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On pseudo true cofinality, pg.5

[We continue [Shel2, §5] to try to generalize the pcf theory for X;-complete
filters D on Y assuming only DC + ACgyy. So this is similar to [She82,
ChXII]. We suggest to replace cofinality by pseudo cofinality. In particular
we get the existence of a sequence of generators, get a bound to Reg N
pp(1)\po, the size of Reg N\ o using a no-hole claim and existence of lub
(unlike [She]).

Composition and generating sequences for pseudo pcf, pg.16
[We deal with pseudo true cofinality of [ [] A, also with the degener-
i€Z jey;
ated case in which each ()\; ; : j € Y;) is constant. We then use it to clarify
the state of generating sequences; see 2.1, 2.2, 2.4, 2.6, 2.12, 2.13.]

Measuring Reduced products, pg.27

§(3A)  On ps-Tp(g), pg.27

[We get that several measures of "1/ D are essentially equal.]

§(3B)  Depth of reduced powers of ordinals, pg.31

[Using the independence property for a sequence of filters we can bound
the relevant depth. This generalizes [She00] or really [She02, §3].]

§(3C) Bounds on the Depth, pg.37

[We start by basic properties dealing with the No-Hole Claim (1.13(1)) and
dependence on (|a,| : s € Y)/D only (3.23). We give a bound for A\**(1) /D
(in Theorem 3.24, 3.26).]

See https://shelah.logic.at/papers/955/ for possible updates.
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§ 0. INTRODUCTION

In the first section we deal with generalizing the pcf theory in the direction
started in [Shel2, §5] trying to understand the pseudo true cofinality of small prod-
ucts of regular cardinals. The difference with earlier works is that here we as-
sume ACy for any set % of power < |2(Z(Y))] or, actually working harder, just

< |2(Y)| when analyzing [] ay, whereas in [She97] we assumed ACqp1q,:teyy and
tey

in [She] we have (in addition to AC g4 (yy)) assumptions like “[sup{a; : t € Y'}]
is well ordered”. In [Shel2, §1-§4] we assume only AC., + DC and consider 8-
complete filters on p but in the characteristic case p is a limit of measurable cardi-
nals.

Note that generally in this work, though we try occasionally not to use DC, it
will not be a real loss to assume it all the time. More specifically, we prove the
existence of a minimal Nj-complete filter D on Y such that A = ps-tef(Ila, <p)
assuming ACg(y) and (of course) DC and ay of large enough cofinality. We then

No

prove the existence of one generator, that is, of X C Y such that Jia‘comp[@} =
Jii\'comp [@] + X, see 1.6 and even (in 1.8) the parallel of the existence of a <p,-lub

for an < p-increasing sequence (%, : « < A), generalize the no-hole claim in 1.13,
and give a bound on pp for non-fix points (in 1.11).

In §2 we further investigate true cofinality. In Claim 2.2, assuming AC, and
D an Nj-complete filter on Y, we start from ps-tcf(Ila, <p), dividing by eq(a@) =
{(s,t) : @5 = a;}. We also prove the composition Theorem 2.6: it tells us when
ps-tef(IT ps-tcf(I] Aij, <p,), <g) is equal to ps-tcf( [T i j, <p).

i Fi (4,4)

We then prove the pcf closure conclusion: giving a sufficient condition for the op-

eration ps-pcfy,-comp to be idempotent. Lastly, we revisit the generating sequence.

In §(3A) we measure [] g(t) modulo a filter D on Y for g € ¥(Ord\{0}) in
tey
three ways and show they are almost equal in 3.2. The price is that we replace

(true) cofinality by pseudo (true) cofinality, which is inevitable. We try to sort out
the “almost equal” in 3.5 - 3.7.

In §(3B) we prove a relative of [She02, §3]; again dealing with depth (instead of
rank as in [Shel2]) adding some information even under ZFC. Assuming that the
sequence (D,, : n < w) of filters has the independence property (IND), see Definition
3.12, with D,, a filter on Y;, we can bound the depth of ((¥»)¢, <p ) by ¢, for every
¢ for many n’s, see 3.13. Of course, we can generalize this to (Dy : s € S). This is
incomparable with the results of [Shel2, §4]. See a continuation of [She] in [Shel6].

Note that the assumptions like IND(D) are complementary to ones used in [She]
to get considerable information. Our original hope was to arrive to a dichotomy.
The first possibility will say that one of the versions of an axiom suggested in
[She] holds, which means “for some suitable algebra”, there is no independent w-
sequence; in this case [She] tells us much. The second possibility will be a case of
IND, and then we try to show that there is a rank system in the sense of [Shel2].
But presently for this we need too much choice. The dichotomy we succeed to prove
is with small o-Depth in one side, the results of [She| on the other side. It would
be better to have ps-o-Depth in the first side.

Question 0.1. [DC + AC gy
Assume
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(a) @€Y Ord

(b) cf(ay) > hrtg(2(Y) for every t € Y

() Ae € pefy,_comp(@) for t € Z, in fact, \y = ps-tcf(lla, <p,), D; is an
Ny-complete filter on Y’

(d) X = ps-tefy, —comp({(A 1 t € Z)

(e) (a possible help) X; € Dy, (X :t € Y) are pairwise disjoint.

(A)  Now does A € ps-pcfy, comp(@)? (See 2.6.)
(B) Can we say something on D) from [Shel2, 5.9] improved in 1.37

Question 0.2. How well can we generalize the RGCH, see [She00] and [She06];
the above may be relevant; see [Shel2] and here in §(3C).

Recall

Notation 0.3. 1) For any set X let hrtg(X) = min{« : « an ordinal such that there
is no function from X onto a}.
2) A <qu B means that either A = ) or there is a function from A onto B.

Central in this work is

Definition 0.4. For a quasi order P we say P has pseudo-true-cofinality A or “A
is the pseudo true cofinality of P” when A is a regular cardinal and A is a pseudo
true cofinality of P which means that there is a sequence .% such that:

(a) F =(Fa:a<A)

(b) #,CP

(c) if a1 < ag,p1 € F#y, and pa € F,, then p; <p py

(d) ifqge ¥ thenforsomea<)\andpefawehaveq<pp1
() A =sup{a < \: F, #0}.

We may consider replacing AC 4 by more refined version, AC 4 p defined below (e.g.
in 1.1, 2.6) but we have not dealt with it systematically.

Definition 0.5. 1) AC4 p means: if (X, : a € A) is a sequence of non-empty
sets then there is a sequence (Y, : a € A) such that ¥, C X, is not empty and
Y, Squ B.

2) AC4,<x,ACa <p are defined similarly but |Y,| < k,|Y,| < |B| respectively in
the end.

Observation 0.6. 1) We have AC4 iff AC4 1.
2) ACy4 p fails if B = 0.
3) If ACA7B and |A1| < |A‘ and B <qu B; then ACAl,Bl-
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§ 1. ON PSEUDO TRUE COFINALITY

We continue [Shel2, §5].
Below we improve [Shel2, 5.19] by omitting DC from the assumptions but first
we observe

Claim 1.1. Assume ACz.

1) We have 0 > hrtg(Z) when & = (ap :t € Y) and 0 € ps-pcf(Ila) andt € Y =
cf(ay) > hrtg(2).

2) We have cf(tkp(a)) > hrtg(Z) when & = (oz :t €Y) and t € Y = cf(oy) >
hrtg(Z).

Remark 1.2. We can weaken the assumption cf(a;) > hrtg(Z) by using the ideal of
small cofinality, cf — idg(@), see [Shel6, 1.1=Lc2]. This can be done systematically
in this work.

Proof. 1) If we have AC,, for every a < hrtg(Z) then we can use [Shel2, 5.7(4)] but
we do not assume this. In general let D be a filter on Y such that § = ps-tcf(Ila, <p
), exists as we are assuming 0 € ps-pcf(Ila). Let .F = (%, : a < 0) witness § =
ps-tcf(Ila, <p), i.e. as in [Shel2, 5.6(2)] or see 0.4 here; note t € Y = o > 0, as
we are assuming %, C Ila for some « < 6; also if II& is non-empty then we can
assume %, # () for every a < 6.

Toward contradiction assume 6 < hrtg(Z). As 6 < hrtg(Z), there is a function h
from Z onto 6, so the sequence (F,(;) : z € Z) is well defined. As we are assuming
ACgz, there is a sequence (f. : z € Z) such that f. € %, for z € Z. Now define
g € Y(Ord) by g(s) = U{f.(s) : z € Z}; clearly g exists and g < a. But for each
s €Y, theset {f.(s): 2z € Z} is a subset of a; of cardinality < 6 < hrtg(Z) hence
< cf(as) hence g(s) < a. Together g € Ila is a < p-upper bound of U{.Z, : ¢ < 0},
contradiction to the choice of .Z.

2) Otherwise let 8 = cf(rkp(a)) so 6 < hrtg(Z),{a. : € < 6) be increasing with
limit rkp(@) and again let g be a function from Z onto 6. As ACyz holds, we
can find (f, : z € Z) such that for every z € Z we have tkp(f.) > ay(;) and
f- <p @ and without loss of generalityf, € Ila. Let f € Ila be defined by
f(t) = sup{fn)(t) : 2z € Z} so rkp(f) > sup{a. : z € Z} = rkp(a) > rkp(f),
contradiction. Ui

Theorem 1.3. The Canonical Filter Theorem Assume AC g(y.

Assume @ = (oy 1t € Y) € YOrd and t € Y = cf(oy) > hrtg(2(Y)) and
0 € ps-pefy, —comp(@) hence is a regular cardinal. Then there is D = Dg‘, an Ni-
complete filter on'Y such that 0 = ps-tcf(lla/D) and D C D’ for any other such
D' € Fily, (D).

Remark 1.4. 1) By [Shel2, 5.9] there are some such 9 if DC holds.

2) We work more to use just ACg(y) and not more.

3) If k > Vg we can replace “Nj-complete” by “k-complete”.

4) If we waive “0 regular” so just 0, an ordinal, is a pseudo true cofinality of
(&, <p) for D € D C Fily, (Y), exemplified by Z P, D # () the proof gives some
0, cf(8') = cf(9) and .F witnessing (Ila, <p,) has pseudo true cofinality & where
D, =n{D : D € D} for D as below.

Proof. Note that by 1.1
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B 0> hrtg(Z(Y)).
Let

Bs () D={D: D is an Ry-complete filter on Y such that (IIa;/D) has
pseudo true cofinality 9},

(b) D.=n{D:DeD}.
Now obviously

Bs (a) D is non-empty
(b) D, is an Ry-complete filter on Y.
For ACY letDy ={D eD:(Y\A) ¢ D} and let Z. = {ACY : Dy # 0},
equivalently &, = {A CY : A # () mod D for some D € D}. As AC4y) holds
also AC &, holds hence we can find (D4 : A € &,) such that Dy € Dy for A € Z,.
Let D, ={Da: A € P}, clearly
By () D.=n{D:DeD,}
(b) D. C D is non-empty.

As AC 4, holds clearly

(¥)1 we can choose (F4 : A € 2,) such that .F4 exemplifies D4 € D as in
[Shel2, 5.17 (1),( )] so in particular .4 is Rg-continuous and without loss
of generality .F2 # (), 2 C Tla for every a < 0.

For each 8 < 9 let

(¥)2 Fy={f=(fa: Ae P,): [ satisfies A € P, = fa € T4}

(¥)3 for f € F}a let sup{fa : A € 2.} be the function f € YOrd defined by
fly) =suwp{faly): Ac 2.}
(¥)a Fs={sup{fa: A€ P.}: f=(fa: Ac P.) belongs to Fj}.

Now
(¥)s5 (a) (F}: B <) is well defined, i.e. exist
(b) 73 Cla.
[Why? Clause (a) holds by the definitions, clause (b) holds as ¢t € Y = cf(ay) >
hrtg(2(Y)).]
(x)6 F5 # 0 for g < 0.

[Why? As for S < A, the sequence (5“4 A€ 2,) is well defined (as (F4: A€

P,y is)and A € &, = ﬁg‘ # (), so we can use AC 5y to deduce 951 #0.]
Define

(¥)7 (a) for f ella and A € &, let
Ba(f) =min{B < J: f < gmod D4 for every g € 7§ 41

(b) for f e a let B(f) = sup{Ba(f): A€ P.}.

Now

(¥)s (a) for Ae P, and f € Ila, the ordinal S4(f) < 9 is well defined
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(b) for f € Ila the sequence (B4(f) : A € Z,) is well defined.

[Why? Clause (a) holds because (9;4 iy < 9) is cofinal in (II, &, <p,, ), clause (b)
holds by (%)7(a).]

(%)9 (a) for f € Ila the ordinal B(f) is well defined and < 9
(b) if f < g are from IIa then B(f) < 5(g).

[Why? For clause (a), first, B(f) is well defined and < @ by (x)s and the definition
of B(f) in (x)7(b). Second, recalling that J is regular > hrtg(Z(Y)) > hrtg(2,)
clearly B(f) < 0. Clause (b) is obvious.]

Now

(%)10 (a) ifAe,92*,7<8andf€ﬁ:;4 then Ba(f) >~
(b) if’y<8andf€§,}thenﬂ(f)>’y

[Why? Clause (a) holds because f < yAg € .F4 = g< fmod Dy and B =~ =
fe ﬁ:;‘ A f % f mod Dy. Clause (b) holds because for some (fg : B € &,) €

H{ﬁf : B e P} we have f = sup{fp : B € P} hence Be &, = fp < f
hence in particular f4 < f; now recalling 5(fa) > v by clause (a) it follows that

B(f) >~

(*)11 (a) f0r§<81et7§=min{ﬁ( )feﬁg}
() for&<dlet F2={f € FL: B(F) = e}
(012 (@) ((e, FE): €< 6) is well deﬁned i.e. exists
(b) if &< Othen & <y <O.

[Why? 7 is the minimum of a set of ordinals which is non-empty by (*)g and C 0,
by (%)9(a), and all members are > v by (*)10(b).]

(¥)13 for £ < 9 we have FZ C lla and F¢ # 0.
[Why? By (%)11 as yg # () and 5251 C Ma.]

()14 we try to define 8. < 9 by induction on the ordinal ¢ < 9
e=0: B.=0
e limit: B, = U{B; : { < ¢}
e=(+1: 5627&
(*)15 (a) ife < O then B. < 9 is well defined > ¢
(b) if ¢ < e is well defined then f¢ < ..

[Why? Clause (a) holds as 9 is a regular cardinal so the case € limit is O.K., the
case ¢ = ¢ + 1 holds by (x)12(b). As for clause (b) we prove this by induction on &;
for ¢ = 0 this is empty, for ¢ a limit ordinal use the induction hypothesis and the
choice of B in ()14 and for ¢ = £ + 1, clearly by (x)12(b) and the choice of v, in
(%)14 we have B¢ < B and use the induction hypothesis.]

()16 if f € T, then for some g € U{.7 : e < 9} we have f < g mod D.,.
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[Why? Recall that S4(f) for A € £, and B(f) are well defined ordinals < @ and
Ae P, = Pa(f) <B(f). Now let ¢ < 0 be such that 5(f) < ¢, exists as we can
prove by induction on e (using (*)15(b)) that 3. > e. As .F4 is <p ,-increasing for
Ae P, clearly Ae P, Ng € ﬁé‘z = f < g mod D4. So by the definition of ﬂéc
we have A € W*Agéﬁég = f<gmod Dy hencegeﬁég = f <gmod D,. As

F5. C Fj5, we are done]
()17 ifC<§<3andf€ff<2 and g € F¢ then f < g mod D,.

[Why? As in the proof of (x)16 but now 5(f) = ¢.]
Together by ()13 + ()16 + (*)17 the sequence <ﬁ25 1€ < 0)is asrequired. [q 3

A central definition here is

Definition 1.5. 1) For & € Y Ord let Jﬁi\‘comp[d] ={X CY: ps-pcfr, —comp(@ |
X)C A} Sofor X CY, X ¢ Jil{comp[d} iff there is an Rj-complete filter D on
Y such that X # () mod D and ps-tef(Ila, <p) is well defined > X iff there is an
N;-complete filter D on Y such that ps-tcf(Ila, <p) is well defined > X and X € D.

Ny — Ry o _
2) JZ2\ P is JZLL7MP and we can use a set a of ordinals instead of a.

Claim 1.6. The Generator Ezistence Claim
Let & € Y (0rd\{0}).
1) Jj;‘l_comp(d) is an Ny -complete ideal on'Y for any cardinal X except that it may
be 2(Y).
2) [ACm(y)] Assume t € Y = cf(ayr) > hrtg(P(Y)). If X € ps-pefy, —comp(@) then
for some X CY we have

(4) T2 = I la] + X

(B) A= pS—th(Hd, <Jii*cexnp[&]) where JilA_Comp [@] = JSl}\—comP[a] + (Y\X)

(C) A& ps-pef; —comp(@ [ (YAX)).

Remark 1.7. 1) Recall that if AC gy then without loss of generality ACy, holds.

Why? Otherwise by ACgy) we have Y is well ordered and ACy hence |Y| = n

for some n < w and in this case our claims are obvious, e.g. 1.6(2), 1.8.

2) Note that J5\ “™[a] is a well defined ideal in 1.6(2)(B) though X is not
uniquely determined.

3) Note that if § = ps — tcf(Ila, <p) and X € D* then 6 = ps — tef(II(a] X), <(p4x)nz(x)
).

Proof. 1) Clearly JS\'"“"P(a) is a C-downward closed subset of 2 (V). If the
desired conclusion fails, then we can find a sequence (A4, : n < w) of members of

Jil{comp [@] such that their union A := U{A,, : n < w} does not belong to it. As

Ad¢ Jif\fcomp [@], by the definition there is an N;-complete filter D on Y such that
A # 0 mod D and ps-tcf(Ila, <p) is well defined, so let it be p = cf(u) > X and let
(Zo o < A) exemplify it.
As D is Nj-complete and A = U{A,, : n < w} # () mod D necessarily for some
n, A, # 0 mod D but then D witness A, ¢ J5y “"[a], contradiction.
2) Recall A is a regular cardinal by [Shel2, 5.8(0)] and A > hrtg(Z(Y)) by 1.1.
Let D = D¢ be as in [Shel2, 5.19] when DC holds, and as in 1.3 in general,
i.e. I/ D has pseudo true cofinality A and D contains any other such X;-complete
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filter on Y. Now if X € D then A = ps-tefy, —comp(@ | X, <(p4x)n2(x)) hence

X ¢ Jﬁi\_comp[@], SO

(*)1 X € JE\™P[a] = X = 0 mod D.

A major point is

N; —comp

(*)2 some X € D belongs to J_} [a].

Why ()27 The proof will take awhile; assume that not, we have AC gy hence
ACp, so we can find {(ZX,Dx,\x): X € D) such that:

(a) Ax is a regular cardinal > At ie. > A
(b) Dx is an Ry-complete filter on Y such that X € Dx and
Ax = ps-tef(lla, <p, )
() FX =(FX:a < \x) exemplifies that Ax = ps-tcf (&, <p, )
(d) moreover .#X is as in [Shel2, 5.17(2)], that is, it is Ng-continuous and
a<Ax = FX£0.

Let

(e) Dy ={ACY: for some X; € D wehave X e DAX C X; = A€ Dx}.
Clearly

(f) D7 is an Nj-complete filter on Y extending D.

[Why? First, clearly D C Z(Y) and 0 ¢ Dy as X € D = () ¢ Dx. Second, if
Ae Dthen X e DAX C A= A€ Dx by clause (b) hence choosing X; = A the
demand for “A € D}” holds so indeed D C D. Third, assume A = (A, : n < w)
and “A,, € D} for n < w, then for each A,, there is a witness X,, € D, so by ACy,,
recalling 1.7, there is an w-sequence (X,, : n < w) with X,, witnessing A,, € D5.
Then X = N{X,, : n < w} belongs to D and witness that A := N{4, : n <w} € D}
because every Dx is Nj-complete. Fourth, if A C B CY and A € Dj, then some
X witness A € Df,ie. X € DANX C Xy = A € Dx; but then X; witness also
B e D} ]

(g9) assume (F, : a < \) is <p-increasing in IIa, i.e. o < A = %, C IIa and
a1 < ag A fi € Foy N fo € Fo, = f1 <p fo and F, # ) for every or
at least unboundedly many o < A then |J %, has a common < Dr-upper

a<
bound.

[Why? For each X € D recall (Il&, <p, ) has true cofinality Ax which is regular
> X hence by [Shel2, 5.7(1A)] is pseudo A*-directed hence there is a common <p, -
upper bounded hx of U{.Z, : @ < A}. As we have AC 5(y) we can find a sequence
(hx : X € D) with each hx as above. Define h € Ila by h(t) = sup{hx(t) : X €
D}, it belongs to Il as we are assuming t € Y = cf(ay) > hrtg(22(Y)) > hrtg(D).
So h € Tlav is a <p,-upper bound of U{.%#, : @ < A} for every X € D, hence by
the choice of D7 it is a <p:-upper bound of U{.#, : a < A} ]

But by the choice of D in the beginning of the proof we have A = ps-tcf(Ila, <p)
so there is a sequence (%, : o < \) witnessing it. By clause (f) we have D C D?
so clearly (j\a ta < A) is also <ps-increasing hence we can apply clause (g) to

See https://shelah.logic.at/papers/955/ for possible updates.
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the sequence <ﬁa :a <)) and got a <p:-upper bound f € Il&, contradiction to

the choice of (%, : @ < A) recalling 0.4(d) because D C Dj, contradiction. So ()2
really holds.
Choose X as in ()3, now

(#)3 D= dual(J23“"Pla] + (Y\X)).

[Why? The inclusion D holds by (x); and (%), i.e. the choice of X as a member of
D. Now for every Z C X which does not belong to Jiycomp [@], by the definition
of Jﬁywmp [@] there is an Ny-complete filter Dz on Y to which Z belongs such that
0 := ps-cf(Ila, <p) is well defined and > A. But # > AT is impossible as we know
that Z C X € JE°P[a], so necessarily 6 = X, hence by the choice of D by using

<At
1.3 we have D C Dz, hence Z # () mod D. Together we are done.]

(x)4 A = ps-tef(la, <J5ifcomp)7 see clause (B) of the conclusion of 1.6(2).

[Why? By ()3, the choice of J5,*™P[a] and as A = ps-tcf(Ila, <p) by the choice
of D]

(%)5 A & ps-pefy, —comp (@ [ (YAX)).

[Why? Otherwise there is an Nj-complete filter D’ on Y such that Y\X € D’ and
A = ps-tef(Tla, <pq). But this contradicts the choice of D by using 1.3.]

So X is as required in the desired conclusion of 1.6(2): clause (B) by ()4, clause
(C) by (*)5 and clause (A) follows. Note that the notation J 3 “™P[a] is justified,

as if X’ satisfies the requirements on X then X’ = X mod Jil)\_comp [a]. 6

Conclusion 1.8. [ACg(y)] Assume a € YOrd and each oy a limit ordinal of cofi-
nality > hrtg(Z(Y)) and ps — pcfy, _comp(@) is not empty.
NIfteY = cf(ay) > hrtg(Fil?lQ1 (Y)) then there is a function h such that:

o; the domain of h is Z(Y)

o> Rang(h) includes ps—pcfy, _comp(@) and is included in ps—pcfy,  comp (@)U
{0} U{p : o = sup(uN ps-pefy, —comp(@))}, also Rang(h) includes {cf(oy) :
t € Y}, but see o5

o ACBCY = h(A)<h(B)and h(A) =0 A=10

o4 h(A) = min{): A € JZ}"“"Pla]}

o5 if h(A) = A and cf(X) > Xy then A is regular and A € ps-tefy, —comp (@), i.e.
for some N;-complete filter D on Y we have A € D and ps-tef(Ila, <p) = A

o; the set ps-pcfy, —comp(@) has cardinality < hrtg(#(Y))

o7 if h(A) = A and cf(A) = Ny then we can find a sequence (4, : n < w) such
that A = U{A4, :n <w} and h(4,) < A for n <w

o5 JoL P[] = {A C Y : h(A) < A} when cf(\) > Ry

oy if cf(otp(ps-pefi, —comp(@))) > No then ps-pefy, —comp (@) has a last member.

2) Without the extra assumption of part (1), still there is h such that:

o; h is a function with domain Z(Y)

See https://shelah.logic.at/papers/955/ for possible updates.
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oy the range of h is ps-pcefy, —comp (&) U{0FU{p = o = sup(pN ps-pefy, —comp(@))
and cf(u) = Ry or just cf(u) < hrtg(ps-pefy, —comp(@)) and Jﬁz_comp (@] #
U{I27"a) = x < )

o3 ACBCY =h(A)<h(B)and h(A) =0 A=10

o, h(A) = min{\: A € JE, “"P[a]}

o5 if h(A) = X and cf(A\) > hrtg( ps-pcfy, —comp[@]) then A € ps-pefy, —comp (@),

i.e. there is an Nj-complete filter D on Y such that (Il&, <p) has true
cofinality A

e as above
o7 as above

eg as above.

3) The set ¢ := ps — pefy, _comp (@) satisfies ¢ <, Z(Y). If also AC,, holds for a <
hrtg(Z(Y)) or just AC then we can find a sequence (X : A € ¢) of
N; —comp

subsets of Y such that for every cardinality u, J_), [@] is the R;-complete ideal
on Y generated by {X : A < p and X € ps-pehy; —comp (@)}

Ps—pcfy; comp (@)

Proof. 1) Let © = ps-pchy, —comp(@). We define the function h from & (Y) into
©1 which is defined as the closure of © U {0}, i.e. © U{u : u = sup(un O)}, by
h(X) = Min{\ € ©F : X € JE\ "P[a]}. Tt is well defined as ps-pcfy, —comp (@)
is a set, that is as p, = hrtg(Ila) is well defined and so JM~°mP[a] = P2(Y)
(see [Shel2, 5.8(2)]), non-empty by an assumption and Jﬁi\_comp [@] = Z(Y) when
A > sup(ps—pcfﬁrcomp(d)). This function h, its range is included in ©%, but
otp(©1) < otp(O) + 1; also clearly e, of the conclusion holds. Also if A € © and
X is as in 1.6(2) then hA(X) = X; so h is a function from Z(Y) into ©F and its
range include © hence |O] < hrtg(Z(Y)) so e first clause holds; the second clause
of e5 holds as trivially (@) = 0 and the definition of ©1 and the third clause by
teY = h({t}) = cf(ay) holds. Now first by 1.1 we have § € © = 6 > hrtg(Z(Y)),
hence § € © = 6 > sup(© N ) so the range of h is as required in e,.

Second, if A € ©F and cf(\) = Ry then clearly A € ©7\O and we can find an
increasing sequence (A, : n < w) of members of ps-pchy,-comp (@) with limit A. For
each n there is X,, € Jﬁi\;comp[d]\Jﬁﬁomp[d] by 1.6(2), but ACy, holds, see 1.7
hence such a sequence (X,, : n < w) exists. Easily 4 := U{X, :n < w} € Z2(Y)
satisfies h(A) = A hence A € Rang(h). Third, if A = sup( ps-pcty, —comp(@)) and
cf(X) > Vo, then |J Jou[a] # Z(Y) because Y does not belong to the union while

pn<A

Jox+(@) = 2Z(Y)so h(Y) = A

Fourth, assume XA = h(A), A\ ¢ ps-pcfy, —comp(@) and cf(A) > Ry, we can find
(A; o1 < cf(N)), an increasing sequence with limit A, but by the definition of A
necessarily AN ps-pcfy, —comp(@) is an unbounded subset of A so without loss of
generality all are members of ps-pcfy, —comp(II&). Now (J; := Jﬁgjcomp[d] ti<
cf()\)) is a C-increasing sequence of Ry-complete ideals on Y, no choice is needed,
and by our present assumption Xy < cf(A) hence the union J = U{J; : i < cf(\)}
is an ¥y-complete ideal on Y and obviously A ¢ J. So also D; = dual(J)+ A is an
N;-complete filter hence by [Shel2, 5.9] (recalling the extra assumption t € Y =
cf (o) > hrtg(Filg, (Y)))

See https://shelah.logic.at/papers/955/ for possible updates.
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for some Nj-complete filter Dy extending Dy we have p = ps-tef(lla, <p,) is
well defined, so by 1.6(2) we have some Da N Jﬁ;ﬁcomp @ #0but @ = DyNJ; =
Do N Jii\zcomp [@] hence p > ;. Hence pu > \; for every ¢ < cf(\) but A is singular
so p > X and g € ps-pefy, —comp(@). Hence x := min( ps-pefy, —comp(@)\A) is well
defined and Jﬁ{comp [@] = J trivially x > X, but as x is regular while X is singular
clearly x > A. But as h(A4) = X\ < x we get that A € JS;_Comp [a], contradiction to
the definition of h.

So we have proved es, the fifth clause of the conclusion. The other clauses follow
from the properties of h.
2) Similar proof.
3) We define a function g with domain &Z(Y) by g(A) = min{\ : A € J_,+[a]}.
This function is well defined as if A = hrtg(Ila) then A C Y = A € J<,[a]; and
the cardinals are well ordered. Also ¢ C Rang(h) because if A € ¢, then by 1.6(2)
we are done recalling that we are assuming AC z(y).

So clearly ¢ <, Z(Y) so as ¢ is a set of cardinals, clearly otp(c) < hrtg(Z2(Y))
hence [¢| < hrtg(Z(Y)).

For the second sentence in 1.8(3) by the last sentence it suffices to assume AC,.
For A € clet £, = {X CY : X as in 1.6(2)}, so &, # 0. By AC, there is a

sequence (X : A € ¢) € [[ . For X € ¢, let J} be the 8;-complete ideal on YV
A€c
generated by {X,, : p € ¢cN A}, so by the definitions of &5 we have p < AAp € ¢ =

X, € J<ula) C Janlal], also Joy[@] is Ri-complete hence A € ¢ = J; C Jcy[al].
If for every A equality holds we are done, otherwise there is a minimal counterex-
ample and use 1.6(2). O s

Definition 1.9. Assume cf(p) < hrtg(Y) and p is singular of uncountable cofinality
limit of regulars. We let

(a) pp}(u) =sup{r: for some @, D we have
(a) X = ps-tef(Ila, <p),
(b) D is an Xy — complete filter on Y
(¢) a=(a:teY), each ay regular
(d) p= limpa}
(b)  ppy () = sup{AT : X as above}.
(¢)  similarly DD} comp,y (1), PP, _comp.y (1) restricting ourselves
to k-complete filters D; similarly for other properties
(d) we can replace Y by an N;-complete filter D on Y, this means
we fix D but not & above.

Remark 1.10. 1) of course, if we consider sets Y such that ACy may fail, it is
natural to omit the regularity demands, so & is just a sequence of ordinals.
2) We may use @ a sequence of cardinals, not necessarily regular; see §3.

Conclusion 1.11. [DC + ACg(y)| Assume 6 = hrtg(Z(Y)) < p,p is as in Def-
inition 1.9, o < p and @ € Y (Reg N pf) A ps — pefy, comp(@) # 0 = ps —
PCfy, —comp(@) € . If 0 = [Reg N p\po| < pand & = [Reg N ppy (1) \po| then
k < hrtg(d x Y o).

Remark 1.12. In the ZFC parallel the assumption on g < p is not necessary.
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Proof. Obvious by Definition [Shel2, 5.6] noting Conclusion 1.8 above and 1.13
below. That is, letting = := Reg N ppy-(1)\po so |E] = k and A = Reg N u\po,
for every @ € Y A by Definition 1.9 the set ps-pcfy, —comp(@) is a subset of Reg N
ppy (1) \t10, and by claim 1.8 it is a set of cardinality < hrtg(2?(Y)). By Definition
1.9 and Claim 1.13 below we have 2 = U{ps — pcfy, _comp(@) : @ € YA}, Clearly
there is a function h with domain hrtg(22(Y)) x ¥ o such that ¢ < hrtg(2(Y))Aa €
Yo = (h(s,@) is the e-th member of ps-pcfy, —comp(@) if there is one, min(A)
otherwise). So h is a function from hrtg(Z(Y)) x Yo onto a set including = which
has cardinality &, so we are done. U111

Claim 1.13. The No Hole Claim/DC]

1) If @ € YOrd and Ay € ps-pefy, —comp(@), for transparency t € Y = a; > 0
and hrtg(L2(Y)) < A1 = cf(M1) < Ao, then for some &' € Ha we have \; =
ps_pCle—comp(O_/)-

2) In part (1), if in addition ACy then without loss of generality &’ € ¥ Reg.

3) If in addition AC »(yy + AC<, then even witnessed by the same filter (on'Y).

Proof. 1) Let D be an Nj-complete filter on Y such that A\ = ps-tef(Ila, <p), let
(Zo @ a0 < A2) exemplify this.

First assume hrtg(Filél(Y)) < Ay, clearly f € %, = rkp(f) > a for every a <
A2, hence in particular for o = A\; hence there is f € ¥ Ord such that rkp(f) = A\
and now use [Shel2, 5.9] but there we change the filter D, (extend it), so is O.K.
for part (1). In general, i.e. without the extra assumption hrtg(Fil%z2 (Y)) < A1, use
1.14(1),(2) below.

2) Easy, too.
3) Similarly using 1.14(3) below. O .13

Claim 1.14. Assume D € Fil.(Y),x > R, Fo C Y Ord non-empty for a < § and
F = (Fo : a < 0) is <p-increasing, § a limit ordinal.

1) [DC] There is f* € Ila which satisfies f € U{Fo : @« < M} = f <p [f* but
there is no such f** € Il satisfying f** <p f.

2) [AC..] For f* as above, let Dy = Dy z :={Y\A: A= mod D or Ac D*
and there is f** € YOrd such that f** <pya f* and f € W{Fy : a < M} =
f <pia [**}. Now Dy is a k-complete filter and O ¢ D1, Dy extends D and if
cf(0) > hrtg(P(Y)) then (Fy : a < ) witness that f* is a <p, -ezact upper bound

of F hence ([ f*(y),<p,) has pseudo-true-cofinality cf(d).
yey
3) DC + AC.+ ACz]
If cf(6) > hrtg(P(Y)) then there is f' € Y Ord which is an <p-ezact upper
bound of F, i.e. f<p f'=(Fa<d)(Fge Z,)[f <gmod D] and f € |J Fu =

a<d
f<pf"
Proof. 1) If not then by DC we can find f = (f, : n < w) such that:
(a) fn €YOrd

(b) fn—i—l < fn mod D

(¢) if fe U Zn and n < w then f < f, mod D.
a<d

So A, ={te€Y: frr1(t) < fu(t)} € D hence N{A,, : n < w} € D, contradiction.



Paper Sh:955, version 2014-05-02_12. See https://shelah.logic.at/papers/955/ for possible updates.

14 SAHARON SHELAH

2) First, clearly D; C Z2(Y) and by the assumption ) ¢ D;. Second, if f** witness
A€ Dy and AC BCY then f** witness B € D;.

Third, we prove D is closed under intersection of < x members, so assume
¢ <kand A= (A, :e < () is a sequence of members of D;. Let A:=nN{A.:¢e<
(},Be =Y\A: for e < (and B, = B.\U{B¢ : £ <e} and B=U{B, : € < (}.
Clearly B=Y\A,A CY and (B, : e < () is a sequence of pairwise disjoint subsets
of Y with union B. But AC¢ holds and € < { = A. € D; hence we can find
(f** 1 e < ¢) such that f* € YOrd and if A. ¢ D then f** witness A. € Dy. Let
f** € YOrd be defined by f**(t) = f**(t) if t € BL or e = 0 At € Y\B; easily
BleDtAfe U Pa=f<f=f" mod (D+B.) but B=U{B.:e<(}

a<d
and D is k-complete hence f € |J Fo = f < f** mod(D+ B). Soas A=Y\B
a<d
clearly f** witness A = (] Ac € D1 so Dj is indeed k-complete.

e<(

Lastly, assume cf(§) > hrtg(2?(Y)) and we shall show that f* is an exact upper
bound of .# modulo D;. So assume f** € YOrd and f** < f* mod D; and we
shall prove that there are a < § and f € %, such that f** < f mod D;.

Let o = {A € Df: thereis f € |J %, such that f** < f mod(D + A)}, yes,

a<d
not D!

Case 1: For every B € D} thereis A € o/, A C B.

For every A € & let ay = min{8: there is f € F#3 such that f** < f mod(D+
Al
So the sequence (a4 : A € &) is well defined.

Let a(x) = sup{aa +1: A€ o}, it is < § as cf(§) > hrtg(LP(Y)) > hrig(«).

Choose f € Fy(,) and let By := {t € Y : f**(t) > f(t)}. Now if A € &/ (so
A€ DJ)and f' € |J F, witness this (i.e. f** < f’ mod (D + A)); without loss

a<d
of generality f' € Z,, hence f' < f mod D recalling ay < a(x), then A ¢ By
as otherwise f** < f' < f < f** mod (D + A). So By contains no A € o hence
necessarily By is = () mod D; by the case assumption; this means that f** < f

mod D;. Sorecalling f € #,.) € |J Fa, we have “f is as required” thus finishing
a<d

the proof of “f* is an exact upper bound of .# mod D”.

Case 2: B € D} and there is no A € & such that A C B.
For f € U Zalet By = {t € B: f(t) < fu(t)} and for o < § we define

a<d
HBo = {By : [ € Z,} and we define a partial function h from Z(Y) into &

by h(A) = sup{a < § : A € By} As cf(d) > hrtg(P(Y)) necessarily a(x) =
sup(6 N Rang(h)) is < d. Choose g € F(4)4+1, hence u := {a : a € [ax),d] and
By € %,} is an unbounded subset of J.

Let A=BNBy,nowif Ac DY thenacu= \ [f< fi. mod (D+ A) but
_ feFa
Z is <p-increasing and 0 = sup(u) hence f € | Fo = f < fux mod (D + A)
a<d

hence by the definition of Dy, f.. witness that Y\A € Dj, hence A = mod D;.
As B € DI and A = BN B, it follows that B\ B, € D] and by the choice of & the
set B\ B, belongs to «/. But B\B, C B by its definition so we get a contradiction
to the case assumption.
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3) By [Shel2, 5.12] without loss of generality .7 is No-continuous. For every A € D+
the assumptions hold even if we replace D by D + A and so there are Dy, f* as in
part (2), we are allowed to use part (1) as we have DC and part (2) as we have
AC.,. As we are assuming AC gy there is a sequence ((Da, fa): A € D™) such
that:

(¥)1 (a) Dy is a k-complete filter extending D + A
(b) fa € YOrdis a <p,-exact upper bound of .#

Recall |A| <qu |B| is defined as: A is empty or there is a function from B onto A.
Of course, this implies hrtg(A) < hrtg(B).
Let % = (% :t € Y) be defined by % = {fa(t) : A € D} U {sup{f(t) :

fe U Fu}}hencet € Y = 0 < |%]| <qu Z(Y) even uniformly so there is
a<d
a sequence (h; : t € Y) such that h; is a function from Z(Y) onto % hence

| II %] <qu Z(Y) xY <qu (Y xY) but ACg(y) holds hence Y can be well
tey
ordered however without loss of generality Y is infinite hence |Y x Y| =Y, so

| H U] <qu |2(Y)].
Letg {g:g¢€ H % and not for every f € U Fo do we have f < g mod D},
so 9| < | H U | <qu |<@(Y><Y)| =|2(Y)] hence hrtg(%) < hrtg(2(Y)) < cf(9).
Now for every g € ¢ the sequence ({{t €Y : g(t) < f(t)}: f € ﬁU Fst:a<i)

<a
is a C-increasing sequence of subsets of Z(Y), but hrtg(Z(Y)) < cf(d) hence the
sequence is eventually constant and let a(g) < § be the minimal « such that

(x)g (VBla<B<d={{teY: g(t)<f)}:fe€ Uﬁﬁv} ={{teY:g(t) <
f0}:re U Fll

y<a
But recalling hrtg(¥4) < cf(9), the ordinal a(x) := sup{a(g) : g € ¥} is < §. Now
choose f* € .Z,(x)11 and define g* € [[ % by g*(t) = min(%\ f*(t)), well defined
tey
assup{f(t):t € | Fu} € %. It is easy to check that ¢g* is as required. ~ ;14
a<d

Observation 1.15. 1) Let D be a filter on Y.

If D is k-complete for every x then for every f € YOrd and A € D7 thereis B C A
from DT such that f|B is constant.

Nlfa=(a;:s€Y)and X CY fore < a < k and X = |JX. then ps —

g

Kfcomp(er) = U ps — pCfmfcomp (d rXE)

£

pef

Remark 1.16. 1) Note that 1.15(1) is not empty; its assumptions hold when Y is
an infinite set such that: for every X C Y, |X| <k V|[Y\X|<kand D={X CY:

YAX] £ r}.

Proof. Straightforward. U115
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§ 2. COMPOSITION AND GENERATING SEQUENCE FOR PSEUDO PCF

How much choice suffice to show A = ps—tcf( [[ A;;/D) when \; is the

(4,5)€Y
pseudo true equality of ( [T Aij,<p,) for i € Z where Z = {i : (i,j) € Y} and
JEY:
Y, ={(,j):i€ Z,j€Y;} and A = ps-tcf( [ Ai,<g)? This is 2.6, the parallel of

i€z
[She94, Ch.IL,1.10,pg.12].

Claim 2.1. If B below holds then for some partition (Y1,Y2) of Y and club E of
A we have

® (a) ifYy € D" and f,g € U{F, : a > min(E)} then f = g mod(D+Y7)

(b) if Yo € DT then (F, : a € E) is <p.y,-increasing

where
B (a) A is regular > hrtg(2(Y)))
(b) F, CYOrd for a <\ is non-empty
(¢) D is an Wy-complete filter on'Y

(d) ifor <ag<Xand fo € F,, for t=1,2 then f1 < fo mod D.
Proof. For Z € DV let
(*)1 (@) Sz={(a,B): @< < Xand for some f € %, and g € .F3 we have
f<gmod (D+ 2)}

(b) S§ ={(a,B):a < B < \and for every f € .Z, and g € F5 we have
f <gmod (D + Z)}.

(%)2 (a) ifa; <as<az<ayand (ag,a3) € Sz then (a1,a4) € Sz
(b)  similarly for S}
(o) fag <as<asz<agand (a1 # az) A (asz # aq) and (az,a3) € Sz
then (a1, a4) € S5
(d) Sz CS}.
[Why? By the definitions.]
Let
(*)3 J:={Z CY :Z € dual(D) or Z€ D* and (Vo < \)(3B)((a, B) € S}).
Next

(%)4 (a) Jis an Ry-complete ideal on YV
(b) if D is k-complete then J is x-complete!
(¢) J={ZCY:Z¢€ dual(D)or Z € D and (Va < \)(33)
((, B) € Sz)}-

[Why? For clauses (a),(b) check and for clause (c) recall (x)a(c).]
Let

Lnot used; note that AC, holds in the non-trivial case as AC g (y) holds, see 1.15
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(x)5 (a) for Z € JT let a(Z) = min{a < A: for no 8 € (o, \) do we have
(aaﬂ) € SZ}
(b) a(x) =sup{az:Z e Jt}
(x)¢ (a) for Z € JT we have a(Z) < A
b)) alx) < A

[Why? Clause (a) by the definition of the ideal J, and clause (b) as A = cf(\) >
hrtg(2(Y)) ]
Let

(x)7 (@) for Z € DV let fz : A = A+ 1 be defined by fz(a) =
Min{g: (a, ) € Sj or B = A}
(b)  f«: X — Xbe defined by: f.(a) =sup{fz(a): Z € DT NJ}
(¢) E={d:6 alimit ordinal < X such that a < § = f.(a) < 0P\ (*).

Hence
(x)s (a) if Z€ DT NJ then fz is indeed a function from A to A
(b)  f« is indeed a function from A to A
(¢) f« is non-decreasing
(d) Eisaclub of A.

[Why? Clause (a) by the definition of J and of f. and clause (b) as A = cf()\) >
hrtg(2(Y)) and clause (c) by (x)2 and clause (d) follows from (b)+(c).]

(%)g Let agp = min(FE),a; = min(E\(ap + 1)) choose fo € Fu,, f1 € Fa, and
let Vi ={yeY: foly) = fi(y)} and Y2 = Y\

(%)10 (Y1,Y2, E) are as required.
[Why? Think.] Uaa

Claim 2.2. We have A = ps — tcf(Ilay, <p,) = ps — tef (Ha, <p), this means also
that one of them is well defined iff the other is, when

(a) @ €YOrd andt € Y = cf(ay) > hrtg(Y)
(b) E is the equivalence relation on'Y such that sSEt < as = oy
(¢) D is a filter on X
d) Y, =Y/E
)
)

Remark 2.3. We can for the “only if” direction in 2.2 weaken the demand on cf (o)
to cf(at) > hrtg(t/E).

Proof. The claim means

(x) A =ps — tef(Ila, <p,) if and only if A = ps — tef (Hae, <p,).
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First “only if” direction holds by 2.4.

Second, for the “if direction”, assume that ps — pcf(Ilag, <p,) is well defined
and call it A;. Let (% : @ < A\) witness this, for f € %7 4 let flO1 € YOrd be
defined by f%(s) = f(s/E) and let Z, = {f%): f € # ,}. Tt is easy to check that
(Fo : a < X) witness Ay = ps — tef(Ila, <p) recalling t € Y = cf(as) > hrtg(Y)
by clause (d), so we have proved also the “if” implication. PP

By the following claims we do not really lose by using a C Reg instead & € ¥ Ord
as by 2.5 below, without loss of generality a; = cf(at) (when ACy) and by 2.2.

Claim 2.4. Assume & € YOrd, D € Fil(Y) and A = ps-pcf(Ila, <p) so A is
reqular, and y € Y = oy < A.

If (Zo : o < Ay witness A = ps-tef(Ila, <p) and y € Y = cf(ay,) > hrtg(Y) and
A > hrtg(Y) then for some e:

(a) e €eq(Y) ={e: e an equivalence relation on Y}

(b) the sequence Fe = (Feo + a < ) witness ps-tcf({ay /e : y € Y/e), D/e)
where

(¢) ayje =y, Dje={Afe: Ac D} where Aje = {y/e:y € A} and F. o =
{fle fe 2,3, ¥ Y/e — Ord is defined by fl*(t/e) = sup{f(s) : s €
t/e}; noting hrtg(Y/e) < hrtg(Y)

(d) e ={(s1,82) : s, = s, }.

Proof. Lete = eq(@) = {(y1,y2) : 11 € Y,y2 € Y and o, = vy, }. For each f € lla

let the function fI*! € Tla be defined by fI(y) = sup{f(z) : z € y/e}. Clearly

fI s a function from [] (ay, + 1) and it belongs to lla as y € ¥ = cf(ay,) >
yey
hrtg(Y) > hrtg(y/E). Let H : A — XA be: H(a) = min{f < A : 8 > a and there

are fi € F, and fo € Fp such that fl[*] < fa mod D}, well defined as % is cofinal
in (I, <p). We choose o; < A by induction on @ by: «; = U{H(a;) +1:j < i}.
So ap = 0 and (a; : i < \) is increasing continuous. Let .Z/ = {fI* : f € .Z,, and
there is g € #p(a,) = Fa,,, 1 such that f < g mod D}.

So

(x)1 F! C{f € lla: eq(@) refine eq(f)}.
[By the choice of .#/ and of €]

()2 ! is non-empty.
[Why? By the choice of H(«;).]

(¥)3 if i(1) <i(2) < X and hy € .F, for £ = 1,2 then hy < hy mod D.

[Why? For £ =1,2 let go € yH(ai(()) be such that hy = fé*] < g¢ mod D, exists
by the definition of 351,’([). But H(a1)) < ai(1)+1 < (2) hence g1 < fo mod D so

together hy = fl[*] < < fa< fQ[*] = hs mod D hence we are done.]

(x)a U &/ is cofinal in (Ila, <p).
i<A
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[Easy, too.]
Lastly, let Z;" = {f/e: e € Z/} where f/e € Y/¢Ord, is defined by (f/e)(y/e) =
f(y), clearly well defined. 0oy
Claim 2.5. Assume ACy and a, = (ai cy €Y) € YOrd for £ = 1,2. If

yeY = cf(ay) = cf(al) then A = ps-tef(Ilay, <p) iff A = ps — tef(Ilag, <p).
Proof. Straightforward. Lo 5
Now we come to the heart of the matter

Theorem 2.6. The Composition Theorem [Assume ACz and k > Yo/

We have X = ps-tcf( [[  Aij,<p) and D is a k-complete filter on' Y when :
(4,5)€Y

(a) E is a k-complete filter on Z
() (\;i:i € Z) is a sequence of reqular cardinals
(

c) A= ps-tef( [ i, <m)
i€z

(d) Y =(Y;:ic Z)

() D={(D;:i€ Z)

(f) D; is a k-complete filter on'Y;

(9) A= (\ij i € Z,j €Y;) is a sequence of reqular cardinals (or just limit
ordinals)

(h) Ai = ps-tef( J[ Aij, <p,)

JeY;
(1) Y=A{(G,j):j€Y, andic Z}
(j) D={ACY: for some B € E we havei € B = {j: (i,j) € A} € D;}.

Proof.
(¥)o D is a k-complete filter on Y.

[Why? Straightforward (and do not need any choice).]
Let (%o :a < A;,i € Z) be such that
(#)1 (a) Fi=(Fia:a <)) witness \; = ps — tef( [ Aij,<p,)
JEY;

(b) Fia#0.

[Why? Exists by clause (h) of the assumption and ACy, for clause (b) recall [Shel2,
5.6].]
By clause (c) of the assumption let 4 be such that

(¥)2 (a) 9 =(9s: 5 < \) witness A\ = ps—tcf(l_[ X, <E)
(b) %50 for § <A\ ~
Now for 8 < A let
(x)3 Fp={f:f¢€ H Aij and for some g € 95 and h = (h; 1 i € Z) €
1 Zoag we have (1, 7) € Y = £((i4)) = ha(i))

(%)4 the sequence (F3 : 5 < A) is well defined (so exists).
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[Why? Obviously.]
(*)5 if 1 < B2, f1 € j& and fo € 3‘\52 then f1 <p fo.
Why? Let g0 € 93, and hy = (h! : i € Z) € Fi ao(i), Witness f, € Fg, for
Be i ,ge (1) Be
=

0=1,2. As B1 < B2 by (%)2 we have B :={i € Z : g1() < g2(i)} € E. For each
i € B we know that g1(i) < g2(i) < A and so hj € F; 4.;),hi € F; 4,(;): hence
recalling the choice of (%, o : o < \;), see (x)1, we have A, € D; where for every
i€ Zwelet A; == {j €Y;:hl(j) < h2(j)}. As hy, hy exists clearly (4; : i € Z)
exist hence A = {(¢,j) : i € B and j € A;} is a well defined subset of Y and it
belongs to D by the definition of D.

Lastly, (i,7) € A = f1((4,5)) < f2((4,7)), shown above; so by the definition of
D we are done.]

(%) for every 8 < X the set %3 is non-empty.

[Why? Recall 95 # 0 by (x)2(b) and let g € 93. As (F, 44y 1 @ € Z) is a

sequence of non-empty sets (recalling ()2(b)), and we are assuming ACy there is

a sequence (h; : i € Z) € [[ % 4¢:)- Let f be the function with domain Y defined
i€z

by f((i,7)) = hi(j); so g, h witness f € F3, so Fs # I as required.]

(¥)7 if fo € [I A, then for some 5 < X and f € %3 we have
(1,5)€Y
f« < fmod D.

[Why? We define f = (ff : i € Z) as follows: f; is the function with domain Y;
such that

jeYi= fi(G) = f((75)

Clearly f is well defined and for each 4, f € [Ty, Aij hence by (x)1(a) for some
a < A\ and h € F; o we have f < h mod D; and let a; be the first such « so
(o 11 € Z) exists.

By the choice of (¢5 : 8 < A) there are 8 < X and g € ¥ such that (a; : i €
Z) < gmod E hence A := {i € Z: a; < g(i)} belongs to E. So (F,; 4¢;) ;i € Z) is a
(well defined) sequence of non-empty sets hence recalling AC there is a sequence
h=(hi:icZ)ye]] Zig(i)- By the property of (%, : a < );) and the choice

i€z

of h; recalling the definition of A, we have i € A = f7 < h; mod D;, exists as
(h; : i € Z) exist.
Lastly, let f € T[] i, be defined by f((i,5)) = h;(j). Easily g, h witness that
(i,9)€Y
f € Z5, and by the definition of D, recalling A € E and the choice of h we have
fx < f mod D, so we are done.]
Together we are done proving the theorem. Oog

Conclusion 2.7. The pcf closure conclusion Assume ACgq). We have ¢ = ps-
pClefcomp(c) m:

(a) a a set of regular cardinals, non-empty
(b) hrtg(#(a)) < min(a)
(¢) ¢ = ps-pefy, —comp(@)-
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Proof. Note that ¢ is non-empty because a C c.

Assume A € ps-pcfyn, —comp(€), hence there is E' an Ri-complete filter on ¢ such
that A = ps-tcf(Ilc, <g). As we have ACg(q) by 1.3 (as the D there is unique)
there is a sequence (Dy : 6 € ¢), Dy an Ny-complete filter on a such that § = ps-
tcf(Ila, <p, ), also by 1.8 there is a function h from £(a) onto ¢, let B3 = {S C
P(a): {6 € c: h~1{0} C S} € E}. By claim 2.2, the “if” direction with 2(Y)
here standing for Y there, we have A = ps — tcf(II{h(b) : b € P(a)},<g,) and E;
is an Ry-complete filter on & (a).

Now we apply Theorem 2.6 with £y, (D) : b € 3”( ) A, (h(b) : b€ P(a)),(0:
6 € a) here standing for E,(D; : i € Z),\, (\; : Z),( My j €Y;) for every
j € Z (constant here). We get a filter D; on Y = {(b, 0): b€ P(a),f € a) such
that A = ps — tef(II{0 : (6,0) € Y}, <p,).

Now |Y| = |£(a)| as a can be well ordered (hence Xy < |a| or a finite and all
is trivial) so applying 2.2 again we get an N;-complete filter D on a such that A\ =
ps-tef(Ila, <p), so we are done. Oo.7

J

Definition 2.8. Let a set a of regular cardinals.
1) We say b = (by : A € ¢) is a generating sequence for a when :

(05) bk CaCcC pS_pCle—comp(a)

(B) Jea+[a] = Jcala] + by for every A € ¢, hence for every cardinal A we have
J<xla] is the Ry-complete ideal on a generated by {bg : 6 € pefy, _comp(a)
and 0 < A}.

2) We say .7 is a witness for b = (b : A € ¢ C ps-pcfy, —comp (@) when:

(a) F =(Fr: 1€

(B) Fr=(Fra:a<A) witness A = ps — tef(Ila, <;_, [q)-
3) Above b is closed when by = an ps-pefny —comp (b ); if a is not mentioned it
means a = .

3A) Above b is smooth when 6 € by = by C by.
4) We say above b is full when ¢ = ps — pcfy, _comp(a)-

Remark 2.9. 1) Note that 1.8 gives sufficient conditions for the existence of b as in
2.8(1) which is full.
2) Of course, Definition 2.8 is interesting particularly when a = ps-pcfy, —com ().

Theorem 2.10. Assume AC. and AC 5 (q). Then ¢ = ps-pcfy, —comp(c) has a full
closed generating sequence for Vy-complete filters (see below) when :

(a) ais a set of reqular cardinals
(b) hrtg(Z(a)) < min(a)
(¢) ¢ = ps-pcfn, —comp(@).
Proof. Proof of 2.10
(¥)1 ¢ = ps-pcfr; —com (€)-
[Why? By 2.7 using AC5(q).]

()2 there is a generating sequence (b : A € ¢) for a.
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[Why? By 1.8(3) using also AC..]

(¥)3 let b = ps-pcfy, _com(ba) for A € c.

Now
(¥)4 (a) b* = (b%: X € c) is well defined
(b) by CbiCc
(c) b3 = ps-pehy, —com(b})
(d) A= max(b})
(e) A ¢ pef(c\b}).

[Why? First, b* is well defined as b = (by : A € ¢) is well defined. Second,
by C by by the choice of b} and b} C ¢ as by C a hence by = ps-pcfy, o (b3) C
ps-pefy, _com(€) = ¢, the last equality by 2.7. Third, by = ps-pcfy, com(b3) by
Conclusion 2.7, it is easy to check that its assumption holds recalling by C a.
Fourth, A € b} as J_)[a] witness A € ps — pcfy, _com(br) = b} and max(b}) = A by
(x)2 recalling Definition 2.8.

LaStIYa note that pS*pClefcomp(a) = pS*pClefcomp(b)\)upsprlefcomp(a\b)\)
by 1.15(2) hence p1 € ¢\b} = 11 € ps—pcfy, _comp(a\br); s0if A € ps—pcfy, _comp(€\b})
by 2.7 it follows that A € pcf(a\b}) which contradict 1.8(3), 1.6(2) so X\ ¢ ps —
Pefy, —comp(€\b}) that is, clause (e) holds.]

We can now choose .# such that

()5 (a) F =(Fr:Aeq)
(b) Fr=(Fra:a<))
(c) Z\ witness A = ps-tcf(Ila, <J_xlal)

(d) ifAea,a<and f € .F, then f(N) = q.

[Why? For each A there is such .% as A = ps-tcf(Ila, <J_,[a])- But we are assuming
AC, and for clause (d) it is easy; in fact it is enough to use ACg(q) and h as in
2.7, getting (F, : b € P(a)), Fp witness h(b) = ps-tcf(Ia, <;_, [a]) and putting
(Fp : b€ h~H{\}) together for each \ € ¢.]

(¥)6 (a) for A€ cand f € Iby let fIN € TIb% be defined by: fM(9) =
min{a < A: for every g € Fy o we have
fTox < (glbx) mod J—g[by]}
(b) for Aecand o < Alet F5 , = {(fIbA)N: f e Fral.

Now
()7 (a) fWla> ffor f€Tlby A ec
(b) (Fxa:A€c,a< ) is well defined (hence exist)
(¢) 5o C1Ib3.
[Why? Obvious, e.g. for clause (a) note that 8 € a = {6} € (J=g[bx])T.]
(%)s let Jx be the Ry-complete ideal on b} generated by {bj N b3 : 6 € cN A}
(K)o Jr € JZ b3,
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[Why? As for 0p,...,0, ... € cNA by 1.15(2) we have ps — pefy, —comp(U{b) 11 <
LU}) = U{ps - pCle—comp(bZn) 'n< LU} = U{b; n< W} € ‘]Nl Comp[c]']

©1 ifA€cand a1 < ay < A and fy € Fy ., for £=1,2 then N < fN mod
.

[Why? Let a, = {6 € by : f1(0) > f2(6)}, hence by the assumption on (Fy o : @ <
A) we have a, € J53 “™P[a], hence we can find a sequence (0, : n < n < w) such
that 6, € cN A and a, C b, := U{bg, : n < n} hence ¢, := ps — pcfy, _om(a.) C

U{by, :n < n} € Jy. So it suffices to prove fl[’\][(bj\c*) < fz[’\][(bf\\c*), so let
0 € b3\Ubj , by (+)4(d) we have 6 < X, let a := 2[>‘](6‘)7 so by the definition
of f2[)‘] (0) we have (Vg € Fp.o)((f2]bxr) < (g1bx) mod J—g[b,]). But a. C [Jby,
and n < w = 0 ¢ by = ps — pcfy, _comp(be,) hence by 1.15(2) we have ¢ ¢

ps — pefy, Comp(U bgn) hence Ubgn JELTOMP b, ] hence a, € Jy™P[by]. So
(first inequality by the previous sentence and the choice of a,, second by the earlier
sentence)

(fi6) < (fgm) < (gbx) mod JX}7" (b,
hence by the definition of f1 , (9) <a= [/\] (0). So we are done.]

©®2 if A € c and g € IIb} then for some o < X and f € F) o we have g < f
mod Jy.

[Why? We choose (hg : 6 € b}) such that hy € Fy 49 for each 6 € by; this
is possible as we are assuming AC. and by C c¢. Let hy € IIb} be defined by

hi(k) = sup{hg‘](/i) 1k € bg and 6 € by} for k € b}, the result is < k because the
supremum is on < |bg| ordinals and £ > min(b%) > min(c) = min(a) > hrtg(Z(a)).
Hence there are @ < X and hy € %), such that hy < hy mod J=j[a]. Now
f= hw € I1b3 recalling (*)7(a) is as required, in particular f € F5 ]

©®3 the sequence (Fy o @ o < A) witness A = ps — tef(IIb%, <z, ).
[Why? In (x)7(b), (c) + ®1 + ®2.]

@4 if X € ¢ then Joy = Jo5 P [b3].

[Why? By ()4, (*)s, ()9 and ®3.]
So

®5 b* = (b} : A € ¢) is a generating sequence for c.
[Why? By @4, (*)s recalling that A ¢ ps — pefy, _comp(€\b3) by (*)a(e).] Oz.10

Remark 2.11. Clearly b* is full and closed, but what about smoooth? Is this
necessary for generalizing [She00]?

Discussion 2.12. Naturally the definition now of
involved where .% = (%) : X\ € ps-pcfr_com(a)), P
ps-tcf(Ila, J—x(a)).

s in 2.8(2) for Ila is more

Z a
= (Fra 1 @ < \) exemplifies
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Claim 2.13. DC + AC.,] Assume

a set of reqular cardinals

K 18 regular > N

d) min(a ) is 2 hrtg(#(c)) or at least > hrtg(c)
F =(Fr: A€ ), T\ = (Fra:a <\ witness> X = ps-tef(Ia, <2\ "

Then

B for every f € Ila for some g € Ilc, if g < g1 € Ilc and h € {Fx g0 A E
¢} then (F0 € [c]<7)(f < sup{hy: A €d}).

Proof. Let f € Ila. For each A € ps-pcf,_ ., (a) let apy = min{fa < A: f <y
mod J=y[a] for every g € Fy o}, so clearly each o is well defined hence & = (o » :
A € ps-pcfi_com(a)) exists. So g = (o : A € ¢) € Ic is well defined. Assume

g1 € Ilcand g < g;. Let (hy : A € ¢) be any sequence from [] .%, 4, (x), at least one
AEc
exists when AC, holds but this is not needed here. Let ayy = {0 € a: f(§) < hr(0)}

o (ag : A € ¢) exists and we claim that for some d € [¢]<* we have a = U{ayy :
A € 0}. Otherwise let J be the k-complete ideal on a generated by {as : X € ¢}, it
is a k-complete ideal. So by [Shel2, 5.9=r9], applicable by our assumptions, there
is a k-complete ideal J; on a extending J such that A\, = ps-tcf(Ila, <, ) is well
defined. So A\, € ¢ and af ), € Ji, easy contradiction. Os .13

Claim 2.14. [ACNO/ We can uniformly define® a Ro-continuous witness for X =
ps — pef,_comp (L@, <p) where:

(a
(b
(

€ YOrd
each oy is a limit ordinal with cf(cy) > hrtg(S)
)\ is regular > hrtg(S)
= (F,:acS) satisfies: each F, is a witness for
)\ pef,comp (&, <p)
(e) if a € S then F, is No-continuous and f1, fa € Fa,a = f1 = fo mod D.

Cc

) a
)
)
(d) #

Proof.
()0 hrtg(S x S)is < X and < cf(ay) fort €Y.

[Why? As A, cf(aq) are regular cardinals.
For a,b € S let

(¥)1 (@) Eqp={0 <X if a < then for some 5 € (o,0) and f1 € Fq 0,
f2 € Fpp we have fi1 < fo mod D}

(b) define gop : A = A by gap(a) = min{8 < A: there are f1 € %, o
and f2 € % 5 such that f1 < fa mod D}

(¥)2 gap is well defined.

230 we are assuming it is well defined, now if AC g (y) such & F exists.
30f course, mere existence is already given by the assumptions.

See https://shelah.logic.at/papers/955/ for possible updates.
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[Why? As %, is cofinal in (Ila, <p).]
(*)3 Gga,p is non-decreasing.

[Why? As F, is < p-increasing, ]
Hence

(¥)a Eqp = {0 < X:6 alimit ordinal and (Voo < 6)(gqep(a) < 9)}.
Also
(¥)5 Eqp is a club of A.

[Why? By its defintion, E,; is a closed subset of A and it is unbounded as cf(\) =
A > Ry, because for every a < A letting ovp = o, a1 = gap(an) +1 < A clearly
B:=U{ap :n<wlis<dand vy <d= (In)(y < an) = (In)(Gap(¥) < nt1)).]

(¥)6 let g : A — A be g(a) = sup{gap(c) : a,b € S}
(%)7 g is a (well defined) non-decreasing function from A to .

[Why? “Non-decreasing trivial”, and it is “into A” as hrtg(S x S) < X recalling
(*)o-]

(x)s E=N{Eup:a,b€S}={0<X:(Va<d)(g9(er) <d)}isaclub of A
[Why? Like (*)7.]

(x)g let By ={d € E:cf(6) =Ro} so Ex C A =sup(A),otp(E1) = A
(¥)10 for § € E of cofinality Rg let F5 = {sup{f, : n < w}: for some a € S
and @ = (o, : n < w) increasing of cofinality Rg we have (f, : n < w) €

[[Za0.)}

n

(¥)11 (%5 : 0 € Ey) is <p-increasing cofinal in (Il&, <p) in particular Z5 # 0.

[Why? Z5 # 0 as 6 € E,cf(6) = Ry and ACy, .|
We can correct (%5 : & € Ep) to be Ny-continuous easily (and as in [Shel2,
§5]). Ua.14

Question 2.15. 1) Can we in 2.5 get smoothness?
2) If 2.10 does it suffice to assume AC5(q) (and omit AC,) and we can conclude
that ¢ = ps — pefy, _comp(¢) has a full closed generating sequence.

We may try to repeat the proof of 2.10, only in the proof of ()5 we use claim
2.16 below.

Claim 2.16. In 2.10 we can add “b is weakly smooth” which means 6 € by = 0 ¢
ps — pCfﬁl—comp(c\b*)'

Proof. Let b= (by : X € ¢) be a full closed generating sequence.
We choose b}\ by induction on A € ¢ such that

()1 (@) J<ala] = JZ\"Pla] + b}
(b) ps — pClefcomp(b}\) - b%\
() max(b}) =\
(d) if 6 € b} then b} D by mod J_y[a], i.e. bj\b} € JZ3"P[a].
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Arriving to A let 9y = {0 € by : bj\b} ¢ T “™P[a]}, 0} = ps — Py, comp(On)-
Now

(*)2 ps — pClefcomp(DA) g b)\ nA.
[Why? C by is obvious; recalling b} = ps — pcf(b} Na) because b is closed. If “¢ A
recall 05 = ps — pefy, _comp(d2), now 0y C by hence 0} C ps — pefy, —omp(br) €
A*. So the only problematic case is A € 0} = ps — pcfy, comp(dx). But then,

05 C ps—pcfy, —comp(€\ba) by the definition of 0 hence by the composition theorem
we have A € ps — pcfy, _comp(€\bA), contradicting an assumption on b.]

)3 there is a countable ey C 9% such that 91 CU{bL : 5 € ¢, }.
A A o

[Why? Should be clear.]
Lastly, let by = U{b} : 0 € ¢x} Ub, and check. Os.16
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§ 3. MEASURING REDUCED PRODUCTS

§ 3(A). On ps-Tp(g).

Now we consider some ways to measure the size of “1/D and show that they
essentially are equal; see Discussion 3.9 below.

Definition 3.1. Let @ = (o, : t € Y) € YOrd be such that t € Y = oy > 0.

1) For D a filter on Y let ps-Tp(@) = sup{hrtg(F) : F is a family of non-empty

subsets of ITa such that for every #; # %5 from F we have f; € F1 A fo € Fp =

f1 #p fa}, recalling f1 #p fo means {t € Y : f1(t) # fa(t)} € D.

2) Let ps-Tx_comp(®@) = sup{hrtg(F): for some xk-complete filter D on Y, F is as

above for D}.

3) If we allow oy = 0 just replace Ila by II*@ := {f : f € [[(aw + 1) and {¢t: f(¢) =
¢

at} =0 mod D}.

Theorem 3.2. [DC + ACg(y)] Assume that D is a k-complete filter on Y and
Kk >Ny and g € ¥ (Ord \{0}), if g is constantly o we may write o. The following
cardinals are equal or at least A1, Ao, A3 are Fil,{b(D)-almost equal which means:

for £1,45 € {1,2,3} we have Ay, Sijﬁi(D) Ao, which means if o < Ay, then o is
included in the union of S sets each of order type < Ay, :

(a) A =sup{|rkp, (¢)|" : D1 € FilL(D)}

A1
(b) A2 = sup{A\T: there are Dy € FilL(D) and a <p,-increasing sequence
(Fo e < N) such that Fo C ] g(t) is non-empty}
tey

(¢) A3 =sup{ps — Tp,(g) : Dy € Fil}(D)}.

Remark 3.3. 1) Recall that for D a k-complete filter on Y we let FilL(D) ={E : E
is a k-complete filter on Y extending D}.

2) The conclusion gives slightly less than equality of A1, A1, As.

3) See 3.10(6) below, by it Ay = ps-Depth™ ("1, <p) recalling 3.10(5).

4) We may replace k-complete by (< Z)-complete if Ry < |Z|.
5) Compare with Definition 3.10.

6) Note that those cardinals are < hrtg(II*g), see 3.1(3).
Proof. Stage A: A\ S;ailli(D) A2, A3.

Why? Let x < Ap, so by clause (a) there is D; € Fill (D) such that rkp, (g) > x.
Let Xp, = {a < x: some f € [] g(t) satisfies* Dy = dual(J[f, D1]) and a =

tey
rkp, (f)}, for any Dy € Fill(D;). By [Shel2, 1.11(5)] we have x = | J{Xp, : D3 €
Fil, (D)}
Now

® Dq € FilL(Dq) = |otp(Xp,)| < A2, A3; this is enough.

4recall dual(J[f, D1]) = {X CY : X € Dy or tkp, 4 (x\v)(f) > tkp, (f)}.
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Why does this hold? Letting #p,; = {f € Ypu : tkp,(f) = i and J[f,D1] =
dual(D3)}, by [Shel2, 1.11(2)] we have: i < jAi € Xp,Aj € Xp,Af € Fp,iNg €
Fp,,; = [ <g mod D; so by the definitions of s, A3 we have otp(Xp,) < Az, As.

Stage B: Ao SSFaiii(D) A1, Az, moreover Ag < A1, As.

Why? Let x < Ay and let Dy and (%, : a < x) exemplify x < Ag. Let
Yo = min{rkp, (f) : f € Fa} so easily a < 8 < x = 7o < s hence rkp(g) > x.
So x < A1 by the definition of A\; and as for x < Az this holds by Definition 3.1(2) as

a<BANfEFaNg € Fz= f<gmodDy = f+#gmodDyasx" =hrtg(x) < As.

Stage C: )\3 S;‘aﬁ,{(D) /\17)\2.

Why? Let x < A3. Let (%, : a < x) exemplify x < A3. For each o < x
let D, = {dual(J[f,D]) : f € %4} so a non-empty subset of Fil'(Y"). Now for
every D1 € D, := U{D, : @ < A} let Xp, = {a < x : D1 € D,} and for
a € Xp, let (p, .« = min{rkp(f) : f € Fo and Dy = dual(J[f, D])} and let
Fp,o =1{f € Fo: D1 = J|f,D] and rkp, (f) = Cp,.«} S0 a non-empty subset of
Fo and clearly ((Cp,.ayFD,.a) : @ € Xp,) exists.

Now

(a) a— Cp, o is a one-to-one function with domain Xp, for D; € D,

(b) x = U{Xp, : D; € D.} noting D, C Fil}(D)

(¢) for D € D, if o < f are from Xp, and (p, o < (p,.8,f € FD1,0,9 € FD, 8
then f < g mod D;.

[Why? For clause (a), if « # 8 € X¢,,f € Fp,,0,9 € Fp, g then f # g mod
D hence by [Shel2, 1.11] we have (p, o # (p,,5. For clause (b), it follows by the
choices of D,, Xp,. Lastly, clause (c) follows by [Shel2, 1.11(2)].]

Hence (by clause (¢c))

(d) otp(Xp,) is < Ag and is < tkp, (g9) for D; € U{D, : a < x} € Fil}(D).

Together clause (d) shows that D € D, = |Xp| < A1, Az so by clause (b),
A3 Sifﬁi(D) A1, Ag hence we are done. O30
Observation 3.4. If D is a filter on Y and & € ¥ (Ord\{0}) then

ps — Tp(a) = sup{A*: there is a sequence (%, : a < \) such that %, C
Ha, Fo #0and a # BA fi € Fo A fo € Fg = f1 #D fo}

Proof. Clearly the new definition gives a cardinal < ps — Tp(a@). For the other
inequality assume A < ps — Tp(&) so there is F as there such that A < hrtg(F).
As A < hrtg(F) there is a function h from F onto A. For @ < A define %/, = U{.% :
F € F and h(F) = a}. So (F. . a < \) exists and is as required. Os.4

Concerning Theorem 3.2 we may wonder “when does A1, Ao being S-almost equal
implies they are equal”. We consider a variant this time for sets (or powers, not
just cardinals).

Definition 3.5. 1) We say “the power of % is S-almost smaller than the power of
U, or write |2 | < |%]| mod S or |74 | <¥™ |%| when: we can find a sequence
(ui,s : s €.S) such that 24 = U{u1s:s € S} and s € S = |% 5| < |%].
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2) We say the power |%|,|%| are S-almost equal (or |2| = |%| mod S or
%] =3 | %)) when 2] <3 |2 <™ (7|

3) Let |9/1| <M %] be deﬁned naturally
4) In partlcular this applies to cardinals.

5) Let |%| <¥™ |%,| means there is a sequence (u; s : s € S) with union %4 such
thatseS:>|%|<\%|

6) Let |24 <! |%| means that if |%| < |%| then |% | <¥™ |%s|.

Observation 3.6. 1) If |2| < |%] and S # 0 then |24| <&™ |%)|.

2) If Ay < Ay and S # 0 then A\ qual Ag.

3) If \a = A and cf()\2) < hrtg(S) then the power of Ay is S - almost smaller than
S.

Proof. Immediate. Use

Observation 3.7. 1) The cardinals Aj, A2 are equal when A\; = alm A2 and cf()\),
cf(Aa) > hrtg(2(S)).
2) The cardinals A1, A2 are equal when A, :%h“ Ao and A1, Ao are limit cardinals
> hrtg(£(9)).
3) If A\p <™ Xy and 8 = hrtg(2(S)) then A\ <al Aa.

4) If <ale Ao and cf(A1) > 6 then A\; < \s.

5) If \; <alm A2 and 6 < A\J then \; < \J.

Proof. 1) Otherwise, let 0 = hrtg(Z(5)), without loss of generality A < A1 and
by part (3) we have A\; <% X, and by part (4) we have A; < Ay contradiction.
2) Otherwise letting 0 = hrtg(,@(S)) without loss of generality Ay < A; and by
part (3) we have A\q <°‘lm Ao but 9 < Ay is assume and )\+ < A1 as Ag is a limit
cardinal so together we get contradiction to part (5).
3) If (us : S € S) witness A\ Sg}m A2, let w = {a < A1 for no f < a do we have
(Vs € S)(a € us = B € us)} so clearly |w| < hrtg(L(S)) = 6 and for o € w let
Vo ={B <A1 : (Vs €8)(a€us =B € uys)} so (Vg : a € w) witness Ay <M )y
hence \; <alm A2.
4),5) Let o < 6 be such that A; <™ )y and let (u. : € < o) witness A\; <2 )y,
that is |us| < Ag for e < o and U{ue : € < o} = A;.

For part (4), if A2 < A1, then we have £ < 0 = |u.| < A1, but cf(A1) > o hence
{U{uc : € < o}| < A1, contradiction.

For part (5) for € < o, let ul = u\ U {u¢ : ¢ < e} and so otp(ul) < otp(us) <
luc|T < AJ so easily [\ | = |U{uE e<o}=|U{uL:e<o}<o- )\+ <A N =
As. Os.7

Similarly

Observation 3.8. 1) If \4 <alm A2 and 0 = hrtg(22(S)) then A\ <alm Ag.
2)If A < dl“‘ Ao and cf(A1) > 6 then A\ < Ao.

3) 1F Ay <48 )y and 0 < A then A1 < .

4) If A <@ X and 9 = hrtg(22(S)) then A\ <52 Xs.

5) If Ay <{’dl Ao and 9 < AJ,0 < A and cf(\g) > 60 then \; < )o.

6) If \; <>al A2 and @ < AJ then \; < AJ.

Proof. Similar, e.g.
1) Like the proof of 3.7(3). Us.s
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Discussion 3.9. 1) We like to measure (¥ u)/D in some ways and show their
equivalence, as was done in ZFC. Natural candidates are:

(A) ppp(u): say of length of increasing sequence P (not p!, i.e. sets) ordered
by <p

(B) ppy (1) = sup{pp}, (1) : D an Ny-complete filter on Y}

(C) Asin 3.1.

2) We may measure ¥ i by considering all d-complete filters.
3) We may be more lenient in defining “same cardinality”. E.g.

(A) we define when sets have similar powers say by divisions to 2(Z(Y)) sets
we measure (¥ 1)/ ~ 2(2(v)) Where ~p is the following equivalence relation
on sets:
X ~p Y when we can find sequences (X, : b € B), (Y, : b € B)
such that:

(a) X =U{X},:be B}

(b) Y = U{Y, : b e B}

(©) [Xo| = V3|

(B) we may demand more: the (X, : b € B) are pairwise disjoint and the
(Yp : b € B) are pairwise disjoint

(C) we may demand less: e.g.

(@) [Xp] <u V3| <u [Xo]
and/or

(¢)x (Vb€ B)(3ec € B)(|Xp| < |Ye|) and
(Vb € B)(3c € B)(|Ys| < |Xc])-

Note that some of the main results of [She] can be expressed this way.

(D) rk-supy,a(p) = rk-sup {rkp(p) : D is O-complete filters on Y'}
(E) for each non-empty X C Yy let

spL(X) = {(D,J) : D an X;-complete filter on Y, J = J[f, D],a = tkp(f) and f € X}
sp1(X) = U{spa(X) : o}

(F) question: If {sp(X) : s € S} is constant, can we bound J?

(G) X,Y are called connected when sp(X7),sp(Xs)) are non-disjoint or equal.

4) We hope to prove, at least sometimes v := T (¥ ) < pp, (i) that is we like to
immitate [She] without the choice axioms on “u. So there is f = (f, : @ < 0)

witnessing v < Y (Y ). We define u = uy = {a: there is no B € “a such that
(Vit € Y)(fa(t) € {f5,(t) : n <w}). You may say that uf is the set of a < ¢ such

that f, is “really novel”.
By DC this is O.K., i.e.

M, for every a < § thereis 3 € “(ugNa) such that (Vt € Y)(fa(t)) = {f5,(t) :
n < w}.
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Next for @ € uy we can define Dy ,, the R;-complete filter on Y generated by
{{t eY:fzgt)=falt)}: 8 < a}. So clearly a # 8 € ug A Df,, = D 5= fo #D
fs. Now for each pair D = (Dy,Dy) € Filj (ie. for the ¥;-complete case) let
Asp ={a € up: Dy, = Dy and J[fs, D1]} = dual(Dz). So 7 is the union of
< P(P(Y))-sets (as |[Y| = |Y] x |Y], well ordered.

So

(¥)1 v < hrtg((Yw x “(u))
()2 u is the union of &(Z(k))-sets each of cardinality < pp;Nl (1)

(I) what about hrtg("u) < ps-ppy., ()7

We are given (% :a < k) # Fo #0, %y Cu,a # 8= F,NFz =10
Easier: looking modulo a fix filter D.

()2 for D € Filyy,,let Fop={f€ Fo:-(39€ F.)(g<p f)}
Maybe we have somewhere a bound on the size of #, p.

§ 3(B). Depth of Reduced Power of Ordinals.

Our intention has been to generalize a relative of [She00], but actually we are
closed to [She02, §3]. So as there we use IND but unlike [Shel2] rather than with
rank we deal with depth.

Definition 3.10. 1) Let sucx(«) be the first ordinal 8 such that we cannot find
a sequence (%, : x € X) of subsets of 3, each of order type < « such that § =
U{%, : x € X}.

2) We define suc[;(] (a) by induction on ¢ naturally: if e =01t is v, if e = (+ 1 it is
sch(suc[)g] («)) and if € is a limit ordinal then it is U{suc[)g] () : ¢ < e}

3) For a quasi-order P let the pseudo ordinal depth of P, denoted by ps-o-Depth(P)
be sup{~: there is a <p-increasing sequence (X, : a < 7) of non-empty subsets of
P}.

4) o0-Depth(P) is defined similarly demanding | X,| =1 for a < 7.

5) Omitting the “ordinal” means = is replaced by |y|; similarly in the other variants
including omitting the letter o in ps-o-Depth.

6) Let ps-o-Depth™ (P) = sup{~y + 1: there is an increasing sequence (X, : a < 7)
of non-empty subsets of P}. Similarly for the other variants, e.g. without o we use
|y instead of v + 1 in the supremum.

7) For D afilter on Y and & € ¥ (Ord \{0}) let ps-o-Depth (@) = ps-o-Depth* (Ila, <p
). Similarly for the other variants and we may allow «; = 0 as in 3.1(3).

8) Let ps-o-depth},(a@) be the cardinality of ps-o-Depth},(a).

Remark 3.11. Note that 1.14 can be phrased using this definition.

Definition 3.12. 0) We say x is a filter w-sequence when x = ((Y,,,D,) : n <
w) = (Y n, Dxn : 1 < w) is such that D, is a filter on Y,, for each n < w; we may
omit Y, as it is U{Y : Y € D} and may write D if A D,, = D.

1) Let IND(x),x has the independence property, mean that for every sequence

F = (F,,:m<mn < w) from alg(x), see below, there is ¢ € [] Y,, such that
n<w

m<n<w=ty ¢ Fyat](m,n]). Let NIND(x) be the negation.
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2) Let alg(x) be the set of sequence (F,.,, : m < n < w) such that F,, :
[T Y:— dual(Dy,).

l=m-+1

3) We say x is k-complete when each Dy, is a s-complete filter.

Theorem 3.13. Assume IND(x) where x = ((Y,,, Dy,) : n < w) is as in Definition

3.12, D,, is kp-complete, Kk, > Nq.

1) DC + ACy, for n < w] For every ordinal ¢, for infinitely many n’s ps-o-

Depth(7)¢, <p,) < C.

2) [DC] For every ordinal ¢ for infinitely many n, o-Depth(()(, <p ) < ¢, equiv-

alently there is no <p, -increasing sequence of length ¢ + 1.

Remark 3.14. 0) Note that the present results are incomparable with [Shel2, §4] -
the loss is using depth instead of rank and possibly using “pseudo”.

1) [Assume ACy,] If for every n we have rkp, () > sucpy(p,)(¢) then for some
D! e Filzﬂl(Yn) for n < w we have NIND((Y,,, D}) : n < w). (Why? By [Shel2,
5.9]). But we do not know much on the D}’s.

2) This theorem applies to e.g. ¢ =N, Y, = N,,D,, = dual(J;;’S). So even in
ZFC, it tells us things not covered by [She02, §3]. So it also tells us that it is easy
by forcing to get, e.g. NIND(((Nn+1,dual(J£S+1)) :m < w)), see 3.19. Note that
Depth and pcf are closely connected but only for sequences of length > hrtg(22(Y))
and see 3.19 below.

3) If we assume IND((Y},(n), Dy(n) : 7 < w)) for every increasing n € “w, which is
quite reasonable then in Theorem 3.13 we can strengthen the conclusion, replacing
“for infinitely many n’s” by “for every n < w large enough”.

4) Note that 3.13(2) is complimentary to [She].

Observation 3.15. 1) If x is a filter w-sequence, x is Rj-complete and n, < w and
IND(x[[n4,w) then IND(x).

2) If x is a filter w-sequence and IND(x) and 7 € “w is increasing and y =
(Yen(n)» Dxp(n) : 1 < w) then y is a filter w-sequence and IND(y).

Proof. 1) Let F = (Fy;m :n < m < w) € alg(x), so (Fm : n € [n.,w) and
m € (n,w)) belongs to alg(x|[n.,w) hence by the assumption “IND(x[[n.,w))”
there is ¢ = (t, : n € [ny,w)) € [] Y, such that ¢, ¢ F, ,,(t[(n,m)) when
Nn>ny

ne < n < w. Now by downward induction on n < n, we choose t, € Y, such
that t,, & Fp, m(([n + 1,m]) for m € [n + 1,w). This is possible as the countable
union of members of dual(D,,) is not equal to ¥;,. We can carry the induction and
(tn, 1 n < w) is as required to verify IND(x).

2) Let F = (F;j:i < j <w) € alg(y). For m < n we define F}, , as the following

function from [ Yx into dual(Dx,.,) by
k=m—1

e ifi<jm=n()n=n()and § = (s : k € (m,n]) € ][] Yxr then

) k=m+1
Fron(3) = Fij((sy(iny 1 k€ [1,5 —1)]))
e if there are no such ¢, j then F,, ,, is constantly (.
As IND(x) holds there is ¢ € [] Yx  such that m < n = t,,, ¢ F,, ,(t[(m,n)). Now

n
t' = (tya) + k <w) € [[ Yy = [1Yy,n is necessarily as required. Os.15
n n
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Proof. Proof of Theorem 3.13

We concentrate on proving part (1), part (2) is easier, (i.e. below each .%, . is a
singleton hence so is &, . _ so there is no need to use ACy,,).

Assume this fails. So for some n, < w for every n € [n.,w) there is a counter-

example. As ACy, holds we can find a sequence (%, : n € [n.,w)) such that:

© for n € [n.,w)
(a) Fp =(Fne:e<()
(b) Fne C Yn( is non-empty

(¢)

N N

S

n 1S a <p,-increasing sequence of sets, i.e. €1 < e3 < (A f1 €
n,e1 /\fZ S ﬁn,erz = fl <Dn f2-

9

Now by ACy, we can choose (f, : n € [n.,w)) such that f,, € F#, ¢ for n € [n,,w).

(*) without loss of generality n, = 0.

[Why? As x[[n.,w) satisfies the assumptions on x by 3.15(2).]
Now

n—1
B form <n<wletYy = [ Y and for m,n <wletY, ,:=U{Y :
l=m
kEe[mmn]}soYy, =0=Y, ifm>nand¥y K ={<>}=Y,, if
m=n;s0ifne¥h, , and s € Yy, t € Y, we define (s)"n € ngm and
1" (t) € Yit1n+1 naturally
By for m <nlet 4, , be the set of functions g such that:

(a) g is a function from Y;} ,, into ¢ +1

(b) O #n€ Yy, =gn <
(c) if k € [m,n) and n € Y,&_l,n then the sequence (g({s)"n) : s € Yi)
belongs to ., ()
M ¢} ={9€9),,:9(() =e}fore <Candm <n <w.

m,n,e

Now the sets ¢, , are non-trivial, i.e.
By if m <nande < then¥,, , _#0.

[Why? We prove it by induction on n; first if n = m this is trivial because the
unique function g with domain {<>} and value € belongs to %}lna Next, if m <n
we choose f € %,_1. hence the sequence <gnl%,n71,f(s) 18 € Y,_1) is well defined
and by the induction hypothesis each set in the sequence is non-empty. As ACy, _,
holds there is a sequence (gs : s € Y,,—1) such that s € ¥;,_1 = g5 € gr}z,n—l,f(s)'

Now define g as the function with domain Y, :

9(() = ¢

g(v™(s)) = gs(v) for v € Ynka1 and s € Y,,.
It is easy to check that g € ¥} indeed so B, holds.]

m,n,e
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B if g,h €9, ,, and g(()) < h(()) then there is an (m, n)-witness Z for (h, g)
which means (just being an (m, n)-witness means we omit clause (d)):

(a) Z C'Y,,, is closed under initial segments, i.e. if n € Y;), N Z and
m < k < ¢ <n then n[[¢,n) EYZ?nﬁZ

) ez

(c)ifneZnYd,,.,m<k<nthen {scYy:(s)'neZ}c Dy

(d) if n € Z then g(n) < h(n).
[Why? By induction on n, similarly to the proof of Hy.]

B (a) we can find g = (g, : n < w) such that g, € 4, . forn <w
(b) for g as above for n < w,s € Y, let gni1,s € ¥, be defined by
Int1,5(V) = gny1 (v (s)) for v € Yo .

[Why? Clause (a) by By as ACy, holds, clause (b) is obvious by the definitions in
B, + Hs.]
We fix g as in Bg(a) for the rest of the proof.

B; There is ((Z,s:s€Y,):n<w) such that Z, ; witness (gn,gn+1,5) for
n<w,se€Y,.

[Why? For a given n < w,s € Y,, we know that g,4+1(({s)) < ¢ = ¢,({)) hence Z, s
as required exists by Hs. By ACy, for each n a sequence (Z,, s : s € Y;,) as required
exists, and by ACy, we are done.]

Bs Z, :={(0}U{v (s):s€Y,_1,v € Z,_1,} is a (0,n)-witness.
[Why? By our definitions.]

By there is F such that:
(@) F={(Fpn:m<n<w)
() Foun = Y11 — dual(Dy,)

(¢) Fron(v)is {s €Yy, : v (s) ¢ Z,_1} when v € Z,, and is () otherwise.
[Why? As clauses (a),(b),(c) define F.]
B¢ F witness IND(((Y,, D,,) : n < w)) fail.

[Why? Clearly F' = (F}, ,, : m < n < w) has the right form.

So toward contradiction assume t = (¢, : n < w) € [[ Y, is such that
n<w

(x)1 m<n<w=ty ¢ Fya(t)(m,n]).
Now
(x)2 tl[m,n) € Z, for m <n < w.

[Why? For each n, we prove this by downward induction on m. If m = n then
tl[m,n) = () but () € Z, by its definition. If m < n and t[[m + 1,n) € Z, then
tm & Fmn—1(t[(m,n]) by (x)1 so t[[m,n) = (t,) (tI[m + 1,n)) € Z, holds by
clause Hy(c).]

(#)3 gn41(tl[m,n]) < gn(tl[m, n)).
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[Why? Note that Z,,, is a witness for (gn, gn+1,1,) by Hr. So by Hs (see clause
(d) there) we have n € Z,;, = gnt1,4,(n) < gn(n). But m < n = t|[m,n] €
Zpt1 = t][m,n) € Z,4,, the first implication by (*)2, the second implication by
the definition of 7,11 in Hg. Hence by Hg(b) and the last sentence, and by the
sentence before last g,,+1(t][m,n]) = gnt1., (E[[m,n)) < gn(t[[m,n)) as required.
So ()3 holds indeed.]

So for each m < w the sequence (g,(t][m,n) : n € [m,w)) is a decreasing

sequence of ordinals, contradiction. Hence there is no ¢ as above, so indeed Hg
holds. But Hjg contradicts an assumption, so we are done. Os.13

Remark 3.16. 1) Note that in the proof of 3.13 there was no use of completeness de-
mands, still natural to assume X;-completeness because: if D), is the N;-completion
of D,, then IND((D], : n < w)) is equivalent to IND(D,, : n < w).

2) Recall that by [She02, 2.7], iff pp(N,,) > N, then for every A > R, for infinitely
many n < w we have (Vu < X)(cf(p) =R,y = pp(p) < A).

3) Concerning 3.17 below recall that:

(A) if Y, is a regular cardinal, D,, witness Y;, is a measurable cardinal, then
clause (a) of 3.17 holds, but [Shel2, §4] says more

(B) if p = p~* and P, is the Levy collapse a measurable cardinal A > p to be
p with D a normal ultrafilter on X, then Ibp, “the filter which D generates
is as required in (b) with u in the role of Z,,”, by Jech-Magidor-Mitchel-
Prikry [JMMP80].

So we can force that n < w = Y,, = Ng,.
4) So

(a) if pp(Ry) > N, and N, divides §,cf(d) < N, and § < Vs then pp(N5) <
N‘é“f’

(b) we can replace X, by any singular © < X,

(c) if, e.g. 0y < Ay = N5, , 0, < dpg1 and cf(d,) < Np, for n < w, then, except
for at most one n, pp(Ny, ) < Ny+.

5) We had thought that maybe: if y is singular and pp(u) > R+ then some case
of IND follows. Why? Because by [She02, 2.8] this holds if 4 < X+ provided that
p= N5 A" < p, (even getting IND((dual(JY?) : n < w)) for some increasing
sequence (A, : n < w) of regular cardinals < p with limit p if cf(p) = Ro and
C {\T : X € E} for any pre-given club FE of u if cf(11) > Rg). If only p = RsA|d| < p
then in [She02] we get a weaker version of IND.

Claim 3.17. [DC] For x = (Y,,,D,, : n < w) with each D,, being an Ri-complete
filter on'Y,,, each of the following is a sufficient condition for IND(x), letting Y (<

n—1
n) = [] Y, and for m <n, let Z,, , = {t : t is a function from ] Y, into
m<n {=m+1

Yo} and let Z, = 1] Zmn

m<n

(a) Dy, is a (< Zy)-complete ultrafilter
(b) o D, is a (< Zy,)-complete filter
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e for each n in the following game Ox r, the non-empty player has a
winning strategy. A play last w-moves. In the k-th move the
empty player chooses Ay, € Dy, and (X[} :t € Z,,),
a partition of Ay, and the non-empty player chooses ty, € Z,,.
In the end the non-empty player wins the play
if M XF is non-empty
k<w
(c) like clause (b) but in the second part the non-empty player instead ti, chooses
Sk C Z, satisfying |Sk| <x |S| and every Dy, is (< S)-complete, S is
infinite
n
(d) if m <n <w then Dy, is (<[] Yx)-complete®
k=m+1

Proof. Straightforward. E.g.

Clause (b):

Let ( st,, : n < w) be such that st,, is a winning strategy of the non-empty player
in the game Ox 5.

Let F = (F,,n :m <n < w) € alg(x) and we should find a member of []Y,, as

n
required in Definition 3.12(2). We now, by induction on i < w, choose the following
objects satisfying the following condition

m
(¥); (a) for k<mandj <i,Gjkm is afunction from [ Yy into Yj
£=k+1
(b)(a)  for m < w, {(Xjm,tjm):j <i)is an initial segment of a play
of the game Oy ,, in which the non-empty player uses the

strategy st,,;
(B)  wehave X, = (Xjmi:t € Zn) 50 Xjmt C Y
(V) tim = {jem:k<m)andt;pm € Z

(0) Xjme= () Xjkmpt, see clause (e) when
k<m
t:<tk:k<m>€Zm,/\tk€Zk.7m
k

(c)a) YjmisY,ifj=0
(B) Yimis X mkt; ot <J} C Yy ifje(0,4)
(d)(a) if j=0<1ithen Gjim is Fim

(B) ifj € (0,i) then Gj k p, is defined by: for (yxst1,...,um) € ] Yo
f=k+1
we have G km((Yk+1s -3 Um)) = Gj—1 kma1 ((Ykt1s -+ Ymt1))
for any Y41 € Yjm+1 (so the value does not depend on y,41!)

() fork <mandte Zgmlet Xjpmsbe{y € Yo if (Yrt1s-. ., Ym—1) €

m—1
[ Yethen Gjrm(Urt1,- - Ym—1,9) = Wkt1,- - Ym—1)}
=k+1

5S0 the Y}’s are not well ordered! But, on the one hand, if a < hrtg(Yy) = Dy, is |ofT-
complete then aY"/Dn >~ «. On the other hand, if D, is Nj-complete and aYﬂ//D >~ o then
D projects onto a uniform Nj-complete filter on some p < « and those projections cover the
ultra-power.
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Clearly (x)o holds emptily.

For i > 1, let j =1i—1 clearly (Y}, : m < w) is well defined by clause (c), hence
we can define (X i m ¢ 1t € Zy m) by clause (e) and let X p, ¢ = N{ X kmt, : k <
m} when t = (¢ : k < m).

So Xjm = (Xjms : t € Zp,) is a legal j-move of the empty player in the game
Ox,m, S0 we can use st,, to define t;,, = (t;r.m : kK < m) as the j-th move of the
non-empty player.

Lastly, the function G i, is well defined. Having carried the induction, for each
m clearly (X m,t;m):Jj < w) is a play of the game Ox_,, in which the non-empty
player uses the strategy st,, hence win in the play, so N({Xj m,,, : J <w} is non-
empty so by ACy, we can choose § = (y,, : m < w) such that y,, € {X;mt,,, :
Jj<wh.

It is easy to see that g is as required in Definition 3.12(2). 0317

Conclusion 3.18. [DC] Assume (k, : n) is increasing and k, is measurable as
witnessed by the ultrafilter D,, or just D, is a uniform® Y(Z(k,_;))-complete
ultrafilter on k.

Then for every ordinal (, for every large enough n we have o—Deptth () <.

Proof. By 3.17 we know that IND({D,, : n < w)) and by 3.13(2) we get the desired
conclusion. Us.1s

Claim 3.19. (ZFC for simplicity).
If (A) then (B) where

(A) (a) A=cf(\) and (M) < Apy1 and p=3{\, :n < w} and A = p*
(b) P, is the natural Ap-complete N} -c.c. forcing adding (fn.o = a < X)

of members of *(\,), < gba -increasing

(¢) P is the product [ [P, with full support

(B) in VF we have NIND((dual(J}?) : n < w)) and a cardinal 0 is not collapsed
if 0 ¢ (ut, pte].

Proof. So p € P, ff p is a function from some u € [A*]<* into U{¢(\,) : ¢ < An b,
ordered by P, = “p < ¢” iff @ € Dom(q) = a € Dom(g) A p(«) C ¢(a). Now use
3.13. Us.10

§ 3(C). Bounds on the Depth. We continue 3.2. We try to get a bound for
singulars of uncountable cofinality say for the depth, recalling that depth, rank and
ps-Tp are closely related.

Hypothesis 3.20. D an N;-complete filter on a set Y.

Remark 3.21. Some results do not need the R;-completeness.

6Recall T(A4) = min{f: there is no one-to-one function from 6 into A}.
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Claim 3.22. Assume & € ¥ Ord.

1) [DC] (No-hole-Depth) If ¢ + 1 < ps-o-Depthf,(a) then for some B € Y Ord, we
have B < a mod D and ¢ + 1 = ps-o-Depth™ (3).

2) In Definition 3.1 we may allow #. C Y Ord such that g € F. = g < f mod D.
3) If B €YOrd and & = 8 mod D then ps-o-Depth? (@) = ps-o-Depth™(3).

4) If{y €Y :ay =0} € D" then ps-o-Depth™t (@) = 1.

5) Similarly for the other versions of depth from Definition 3.10.

Proof. 1) By DC without loss of generality there is no 3 <p & such that ¢ +1 <
ps-0-Depth™ (). Without loss of generality & itself fails the desired conclusion
hence ¢ + 1 < ps-o-Depth™(B). By parts (3),(4) without loss of generality s €
Y = a;, >0 As(+1< ps—o—Depth+(d) there is a <p-increasing sequence
(Fe e < (+1) with Z. a non-empty subset of [Ia. Now any 3 € F¢,(+1 <
ps-o-Depth™ (B) as witnessed by (Z. : € < (), recalling part (2); contradicting the
extra assumption on @ (being <p-minimal such that...).

2) Let 7! = {f18 . f € 7.} where fl®l(s)is f(s) if f(s) < a and is zero otherwise.
3),4) Obvious.

5) Slmllarly 53.22

Claim 3.23. DC + ACy/ If &, 8 € YOrd and D is a filter on Y and s € Y =

‘as| = |ﬁs| then pS'TD(@) =PpPs— TD(B)
Proof. Straightforward. Os3.03
Assuming full choice the following is a relative of Galvin-Hajnal theorem.

Theorem 3.24. [DC + ACy] Assume a(l) < a(2) < AT, ps-o-Depth™()\) <
M) and ¢ = hrtg(Ya(2)/D). Then ps-o-Depth},(AT*(2)) < yF(a)+&),

Proof. Let A = {p : AT < 1 < Xe(D+€Y and for every p € A let

(#)1 Fu=F (W) ={f:fe¥Y{M*:a<a2)}and p= ps-Depth}(f)}
(¥)2 obviously (%, : u € A) is a sequence of pairwise disjoint subsets of ¥ «(2)
closed under equality modulo D.

By the no-hole-depth claim 3.22(1) above we have

(x)s if p1 < po are from A and fo € %, then for some f; € %, we have
f1 < fo mod D

(¥)4 € >sup{C+1: F(AT@FT)) £ () implies the conclusion.
Lastly, as ¢ = hrtg(¥ «(2)/D) we are done. Os.04

Remark 3.25. 0) Compare this with conclusion 1.11.
1) We may like to lower & to ps-Depth};(a(2)), toward this let

(*)1 #,, ={f € F,: there is no g € F, such that g < f mod D}.
By DC

(¥)2 if f € 7, then there is g € F such that g <p f mod D.
2) Still the sequence of those &/ is not <p-increasing.

m

Instead of counting cardinals we can count regular cardinals.
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Theorem 3.26. [DC+ACy ] The number of reqular cardinals in the interval
(At ps-depth 5 (AT?) is at most hrtg(¥ a(2)/D) when :
(a) (1) < a(2) < AT
(b) K> Ny
(¢) D is a k-complete filter on'Y
(d) At = ps-Depthp(N).
Proof. Straightforward, using the No-Hole Claim 1.13. Os.06
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