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THE AUTOMORPHISM TOWER OF A CENTERLESS GROUP
WITHOUT CHOICE

ITAY KAPLAN AND SAHARON SHELAH

ABSTRACT. For a centerless group G, we can define its automorphism tower. We define
G*: G° = G, G“"! = Aut (G*) and for limit ordinals G° = (J,_5G. Let 7¢ be the
ordinal when the sequence stabilizes. Thomas’ celebrated theorem says 7g < (2|G‘)+ and
more.

If we consider Thomas’ proof too set theoretical, we have here a shorter proof with little
set theory. However, set theoretically we get a parallel theorem without the axiom of
Choice.

Moreover, we give a descriptive set theoretic approach for calculating an upper bound for
T for all countable groups G.

We attach to every element in G, the a-th member of the automorphism tower of G, a
unique quantifier free type over G (which is a set of words from G  (z)) . This situation

is generalized by defining “(G, A) is a special pair”.

1. INTRODUCTION

Background. Given any centerless group GG, we can embed G into its automorphism
group Aut(G) as inner automorphisms. Since Aut(G) is also without center, we can do
this again, and again. Thus we can define an increasing continuous sequence (G |a € ord)
- the automorphism tower. The natural question that arises, is whether this process stops,
and when. We define 7¢ = min {«a |G**! = G }.

In 1939 (see [6]) Wielandt proved that for finite G, 7¢ is finite. But there exist examples
of centerless infinite groups such that this process does not stop in any finite stage. For

example - the infinite dihedral group Dy, = (z,y |7? = y* = 1) satisfies Aut (Dy) = Do
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So the question remained open until 1984, when Simon Thomas’ celebrated work (see [4])
proved that 74 < (2‘G|)+. He later (see [5]) improved this to 7¢ < (2|G|)+.

For a cardinal k we define 7,. as the smallest ordinal such that 7, > 7o for all centerless
groups G of cardinality < k. As an immediate conclusion from Thomas’ theorem we have

T < (2”)+.

Notation 1.1. For a group G and a subgroup H < G, let norg (H) be the normalizer of H
in G (sometime denoted Ng (H)).

For H < G, we define the normalizer tower (nor®(H) |o € ord) of H in G by
nord(H) = H, nor ™ (H) = nor(nor&(H)) and nord,(H) = |J {nor&(H) |a < §} for § limit.
Let 7¢ p = min { o |noraG+1(H) = norg(H) }.
This construction turns out to be very useful, thanks to the following:
For a cardinal &, let T,Slg be the smallest ordinal such that T:lg > Taut(),H, for every
structure 2 of cardinality < x and every group H < Aut () of cardinality < k.
In [1], Just, Shelah and Thomas found a connection between these ordinals: 7, > 7.
In this paper we deal with an upper bound of 7., but there are results regarding lower
bounds as well, and the inequality above is used to prove the existence of such lower
bounds by finding structures with long normalizer towers. In [4], Thomas proved that
7. > kT, and in [1] the authors found that one cannot prove in ZFC' a better explicit
upper bound for 7, than (2%)" (using set theoretic forcing). In [3], Shelah proved that if
K is strong limit singular of uncountable cofinality then 7, > 2% (using results from PCF
theory).
It remains an open question whether or not there exists a countable centerless group G
such that 7¢ > wy.

In a subsequent paper (|2|) we prove that 728 < 7, is also true without Choice.

Results. Our main theorem: (of course, Thomas did not need to distinguish G and ¥~ G)
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Theorem 1.2. (ZF) 7| < Op>q) for a centerless group G. That is, there is an ordinal
a and a function from P (“~G) onto it such that 7¢ < «. Moreover, Ter < « for every

centerless group G such that |G| < |G]|.

This is essentially theorem 3.17.
As one can gather from the theorem, here we deal with finding 7o without Choice. We
define an algebraic and absolute property of G and a subset A ((G,A) is special - see
definition 3.6), that allows us to find a bound to 74 (see 3.16) in terms of A. We do that
by attaching to each element of G* its quantifier free type over A.
As a consequence, we get Thomas’ Theorem without Choice in 3.15. Since Thomas used
Fodor’s lemma (and it is known that its negation is consistent with ZF'), our result is a
strict generalization.
We conclude that for every cardinal x, if V' is a subclass of V which is a model of ZF
such that P(k) € V', then 7, < (Qp(ﬁ))v/ and so Ty, < Qﬂg(R). (see conclusion 3.20)
Moreover, we give a descriptive set theoretic approach to finding 7y, in section 4. We show
there that 7y, is less than or equal to the inductive ordinal of second order number theory
(see that section for the definition, and conclusion 4.4).
In the last section, we improve the main result in some aspects for a wider class of groups
that satisfy a weaker algebraic property, though not absolute ((G, A) is weakly special -
see definition 5.1). There, instead of working with quantifier free types over A, we work
with partial functions from “> A to G, and we reduce the bound in the case where A is

finite.

A note about reading this paper. How should you read this paper if you are not
interested in the axiom of Choice but only in the new and simpler proof of Thomas’
Theorem?

You can read only section 3, and in there, you should read:

Definition 3.6, claim 3.9, conclusion 3.11, claim 3.13, claim 3.14, and then finally conclusion

3.15.

Notation 1.3.



Paper Sh:882, version 2009-07-19_11. See https://shelah.logic.at/papers/882/ for possible updates.

THE AUTOMORPHISM TOWER OF A CENTERLESS GROUP WITHOUT CHOICE 4

(1) For a group G, its identity element, will be denoted as e = eg.

(2) if A C G then (A), is the subgroup generated by A in G. Similarly, if z € G,
(A, z) is the subgroup generated by AU {z}.

(3) The language of a structure is its vocabulary.

(4) V will denote the universe of sets; V' will denote a transitive class which is a model
of ZF.

(5) For a group G, and a subset H C G, H < (G means that H is a subgroup of G.

2. THE NORMALIZER TOWER WITHOUT CHOICE

Definition 2.1.
(1) For a group G and a subgroup H < G, we define norl, (H) for every ordinal number
a by:
e norl, (H) = H.
e nor%™ (H) = norg (nor% (H)) (see 1.1).
e notl, (H) = J{nor& (H) |a < §}, for 4 limit.
(2) We define ’7'2«17%{ = 76,5 = min {a |norg™! (H) = norg, (H) }.
(3) For a set k, we define T‘f‘g as the smallest ordinal «, such that for every structure
2 of power ||| < |k|, Taut),n < o for every subgroup H < Aut () of power
|H| < |k|. Note that 7'|r,1§1|g = U {7aut(y,zr + 1| for such A and H}.

(4) For a cardinal number (i.e. some N - so an ordinal) x, define 72 similarly.

Remark 2.2. Note that 7'|r,1€1|g is well defined (in ZF') since we can restrict ourselves to
structures with a specific (depending only on k) language and universe contained in k. See

observation 2.3.

Observation 2.3.

(1) (ZF) For any structure 2 whose universe is || = A there is a structure 8 such
that:
e 2[ B have the same universe (i.e. A = |B]).

e 2[ B have the same automorphism group (i.e. Aut () = Aut (B)).
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e the language of 9B is of the form Ly = {R;|a € ¥~ A} where each R; is a lg (a)
place relation.

(2) (ZFC) If A is infinite then the language of B has cardinality at most |A|.

Proof. Define B as follows: its universe is ||. Its language is L = {Rz|la € "A,n < w}
where RY = o(a), which is defined by o (a) = {f (@) |f € Aut ()} - the orbit of @ under
Aut (). O
Definition 2.4. For a set A, we define 64 = 6 (A) to be the first ordinal o > 0 such that

there is no function from A onto «.

Remark 2.5.
(1) ZFC' 0, = |A|"
(2) ZF F 04 is a cardinal number (i.e. some RX), and if A is infinite (i.e. there is an
injection from w into A) then 64 > Ry.
(3) Usually, we shall consider Y where V' is a transitive subclass of V which is a

model of ZF.
Claim 2.6. (ZF) If G is a group, H < G a subgroup then 7¢ g < 6.

Proof. If 7 g = 0 it is clear. If not, define F' : G — 7¢u by F(g9) = aiff g €
norgrl (H)\ nord (H), and if there is no such o, F(g) = 0. By definition of 7¢ g, F

is onto. From the definition of 0, 7¢ g < 0¢. O
We can do even more:
Claim 2.7. (ZF) For every set k, 7'|r,l€1|g < Op(osp.
Proof. We may assume k is not finite. Let
B, = {(%, fz)|Ais astructure, Ly € 7k, [A| C k, £k — P2,
r€G=Aut () and H < G,H = image (f)}

And let T‘I;llg_ = U {m¢n |G =Aut (A), H = image (f), (2, f,z) € By for some = }. Let

F: B, — Tﬁl'gf be the following map: F (2, f,z) = « iff x € nor%™ (H) \ nor% (H), and
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if there is no such o, F (A, f,x) = 0 (where G = Aut (), and H = image (f)). Since
F is onto T‘I,f‘g_, and obviously Tl?gl'g < Tlrllcl'g_ + 1, and fp>y) is an infinite cardinal (in
particular - a limit ordinal), it’s enough to show that there is a one to one function from
By to P (“”k). It is enough to code 2, f and x separately, as [~ (P (“7k))| = |P (“"k)|
(this can be proved using the equality |~ (k)| = |~ k| (which is proved using a definable
well known injective function ed : w X w — w and the fact that 2 < |k| )).

x € G, hence x C k x k.

f € *(%a) for some a C k, and there is a definable bijection * (“a) — ¥*%a, so code f as a
subset of k x k X k.

2 is a sequence of subsets of “k, i.e. a function in “~ %P (“7k), and we can encode such
a function as a member of P (“7k). (Why? |"FP(“>k)| = |"7F (“"*2)| = [(*"*2)| =
P (“=k))). O

Claim 2.8. Assume that V' is a transitive subclass of V which is a model of ZF, G € V'

a group, H € V' a subgroup then TCY’ g = TC‘; /H < Hg'.

Proof. By claim 2.6, it remains to show that TC‘;/,H = Tng By induction on o € V'] one
can see that (nor%, (H))Y = (nor%, (H))V/ (the formula that says that z is in norg (H') is
bounded with the parameters G’ and H'). O

It is also true that Tlr;gllg is preserved in V', for every k € V', such that P (“”k) € V"

Claim 2.9. Assume that V' is a transitive subclass of V which is a model of ZF.
A\ A% )
(1) HP (k) € V' then (1) " = (7)< 0¥omsy.

(2) If k = K a cardinal number and P (k) € V' then (Tnlg)vl = (Tglg)v < 97‘,’(/@

K

Proof. (2) follows from (1), as we have an absolute definable bijection ¢d : “~k — K.

For a set k € V', such that P (“"k) € V' let

A = {(G, H) |There is a structure 2, with || C k, such that

G = Aut () and H < G,|H| < |k[}
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It is enough to prove that (A;)Y = (Ak)vl, because by definition

(Tlr,;ﬂg)v = U {TQH +1 ‘(G,H) € (.Ak)v}
= U{ren+1]G.11) € (40"}
wg\V v
= (le' ) < Opwsp
So let us prove the above equality: (Ag)Y C (Ag)Y, since if (G, H) € (Ay)Y and A € V'
a structure such that G = Aut () then A € V and (Aut ()Y = (Aut (ﬂ))v/, because
(Aut ()Y € A € P(kxk) € V. So (G, H) € (Ay)Y, as witnessed by the same
structure.
On the other hand, suppose (G, H) € (Az)Y . So let A be a structure on s C k such that
G = Aut (). By observation 2.3, we may assume that Ly = {Rz|a € “”s}, and each R;
is a lg (a) place relation. (This is not necessary, it just makes it more convenient). Define
Xo ={a"b |lg (a) =1g (b)) Ab € R*}. Observe that:
e Xog €V’ as Xy C“k.
e 2 can be absolutely defined using Xg and s: its universe is s, and for each a € ¥~ s,
Ry ={b|lg (b) =lg(a)na"be Xy}
So in conclusion, 2 € V', and so G € V' as before. In addition H € V', because H is the

image of a function in ¥ (*s). But there is an absolute definable bijection ¥*s — * (5s),

and #*¢s C P (k x k x k) € V'. By definition (G, H) € (A;,)Y and we are done. O

3. THE AUTOMORPHISM TOWER WITHOUT CHOICE

Definition 3.1. For a centerless group G, we define the sequence (G* |o € ord):

e G'=G.
o G = Aut (G%)
o G2 =J{G*|a < §} for ¢ limit.

Remark 3.2. Recall that Inn (G) is the group of all inner automorphisms of G, i.e. conjuga-

tions by elements of G. Since G is centerless, this definition makes sense - G = Inn (G) <
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Aut (G), and Aut (G) is again without center . So we identify G with Inn (G), and so

G < G**!. This sequence is therefore monotone and continuous.
Definition 3.3.

(1) Define an ordinal 7¢ by 7¢ = min {a |G*T! = G*}. We shall show below that 7¢ is
well defined.
2) For a set k, we define 7 to be the smallest ordinal o such that o > 74 for all
k|
groups G with power < k.

(3) For a cardinal number  (i.e. some R), define 7,; similarly.

Definition 3.4. For a group G (not necessarily centerless) and a subset A, we define
an equivalence relation Eg 4 on G by vEqay iff tps (2, A,G) = tpyr (y, A, G) where
tpes (2, A,G) =
{o(z,a)| a€™A,n<w,o aterm in the language of groups (i.e. a word)
with parameters from A,

z is its only free variable and G |= o (z,a) = e}
Remark 3.5.

(1) Note that xEq 4y iff there is an isomorphism between (A, z), and (4,y), taking
x to y and fixing A pointwise.

(2) The relation E¢ 4 is definable and absolute (since tp,s (z, A, G) is absolute).

Definition 3.6. We say (G, A) is a special pair if A C G, G is a group and Eg 4 =
{(z,z) |z € G} (i.e. the equality).

Example 3.7.

(1) If G = (A), then (G, A) is special.
(2) If A<G and C¢ (A) = {e} then (G, A) is special (because for all g € G, (gag™' |a € A)

determines g).
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(3) If G is centerless then (Aut(G),G) is special (see claim 3.9), so in general, the
converse of (1) is not true.
(4) There is a group G with center such that (Aut (G),Inn (G)) is special, e.g. Z/2Z,
but
(5) If G is not centerless then (3) is not necessarily true, even if |Z (G)| = 2:
It is enough to find a group which satisfies the following properties:
(a) Z(G) = {a,e} where a # e.
(b) H; < G for i = 1,2 are two different subgroups of index 2.
(¢) Z(G)=Z2Z(H;) fori=1,2
Let 7 be the homomorphism 7 : G — Aut (G) taking g to i, (i, (z) = gzg™'). Then
Inn (G) = image (7). We wish to find z1 # x5 € Aut (G) with 21 Eaw(c),mn(G)T2-
ag g ¢ Hi 9

So define z; (¢) = . Since 2? = id, z;7 (9) ;' = 7 (2 (9)) = 7 (g)
g gE€H;

and the fact that x; ¢ Inn (G) (because Z (G) = Z (H;)) it follows that

tpgr (1, Inn (G) , Aut (Q)) = tpys (z2, Inn (G) , Aut (G)). Now we have to construct
such a group. Notice that it is enough to find a centerless group satisfying only the
last two properties, since we can take its product with Z/27Z. So take G = Do, =
{a,bla®* =1* =e), and H, = ker ¢, where ¢, : G — Z/27Z takes a to 1 and b to 0.

In the same way we define H,, and finish.

Notation 3.8. Let G be a group, and A some subset of G, then Cg (A) is the centralizer of
Ain G (ie. {x € G|Va € Alza = ax]}).

The following is the crucial claim:

Claim 3.9. Assume G; < Gq, Cg, (G1) = {e} and that (G, A) is a special pair. Then
(Go, A) is a special pair.

Proof. First we show that Cg, (A) = {e}. Suppose that z € Cg, (A4), so zar™! = a for all
a € A. Since conjugation by z (i.e. the map h +— zhz™! in G;) is an automorphism of G,

(as G is a normal subgroup of G), it follows from (G4, A) being a special pair (by remark
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3.5, clause (1)) that it must be id. Hence, z € Cg, (G1), but we assumed Cgq, (G1) = {e}
and hence x = e .

Next assume that zFq, 4y where z,y € G2 and we shall prove x = y. There is an
isomorphism 7 : (x, A),, — (y, A), taking x to y and fixing A. We wish to show that
T = y, so it is enough to show that z7'7 (z) € Cg, (4). This is equivalent to showing

1 1

v in(x)ar (a7 Yz = a, ie. a7 'w(zax )z = a, ie. 7w(vax™') = zax™!

(remember
that 7 (a) = a) for every a € A. But zazr™! is an element of G; (as G; < Gs), and
7 (zax~', A)g, — (7 (zax™"), A),, must be id because (G, A) is a special pair, and we

are done. O
Note 3.10. If G is centerless then G < Aut (G), and Caye (G) = {e}.
Conclusion 3.11. Assume G is centerless and (G, A) is a special pair. Then:

(1) (G, A) is a special pair for every a € ord.
(2) Cgo (A) = {e} for every a.

Proof. (2) follows from (1). (why? by the first stage in the proof of claim 3.9 with G; = G).
Prove (1) by induction on «. For limit ordinal, its clear from the definitions, and for

successors, the previous claim finishes the job using the above note. O

Conclusion 3.12. Let v be an ordinal, G a centerless group. Then:

(1) Cer (G) = fe).
(2) norg: (GP) =GP, for B < 7.
(3) norl, (G) = G” for § < .

Proof.

(1) Follows from conclusion 3.11 and from the fact that (G, G) is a special pair.
(2) The direction norg (G”) > G**' is clear from the definition of the action of G**!
on G#. The direction norgy (G’B ) < GA*! follows from the previous clause: suppose

Yy € norgy (G'B), so conjugation by ¥ is in Aut (Gﬁ). By definition there is z € G#*!
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such that yzy~— = zz2~! for all z € G, in particular - for all # € G, So y = z (by

(1))

(3) By induction on f.

Claim 3.13. If G is centerless and (G, A) is a special pair then:

(1) (ZFC) |G*| < 24+ for all ordinals a.
(2) (ZF) There is a one to one absolutely definable (with parameters G*, A, and at
most 2 distinguished elements from G) function from G® into P (“~A) for each

ordinal «.

Proof. (1) follows from (2). The natural way to define the function f is
f(g) =tpgr (g, A, G*), which is a set of equations. Luckily it is easy to encrypt equations

as elements of “”A: We can assume that there are at least two elements in A - a,b

(if not, G = {e} because Cs (A) = {e}). Let o(z,¢) be a word over A (i.e. ¢is a

sequence in A), so it is of the form ...z™ic 2™+t .. where n;,m; € Z,¢; € ¢, and
1=20,...,k—1. First we code the exponents sequence with a natural number, m, using

the bijection cd : “”w — w, and then we code the sequence of indices where z appears, call
it {. Then we encrypt o by a!"b"a™"b and after that - the list of elements of A in ¢ by
order of appearance.

Note that our function is definable as promised. O
Claim 3.14. If GG is centerless then:

(1) (ZFC) If |G*| < A for all ordinals «, then 7¢ < A™T.
(2) (ZF) If |G| < |A| for all ordinals o and a set A, then 7¢ < 64. It is enough to

assume that there is a function from A onto G¢ for each ordinal «.

Proof. (1) follows from (2), but with Choice, it is much simpler - G+ = |J{Gq | < AT }.
Since |Gy+| < X and (G,) is increasing, it follows that there must be some o < At such

that G, = Gas1.



Paper Sh:882, version 2009-07-19_11. See https://shelah.logic.at/papers/882/ for possible updates.

THE AUTOMORPHISM TOWER OF A CENTERLESS GROUP WITHOUT CHOICE 12
For the second part, first we show that 74 is well defined. For this we note that if G* # G**1
then 7go+1 ¢ = o+ 1 (see conclusion 3.12). By claim 2.6, 4 > fge+1 > o + 1. Since 04 is
well defined, 7 is well defined as well. Applying the same argument to G'¢, we see that
04 > Ocrec > 16. O

So as promised, here is Thomas’ theorem proved in a different way, without Choice:

Conclusion 3.15. (ZFC') Thomas’ theorem: if G is a centerless group then 74 < (2|G‘)+.

Moreover, 7, < (2%)7.

Proof. Taking A = G, so that (G, A) is a special pair, applying 3.13 and 3.14 we get the
result regarding 7. Noting that (2%)" is regular and that there are, up to isomorphism,

at most 2" groups of order k we are done. Il

Now we deal with the case without Choice.

Main Theorem 3.16. (ZF) If (G, A) is a special pair and G is a centerless group, then

T < 67)(w>A).

Proof. By claim 3.14, clause (2), we only need to show that |G| < [P (¥~ A)|, but this is

exactly claim 3.13, clause (2). O

Now we shall improve this by:
Main Theorem 3.17. (ZF) For every set k, T < Op>p).

Proof. We may assume 2 < |k|. Recall that

Tl = U{7¢ + 1|G is centerless and |G| < |k[}, but we can replace this by

T = U{7¢ +1|G € G} where

G = {G |G is centerless and G C k}. By the previous theorem (3.16), we know that 7)) <
Op>r) (because for all G € G, (G, G) is a special pair, so 7 < Ope>a) < Opes>k)), but we
want a strict inequality.

Let 7, = U{re|G € G} mw < 7 + 1, and since Op>y) > Ry (see remark 2.5), it is

enough to prove T < Op(w>p)-
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For each G € G we define a function R¢ : P (¥”k) — 7¢ which is onto: first we define a
function from P (“~k) onto G™¢ (using claim 3.13) , then from G™¢ onto 7¢ (using claim
2.6, and claim 3.12).

Let B = {(z,G)|G € G,x € P(*7k)}. Define a function R, : B — 7, by R((z,G)) =
R (x) (note - since Rg is definable, there is no use of Choice). By definition, R; is onto.
Now it is enough to find an injective function Ry : B — P (“”k). A group G = (|G|, -,071)
is a triple of nonempty subsets of “~k (|G| is the universe set of G). As we already

mentioned (see the proof of 2.7), [“ZP (“7k)| = |P (k)| (as 2 < |k|), and we are done. [

We postpone the proof of the following absoluteness lemma to the appendix.

Lemma 3.18. Let V! C V a transitive subclass, which is a model of ZF. Let (G,A)
be a special pair, and suppose G, P (“~A) € V'. Then, for every ordinal 6 € V', the
automorphism tower (G” | < §) in V' is the same in V (i.e.

V= “(GP|B < d) is the automorphism tower up to §”).

Using this lemma, we can finally deduce the following theorem.
Theorem 3.19.

(1) Let V! C 'V a transitive subclass, which is a model of ZF. If P (“7k) € V', then
A% v’ /
(M) ™ = (7w) * < Opmiy:

(2) If & is a cardinal number in V' such that P () € V, then (1,.)" = (r)V

’ v

< 0p(s)-
(3) In particular, my, < Gﬂé(R).

Proof. Obviously, we need only to see (1). Let

G = {G |G is a centerless group and G C k}. By the assumption on k, it is easy to see

that G¥ = GV'. Hence

Tl};l =U{re+1|GegV}=U{rc+1|GegV} = 7'%’ (the second equality is lemma

3.18). By theorem 3.17, we have 7/ < 0~ O

If we apply lemma 1.8 from [1], which says that 77& < 7,. and get:
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Main Conclusion 3.20. Let V! C 'V be as before (but now assume V |= ZFC). If P (“"k) €

/ nlg V'
V', then are < gy < 97>(w>k)-

Note 3.21. We actually don’t need to assume that V is a model of ZFC' and we address
this subject in [2]. For a cardinal number x, we show that 7% < 7, is true even without

nlg’

Choice, but for a general k, we get 7'|]~C (<o| < Tkt | (see the definitions there).

4. THE DESCRIPTIVE SET THEORETIC APPROACH

In this short section we give a descriptive set theoretic approach into finding a bound

on Ty,. We start with the definition.
Definition 4.1. Let 2 be structure with universe A = |2|.

(1) For a formula ¢ (z, X) - a first order formula in the language of A, where z is a
single variable and X is a monadic variable (i.e. serve as a unary predicate - vary on
subset of the structure, so not quantified inside the formula) - we define a sequence
(X¢ C Ala € Ord) by:

.« X7 —0.
o X2 =XsU{z e Alp(z,X?) is satisfied in A }.
o X7 =U{X7 |3 <4} for § limit.
(2) For such a formula ¢, let 6, = min {o | X2 = X7, }.
(3) Let 0 = 6 () - the inductive ordinal of the structure - be the first ordinal such that

for any such formula (allowing members of A as parameters) ¢, d, < 4.

Theorem 4.2. For a centerless group G with set of elements w the height of its automor-
phism tower is smaller than the inductive ordinal of the structure 2 with universe wUP (w)

the operations of N, membership, and G (i.e. its product and inverse).

Note 4.3. In this version of the theorem we do not need to use parameters in definition
4.1. However the theorem holds even without assuming that the structure contains G, but
then we need parameters (G (as a group) can be encoded as a subset of w). In that case

this is second order number theory. Hence the conclusion is:
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Conclusion 4.4. If 2 is the standard model of second order number theory (as above), then

TN() S 6(2[)

Proof. (of the theorem; sketch) By the definition it is enough to find a formula A such
that X2 encodes G (including its multiplication and inverse). By (G, G) being special,
we know that we can identify members of G* with sets of finite sequences of w (see the
proof of claim 3.13). It is well known that the operations of N allow us to encode finite
sequences, and in this structure we can encode finite sequences of subsets of w.

Hence, much like the proof of lemma 3.18 (in the appendix - it is advised to read it in
order to understand this proof), we can find three formulas as in definition 4.1 - A’ (z, X),

A" (x,y,X) and A" (z,y, z, X) such that if X2 encodes G* then:

e 1 satisfies A’ (x, X, ﬁ) iff x encodes a quantifier free type of an element in G**1.

o 1,y satisfies A (z,y, X2) iff z,y € G*™ and z oy =id.

e 1,1, z satisfies A" (x, Y, Z,Xﬁ) iff oy =2
Define A (x, Xﬁ) to say that z encodes a triple (a, b, c) where a € G*™, b encodes a pair
(d,d™') where d € G*™! and c encodes a triple (e, f,e o f) where e and f are from G,

Now we have successfully encoded G**! as required. U

5. STRENGTHENING THE MAIN THEOREM

Here we improve the main theorem by considering pairs (G, A) that satisfy a weaker
condition than being special. We find a bound on 7¢ for centerless groups G with a subset
A such that (G, A) is weakly special. This bound, when interperted in ZFC, is the same

bound as one gets using Thomas’ proof from [5].

Definition 5.1.

(1) For a centerless group G, and subgroups H;, Hy, we say that a homomorphism
(really a monomorphism) ¢ : Hy — Hj is good if there is an automorphism ¢ :
G"¢ — G"¢ (so actually an inner automorphism) such that ¢ = | H;.

(2) If A C G, let Ef, 4 be an equivalence relation on G defined by: zE¢; 4y iff there is

a good homomorphism taking = to y and fixing A pointwise.
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(3) We say that the pair (G, A) is weakly special if E, , is {(z,z) |z € G }.

Remark 5.2. If :vEé 4y then also zE¢q 4y but not necessarily the other direction, and so if

(G, A) is special, it is also weakly special (so the name is justified).

Claim 5.3. If Gy is centerless, Go = Aut (G;), and (G1, A) is weakly special, then so is
(Ga, A).

Proof. The proof is identical to the proof of 3.9, since conjugation is a good homomorphism,

G 9 G,y and G°* = G5, O

And much like conclusion 3.11 we have:

Conclusion 5.4. If G is a centerless group and (G, A) is (weakly) special then so is (G, A)
for every ordinal o, and Cga (A) = {e}.

The converse is true as well:

Claim 5.5. If for every ordinal o, Cga (A) = {e} then (G, A) is weakly special (so one can
take this as the definition).

Proof. Suppose ¢ is a good homomorphism taking x to y and fixing A pointwise. Let
¥ € Aut (G"¢) be such that ) [ G = ¢. Then, by definition, 1 has to be conjugation by
some element of G7¢ and by assumption Cgr (A) = {e}, hence ¢ = id.

Il

Definition 5.6. Denote by PF (A, B) the set of all partial functions from A to B (i.e.
such that the domain is a subset of A).

Definition 5.7. Say that a set A is pseudo finite if there is no function from A onto w

(i.e. 04 <w). Obviously, if A is finite, it’s also pseudo finite.
Definition 5.8. Let wq (z) = z, w1 (2, (yi |i <n+ 1)) = w, (zy.2™", (y; |i < n)).

Definition 5.9. Call a tuple (G, A, B, h) 2-special if
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(1) (G, A) is weakly special.
(2) ACBCQG.
(3) hisafunction, with domain G and if A is pseudo finite thenh : G — |J{PF (" A, B) [n < w},
and if not, then h : G — PF (¥ A, B).
(1) For any g € G, € dom (h(g)), wige) (9.) = b (g) (@)
(5) If g€ G,¢ € G™ and wyyq) (¢',a) =h(g) (a) for all a € dom (h (g)), then g = ¢

Remark 5.10. If (G, A, B, h) is 2-special then by (4) and (5) h is injective.

Claim 5.11. Suppose that (G, A, B,h) is 2-special, then there is some h C h; such that
(Aut (G), A, B, hy) is 2-special.

Proof. Denote G; = Aut (G). As (G, A) is weakly special, Cg, (A) = {e}. Define h; as
follows:

h; | G=h. For g € G;\G, and a € A, let f,, =h(gag™) (as G<4Gy, this is well defined).
Let dom (hy (¢)) = {b"a |b € dom (f,.),a € A}, and

by () (5°6) = fya ().
Now we check that the definition holds: (1) holds by 5.3. (2) is obvious.

(3): Obviously dom (h; (g)) € “”A, so if A is not pseudo finite we are done. In the
case where A is pseudo finite, there is some n such that dom (f,,) C " A for alla € A
(otherwise, the function a — min{n < w|dom (f,,) € "> A} is onto an unbounded subset
of w, and for every such subset there is a function from it onto w). Hence

dom (h; (g)) C"™> A, so h; : G; = J{PF (" A,B) In < w}.

(4): For g € G, since h; (g) = h(g), there is nothing to prove. Suppose g € G1\G and
b*a € dom (h; (g)) (recall that by definition, the length of an element from dom (h; (g)) is

not zero). We have
Wig(5a) (9:07a) = wigg) (9a97",0) = foa (b) =1 (g) (b0)

(5): Suppose g € G1,¢9" € G, and wig@q) (¢';a) = hy (g) (a) for all a € dom (h(g)). If
g € G, then since h; (¢9) = h(g), ¢’ = g by assumption. Suppose g € G1\G. In this case,
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we have that for all @ € A and b € dom (f.0),

w0 (600°0) = ) (dale)b)
— i (gag) () = fya () = ) (50).
Le. Wig(5) (g’a (g’)fl,lf)) = h(gag™) (5) for all b € dom (h(gag™')). By assumption,

ga(g) ' =gag ' foralla € A. By (1), and by 5.4, g = ¢
U

Claim 5.12. Let (G, A) be weakly special. The function h, defined by h(g) = {({),9)}
witnesses that (G, A, G, h) is 2-special.

Proof. Checking the definition, all clauses are trivial, for example, (4): for any g € G,

wo (9) =h(9)(() =g
O

Conclusion 5.13. Assume (G, A) is weakly special. Then for all a < 7, there is a function

h,, that shows that (G*, A, G,h,) is 2-special.

Proof. By induction on a we find h, such that for 8 < a, hg C h,. For o = 0, this is
exactly the previous claim. For o = f+1, this is 5.11. For « limit, let h, = (J{hz |8 < a}.
It is easy to see that definition 5.9 holds.

O

We conclude with:

Theorem 5.14. If (G, A) is a weakly special pair, then:
(1) (ZF) If A is pseudo finite, 7¢ < O jiprn>a,G)jn<w}, and if not, 7¢ < Oppe>a,q)-
(2) (ZF) If A is finite, 7o < Oy (cuig})in<w} Where g & G. If, moreover, there is a

function from w onto G, then 7 < 0, = Nj.

@)@FQMC<QQM+NQ5

Proof. (3) follows from (1) by classical cardinal arithmetic’s (recall that |PF (A, B)| =
|B|"Y, provided that 2 < | B|).
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To prove (1), we use claim 3.14, clause (2): from 5.13, we know that for all «, if A is
pseudo finite, then |G®| < |J{PF (" A,G) |n < w}|, and if not, |G*| < |PF (“Z A, G)| as
witnessed by h,,.
(2): |PF(A,B)| = |*(BU{b})|, where b ¢ B so if A is finite, since [*ZA| = |w],
Ta < Oy Guig))in<w) Where g & G. If there is a function from w onto G, there is such
a function from w onto G U {g}. Since |w| = |“w|, there is a function from w onto
U{"(GU{g})|n <w}, and we are done.

U

The ZFC version of 5.14 is not new, although it is not mentioned explicitly in [5]: one
can prove it using a slight modification of the proof there (i.e. using Fodor).

From (2) above, we easily get:
Conclusion 5.15. If G is (pseudo) finitely generated then 74 < 6, = ;.

The case where (G is finitely generated is interesting, also due to the fact that the tower

is absolute:

Lemma 5.16. Let V' C V a transitive subclass, which is a model of ZF. Let G be a
centerless group, finitely generated by A. Then, for every ordinal 6 € V', the automorphism
tower (GP|B < &) in V' is the same in V (i.e.

V= “(GP|B < d) is the automorphism tower up to §”).

We prove this lemma in the appendix. In conclusion, we have:
Conclusion 5.17. If G is finitely generated then 7o < RF.

Comparing theorem 5.14 with theorem 3.16:
First of all, the condition - (G, A) is weakly special - is weaker than (G, A) is special (note
that specialty is absolute, while weak specialty is not) so 5.14 is stronger in that aspect. In
3.16, G does not appear in the bound, only A, so the bounds are not directly comparable.
However, the bound in the last theorem is better in the case where A is finite. If G = A,

then the theorems are the same, because |PF (“~G,G)| = |P (“~G)|.
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6. APPENDIX - ABSOLUTENESS LEMMAS
Here we shall prove the absoluteness lemmas (lemma 3.18, 5.16).

Lemma 6.1. Let V' C V q transitive subclass, which is a model of ZF. Let (G,A)
be a special pair, and suppose G, P (“ZA) € V'. Then, for every ordinal 6 € V', the
automorphism tower (G” |8 < §) in V' is the same in V (i.e.

V= “(GP|B < d) is the automorphism tower up to §”).

Proof. Let T = <Gﬁ ‘ﬁ € ordY’ > We shall prove by induction on o < § that T [ o+ 1 is
the automorphism tower in V up to o + 1.

For a = 0 this is clear since G € V',

For « limit this follows from the definitions.

Suppose a = 3 + 1. By the induction hypothesis ¥ | « is the automorphism tower in 'V,
SO (G'B)V = (Gﬁ)V/ € V'. For every p € Aut (Gﬁ) = (G“ in V, we need to show that
pe (G,

A short explanation of what follows: by our assumption, the set of quantifier free types
over A is in V'. To show that p is in V', we would want to identify, in an absolute way,
its quantifier free type over A. In order to do that, we identify small pieces of the action
of p on GP: for each h € G”, we find what is p [ (AU {h}), by describing the quantifier
free type of p, h in G* over A (i.e. a type in 2 variables). These types amount to normal
subgroups of A x (z,y). After describing the restrictions of p to (AU {h}) for all h, we
demand that they agree on their common domains, and this allows us to define p as their
union.

Without loss of generality A is a subgroup of G - if not, replace it with (A), (we can define
a function from “~ A onto “~ (A4) as in claim 3.13). Let A = A x (z) i.e. the free product
of A and the infinite cyclic group. As in 3.13 there is an absolute definable function from
“>Aonto A, so P(A) € V. Let B= A« (z,y), and by the same reasoning P (B) € V'.
For every g € G®, there is a homomorphism ¢, from A onto (AU {g}),. defined by
x +— g, and fixing A pointwise. By 3.11 ((G*, A) is special), g — ker (p,) is injective, and
absolutely definable (ker (¢,) is basically just tp,r (g, 4, G%)). Note that by the induction
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hypothesis, cp;/ = goy/ for g € GP. Similarly, for g,h € G, there is a homomorphism
@g.n from B onto (AU {g,h})s. fixing A pointwise and taking = to ¢ and y to h, and
(g,h) = ker (¢45) is injective.

The following definition allows us to interpret the type of g in the type of some pair (hq, ho)

(see example below):
Definition 6.2. Let B C B

(1) For every o € B, Let ¥, : A — B be the homomorphism defined by = — o,
bo | A=id.

(2) For g € G” we say that g is affiliated with B (denoted g o B) if there is a word
o, =0 (x,y,a) € B (a are parameters from A) such that ker (¢,) = ¢, (B).

Og

Example 6.3. Let p € G*,h € GP. If B = ker (¢,) then for every g € G°, g o B iff
there exists o, such that ¢, (0,) = g (i.e. g € (AU{h,p})ga N G?). It could easily be
verified that this is indeed true, using the equality ¢, , (o) = ©pn © Py for every o € B,
and 3.11.

We shall find an absolute first order formula A (H,P (*>A),G?) that will say “H is a
normal subgroup of A = A x (z) and there exists an automorphism p € Aut (G#) = G*
such that H = ker (p,)”.

If we succeed then if p € (G*)Y then A (ker (p,), P (+>A),G?) will hold. Since ker (¢,) €
V' and A was absolute, there is some p’ € (Ga)vlsuch that ker (¢,) = ker (¢,) so p = pf
and we are done.

Let us describe A. It will say that H is a normal subgroup of A and that for each h € G*
there exists a subgroup B = B;, < B with the following properties:

1
2

(1) B is a normal subgroup of B.

(2) HC B,and BNA =H.

(3) For every a € A, a x B and 0, = a (equivalently BN A = {e})
(4) h < B and oj, = y.

(5) If g < B and both o, and oy witness that, then oy0,' € B.
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(6) If g1,92 x B then so is g1¢2 and 04,4, = 0,4,0,.

(7) If g < B then there exists ¢’ € G? such that ¢’ < B and zo,27! = g,.

B = Bj, induces a monomorphism pp whose domain is Hg = {g eGP lg x Bh}. It is a
subgroup of G” containing A and h (why? because of the conditions on B,). For every
g € Hpg define pp (g) to be the element ¢’ € G? as promised from property (7) (so the
range of pp is also Hg). Note that for every g1, g, € Hp, if aglag’; € B then g, = ¢s.

Why? Since B is normal, v, induces ¢/ : A — B/B, and so the condition g x B
becomes ker (¢,) = ker (zb;g). Now, if o9 € B, then ¢, = ¢ so ¢, =1 —and hence

ker (¢4,) = ker (¢g,) -

Now it an easy exercise to see that pp is a well defined monomorphism,
After defining pp we demand that for every hy, hy € G? and all suitable B; and Bs, PB,
h eGP }, and

and pp, agree on their common domain. Thus we can define py = { PB,
demand that py will be an automorphism (i.e. onto). Now all that is left is to say that
H =ker (p,, ), and A is written.

(There is no problem with writing this in first order. Moreover, the formula is bounded in
its parameters.)

Why is A correct? because if A (H,...) is true, then H = ker (¢,,,) by definition. On the
other hand, if H = ker (¢,) for some p, then:

e For each h, ker (¢, ) will be a suitable By, (by the example above).
e If B satisfies the conditions above, then pg [ A = p | A because by condition (2)
ker (¢pp00) = ¥oh 1 (H) = ker (¢y@). Hence, p~' o pp | A = id and by 3.11,

pp | Hg = p | Hp. So all the pgs agree on their common domains.

In conclusion, the demands on H are satisfied, and we are done. Il

Lemma 6.4. Let V' C 'V a transitive subclass, which is a model of ZF. Let G € V' be a
centerless group, finitely generated by A. Then, for every ordinal 6 € V', the automorphism
tower (GP|B < &) in V' is the same in V (i.e.

V= “(GP|B <d) is the automorphism tower up to §”).
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Proof. As above, let ¥ = <G5 ) B € ordV >, and we shall prove by induction on o < ¢ that
T | a+ 1 is the automorphism tower in V up to a + 1.

For o = 0 this is clear since G € V',

For o limit this follows from the definitions.

Suppose a = [+ 1. By the induction hypothesis T | « is the automorphism tower in V, so
(Gﬁ)v = (Gﬁ)vl € V'. Let p € Aut (G#) = G* in V. We need to show that p € (G"‘)V,.
We prove by induction on j < f3, that the sequence I; = (p | G'|i < j) isin V'. For j = §,
we have that p=p | G# € V'.

j = 0: Since A is finite, (A (Gﬁ))v = (A (Gﬁ))V/, soplAeV. (A)=G,sop|GeV.
(It is just the set of pairs (g,h) where g € G, h € G, and there is a finite sequence
ag, .. .,a,—1 € A and a function € : n — {£1}, such that g = Haf(i) and h =[] p(a;)*?)
7 limit: Let p | G =U{p | G'|i < j}. Using it we can define [; = (p | G*|i < j).
j=1i+1: p| G’ is the set of all pairs (g, h) such that

e gc G/ heGP and for all ¢ € G, p(gg'g7t) = hp(g)h ™

Note that this condition is absolute, and hence we are done if it works. Why is that true?
Obviously if (g,h) € p | G7, then this condition holds. Conversely, it is enough to show
that for each g, there is exactly one h such that (g,h) satisfies this condition. Suppose
that for hy, ho we have that for all ¢’ € G%, hip(¢') hi' = hap(¢') h5'. So, working in V,
we let B} = p~' (hy), kY = p~* (hy), and we get that conjugation by (%)~ hj is id on G'.
By the fact that (G, A) is special, this implies that h} = h}, so hy = hs.

Note that this proof is simpler than the proof of the previous lemma. This is due to the
fact that here, given p, we have that p [ G is “automatically” in V', while this is not the

case in general.

g
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