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COMBINATORIAL BACKGROUND FOR NON-STRUCTURE
E62

SAHARON SHELAH

ABSTRACT. This was supposed to be an appendix to the book Non-structure,
and probably will be if it materializes.

It presents relevant material sometimes new, which used in works which
were supposed to be part of that book.

In §1 we deal with partition theorems on trees with w levels; it is self
contained. In §2 we deal with linear orders which are countable union of
scattered ones with unary predicated, it is self contained. In §3 we deal mainly
with pcf theory but just quote. In §4, on normal ideals, we repeat [She86].
This is used in [Shea).
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§ 1. PARTITIONS ON TREES

See [RS87], [She83, 2.4,2.5], [She82b], [She98, XI3.5,XI3.5A,X13.7,X15.3,X V2.6, XV2.6A,
XV2.6B,XV2.6C] on those theorems.

See Rubin, Shelah [RS87] pp 47-48 on the history of such theorems, more in
[She83].

Definition 1.1. 1) I is an ideal on S when it is a family of subsets of S including
the singleton, closed under union of two and S ¢ S.

2) An ideal I is A\-complete if any union of less than A members of I is still a member
of I.

In [Shec, 1.1=L1.1], [Shec, 1.2=L1.2] we use
Definition 1.2. 1) A tagged tree is a pair (.7,1) such that:

(a) T is a w-tree, which in this section means a non-empty set of finite se-
quences of ordinals such that if n € .7 then any initial segment of 1 belongs
to 7. We understand that 7 is ordered by initial segments, i.e., n <z v
means 7 is an initial segment of v that is n J v

(b) Tis a function but only IT(Dom(I)N.7) matters, such that for every n € .7:
if I(n) = L, is defined then I(n) is an ideal of subsets of some set called the
domain of I,;, Dom(I,) and Dom(I,) ¢ L, and

Succz (1) := {v : v is an immediate successor of  in 7} C Dom(I,)).

The interesting case is when Succ(n) ¢ I, and usually I,, is Xo-complete
(¢) For every n € 7 we have Succz(n) # 0.

2) We call (7,I) normal when for every n € Dom(I,) we have: Dom(I,) =
Succz (n).

Convention 1.3. 1) For any tagged tree (.7,I) we can define the function IT, by:
Dom(I') = {n : n € Dom(I) and Succz(n) C Dom(I,), and Succz(n) ¢ I,}

II, ={{a:n (o) € A} : A€ L,}.

2) We sometimes, in an abuse of notation, do not distinguish between IandI.
Also if I:f7 is constantly I*, we may write I* instead of I.
3) We use .7 only to denote w—trees.

Definition 1.4. 1) We say that 7 is a splitting point of (7,I) when n € 7,1, is
defined and Succz(n) ¢ I,. Let split(7,I) be the set of splitting points of (7, I).
Usually, we will be interested only in trees where each branch meets split(.7,I)
infinitely often.

2) Forne T, let 7 :={v e .7 :v=mnorvanornav}.

Definition 1.5. We now define several orders between tagged trees:

1) (7, 11) < (P, L) if % C T, and split(Js, 1) C split(J,1;), and for every
n € split(F, Iz) we have Iy(n)[Succa, () = Ii(n)[Succs (n) (where I[A = {B :
B C A and B €1}). (So every splitting point of % is a splitting point of (71,1;),
and I | split(.%, I5) is completely determined by I; and split(.Z,I5) provided that
I is normal, see 1.2(2).)



Paper Sh:E62, version 2015-06-24_12. See https://shelah.logic.at/papers/E62/ for possible updates.

COMBINATORIAL BACKGROUND FOR NON-STRUCTURE E62 3

2) (71, 1h) < (%, 1) when (73,T1) < (%5, Tp) and split(25, To) = split( 73, 1) N
Ds.

3) (7.0) <% (%5) if (,0) < (%) and 5 € %\ split(73,T1) =
Succg, (1) = Suceg, ().

4) (71,5L) <7 (%, 1) if (71, 1h) < (F2,Iz) and i € F and [Suceg, ()] < p =
Succg, (n) = Succ ().

Definition 1.6. 1) For a set I of ideals, a tagged tree (7, 1) is an I-tree if for every
splitting point n € .7 we have I, € I (up to an isomorphism) or just I,, is isomorphic
to ITA for some I € I A C dom(I), A ¢ I; but we usually use restriction-closed I,
see Definition 1.9(2).

2) For a set S of regular cardinals, an S-tree .7 is a tree such that for any point
n € J we have: [Succz(n)| € S or |Succs(n)| = 1.

3) We may omit I and denote a tagged tree (7,I) by 7 whenever .7 C Dom(I)
and I, = {4 C Sucer(n) : |A| < |Succz(n)|} and |Succz(n)| € IRCar U {1} for
every n € 7, recalling IRCar is the class of infinite regular cardinals.

4) For a tree 7,1im(.7) is the set of branches of 7, i.e. all w-sequences of ordinals,
such that every finite initial segment of them is a member of .7, that is lim(.7) =
{ne“Ord: (Vn)nln € J}.

5) A subset J of a tree J is a front if: n # v € J implies none of them is an
initial segment of the other, and every n € lim(7) has an initial segment which is
a member of J.

6) (7,1) is standard if for every non-splitting point € .7 we have |Succz(n)| = 1.
7) (7,1) is full if every n € 7 is a splitting point.

8) The natural topology on lim(I) for an w-tree .7 is defined by  C lim(.7) is
open when for every n € % for some n < w we have lim(.7"") C 7% .

Recall

Observation 1.7. 1) The set lim(.7) is not absolute, i.e., if Vi C Vg are two uni-
verses of set theory then in general (1im(.7))V* will be a proper subset of (lim(7))Vz.
2) However, the notion of being a front is absolute: if V1 | “A is a front in T 7,
then there is a depth function f: .7 — Ord satisfying

n<av and Vk < Lg(n)nlk & Al — f(n) > f(v).

This function will also witness in Vo that A is a front.

3) A C T contains a front if and only if A meets every branch of 7. So if AC T
contains a front of 7 and ' C T is a subtree, then AN .J' contains a front of
T'. Also this notion is absolute.

Notation 1.8. In several places in this section we will have an occasion to use the

following notation: Assume that (7,1) is a tagged tree, and for each n € 7 we are
given a family &7, of subsets of [ such that

nav = (VAe £,)(3B € #,)[B C A].

1) We inductively define for all « € Ord U {co} the property Dp, (1) by: Dp,(n)
if and only if (V38 < a)(VA € &2,)(Fv € ANsplit(J))[n <v and Dpg(n) and {p :
p € Succz(v) and Dpg(p)} ¢ L]

2) Then it is easy to see that Dp(n) := max{a € Ord U {occ} : Dp,(n)} is well
defined, and Dp, (1) < Dp(n) > a. We call Dp(n) the “depth” of n (with respect
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to the family & = (2, : n € 7) and the tagged tree (7,1)). It is easy to check
that n<v = Dp(n) > Dp(v).

3) Similarly we can define Dpl,(n), Dp’(n), when in the definition of Dp, (1) we
replace 7 <v by n = v in this case.

Definition 1.9. 1) A tagged tree (.7,1) is A-complete if for each n € 7 N Dom(I)
the ideal I, is A-complete.

2) A family T of ideals is A-complete if each I € I is A-complete. We will only
consider Ny-complete families I.

3) A family I is restriction-closed if I € I, A C Dom(I), A ¢ I implies IlA = {B €
I: B C A} belongs to 1.

4) The restriction closure of I is

res—cll)={ITA:Tel,ACDom(I),A¢I}.

5) I is A-indecomposable if for every A C Dom(I),A ¢ I, and h : A — X there is
Y C A\ |Y| < A such that h1(Y) ¢ I. We say I or [, is A-indecomposable if each
I, (or I €1) is A-indecomposable; similarly in part (7).

6) I is strongly A-indecomposable iffor A; € I (i < A) and A C Dom(I), A ¢ I we
can find B C A of cardinality < A such that for no ¢ < A\ does A; include B.

Observation 1.10. 1) If an ideal I is A\ -complete then it is A-indecomposable.
2) If 1 is an ideal and |Dom(I)| < A then I is A-indecomposable.
3) If 1 is a strongly 0-indecomposable ideal then I is a 6-decomposable ideal.

Lemma 1.11. 1) If (7,1) is a A\*-complete tree and H is a function from lim(.7)

to X such that for every o < X the set H=1({a}) is a Borel subset of im(7) (in

the topology that was defined in Definition 1.6(8)) then there is a tagged subtree

(71,1) satisfying (7,1) <* (T1,1) (see Definition 1.5(2)) such that H is constant

on lim(.71).

2) In part (1) we can let H be multivalued, i.e. assume lim(.7) is |J Ba, each
a<A

B, is a Borel subset of im(.7). If (7,1) is AT -complete then there is (FT,1) such
that (7,1) <* (71.1) and for some o < X\ we have lim(77T) C B,,.

3) We can allow in (1) the function H to have values outside A as long as |[Rang(H)| <
A. Similarly (2).

Proof. 1) First note that if 73 C 7 satisfies (x) below then (7,I) <* (%,1].%)
where:

(x) () € Jismv € T = n € J; for every n € 71 if 1 is a splitting point of
(Z,1) then Succg, (n) = Succz(n); and if 1 is not a splitting point of T
then [Succg, (n)| = 1.

So without loss of generality we can assume that in Z every point is either a
splitting point or it has only one immediate extension i.e. (.7,I) is standard.

For each o < A let us define a game O,,: in the first move the first player chooses
the node 79 in the tree such that 1g(ny) = 0, the second player responds by choosing
a proper subset Ay of Succ(no) such that Ay € I,,;. For n > 0, in the n-th move,
the first player chooses an immediate extension 7, of 1,_1, such that 7, ¢ A,_1 or

Nn—1 is not a splitting point of (7, 1), and the second player responds by choosing
A, €l,,.



Paper Sh:E62, version 2015-06-24_12. See https://shelah.logic.at/papers/E62/ for possible updates.

COMBINATORIAL BACKGROUND FOR NON-STRUCTURE E62 5

The first player wins if for the infinite branch n defined by 79, 71,72, . . . we have
H(n) = a. By the assumption of the lemma this is a Borel game so by Martin’s
Theorem, [Mar75] one of the players has a winning strategy. We claim that for
some o < A, the first player has a winning strategy in the game o,. Assume
otherwise, i.e., for every a < A the second player has a winning strategy f,. We
construct an infinite branch inductively: let ny = () recalling g € 7. At stage
n let A, be J £u(70,M1,..-,Mn—1); now if n,_1 is a splitting point (of (7,I))

a<
then I, , is AT-complete and each f,(no,...,n,—1) is a member of it, because
10, Fu(10),m1, Fo (Mo, M), - - -, Mn—1 18 an initial segment of a play of the game O, in
which the second player uses the winning strategy f., hence A, € I, _,, so clearly
Sucer (Mn—1) € An.

If n,—1 is not a splitting point, it has only one immediate successor and let it be
N, otherwise since Suce(n,—1) ¢ I, |, A, €L, ,, we have (Succ(n,—1) \ 4,) # 0
so we can choose 7, € (Succr (nn—1) \ 4n). Let n = |J n, be the infinite branch

n<w

that we define by our construction and let a(x) = H(n). Now, in the game O ),
if the first player chooses 7, at stage n (for all n) and the second player plays by
his strategy f,(«), the first player will win although the second player has used his
winning strategy f,(.), a contradiction.

So there must be (%) such that the first player has a winning strategy f,(.)
for Da(x), and let 7T be the subtree of .7 defined by {n € .7 : n = (), or letting
n = fg(n) + 1 we have that (n[0,...,n [ n) are the first n + 1 moves of the first
player in a play in which he plays according to f,(.)}. Now, for n € T tnsplit(7, 1),
let A = Succyi(n). Then A ¢ I, otherwise the second player could have played it
as A,. So (Z,I) <* (771,1), and Z1 is as required.

2) Same proof replacing H=({a}) by B., so H(n) = a(x) by n € Ba(*).
3) Trivial. Dl.ll

Proof. E.g.

3) Solet A C Dom(I),A €I and h: A — X be given and we should find Y C A
of cardinality < A such that h=3(Y) ¢ I. For i < X let A; := h™1{i}, so as Lis
strongly A-indecomposable there B C A of cardinality < A\. Let Y = {h(¢t) : t € B}
so clearly Y is a subset of A of cardinality < |B| < A, so it suffices to prove that
1Y) ¢ 1 O

Conclusion 1.12. If (.7,1) is a AT -complete tree, and g is a function from .7 into
A, and \¥ = )\, then there is a tagged subtree (T1,1) satisfying (7,1) <* (771,1)
and such that g | T depends only on the length of its argument, i.e., for some
function gt 1w — X, for alln € T we have g(n) = g7 (Lg(n)).

Proof. Follows by 1.11 for the function H,H(n) = (9(n[n) : n < w). 0112

Lemma 1.13. 1) Assume that \ is a reqular uncountable cardinal, and (7 ,1) is
a tagged tree such that for every n € 7 1, is At -complete or |Succ(n)| < A. If
H : lim(7) — X satisfies ‘B, := {n € lim(7) : H(n) < a} is a Borel subset

of im(7) for any successor a < \”, then there are o < X and (7', 1) satisfying

(7.1) <* (77,1) and such that for alln € T we have H(n) < «, and for all n in
T, if [Succz(n)| < A, then Succg () = Succa (n).
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2) Like part (1) but we omit the function H and just assume By, is a Borel subset
of im(.7) for o < X but demand |J B, = lim(.7); moreover every X C lim(.7)
a<

of cardinality < X is included in some Ba,a < .

3) Let A\, pu be uncountable cardinals satisfying A\* = X and let (7 ,1) be a tree in
which for each n € T either |Succo(n)| < p or I(n) is AT -complete. For A C T
and n € T we define | 5 (n, A) as the sequence {x; : £ < Lg(n)) when x¢ is n(C) if
nie € A and zero if n|f € A. Then for every function H : T — X\ there exists
T'(7,1) <* (F',1) such that (letting A = {n € T : |Suce(n)| < u} hence
[7(n,A) € “Zp forne T):

o forn,n € T": 15 A) =150 A) implies: H(n) = H(n') andn € A iff
n €A, and ifn € I’ N A, then Suc.r(n) = Suca (7).

Proof. 1) We define for each successor a@ < A a game O, very much like the way we
did it for proving Lemma 1.11, the only difference being that if |Succs (n,)] < A,
the second player chooses A,, such that |[Succo (n,) \ A,| = 1, otherwise the second
player chooses A,, € I, just like in 1.11. The first player wins if H(7,,) < « for every
n < w. Here again the game 0O, is determined for every « (here simply because if
the second player wins a play he does so at some finite stage). Again we claim that
there should be at least one successor a < A for which the first player has a winning
strategy. Assume the contrary, and for each a < A let f, be a winning strategy
of the second player in the game Dy11. We construct a subtree 7* deciding by
induction on the length of the members of .7 which of them are members of .7*. For
7 that is already in 7%, if |Succ o (n)| < A we include all the members of Succz(n)
in 7*; otherwise I, is A*-complete so Succz(n) \ U fa(n [ 0,1 [ 1,...,n) is not
<X

«

empty; pedantically you use Succz(n) \ U{f.(n10,n]1,...,n) : £,(n0,n]1,...,n) is
well defined}, so we pick one extension of 7 from this set and the rest of Succ (1)
will not be in 7*. Now J* is a tree of height w such that each member has less
than A immediate successors. So, as A is regular uncountable, we get |.7*| < A and
hence there is some successor ordinal a* < A such that n € .7* implies H(n) < o*.
Regarding the game O, there is a play of it in which the first player chooses all
along the way members of 7* and the second player plays according to f,; of
course the first player wins this game contradicting the assumption that f,« is a
winning strategy for the second player.

Hence, for some successor a*, the second player has a winning strategy in the
game Dy+. We define 7/ just like we did in the proof of Lemma 1.11, collecting
all the initial segments of plays of the first player in the game oO,+ when he plays
according to his winning strategy Hx.

2) Same proof, (pedantically, without loss of generality B, = @) for « limit).
3) Similarly. 0113

The following (really part (2)) will be used in the proof of 1.16.
Lemma 1.14. 1) Assume

(a) (7,1) is an I-tree, I a family of ideals

(b) im(.7) = U U Bi., each B, is a Borel set, increasing with
<0 e<0;

(¢) (a) T is O-complete, and
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(8) each I €l is strongly 0-indecomposable
(d) E; is a 0-complete filter on 6;

(e) ifi<8,A. €L, fore <6, then for some A € I. we have sup{e < 0; : A, C
A} € E;
(f) 0=1ct(9) and O+ Ry <0 = cf(h)
(9) (Vo <0)(laf™ <0)
(h) (Va < 9)(|a¥ < ) or each B¢ is closed
) B

7

—~

= U IB%Z ¢ 1S increasing with @
e<0;

(7) m € 7\ split(7,I) = |Succ(n)| < 0.

Then for some i < 6 and € < 6; and " we have (7 ,1) <® (7',1), and lim(T"') C
B;..; see Definition 1.5(3).
2) Assume (7 ,1) be an I-tree, I a family of ideals, im(7) = U U Bie, each

i<fe<e;
B, is a Borel set, i <80 = ¢; < 0], I is 0-complete, 0 is reqular uncountable and
each I € 1 is strongly 0-indecomposable, and B; := |J B, . is increasing with i and

e<g;

n € 7 \split(7,1) = [Succx(n)| < 0.

Then for somei <6 ande <e&; and 7" we have (7,1) <® (7',1), and lim(T) C
B;..

Proof. 1) We first prove part (2).
Proof of part (2): We define, for i < 6 and € < ¢; a game 0;, as in the proof

of 1.11, 1.12 for the set IB%” If for some i < 0,e < ¢; the first player wins,
then we get the desired conclusion as in the earlier proofs. Otherwise, as each
such game is determined (as B;. is a Borel set) there is a winning strategy f; .
for the second player in the game O, .. Let n € split(7,I). For each i < 0 we
define a set Al C Succy(n) by AL = U{A C Succy(n): for some ¢ < & in
some play of the game O; . in the n-th move the first player chooses 1 and the
second player chooses A by the strategy f; }. Recalling i < 0 = ¢; < 6, as I,
is f-complete clearly A% € I,. As I, is strongly 6-indecomposable applying the
definitions to (A7 : i < §) we can find B, C Sucg () of cardinality < @ such that
i <= B, ¢ Al (If we add Dom(I,) = Succz (1) we can in Definition 1.9(5) use
A = Dom(I)). Now as in the proof of 1. 11 we choose ., C {n € .7 :Lg(n) =n} by
induction on n as follows: .7y = {()}, 7., = U{v: for some n € F,,v € Succs(n)
and [n € split(7,I) = v € B,]}.

Let " = U{7, : n < w}, clearly 7/ C 7 is non-empty, closed under initial
segments. As 6 is regular and n € 7\ split(7,I) = [Succ(n)| < 6 and n €
split(7,1) = |B,| < 0 clearly n < w = |Z/| < 6 and as 6 is uncountable also
|.7"| < 0 hence lim(.7”) has cardinality < 6. As (B; : i < ) is C-increasing with
union lim (), clearly for some i(x) < 6 we have lim(.7") C Bi(*).

Clearly there is € lim(7”), hence for some ¢ < ¢; we have n € ]]'3%1'(*)75, but there
is a play of the game 0; . in which the moves of the first player are (nin : n < w).
Easy contradiction.
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Proof of part (1): We begin as in the proof of part (2) until. “For each i < 6 we
define a set A}, ...”. Now for each i < 6 and & < 6; we define a set A* C Succz (1)
by: if there is a play of the game 0O; . in which the second player uses the strategy
f; . and the first player chooses 7 in the n-th move, then the second player chooses
A%e (note there is at most one such play); if there is no such play then let A = 0.
As T satisfies clause (e) of the assumption there is a set A% C Succz(n) satisfying
A, € 1, such that {e < 0;: A} C AL} € E;.

Now we continue as in the rest of the proof of part (2) after the choice of Afl.
In particular, we choose B, (for every n € .7) and .7, for n < w and .7 and i(x)
such that lim(.7") C Ei(*).

Now for every n € 7] Nsplit(7,I) we know that B, = Succz(n) C Succo(n)
so there is p, € By, \ Ai,(*). We now choose .7,/ C .7/ by induction on n as follows:
Ty = h()}, 7' = {v: for some n € F v € Sucg () = .1 NSucz(n), and
[ € split(T,I) = v = pyl}. So T" =U{T, : n < w} is a non-empty subset of
T, closed under initial segments and |.7,)| < 9 and lim(.7") C ]B%i(*) = U{Bi(%e :
€< si(*)},ﬂ'}%i(*),ﬁ increasing with e. As (Va < 9)(|a|® < 9) or each Bi(*),e is closed

for some € < 6;(,) we have lim(.7") C I[-Bi(*)’e. As E; is O-complete increasing € we
have: n € I’ = Aff € A%. But easily we can find a play of the game O;(,) . in
which the second player uses the strategy fj(,) . and the first player choose 7, from
Z". In such a play the first player wins, contradicting the choice of f;(,) . 114

The following uses pcf in its phrasing (hence in its proof)

Lemma 1.15. Suppose (7,1) is an I-tree, 0 reqular uncountable, (A, :n € T) is
such that: A, is a set of ordinals, [n<v = A, C A,] and

(x) (a) S is a set of uncountable regular cardinals
(b)) T':=TI\{I€l:|Dom(I)| < pu} is ut-complete or at least strongly
p-indecomposable for every p such that p € S or p € pcf(SNA,)
for somen e T

(¢) I isB-complete and |pcf(SNA,)| <6 forn e T and § < min(S),
(d) |Ay| < min(S) forne I

Then there is T satisfying (7,1) <* (ZT,1) and such that:

(x%) if A\ € A, NS and v € TT then for some a,,(\) < X for every p such that
v<ap € lim(IT) we have oy, (A) > sup(AN U Appn)-
n<w
Proof. Tt is enough to prove the existence of a .71 as required just for v = (), (as
we can repeat the proof going up in the tree). This will be proved by induction on
max(pcf(S N Agy)) (exists, see [She94, Ch.I,1.9]). Let ax(n) = sup(A, N A).

We assume knowledge of [She94] and use its notation.

Let a := SN Ay (if a is empty we have nothing to do), let 1 = max pcf(a), and let
(f¢: ¢ < p) be <j_,[q-increasing and cofinal in Ila, recalling that the later means
that (Vf € Ma)(3¢ < p)(f <y_,[a) f¢)- Let {be 1 e < e(x)} be cofinal in J,[d], e.g.,
this set is { |J bg[a] : ¢ C pcf(a) \ {p} is finite}, so by clause (c) of the assumption

Oec
() we can have €(*) < 0 and hence by assumption (c) I’ is |(*)|T-complete.
For ¢ < e(*) and ¢ < p we consider the statement:
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(%) there is a subtree F’ of J satisfying (.7, 1) <* (7,1) such that for every
n € lim(.7’) and XA € a\ b, and n we have ax(n[n) < fc(A).

It suffices to find such ' (for some &,() because: we can apply the induction
hypothesis on (b, 7”), this is justified as max pcf(b.) < max pcf(a).
In V define for ¢ < p and € < e(x) the following set:

Beo:={n€lim(J): forevery A € a\b.,n <w= (AN A,,) C fe(\)}.

Clearly I@BC’E is closed and IB%C = U IE.BC’E. Now, ( < & < p = IBC - IE%E (as
e<e(x*)

fe <3, fe) and lim(7) = CU Bg (as (fc : ¢ < p) is cofinal in (H,<J<M[a])7
<n

hence using 1.14(2) above (with p, £(x) here standing for 6,¢; there) for some
((¥) < pand € < g(x) and Z’ we have (7,I) <* (7’,1) and lim(7’) C B¢ .. So
(*)Z holds, but as said above this suffices. 0115

The following is used in [Shec, 1.11,1.13]

Lemma 1.16. Let 6 be an uncountable reqular cardinal (the main case here is
0 = Ny). Let T be a family of 0T -complete ideals, (o,1) a tagged tree, A = {n €
Jo + 0 < |Suceg(n)| < 0}, n € H\A =1, € I and Succy (n) ¢ I,], and
e A= Succg,(n) C{n" (@) :i <0}, and H: T — 0 and c = (¢, : n € A), is
such that for allm € A, c, is a club of 0. Then there is a club C' of 0 such that: for
each 6 € C there is T5 C F satisfying:

(a) T5 a tree

(b) ifn € J5 and |Succg,(n)| < 0, then d € ¢, and Succg,(n) = Succg, (1), and
if in addition |Succ(n)| = 0, then Succg, (n) = {n" (@) : ¢ < J} N Succg,(n)

(¢) ne J5\ A implies Succg,(n) ¢ 1,

(d) for every n € Ts we have H(n) < 4.

Proof. For each ( < 6 we define a game o¢. The game lasts w moves, in the nth
move 7, € J of length n is chosen.
For n = 0: necessarily 79 = ().
For n = m + 1: If |Succg, (nm)| = 6, then the second player chooses 7,41 €
Suce 7, (M) satisfying nm41(m) < .
If |Succg, (Mm)| < 0, then the second player chooses any 7,,+1 € Succz, (m)-
If n,, ¢ A, then the second player chooses A,, € I, , and then the first player
chooses 1,11 € Suce, (Nm) \ Am.

At the end, the first player wins if for all n, H(n,) < ¢ and |Succg, (n,)| = 0 =
¢ Ecy,-

Now clearly

(x) if for a club of ¢ < € the first player has a winning strategy for the game
O¢, then there are trees J5 as required.

Let S = {§ < 6: first player does not have a winning strategy for the game Os}; we
assume that the set S is stationary, and get a contradiction, this suffice.

For 6 € S let f5 be a winning strategy for the second player in Os (he has a
winning strategy as the game is determined being closed for the first player). So



Paper Sh:E62, version 2015-06-24_12. See https://shelah.logic.at/papers/E62/ for possible updates.

10 SAHARON SHELAH

f5 gives for the first (n — 1)-moves of the first player, the n-th move of the second
player.

Let x be a large enough regular cardinal, and let Ny < (J(x), €) be such that
0+1C Ny, |No|l =0, (%,I) € No,& € Ny, and f = (f5: § € S) € Ny. We can find
Ny < Ng such that || V|| < 6, N;N@ is an ordinal and (%,I) € Ny, (fs: 6 € S) € Ny
and ¢ € N;. Let 6 := N1N#. Since S was assumed to be stationary, we may assume
that 6 € S.

Now we shall choose by induction on n,n, € Ty N Ny of length n, such that
(ne : £ < m) is an initial segment of a play of the game Oy in which the second
player uses his winning strategy fs. (The A; € I,, are not mentioned as they are
not arguments of fs).

Case 1. n =0:
We let o = ().

Case 2. n=m+1, 0, € A:

Recall that as § € S, the second player has the winning strategy fs for the game
Os but in general f5 ¢ N;. So f5 gives us 7,. Now if |Succg, (m)| < 6 then
Succ g, (Mm) C Ny (because Fp, nm, belong to Ny and Ny N6 is an ordinal), and
hence 7, € Ny as required. If [Succa, (nm)] = 6 then necessarily Succg, (7m) C
{Nm (1) 14 <0}, mn = 1" (3),7 < 0 (as the play is of the game Os), but NyNo =4
so necessarily ¢ € Ny hence (as 7, € N1) also 7, € Ny.

Lastly,

Case3. n=m+1, g, ¢ A:

So f5 gives us A%, € I, which is not necessarily in Ny, however we let A* =

U{AS, : ¢ € S, and there is a play of O¢ in which (n : £ < m) were played (by the
first player) and the second player plays according to f¢ (this play is unique) and
the strategy f; dictates to the second player to choose AS Y.
Now, A* belongs to Nq (as f € Nq) and being the union of < § members of I,
it belongs to I, ,, and hence A* N Succg, () is a proper subset of Succg, (17m)-
Consequently, there is 7, (i) € Succg, (nm) \ A*, and thus there is such i € Ny.
Let the first player choose 1, = n,," (7).

So we have played a sequence (1, : n < w) of elements of N7, always obeying
fs so this sequence was produced by a play of O in which the second player plays
according to the strategy fs. But then, for all n,n, € Ny = H(n,) € Ny, so
H(n,) < ¢, and

M € N1 =¢,, € Nt =d=sup(c,, NJ) =0d€c,,;

hence the first player wins in this play. So f5 cannot be a winning strategy for the

second player in Dg. A contradiction, so S is not stationary and we are done. [J; 14
Claim 1.17. Assume k < A and cf([\|<F", Q) =X and X =\,
1) If x > AT and x € H(x) then we can find N = (N, :n € T) such that:

(a) T is a subtree of “Z (A1), each n € T is (strictly) increasing,
(0) Ny < (A(x), € <3),

(¢) xEN and £+ 1 C N, and ||N,|| = &,

(d) vane I = N, < Ny,
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() NyNN, =Ny, forn, veT,
(f) 77 € Nn;
(9) if ne™ (o) € T for £ = 1,2 and a1 < ag then sup(Ny, -0y NAT) <
min(Ny,~(ayy N AT\a1).
Recall that cf([xT7]<F, C) = xHn.
2) If in addition A = A" (equivalently, 2 < \) then we can add:

(h) if n,v € T have the same length then there is an isomorphism from N,
onto Ny, call it fy,, which maps x to itself, so

nvelim(7) = |J Ny =Ny =N, == ] Nypn.

n<w n<w
3) If ¥ C [NJ=" is stationary of cardinality \ then we can in (1) demand
(1) Nynie s
4) We can further demand (in parts (1),(2)) that:

(j) Ny is the Skolem hull of {z,n,k,\} Uk U Ny in (J(x), €, <})
(k) if K = <9 we can add [N,]<? C N,,.

Remark 1.18. 1) Used in [Shea, 1.11=L7.6(2),(3),(4)] and [Shea, 3.23=L7.14,Case
5,clause (k)] and [Shea, 3.25=L7.151].
2) See [She98, Ch.IV] use 1.10 + the functions witnessing successor.

Proof. Let .7, C [\]<" be stationary of cardinality \; why exists? if A = A\* trivially
if just A = cf([A\]=%, C) by [She93].
1) We apply 1.19 below.

In detail let

(a) k=07,0=2YRy and A" here stands for X in 1.19

(b) 7 = {n:n an increasing sequence of ordinals < A"}

(¢) if n € 7 then I, is the ideal of non-stationary subsets of AT plus the set
{6 < At :cf(0) < K}

(d) ky=ATforne T

(e) for some (g°, g') witnessing AT, see below.

S ={u € [A\T]=F: wis closed under ¢°, ¢!,k +1 C u and
unfebdand unNie “}.

Now we can check that the assumptions of 1.19 holds hence its conclusion give the
desired conclusion.

2) The game proof, but using clause ®2(g) of the conclusion of 1.19.

3) We could choose .7, as the given . and use the proof of (1). Of course we can
combine part (3) with parts (2),(4) if . is as in (h) of 1.19.

4) Clause (j) is really proved in 1.19. As for clause (a) we can in the proof of part
(j) replace

(a)’ k=0T and 9 is the one given, without loss of generality regular and use
N = (A1)<?in 1.19.
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As 0 = kT clearly a < 0 = |a|<? < k<9 = k < 6 by the present proof
(d) in the definition of . demand w is closed under h as there (exists as we are
assuming x = K<%).
U7
Claim 1.19. Assume that:

@1 (a) 0 is an uncountable reqular cardinal,
(b) (7,1) is a tagged tree,
(¢) forme T,1,isa normal’ ideal on some regular uncountable
cardinal k),

(d) A, is a set of cardinality < 8, forne T

(e) A>X{k,:n€ T} and . C [N<Y is stationary

(f) ifn<ve T then k, < Ky,

(9) (7.0),(Ay:neT)eH(x) anda e H(X)

(h) ifne T and a < ky then /[ has cardinality < k, where S |U =

{uN :ue .} and so a sufficient condition is
(Vo < 1) (< < i)
(1)(o) 1, is a normal ideal on K,
(B) {0 <ky:cf(d) <0} el
(v) ifm#n €T and Ky, = Ky, and m1"(0n),1m2" (a2) € T then
a1 # ag or at least P (ky)/ 2y

() 0<0anda<0=|a|<? <0 and h:9>X\— X is one to one
andu € S Np € 92u= hip) € u.

Then there is a sequence (Ny :n € T*) such that

®2 (a) (7.1) < (7*11.T7)

(b) N, < (H(x),€) and z € N,

( ifne J* then Ny Nky € LKy

(d) ne T = A,u{z} CN,

(e) meN,

(f) (Ny:neT*) isaA-system, i.e., NyN N, = Ny,

(9) ifa<h=2el< Ky then n,v € 7 & Lg(n) = Lg(v) = N, = N,.

Remark 1.20. 1) What if 0 is singular? Let 6 = ) 6¢, 6 regular uncountable
(<o

increasing with ¢,0 = cf(d) < 6. Now let f: 7 — 0 be f(n) = min{¢ : | {4y :

¢ <{lg(n)} <6} and use ?

2) Used in the proofs of [Shea, 1.14=L7.6B], [Shea, 2.15=L7.9].

Proof. Without loss of generality x codes (7, 7),(A, :n € 7),0,k, 7. Let B
expand (J(x),€,<y) by = and the functions F; (for i < 0) where F; is an i-
place function from J#(x) to J€(x) and Fi(...,a;,...)j<i = {a; : j < i) and the
functions G; (for i < 0): G;(a) is: i if a € 6\i,0 if otherwise.

So

1pedantically we should use IJ;
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(x)o if u C H(x), |u| < 0 then N = Sk(u,B) < B satisfies
e NNoed
e N has cardinality < 6
e N<9CN.

Let N be the set of pairs (1, N) such that:
()5 (@) neT

n,N

() N =(Ny:£< tg(n)

() Ni< (#(x),€ <)

(d) xe Ny,nlleN;and [N <6

(e) Ny is the Skolem hull of Ny N kype in B

(f) Nenhes

(9) Ne € Negi (equivalently Ny < Ngyq) and moreover, Ny <y, Nes1

which means Ny C Nyi1 and Ny N kg < Negr N Kgpe-

Let N, = {(n,N) € N: lg(n) =n+1}.
We define a two-place relation <n on N:

(%)2 (7]1,]\71) <N (72, No) iff both are from N and n; < 79, Ny < No.
Obviously

(¥)3 (a) N is non-empty
(b) < is a partial order on N, in fact (N, <y) is a tree with w levels,
the n-th level being N,,

(¢) if (n,N) € Ny, and ny < ng then (9, N)1n1 := (nlng, N(n1 + 1))
belongs to N7 and is <y (1, N).

Now we define a function rk : N — Ord U {oo} by defining when rk(n, N) > « by
induction on the ordinal a:

(*)a tk(n, N) > « iff for some n,(n, N) € N, and for every 8 < a there is
x = ((ns, Ns) : s € S) such that
(

) (US{VS) c Nn-&-lﬁ B

) (1. N) <~ (ns, Ns) and rk(ns, Ns) > 3 for every s € S

(c) {ns:s€ S} e}

(d) if 51 # 52 € S then Ny, ni1 N Nsy ny1 = Ny, where Ny = (Ngg: €<
[N ).

Clearly rk is indeed a function from N into Ord U {oo}.
(¥)5 if tk(n, N) = oo for some (1, N) € Ny then the desired conclusion holds.

Why? In short, here we use n<av = k, <k, and I, fails K%L—C.C. and I; is a normal
ideal on fiy, P (ky)/L} fails the .5 -c.c. everywhere (see later on normal ideals on

[nn]<a(”))‘ Fully, first we can ignore @©2(g) as we can apply 1.12.
Let Nj, = {(n,N) € N,, : tk(n, N) = oo}. )
Now we shall choose 7, C 7, :=={n € 7 : lg(n) = n} and N, for n € 7, such

that (n, N,)) € N and rk(n, N,)) = oc.
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(¥)5.1 ifn = 0then Iy = {()}, Ny, is such that ((), Njy) € N and rk((), N(y) = oc.
This holds by the assumption of ()5

(¥)5.2 if n € T s0 N, is well defined then for every ordinal a there is x, =
(g, N&) : s € Sy) witnessing rk(n, Ny) = «, hence for some 5 = (1) we

S
have that {a : x, = xg} is a proper class and let

(a) c_?n’ﬂ N Succr(n) = {nf(n) 15 € Spn}
(b) N =N
So
(©) Ty = U{ T N Suces () 1 € T},
Clearly
()53 (a) (7.0) <" (7.0
(b) ifne T and vy # vy € Succgs(n) then Ny, NN, = N,.
Our problem is to find .7” such that (Z7,1I) < (", 1) and (N, ogn) : 1 € T") is

a A-system because then by the assumption on the I,’s, i.e. by @&:1(f)(y) we are
done. We still have to prove the assumption of ()5

(¥)6 there is (1, N) € Ny such that rk(n, N) = occ.
Why? For every n € 7 and a < K,
(%)6.1 let Ny o be {N : (1, N) € Nyy(,y and Nyg(y N &y C al
Now
(¥)6.2 if n € J and a < k,, then N, , has cardinality < &,,.
Why? Because | [a| < k.

(e Ifn € T,a < ky, N € N, o and rk(n, N) < oo then C, 5 € I, where
C,y =18 < K there is jV’ such that (n, N) <n (7" (8),N') € Nyg(m)+1
and rk(n”"(8), N') > rk(n, N)}.
Why? By the definition of rk(—).

()64 if p € T’ then C,, € I,, where C,, is the set of § < k,, satisfying at least one
of the following:

(a) cf(B) <6

(b) n"(B) ¢ T

(¢) for some v < 1+ and N € N, o we have § € C, g

(d) in the Skolem hull of U {x} there is an ordinal from [3, &,).

Why? Because I, is a normal ideal on &, and (*)g.3.
Now we choose 7, by induction on n such that:

(%)6.5 (@) mp € J' has length n
(b) ifn=m+1 then 1, = 0y " (dy) for some §,, € K, \Cy,..

Clearly possible as we are assuming “.¥ C [A]<? is stationary” there are M,u such
that:
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(*)6.6 (a) u €.
(b) M, is the Skolem hull of v U {z} in B
(¢) 6n € u for every n.
Let N, be the Skolem hull in B8 of (N Nd,) U {z}. Let N,, = (N, : £ < n).

Now

($)e.7 (@) (1n, Nn) € Ny,
(b) if Tk(nn,Nn) < 0o then rk(ny, Np) > rk(nn41Nny1)-

Why? By the choice of the C,’s. -
It follows that rk(ng, No) = oo, (10, No) € Ny, so we are done. Oq.17

In 1.17(1) we can replace A*, k* by A1, k1, that is
Claim 1.21. 1) If
(’L) A = Cf()\l) > K1 = Cf(l-ﬂ) > NQ,
(i1) @ < A1 = cov(|al,k1,K1,2) < A1,
(i13) x > AT and x € H(x),
then we can find (N, :n € ) such that
(a)1 T is a subtree of ¥ (A1), each n € T 1is strictly increasing,
(0)1 Ny < (A (x), €, <3),
(€)1 x, A1, k1 belong to Ny, Ny N k1 € k1 and [|[Ny|| = [N, N k1],
van €T = N, < Ny,
N, N, =Ny, fornve T,
n € Ny,
if ne™ () € T for £ =1,2 and oy < a then
sup(NmA<a1> Na™) < min(Nn2A<a2> N )\+,Nn2).
2) If in addition o < A\ = |a|<" < A then we can add
(h) if n,v € T have the same length then there is an isomorphism from N,
onto N, call it f, ., and it maps x to itself, so

nvelim(7) = |J Nyn =Ny =N, := (| Nyn

n<w n<w

3) If & = (Sa: a < \i) is C-increasing with o, %, C [a]<",a € a € S5 =
aNa € .S, then we can demand

(1) NynXelJ A%,
4) We can further demand
(j) Ny is the Skolem hull of {x,n, k1, A1} U (Ny N k1) UNy.

5) If (%,1) is a tagged tree, I, a normal ideal on Ay such that {5 : cf(6) < k1} € I,
then we can demand (9, 1) <* (7,1).

Proof. Similarly to 1.17 by 1.19. Uy 21
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Remark 1.22. The isomorphism is unique, hence if the isomorphism is called f;, ,,

then £, ,, = £, © £, 7, When they are well defined.

Claim 1.23. Suppose that

(a) X is singular, k = cf(\) > N,
(b) f is a function from “> X to finite subsets of “Z\ or even subsets of “Z\ of
cardinality < cf(N),

(c) A= 3" N, where \; is (strictly) increasing and continuous with i < k;
<K
(d) S C{i<k:cf(i) =No} is stationary,
(e) forie Swehave, = > Ain, where k < Ao, and (Yn)(Ain < Xint1 & cf(Xin) =

n<w
)\i,n)
(f) I} is a kT —complete ideal on p containing the co-bounded subsets of u for
w reqular < A
(9) ifir,ia € Sand {j : Aj < Xiyn} =17 Aj < Aign} when iy,io € S and

n < w then A\j, n = Ai, n and I;\’il,n = If\LiQ L

Then there is a closed unbounded C C k such that for each i € C NS there is a T
such that:

()1 ZC U II MNiom, ) € T, and T is closed under initial segments;

n<w m<n

(¥)2 ifn€ T andlg(n) =n then {a <Xin:n (@) € T} #0 mod I, ;
(¥)3 if n € T then f(n) C“Z\;.
Remark 1.24. Claim 1.23 is used in [Shea, 1.11].

Proof. This is a variant of 1.16. For each n € >\ choose g(n) < & so that f(n) C
U{“2¢ : ¢ < Ay }- Then instead of (x)3, it suffice to demand

(*)5 Vn e T(g(n) <1i).

Now we define a game o; for each i € S: the game is of length w, and in the n-th
move, the second player chooses A, € I} ~ with [A,| < A;,, and the first player
chooses a,, € \; . The first player wins if [l <n = a < apl, ap ¢ A,, and
g({ao, ..., an)) <i; otherwise the second player wins.

Now

(x)4 ifi € S, g(()) < i, and the first player has a winning strategy, then a tree
T = 9; as desired exists.

Why? Let ¢ € S be as in (x)4 and let f; be a winning strategy for the first player
in the game O;. Thus for n < w and A € "*1.Z2()\) such that Ym < n(4,, €
I ,,) we have fi(A) € i, fi(Al(m + 1)) < fi(A) for all m < n,fi(A) ¢ A,, and
g((£:(A1),....£;(A [ n))) <i. Then T = {{(f;(A | 1),...,fi(A | (n + 1))): such
A} U {()} is as desired. Thus we may assume toward contradiction

(¥)5 S’ = {i € S : the first player does not have a winning strategy for O; } is a
stationary subset of cf(\).
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Now, the game 0, is open, so by the Gale-Stewart theorem it is determined. Hence
for each 7 € S’ we may choose a winning strategy f; for the second player.

Thus

(#)6 if n <wandn € J[ Aim then f;(n) €I},
m<n

(¥)7 for any n € [] Aim one of the following occurs:

m<w
(a) 3¢ <n <w (n(t) = n(n)),
(b) there is n < w such that n(n) € f;(n [ n),
(c) there is n < w such that g(n [ n) > 1.

Now choose a regular x > N so that g, (f5: 5 € S), (\i 14 < cf(N)), (I} : p < A
regular, n < w ) and ((A; , :n <w) : i € S’) belong to J(x). Remember J#(x) is
the family of sets with the transitive closure of cardinality < x, and that (€ (x), €)
is a model of ZFC™. Let <} be a well-ordering of /().

For all § < k let As be the closure of § U {z} under Skolem functions within the
structure ((x), €, <}). Then C = {6 < k: A; Nk = 0} is a closed unbounded
subset of k. Thus there is § € S’ N C and an elementary substructure (N, €, <) of
(H(x), €, <}) such that [N| < x and NNk =4, with z € N. Clearly Asm, I,
belong to N for each m (by assumption (e)). However § ¢ N, hence {A5m : m <
w} ¢ N though it is a subset of N.

Now we define n = (o, : n < w) € [ Asm S0 as to contradict (x)7. Suppose

m<w
@, € N has been constructed for all m < n. Using elementarity and absoluteness

of suitable formulas we see that the set

AT = U{fj(<0[0, .- ~aan—1>) : JE S’ and
Aj,0 = X605+ Ajn—1 = Asn—1, Ajyn = Asn}

belongs to I;hr (being the union of < k sets each from It\u ) and belongs to
§,n

»n 5,n
N. Since Ja(ap-1 < @ < A5 and a ¢ A*) holds in ((x), €, <}), it holds in
(N, €, <}) and this gives a,. This completes the construction, and it is easily seen
that (x)7 is contradicted. 0493

Remark 1.25. 1) We can interchange the quantifier in 1.23; one club (C) of cf())
is O.K. for every appropriate ((Asn :n <u):0 < cf(N)).

2) If X\sn = ns(n) and (Rang(ns) : § € S) guess clubs of cf(A) then we can add
VS g = 9(n) > Asn-

3) We can get in this direction more results. If 2¢f(A) < X, \j1 regular, then we can
find a closed unbounded set {«(%) : i < c¢f(N\)}, a(i+1) successor and .7 C “> A, such
that: () € 7,n € 7, max[Rang(n)] < \iy1 < A;j implies {a < \j : 7" (o) € T} has
power )\;, and implies also g(n) < j.(For each club C of cf()\) we define a game,
etc.).

4) Tn (3) we can replace “2f(A) < \” by “there is a family £ of closed unbounded
subsets of cf(\) such that | Z?| < A, and every closed unbounded subset of k contains
one of them”.

5) On the other hand, if = p=<# in V let us add A > u generic closed unbounded
subsets of p (by P = {f : Dom(f) a subset of A of power < p, f(i) the characteristic
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function of a closed bounded subset of p}, and let C; the following P-name of a
club of p: the characteristic function of C; is |J{f(¢) : f in the generic set}). Let
G be a subset of P generic over V and in V[G] let {C,, : n € “” A} be another
enumeration of {C;[G] : i < A}, and define g:

g(n™{a)) =min{i < cf(X) :i € Cp, \; > a}.

Clearly for this g the conclusion of remark (4) fails.



Paper Sh:E62, version 2015-06-24_12. See https://shelah.logic.at/papers/E62/ for possible updates.

COMBINATORIAL BACKGROUND FOR NON-STRUCTURE E62 19

§ 2. ON UNIQUE LINEAR ORDERS

Hausdorff has introduced and investigated the class of scattered linear orders (see
2.10). Galvin and Laver [Lav71] investigate the class M of linear orders which are
a countable union of scattered linear orders. They were interested in linear orders
up to embeddability inside the class M = U{My ,, u, : f11, b2 regular uncountable
A € p1 + po} where My i, 4, s the class of linear orders M of cardinality A with no
increasing sequences of length p; and no decreasing sequences of length ps. Galvin
defined M) ., ., and proved the existence of a universal member.

Laver, solving a long standing conjecture of Fraissé, and using the theory of
better quasi orders of Nash Williams proved that the M is well and even better quasi
ordered. In [She87, pp.308,309], we continue this investigation being interested in
the uniqueness of such orders. We do more here. Invariants related to the g; here are
investigated in [She78, Ch.VIIL§3] and better in [Shef], and also in Droste-Shelah
[DS85], [DS02]. This is continued being interested in uniqueness.

§ 2(A). Classes of Coloured Linear Orders.

Discussion 2.1. 1) We may waive “union of countably many scattered subsets”,
and essentially allow a family of < A isomorphism types of linear orders as basic
orders. So ignoring trivialites they are neither well ordered nor anti-well ordered;
we lose stability but can retain everything else.

2) Below in 2.18 we may start with closed enough set .7 C Z(X), || < A

3) Another way to get many of the properties is to build such N of larger cardinality,
so e.g. saturated dense linear orders exists and then use the Lowenheim—Skolem
argument.

Context 2.2. If not said otherwise, in this subsection we use a fix context ¢ =
()\7 K1, K2, 0[*, g1, 92) = (>\C7 :u(lr7 ugv aa(k:a gi:ygg) which means it is as in 2.3.

Definition 2.3. 1) We say c is a context if it consists of X, u1, 1, 91,92 (and
F1, Fo, Fi, F5 defined from them), when

(a) A, p1, po are (infinite) cardinals with pq, ps being uncountable regular such
that AT = max{u1, uo} and o = a(x) < AT, a* > 1

(b) for £ = 1,2 we have gy, a function from o into .%y := {h : h a function from
some uncountable § € RegNyy into a*} such that {Dom(h) : h € Rang(ge)}
is unbounded in Reg N py. (Hence A = sup{Dom(g,(c)) : £ € {1,2} and
a < a*})

2) In addition if £ € {1,2},a < a*,h = g¢(a) then: h € .Z;" where .7, is the set
of h € F; satisfying

[ h € Fp and if § < Dom(h) is a limit ordinal of uncountable cofinality and
B = h(d) and (¢; : i < cf(J)) is an increasing continuous sequence with limit

d then the set {i < cf(d) : (h(d))(e;) = (9(5))(¢)} contains a club of cf(4).

3) For notational simplicity assume o* < \.
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Notation 2.4. 1) For a linear order M = (A, <) let M* be (A, >), i.e., its inverse.
2) Below K = K. = K(c) and similarly for other versions of K.

3) Properties and Notations defined for linear orders, can be applied to expansions
of linear orders (here mainly N € K or N € K®).

Definition 2.5. K = Khom = K\ p1, 12, @*, g1, g2) is the family of models N =
(M, Pa)a<a(s) such that:

() M is a linear order,

(#i) M is the union of Ry scattered suborders, i.e., |M|, the universe (=set of
elements of M) is |J A,, where each M | A,, is scattered (see Definition

new
2.6 below),

(#ii) each P, is a dense subset of M,

(iv) (P, :a < a(x)) is a partition of M,

(v) every increasing sequence in M has length < py, but for each o < o* in ev-
ery open interval of M there is an increasing sequence of length Dom(¢; («v)),
(hence any a < pp is 0.K.)

(vi) every decreasing sequence in M has length < us, but for each a < o* in ev-
ery open interval there is an decreasing sequence of any length Dom(gs(«)),
(hence any a < pg is 0.K.)

(vit) if {a; : i < k) is an increasing bounded sequence in M, Xy < x € Reg N g
then for some club C of &, for every § € C U {k}, {a; : i < 0} has a least
upper bound in M,

(viig) if {a; : ¢ < k) is a decreasing sequence in M bounded from below and
Ng < k € Reg N p2 then for some club C of k for every 6 € C U {k} we
have: {a; : i < ¢} has a greatest lower bound in M,

(iz) if x € P, g1(a) =hthen No, = N | {y:y <M 2} and M., = N_.[{<}
has cofinality Dom(h) and if Dom(h) > R then it has up-type h which
means that

(*)}quh there is an increasing continuous sequence § = (y, : € <
Dom(h)) in M., such that y. € Py for a club of
e € Dom(z) and {y. : € < Dom(h)} is
unbounded from above in M.,

(z) if ¥ € Py, g2(a) = h, then N-, = N [ {y: 2 <M y} satisfies: (Ms,)*, the
inverse of M., has cofinality Dom(h) and if Dom(h) > Rg then N, has
down-type ga(a) which means that

(*)?V>z,h there is a decreasing continuous sequence § = (y, : € <
Dom(h)) in M-, such that y. € Py for a club of
e € Dom(h) and {y. : € < Dom(h)} is
unbounded from below in M.

Definition 2.6. 1) For a linear order M we define when Dp(M) > « by induction
on a. If « = 0,Dp(M) > « for any linear order M, even the empty one. If
a=1,Dp(M) > « if and only if M is non-empty. If « is limit then Dp(M) > « if
and only if Dp(M) > § for every 8 < a. If @« = 8+ 1 then Dp(M) > « if and only
if M can be represented as M; + My where Dp(M;) > 8 and Dp(Ms) > 6.

2) We let Dp(M) = « if and only if Dp(M) > a and Dp(M) ? a + 1.

See https://shelah.logic.at/papers/E62/ for possible updates.
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We say that Dp(M) = oo if Dp(M) > « for all ordinals a.
3) A linear order M is scattered if Dp(M) < oo equivalently (by Hausdorff), the
rational order cannot be embedded into M.
4) If N is an expansion of a linear order then Dp(N) means Dp(|N|, <M).

Definition 2.7. 1) Let K* = K®! be the class of N = (M, Py)a<a(s) satisfying
clauses (i), (ii), (iv) of Definition 2.5, and the first half of (v), the first half of (vi),
and (vii), (viii) and clause (ix) for = such that x is neither the first element of M
nor the immediate successor of any y € M and clause (x) for 2 which are neither
last nor the immediate predecessor of some y € M .

2) For N = (M, Pa)a<a(x) € K and x € M let

(a) PN =P, <N=<M
(b) N>z, Ms, and N, M., be as in clauses (ix), (x) of Definition 2.5
(C) S0 N>x = (M>$3P(iv N M>:C)a<a(*) and N<:c = (M<x7p(iv N M<x)a<o¢(*)-

3) For hy € ", hy € F5 (that is, hy € F1, hy € F, satistying D}h, Diz from Defi-

nition 23) let Khhhz = K}IZ?T;LIZ = K(A7 M1, 2, O(*, 91,92, h17 h2) = Kh1,h2 ()‘7 M1, 12, Oé*, 91, 92)

be the family of N = (M, Py)a<ca(x) € K such that N satisfies (>k)}\,7h1 of clause

(ix) of Definition 2.5, and (*)%\,}hz of clause (x) of Definition 2.5.

4)Forhy € F" hy € Z et Kf = KM, Dbe the family of N = (M, Pa)a<a(s) €

K* such that N satisfies ()5, of clause (ix) of 2.5 and (%)%, of clause (x) of

2.5.

5) Let K® = KY™ = {M e K*!: if N has no last element then (%)}, for some

h e Z" and if N has no first element then ()3, for some h € Z;}.

6) KO = U{K} ,,:hs € F[ hy € 5}

Definition 2.8. 1) For N; € K*(i < «) then Ny + Ny and >, N; are defined
i<

naturally, as well as Ny X .

2) Similarly for anti-well ordered sums.

Claim 2.9. 1) If N € Ky, 5, (s0 h1 € Z1 ,ha € Z)) and x € PN then:

(i) New =NMy e N:y <Ma} e Ky (a)n, and

(1)) Nsg =Ny e N:az <My} e Ky, g0
2) If N € K and I is a convex non-empty subset of M with neither last nor first
element and M | I satisfies (*)}\J,h;‘ of clause (ix) of Definition 2.5 for hi € Hy,
and (*)?\/[,h; of clause (x) of Definition 2.5 for hy € Hy then M [ I € Kpx ps.
3) If N = (M, Py)a<ar € Kpy by then N* = (M*, Py)a<ar € Kny by -
4) If N € K™ and I is a convex subset of N then N|I € K*'. Moreover, N €
K® = N|I € K9,
Proof. Straightforward. O g
Recall

Claim 2.10. 1) The family of scattered order types is the closure of the singletons
under well ordered sums and inverse of well ordered sums.

2) If My C My then Dp(M;) < Dp(Ms).

3) If M is a scattered linear order then one of the following holds:
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(a) M is a singleton,
(b) for some x € M we have Dp(M<;) < Dp(M) and Dp(Ms,) < Dp(M),

(¢c) there is an increasing unbounded sequence (x; : i < k) in M, with k a
regular cardinal, such that

i < k= Dp(M.,,) < Dp(M),

(d) there is a decreasing sequence (x; : i < k) in M unbounded from below and
such that

i < k = Dp(Ms,,) < Dp(M).
Claim 2.11. For any hy € F1, hy € Fy we have Ky, p, # 0.
Proof. First

®1 there is a scattered N € K™ such that: N has a first element, a last element
and PY # () for every a < o*.

[Why? Recall that AT = Max{u1, u2} so let £ € {1,2} be such that A = u,. For
0 € {Dom(ge(a)) : @ < a*}, let ap < o* be minimal such that § = Dom(ge(av)).
Now we define Ny = (Mo, Py.a)a<a(s), i-e- PNo = p, ,, as follows:

(a) Mpis (0 +1,<)if £ =1 and is its inverse if £ = 2

(b) forec §+1,e € Py, if and only if e = 6 and o = ag or (e < 0) is a limit
ordinal and (g(ag))(e) = ) or (e = a + 1 s0 € is a successor ordinal).

If X is regular then by 2.3 we can choose § = A and we are done as a* < \. If
A is singular we can find an increasing sequence (f; : i < cf())), with limit A,
0; = Dom(ge(cvg,)), b0 > cf(N\), and we combine them by inserting Np, in the i-th
open interval of Np,, i.e. in (4,7 + 1), ]

®9 there is a scattered N € K* such that: N has a first element, IV has a last
element and for every ¢ € {1,2} and 6 = cf(f) < u; the model N has an

increasing sequence of length @ if / = 1 and a decreasing sequence of length
0if £ =2.

[Why? Similar to the proof of ®; using it].

®3 for any hy € ﬁfr,hg € ﬁ; (i.e. hy € F1,he € F5 satistying D,l + D,L2
from Definition 2.3), there is a scattered N € K* satisfying

(a) (x) of clause (ix) of Definition 2.5 for hy, that is, () 5,
(b) (*) of clause (x) of Definition 2.5 for hy, that is, ()%,
() PN £ for a < a*
(d)
(e)

e

if @ = cf(#) < 1 then N has an increasing sequence of length 6
if 0 = cf(f) < p2, then N has a decreasing sequence of length 6.
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[Why? Let N be as in ®;. We define M as follows: M has set of elements
{(l,z) : £ € {-1,0,1}, and £ = —1 = z € Dom(hyg) and £ = 0 = x € |N|
and £ = 1 = z € Dom(hy)} and (¢1,71) <M (l9,75) if and only if ¢; < 3 or
{1 =fy = —1and x5 < 21 (as ordinals) or /1 = fo =0 and oy <N xo 0or by =4y =1
and 1 < z2 (as ordinals).

Lastly, N = (M, PY)q<a(x) where for a < o we let PM = {((,z) € M : £ =
—1Ah(z)=aor =0Az€PY or £ =1Ahy(x) = a}].

At last we define by induction on n < w, (M™, P})a<a(+) such that:

(i) (M™, P)a<cax) € K* is a submodel of (M™, P2FY) o),
(7i) M™ is scattered, and so every interval contains a jump, i.e., an empty open
interval

(Z’Ll) (Mn, P(;L)oz<a(*) S K;:hhz’

(iv) If © € P? has no immediate predecessor in M™ (recalling M,, has no first
element), then clause (ix) of Definition 2.5 holds for it, really follows by
2.7(1)

(v) If x € P? is neither last nor has an immediate successor (recalling M,, has
no last element), then clause (x) holds for it, really follows by 2.7(1)

(vi) If x € M™1\ M™, then for some y,z € M™:

y<ax <z and (It e M)y <t <z

(vii) For every y < zin M™: in M "+2 the element y has no immediate successor
and the element z has no immediate predecessor, A P20 (y, 2)M e £ (),
«

M™ there are increasing sequences of any length 6 = cf(8) < m

in (y, 2)

in (y, z)M"Jr2 there are decreasing sequences of any length 6 = cf(6) < pa.

There is no problem in this and (U Mm U P%)a<a(s) is as required.

See https://shelah.logic.at/papers/E62/ for possible updates.

That is, for n = 0 use ®3 for (hl7 ha). leen (M"™, P?) qca(s), to get (M™1 PITY) 04,

for each empty open interval (z,y) of M™, we insert in this interval a copy of N as
constructed in ®3 but with (ga(a1),g1(az2)) here standing for (hq, hg) there when
x € Py ,ye Py, Oa.11

Claim 2.12. If hy € 351'" and hy € f;, then every two members of Ky, p, are
isomorphic.
‘We shall prove this below.

Claim 2.13. 1) If N € K* and (Iy,1,) is a cut of N, i.e. of M = (|[N|,<™) (as
a linear order, i.e. M =IoUIL,IoNI =0 andtg € Iy ANty € I = to <V t1), then
exactly one of the following occurs:

(1) Iy has a last element,

(ii) Iy is empty,

)
)
(iv) I is empty,
(v) cf(lo) = cf(I]) = No.

(ii1) I, has a first element,
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2) If N € K then the set of cuts of case (v) above is dense.
3) If N € K and I is an infinite subset of N then we can find J such that:

(i) ICJCN,
) [ = ],
(#i1) J has neither a first nor a last member,
) ife € N\J and Ny, = NAjz, M, = (A, <V [Aj) where Ay, =
{y € M : x,y realize the same cut of J} then
() Njg has no last element,

(8) if Ny is bounded in M and cf(Nyj,) > R then it has a least upper
bound in J,

(ii

(iv

(7) Nz has no first element,

(0) if Ny is bounded from below in Ny, and cf(N}yz) > Wq then it has a
maximal lower bound in J.

(v) the number of members in {Ny, :x € N\ J} is < |J|+ 1.
Proof. Straightforward. Os.13

Definition 2.14. 1) For a linear order M, if J C M satisfies clauses (iii) + (iv) of
claim 2.13(3) then we say that J is quite closed in M.
2) Similarly for J C N, N an expansion of a linear order.

Proof. Proof of Claim 2.12:
Let hy € %1, ha € F5 and assume Ny, No € Ky, p,, and we shall prove that
Ni, Ny are isomorphic. Let N, = |J A, with M, | Ag, being scattered, of

n<w

course, My = Ny[{<}. Let ¢4 be the family of f such that:
(a

(b) Dom(f) is a quite closed subset of M, see Definition 2.14
(

) f is a one-to-one function,
)

¢) Rang(f) is a quite closed subset of N3, see Definition 2.14
)
)

d) f is an isomorphism from N;[Dom(f) onto No | Rang(f)

(
(e) M;[Dom(f) is a scattered linear order.
Now

X; there is f; € ¢ such that Dom(f;) is an unbounded subset of Ny, and
Rang(f1) is an unbounded subset of Nj.

[Why? As Ny, Ny € Kj, p,, using hy € F;', see 2.3(3) and Definition 2.7(3).]

Ko Thereis fo € 4 such that Dom( f3) is a subset of N7 unbounded from below
and Rang(f2) is an unbounded from below subset of Na.

[Why? As Ny, Ny € Kp, p,, using hy € Z;, see 2.3(3) and Definition 2.7(3).]

X3 There is fo € % satisfying the demands in X; and Xs.
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[Why? Let fi,fo be from K, Ky, respectively. We choose x € Dom(f;) and
y € Dom(f2) such that M; = “y < 2” and Ms = “fa(y) < fi(x)”, note that this is
possible by the choices of f; and fs.

Let

fo=(f1 [ {z € Dom(f1) : z <M 2} U (f21{z € Dom(fs) : z < N2 y}).

Clearly fp is as required.]
For any f € ¢ which extends fy and ¢ € Ny \ Dom(f) we let

Niji=Ni[{s€Ny: (Ve e Dom(f))[zr <m, t =2z <u, s] and s ¢ Dom(f)}.
Now

X, if f € ¢4 extends fo and t € Ny \ Dom(f) and n < w and Ay, "Ny s+ # 0
then there is f’ such that

(i) fCfed,
(1) Dom(f’) \ Dom(f) € Ny ¢,
(i12) if s € My ¢4 \ Dom(f’") and Ay, NNy st # 0 then

Dp(N1,¢7,s[A1n) < Dp(N1f¢lA1n) =Dp(Nifs [ Arn).

[Why? First note that there are ¢y < ¢; in Dom(f1) such that N | “to <t < t;”,
this holds by the choice of fy (recalling we are assuming f > fy. Second, we can
demand that Ny ¢ = Ni[(to,t1)n,, just by the definition of “Dom(f) is quite
closed” recalling the assumption on f.

By Claim 2.10 it is enough to consider the following three cases.

Case 1: There is s; € Niy N Ay, such that Dp((N1,f¢)ss,) < Dp(Ni,f4) (so
possibly (N1,7.¢)>s, is empty) and Dp((NV1,£,¢)<s,) < Dp(N1,7.0)-

Let 51 € PNt (clearly such « exists). Now, (f(t1), f(t2)) is an open interval of
Nj hence there is in it an sy € PY2. Let f/ = f U {(s1,52)}.

Case 2: For every x € Ny ;, we have Dp((N1,7.1)<z) < Dp(N1,14)-
Let ay be such that t; € P2, so also f(t1) € P2, and imitate the proof of X.

aq )

Case 3: For every x € M s, we have Dp((N1,7.¢)>x) < Dp(N1,7.4)-
Let g be such that to € Pi\gl, so also f(tg) € PO%Z and immitate the proof of

Xs.
So X, holds indeed.]

K5 If f € 4 extends fo and n < w then there is f’ such that
(i) fCfed,
(Z’L) if t € Ny \Dom(f’) then Dp(Nl,f’,t rAl,’ﬂ) < Dp(Nl)ﬁt rAl,n)-

[Why? Let {t. : € < €(x)} be such that t. € N; \ Dom(f) and (Ny 74 : € < €(x))
lists {N1,f+:t € Ny \ Dom(f) and Ay, NNy ¢ # 0} with no repetitions. For each

e let f! be as in X for t., and let f' = |J f.. Now check, so X5 holds indeed.]
e<e(*)
For any f € ¢ which extends fy and ¢ € M3 \ Rang(f), let

No = No [ {s € My: (Vz € Rang(f))(z <2 s &z <2 1)}
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Just as in Ky, K5 we can show:

e if f € ¢ extends fy and n < w then there is f’ such that
(i) fCfed,

(1) if ¢ € Ny \ Rang(f) and Az, N My s, # 0 then Dp(Na f/ 1141 ,) <
Dp(MQ,f,t rAl,n)-

Lastly, we choose f,, € % by induction on n < w such that k <m = fx C f,,. For
n = 0 we have already chosen fo. If n = k? + 2m < (k + 1)?, let f,,41 relate to f,
as f’ relates to f in K5 (for Ay ,,). If n=k?+2m+1 < (k+1)% let f,41 relate
to f, as f’ relates f in Mg (for As ).

Let f = | fa, clearly f is a partial isomorphism from N; to No. Now,

new

Dom(f) = Ni, because if t € Ny \ Dom(f) then for some n we have ¢t € A,
and clearly (Dp(Ni f,, +[ A1) : n < w) is a non-increasing sequence of ordinals (by
2.10(2)), and for every k > m we have Dp(N1 5,5, t[A1,0) <Dp(Nip,,,  e[A1n)
because of the use of 5. A contradiction, so really Dom(f) = M;j. Similarly
Rang(f) = M, and we are done. Os19

Definition 2.15. We say N € K* is almost x-homogeneous when :

e if I C N, |I| <k then we can find J, I CJ C N, |J| < & such that

(¥) if s, t € (N '\ J) realize the same cut of J and s € PN < t € PY for
every a < a(x), then there is an automorphism of N over J mapping
s to t.

Similarly to the proof of 2.12.

Conclusion 2.16. Assume hy € Rang(g1), he € Rang(gz).

1)If N € K};ff}l‘z, n<wandr; < 22 < ... < Ty i N, and y; < ... < yp in
N, and z,, € PY & y,, € PY for a < a(x), m € {1,...,n}, then there is an
automorphism of N mapping x,, to y, form=1,... n.

2)If N € Kp, p, and J C N is quite closed in M then

(%) if s, t € N\J realize the same cut of J and s € PY &t € PN fora < a(x),
then there is an automorphism of N over J mapping s to t.

3) Every N € K"™ s almost k-homogeneous (where k > Ng).

4) Assume N € K};f%2 and Jy, Jo C N are quite closed and [Jy is unbounded in
N iff Jo is unbounded in N] and [Jy is unbounded in N* iff Jo is unbounded in
N*|. If f is an isomorphism from N | Jy onto N | Jy then we can extend f to an
automorphism of M.

Proof. Should be clear. U216
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§ 2(B). Examples.

In this subsection we consider some examples.

Content 2.17. We do not assume 2.3 fully, still A, py, po are as in 2.3(a) and 6 will
denote a regular cardinal < pq N pe, usually uncountable.

Definition 2.18. Assume 6 = cf(§) < Min{uy,p2} and let 6 = ((6},02) : a <
B(x)) list (with no repetitions) the pairs (o1, 02) of (infinite) regular cardinals such
that oy < g, 0 € {01,092} and a =0 = (0,02) = (6,0).

1) We let gf = gg’ﬁ € Z, be defined by: for 8 < B(x),g2(B) is a function with
domain O'g and for v < O‘é

(¥) g2(B)(7) = a iff a < a(x) satisfies
(a)
(b)

if 7 < o is a limit ordinal then o, = cf(y),037¢ =0

if v < 0 is non-limit then a = 0.

1A) For £ € {1,2} and regular § < p let hf be the unique h :  — B(x) such that
ol =0 = gl(a)=h.

2) Let ¢ = c§}, . 0.5 be the unique c such that (A%, uf, u$, g5, 95) = (A, 1, pa, 9%, 99),
see 2.19(2).

3) In (2) we may omit & when a < B(x) = a = otp(ua, <iex) Where u, =
{(o1,09) : 01 = cf(01) < p1,09 = cf(02) < po and (01,02) <iex (0L,02)}; jus-
tify by 2.19(1),(2).

4) For regular 01 < 1,02 < po we let K§¥ = K}??mm (c) where c is from part
) 010,

(2),(3) and hj, is from part (1A). For u C 3(x) non-empty let Kgo% = {(|N|, <"
)FaLgu PY : N e Kg }. Can define for the general case.

Claim 2.19. Let A, pu1, 2 be as in 2.3(a) and 0 be regular < min{pq, p2}.

1) There is & = ((cl,02%) : a < B(x)) as in Definition 2.18 so |B(x)| = |[Reg M 1| x
|[Reg N ua|. Moreover, there is one and only one & as in 2.18(3).

2) For & as in part (1), c" 1s well defined, that is, there is a unique context

Ap,p2,0,0
d, recalling Definition 2.3, such that:

(a) (A% u 1) = (A, pi2)

3) If for v = 1,2 we have 5, = ((0} ,,0%,) : a < (1)) as in part (1), i.e. as

in 2.18 and d, is as in part (2) for 6, and h,1 € f;“dﬂhhg € f;’di and N, =
(M, Py)a<p) € K;ﬂl,h , then

(a) there is a unique f : (1) = B(2) such that (o}, 0%,) = (oé’f(a),ag’f(a))
for a < B(1); moreover f is one to one onto
(b) My, Ms are isomorphic linear orders

(¢) moreover, there is an isomorphism £ from Ny onto No which maps P} onto
PJ?(Q) for every a < B(1).
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4) For c as in 2.18(2) so ¢ = 6%,0 = cf(0) > Ny as in 2.18 letting (B(x) = Lg(a))
if N = (M,Py)acpx) € K€, so M a linear order, then N is uniquely determined
by M, i.e. PN ={de M : M_4} has cofinality o} and Ms4 has co-initiality o2 .

Proof. Should be clear. Os.19
The following is used in [Sheg].

Claim 2.20. Assume ¢ =c§' . o, see 2.18(2), 2.19(2).

1) If Ny, N, € Khom then : Ny, Ny are isomorphic iff N1, No has the same cofinality
and same co-initiality. o

2) So Khom = U{Ké‘l"fé 101 < pa, 02 < pa are regular}.

3) Assume o € (0, A7) is a successor and N = > Ng.
Ba

A sufficient condition for N € Kg?g 18:
(a) each Ng is from Kgg or is a singleton

(b) if 6 >Ny and B < a then Ng is a singleton or Ngi1 is a singleton but not
both

Ny € KSBO and N, is a singleton

—~
9]
~

(e) if § < a is a limit ordinal then Ny is a singleton and PNs = |Ns| when

(Uév Ui) = (Cf(6)7 0)

4) Like (3) for an inverse, well-ordered sum except that in (e) we deduce (o},02%) =

(0, cf(4)).
Proof. Easy. U220
Definition 2.21. For A, u1,p2 as in 2.3(a) and 6 = cf(d) < Min{pq,p2},c =
CS, a0 De as above. Let Ki:flaEQ o be Kgty . for c recalling 2.18(4) where
u = {a} with a such that (01,62) = (Ng, Rg).

Let Kf_lflazz)e be K, o for i where n = a.(c).

Claim 2.22. For A, u1, 2,0 and c as above.

1) There is an M € Ki_lfl"‘zz o unique up to isomorphism, it is a dense linear order

of cardinality X with cofinality and co-initiality 6.

2) Kﬂfﬁz,e is closed under well ordered sums of length o +1 < AT,

3) Ki_uia/iz g s closed under anti-well ordered sums of length o +1 < AT,

4) If u >0 and p < pr,p < po and M € K}\;fﬁﬁQ g, then for some algebra B on

|N| with p functions if B’ C B has cardinality p then N'|B' € Ki;cf‘l+’0.

5) M also satisfies the conclusion of 2.28 and 2.16. FE.g. Let N; € Kf\?ﬁl,uz,f)

fori < a and N = > N;. So for each i there is N;" € Kggn}io We can find

i<a
(N i < B) and increasing g : a« + 1 — B+ 1 such that:
(@) if N = Ny
(b) g is increasing continuous and g(i + 1) = g(i) + 2,¢9(0) = 0,9() = J and
ha) =5
(c) if 7 € B(x)\Rang(g) then Nj++ is a singleton
(d) (N}T:i<B)is as in 2.20(3).
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Proof. Should be clear (check almost homogeneous), e.g.

4) Let N; € K3 | gfori <aand N = ; N;. So for each i there is N;' € K{;g"&o
i<a

We can find (N;7" : 4 < ) and increasing g : o = 1 — 3 + 2 such that

. -
(a) if N;F = Ny
(b) g is increasing continuous and g(i + 2) = g(4) + 2,¢(0) = 0,¢9(d) = 4§
(c) if j € j(x)\rang(g) then N is a singleton
(d) (N;"* :i < B)is as in 2.20(3).
Lastly, we apply 2.20(3). Oa.22

Claim 2.23. Assume A > p = cf(u) > 0,c = ¢Sy, 4 so (u1,p2) = (AT, p)
and N € K&?ﬁ71L79 and M = (N, <) e K} %" , and let o = cf(0) € [u,\) and

AT
T =Thy, , (M). For a model M’ of T let N' = (M’,.. L PM' ) be defined as in
2.19(4).
1) N' € K2~ when:

AT 0,0
(a) M’ is a model of T of cardinality A\ > o
(b) N’ is 2-homogeneous (i.e. if M |= “s; < tyAsy < t3” and s; € PN & sy €
PNt € PN oty € PY') for a < a.(c) then there is an automorphism
of N' (equivalently M') mapping (s1,t1) to (s2,t2)
(¢) M’ is the countable union of scattered sets
(d) (o) if k=cf(k) >R if (b; : i < K) is an increasing bounded sequence in
M then for some club E or k, for every 6 € EU{k},
blk has a <N-lub
(8)  similarly for M*, the inverse of M.

2) There is a first order sentence ¥ € L({<, F}),F a three-place function symbol

such that {{<}: N a model of T cup{u}} is equal to U{Kij:f;n,u i\ >0}

3) In part (1), if o is a compact cardinal we can omit clauses (c),(d).

4) If o is a compact cardinal, then the class from part (2) is categorical in every
)\1 Z g.

Proof. Should be clear. U223

* * *

We now make the connection to [Shef, §3].
We may weaken a little the definition of weakly xk—skeleton like (Definition [Shef,
3.1(1)=L3.1(1)]).

Claim 2.24. Assume A > k = cf(k), and dy = inv(Iy) for £ = 1,2 (see Definition

[Shef, 3.4=L3.2]), I, a linear order of cardinality < X\, o < AT (for £ =1,2). Then
there are o, py,po (hence F1, Fo, Fi, F3), g1, 92 as in Context 2.3 such that:

(¥)1 if M € Ky, (0),go00) and u C ™ is non-empty then
(a) inv®(|J PM,<M) =4,

ECu
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(b) inv®(|J PM, <M"Y = dy, recalling M* is the M inverted

e€u
(%)2 ifd1 =d2 and K' = {(PM,<M): M € K, 4,} then
(a) K’ is closed under sums of order type a and o for ot < AT
(b) each member of K' is cardinality X,
(¢) K’ is almost 8-homogeneous for every 6.

Proof. Straightforward. Oa.24

Also in the cases we use skeletons from K we may like to realize distinct invariants
rather than just non-isomorphic models.

Definition 2.25. 1) Let N be a model of cardinality A with |7x| < A\ we say N is
a A-representation (of N), or Afiltration (of M) when:

(@) N={(Ny:a<\)

(b) N4y C N has cardinality < A
(¢) N is C-increasing continuous
(d) N =U{Ny:a<A}

2) For a A-representation N let (on splitting see below)

Sp(N) ={6 < A: & is limit, and for some a € |J N,
a<
for every 8 < §,tp(a, N5, N) splits over Mg}.

3) Spa,.a, (V) = {6 < A : 6 limit, and for some a € |J Nq for every 8 < § the
a<

type tpa, (@, N5, N) does (A1, Az)-splits over Mg}.

4) Let Sp(N) be Sp(N)/Zx for every representation of M. Similarly Spa, ,(N);

both are justified because

B Sp is Z-invariant of N, i.e. if N, N” are A-representations of N; ||N|| = A
then Sp(N’)/Zx = Sp(N")/ P and SpAhAQ(N’)/@,\ = SpAhAQ(N”)/@,\
(when X\ = cf(X\) > Np).
5) We say that tpa, (a, B, N) does (A1, Ag)-split over A C N (where a € M,B C
N) if for some by, by € B,tpAz(Z)l,A, N) = tpAz(Bg,A,N) but tpAl(aAél,A,N) #
tpAl (ZLAbQ, A,N)
6) If Ay = Ay is Ly, ,(7(M)), we may omit (Aq, Ag).
7) We can replace 9y by appropriate & giving us an w-sequence of sets (or an
appropriate filters on the set).
Definition 2.26. 1) N is (A, Ay, Ag)-nice if Spa, a,(N) = 0/Dy.
2) N is (< A, A)-stable if for every A C |N| of power < A

A> [{tpa(@, A, N) :a € [M[}.

3) I € K& is locally (X, bs, bs)-nice [locally (< A, bs)-stable] if for every n € I\ P!
the linear order (Sucy(n), <) is (A, bs, bs)-nice [(< A, bs)-stable].

Claim 2.27. Every M € K is (A, bs, bs)-nice and (< A, bs)-stable.
Proof. Easy (and as in [She82a, §6], mainly “crucial fact” of pg.217 there). a7
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Claim 2.28. If (A, <, Pa)a<a(x) € K, S C A, and

M = (| Pa: < [(| Pa)s Po)acs:

a€esS a€cS
then M is (< A, bs)-stable and (X, bs, bs)-nice.
Proof. Check. Oz 08

§ 2(C). Very Homogenous Linear Orders Revisited.

We here start to indicate how we can generalize §(2A). The case k = Ng is the
one in §(2A).

Definition 2.29. 1) We say c is a context or (A, k)-context when it consists of (so
A=A, ete.)
(a) A=A<" >k =cf(k)
(0) ax < AT up C au,ug C au,ug Uug # . (or just ug Nug # ay), note here
1,2 stands for right, left
(¢) vocabulary 7 = {<} U{P, : @ < a.}, where < is a binary predicate, P, is
a unary predicate
(d) Kap is the class of N such that (all stands for all)
(o) N is a 7-model
(B
(

Y
(0

) <% a linear order

) (PN :a < a,) a partition of N

) if 0 =cf(0) < k and @ = (a; : i < 0) is increasing/decreasing then it
has a <y-lub/<n-mdb; moreover if > RXg then for a club of § < 9
this holds for ald, too

ge is a f-nice function from w, into .#;, see below
(f) Knice € Kap is defined in part (5) below (nice stands for nice)

Kpas € Kpjce has cardinality < A and each N € Ky, has cardinality < A
and some N € Ky, has cardinality A (bas stands for basic, the generators).

—
Q]
~

—~
@
~

2) F, = FL is the set of function f with domain a regular 9 < A into a such that
any limit 6 < 9, f(0) € uy.
3) g¢ : ax — Fy is L-nice when
(a) for every a < ay, h := g(a) is (ge, £)-nice, see below
(b) if 0 = Dom(ge(1)) < K, ge(a) = g2(B) then o = f3
(¢) if h: 0 — au is (ge, £)-nice and 9 < k then h € Rang(g).
4) h € Z; is (g,¢)-nice when: if 9 = Dom(h) is regular then

[ h € % and if § < Dom(h) is a limit ordinal of uncountable cofinality and
B = h(d) and (e; : i < cf(d)) is an increasing continuous sequence with
limit § then {i < cf(d) : (h(d))(e;) = (9(B))(i)} contains a club of cf(d).
For notational simplicity assume a* < A.

5) Knice is the class of N such that
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(a) N € Ky, has cardinality < A
(b) ifa € PN and o € u; and a has no immediate predecessor in N, then there
is an increasing sequence (b, : @ € Dom(g;(«))) in N such that

(o) if « is a limit ordinal then b, is the <%;-lub of (bs : 5 < )
(8) if Dom(gi(«)) is uncountable then {a < Dom(gi()) : by € Pg(a)}
contains a club of Domg; (@)

(7) if « is non-limit then g;(a) ¢ u; U us
(¢) like (b), replacing w1, g1 increasing, predecessor, lub by us, go decreasing,
successor, glb.

Convention 2.30. In this sub-section, ¢ will be a fixed context, if not said other-
wise.

Definition 2.31. We define a two-place relation <pjce on Kpice, V1 <pice No iff

(a) N1, N3 € Kqice

(b) N1 C Ny

(¢) if a € PM and a € uc; and a has no immediate predecessor in Ny, then
(N1)<q is unbounded in (N3) ., from above

(d) if a € PN, € ue o and a has no immediate successor in Ny, then (N7)<q
is unbounded in (N3)s, from below

(e) if @ € No\ Ny, then (Na2)<, N Ny has a last element or (N2)s, N Ny has a
first element.

Claim 2.32. (Kyjce, <nice) 18 a partial order preserved under isomorphisms.
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§ 3. ON PCF AND OTHER UNCOUNTABLE COMBINATORICS

In this section we define and quote but do not prove.

Definition 3.1. 1) For A regular uncountable we define the weak diamond ideal,
Iyd = ["4[)\] as the family of small subset of \, where:

2) We say S C X is small if it is F-small for some colouring function F from
to 6 where

3) We say S C A is F small if (F is as above and)

>\>)\

(¥)s for every ¢ € °2 for some n € *X the set {§ € S : F(n]§) = cs} is not
stationary.

Claim 3.2. If A = pu+,2* > 2% or at least 2* = 2<* < 2* () is regular uncountable)
then X ¢ {1V} .

Proof. By [DS78], see more in [She98, AP,§1,pgs.942-961]. O30

Remark 3.3. 1) Used in [Shed, 6.4=constr6.4=f12,stage C].
2) On I#4[\] see [Sheb, 3.8,3.9].

Definition 3.4. For A regular uncountable let I[\] = 18]\ be the family of sets
S C X which have a witness (E, &) for S € [84[\], which means

(x) Eisaclubof \, Z = (P, :a < \), P, C P(a),|P,| < A, and for every
6 € EN S there is an unbounded subset C of § of order < § such that
aeC=CnNnaeP,.

Claim 3.5. Let A be reqular uncountable.

1) For S C A\, S € I8\ iff equivalently there is a pair (E,a), E is a club of \,a =
(G i@ < Ny aq € a,B € aq = ap = a,NB and § € ENS = § = sup(as) > otp(as)
(or even § = sup(as), otp(as) = cf(d) < 4.

2) If K < \ are regular, then there is a stationary S C S in I84[\].

Remark 3.6. Used in [Shed, §4].

Definition 3.7. 1) For an ideal I on I and f € ?(Ord \ {0}) let Ty(f) = sup{|.Z]| :
F C [I1f¢) and h # g € F implies {t € I : h(t) # g(t)} € I}, generally
tel
Ti(f) = sup{|-Z| : # € E} where E is the set of .# such that:
(a) # C1Ord
(b) g € & implies g <1 h
(¢) h#ge€ & implies {t € [ : h(t) # g(t)} €1,
(if (Vt)f(t) > 2" the supremum is obtained and only f/I matters).
1A) We may replace I by the dual ideal.

2) For a partial order P let tcf(PP), the true cofinality of P be equal to A when A is
a regular cardinal and some sequence (p, : @ < A\) witness this which means:

o a <3< A= pa <pp3
e if ¢ € P then for some o < \ we have ¢ <p pq.
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Claim 3.8. Assume that (2% : i < 0) is strictly increasing and p = > (N\; : 1 <
d) < 2%, Then for arbitrarily large regular cardinals X < p there is tree with < p
nodes and > 220 , k-branches (hence a linear order of cardinality < p with > 2% > o
Dedekind cuts with both cofinality exactly \).

Remark 3.9. This is used in [Shee, 3.28=L3c.16] and will be used in proving the
properties from [Shec].

Proof. By [She96, 3.4]. Os.s
Claim 3.10. Assume:

(A) A=cf(\) > p> 2",
(B) D is a p-complete® filter on X,

(C) fa:k—0rd for a < A,

(D)

Then -

0) We can find w C k and f* = (B : i < k) such that: i € K\ w = cf(5]) > 2"

and for every B € T[] BF for A ordinals o < X (even a set in 2T ) we have
i€r\w

B < fal(k\w) < B*[(k\ W), folw = B*w, and sup{ﬁ}‘ 185 < B} < fali) < B
1) We can find a partition (w} : £ < 2) of kK, X € 2T and (A; 1 i < k), (\; 1 i <
kY, (hi 21 < K),{n; : i < kK) such that:

(a) A; € Ord,

(b) 5\1 = <)\¢’4 < nz> and 2% < X g < Ajop1 <A,

(¢c) h; is an order preserving function from ] Ai¢ onto A; son; =0 < |A;] =

D contains the co-bounded subsets of .

<n;
1. (The order on ] Ae; being lexicographic, <),
<n;
(d) i <k and a € X = fo(i) € A;, and we let f:(i,€) = [h7*(fa(@))](¥), so
fae 11 A,
€1<<1:i

(e) icwlemn, =0 (so|4;]|=1),
(f) if i € wf then |A;] < A, hence | |J A4 < A,
iEwy
(9) ifg€ T Miethen{a€ X :g< fi} € IF and letting 37 = sup Rang(h;),
<K
<n;
clearly the condition of part (7)(0) holds
(h) if D is (|a|*)t-complete for any a < py then py < sup{\i¢ : i € w}; and
< n;} <X when wi #0 (so, e.g., if u =X and assuming GCH

sup{cf(A; ¢) 17 € wi and £ < n;} = N).
2) In part (1) we can add (%) to the conclusion if (E) below holds,
(¥)1 if Mg € [, A) then N ¢ is regular.

(E) For any set a of < k singular cardinals from the interval (p,\), we have
max pef{cf(x) : x € a} < A.

2in parts (0),(1),n = (2%) is O.K.
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3) Assume in part (1) that (F) below holds. Then we can demand (*)2.

(%)2 AL > py fori € wa, € < nj.
(F) cf(u1) > k and a < py = D is [|a|=F]F-complete.

4) If in part (1) in addition (G) below holds, then we can add:

(¥)3 X € Pefy_completet Al 0 € wi; and £ < n;} if wi # 0, moreover
(¥)a if £i <y fori € w} then X € pefy omprerefcf(N),) 17 € wi}.
(@)
(1) (Yo < A)(|a|<? <)) and 0 = cf(0) > N,
(i1) D is A\-complete
(491) fo # fa for a # B (or just a # € X for some X € D*)
5) If in part (1) in addition (H) below holds then we can add :
(%)s if m < m*A € Jp, and £; < m; fori € K\ A (so wi C A) then X\ €
pef{)\} i€ r\ A}
(H)
(i) m* <w and J,, is an Ri-complete ideal on K for m < m*,
(i) D is A\-complete.
Proof. By [She99, 7.1=L7.0]. Os.10

Claim 3.11. Assume that A = (\; : i < K) is a sequence of reqular cardinals >

and J is an ideal of k and X is a reqular cardinal.
1) If TI Ni/J is AT -directed then we can find X, = cf(X\;) € (u, \i) such that:

1<K
(a) TI A./J has true cofinality A
1<K
(b) #f A > limg(X; 14 < K) = pe > cf(pa) then limg (N, 1 i < k) = p*
(c) there is an <j-increasing sequence {fo : v < X) of members of ([ Ai, <3)
<K
and is pi -free, i.e. if A C N\, |A| < p. then there is a sequence (uqy : o € A)
such that uq € J and o € A and f € A and a < 8 and € € Kk \ ug \ ug =
fa(€) < fa(e).
Remark 3.12. Used in [Shea, 1.16=L7.7].
Proof. By [She96, §6]. Us11

Theorem 3.13. 1) Assume that p = pu<%" < X\ < 2 then there is a sequence
(fi +i < p) of functions from X to p such that for every u C u of cardinality < &
of function g from w to p, for some i < p we have g C f;.

Remark 3.14. Used in [Shea, 1.11=L7.6].
Proof. This is Engelking-Karlowic [EK65]. Os.13

Theorem 3.15. (Hajnal free subset theorem). If f : X — [A]<" and A > k > Vg
then some A € [\]* is f-free which means that a« # B € A= a ¢ f(B).

Proof. This is [Haj62]. Us.15
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Definition 3.16. 1) For p singular let pp(u) = sup{A: for some filter J on cf(u)
and sequence (\; : 7 < cf(p)) of regular cardinals < p such that p/ < p= {i: A\ >
w'} € J, the product [ A;/J has true cofinality A}.

i<cfu
For p singular pp™ (1) = Min{\ : X regular and there are no J and \; as above}.

2) For a set a of regular cardinals > |a| let pef(a) = {cf([[(f,<)/D) : D an
Oca
ultrafilter on a}.

3) If a is as above, J is an ideal on a then we let pcfy(a) = {cf(Ila/D) : D is an
ultrafilter on a disjoint to I}.

Remark 3.17. Used in [Shea, 1.16=L7.7].

Remark 3.18. Used in [Shea, 2.15=L7.9].

Claim 3.19. If u > k = cf(k) > Rg. Then there is a stationary . C [u]<" of
cardinality cf ([u]<", C).

Remark 3.20. Used in [Shed, 5.3], stage E statement of ®3.

Proof. By [She93, §1]. Os 19

Claim 3.21. Assume that X\ is singular of uncountable cofinality k, (\; : i < K) is
increasing continuous with limit X and S = {§ < k : pp(As) = A} is a stationary
subset of k then pp(\) = AT.

Proof. By [She94, Ch.IL,§2]. U321

We repeat [Shear, Ch.IX,3.7,pg.384,5]

Claim 3.22. Suppose A = N, (445,60 a limit ordinal < Ny ().
1) pp(A) =T cov(\, A, cf(N)T,2).

2) If cf(6) < k < § then pp,,(\) =T cov(A\, N\, kT, 2).

3) If cf () = K, Na(x)44)" < Nags fori <o then

lambda®™ = pp(N).

4) If c£(0) = K, (Ra(x))"® < A then

N = " {pp(Ra(i) 11 < 8 limit, of (i) < k}.

5) Ln A) has a stationary subset of cardinality

a(*)+1(

Z{pp(Na(*).H‘) 21 < 0 limit}.

Claim 3.23. Assume p > k = cf(u). There is an increasing sequence (X\; : i < K)
of regular cardinals < p and A = tcf([] Ai, <jva) when
<K
® (a) A=cf()) € (u,ppi (1)
(b)1 p<pt® or
(D)2 K >Ny and for some pg < p for every p' € (o, 1) of cofinality < k
we have pp(u') < .

Remark 3.24. 1) Used in [Shea, 1.16=L7.7], [Shea, 2.20=7.11], [Shea, 3.23=L7.14],
[Shea, 3.24=L7.7].
2) It is helpful in applying [Shea, 2.13=L7.8I].

Proof. By [She94, Ch.VIIL§1]. U323
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§ 4. ON NORMAL IDEALS
The results here are from [She86].

Theorem 4.1. If  is a fine normal filter on % = {u C X : cf(sup(u)) # cf(|u])},
and X is regular then there are functions fi for i < AT such that: Dom(f}) =
U, fi(u) €u and fori# j{u€l: fi(u) = f;(u)} =0 mod 2.

Remark 4.2. 1) Used in [Shea, 2.15=L7.9].
2) So % = [A]*! is an interesting case.
3) This is a strong form of “not A\*-saturated”.

Proof. We can find A4;(i < A7) such that:
(¥)1 A; is a subset of A, unbounded in A and for j < ¢, 4; N A; is bounded in A

[e.g. let A;(i < A) be pairwise disjoint subsets of A of power A, and then choose

A;(N < i < A7) by induction on i on such that the relevant demands hold.

Assuming to i € [A\,AT) let {j : j < i} be listed as {j} : @ < A}, and let

A; = {4 : B < A} where 75 = Min(4;, \ U,B A;.), listed without repetitions
a<

it exists as |A;, N A, | < A= cf()) for a < f].

For i < At let g; : @ — X be such that {4; \ ¢;(j) : j < i} are pairwise
disjoint. Let f; be the strictly increasing function from A onto A; (for ¢ < AT) hence
a< A= fila)>a. SoC;={u € % :uisclosed under f; and @ € u = a+1 € u}
belongs to &. For each u € % let u = {2 : a < |ul}.

Now for each u € C; the set u N A; is unbounded in u, (by the choice of C; and
fi) so for some a;(u) < |ul, the set A;N{z% : @ < a;(w)} is unbounded in u. (Why?
Recall that cf(supu) # cf(|u]) because u € %).

Next for i < AT let h; be a one-to-one function from A onto AU {j : j < i} and
define by induction on i:

Cl={uCiuUX: wisclosed under hlv,hi_1 andunNAe¥
u N A is closed under f;, fi_l7
u is closed under g;, (when j € u or j = i)
and for every j € u we have u N (jUA) € Cj}.

(4.1)

Clearly C}IA = {un X : a € C}} belongs to 2, and by the choice of h; for each
u € % there is at most one v’ € C} satisfying v/ N\ = a, namely h;“(u).
Now we define for i < AT a functions &; and d; with domain % .

§i(u) = otp({j € hi(u) : a;(u) = ci(u)},
di(u) = (a;(u), & (u)) if hi(u)NX = wand h;(u) € C} and d;(u) = Min(u) otherwise.
Now we shall finish by showing:
(A) for iy # iy < AT we have {u € % : d;, (u) = di,(u)} = mod 2
(B) for a € % ,{d;(u) : i < AT} has cardinality < |u].
Why does this suffice? As for each u € % by clause (B) we can find a one-to-one

function f,, from {d;(u) : i < AT} into u and now use the A* functions (f,(d;(u)) :
i < A1), that is for i < A" we define the function f; with domain % such that
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fi(u) € uby ff(u) =: £,(di(u)), now by clause (A) we have i < j < AT = fF # f*
mod 2.

Proof of Clause (A):

Without loss of generality i; < io and we assume that A < ¢; for notational
simplicity. Clearly %' := {u € % : hi,(u) € C}, and iy € hy,(u) (hence h;, (u) =
hi,(W)Niy € CL)} belongs to 2. Let u be in it, and assume that d;, (u) = d;, (u). For
¢ =1,2 in the definition of d;, (u) the first case applies so d;,(u) = (a;,(u), &, (u))
hence by the first coordinate oy, (u) = a;,(uw). Now {£ € hy, (u) @ ae(u) = ay, (w)}
is an initial segment of {£ € h;, (u) : ce(u) = a4, } (as a € %’) and a proper one (as
i1 belongs to the latter but not the former). As the ordinals are well ordered, the
order types &;, (u), &, (u) are not equal. That means that the second coordinates in
the d;, (u),d;,(u) are distinct. So d;, (u) # d;,(u) is true when i1 # is,a € %' as
required.

Proof of Clause (B):

The number of possible «;(u) is < |u|, and the number of order types of well
orderings of power < |u/| is |u| hence by () below, the number of pairs (a;(u), §;(u))
is < |a| x |u| = |u| + N; and recalling the additional value Min(u) we are done. So
it suffices to prove:

(x) for i < AT,u € C}, the set w={j € u:aj(uNA) =a;(uNA)} has power
< |ul.

Why (*) holds? Clearly for j € w the set

Ajn{zy o <oi(un)}

is unbounded in u N X but A; N g;(j) is bounded in w N A (as u is closed under g;)
hence

Bj = (4;\gi(4)) N {zg : @ <ai(un M)}

is an unbounded subset of u N A, hence non-empty.

But (Bj:jew)=(Bj:jcuajuni)=a(unl))is asequence of pairwise
disjoint subsets of {z% : a < a;(uw N A)} (by the choice of g;). As they are non-
empty their number is < [{z% : @ < a;(u N A)}| < |u|]. So have proved (x), which
suffice. Oaq

Claim 4.3. Let 9 be a fine normal filter on % = [N|<", X singular of cofinality a>
Ng and (Vu € % )(Ju| > 0 and cf(|u]) # 0 and 0 = sup(d Nu)) and Rk(|u|, Z5P) <
Jul™

Then there are functions f; for i <A™, Dom(f;) = %, (Vu € %)[fi(u) € u] and
for i # j we have {u € I : fi(u) = f;(u)} =0 mod 2.

Proof. Let 0 = cf(X), A = > A¢, each A¢ regular, >~ A < A¢ < A for ¢ < 9. We
¢<o £<¢
can find for i < AT functions f; from 9 to A, Y~ A\¢ < £;({) < A¢ such that for
£<¢
i < j < AT there is £ < 0 such that

£ < (<9 =1i(C) <f5(0)
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Let again u = {2 : a < |ul}, so for each i < AT and u € %, if Range(f;|u) is
unbounded in u then let o;(u) < |u| be minimal such that (Range(f;[u)) N {z¥ :
o < a;(u)} is unbounded in u (and «;(u) = Min(u) otherwise).

Now for i < A" we define functions &;,d; with domain % (h; is a one-to-one
function from A onto iU \):

§i = otp{j € hi(u) : a;j(u) = ai(u)}
di(u) is (o(u),&(u)) when v = hy(u) N A and (V¢ € (u N cfA)fi(¢) € v and
(Vj € u)(u = hj(u) N X) and d;(x) = Min(u) otherwise.
We finish as in 4.1. Cas

Remark 4.4. 1) 5P is the filter of co-bounded subsets of 9.

2) Really we use Rk(|u|, Z5P) < |u|* just to get, that for every ¢ < |u| for some
& < |u|t we have

(*) there areno f; : 0 = (for i <&, [i<j=f; <geb fil-

We should observe that for u € %, u N 0 has order type 0.

Note that if for each ¢ < |u| there is such & then {(x) = |J & is < |u|T and

(<[l

work for all (’s.
Claim 4.5. Suppose k < 0 = cf(A) < A\, % C{ue [N<": cf(|lu]) # cf(sup(un
9)) and Rk(\u|,@§;’(sup(ma))) < |u|t when cf(supu) > Ry and |ulR0 = |u| or just
when (VY < |ul) (R0 < |u]) and cf(sup(u)) = Ro}, and 2 a normal fine filter on
4

Then there are for i < At functions f; U — A fi(u) € u such that for i # j
we have {u € I : fi(u) = f;(u)} =0 mod Z.

Proof. Let f;, A\¢ be as in the proof of 4.3, u = {z¥ : @ < |u|}. Let h; be a one-to-
one function from A onto AU {j : j < i}. For each i the set C} := {u € % : u is
closed under f;, and (Range(f;)) N u is unbounded in u, h;(u) "X = u and u € Cj
for j € hi(u) and cf(supu) = cf(sup(u N 3))} belongs to Z, and for u € C} let
a;(u) < |u| be minimal such that (Range(f;)) N {z% : @ < «;(u)} is unbounded in

U.
We then let
&i(u) = otp{j : j € hi(u), oj(u) = ai(u)}
dl(a) = ozi(u), ifue Czl,
Min(u)  otherwise.
and we proceed as in the proof of 4.1, 4.3 (and see 4.4). Oy s

Definition 4.6. 1) For a filter D on []<? let p mean: fixing any countable
vocabulary 7 there are S € D and N = (N, : a € S), each N, a 7-model with
universe a, such that for every 7-model M with universe A we have

{a€S:N,CM}#0 modD.
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2) Similarly, let {4, (or {*(D)) mean: there is a P = (P, : u € [A\]<%) such that:
(a) P, C P(u) has cardinality < |u]
(b) {ue[X]=*: X Nue PR} eD forevery X C A.

Recall that for two filters 2 and U on [A]<* the set 2 + U is defined to be the
smallest filter on [A]<* which extends both & and U.

Fact 4.7. 1) For % C % C [N\|<* and 2, C %5 normal fine filter we have on
(A=,

(i) 0D + W) = O (Do + 1)
(it) O (D1 + W) = (D + Us)

(dii) 0(92 + %) = 0(91 + U>)
(iv) O(Dr + W) = (Do + Ua)

(remember P (\) + % C 2 for any fine normal filter & on ).
2) Suppose £ < A = A<* and we let

% ={a: forsome 0,a € Ty \(NJ), u|? = |u|
or u € Ty, \(N}), and cf(Jul) # 0 A (VO < |u])d? < |u]
or (3x,0,0)(2X < ANA = xT A |u|<? = |u| A (Vy < @)

Suppose further % # ) mod P..(\). Then &*(Zn(N\) + %).
Remark 4.8. Used in the proof of [Shea, 2.13=L7.8I].

Proof. By straightforward generalization of the proof for the case A = &, due to
Kunen for (1), (i.e., 1(ii), the rest being trivial) Gregory and Shelah for (2) (see
e.g. [She79]). Le. for 1)(ii), suppose (P, : u € P(N)) exemplifies $* (21 + J).
Let &2, = {A¥ : i € u}. Let pr, i.e. pr(—,—) be a pairing function on A, and for
each i < A\ u € P, (A) let
Bl ={a:acu,<a,i>c A}
So Bl C w; is (Bl : u € [A]<%) a $(24)-sequence for some i? If yes we finish, if not
let B* C \ exemplify this i.e.,
C'={ucN<":B'nu#B}c 9.

Hence

C ={ue[N~F: (Vi €u)uec C and u is closed under pr(—, —)} € ¥
and let

A= {pr(a,i): a € B" and i}.

So for some u € C, ANu € £, hence for some i € A, ANu = A hence B‘Nu = B,
contradiction. a7
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