of subsets of maxy, then U{l; : i <
k} € DE. = (3i < k)(U € DE.). We can make this central.

Definition 2.18. Let r = ((\, Dy, Dy, ky) : 1 € T) be a o-representation
of A.

1) We say r is strict if D), is k,-complete for each n € T (for n € maxy
uninteresting).

2) We say that 9 = (9, : 7 € T) is a strong/weak witness for r when:

(a) each 0, is a set of regular cardinals,

(b) if 0 € Reg\d,, and n € T\ maxy then
stronger version: {a : o < ky and 6 € Vy~ca> VO = Ajpcast =0
mod D,
weak version: A = {a:a < K, and 0 ¢ 0, A0 # A\j~<a>} belongs
to D, and T+ a((Ag-ca> 1 a < k) = Ay

3) We say above that 0 is finitary when each 9,, is finite.
4) We say that r has d-witness if it has a finitary weak witness 0 with
0> = 0.
Observation 2.19. Assume 0 > o = cf(o) > Vg and cf(0) ¢ [0,0) and
A >0, cf(d) > 0 and (Yo < 0)(VB < 9)(|B]l* < 9).
1) Ifr is a (0,0, 0)-representation of X then for some s:
(a) s is a (0,0, 0)-representation,
(b) T* =T,
(c) D5 2Dy, forn € T* (moreover D = Dy 4 A, for some A, € D),
(d) s has a weak witness 0.
2) If we waive the moreover in clause (c) then we can add

(e) s is true.
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3) There is a sequence (D, : n < ny) when n, < w such that
(a) 0, € Reg NO\o is finite,
(b) A has a (0,0, 0)-representation x,, with d,-witness for each n (and
moreover is true),
(c) if K € RegNO\(0 UD, »(N)) then for some n,k ¢ O

Proof. 1) We choose to proceed by induction on 7: for n € T with dpr(n) =
7 choose (A,,0,) such that
(*) (a) 0y is a finite subset of Reg Né\o,
(b) if n € maxy then d,, = A, = 0 (or is not defined),
(c) if p € T\ maxy then
[(Oé) A77 S D747>>
(ﬁ) ’%77 € 0777
() if & € Reg N O\(o UDdy,) then N\ = Tp, 14, ((Ay-<a> :
a < kp) and Ay < Tp, 4 A, {a<hywed, cas} ((Agcas 1 <
Kn))-
If we succeed in that we define s as (A, Dy, + Ay, Dy, ky) : m € TF) with D,,
computed from the rest and d = (3, : n € T"), clearly they are as required.
So let us carry the definition. If n € maxy this is trivial. Otherwise
(Oy—<a> 1 @ < Ky) is well defined and we let A} = {a < Ky, @ |[dy~<ax| =1},
so (A} 1 n < w) is a partition of ), but D, is o-complete, o > Ry and hence
by 2.10 for some n = n(n) we have A\ = Tp, 4 an ((Ag~<ca> : @ < Ky)). Now
we can choose A, from {A: A C AP, A € D} and A\ = Tp,+ A((Aj<a> :
a < Kky))} such that N{d, <o~ : @ € A,} has minimal size.
Lastly, let 9, = N{d,~<a> @ @ € A,}; it is easy to check that it is as
required.
2) Use each time claim 2.11 in the end.
3) We try to choose d,, by induction on n < w such that
® (a) 0, € Regn6\o is finite,
(b) A has a (0,0, 0)-representation with a 9,-witness,
(c) if n > 0 then N{0,, : m < n} € 0,
(d) under (a)+(b)+(c), the set N{d,, : m < n} has minimal size.
By part (1) and 2.3 we can choose 9y and clearly for some n* < [9g| 4+ 1,9,
is defined iff n < n*; so we are done. O
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3. THE MAIN RESULTS (PRy, Psy)
In this Section we prove the main theorem:

Theorem 3.1. Assume that p > Ro is a strong limit and A\ > cf(\) > p.
Then for some k < p and finite 0 C Reg N there is P such that

($)ap P=(Pa:a<A),PaCa]" and |Pu| < X, Py is increasing,
(*)i’%’h for every set A C X\ of cardinality < p there is ¢ : [A]*> — K such
that:
if B C A has no last element, and c | [B]? is constant and § =
sup(B) satisfies cf(d) ¢ 0 then B € Ps.

The theorem states that for all cardinals A with cofinality greater than
W, there is a “good” sequence (Ps : § < A), which, inspite of each Ps
being small, captures many small subsets of X\. “Many” here means that
for every small set A C X there is a pair-coloring c : [A]> — & such that each
monochromatic B C A with no last element and with supremum § belongs
to Ps — provided cfd is not one of the finitely many exceptional cofinalities.

Thus, if 67 < p is not one of the exceptional cofinalities for A, then, by
the Erdés-Rado theorem, for every A C A with (2°)* < |A| < u there is
some B € [A]e+ with sup B = § which belongs to Ps, and, morover, each of
the initial segments of B with no last element belongs to a suitable Py —
provided that the cofinality of §’ is not one of the exceptional cofinalities.

Note that the theorem is closly related to the RGCH in the following way.
By the RGCH, for some k < u there is a famlily P C [A\]<* of cardinality A
and closed under taking subsets, such that every subset of A of cardinality
< v is the union of < k members of P. So if we define, for § < A of cofinality
< [, the famliy Pj as the family of u € P which are unbounded subsets of 9,
then we get |Ps| < X and the sequence (Ps : 6 < A) has a proprerty stronger
than what we promise in the present theroem: if A C A has cardinality < p
then there is a unary function ¢ from A to k (obtained by partitioning A
to k cells from P) such that if B C A is c-monocromatic and without a last
element then B € Py, (With no exceptions on cfsup B).

So what we gain in the present theorem in comparison with the RGCH is
mainly the strict inequality |Ps| < A. In return we have to exclude finitely
many “exceptional” cofianlities and settle for a weaker sense of “many sub-

sets of A” — rather than all monocroamitc sets with respect to some unary
coloring, we take all monochromatic sets with respect to some binary col-
oring.

Remark 3.2. 1) The proof of 3.1 is simpler if A is regular.
2) The conclusion of 3.1 implies that for A > p, for all but finitely many
k= cf(k) < p, Pri(A,cf(X), k) holds (see Definition 3.9(b)).

Similarly
Claim 3.3. In fact in 3.1 we can choose d = g ,(\); see Definition 2.15(1).
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Proof of 3.1: Without loss of generality, cf(x) = Rq (this is no loss by Fodor’s
Lemma,; if u is singular we may use p > cf(u) or replace ¥y by (cf(u))™.)
We choose h : cf(A) — A such that

(01 (a) If A is regular then h is the identity.
(b) If A is singular then (h(a) : o < cf())) is an increasing contin-
uous sequence of cardinals with limit .
We shall choose below P = (P, : a < cf())) such that Py, C [h(a)]<H, |Pa| <
A and P, is increasing with a. Now for each o < «c¢f(\) we can find
PL C [h(a + 1)]<* of cardinality < A such that for some xg(*) < p

Ce If A C h(a+1),|A] < p, then there is ¢ : A — k(%) such that every
B C A for which ¢ | B is constant belongs to P..

[Why? For each a < cf(\) there is such ko < p by 1.13, let cf(A\) > p >
cf(u) hence for some ko(x) the set {a < cf(N) : ko < Ko(x)} is unbounded
in cf(\). As P, is increasing, xo(*) can serve.] We then, for v < A\, let
P, = (Pay U Poll(v)) N [y]<# where a(y) = Min{a < cf(A) : v < h(a)}.
Now

[lg for <P§ 1y < A) to be as required it is enough that, for some k <
and P, (from which P’ is constructed as above) and finite 8 C Regn
1, we have
(**))\p P = (Pa:a<cf(N),Pa C [h(a)]“H, |Pa| < A, P, increasing,
() 2" AP for every A satisfying A C cf(A ) r (more generally) A C
A& (Va € A)Min(A\(« + 1)) < Min(Rang(h)\(a + 1))] and
satisfying |A| < p there is c : [A]?> — & such that:
if B C A has no last element, ¢ | [B]? is constant and § =
U{Min{(a+1) : v < h(a)} : v € B} has cofinality € (Reg Nu\0)
so B C h(9), then B € Ps.

So let us turn to proving (*x), 5, (**)AP .

We first prove the desired conclusions when the cardinal A\ satisfies
Ky aC AN Reg\p& laj < p=ac Jﬁiﬁ[ ].
Let M = (M, : a < cf(\)) be such that

@1 (a) My < (H(x), €) is increasing continuous,

) A€ My, |[Mal| <\ h(a) C Ma,

) (Mq 1 < B) € May,

) («) if A is regular then M, N X € A,

(B) if X is singular then A, +1 C My41,

where A, = Min{y: if a C (h(a+ 1) + 1) N Reg\p and
laf < p
then a € J2 [a] and y > || M|}

We let P, =: Mgt+1 N [h(a)]* and 0 = {Rg} and k = Vg, and will show
that (P, @ @ < cf(\)),0 are as required. Now (x), p of the claim holds

trivially. To prove (¥)°%%  let A C A, otp(A) < p be as there and let {ov :

(a
(b
(c
(d

AP,k
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e < (%)} list A in increasing order. Hence there is (f3; : € < £(x)) increasing
continuous such that . < cf(A\), h(B:) < ae < h(Be+1). By the assumption
(and 1.9, i.e., [17, I1,5.4]) if X is regular then for each € < (%) there is a set
P C [h(B:)]"H of cardinality < A such that every a € [h(S:)]<* is equal to
the union of < k of them (by the choice of k and X ); hence without loss
of generality P° € Mg 41 and hence P° C Mg 41 N [A(B:)]<H = Pg.. If A
is singular, using clause (d)(f) we get the same conclusion. So there is a
sequence (A.; : i < k) such that A.; € Pg.,ANa. = ANQh(B:) = U{A.; :
i < k}. We defined c : [A]> — & as follows: for e < ¢ < e(*), c({ae, ac}) :==
Min{i : o € A¢;}. So assume B C A and c | [B]? is constantly j < x and
0 = sup(B) has cofinality § € Reg N p\d. Clearly a. € B = a. N B C {a¢:
¢ <eand c{ac,a:.} =7} C Acj € Ps.. But Py = May1N[h(a)]<* is closed
under subsets and hence o, € B = a. N B € Pg,.
Now in My, we can define a tree T; it has otp(B) levels;

the i — level is {a € Ms : a C § and otp(a) =i}

and the order is «, being initial segments.

So by the assumptions (X and [20, §2]), as X; < cf(d) < p, the number
of d-branches of T is < A, so as T € Ms.1, every d-branch of T belongs to
Ms.y1, and hence B € Msy1, which implies that B € Ps, as required.

Second we prove the statement in general.

We prove this by induction on A. For A = u™ this is trivial by the first
part of the proof. So assume A > u' and the conclusion fails, but the first
part does not apply.

In particular, for some a C Reg N A\y, |a] < p and a ¢ Jiiw [a]. Hence
recalling cf(A) > p by 1.10 4+ 1.12 + 2.3 4+ 2.114 proof of 2.9, for some
k= cf(k) € [Ny, u) we have:

(%)1 there is a sequence ()\; : i < k) and an k-complete filter D on x such

that
(a) Tp(IT Ai) = A,
1<K
(b) N\i < Xand cf(\;) > p (see 2.3),
) if X <\ for i < k, then Tp((\, 1 i < K)) < A,
) tef([ Ni, <p) = cf(N).
1<K
Clearly we can find (h; : i < k) such that
()2 hj is an increasing continuous function from cf();) to A;.

(c
(d

Let
9) Dy={A:AeDor A¢ D,A€ D" and
(10) Tpi (s a)(A) = X for some X' € H Ai}.

1<K
Clearly (by 2.10),

()3 Dj is an Nj-complete filter on x extending D and we can replace D
by D + A whenever A € Dy .
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By the induction hypothesis applied to A;, as \; > u there is a pair (k;,0;) as
in the conclusion. Without loss of generality s/ = k;. So for some m(*) < w
and k(x) < p the set {i <k : [0;| = m(*), x; < k(¥)} € DY, so without loss
of generality
(%)a 1 < k= [0i] = m(x)& ki = K(x).
By clause (d) of (*); there is f such that
()5 f = (fa : @ < cf(\)) is <p-increasing and cofinal in [] A; and if
B <K
d < cf(N),cf(d) < pand f | 0 has a <p-eub, then fs is such a
<p-eub and we let f, € T] A\; be f/ (i) = Min(Rang(h;)\ fa(7)) and
1<K
i€ T1 cf(X) be defined by f(i) = h; ' (f4(i)).
1<K
For each i let P = (P! : a < cf()\;)) be such that (k)5 P T+ (**)Z%(j)hz
holds. We now choose M, for a < cf()) such that
®2 (a) My < (H(x),€) , My Ncf(X) € cf(X) +1,
(b) ||Ma]| < A, M, is increasing continuous, 8 < o = h(f) C My+1
and

ﬁ<a:><M5:B§Oé>EMa+1, N
(c) the following objects belong to My, : (P! : i < k),

(Niyh; 11 < n),f,DA and p,
(d) if A € DY, so TD+A(<|P}Q(,~)| 11 < K)) <A thenTpya(fa)+1C
Ma+1

(remember cf(A) > p > 27).
Let 9" ={0:0=ror {i <k:0¢0;} =0 mod Di}; it should be clear that
[0*| < m(x)+ 1.
Let Py = Myy1 N[h(a)]<#* and P = (P, : a < cf(\)).
It is enough now to prove that (*)27; (;) holds.
Let A C )\ |A| < u be as in the assumption and we should find c : [A]? —
k(*) as required. For i < k let A; = {fa(i) : @ € A}, so A; € [\]°* and
hence there is c; : [4;]? — k() as required. Recalling that x(x)* = k(*), we
can choose ¢ : [A]? — k(%) such that
®3 if a1 < B1, a0 < Po are from A and c{ay, 1} = c{ag, f2} then

(i) if i < then fa, (1) < f5,(1) = fa, (i) < [, (9),

(i) i i < & then fo (1) > fo,(1) = Jon(D) > fo,(0)

(ili) if i <k and fa, (i) < fg,(¢) then ci{ fa, (2), f5, (1)} = ci{faz(4), f3, (9)}-
Let 6 € Reg N p\0* and let 6 < cf(\) and B € A N Ah(d) be such that
c | [B)? is constantly j and § = cf(6) and § = sup(B). We can replace D
by D+ {i < k:0 ¢ 0;}. So for some set a C k we have

@4 if o < B are from B then a = {i < k : fo(i) < f3(7)}.
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Clearly a € D and (f,(i) : @ € B) is increasing for each i € a. Note that
by ®,4 for each i € a the sequence (f,(i) : « € B) is increasing and let B; =
{fa(i) : @ € B}, so §; =: sup(B;) has cofinality 6 and c; | [B;]? is constant.
Hence by the choice of P? clearly B; € Pgl Also as a € D by ®4 and D being
k-complete, the sequence f | § has a <p-eub f’, f'(i) =: U{fa(i) : i € B},
and hence ® o/ := {i € a : fs5(i) = 6;} belongs to D. Now \P}é(i)] < A, and
hence T ({P" y i< K)) < A, so there is F C [] 73}5(1.), |F| < A such that

fs (i 4
1<K
for every g € [] P}é(i) there is ¢’ € F such that {i: g(i) = ¢’(i)} € D*. So
1<K

f,P € My C Ms,q and hence f;5 € Ms,1; hence without loss of generality
F € M;sy1. By the choice of My, ie., clause (b) of ®y it follows that
F C Ms.q. We can define g € H P}S(i) by letting i € o' = g(i) = B;. So
1<K

there is ¢’ € F C Msyq such that b = {i : g(i) = ¢'(i)} € D' and hence
bNna € DT. Thatis V) =:{i € d’: ¢'(i) = B;} € D*. Clearly b’ € My, (as
p € Mgy and hence H(p) C Msyq) and ¢’ € Mgy q; hence ¢' |V € Ms,yq,
and hence also the set B* belongs to Mgy where

B = {y<X:{iebt:f(i)eg()=g(i)= B} e D}
Now |B*| < [[ Bi < p and @« € B = o € B*. But as B* € M, every
1<K
subset of B* belongs to Ms,1; hence B € M;s11 and so B € Pjs, as required.

Proof of 3.3.

The proof is a variant of the proof of 3.1. In the case where X holds,
recall that Ny € 9(= 0 ,(\)), so what is proved there suffices.

In the general case, when =X, there is (\; : i < k) as in (x)1, but we
would like to choose a carefully. By 2.19 we can find 9, \,, d,, for n < n*

such that
X (a) 0 = (0, : n < n*) where d,, C Reg N p is finite,
(b) 26,,(A) ="{on : n <™},

) Tl
1<K
(8) A7 < A and cf(A\?) > p,
) if X, < AP for i < k then A > Tp((\; : i < k),
)

_ 1<K
(d) dp, = (d : i < k) satisfies
(e) if @ € Reg N p\dy, then {i < k:0 € d'} =0 mod D.
We then continue as there using f* = (f2 : alpha < \) for n < n* as there
(so ¢{a, B} will be defined fg, f§ for n <n*).

3Note that here we use 6 # Kk — in fact this is the only point that we use it at; if we
could avoid it, then ? could be chosen as {Ro}
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Discussion 3.4. 1) Note that in a sense what was done in [10], i.e., I[)] large
for A = p, is done in 3.1 for any \ with cf(\) > p.
2) We may consider replacing 0 by {Xg} in 3.1. The ?7base of the induction
is clear (pcfy,-inaccessibility). So eventually we have fs for it as above
(fo : o € B), the hard case is cf(otp(B)) = k; we have the induced h. € "k
such that o < k = {i : d < h«(i)} € D, but (V"i)[cf(h«(i)) = Vo] (otherwise
using niceness of the filter (which without loss of generality holds), etc., we
are done).

Note that this problem appears even in the simplest version of our prob-
lem: “assume p is the strong limit of cofinality N; (or k € [Ny, u)) and
2t = u; does it follow that O gt holds?” See [12], Cummings-Dzamonja-

cfow
Shelah [1], Dzamonja-Shelah [3]; and [23], §1 for a positive answer for a

somewhat weaker property.

But if £ = cf(k) > No and in 2.15 we use D = Dy + S§ , for each o < K
we should consider «(t); if D-positively we have 1(t) < h.(t) we are done.
But if ¢(t) > h«(t), D-positively , then on some A € DT, h, | A is constant.

Conclusion 3.5. Assume p < A, u is strong limit > Rg, A is regular (or just
cf(A) > ). Then for some xk < p and finite 9 C Reg N p to which Ny belongs
(in fact (2)(X\) U{Ro}) is acceptable), there is F such that
@‘;gf (a) F=(Fa:a <A, |Fa| <Afora <X\ E=\if \=cf(\), E is
a club of X if c¢f(\) < A,
(b) Fa € {f: f a partial function from «a to a,|Dom(f)| < p}, Fa
closed under restriction,
(c) for every A C A, |A| < pand f: A — X for some c : [4]?2 — &
we have
[0, if BC A,6 =sup(B) € E,c | [B]? is constant,
[ € B= f(a) < 4] and cf(§) ¢ 0 then f | B € Fs

anda € B= f|(BNa)€ F,.

Proof. We use the result of 3.1.

For clause (c¢) we use pairing function pr on A such that pr(a,f) <
Max{w, a + |a|, 8 + |B]} to replace the function f in clause (c) by the set
{pr(e, f(a)) : @ € A} and first we restrict ourselves to § in some club E of A
(the range of h in 3.1’s notation) such that § € E = |§| divides 0 (and hence §
is closed under pr); so if B C A\, sup(B) € E we are done. The other cases are
easier as without loss of generality if « < ¢ € E, then a+ Min{x : p > |a]
and if a € Reg Nx*, [a| < p, pcfy+_comp(a) € pt} < 9, and it is easy to
finish as in the proof of 3.1. ([

Conclusion 3.6. Assume that p is strong limit, A\ = A<# (equivalently A = \*

when g is singular) and ¢f : [\]<# — [A]</ satisfies for notational simplicity

cl(B)=U{cl(BN(a+1)):a€ B} and By < By = By C ¢l(By) C cl(By).
Then in 3.5 we can add to (a),(b) and (c) also
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(d) g is a function from {f [ u: f € VX and u € [\]<#} to ),
(e) for every f : cf(X) — A for some g : [A\]<* — X (in fact gf(u) =
g(f | cf(u)) we have
X for every A C cf(\) of cardinality < p such that @ € A =
gr(ANa) < a, for some function ¢ : [4]? — k we have
® if B C A,c | [B])? is constant and B has no last element,

d = sup(B) has cofinality ¢ 0 then f [ ¢/(B)

belong to s and o« € B = f [ cl(BNa) € U{F3 :
B <6},
(f) if X is regular then there is a sequence C' = (Cs : § € S) such that
() SCTS*={d < A: cf(0) € [Ny, 1)},
(B) Cs a club of § of order type cf(d)
and in clause (e) we can add:

(v) f I ct(Cs) € Fs and
(0) aeCs= flcl(Csna)e |J Fp and
B<é
() a € mnacc(Cs,) N nacc(Cs,) = Cs, Nav = Cs, N,
(¢) if a < cf(A) is limit, cf(a) € 0 then {CsNa: o € acc(Cys)} has

cardinality < A,

(n) if B C A, |B| < p then for some c : [B]? — & if B' C B has no
last member and c | [B’)? is constant and cf (sup(B’))¢ ? then
sup(B’) € S.

Proof. We repeat the proof of 3.1.

Choose h : cf(A\) = X and (M, : o < cf(N)) as in the proof of 3.1 but
add the requirement that ¢/ € My and naturally use F, = Mo11N{f: f a
partial function from « to o with domain of cardinality < pu}.

Choose g such that

X (a) gis a function from {f | u: f € TN X and u € [\]<#} onto A,
(b) f1 € fo € Dom(g) = g(/1) < g(f2) and
(c) for each a < A for some f € Dom(g) we have g(f) = a&

Vf)le(f) =a=f Cf]
(d) if f: By — X\ and Bj < By then g(B;) < g(Bz2),
(e) g(f) =a= Dom(f) C a.

Without loss of generality g € My, so clause (d) (of the conclusion of 3.6)
holds trivially; let us prove clause (e). As g has already been chosen, we are
given A C cf()\) of cardinality < p and f: A — X such that « € A= g(f |
d(ANa)) < a.

Now a — g(f [ ¢/(A N a)) is an increasing function from A to A; let
A ={g(flcl(ANa)):ac A} and let ¢’ : [A']> — k be as proved to exist
in 3.1 and by c : [4]?2 — & be defined by c{a, 8} = c/{g(f | cl(ANa)),g(f |
(AN B)}.
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It is easy to check that c is as required. We turn to proving clause (f) of
the claim. Now there is a function F' : “A — X such that for any a € “A
for every large enough n < w there are mg < m; < mg < ... < w which
are > n and o, = F(Qung, Qmy,--.), by [4]. For any u € [A]<* we define
cli(u) as follows: let u*8 = w U {g(1,) : v C uN« for some o € u} and
let cl,(u) be the minimal set v such that 8 C v and [§ = sup(v N §) <
sup(u8)& cf(d) < |Ju| = § € v] and [g(1y) € v& |w| < |u| = w C v] and
a €“v = F(a) € v;so |cl(u)] < (Jult + 2)No.

In the proof above we can replace ¢f by cf, o cl. Now if § < A\, Ny <
cf(0) < p for some club Cf of ¢ of order type cf(6) we have: if C C Cy is a
club of § then ¢/, o cf(C) = cl, o cf(C5) (which exists by the choice of F).
Alternatively, let C§5 = N{cl,(C) : C a club of 0}; however, C§ seemingly has
order type just < (cf(§)*0)*. Now if Cf satisfies (Va € C3)(g(lczna) < 90)
then we can find C}*, Cy such that:

®1 CF* C cly o cl(C5) is a club of § of order type cf(d) such that o €
nacc(C5™) = sup((C5* U{0}) Na) < g(1cruiopna) < @,
®2 Cs is {8(1((crufopna)) + @ € nacce(C5*)} U ace(C5).
Clearly
®3 Cs5 C cl(B) whenever B C § = sup(B),
®4 if @ € nacc(Cs,) N nacc(Cs,) then Cs, N = Cs, N a.

We are done, as we have used ¢/, o ¢f and
(%) if § < \,Ng < cf(d) < p and B is an unbounded subset of § then

Cs C Cf*(B).
U
Remark 3.7. 1) In 3.1, 3.5, 3.6 if A is regular, then
(11) Ay ={0:0 < A, cf(d) < ¢ and there is
(12) u C § =sup(u),otp(u) < § and (Va < d)(uNa € My)}

belongs to I[\] and the § mentioned in (*)z% of 3.1,(c) of 3.5 necessarily

belongs to Ay;. So Ay, for ordinals of cofinality € Reg N u\d, contains
“almost all of them” in the appropriate sense. See 3.12.

+ y +
2) We can use them to upgrade if {0 < ws : 5,35 € I(3})} then Sﬂ“l €

I°[3% 4] when & = cf(k) > Ry, see [20],3.12.

Main Conclusion 3.8. 1) If u is strong limit and A = A<# then for all but
finitely many regular x < p (actually x ¢ 02()\) U {Rp} is enough) we have
Psi(A, k), see Definition 3.9 below.

2) We also get Psj(cf(N), A, k) when x > Ro.

Proof. By 3.5, 3.6. (|
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Definition 3.9. 1) Ps; (), k) means that Psa(A, S) for some stationary S C

2) A, S) means that for some C' = (Cs : 6 € S) we have Ps3(X, C).
3) Ps3(A, C) means that for some F we have Ps4(A, C, F).
4) Psy(A, C, F) means that for some S:

) S is a stationary subset of A, A is regular
) C has the form (Cs5 : 0 € S),
) F has the form F = (F, : a € S),
) Csis aclub of § of order type cf(d) and o € nacc(Cys, )N nace(Cs,) =
OzﬁCgl :Ocﬂ052,
(e) Fs is a set of functions from Cj to § of cardinality < A,
(f) if f: X — X then for stationarily many § € S we have f | C5 € Fs.
5) Psy(\, i, b, C, F) is defined similarly (and ) is regular) except that
(e)1 h is an increasing continuous function from A to p with limit p,
(e)2 Fs is a set of functions from § to h(J) of cardinality < p,
(f) if f: X — p then for stationarily many 6 € S we have f | Cs € F;.
6) If in (5) we omit h we mean some h.

7) Ps1(\, i, &), Psa(\, 1, S), Psg(\, i, C) are defined in parallel.

Definition 3.10. Pr; are defined similarly except not using C' and Fs is a
set of functions from some unbounded subset of § into ¢ (or h(d)), that is:
1) Pri(), k) means that Pra(), S) for some stationary S C S2.
2) Pra(),S) means that for some F = (F, : a € S) we have Pry(\, §). 3)
Pry(A, F) means that for some S:
(a) S is a stationary subset of A,
(b) F has the form F = (F, : a € S),
(c) Fs is a set of cardinality < A of functions from some unbounded
subset of § to 9,
(d) if f: X — X then for stationarily many § € S we have f | A € F;s
for some A C § = sup(A).
4) Prg(\, p, h, F) is defined similarly to except that

(¢)1 h is an increasing continuous function from A to p with limit p,

(c)2 Fs is a set of cardinality < A of functions from some unbounded
subset of d to h(d),

(d) if f: A — p then for stationarily many § € S we have f [ A € F;
for some A C § = sup(A).

5) If in (4) we omit h we mean some h.

Observation 3.11. If Ps;(\,C,F),\1 = cf(A) < \,C = (Cs : § €
S), (V6 € 9)[cfl6) > Rol,h : My — X is increasing continuous with limit
NS ={0 <X :h(d) € SHCj={a<§:hla) € CsHC'=(Cj:6 €
Sy, Fs={ho f:fe€Fs} then Psy(Ai, A\ h, C' F.

We may phrase what we have for the ideal I[)].
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Conclusion 3.12. 1) If A = cf(A) > p > Ng, pz strong limit singular then for
some A € I[A], k < p and finite @ C Reg N (in fact 0 = df ,(A) we have:

(*) for every s(2) = k(2)"") < pu, k(1) > & and increasing continuous
sequence (ae : € < £(2)") we have: there is a club C of £(2)" such

that {a € C : cf(a) ¢ 0 and cf(a) < k(1)T} C A.
2) For above A = A<* we can add: k € Reg N u\0 = (Dl)g» (and even
D{)g for any S C S2 which is # () modulo for a suitable filter similarly in

(
(3))-

On diamond from instances of GCH and its history, see [21]. Whereas
A = p successor of regular cardinals has strong partial squares ([14, §4]), for
a successor of singular we have much less. If A = pt, u? = p for cofinalities
< 6, we still have this.

Conclusion 3.13. Assume A = cf(\) > p > No, p4 strong limit and 0 = 95 , ()
which is finite. If A = x™ = 2¥ and x € Reg N p\d then $gx.

Proof: Follows easily from 3.8.

Recall that the previous approach gives 3.14. In particular if A = 2# is
singular, see 3.15.

Claim 3.14. Assume p > k = cf(k) is strong limit and h : cf(X) > p is
increasing continuous with limit A. Then for any reqular x < p large enough
(A)a i,y implies (B)x prx,hs and (B)j\L,u,n,x,h where

(A there is A such that
(a) A= (Ay:a<cf (),
(b) Ay C [R(@)]™* has cardinality < X (we can add A € A, =A
closed subset of sup(A); it does not matter)
(c) if E is a club of cf(X\) then for some increasing continuous o, €
E for e < x we have
{e < x: cf(e) = k and {a¢ : ( < €} € An.} is a stationary
subset of x,
(B)xpurx,h there is F such that
(a) F= (Fo:ar< cfN)),
(b) Fa € A{f: [ a partial function from o« to h(«)} has cardinality
<A
(c) for every club E of cf(\) and function f : cf(\) — X there is
an increasing continuous o, € E for e < x for which the set
{e <x:fH{ac:( <e} € Fa.} is a stationary subset of x,
(B);u,n,x,h there is F such that
(a),(b) as above
(c) if ae < cf(N) fore < x1 and {ae : € < x1) is increasing continu-
ous X1 € [x, ) and f:{a: e <x1} = A and f(ae) < h(aey1)
for e < x1 for simplicity, then we can find v = (u; : i < Xx)
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such that x1 = U{u; : i < x} and for every ¢ < x1 and
i <X, f [ {ac:(<e and (€ u;} belongs to F,.

Conclusion 3.15. Assume p > Ng is strong limit, y > p and A = 2X is
singular. Then for every k € pN Reg\{No} we have Ps;(cf(\), A, ).
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4. MIDDLE DIAMONDS AND BLACK BOXES

We use §3 to improve the main results of [7]. The point is that there
we use [21], while here we use §3 instead. Towards our aim we quote some
results and definitions. See 4.5 and 4.4.

The Special Black Box Claim 4.1. Assume

(a) A =cf(2"), D is a p*-complete filter on X\ extending the club filter,

(b) k =cf(k) <X and S C S},

(c) C={(Cs:8€8),Cs aclub of § of order type k and X\ = cf(2*) =

28& € S=X>[|{CsNa:acnacc(Cs)}| and S € D,

(d) 2<X < 2¥ and 0 < p,

(e) Ps1(\, 24, C) (see Definition 3.9),

(f) Sep(u,0) (see Definition 4.2 below and 4.3 on sufficient conditions).
Then X has the (k,0) — SBB and C has the (D,2",0)-Md-property; see
Definition 4.4 below).

Proof. By the proof of [7, 1.10]. O

Definition 4.2. 1) Sep(y,f) means that for some f and Y:
(@) F=(fe e <),
(b) f: is a function from #6 to 6,
(c) for every o € "0 the set {v € #0: for every ¢ < pu we have f.(v) #
o(e)} has cardinality < T,
(d) T = cf(T) <2~
2) Sep, (11, #) means that for some f, R and T we have
(a) f=(fl:e<pandi<o),
(b) fiis a function from £6 to *0,
(c) RCH0;|R| = 2" (if R ="0 we may omit it),
(d) T (i:z<J)Z§73()and1fA € 7j for j < j* < o then
p# U{A;:j <j*} (e.g. Z; is a o-complete ideal on p),
(e) if n € #0 and i < o then T > [Sol,)| where

Sol, = {p € R: theset {e < u: if i < o then (f(n))(e) # n(¢)} belong to Z;}.

We may wonder whether clause (f) of the assumption is reasonable; the
following Claim gives some sufficient conditions for clause (f) to hold.

Claim 4.3. Clause (f) of 4.1 holds, i.e., Sep(u,0) holds, if at least one of
the following holds:

(a) p=p’,

(b) Ug(p) = p+2° < p,

(¢) Uj(p) = p where for some o we have J = [0]<%,0 < 0,257 < p,
(d s

(

a strong limit of cofinality > 0,

) U
) U
) i
) > 3,(0).

e
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Proof. This is [7, 1.11]. O

Definition 4.4. 1) We say that C' exemplifies Md* (), x,6, T, D) when

(a) A > K are regular cardinals, T an ordinal (or a function with do-
main A or “”\, in this case a function f from X to T means that
f is a function with domain X and f(z) € Y(z), so T = {f :
f is a function with Dom(f) = C and a € C = f(«a) € T(a)}),
(b) C = (Cs : § € S),S a stationary subset of \ such that § € S =
cf(d) = &,
()T Cys is a club of § disjoint to S and a € mnacc(Cs,) N nacc(Cs,) =
Cs,Na = Cs,Na so we may define C, = CsNa when o € nace(Cs),

(d) if F is a function from J {f : f is a function from “~(Cs) to T}
6es

to @ then for some ¢ € °0 for every f € Y the set {6 € S : F(f |
Cs)) =c(0)} € D*.
2) We write Md instead Md™ if we weaken (c¢)* to
(¢) Cs is an unbounded subset of 4.
3) We say C has the (D,T,0)-Md property when clauses (a),(b),(c),(d)
above holds; we say A has this property if some C' = (Cs : § € S) has it,
S C Sé‘ stationary.

The following is a variant of the silly black box (trying to reconcile the
definitions of [13, II1], [8, IV], with [7].

Definition 4.5. 1) We say that A has the (k,6)-SBB* (= Special Black
Box) property when some C' = (Cs : § € S) exemplifies it which means that
there are C" = C[S; := (Cs : § € S;) for i < A such that

D)Ci,’” (a) S; are pairwise disjoint stationary subsets of A\ with union S,
(b) 0 € S; = cf(0) =&,
(¢) Cs is a club of 0 of order type x and every o € nacc(Cy) is a
successor ordinal,
(d) if @ € nacc(Cs,) N nace(Cs,) then Cs, N = Cs, N,
(e) C' has the #-SBB property which means that there is f = (fs :
d € S;) such that f5 : ¥~ (Cs) — 0 and for every f € “”\ — 0 for

stationarily many é € S; we have fs = f | Cs.
2) We write SBB instead of SBB¥ if we omit clause (d); we write SBB¥ if
we replace “Cy a club of §” by “Cs C § = sup(Cs) and SBB™ if we make
both changes. We say C has the (k,0)-SBB and Dg’“ holds.

Remark 4.6. 1) How strong is the demand that S can be divided into A sets
S; with the property? It is hard not to have it.

2) In 4.7 to have more than one exception is a heavy demand on H(u).

3) We can improve 4.7 including the case cf(u.) = Vo, even . = Jaye.
Then probably in part (2) we have to distinguish A\ successor of regular
(easy), success of singular (harder), rest (hardest).
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The main Theorem 4.7. 1) If p. is strong limit > Ro, u > pe > 0, \ =
cf(2¥) and T = 2H then for all but finitely many k € Reg N p. (even
every £ € Reg N 1\, (21)), there is C = (Cs : 6 € S) exemplifying
Md*t (N, k,0,Y); hence (k,0)-SBBT.

2) Assume ps is strong limit singular of uncountable cofinality and \ =
cf(A) > . is not strongly inaccessible. Then for all but finitely many k €
Reg N ps for every 0 < ., X has (k,0)-SBB; hence (k,0)-SBBt (moreover
only one of the exceptions depend on \).

Proof. 1) Let 0 =g, (A). So by §3 we have k € RegNp.\o = Psi(A, 2, 0)
for some C' satisfying clause (c) of 4.1, moreover clauses (c) and (d) of 4.5(1).
So we apply 4.1.
2) Let (u; : i < cf(us)) be increasing continuous with limit u.; each p; is
strong limit singular. For each i < cf(y.) let 9; = 0}, (cf(27)), so it is finite
and let 9 = {k : Kk = cf(k) < ps and Kk € 0; for every i < cf(u.) large
enough}.

Case 1: (Va < N)[|a|<H < A

So we can find pu < A < 2*; let g = ((u)<H*)<F+; this cardinal is < A and
pa = (pa)H.
Now use [7, §2].

Case 2: (Ja < N)[|a|<H > A].

As A is regular for some k < pi,, p < A we have p > A\. Let p = Min{yu :
' > X for some k < pui}. O

NOTE: Here getting A pairwise disjoint .S; should be done. Again we use
[7, 82].

Remark 4.8. Xg € 9 as we need F': “\ — X as in §3!!

Definition 4.9. We say that C exemplify BBo(\, &, #) when

(a) A > K are regular,
(b) C = (Cs : § € S),S a stationary subset of \ such that § € S =
cf(d) = k,

(¢) Cs is an unbounded subset of ¢ disjoint from S such that o € Cs, N
052 = 051 ﬂa:C’52 Na,

(d) assume 19 C 71 C 79 are vocabularies of cardinality < 6,71\79 has
only predicates, 72\71 has only function symbols (allowed to be par-
tial but not individual constants), B is a 7p-model with universe A,
then we can find (M; : § € S) such that
() every M € Mj; is a mo-model of cardinality 6 expanding B |

2 () (| M),
(B) if M € Mg, F € 15\ then FM has domain C Cjs (i.e., (Cs)),
(v) every M € M; has universe which includes Cy and is included
in ¢ and the universe of M is the B-closure of CsU{F(a): F €

T\11 and @ € arity(F)(Cé)}’
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(0) if M', M" € Ms then (M',7)yec;, (M",7) ec, are isomorphic,
(e) if BT is a y-expansion of B then for stationarily many 6 € S
for some M € Mg we have:
(i) Fen\n=F% | Cs=FM|C5 (= FM),
(i) M7 CBF [ 7.

Observation 4.10. 1) In 4.9 if the order < on X is a relation of B (which
is no loss) then the isomorphism is unique as it is necessarily the unique
order preserving function from |M'| onto |M"|.

2) In 4.9, if for i < sup{otp(Cs) : 6 € S} and the function F; satisfies
a< peCsac Cs, otp(Cs Na) =i = Fi() = «, then we can demand
that for any M € Mg,d € S the set M N Cys is an initial segment of Cs.

Definition 4.11. We say that C exemplifies SBB; (), &, 6) when (a),(b),(d),(e)
from 4.9 hold + (¢) below. BB2 (A, &, 6) holds when we add () to clause (d)

where

(€) the isomorphism type of (M,~y),ec; for M € Ms depend on 19, 71, T2
but not on ‘B,

(€) if M',M" € M;s and 7 is an isomorphism from M’ onto M" and
8,0" €8 ,Csy € M',Csn € M"” and m maps Cys onto Csr, then for
any N' € Mg, N" € Ms» we have (N',v)yec; = (N",7)recy -

Claim 4.12. If p > Ng is strong limit and X = cf(2*) or A > 2% is
not strongly inaccessible then for all but finitely many x € Reg N O (k €
Reg N p\0y(2#)) for every 6 < p, SBBy(A, k,0) holds.

Proof. Use also 4.14 below. O

Observation 4.13. 1) If C exemplies BBy(\, k,0) then for some pairwise
disjoint (Se : € < \) we have each C' | Sz exemplifies BBy(\, K, 0).
2) If X = XY we can allow in 7\ o individual constants.

We delay their proof as we first use them. Now we turn to proving 4.12,
4.13.

Claim 4.14. 1) IfC exemplifies SBB(\, k,2%, \) then C exemplifies SBB1 (), &, 0)
[Rethink: if we use C x x,x = Jx enough to have many guesses.]
2) C' exemplifies SBB1(\, K, 0) when there are Ay, C!
(a) C exemplifies SBB(\, k,2%,\) (hence Ct = (C} : 6 € Sy) exemplifies
SBB1 (A, &, 8) but apparently we need more),
(b) h = (hs : 6 € S1) where hs is an increasing function from Cs onto
some v = y(0) € S1,
(c) for every club C of X there is an increasing continuous function g
from A1 into C such that a € S1 = g(a) € S& v4(0) = a.

3) If C' exemplifies MD(, ,29) then C exemplifies SBBa(\, &, 6).
Proof. 1) C has the (D,2*,0)-Md-property (which is like the desired con-

clusion except that we write Fs(v | Cs) instead of F(v | C5,C | Cs). But
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let § = «/6 mean that 68 < a < §3 + 1. But define F3(v) = F5((v(a)/6 :

a € Cs), (v(a) = 0(v(a)/0) : a € Cs)). So for (F: 0 € S) we have C' as

required in the original requirement; the same C is as required for our F.
2), 3) Left to the reader. O

Conclusion 4.15. If A = cf(\) > 3,43 is not strongly inaccessible, then for
every regular x < J,, except possibly finitely many we have:

® for some topological space X and C = (Cs : § € S) we have
(a) X is Hausdorff having A points with a clopen basis set,
) every Y C X of cardinality < k is closed,

) every point has a neighborhood of cardinality < &,

) there is f : X — & such that:

if X = |J Xu,8 < K then some non-isolated point = has a
a<f
neighborhood included in Xy, (so f(z) < f).

(b
(c
(d
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